
Lab 3 Worksheet

Problem 1: Geometry, Linear Equations, and Invertible Matrices

In this problem, we are going to build on the foundation of linear algebra techniques that
we developed in the first problem of last week’s lab. Specifically, we are going to study the
matrix equation in a bit more detail.

Recall that we started with the following system of linear equations and its corresponding
matrix equation:

5x− y = −12

5x− y = 3 [
5 −1
5 −1

] [
x
y

]
=

[
−12

3

]
.

What do you remember about this system?

When you tried to use MATLAB to solve the system, you were told that the coefficient
matrix is not invertible. Why does this matter?

Start by trying to calculate the inverse of the coefficient matrix, M . The formula that you
learned in class for a 2× 2 matrix is

M−1 =
1

ad− bc

[
d −b
−c a

]
=

1

det(M)

[
d −b
−c a

]
.

What is the value of the denominator in this equation?

What do you think this means about the invertibility of M?

What you just discovered is that the quantity in the denominator, which is called the de-
terminant and is a special property of the matrix, dictates whether or not the matrix is
invertible. Let’s return to our initial question: What does the coefficient matrix not being
invertible have to do with the system not having a solution? Before moving on, write down
what you think.
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We can discover a simple answer to this question by performing algebra on the matrix
equation:

Mx = b (1)

(M−1M)x = M−1b (2)

Ix = M−1b (3)

x = M−1b (4)

In steps two and three we used the fact that matrix multiplication is associative to substitute
in the identity matrix, I (recall that the identity satisfies M−1M = I). The identity matrix
is just like the number one in arithmetic—the product of the identity and another matrix
is that other matrix. By looking at line four in the previous derivation, we see immediately
that a solution x exists if and only if M has an inverse. Now, using the coefficient matrix
that we just defined as M , write out each of these four steps explicitly and perform the
relevant matrix calculations (using MATLAB).

You may be aware that, for invertible matrices,

M−1M = MM−1 = I.

However, in general AB 6= BA. We describe this by saying that matrix multiplication is
noncommutative. Consider the two matrices below. Check to see if they are commutative.

A =

[
2 4
5 9

]
, B =

[
2 6
3 6

]

Next, use MATLAB to generate a 4 × 4 matrix of random entries (recall from Lab 2 that
rand(4) will do the trick). As you did in the first part of this problem, check to see if the
determinant is nonzero, using det(). If so, calculate the inverse of this new matrix, A. One
way of doing this in MATLAB is

>> A^-1

Now, multiply A by A−1 to confirm that you get the identity.

When you generated these 4 × 4 matrices, you saw that each entry was five digits long.
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However, MATLAB actually is even more precise than that. The five-digit format is the
“short” format, but MATLAB actually stores values to fifteen digits of precision. Generate
another 4× 4 matrix, but, this time, before doing so, enter the command

>> format long

What happens?

To switch back to the default, short, mode use format short.

As we mentioned in the worksheet for Lab 1, MATLAB stands for “Matrix Laboratory,”
which means that it’s optimized for matrix operations. In order to see an example of this,
redefine M as a random 10, 000 × 10, 000 matrix (remember that only a square matrix can
have an inverse). It’s not uncommon to have real-world biological matrices of this size—and
far larger (mRNA gene-expression data is just one example)! Test out the following two
methods for inverting your matrix, and determine which one is faster. Be sure to use “;” to
avoid printing out 100 million entries to your screen each time!

>> A^-1;

>> inv(A);

In order to carry out the comparison unambiguously, you can use a cool built-in timer in
MATLAB:

>> tic

>> inv(A);

>> toc

When you get to writing more complicated functions, you can use this tool to see which parts
of your program are taking the longest to run. These two methods use different inversion
algorithms, which is why one is faster than the other.

