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We derive a general class of relativistic dissipation
tensors by requiring that, combined with the
relativistic Euler equations, they form a second-
order system of partial differential equations which
is symmetric hyperbolic in a second-order sense
when written in the natural Godunov variables that
make the Euler equations symmetric hyperbolic in
the first-order sense. We show that this class contains
a unique element representing a causal formulation
of relativistic dissipative fluid dynamics which (i) is
equivalent to the classical descriptions by Eckart and
Landau to first order in the coefficients of viscosity
and heat conduction and (ii) has its signal speeds
bounded sharply by the speed of light. Based on
these properties, we propose this system as a natural
candidate for the relativistic counterpart of the
classical Navier-Stokes equations.

1. Introduction

In the absence of dissipation, relativistic fluid dynamics
is governed by the Euler equations

9 9
— T =0, —NF=0, 11
axP axB (1.1)

which are a five-field theory: its constituents, the energy-
momentum tensor and the particle number density
current,

T = (p + p)uU? + pg*, NP =nUP,

are given in terms of the fluid’s velocity U*, energy
density p, pressure p and particle number density n.! As
the velocity satisfies U* U, = —1 and of the three scalars

We work with the Minkowski metric g% of signature (—, +, +, +).
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n, p,p two suffice to determine the thermodynamic state, the state description (U%, p, p,n) has
five degrees of freedom, while the Euler equations (1.1) are five partial differential equations that
properly determine the spatio-temporal evolution of these five fields from general initial data.

Despite various theories that were suggested over the last almost eight decades, the proper
modelling of dissipation, i.e. viscosity and heat conduction, is debated until today, both from the
point of view of theoretical justification and that of usability in numerical computations; cf. e.g.
[1-7] and references therein. Some otherwise ingenious proposals lack causality and/or well-
posedness proofs, different ones depend on a number of parameters not all values of which
appear to be clear, and still others seem difficult to apply with precision as they resort to very large
numbers of state variables. While we cannot do justice to the rich and interesting history here, we
point out that after the theory that Israel and Stewart gave in the Seventies [8-10], the clearest and
cleanest consistent theory currently available is relativistic Extended Thermodynamics, which has
been developed by Miiller, Ruggeri and co-workers [1,11-15]. This theory, which is based on an
infinite hierarchy of first-order hyperbolic systems of partial differential equations, is beautifully
exposited in Choquet-Bruhat’s book [16] as Section 11 of Chapter X, by Tommaso Ruggeri.

The present paper deals with the question of whether dissipative relativistic fluid dynamics
can be properly modelled by a causal theory of the form

9 9
EW(TW + AT*P) =0, av(Nﬂ + ANP) =0, (1.2)

with dissipation tensors AT*?, AN? that are linear in the space-time gradients of the above-
mentioned five fields (‘relativistic Navier—Stokes’). As the coefficients associated with the highest,
namely second, order derivatives depend on the fields, such systems are quasi-linear. The classical
descriptions given by Eckart [17] and by Landau [18] are quasi-linear five-field theories.? They
have strong physical justifications, in particular from extended thermodynamics [11] and kinetic
theory [19]. However, they are not causal, in the sense that signals can travel at arbitrarily high
speeds [2,3,10], and their mathematical type as systems of partial differential equations (PDEs) is
unclear. Regarding the latter, many authors speak of parabolic behaviour, but neither the Eckart
system nor the Landau system seems to be parabolic in a clear mathematical sense, and no
theorems seem available on the existence of solutions for the associated initial-value problems.
This makes it also uncertain to which extent the two descriptions can be relied on in numerical
computations. The purpose of this paper is to propose a new quasi-linear second-order five-field
theory which is intimately related to the Eckart description and the Landau description but, in
contrast with both, has the advantages of being causal and permitting a consistent mathematical
solution theory.

Beginning with Friedrichs” 1954 paper [20], applied mathematics has identified symmetric
hyperbolicity as a basic requirement of fundamental equations in finite-speed-of-propagation
continuum mechanics. First-order equations like those governing the flow of inviscid
compressible fluids or magnetohydrodynamics, both classical and relativistic, were shown early
on to be symmetric hyperbolic [21-23].3 While the characteristic symmetry of coefficient matrices
had often been achieved through ad hoc transformations, Godunov showed that it automatically
occurs for first-order systems when one uses a particular choice of variables that is deeply
motivated from physical considerations [25]. In 1976, Hughes, Kato and Marsden introduced a
notion of symmetric hyperbolicity for second-order equations and showed that both classical
nonlinear elasticity and the vacuum Einstein equations were symmetric hyperbolic in this second-
order sense. This general situation motivated us to think that a five-field theory (1.2) of dissipative
relativistic fluid dynamics should be a second-order symmetric hyperbolic system in the same
Godunov variables that symmetrize the first-order Euler equations (1.1). In this paper, we first
establish a wide mathematical class of quasi-linear second-order five-field theories which have
this property, and then show that this class contains a unique element which (i) is equivalent

2ANP is indeed zero for the Eckart description, while U, AT*? vanishes in the Landau description.

