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A dynamical system is said to exhibit hysteresis if its current state depends on its history. Muscle

shows hysteretic properties at constant length, such as residual force enhancement after stretch.

There is no generally accepted explanation for residual force enhancement. Here we examine a

very simple kinetic model for the interaction between actin and myosin, the two main proteins

involved in muscle contraction. We demonstrate that this model shows hysteresis at constant

force. Since muscle is not a continuum but rather a group of repeating elements, called

sarcomeres, arranged in series, we perform simulations of three sarcomeres. These simulations

show hysteresis at constant length. This result is the first time that residual force enhancement has

been demonstrated using an experimentally motivated kinetic model and multi-sarcomere

simulations without passive elastic elements, damping and/or force-length relationships. We

conclude by suggesting some experiments to test the model’s predictions. If these experiments

support the model, it becomes important to understand multiple sarcomere systems, since their

behavior may be very different from most current simulations that neglect the coupling between

sarcomeres.

1. Introduction

It is now generally accepted that muscle contraction occurs by

the relative sliding of two sets of filaments. One set of

filaments, the thick filaments, contains a regular array of the

protein myosin. These myosin molecules, also called cross-

bridges, form transient interactions with another set of fila-

ments, the thin filaments, which contain the protein actin.

Myosin binds to actin and undergoes a conformational

change, called a powerstroke, powered by the energy of ATP

hydrolysis. This powerstroke may be used to do mechanical

work. Many of the details of these interactions have been

measured experimentally.

However, there is still much about muscle contraction that

we do not understand. For example, if a maximally active

muscle (or muscle fiber, or myofibril) is held isometric, then

subjected to a transient stretch and held isometric a second

time, it generates more isometric force after the stretch than

before, even when length effects are taken into account.1–6

This ‘‘residual force enhancement’’ appears to be permanent,

implying that the force generated by an isometric muscle

(or muscle fiber, or myofibril) depends on contraction history—

in other words muscle contraction shows hysteresis.

Some researchers have argued that this hysteresis likely

originates outside the actomyosin interaction, for example in

sarcomere non-uniformity, e.g. ref. 7, or calcium-sensitive

elasticity of ‘‘passive’’ structures (such as titin8). However,

others have argued that the actomyosin interaction might,

after all, be responsible.9,10 Recently, it has been shown that if

individual myosin heads undergo a strain-dependent irrever-

sible state transition, where after experiencing a critical

amount of strain the molecule undergoes a very long-lasting

transition to a state that is capable of binding to and unbinding

from actin, force enhancement data may be replicated.11 At

present, there is no direct experimental evidence for such a

state transition.

In apparently unrelated work, it was predicted that

under certain conditions the conversion of chemical energy

to mechanical work by myosin binding to actin would be

cooperative. Consequently, the chemical cycles of these cross-

bridges would become synchronized and, at a given force,

oscillating motions would be seen.12 Later, these oscillating

solutions were demonstrated in a simple, but experimentally

motivated, muscle model.13,14 As cross-bridge cooperativity

and oscillatory solutions indicate a non-linear system, it seems

possible that other non-linear behavior (such as hysteresis)

might be observed in such a system.

Here, we adopt and modify the chemical kinetic model of

T. Duke13–15 to show that hysteresis at the half-sarcomere

level occurs in simulations at constant force. We use partial

differential equation (PDE) simulations of this model to find

steady-state solutions. We then evaluate the stability of these

solutions, to show that multiple solutions exist at a given force.

By performing simulations where we slowly increase and

decrease load, we construct several hysteresis loops. With a

parameterization of initial conditions, we create a phase plot

which shows regions where particular classes of solution are

stable. Though half-sarcomere simulations show hysteresis at

constant force, they do not show hysteresis at constant length.

We perform coupled PDE simulations of three sarcomeres.

With these simulations, we show that hysteresis occurs in
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isometric multi-sarcomere simulations. This hysteresis

occurs through sarcomere non-uniformity—some sarcomeres

lengthen while others shorten. However, unlike previous

explanations for force enhancement based on sarcomere

‘‘popping’’, e.g. ref. 7, this non-uniformity is stable (in the

sense that small perturbations decay with time) and

the sarcomere stretching/contraction rates are very slow, on

the order of tens of nanometres per second.

Finally, we discuss experiments that could test our explana-

tion for hysteresis. If these experiments support our predic-

tions that residual force enhancement is a multi-sarcomere

effect, then multi-sarcomere simulation becomes an important,

and potentially very fruitful, further frontier of research.16–19

2. Methods

We are interested in looking for hysteresis in models for the

interaction of actin and myosin. There are two broad ways to

simulate these systems: first a Monte-Carlo approach where

we directly simulate a small ensemble of these molecules, and

second a partial differential equation (PDE) approach where

we write an expression for binding probabilities as a function

of time and space. The Monte-Carlo approach inherently

contains an element of randomness. We are interested in

conditions where billions of molecules work in concert

(e.g. a half-sarcomere), so we anticipate being able to neglect

this randomness. Consequently, we primarily use the PDE

models. However, since Monte-Carlo models are often used

in muscle simulations, we demonstrate the equivalence of

these two methods as the number of simulated molecules

becomes large.

2.1 Modification to Duke’s model

For our model of actomyosin interaction, we use the three

state model of Duke.13–15 This model is very simple, experi-

mentally motivated, and has been shown to exhibit oscillatory

shortening at constant force. We slightly modify the model, as

described in more detail below.

The model has a single unattached state. Attachment occurs

with rate function f(e) where e is the strain on a cross-bridge.

Upon attachment, a powerstroke of size d may occur in a

strain-dependent fashion, but does so rapidly compared to the

time scales of attachment and detachment. Detachment occurs

with rate function g(e) (see Fig. 1).

