
Lab 6

Problem 1: What’s a determinant and why is it so important?

One of the first tasks that you performed in this lab series was to rotate a vector. You used
a special matrix, called the rotation matrix, which allowed you to rotate the vector by any
angle that you wanted. Suppose that v is some 2-D vector and R is the rotation matrix.
What does the following product equal?

R125◦R−125◦v

Pretend that you were explaining this to a calculus student—how would you describe what
is happening? (It would be good to discusses inverses and associativity.)

There are many examples of invertible matrices in biology—recall that in Lab 3 you en-
countered the Michaelis-Menten problem, where the matrix is not invertible. What was the
physical reason for this?

If a matrix is invertible, then it must be able to multiply the same vector as its inverse (as
you did earlier). In general, what is the relationship between the dimensions of a matrix and
the vectors it can multiply?

Can you have a non-square matrix that’s invertible?

In Lab 3 you also learned that the determinant of a matrix tells you whether or not the
matrix is invertible. So, what restriction is there on matrices for which you can calculate
the determinant?
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In that lab we introduced the formula for the inverse of a 2× 2 matrix, M , and, in so doing,
we also introduced the definition of the determinant in 2-D:

M−1 =
1

ad− bc

[
d −b
−c a

]
=

1

det(M)

[
d −b
−c a

]
.

Although you should might have a decent sense for what the determinant is, you are probably
wondering why, exactly,

det(M) = ad− bc.
Consider the following 2× 2 matrix, and compute the determinant:[

8 5
6 4

]

Now, use quiver() to create a parallelogram from the row vectors. Specifically, plot (in the
same figure): r1 = (8, 5) and r2 = (6, 4) both starting at the origin; r1 starting at the tip
of r2; and r2 starting at the tip of r1 (remember that the first two arguments of quiver()

specify the starting point of the vector).

Calculate the area of this parallelogram (A = base × height).

What do you notice about this area? How is it related to the matrix?

Now, use MATLAB to calculate the determinant of 1 3 5
4 2 8
7 1 5

 .
Since we are now dealing with a 3 × 3 matrix, we are going to create a “parallelepiped”
instead of a parallelogram. As before, this is going to require you to plot the row vectors of
the matrix. In three dimensions you can plot a vector, v, at a point, P , via

>> quiver3(px, py, pz, vx, vy, vz, 0)

What is the purpose of the last zero in the argument of quiver3()?

Using Figure 1 as a guide,1 plot the parallelepiped for this matrix.

1“Determinant;” Wikipedia.
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Figure 1: A parallelepiped created from vectors r1, r2, and r3.

Label the vectors in your plot (you can do this by hand).

Compute the volume of this shape directly—the volume is the area of one of its parallelogram
faces (say, the one formed by r1 and r2 in Figure 1), multiplied by the parallelepiped’s length.

How does this compare to the determinant of the 3× 3 matrix?

What do you think the determinant means geometrically for matrices that are larger than
this 3× 3?

Problem 2: Using Data to Test a Model of Blood Flow

As a quantitative biologist, your job would be to develop simple mathematical models that
predict the behavior of certain biological systems. Ideally, your models would be straight-
forward and easily understandable, with only a few inputs that you need to keep track of.
However, as you know, real biological systems can be frighteningly complicated, and this
means that, when you’re designing models, you are going to frequently make simplifying
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assumptions. At the end of the day, only a comparison to experimental data can tell you if
your model makes good predictions!

In this problem you’re going to duplicate the research of two scientists at the Miami Heart
Institute,2 who sought to confirm a very simple model of blood flow, Q, in small blood
vessels:

Q = kD3,

where D is the diameter of the blood vessel and k is some biological proportionality constant.

Your goal is to use a least-squares approximation (like you did in Lab 4) to find the best fit
to a cubic polynomial. The better the fit, the more confidence that you will have in
this model.

The following data points come from experiments conducted on rats in the paper:

{(Q,D)} = (7.4, 7.4), (12, 13), (403, 33), (670, 41), (3300, 60).

Here, diameter has units of 10−6 meters (microns) and blood flow has units of 10−9 liters
per minute.

Explain what we mean when we say that a least-squares approximation is a best-fit.

For the data points in this experiment, why will your least-squares function be only an
approximation? (You should include a general matrix equation in your explanation.)

So, your goal is to find the best possible combination of P0, P1, P2, and P3 such that

P (x) = P0 + P1x+ p2x
2 + P3x

3

comes as close as possible to your experimental data points. Write down the five cubic
equations that correspond to your data.

2Mayrovitz H, Roy J (1983) “Microvascular Blood Flow: Evidence Indicating a Cubic Dependence on
Arteriolar Diameter;” Am J Physiol (245): H1031-H1038
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Now, express this as a matrix equation.