3 Also the above-mentioned systems of extended thermodynamics are of this type, cf. [12,13,24].
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to the Eckart and Landau equations to leading order in the small dissipation coefficients 7, ¢, x
that quantify shear viscosity, bulk viscosity and heat conduction, and (ii) has its signal speeds
bounded sharply by the speed of light. Based on these properties, we propose this system as the
causal relativistic version of the classical Navier-Stokes—Fourier equations.*

In §2, we state the complete ingredients of this system concisely. Section 3 steps back to
establish the mentioned mathematical class of symmetric hyperbolic systems from equivariant
‘dissipation pairs’ (—AT*?, —ANP), and then shows that our proposed system is a limiting case of
the original Hughes—Kato—-Marsden class. In §4, we first develop some ‘algebra’ that characterizes
a group of general first-order equivalence transformations between five-field theories, and then
use it to show that our theory is first-order equivalent with the Eckart formulation and the Landau
formulation. In §5, we show that our dissipation operator is causal in the sense that its Fourier—
Laplace modes travel at the speed of light or slower speeds. Section 6 discusses the compatibility
of our theory with the second law of thermodynamics. Finally, we show in §7 that our theory has
the classical Navier-Stokes—Fourier (NSF) equations as its limit for ¢ — oo.

For concreteness, we assume throughout the paper that the fluid consists of particles of mass
m > 0 and its internal energy e = e(n, s), with which

p=n(m+e(n,s)) and p= nzen(n, s),
is given by

e=kn” Lexp (i> =c,0, wherel <y <2, (1.3)

Cy
i.e. the case of the ideal gas. Extensions of the results to other massive non-barotropic fluids should
be obvious with small adaptations.
This paper is a follow-up to the authors’ earlier study of the same questions in the context
of the (massless) pure radiation fluid [26]; cf. also [27]. In the case of barotropic fluids, i.e.
fluids whose thermodynamic state can be characterized by one scalar, it suffices to consider only
the energy—-momentum equations (1.1); resp. (1.2);, and one speaks of four-field theories. For
four-field theories to which the one presented in this paper is analogous, we refer the reader
to [28]. Interesting quasi-linear second-order four-field theories were previously suggested by
Lichnerowicz [29] and Choquet-Bruhat [16].

2. The new theory

Besides using U“, n, p, p, we describe, as in [26], the local state of the fluid also by variables that
symmetrize the Euler equations (1.1), i.e. the Godunov variables [25]

WQZ W=—_S/

9’ 9

where 0 and s denote the local temperature and specific entropy and

poPtP
n

the specific enthalpy of the fluid.
We assume fixed choices of coefficients of viscosity and heat conduction,
02

n>0, ¢>0 and K=XT>O, 2.1)

4Other theories are conceivable which share all these properties except for having their signal speeds bounded by smaller
values than the speed of light. This option will not be pursued in this paper.

5For heat conduction, we use either one of the two symbols « and .

62209107 €L 1 205y 20id bioBuiysijandizaposjeforeds;



which can be taken to be general functions of the thermodynamic variables. Our proposal is to

11586
alu, alg 2 au” - ou
AT = 1% 1P oHp < o= af U=
7 0B T oxe T 371 gxy axv
auv aup au
+o (u“uﬂ P — U — P —ufub— P ) (2.2)
and
a0y au
_ B — By 27 Brpvs _ 18 By Y
ANP =kg Yy +oUrn usrr”) P (2.3)

or, written as matrices with respect to the fluid’s rest frame,”

oV -u —ou'
— AT|p= - 24
lo ( —ou nSu+¢V- uI) 24

and
— AN|g=(—kVy +6V -u, VY — 51). (2.5)
The coefficients are given by
c=3n+¢, [=¢+a+dh (2.6)
with8
2
ooy 12T Py = (y — _n
G=( -1 (w)K' b=(-1(1-7)0 27)
and
- K - o
K = E, o = E (28)

3. Symmetric hyperbolicity

In the pioneering paper [30], Hughes et al. have identified a class of second-order symmetric
hyperbolic systems and used Kato’s abstract theory of ‘evolution equations of hyperbolic type’
[31] to establish well-posedness for the initial-value problem of its members in appropriate
Sobolev spaces. Our proposed theory (1.2), (2.2) and (2.3) itself is not literally a second-order
symmetric hyperbolic system in the sense of [30], but it is a uniform limit of such systems (see
corollary 3.2 below); this connection is so close that we find it proper to still call it a (mixed-order)
symmetric hyperbolic system.

To explain all this and show from which perspective we found the theory, we now start, in
analogy to our approach in [26], from the general equivariant forms of tensors —AT*? and (now
also:) —ANP that are linear in the gradients of the state variables. These forms are

— AT = U UPP + (1*7 UP + TPY U%)Q, + M*PR + 1% TP W5 (3.1)
with
36 aur Iy 36 u, oy
_ V =7 y 7 - s
P=tU —|— F + U o7 Qy = vay—i- ul® ——- P +v 7
C 10 14 Y au, alg 2 U
R= LIV i — ur ——, =p =24 =L _Z5 "
@ vt ; T 5w op ( oxf T 38 5
and — ANP =UPP + nﬂ‘SQS (3.2)

SWe use [T = g% + U UP.
7We write u for the three-velocity with respect to the fluid’s rest frame at a given point. (While u = 0 at that point, its gradient
is free.) " means derivative with respect to 2%, V derivatives with respect to (x!, x2,x%), all in the rest frame.