It is assumed that the cross-bridges may bind anywhere on

the actin filament rather than at discrete binding sites.

This assumption slightly simplifies Monte-Carlo simulations

because fewer cross-bridges need to be modeled than the

sparse discrete binding site limit, e.g. ref. 20 Besides simplify-

ing the modeling, this assumption is likely closer to reality

than assuming discrete binding sites 36 nm apart. Experiments

with shortened constructs (the S1 portion of myosin) have

shown that myosin may bind to actin sites 5.5 nm apart, albeit

most probably at approximately 36 nm intervals.21 Addition-

ally, from a mechanical analysis of S2 domain flexibility, it is

possible to show that the full molecule likely binds to each

actin site with approximately equal affinity (see Electronic

supplementary information (ESI) section S1w).
We may write expressions for the detachment rate function,

g(e), from the attachment and detachment rates shown in

Fig. 1:

gðeÞ ¼ 1

1 þ K12ðeÞ
k�a ðeÞ þ

K12ðeÞ
1 þ K12ðeÞ

kuðeÞ

where K12 = k1/k2.

Similarly, the attachment rate function is

f(e) = ka(e) + k�u (e)

We adopt the following relations for the rate functions

ka(e), ku(e) and K12(e)—which are identical to the functions

proposed by Duke:

ku = k0uexp(k̂xc(e + d))

ka ¼ k0aexp �
k̂e2

2

 !

K12 ¼ exp �DĜ� k̂dð2eþ dÞ
2

 !
ð1Þ

where k̂ = k/kBT with k being the assumed linear spring

constant of myosin, DĜ = DG/kBT with DG being the free

energy difference between the post and pre-powerstroke states.

Note that while ku is the unbinding rate at a given e, ka(e) is the
probability density of the binding rate at a given e. Therefore,
ka has units of t

�1L�1.

We slightly modify the detachment function k�a to be

k�a (e) = k0exp(a|e|) (2)

We justify this expression rigorously in ESI section S2. Note

that our equation reduces to Duke’s in the limit a - 0.

Following Duke (1999),13 we defined the following

non-dimensional parameters and fixed their values: e1 =

�k̂d2/2DĜ = 1.3, e2 = �k̂dxc = 1.6, g1 = (k̂/2p)1/2k0u/k
0
a = 2

and g2 = (k̂/2p)1/2k0/k0a = 0.05. Note that in our expressions

for g1 and g2 we introduce a factor of (k̂/2p)
1/2 to cancel out the

units of distance in k0a. We also introduce the non-dimensional

variable d = da = 2.2.

Fig. 1 The kinetic model of Duke (1999, 2000).13,14 (a) shows a three

state representation of the model. A single unbound myosin may bind

to actin. Then, we assume that the two bound states, the pre- and post-

powerstroke states, are in rapid equilibrium. (b) shows a two state

representation of the model. Since the two bound states are in rapid

equilibrium, we may consider there to be a single bound state that

averages the properties of the two bound states.
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In our Monte-Carlo model, we use a slightly different

algorithm than Duke, who used the following three step

algorithm:

1. Use the Gillespie algorithm,22 or similar scheme to

determine the time until and identity of the next actomyosin

binding/unbinding event;

2. Update the event and readjust filament position to restore

mechanical equilibrium;

3. Re-equilibrate the population of bound cross-bridges

between the two bound states.

We chose to change this algorithm for two reasons. First,

though mechanical equilibrium is guaranteed at the end of step

2, the system is not in mechanical equilibrium at the end of

step 3—implying that the system’s forces do not balance for all

time. Second, the assumption of rapid equilibrium implies

that many switches between the two bound states occur

for every attachment/detachment event. Thus, in between

binding/unbinding events, each bound cross-bridge is neither

in bound state 1 or state 2, but rather in a state that averages

their properties.

We therefore modify the algorithm to combine steps 2 and

3. In particular, force depends on cross-bridge strain and

cross-bridge strain depends on (1) the position of the bound

head relative to actin (e) and (2) the distribution between

bound states 1 and 2. Therefore, in order to balance force and

restore mechanical equilibrium after a binding/unbinding

event, the position of the actin filament and the distribution

between bound states 1 and 2 must be adjusted simul-

taneously. In our algorithm, we perform a root find to solve

this problem.

2.2 PDE solution

In addition to Monte-Carlo simulations of the model shown in

Fig. 1, we also formulated and numerically solved a partial

differential equation (PDE) version of the model.

The derivation of the Huxley PDE model (see Huxley

(1957)20) requires an assumption that only a single myosin head

may interact with a specific binding site. This assumption allows

us to uniquely define a variable x for each cross-bridge, the value

of strain in some reference configuration that would occur if the

cross-bridge bound. If there are two or more binding sites

available, there would be two or more available values of x,

say x1 and x2 (see Hill (1974) and Hill (1975)23,24 for a more

thorough discussion). In the limit that myosin may bind any-

where to actin (the dense binding site limit), x ceases to be useful.

This dense binding site limit, which we term the Lacker-

Peskin limit, was studied by Peskin (1975), Lacker (1977) and

Lacker and Peskin (1986).25–27 For a two state model, the

following equation may be written (see Hoppensteadt and

Peskin28 for a detailed derivation):

@Zðe; tÞ
@t

þ vðtÞ @Zðe; tÞ
@e

¼ f ðeÞð1 � NðtÞÞ � gðeÞZðe; tÞ
ð3Þ

where f is the attachment and g the detachment rate constant

as a function of strain. Here, Z(e,t)de is the probability of

finding a myosin head bound with strain between e and e + de
at time t, and N =

R
N

�NZde is the proportion of bound

myosin. Note that Z has units of 1/L while n (from the Huxley

model) is dimensionless. Also note that f(e) has units of 1/Lt
while f(x) (from the Huxley model) has units of 1/t.