Here’s how we define error in a least-squares approximation with linear algebra:

e = Ax− b,

where x = (P0, P1, P2, P3) and b contains all of the y-coordinates from our data set.

Write out the magnitude of e assuming that it has four components (a general expression—
not specific numbers), and explain what this function means in terms of the least-squares
approximation.

Problem 3: Imaging Cancer

The image3 shown in this problem has a wealth of information about the genomic rearrange-
ments that have occurred in a case of small-cell lung cancer; but how is a biologist supposed
to make sense of it?

Looking at the picture, you can clearly see condensed chromosomes (blue) in their familiar
shapes, but what are the colorful speckles? These are fluorescent markers, which attach to
specific parts of the DNA. In this image the DNA has been very badly damaged, and we
need to understand how its imperfect repair is related to the cancer.

Biologists use mathematical image-processing software to understand images like this. One
challenge is to figure out how many markers are in “busy” regions of the image. Although
this is hard for the naked eye, computers can help us with this task.

For each fluorescent marker, the light that it produces is most intense right near the marker,
and decreases as you move away from the spot. But, if there are several markers in a given
region (like the two areas pointed out by arrows in the image), it can be hard to distinguish
one marker from another due to the overlap of the spots. In order to separate the two spots,
image-processing programs try to fit a special function called a two-dimensional Gaussian

3Stephens P et al. (2011) “Massive Genomic Rearrangement Acquired in a Single Catastrophic Event
during Cancer Development;” Cell (144): 27-40
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Figure 2: Colorful fluorescent markers show the locations of damaged pieces of DNA in a small-cell lung

cancer. Normally shaped chromosomes are shown in blue.

to each marker.

A Gaussian function is the familiar bell-shaped curve, and it appears frequently in biological
systems. An important part of fitting the Gaussian is determining what the normalization
(the denominator) of the function is. Here’s the function:

I(x,x,Σ) =
1√

2π × det(Σ)
exp[

1

2
(x− x)TΣ−1(x− x)]

There’s a lot going on here, and this is by no means the friendliest-looking function in the
world! The first thing that you should notice, though, is that the determinant of a matrix
called Σ shows up in the denominator (remember the determinant is just a number). Σ is
the covariance matrix, and it describes how spread-out the data is (i.e, the exact shape of
the bell). For this data the covariance matrix is

Σ =

[
σ2 0
0 σ2

]
.

σ is the standard deviation of the data—a statistical parameter (just a number) that you’ll
learn more about in 27C. What is the determinant of this matrix?
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x is a vector that identifies an individual pixel in the image—how many components does
this have? (Think about the colorblindness problems that you’ve worked on.)

x is the (component-wise) average value of x. In the exponential function (you’ll hopefully
have realized that exp[x] is the same thing as writing ex), is the argument a vector, a scalar
or a matrix? Explain.

The denominator of the Gaussian function is the part that normalizes is. Since the Gaussian
usually describes a probability, the normalization ensures that

1 =

∫ +∞

−∞
I(x,x,Σ)dx.

Why do we want the sum of the probabilities of all events to be one?

As an example, suppose P (x) = Ax2. Normalize this probability by finding A.

What is A with respect to the function/curve x2 (geometrically)?

What, then, is the quantity
√

2π × det(Σ) with regard to the 2-D Gaussian function?

As you saw in lab 4, MATLAB has useful built-in curve-fitting tools. In order to demonstrate
what goes on in real-life biological image-processing problems in a simple way, we’re going
to determine the most likely location of a fluorescent marker in a one-dimensional example
(i.e, the marker is located somewhere on a line). Consider the following intensity data that
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might be generated by an experiment:

(23, 0.004), (30, 0.053), (36, 0.085), (42, 0.027), (45, 0.02),

where the first coordinate is the position in nanometers.

In order to determine the position of the fluorescent biomarker, take the following steps:

1. Convert this data into two vectors, x and y.

2. Open the MATLAB Curve-Fitting Tool from the command line via cftool. This
brings up an easy-to-use window.

3. Select the appropriate x and y data, and then select “Gaussian” as the type of fit
(polynomial is the default).

4. MATLAB will perform the fit, overlaying the best-fit curve on your data, and also
giving you information about the standard deviation and the mean of your data.

5. By visually inspecting the curve, how good of a fit do you think you were able to make
to this data? Use “File → Print to Figure” to save a copy of your plot.

6. The equation for a 1-D Gaussian is

I(x, x, σ) =
1√
2πσ

exp[−1

2

(x− x)2

2σ2
].

Based on your fit, where do you conclude that the marker is located? Explain. (Look
at the “Results” section of the window.)

7. What does the standard deviation tell you about your experimental data? Does a
large standard deviation make it easier or harder to distinguish neighboring fluorescent
markers? What is the standard deviation for this data?
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