8This implies that o = ((4/3)n + ¢ + 2)/(1 = (y = 1)1 — m/h)).
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with

90 au’ 9 A 90 au. 9
390 G0 Lap Y aue s | 5 0V

P=zU . =) -
a0 % 9 ax8 Qs v8x5+'u axe U ox

(3.3)
The Hughes-Kato-Marsden class is characterized by properties that the fields of coefficients of
the second-order derivatives must satisfy. Certain matrices composed from these fields must be

symmetric and positive (respectively negative) definite [30] (cf. Section 4 of [26] for the covariant
formulation we use).

Correspondingly, we write the second-order parts of

O \7ap 9 8
as
2 2
pores PV s PV
xP xS xBaxd

respectively, where the index ¢ runs from 0 through 4 and 4 stands for v/, and must study
properties of the B§-symmetrized coefficients

BPsd = L(BPg? 4 B¥8P),  B,6=0,1,2,3 a,§=0,1,2,3,4.
The goal of this section is to prove the following theorem and corollary.

Theorem 3.1.

(i) Under the assumptions
(0 +u)=(w+v)9, %6>=1 0°=v, G+p)P=v+c, (3.4)
the coefficients BPS8 gre symmetricina, g €{0,1,2,3,4} and
BP¥UgUs, BNgNs
correspond to the 5 x 5 matrices

02 0 V62 0

L v
0 pwosi o], 0 108ij+ (3n+)ON'N 0 (3.5)
t 0 L v 0 0
(ii) If moreover
wit<0, *<ith? (3.6)
and
n,0,v>0, 2 >0, v? < Ovh?, (3.7)

then system (1.2) with (3.1), (3.2) is symmetric hyperbolic in the sense of Hughes et al. [30],
pointwise with respect to the fluid’s rest frame.

Corollary 3.2.

(i) Our proposed system (1.2) with (2.2), (2.3) results by choosing

and

n=-=0, U:_ﬂz&/ =g, U=—l=Kk.

(ii) It is a uniform limit of a family of systems that are symmetric hyperbolic in the sense of Hughes
et al. [30].
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We collect the information leading to these assertions step by step.
1. Coefficients witha =«, g=1y €{0,1,2,3}. Expressing derivatives as

% =62 V%, % =611°" % (3.8)
we see that
B*AY® = L UUP (r6*U” U° + 06 117°)
+ 1% (00*U” U® + £6117°)
+ 021U + mPu~yur
+po(Iruf + mfrueyu’
+ o1 I1P% + I r1fv — (2/3) 1P r1v?).
Lemma 3.3. BP9 is symmetric in «, y if and only if
(0 +pn)=(w+)b. (3.9)
Proof. To see this, note that
2BFYS = U UP (r0%Ur U° + o0 117?)
+ TP (00? U U° + £6117°)
+ 002U + mPucyur
+ po (I uf + mfru*yu?
+ oI 1P + I Py — (2/3)m*P 1v?)
+ U*U (z0?ur uf + oo mvP)
+ I%%(we*ur u? + tomrP)
+ 021U + P uyur
+ uo (I U8 + ¥ u*ub
+n0IT1% TP + m*P 1% — (2/3)m*° r17f),
the antisymmetric part of which,
2BV _ Briad)
= (0 + w)lUeUP? + U UPg"P) — (¢*PUr P + g™ UPUY)]
+ (0 + v)O2[gP U U + g¥uPuY) — (Ut UPGY + U UPgP)]
=[(0 +1)0 — (@ +VP)U U S + U W’’) — U U + g UPUY)]
=[(0 + )0 — (0 + V)OH[U*UP " — Ur UPg™®) + (U*UPg"P — LY UPg*P],
vanishes if and only if (3.9) holds. [ |

Independently of (3.9), direct computation shows the following, which holds for any N#
satisfying
NPUg =0, NPNg=1. (3.10)
Lemma 3.4. One has
BYPYiUgUy = c0*USU” + po1*,

762 0
0 o8|’

which corresponds to the 4 x 4 matrix
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and
B¥PYSNgN; = vo? U U” + no(IT* + (1/3)N*NY) + ZON*N?,

which corresponds to

(v92 0 o )
0 708+ ((1/3)n + ¢)ON'N/ |-
2. Coefficients with a =4 or g =4.
Lemma 3.5. One has
B = (ueuP U’ + v u®) + (1/2)(v + o)1 UP + 1P U)

and
BB Ugls = U* and BYP¥NgN; = vU”

Proof. One readily finds
BYAY = ueuP U + v uf + nPu”) + s U,
from which (3.11) and (3.12) follow directly.
Lemma 3.6. We have
B¥7e = (z02UP P UY 49027 U”) + (1/2)(6 + pyoUP r® + Ul rbr)

as well as
B¥70UgUs = 16°U7, B*¥Y°NgNs =002U" .