To find force, we assume a force-strain function s(e) (in our

simulations we assume a linear function, s(e) = ke). Then, in
this simple two state model we may write an expression

for force:

F(t) =
R
N

�Ns(e)Z(e,t)de (4)

Eqn (3) is an Integro-PDE.

We numerically solved two versions of eqn (3). First, we

solved the steady-state version in order to construct a steady-

state force–velocity relation. Second, we solved the general

equation to determine the stability of each steady-state

solution.

2.2.1 Steady state. At steady-state, eqn (3) reduces to

vðtÞdZ
ssðeÞ
de

¼ fðeÞð1 � NssÞ � gðeÞZssðeÞ ð5Þ

Using an integrating factor, we may solve this equation:

ZssðeÞ ¼ 1 � Nss

v
exp �

Z e

�1

gðxÞ
v

dx

� �

�
Z e

�1
f ðeÞexp

Z e

�1

gðxÞ
v

dx

� �
de

ð6Þ

Noting that Nss =
R
N

�NZss(e)de, we may solve explicitly for

Zss(e) in the above equation.

For our choice of f(e) and g(e), we must numerically solve

eqn (6).

2.2.2 Non-steady-state.Using the method of characteristics,

we may rewrite eqn (3) as a set of differential equations

dZðx; tÞ
dt

¼ f ðx þ uðtÞÞð1 � NðtÞÞ � gðx þ uðtÞÞZðx; tÞ

du

dt
¼ vðtÞ ð7Þ

where x= e� u. In general, there are an infinite number of these

ordinary integro-differential equations (one for each potential

value of x), all coupled through the variable N(t) =R
N

�NZ(x,t)dx. We may approximate this solution by picking a

large number (say 2000) values for x over the range that Z(x,t) is
non-zero.

We are interested in the solution of eqn (7) at constant

external force. From eqn (4), we see that constant force adds

an integral constraint. For our choice of g and f these

equations cannot be solved analytically, so we use a numerical

method. Briefly, given an initial condition Z(x,t) we use a root

find to determine the v(t) that satisfies the integral force

constraint at the next time step (using a fourth order

Runge-Kutta method with constant step size). Using the new

expression for Z(x,t + dt) as our initial condition, we repeat

this procedure.

2.3 Multi-sarcomere simulations

We performed a non steady-state simulation of three sarcomeres

(six half-sarcomeres) in series. Each half-sarcomere obeys an

This journal is �c the Owner Societies 2009 Phys. Chem. Chem. Phys., 2009, 11, 4871–4881 | 4873



integro-PDE of the form of eqn (3). We may therefore solve

for Z(e), given v, the relative local sliding rate between the thick

and thin filament. This relative sliding rate, v, may be deter-

mined from the absolute sliding rate of the thick filament and

the z-disk (i.e. v2, the sliding rate of the second half-sarcomere

from the left in Fig. 2 may be written v2 = _x2 � _x1). From Z(e),
we may determine the force using eqn (4). Assuming negligible

inertia for each thick filament and z-disk, each half-sarcomere

must generate an identical amount of force for all time. Note

that we neglect the force-length relation (i.e. the number of

available binding sites is independent of sarcomere length) and

we do not incorporate external springs or dashpots.

We therefore use the following algorithm to simulate the

non steady-state behavior of three sarcomeres in series:

1. Start from some initial cross-bridge distribution.

2. Use a root-finding algorithm to determine the set of _xi’s,

that balances forces at the next time step.

3. Integrate forward a single time-step.

4. Return to step 2.

3. Results

In both the Monte-Carlo and the PDE simulations of half-

sarcomeres at constant force, at large loads we observed

multiple solutions. It seems likely that multiple solutions arise

because, at these high loads, the free energy drop between the

pre and post-powerstroke states is insufficient to populate

the post-powerstroke state above some critical value. Using

the PDEmodel, we generated hysteresis loops and a phase plot

for half-sarcomeres held at constant force.

The multiple sarcomere simulations showed hysteresis

under isometric conditions. This hysteresis arises because of

a steep local force minimum near the isometric state in the

steady-state force-velocity relation calculated from the half-

sarcomere PDE equations. In these multiple solutions, some

sarcomeres lengthen slowly (tens of nanometres per second)

and stably, in the sense that small perturbations decay in time.

This very slow non-uniformity suggests that our explanation is

likely independent of viscous damping and the force-length

relation.

We now discuss these results in detail.

3.1 Multiple solutions in the Monte-Carlo and steady-state

PDE simulations

Monte-Carlo simulations of this simple cross-bridge model

showed different behaviors. At some loads (0.18, 0.20, 0.22,

0.24 and 0.25 Nkd), simulations often had an oscillatory

shortening rate and the cross-bridges showed synchronous

attachment–detachment cycles (see Fig. 3b, c), as seen by

Duke (1999, 2000) and Lan and Sun (2005).13,14,29 The

oscillatory phase was usually transient, lasting 10–20 1/k0a, at

which point the shortening rate slowed considerably, became

smooth and the cross-bridge cycles un-synchronized (see Fig. 3b, c).

There was also a third behavior seen at heavier loads

(0.22, 0.24, 0.27 and 0.29Nkd) where the shortening rate became

negative (i.e. lengthening occurred). The speed–time curve was

smooth and the cross-bridge cycles were not synchronized.