Problem 2: Michaelis-Menten Enzyme Kinetics

In biochemistry, Michaelis-Menten kinetics is a commonly used model for enzyme behav-
ior. Named after German biochemist Leonor Michaelis and the Canadian physician Maud
Menten, this model describes the dynamics of the reactions involved in the formation of a
product, P, via the binding of a substrate, S (the material with which an enzyme reacts),
and an enzyme, E. An enzyme works in the following way:

1. The enzyme and the substrate are in the location. In some situations, there is more
than one substrate molecule that the enzyme will change.
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2. The enzyme grabs hold of the substrate at a special area called the “active site.” This
combination is called the enzyme/substrate complex. Enzymes are very specific in their
choice of molecule. The active site has a specific shape, and it also contains a particular
set of ionic charges, both of which influence the interaction with the substrate.

3. A chemical reaction occurs in the active site and the substrate is changed. The sub-
strate might be broken down or it might be combined with another molecule to make
something new. In this process chemical bonds will be made or broken. At the end of
these steps, the result is an enzyme/product complex.

4. The enzyme releases the product. When the enzyme lets go of the product, it returns
to its original shape. It can then work on another substrate molecule. This process is
called catalysis, because the enzyme causes a chemical reaction to occur (although it
is not itself changed during this process).

A general enzyme-catalysis reaction can be expressed as

E + S
k+

k−
ES

kX
E + P.

Using mass action kinetics, we can build a set of differential equations to describe the dy-
namics of these reactions. Although differential equations is the subject of Math 27B, linear
algebra is such a powerful tool that—by just using the techniques you already know—you
can solve this problem! Here, bracketed terms refer to the concentrations of the substrate,
[S], the enzyme, [E], the enzyme/substrate complex, [ES], and the product, [P ], respec-
tively. We measure concentration in units of number of molecules per unit volume.

In the general case, there have to be four differential equations (for [E], [S], [ES], and [P ]).
However, in most biological cases the quantity of substrate is large enough, and the reactions
proceed quickly enough, that the substrate’s concentration, [S], is approximately constant.
The two differential equations for [E] and [ES] are

d[E]

dt
= −k+[E][S] + kX [ES] + k−[ES]

d[ES]

dt
= k+[E][S]− kX [ES]− k−[ES],

and the one for [P ] is given by

d[P ]

dt
= kX [ES].

Typically, biologists measure the speed of the reaction (i.e, d[P ]/dt—how fast the product
is being produced). Which of the four concentrations is it necessary to know to calculate
d[P ]/dt?

Observe that the equations for [E] and [ES] do not involve [P ]. This means that they can
be analyzed separately, as we will do in the next part. For all of the constants that show
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up in these differential equations, explain their meanings, state what their units are (if any),
and discuss why their signs make sense.

As you did for the linear systems in Problem 1, you can write down the first two differential
equations in matrix form. This is a coupled system of linear differential equations. “Coupled”
means that the time rate of change of one variable (either [E] or [ES]) depends both on itself
and on that of the other variable. “Linear” means that neither variable shows up as a square,
as a cube, or as any higher power. Set up the matrix equation by completing the equation
below: [

d[E]
dt

d[ES]
dt

]
=

[ ] [
[E]

]
In most experimental situations, the concentrations [E] and [ES] are at a steady-state (or
at equilibrium, i.e, not changing in time). How can you express this mathematically?

Use your response to this question to rewrite the previous matrix equation for the equilibrium
condition. Is this matrix invertible? (Check by hand.)

If you are given a system with the same number of equations as unknowns, then you know
that this system (usually) has a single solution. Suppose, instead, that you are given the
following system:

3x+ 5y = 17.

If this is all the information that you have, then you are “free” to choose one of the variables
to be anything you like—say, y = 2. In this case you have one degree of freedom. If you
choose y = 2, then what is x? Geometrically, what object does our system describe (when
y is unspecified? Plot it using MATLAB.

5



How many degrees of freedom does the matrix equation have? What does this mean, geo-
metrically?