Proof. Using (3.8) in (3.2), we find

0Yry
9x8

—ANP = (@02UPUPUY + 002 TP UY ) + (60UP TP + poUlImPr)y)
a
+uPw + o) Y
dx?
and thus
B¥7vé = :02UPUPUY + 002 IPPUY) + (G0UP TP + poUlIIPY),
from which (3.13) and (3.14) readily follow.

Lemma 3.7. One has
BABYS _ prBas

if and only if

202 =1, D0%=v
and

+p)f=v+cs.

Proof. A short computation shows that

B¥ré _ BrA¥ —oz02UPUP U + 06 ITPPUY) + (6 + poUP T + Ut 1PY)

—20UPUPUY 4+ vITPOUY) + (v + o) (IO UP 4 T7PUY).

Lemma 3.8. One has
B¥% —uPud + om??,

and
B¥%gUs =i, BYNgNs=0.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

62209107 €L ¥ 205y 20ig BioBuisiqndiaaposiefor-edss H



Proof of theorem 3.1.

(i) The first assertion is clear from lemmas 3.3 to 3.8, the second one follows as B*#$ 1A L1°
and B¢ NgNj are in any case represented by the matrices

762 0 l 62 0 v
0 pwosi o, 0 108ij+ (3n+)ON'NI 0
02 0 1 62 0 )

(ii) cf. [26] for this notion. The assertion follows as these conditions make the first matrix in
(3.5) negative definite and the second one positive definite.

|
Proof of corollary 3.2.
(i) Choosingtr=v=w=T=V=¢=t=v=0and u=—o,l = —6 yields
aluv soUy, ~our
P=oom Q=-oWo5, R=iom
and s

10 I 4 e s Ay
P=6— +iU’ =, :

d 98 + 98 Qs = dx€ —i_vax‘S

Choosing ¢ = ¢ and easily confirming that

au aup au
u*ufp + (v uf + mPru*)Q, =o (U*UP — — UL’ — — UPU® ,
axv axd axd

we arrive at

ou, ou 2 U ~ auv
AT = 1% [1P% g _ = ap
B T axe 371 Gy axY
auv aup au”
o(UUf — - Ul — — UPUP —
dxY dx? 9
which is (2.2).
Choosing U = —i =k and 6 =6, we reach
~ANP =i uﬁu‘S 1/’ =+ 117 — ov uﬁau _ gl
9xd 9xd dxe
which is (2.3).

(ii) Resetting, relative to the choices made just above,
V=—T=—w= 89_2,

we recover it as the limit, as ¢ — 0, of systems for which BaBgs UgUs and BWBSSN sNs are

given by
—& 0 0 & 0 0
0 —o087 0|, [0 n68ij+Gn+7ONN 0 (3.17)
0 0 —i 0 0 i
]

4. Connection with the theories of Eckart and Landau

Theorem 3.1 and Corollary 3.2 position our theory with respect to symmetric hyperbolicity, but
they do not explain the specific choices (2.2), (2.3) of —AT*# and —AN’ and, in particular, our
selection (2.6), (2.7), (2.8) of the coefficients Z, , 5. We deduce them now.

62209107 €L 1 205y 20id bioBuiysijandizaposjeforeds;



For this purpose, we consider the space F5 of all pairs of linear gradient forms

AT — Taﬂﬂ o, as O on i Taa i Taaa_lf’

ox 8 948 P 9xs P 9xs (4 1)
au, an ) ) '
B _ 78 s s oP s P
and ANF =Nj; +N”_8 5 +Np_8 5 +N][Ja 5

and express the smallness of dissipation by giving them a common small factor € >0, i.e. we
consider (AT*?, ANP) € Fs as representing the five-field theory

w (Taﬂ =+ EATaﬂ) = 0
4.2)

3
and —(N? + eANP)=0.
axp

We characterize a group of transformations that establishes formal equivalences between different
elements of 5 up to O(e?), and then show that our theory lies in the same equivalence class as
Eckart’s and Landau’s.

Physically speaking, the idea is that instead of working with the quantities U%, 1, p, p which
appear in the evolution equations (4.2) one might alternatively base one’s considerations on
certain local spatio-temporally anisotropic averages U®,1, 5, p. This is expressed through an
ansatz’

U* =U" + e AU* + O(e?),

n=1i+ eAi 4+ O(?),

(4.3)
p=p+eAp+ O(?)
and p=p+eAp+ O(e?),
in which )
~ O[)/5 3U 8 371 (S 8,0 ~ 8 3]7)
AU‘X uu o 8 u;xl o s Ug 9 w Ug @,
_ 0l M s 0 s 0P
Ar=il? = 4l i) Lt
u a3 [P P8’
8~ ax ax ax (4.4)

8UV 55 om  _59p  _50p

AP=Pl 5o TPy Yy g

01, s 0t _5 0p .5 0P
S 8 )

p"8x5 -i_p”ax‘S +ppax5

and Ap= p

are further linear gradient forms whose coefficients l]auy‘s, e ﬁf, depend on ue,a, p, p.
For any fixed element (4.1) of F5, substituting (4.3), (4.4) in (4.2), and writing

T = (5 +p)ut? + pg*?, NP =nl?,

and analogously AT, ANP, will result in modifications SAT*# and SAN? in the equations of
motion
a—ﬁ(fr“ﬂ + e(AT*? + 5AT*P)) =0
X (4.5)

9 - - -
and w(Nﬂ + e(ANP + 5ANP)) =0
for U, 71, 0, p. The new ingredients will be of the form
SATY = AT*P + O(e), SANP = ANP + O(e)
with a unique element (AT*#, ANP) of Fs.