Which of these three behaviors (rapid oscillatory, slow

smooth and lengthening smooth) was most common depended

on external load and initial cross-bridge distribution. For

example, in one set of simulations at F = 0.29 Nkd starting

from a particular initial cross-bridge distribution, 9/10 showed

a transient oscillatory phase lasting on average 10 1/k0a, and

8/10 transitioned to slow smooth shortening and 2/10 to

slow lengthening. Starting from a different initial cross-bridge

distribution, 8/8 simulations showed only the slow lengthening

behavior. Therefore, it seems that this simple system shows

hysteresis at some loads.

The steady-state PDE equations (eqn (5)) agreed with the

Monte-Carlo simulations, except where the oscillating

solutions were found (see Fig. 3a). While for each constant

shortening rate there was a unique steady-state solution to this

equation (indicating a unique force), for a given large force

there were three different steady-state shortening rates. Two of

these steady-state shortening rates corresponded to the slow

smooth and slow lengthening behaviors, respectively. The

third, oscillatory solution was similar to, but less than, the

third steady-state solution.

Using the non-steady state PDE equations (eqn (7)) we

found this oscillatory solution. The average shortening rate of

this oscillatory solution agreed with the Monte-Carlo simula-

tions (see Fig. 3a, dashed line). The oscillation frequency

differed between the PDE solution and the Monte-Carlo

simulations, but these differences decreased as the number of

cross-bridges in the ensemble was increased from 150 to 1200

(data not shown).

We may understand these three behaviors through the

following mechanism. At high load, there is insufficient free

energy available for most cross-bridges to undergo power-

strokes. The system slowly lengthens as the binding and

unbinding cross-bridges only provide a viscous load, resulting

in the smooth lengthening behavior. However, if a critical

number of cross-bridges (Nc) somehow perform powerstrokes

within a certain time interval (Dtc), the resulting movement of

the thin filament allows other cross-bridges to follow suit. The

cross-bridge cycles remain unsynchronized and we see the

Fig. 2 A schematic of the three sarcomere simulation. Top,

three sarcomeres held isometric. We assume that each thick filament

and each z-disk may move relative to the fixed frame. Then, we

integrate an integro-PDE (eqn (3)) to determine the force as a func-

tion of the relative sliding rate between actin and myosin. Bottom,

we assume that each segment (thick filament and z-disk) has

negligible inertia. Consequently, for all time, forces must balance

(i.e. F1 = F2).
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slow, smooth shortening behavior. Finally, if a larger number

of cross-bridges (No 4 Nc) somehow perform powerstrokes

within that time interval (Dtc), the resulting movement of the

thin filament causes a large number of cross-bridges to detach

due to the strong load-dependence of detachment. Con-

sequently, the chemical cycles of the cross-bridges become

synchronized then we observe the oscillatory behavior (see

Duke (2000)14 for a detailed discussion of this effect).

We have demonstrated the existence of three apparently

stable behaviors of the system. We now use the non steady-

state PDE simulations to examine how these behaviors depend

on initial conditions by generating hysteresis loops and a

phase plot.

3.2 Hysteresis loops and a phase plot

If a system exhibits hysteresis, then we may cyclically vary some

system input while measuring some system output and the

resulting input vs. output plot traces out a loop. We may create

two such hysteresis loops with our half-sarcomere model at

constant force. These loops arise from three simulations.

In each simulation, we vary load slowly so that the system is

always close to steady-state. In the first simulation, we increase

load from zero (Fig. 4c, left). This simulation jumps suddenly

from rapid shortening to slow shortening (at F= 0.18 Nkd) to

slow lengthening (at F = 0.28 Nkd) as load increases. In the

second simulation, we start from the slow lengthening case and

decrease load (Fig. 4c, middle). This simulation jumps from

slow lengthening to rapid shortening close to the isometric

load (at F= 0.14 Nkd), with only a very short slow lengthening

phase. In the third simulation, we start from the slow

shortening case and decrease the load (Fig. 4c, right). This

simulation jumps from slow shortening to rapid shortening

(at F=0.12Nkd). We use these results to create two hysteresis

loops (see Fig. 4b).

Given that the half-sarcomere simulations exhibit hysteresis,

the steady-state behavior of the system is very sensitive to

initial conditions. Therefore, we wish to understand the effect

of initial conditions on steady-state behavior. However,

solving the non steady-state PDE equations (eqn (7)) requires

the specification of an initial condition function, Z(e, 0).

As, in general, this function can be anything provided thatR
N

�NZ(e, 0)de r 1 and Z(e, 0) Z 0, we cannot exhaustively

search through all of the potential initial conditions. We

therefore choose a particular family of these initial condition

functions and then determine the steady-state behavior of the

system. We may then generate a phase plot where we plot

regions of different steady-states as a function of initial

condition.

To construct the phase plot, we chose the initial conditions

to be the solutions to the steady-state PDE equations (eqn (5))

Fig. 3 Comparison between Monte-Carlo and PDE simulations. (a) Steady-state shortening speed as a function of external force. Monte-Carlo

simulations are shown as dots, with apparently stable solutions filled, and unstable solutions unfilled. The gray line is the steady-state PDE

solution. The dashed line is the average shortening rate from the oscillating non steady-state PDE solution. Inset shows a blow up of large-load,

small speed simulations. Note that near v = 0, the isometric case, there is a ‘‘notch’’ where force suddenly drops to a local minimum. (b) A sample

Monte-Carlo simulation (indicated with arrow in a). Note that the initially oscillatory solution (marked 1 in all figures) transitions to a smooth,

slow solution (marked 2 in all figures). (c) Comparison between the Monte-Carlo (black and dark gray) and PDE solutions (lighter gray) for the

two solutions 1 and 2. Top shows a position time plot; bottom shows the number of bound cross-bridges in states 1 (darker) and 2 (lighter). Note

the oscillations in both plots in solution 1 but not in solution 2. Though the amplitude of oscillations and average values agree between PDE and

Monte-Carlo, the frequency of the Monte-Carlo is slower than for the PDEs. These differences decrease with increasing cross-bridge number. (d) A

blow up of the boxed region in plot c bottom left with states 1 and 2 shown separately.
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at various values of v. We might interpret this plot as a set of

experiments where we start from a steady-state shortening

rate, and then suddenly fix the load at a particular value. We

then record the steady-state of the system. We find four

distinct regions. The first is a decay back to fast, smooth

steady-state shortening. The second is an oscillating solution,

at slightly less than the fast, smooth steady-state shortening

rate. The third is a decay to a slow, smooth steady-state

shortening. The fourth is a decay to a slow, smooth steady-

state lengthening. We find that at most three of these solutions

exist simultaneously, with the oscillating and fast, smooth

shortening never occurring together (see Fig. 4a).

