
MAT 17C - DISCUSSION #8, SIR model (Part II)

This worksheet shows how phase plane analysis can provide insight into the spread
of a disease.

We will be working with the SIR model again this week, and will complement the
linear stability analysis you did last week with phase plane analysis. Linear stability
analysis provides a quantitative picture of the system near the steady states (i.e.,
local behavior), whereas phase plane analysis provides a qualitative picture of the
global behavior of the system.

Using phase plane analysis, we can understand how the number of susceptible individ-
uals S and infected individuals I evolve in time for and initial condition. Specifically,
we will (1) get an approximation of the direction field that corresponds to the SIR
differential equation model, (2) use this to obtain an approximate solution trajectory
for any given initial condition, and then (3) use the trajectory to sketch the solutions
S(t) and I(t).

Recall that the compartment diagram for this SIR system is

and the corresponding system of differential equations are

dS

dt
= f(S, I) = −aSI + c(N − S − I)

dI

dt
= g(S, I) = aSI − bI

and that there are no births or deaths, so the number of individuals in the population
is constant

N = S(t) + I(t) + R(t).



Suppose that a = b = c = 1 for a particular disease, and that the total population is
N = 5 (where S, I, and N are in millions of individuals, time t is in months, a is in
(millions of individuals · months)−1), so that the equations are

dS

dt
= f(S, I) = −SI + (5− S − I)

dI

dt
= g(S, I) = SI − I

(1)

Steady states and their stability: In last week’s Discussion Worksheet, we
showed that this system had two steady states:

1. A saddle point at (S∗, I∗) = (5, 0), (the “eradicated” state), and

2. A stable spiral at (S∗, I∗) = (1, 2), (the “endemic” state)

(i) The S-nullcline and the flow in the S direction:

Let’s first consider the differential equation for S

dS

dt
= f(S, I) = −SI + (5− S − I).

Note that

dS

dt
= f(S, I) = 0 ⇒ −SI + (5− S − I) = 0 ⇒ I =

5− S

S + 1
.

This function is called the S-nullcline and is plotted on the next page as a dot-dashed

curve. At points along the curve defined by this function,
dS

dt
= 0, so that S does

not change in time at these points.



The point (S, I) = (0, 0) lies below the S-nullcline. Plug the “test point” into the
differential equation for S and evaluate dS/dt. Note that dS/dt > 0, and therefore
S increases in time at (0, 0). On the graph above draw an arrow at (0, 0) pointing
in the positive S direction to indicate this.

Using the differential equation for S, determine the sign of dS/dt at several other
test points that are below the S-nullcline.

Notice that dS/dt > 0 for all of these points. In fact, if dS/dt > 0 for one point
below the S-nullcline, then dS/dt > 0 for all points below the S-nullcline. (Can you
explain why we can conclude this?)

Draw several (lots of!) arrows below the S-nullcline pointing in the positive S direc-
tion to indicate that S increases with time in this region of phase space.

Repeat this process for points that lie above the S-nullcline. Use (S, I) = (2, 2) as
your test point to assess the sign of dS/dt in this region of phase space. Draw arrows
above the S-nullcline to indicate the direction in which S changes.



(ii) I-nullcline and “flow” in the I direction:

Let’s now consider the differential equation for I

dt

dt
= g(S, I) = SI − I = (S − 1)I .

Note that

dI

dt
= g(S, I) = 0 ⇒ (S − 1)I = 0 ⇒ I = 0, S = 1 .

Thus, the I-nullcline has two branches, I = 0 and S = 1. These two lines are plotted
on the next page as dashed curves. At points along the I-nullcline, dI/dt = 0, i.e.,
I is not changing in time.



Use a process similar to the one used in (i) to determine the regions of phase space
in which I increases with time and in which I decreases with time. Draw arrows to
indicate the direction of change in I.



(iii) Full phase plane analysis

The graph below shows both the S-nullcline and the I-nullcline. Label the nullclines
as dS/dt = 0 and dI/dt = 0 and indicate fixed point(s). Using your information
from (i) and (ii), draw arrows to indicate the direction in which S changes with time
and the direction in which I changes with time in the various regions of phase space.

You now have a qualitative approximation of the direction field for the SIR model
(a nonlinear system of differential equations)!

Suppose the entire population is susceptible and a small number become infected,
i.e. an initial condition of (S(0), I(0)) ≈ (4.95, 0.05). Use your qualitative direction
to sketch a solution trajectory for this initial condition. (Recall that the fixed point
at (1, 2) is a stable spiral. Take that into account when drawing the trajectory.)



Use your solution trajectory to plot the number of susceptible individuals over time
S(t) and plot the number of infected people over time I(t).

Describe what happens to the disease in the long run. That is, does the disease die
off or does it spread through the population and persist? Does this answer depend
on initial conditions?