“Note the symmetry of this class with respect to quantities with versus quantities without ™. ‘Gradient theories’ are a standard
concept of continuum mechanics. For their use in relativistic fluid dynamics, cf. [4,6].
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Definition 4.1. We call the assignment
Fs— Fs5, (AT?, ANP) > (AT*P + AT*?, ANP + ANP)
the first-order equivalence generated by the gradient transformation (4.3), (4.4).
We consider first-order equivalences of three kinds, the first of which corresponds to changes
of what is often referred to as ‘flow frames’.
1. Velocity shifts. Only the velocity transforms, while A = Ap = Ap =0. One finds that
SATY = (5 + p)(U*(AUP) 4+ (AU*)UP)) 4+ O(¢) and SANP =iAUP +O(s).  (4.6)
To respect unitarity of the velocity, such transformations are constrained by the condition
U (AU%) =0. (4.7)
2. Thermodynamic shifts. Only n, p, p transform while AU* = 0. One finds that
SATY = (Ap)I*UP + (AP)T®? +O(e) and SANP =(AR)UP + O(e).  (4.8)

Such transformations are constrained by the condition

1

which expresses the necessity that both (1, p, p) and (11, p, p) satisfy the equation of state

<L> =p—mn

3. Eulerian gradient re-expressions. These are modifications of AT*¥, ANf which do not
change the fields. We call any pair of covariant linear gradient expressions

oYY Y oYY oY
gup _ gupys SeBy Z7 - MP = MPYETT o MPY T
ax3 + ax8 ax8 + ax3

for which
a 0
—T% = —NF =0 S =MFP =0

oxP oxP -
holds as an implication for arbitrary (¥*,v) an Eulerian constraint. For any Eulerian
constraint (S*#, MP), arbitrary solutions of (4.2) satisfy (4.5) with T% =T, AT =
AT*?, NP =NF, ANP = ANP and

SATP =3P 1 O(g), SANP =MP + O(e).

The following is obvious.

Lemma 4.2. Velocity shifts, thermodynamic shifts and Eulerian gradient re-expressions form a group
of first-order equivalences on Fs.

While we have intentionally carried out the above considerations in covariant form, the
practical use of such transformations is more nicely handled in a rest frame notation. For this
purpose, we represent ‘dissipation pairs’ (—AT*#, — AN#) in the form

—ATOO|0, —ATOj|0 A Alx3
_AT10|OI —AT1]|0 c A3><1 A3x3 ,
—AN%y, —AN/|g A AV

where A denotes any real-valued linear form in the gradients of the state variables u, 0,y and
A an n x m-matrix of such objects.

62209107 €L 1 205y 20id bioBuiysijandizaposjeforeds;



In this notation, a velocity shift is any assignment

T
% * * 4+ Au
S B + Au, 1>|<

ko ok *, * 4 <E> Au’

with some Au e A3*1; note that the factor 1/h=n/(p 4 p) in the last line corresponds to (4.6).
A thermodynamic shift is any assignment

* * 4+ Ap *
* x| — * *+ Apl
* * + An *

with some triple (An, Ap, Ap) € A3 that satisfies (4.9), and an Eulerian gradient re-expression is
any transition

* ¥ %
* x| =% %
* ¥ %
for which each respective entrywise transition
Tl %

replaces, if anything, one gradient form A by another gradient form A with the property that the
values of A and A agree on arbitrary Eulerian gradients, i.e. gradients that can be realized as those
of solutions to the Euler equations (1.1).

For example, due to the Eulerian constraint

x(VO+60u')=—xVy, (4.10)
the re-expression
0 x (Vo +6a') 0 —k VY
x(VTo+6ou) nSu+¢v-ul|l—|—«vyT nSu+¢V.ul
0 0 0 0

is an equivalent recasting of the Eckart description (for the Eckart description, cf. e.g. [32], p. 55).
The velocity shift

0 —kVyr 0 0
—(VY)T nSu+¢vV-ul|— |0 nSu;rW-uI (4.11)
0 0 0 (E)wf

completes the equivalence bridge towards the Landau description. The latter is also known (cf.
[18, p. 514] as what one can get via the further transformation

0 0 0 0

0 nSu+¢v-ul|_, |0 rISu—l—CV';I ;
K X

o (v ) o =G (v () )

this is a re-expression by virtue of (4.10) and the further Eulerian constraint

1
il =——Vp.
v nh P

The purpose of this section is to show the following.

Theorem 4.3. Our formulation (2.2)—(2.8) is first-order equivalent to the Eckart and Landau
descriptions.