Therefore, at fixed load the system has a ‘‘history

dependence.’’ At fixed length, however, the half-sarcomere

simulations have a single, unique steady-state. We now show

that these half-sarcomeres arranged in series, as they would be

in muscle, exhibit history dependence at fixed length.

3.3 Sarcomeres in series

We simulated three sarcomeres (six half-sarcomeres) in series.

We used initial conditions close to the isometric steady-state

(i.e. the case where _x1 = _x2 = . . . = 0 in Fig. 2), which we call

Zisoi (e) where i represents a particular half-sarcomere. We

applied a small (�2.5%) random perturbation in amplitude

to each full sarcomere. For example, we perturbed the initial

condition of the first sarcomere (Ziso1 and Ziso2 ) by multiplying

these distributions by a number chosen randomly from a

uniform distribution between 0.95 and 1. Each sarcomere

was given a different random perturbation. Note that the

general result of these simulations, the existence of multiple

steady-states, was largely independent of the nature of this

perturbation. For example, when we performed simulations

with different numbers of myosin molecules in each sarcomere

we also found multiple steady states. From ten simulations, we

found that the system exhibited four different behaviors:

1. In four of the simulations, some sarcomeres shortened at

an ever-increasing rate and the remainder lengthened at an

ever increasing rate.

2. In one of the simulations the isometric steady-state was

achieved.

3. In three of the simulations, the first two sarcomeres

lengthened uniformly at 0.0024kad (1.1 nm s�1 if ka =

40 s�1 and d = 11 nm) while the last sarcomere shortened

at 0.0053kad (2.3 nm s�1 if ka = 40 s�1 and d = 11 nm).

4. In two of the simulations, we found the middle sarcomere

shortened uniformly at 0.039kad (17 nm s�1 if ka = 40 s�1 and

d = 11 nm) while the two outer sarcomeres lengthened

uniformly at 0.019kad (8.5 nm s�1 if ka = 40 s�1 and

d = 11 nm).

Therefore at a given sarcomere shortening rate (in this case

isometric), there are at least three stable isometric steady

states, depending on initial condition. This finding is in

contrast to current Huxley-based models that have a unique

steady-state.

Each of the two solutions with steady-state non-uniformity

(the simulations marked ‘‘b’’ and ‘‘c’’ in Fig. 5) may be found

Fig. 4 Phase plot and hysteresis (at fixed force) for the PDE half-sarcomere model. (a) Phase plot showing steady-state behavior at various initial

conditions at fixed force. Initial conditions are parameterized by v, such that the initial condition is the steady-state distribution for the given v.

Initial condition/external force space can be divided into four regions: (1) Fast shortening (F, light gray) (2) Oscillating (O, white) (3) Slow

shortening (S, dark gray) and (4) slow lengthening (L, gray). (b) Two hysteresis loops, one in black and another in gray, for the experiments shown

in c. (c) Three simulations where force is varied very slowly. Left, starting from unloaded slowly increasing force and determining steady-state

shortening rate. Middle, starting from heavy load and decreasing force. Right, starting from intermediate load and decreasing force. All three cases

trace out different paths, and can be used to generate the hysteresis loops in b.
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on the steady-state force velocity curve and so represent a true

steady-state. Solution 3 above (marked ‘‘b’’ in Fig. 5), corres-

ponds to five half-sarcomeres lengthening at 0.0012kad and

one shortening at 0.0053kad. Solution 4 above (marked ‘‘c’’ in

Fig. 5), corresponds to four half-sarcomeres lengthening at

0.0096kad and two shortening at 0.019kad. Note that we may

find additional steady-states from the force–velocity relation

that we did not find in the sarcomere simulations (for example,

four half-sarcomeres lengthening at 0.027kad and two

shortening at 0.055kad should correspond to a steady-state

force of 0.25Nkd).

We may understand the steady solutions from the steady-

state force-velocity relation. The multi-sarcomere model has

multiple isometric steady-states because of two properties of

the half-sarcomere force-velocity curve. First, there is a

‘‘notch’’ in the force velocity curve (i.e. a local minimum in

F as a function of v). Second, this notch is steep and located

near v = 0. Having a local minimum near v = 0 allows half-

sarcomeres to generate the same force while either shortening

or lengthening. Consequently, there is the possibility that these

sarcomeres could be arranged in series in such a way that,

although each one shortens or lengthens, the system as a whole

is held isometric. The steepness of the curve near the local

minimum allows these sarcomere shortening/lengthening

rates to be very slow. Without a steep notch near v = 0,

multi-sarcomere simulations would not exhibit multiple

isometric steady-states.

4. Discussion

Here, we have presented a partial differential equation

(PDE) solution at constant force for a simple muscle model.