The number of degrees of freedom that your solution has is equal to the dimension of the
null space of the vector. In fact, the equation that you just solved,

Mx = 0,

defines the null space of the coefficient matrix. In this example the null space is the set
(the vector space) of all (vector) combinations of concentrations of E and ES that allow the
reactions to be at equilibrium.

It’s easy to see that, even if the coefficient matrix is invertible—meaning it has a “unique”
solution to the last equation— the vector x = (0, 0) still satisfies the equation. We call this
the trivial solution—it always works, so we don’t care about it! Here’s a cool observation:
although the null space is zero-dimensional, it still has a vector inside of it. In other words,
a point like (0, 0) is zero-dimensional (yes, this is weird . . . and it’s also quite cool, so think
about it for a minute).

In solving this matrix equation, you probably observed that the differential equations for
[E] and [ES] are negatives of each other. Hence, your result for the dimensionality of the
null space. An enzyme participates in a reaction without being destroyed or created. We
also assumed that [S] is constant for this reaction. So do these differential equations make
sense? Why?

Problem 3: Vector Spaces and Color Vision

In this problem you will build on what you learned in the question from Lab 1 on colorblind-
ness. It may be helpful to reference that worksheet if you have it available. You already know
that two vectors can be added to form a new vector, and that one vector can be multiplied
by a number to scale it, which also results in a new vector.

In the same way as you know that two integers sum to produce another integer—from this
we are able define the notion of a set of integers—so too will you learn in class that you can
define a set of vectors called a vector space.

A vector space is defined as the collection of vectors that you can make from a given set of
vectors. This includes all of the vectors that are linear combinations of those that you are
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given. Suppose we are given v and w. If a and b can be any (real) numbers, then we can
express the vector space, S, mathematically by

S = {u = av + bw}.

The brackets indicate that we are dealing with a collection of vectors.

In this problem we define a column space by two, three-element column vectors, 1
0
0

 ,
 0

1
0

 .
Are these vectors linearly independent?

Do two linearly independent vectors provide enough information to define all of 3-D space?

Mathematicians have a special name for 3-D space, R3.

Recall from Lab 1 that these two vectors code, respectively, for red and green. Geometrically,
they define the xy-plane. If your only properly working cone cells are for red and green, then
what are the colors that you can see?

You are going to answer this question visually. Using a “for” loop, you will explore the
2-D vector space that we just defined (i.e, the xy-plane, specifically, the upper-right hand
quadrant of it).

In addition to Cartesian coordinates, you are also familiar with polar coordinates, which are
related to Cartesian coordinates via:

x = r cos θ

y = r sin θ

Complete the following “for” loop by filling in the blanks, and implement it in the Command
Window. This block of code should plot several vectors, each of whose tail is fixed at the
origin, and which each make a different angle theta with the x-axis. Make sure that the
vectors that you define are unit vectors (i.e, take r = 1).

>> theta = 0;

>> for i = 1: ,...
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x = ,...

y = ,...

quiver(0, 0, x, , 0, ‘Color’, [x y 0]),...

hold on,...

theta = theta + (pi / 2) / 10,...

end

Explain what each line in this loop does and what the arguments of the functions are.
In particular, discuss what conclusions you can draw about your color vision if you were
dichromatic (i.e, only two types of cones work).

To complete this problem, let’s plot the plane defined by this column space. In MATLAB
surf() is a good function for visualizing surfaces in 3-D space. The equation of this plane
is very simple:

z = 0.

In order to plot this, use the following commands:

>> [x, y] = meshgrid([-1 1], [-1 1]);
>> z = 0 * y;

>> surf(x, y, z)

meshgrid() defines a grid of points between the chosen limits, and surf() plots the height
of the function, z, for each point. Why, in the second line, did you enter z = 0 * y instead
of z = 0?

If you are only capable of seeing red and green primary colors, can you perceive silver? Use
geometry to justify your answer. (Hint: The rgb code for silver is available online. Your
response should involve a plot.)
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