62209107 €L ¥ 205y 20ig BioBuisiqndiaaposiefor-edss



Proof. Starting from the Landau description, in its form on the r.h.s. of (4.11), we first perform a
velocity shift

0 0 0 —ou'
0 nSu+¢vV-ul|_ | —-ou nSu+¢V-ul
o ()vv 0 (F)ve-(3)e

corresponding to a shift vector

Au=—ou,

tentative inasmuch as o is to be determined later. The purpose of this velocity shift consists in
creating a system of wave equations ‘in the velocity part’. However, regarding (—AT*?) 4, this
has induced a disturbing isolated mixed derivative —V(ou) in the ‘0 equation’. We compensate

for this by a thermodynamic shift
0 —ou’ oV-u —ou’
—ou nSu+¢VvV-ul | _ —ou nSu+ (¢ + &)V -ul

o (e \@ee G- (s

Ap=0cV -u, An:%V~u, Ap:(y—l)(l—%)ov.u:22V~u

with

that leads to cancelling mixed derivatives of u both in the ‘0 equation” and the ‘i equation’. Note
that this explains the choice of 5 in (2.7).
Next, we use another thermodynamic shift, with

Ap =0, An:—%ljf, Ap:(y—l)m%d/,

ie.
oV - -u —O'I:IT
. ~ K .
- o nSu+ (¢ + 2V - ut (= m (5 ) V)1
K . o K o .
() v+ () v (i) vy =)
to generate a wave equation in the ‘i part’.
Finally, as Eulerian gradients satisfy
V=@ —-1)mo V. u,
the further transition
oV-u —ou’
. —ou nSu+ (¢ + &1+ &)V -ul
K\ o K AW
G G- ()
is a re-expression, if Z1 is chosen as in (2.7).
We have arrived at (2.2), (2.3). [ |

The only thing left to decide from this point of view is which value to give to the free parameter
o, which is still up to us. Our choice (2.6); is explained in the next section.

5. (Causality of the dissipation operator

Whether our theory is causal can be understood by looking at the linearization of (1.2) at an
arbitrarily fixed homogeneous reference state y° = (¢, %) in the fluid’s rest frame and studying
the associated Fourier-Laplace modes. Our arguments parallelize the development in [26].
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Written in the Godunov variables (¥, 1), the linearized equations will be of the form

? 32
with B%8% as in §3 and
AT
A= (), a,g=0,1,234
&

where we use T*# to denote N”.
System (5.1) permits a Fourier-Laplace mode

U exp(® + &) with 1 eC, & = (£, &,8) eR? (5.2)
if and only if the dispersion relation
0= (i §) = det((AA™S + iGAYE +22B"80 — 58 BYC) 0 0,125,4) (53)
holds. As Im())/|€| is the speed at which a mode travels, we call our theory causal if
Im(x) <|&] for any solution (%, &) of (5.3).

Numerical studies of 7 show that the system is causal, for arbitrary reference states, arbitrary

values of the dissipation coefficients n > 0,¢ >0,k >0, and arbitrary values of the parameters

y €(1,2],cy > 0 and m > 0. We leave a rigorous analysis of this question to a later publication.
Here we focus on the high-frequency limit

a2y
BAgs § 0 5.4
axPoxs (54)

of (5.1) to check the causality of our dissipation tensor as such. Because of the degeneracy, the
associated dispersion relation is

0= Too (4, &) = det(3?B%0 — g5 BYF), (5.5)

where B30 and B8k are the lower right 4 x 4 blocks of the 5 x 5 matrices B89 and BYSK, with
indices 4, § running only from 1 to 4.

Continuing from the end of the previous section, we assume that ¢ has been fixed according
to (2.6)2, but o remains free to be chosen. The following is the main point of this section.

Lemma 5.1. The theory is causal in the high-frequency limit,
Im(x) < |&| for any solution (1, &) of (5.5),
if and only if
o> %n +2.

Proof. From §3 we know that A2B"80 and Ej’;‘kB”jgk are given by

0 0 0 0 0 0
0 —ooa28% 0 |, [0 nolEPs* +((1/3)n+c)esiEk 0 |, (5.6)
0 0 —k22 0 0 K|E|?

whence A2B%50 and éjékBE‘jgk are

(_Umk o) (ne|§|zafk+((1/3>n+5>9sfsk 0)

0 —ka? 0 kI ®7)

The dispersion relation splits as

oo (2, &) =L (A, E)l (1, §)
with
7L (€)= k002 + €170 A2 + (4/3)n + D)IEI)
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and
Tl (€)= (047 + nI€?).

While the roots of néo correspond to longitudinal modes, i.e. the amplitude vector (@é)e=1,2,3,4
of the mode belongs to the invariant subspace C& x C of the matrix 12B*S0 — E]-ékB”]gk, the roots

of 7L are associated with transverse modes, for which (y/¢),—123,4 lies in the complementing
invariant subspace {& 1 x {0}.
The longitudinal part 7% has the roots

+ .
)Lheat = :t1|§|

@/3m+¢
ngi:il‘/—(/r §|§|,

the transverse part 7L the double roots

T+ . [0
Ayise = E1 ;|§| [ ]

The lemma says that our choice (2.6); is the limiting causal case.

and

Corollary 5.2. Foro = (%)n +,all longitudinal modes travel at the speed of light.