We showed that the equations have oscillatory solutions,

supporting the Monte-Carlo simulations of Duke (1999,

2000) and Lan and Sun (2005)13,14,29 and the predictions of

Jülicher and Prost (1997).12 We also showed that the equations

have two other solutions at some forces—steady slow

shortening and steady slow lengthening. These systems arranged

in series, as in a myofibril, exhibit hysteresis at constant length,

where the steady-state behavior of the system depends on its

history. This last finding is exciting, because hysteresis occurs in

muscle and has, at present, no agreed-upon explanation.

4.1 Applicability of our results to realistic multi-sarcomere

systems

There are two aspects of residual force-enhancement that are

currently unexplained. First, how does a muscle, muscle fiber

or myofibril exhibit numerous isometric steady-states depend-

ing on contraction history? Second, how does lengthening

favor one of these isometric steady-states over the others?

Here, we have presented a potential answer to the first of these

questions, showing that a simple, experimentally-motivated

kinetic model for multiple sarcomeres exhibits multiple

isometric steady-states. This finding is interesting, but it raises

a variety of questions as well. Here we discuss some of these

questions, and how to address them. We delay a detailed

investigation into them until experimental support is found

for our model.

Here, we considered three sarcomeres in series (six half-

sarcomeres). However, a muscle fiber may be several

centimeters long, incorporating thousands or tens of

thousands of sarcomeres in series. How does sarcomere number

affect our results? As the number of half-sarcomeres increases,

the number of available isometric steady states increases. For

example, one, two and three sarcomeres in series have one,

Fig. 5 Hysteresis in isometric multi-sarcomere simulations. Top left, force as a function of time for ten three-sarcomere simulations. Each

simulation was started with each half-sarcomere in the isometric steady-state, but a small perturbation was added to these initial distributions.

Three different stable steady-states were reached for the 10 simulations, marked a, b and c. Top right, these three steady-states may be found on the

steady-state PDE force–velocity plot. Bottom, schematic diagram of the three stable solutions.
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three and five distinct isometric steady-states, respectively. In

the limiting case of infinite half-sarcomeres, there are an

infinite number of isometric steady-states (any force that has

a lengthening (vL) and shortening (vs) steady-state has an

isometric steady state where the proportion of lengthening

half-sarcomeres is vL/(vL + vs) and vs/(vL + vs) half-

sarcomeres shorten). Consequently, multi-sarcomere solutions

incorporating large numbers of sarcomeres will exhibit

numerous steady states. It seems reasonable to assume that

unstable solutions (i.e. simulations where sarcomeres shorten

or lengthen at an ever-increasing rate) would be less frequent

than in our three sarcomere simulation (see Fig. 5).

We have shown that these steady-state solutions exist, but

how does lengthening (or shortening) favor one over another?

We might hypothesize that a newly activated myofibril has a

minimum amount of non-uniformities and that lengthening

increases these. For example, consider the following thought

experiment. We start with three sarcomeres that are totally

uniform, and then lengthen rapidly. After lengthening, we

introduce a small (say �2.5%) non-uniformity in the number

of attached cross-bridges in each sarcomere. This perturbation

is the same as for our initial multi-sarcomere simulations

(see Results), except that we now start from the steady-state

distribution at the given lengthening speed v, instead of the

isometric distribution. The resulting steady-state exhibits force

enhancement (see Fig. 6). But, in order to obtain this result, we

had to assume that lengthening introduces some small non-

uniformity. Without this non-uniformity, we recover the

original steady-state (i.e. no force enhancement).

A rigorous investigation of how this non-uniformity could

develop is outside the scope of this work. Such investiga-

tion would require detailed multi-sarcomere simulations,

preferably investigating systems with hundreds or thousands

of sarcomeres. In addition, as shown in Fig. 5, a large

percentage of our sarcomere simulations were unstable, where

the sarcomeres pulled themselves apart. Increasing the number

of sarcomeres in our simulations, incorporating a force–length

relationship, molecular springs (such as titin), and viscous

drag, could add stability to myofibril simulations. Therefore,

we argue that should support for our model be found, these

multi-sarcomere simulations should be developed. These sorts

of non-steady-state multi-sarcomere simulations (with more

than 10–20 sarcomeres) remain a largely unexplored portion

of muscle biology (though see ref. 19).

While the instability of some of the multi-sarcomere simula-

tions might seem to be evidence against our simple kinetic

model, we now argue that the notch around the isometric force

likely increases stability of these simulations. Let us imagine

that we have multiple sarcomeres in series, and that they are

close to isometric and move in a quasi-steady manner. If v= 0

is a local minimum in force, then as some sarcomeres lengthen,

others may shorten and achieve force balance. However, if

v = 0 is not a local minimum (as seen in many cross-bridge

models, e.g. ref. 20), then as some sarcomeres lengthen, the

shortening sarcomeres cannot balance this force in a quasi-

steady manner—the force must be balanced through non-

steady-state effects (if possible). Consequently, it seems likely

that traditional cross-bridge models without the local force

minimum near v = 0 would be less stable than the model

presented here. Preliminary (unpublished) investigation of

cross-bridge models without a notch in the force velocity

relation support this intuition. Again, should experiments

support the predictions of our model, these questions should

be investigated in more detail.

Note that here, and throughout the paper, we use the term

‘‘stable’’ to refer to steady-states where small perturbations

decay with time. It has been argued previously that sarcomeres

in series are ‘‘unstable’’ if their force–length properties are

taken into account. According to this argument, a sarcomere

that begins to lengthen actually has a negative stiffness, and

so ‘‘pops’’, transitioning quickly to a length where passive

elasticity causes the stiffness to become positive again,

e.g. ref. 7. This argument has been challenged.30 We do not

comment on this aspect of sarcomere ‘‘stability’’, other than to

say that the extremely slow lengthening and shortening rates

seen in our simulations make this sort of instability unlikely were

we to consider force–length effects. For example, for the two

steady non-uniform solutions we found, it would take at least

ten seconds (10 s for ‘‘c’’ and 70 s for ‘‘b’’ in Fig. 5 assuming a

bare zone of about 170 nm) for sarcomeres to lengthen or

shorten through the plateau of the force–length relation.