In other words, the choice (2.6); is the unique one for which the dissipation operator is causal,
while the propagation speeds of all dissipation-attenuated longitudinal modes of the full system
(5.1) tend, in the limit of large wavenumbers, to exactly the speed of light.

6. Entropy production and vanishing viscosity limit

In this section we study the compatibility of our relativistic NSF equations with the second law of
thermodynamics. We start by computing the divergence of the original entropy current.

Lemma 6.1. For any solution of (1.2), the entropy density s satisfies
u
(nsUP) g = == (AT*) 5 + Y (ANP) .

Proof. From T = (p + p)U*UP + pg®f we find
Ue(T*) g =UPp g — (hUP)
=UP(pp —nhp) —h(nl’) s
=UP(pp — nhg)+h(ANP) 4.
As the first law,
6 ds = pd (%) + d(g),

gives

1
Wiy nnp=-nt (5(3) +(2),)

= —nuﬂé’s,ﬂ
= —0[(nsUP) g — s(nUP) g
= —0[(nsUP) g + s(ANP) 4],
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combining indeed yields

—Uy(ATP) g = Uy (T®) g = 0(—(nsUP) g + y(ANP) p).

|
Similarly to [32, p. 54], we redefine the entropy current as
u
SP =nsuf — 7"‘ATW3 — Yy ANP, 6.1)
and consistently use
u
o= sf" - (%) (=AT*P) + ¢ g(— ANP) 6.2)
B

as net local entropy production. Q is a quadratic form in the gradients of U%*,60 and . As
in [26], we use non-negativity of Q on Eulerian gradients as our criterion for thermodynamic
admissibility of our proposed equations of motion (1.2).

Technically, the following is the main result of this section.

Theorem 6.2. Entropy production is non-negative on Eulerian gradients.
The following properties are useful.
Lemma 6.3. Expressed in the rest frame of the reference state, Eulerian gradients satisfy
u=—mh)"'Vp, 6=—(y-1oV-u, Y= -1mo~'v.u (6.3)
Proof. In the rest frame, the linearized equations read
p+(p+pV-u=0,
(0p+pu+Vp=0 (6.4)
and n+nV-u=0.

(6.4)2 is (6.3)1. In view of s =0 and as the representations

0=0(n,s)= Ckny_l exp (;) v =1y (ns)= é(zqs) +ycy =5

satisfy
nhy=(y =10, nfu=—(y —Hmo~",
(6.3), and (6.3)3, follow from
0 =0pit + 05, Y = Yruit + V.
and (6.4)s. |

From (2.4) and (2.5), we determine the entropy production as

1 96 1 /06 ou; ; 1 0u; ) oY oYy ;
= AT — = (Z 49 25 ) ATy — = AT — S ANOy — AN
< 62 3x0 lo 62 <8x1 + 9x0 lo 0 9x/ lo 9x0 | ax/ lo
o . o . . . - ~ ~ ~ .
=9—29V-u—9—2(V0+9u)‘u+Qa+¢(—K1//+oV~u)+V1/f~(KV1/f—au)
=N+ + 93+ 94+ s,
where ' ‘
1 du; out  ow  209ul ~oul n z
et PN (e e T8 ) = LSul? + = (V- u)t.
< 0 ax (n(8xj+8xi 3 ax! +§8x’ 29” ul +9( w)
As )
0
we find

Q) + Qs =k |Vy %
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Using (6.3) and, notably, (2.6), (2.7), we get

_4’1;‘{2(V‘u)2

(% (" 1) = —12("V) (vl =
Ql+g4—(9<y V(3 -1) =570 -D (9))<v w? =
and finally
Q= LSul? + 5 (V- up + S|V (6.5)
20 0 h

Theorem 6.2 means that entropy production is non-negative to leading order in the small
dissipation coefficients. As in §4 we express the situation through a small extra factor € that
multiplies 7, ¢,k and state this point as follows.

Corollary 6.4. For solutions to (4.2), the entropy production is
__(n 2, So 2. K 2 2
Q=e (griSul + 5V w? + £V ) + O

Remark. In the non-causal descriptions of Eckart and Landau, entropy production is
automatically non-negative on arbitrary gradients [17,18,26]. Owing to the hyperbolic character of
our theory, it is not difficult to fabricate initial data (including temporal derivatives), far from the
near-Eulerian regime, that make the above form Q negative. Note that this does not necessarily
imply that solutions corresponding to these data would violate the second law. Recall that there
is room to (re)define the entropy current, and it could also be that in such cases the second law
is perfectly valid, while this simply is not obvious from the perspective of the particular entropy
current (6.1) on which the definition of this specific version Q of net entropy production is based.
In any case, our system is made for the near-Eulerian regime, in accordance with the fundamental
vanishing-viscosity concept that underlies the mathematical theory of systems of conservation
laws [33,34].

7. (Classical limit

We show that our theory has the classical NSF equations as its limit, as the speed of light tends to
infinity.
To understand the limit ¢ — oo, we put dimensions back in, writing

WV=ct, u*=-"— and masmc?

as well as

“(_,,| Y

n=cn, ¢{=cg, and «=

and let

The following is the goal of this section.

Theorem 7.1. Equations (1.2) with (2.2) and (2.3) can be written as

d d ; 1
g(rzm) + w(nmv]) =0 <c_2> ,

9 i, 9 Pl
—(nm — (nmv") + psY
Bt( v)+8x]( v 4 ps7)

BN 8vi+8vj 2 ok L v Lof]
“od \" dxj  dx; 38 ok £ ax! cz)’
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(3 (7))

ad a0 1
= — ij j
8xf( a]—l-nvl(Sv) + v v)—l—O(C)

Le. taking ¢ — oo yields the classical Navier-Stokes—Fourier equations.
We first quickly recapitulate what the inviscid terms look like in terms of powers of 1/c.

Substitution yields
NA = 14 (2 j
emN g = | nm, |1+ <E> + (nmv/)
t
j 1 /1 2 0 1 71
= {(l’lm)t + (nmv )xj} + C—2 Enmv t + C—4 ( . )
and

OlO a'

1
Tj‘f:z{(nmc +ne+p) +pg” } {(nmc +”3+P) + pg” }
t

X/

Inthecasesa=i=1,2,3,

g1 / 29! iyl y
Tlfg == ((nmc2 +ne+p)/1+ (%) %)t + ((nmc2 —I—ne—i—p)vc—g —|—p8’]>

= {(nmv'); + (nmv'v/ + p(Sij)x,-} +0 (é) , (7.2)

1
+o(3)
{

X

SO Tg clearly converges to the momentum part of the classical Euler equationsasc— oc,i=1,2,3.
Note that only the leading-order part of (7.1) is used to obtain (7.2).
For o =0, one finds

08 _ 2 LA 2 N AR
T _|:{(nmc +ne+p)<1+(c> ) p}t+{(nmc +ne +p) 1+(C) vl} |

x!

:cz{(nm)t + (nmvf)xj} + {(rzmv2 + ne); + ((%mvz + ne+p> vj) } + 0 <
x/

(')Nl —_
N——
~
—~
N
W
~

which together with (7.1) yields
1 1 ; 1
c(TOﬂ mczNﬁ ) = <ne + Enmv2> + ((ne +p+ Enmv2> vf) +0 (—2> . (7.4)
B ¢ i c

Note that it is not CTS;3 but c(TIOﬁ’3 - mcszg) that converges to the energy part of the classical
Euler equations as ¢ — oo. The next-to-leading order part in (7.1) ‘corrects’ the term (nmv?); in the
next-to-leading order part in (7.3), to give the term %(nmvz)t in the classical equation. Something
analogous happens in the dissipative part; we identify it in the term E in lemmas 7.2 and 7.3
just below.

Theorem 7.1 is a direct consequence of equations (7.1), (7.2), (7.4) and the following three
lemmas.

Lemma 7.2.

8(1/9))

9 1 9 1
—(-ANPY = = — [k —E 6) 7.
AN = 5 (:« ) (c) 75)

me3

e 0 (v I 1V
—E(O' U)—F@ (o) "U—U W—i—vj@ .

with
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Lemma 7.3.

a 0By _ 1

) vl v 2 ook -aul\
D= — a1 2= T —1sY1). 7.6
ox/ <UZ (77 (8x]- + ax; 3g axk) +e 8x1> ) (7.6)
Lemma 7.4. One obtains fori=1,2,3:
] , ] w2 ook o 1
— (AT = — (| —+ — - ¢ — | +c—8" | +O (= ).
E)xﬂ( ) ax/ (77 (Bx]- ax; 38 8xk) Zaxl c2

Similarly to how we got to (7.4), it is the next-to-leading order parts of (7.5) and (7.6) that play
together to yield

with

J 08 2 A N8 9 _9(1/6)
CW(—AT’ﬂ +mc“ANP)=D — — | mk o

Proof of lemma 7.2. Using

we find

o (.oy\ 8 [xkow) 1 8 (_3(1/6) +o<1)
o Ka_xj T \hoxj ) Sax " ox; S

a ou 1 1
— s@Pravd — Sy 2 ) = — —
8/3(0(1417 uIl )85>_ C3E+O<65).

On the other hand,

The assertion follows as

a 3 /(. oy ou
— (—_ANPY= By Z 7 Brve _ S rpBrvy Y
axﬂ( ANP) = o <Kg T + oWl u’Il )ax“)'

We suppress the lengthy, but trivial proofs of lemmas 7.3 and 7.4.

A point worth emphasizing regarding the assertion of lemma 7.4 is the fact that the coefficients
¢ and ¢, leave no traces in the limit. This is due to the fact that they both scale with higher powers
of 1/c than n and ¢: ¢7 scales like «, and, compared with 7, ¢, the coefficient ¢ also has an extra
factor of 1/c? coming from the 1 — m/h term in (2.7);.
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