4.2 Hysteresis and the notch in the force–velocity curve

To explain hysteresis at constant force at the half-sarcomere

level, we argued that at high load there is insufficient free

energy available for most cross-bridges to undergo power-

strokes. Consequently, we see three different solutions at a

given load—slow lengthening, slow shortening, and fast short-

ening with oscillations. The slow shortening solution happens

when a critical number of cross-bridges undergo powerstrokes

within a given time, and thus allow another critical number of

cross-bridges to undergo powerstrokes. As force increases, this

slow shortening rate actually increases (somewhat counter-

intuitively) since the critical number of cross-bridges increases.

The slow lengthening happens when this critical number does

not occur within that time interval. The slow lengthening rate

increases with increasing load. This explanation naturally

leads to a local force minimum near v = 0.

Fig. 6 A simulation that shows residual force enhancement. Three

sarcomeres start from the isometric steady-state. A stretch is applied.

Just before relaxation, a small perturbation is applied to the black

curve (at the arrow); no perturbation is applied to the gray curve. The

black curve reaches a different, higher-force steady state than the gray

curve. From our simulations, it is unclear how lengthening would lead

to this perturbation.
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We also argue that hysteresis at constant length in the

multi-sarcomere model arises because there is a local minimum

in F near v = 0. This notch allows the possibility that half-

sarcomeres, all generating the same force, could be arranged in

series and remain isometric, even though each sarcomere

individually shortens or lengthens (albeit very slowly).

Therefore, hysteresis in force at the half-sarcomere level

leads to multiple isometric steady-states in multi-sarcomere

simulations.

It is also important to note that, if our model is correct, then

force–velocity relations for multi-sarcomere systems would

differ from force–velocity relations for half-sarcomeres,

especially around the isometric condition. This result arises

from the fact that in the course of fiber or myofibril activation,

or through various non-uniformities in structure (e.g. cross-

bridge number variation between sarcomeres), the measured

isometric state should be a mixture of a population of slowly

shortening/lengthening steady-states. Therefore, it is perhaps

not surprising that experimentally measured force–velocity

curves do not typically exhibit a steep notch near v = 0.

4.3 Generality of the model

How model dependent is this hysteresis? In our simulations,

we make a variety of assumptions and parameter estimates. In

order to evaluate the generality of our results, we must explore

how our results depend on these assumptions.

First, we have used the Lacker-Peskin assumption that

binding sites are so dense that cross-bridges may bind

anywhere on actin.26 We justified this assumption by the

observation that the S2 domain of myosin is very flexible

(see ESI S1w). In order to provide a more rigorous justification

of this assumption, we evaluated how our results depend on

both the spacing between binding sites and the fact that not all

binding sites are equally accessible to a given cross-bridge.

Changing binding site spacing and myosin affinity changes

the model, so how do we evaluate the effects of these changes

on our results? As discussed earlier, hysteresis in the multi-

sarcomere model is dependent on the steady-state force–

velocity curve having a steep notch near v = 0. Therefore,

to evaluate the dependence of our results on the dense binding

site assumption, we examine how notch depth and position

depend on binding site spacing and myosin affinity.

Assuming that myosin has equal affinity for each binding

site, we found that for realistic binding site spacing (h/dE 0.5,

where h is the binding site spacing and d the powerstroke size),

the Lacker-Peskin model was an excellent approximation

(see Fig. 7d). Furthermore, there was a local minimum

in the force–velocity curve for any binding site spacing

(see Fig. 7e). However, the position of this minimum was near

zero only for h/d o 0.8, so that a model with binding sites

spaced far apart (a Huxley model, for example) would not

necessarily have multiple isometric steady-states (see Fig. 7f).

Since, in reality h/d E 0.5, we may be confident that our dense

binding site assumption is valid for realistically spaced binding

sites, assuming myosin has equal affinity for each.

We also performed a simulation taking into account

myosin’s differential affinity for binding sites along actin. Specifi-

cally, using the calculations described in ESI section S1,w

we may determine the affinity of myosin for actin based on

binding geometry. The resulting binding rate as a function of

actin position is similar to experimental measurement21 and

functions used in previous models15 (see Fig. 7a). Note that

our calculation predicts a lesser penalty for binding in a

sub-optimal geometry than was measured experimentally,

which is consistent with the observation that the experiments

were performed on the S1 portion of myosin (which does not

include the stalk portion, see Fig. 1 in ESI section S1w)21 while
we consider full length myosin. In any case, we expect little

difference between simulations using our binding function and

simulations using previously published functions.15

The simulation with non-equivalent binding affinity was

qualitatively similar to the Lacker-Peskin limit, though had

less force at equivalent sliding rate (see Fig. 7c). This result is

consistent with the fact that the average binding rate per unit

distance is smaller when binding geometry effects are

accounted for. The force velocity curve had a narrow notch

at v E 0, as shown in Fig. 7e and f. We therefore conclude

that the Lacker-Peskin limit is a good qualitative model of

reality.

We used a variety of parameter estimates. There are, in

general, five non-dimensional parameters that must be speci-

fied to define the kinetic model (four of which are described in

more detail by Duke (1999, 2000)13,14). They are g1 = k0u/k
0
a,

g2 = k0/k0a, e1 = k̂d2/2DĜ, e2 = k̂dxc and d= da. The variable

d is assumed to be zero in Duke’s work. We anticipate that e1,
the ratio of the mechanical energy from the powerstroke and

the free energy drop in the powerstroke, will be the most

important parameter in hysteresis (see Duke’s discussion of

this parameter13).

For the values of e1 we investigated (1.35 Z e1 Z 0.75), the

force velocity curve has a local minimum near v = 0. The

normalized well depth, w = DF/Fmax (see Fig. 7b), is approxi-

mately linear in e1 over the range of e1 we investigated, with

w E 0.88e1 � 0.61. Thus, for e1 r 0.69, the isometric notch

disappears.

Measurements of myosin linear stiffness give k̂ E
0.2 nm�2.31–33 The myosin powerstroke has been estimated

at about 10 nm.34 The value for the free energy drop for

phosphate release and the powerstroke has been estimated as

DĜs E 9.35 We estimate e1 E 1.1 (giving a value of w = 0.36).

In our simulations we used parameters based on Duke

(1999),13 which give a deeper well (w = 0.56) than for our

best estimate of e1. When we substitute e = 1.1 into our

simulations (data not shown), we find that while the notch

depth decreases, the notch is steeper. Consequently, the

qualitative results of our model remain valid, though we

may have overestimated the magnitude of force enhancement

and overestimated the rate of non-uniformities. Therefore,

given our best estimates for parameter values, we expect to

see hysteresis in muscle contraction.

4.4 Predictions

We would like to generate some simple, testable predictions to

evaluate the validity of this model. Here we present two.

4.4.1 Non uniformity. We predict that, at a given length,

there are a variety of different steady states. Let us imagine
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that we perform an experiment where each sarcomere in a

myofibril undergoes some set of lengthening rates vLi or some

set of shortening rates vSj and generates a steady-state force F1.

Let us imagine that we do another experiment where each

sarcomere in a myofibril undergoes some set of lengthening

rates nLi or some set of shortening rates nSj and generates a

steady-state force F2. Both sides of the ‘‘notch’’ increase

monotonically (i.e., for small |v|, sign(v)(dF/dv) 4 0). We

therefore predict that if F1 4 F2 and this force enhance-

ment is due to hysteresis in the cross-bridges, thenP
i|v

L
i | +

P
j|v

S
j | 4

P
i|v

L
i | +

P
j|v

S
j |, with the caveat that

these rates may be very slow.

4.4.2 Force–velocity. We predict that the force–velocity

curve, as measured at the muscle, fiber or myofibril level

should be inherently different than the force–velocity curve

as measured at the half-sarcomere (or lower) level, especially

around the isometric force. Near isometric, large groups of

sarcomeres in series should, with some probability, adopt

configurations where some sarcomeres shorten and others

lengthen. Thus, for groups of sarcomeres, the isometric force

should give, on average, a single value. However, for a half-

sarcomere or other small ensemble of myosin, at some forces,

we should see three different classes of motion (i.e. slow

lengthening, slow shortening, oscillations). This prediction is

difficult but not impossible, to test. In particular, the measure-

ment of force–velocity curves in the laser trap for very small

ensembles of myosin (about 8 heads) makes such a test

possible.36,37 It may be possible that the ‘‘slips’’ seen in Debold

et al. (2005)36 are manifestations of the oscillatory motion,

disrupted by the small number of myosin heads present.

5. Conclusions

There is, at present, no agreed upon explanation for hysteresis

seen in muscle experiments. We have shown that half-sarcomere

simulations of a simple, experimentally motivated kinetic model

of acto-myosin interaction exhibit hysteresis at constant force.

We then showed that when half-sarcomeres are arranged in

series, even without springs, dampers or force-length relations,

the system exhibits hysteresis in isometric contractions. We may

therefore explain part of hysteresis in muscle contraction: the

existence of multiple steady states. However, we do not under-

stand the process by which the system arrives in these various

steady states. Our simple model makes a few predictions that

may be tested experimentally. If these predictions are con-

firmed, then understanding how these steady-states are reached

becomes a very interesting question. In particular, it seems that

to understand muscle contraction at the myofibril and fiber

level, we cannot simply think at the half-sarcomere level, but

must make measurements and perform simulations at the multi-

sarcomere level. This is an exciting area of research that has

already led to some very interesting results.16–19

Acknowledgements

The authors are grateful to Walter Herzog for insightful

comments on the manuscript. The work was supported by

NIH GM075305 and NSF CHE-0547041.

Fig. 7 Dependence of steady-state force velocity on binding site spacing and affinity. (a) Attachment rate as a function of position along actin.

The attachment function f(e) as a function of strain is shown for each binding site. The gray curves assume identical myosin affinity for each

binding site; the black curves take into account geometric constraints as described in ESI section S1.w (b) Demonstrating variables of interest on a

cartoon of a steady-state force velocity curve. (c) Force velocity relation for the non-equivalent binding site model (solid, black) as well as the

Lacker-Peskin (dashed, black) and Huxley (dashed, gray) limits. (d) Force velocity relation for two different binding-site spacings assuming

equivalent affinity for each binding site. The Lacker-Peskin and Huxley limits are shown for reference. Actual spacing is h/dE 0.5. (e) Depth of the

‘‘notch’’ in the force–velocity curve as a function of binding site spacing. Curves are drawn by eye. Black dots are simulations assuming equivalent

affinity for each binding site; the unfilled dot is the simulation taking into account geometric constraints. Gray squares are simulations assuming

that each cross-bridge interacts with a single binding site (the Huxley limit). (f) Position of the local minimum in the force–velocity curve. Symbols

are as described in (e). Note that the Huxley limit is a curve (rather than a single value), because we have assumed constant binding affinity per unit

length (e.g.
R
f(e)de = constant), so that as the binding sites spread out, myosin’s binding affinity increases.
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