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THE HUBBLE LENGTH AS A CRITICAL LENGTH SCALE
IN
SHOCK WAVE COSMOLOGY

August 2004

Joel Smoller! Blake Temple?

Abstract

We describe a two parameter family of shock wave refinements of the standard Friedmann
Universe which reduce the Big Bang to an explosion of finite mass and extent. The Hubble
length is a critical length scale in the sense that whenever the shock wave lies beyond one
Hubble length from the center of the explosion, the explosion can be interpreted as a White
Hole explosion occuring inside the event horizon of an ambient Schwarzschild spacetime.

1 Introduction

In the standard model of cosmology, the expanding universe of galaxies is described by a Friedmann-
Robertson-Walker (FRW) metric, which in spherical coordinates has a line element given by [2, 24],

dr?
1 —kr?

ds? = —dt* + R*(t) { + r?[d6? + sin0 d¢2]} : (1)
In this model, which accounts for things on the largest length scale, the universe is approximated by
a space of uniform density and pressure at each fixed time, and the expansion rate is determined by
the cosmological scale factor R(t) that evolves according to the Einstein equations. Astronomical
observations show that the galaxies are uniform on a scale of about one billion lightyears, and the
expansion is critical—that is, ¥ = 0 in (1)—and so, according to (1), on the largest scale, the
universe is infinite flat Euclidian space R® at each fixed time. Matching the Hubble constant to
its observed values, and invoking the Einstein equations, the FRW model implies that the entire
infinite universe R® emerged all at once from a singularity, (R=0), some 14 billion years ago, and
this event is referred to as the Big Bang.

In this paper, an expanded version of which will appear in [21], (see also [12, 19]), we discuss a
family of exact solutions of the Einstein equations, (that depend on two parameters r, and o), that
refine the FRW metric by a spherical shock wave cut-off. In these exact solutions the expanding
FRW metric is reduced to a region of finite extent and finite total mass at each fixed time t > 0,
and this FRW region is bounded by an entropy satisfying shock wave that emerges from the origin,
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(the center of the explosion), at the instant of the Big Bang ¢t = 0. The shock wave, which marks
the leading edge of the FRW expansion, propagates outward into a larger ambient spacetime from
time ¢ = 0 onward. Thus, in this refinement of the FRW metric, the Big Bang that set the galaxies
in motion is an explosion of finite mass that looks more like a classical shock wave explosion
than does the Big Bang of the Standard Model®>. The Hubble length is a critical length scale in
this two parameter family of solutions in the sense that the explosion occurs inside a Black Hole
precisely when the shock wave lies beyond one Hubble Length from the center of the explosion.
This corresponds to the transition from r, = 0 to r, > 0. Since astronomical observations show
that on the largest scale the universe is uniform out to a distance beyond one Hubble length, the
case 7, > 0 is most relevant to cosmology.

In order to construct a mathematically simple family of shock wave refinements of the FRW metric
that meet the Einstein equations exactly, we assume k = 0, (critical expansion), and we restrict to
the case that the sound speed in the fluid on the FRW side of the shock wave is constant. That is,
we assume an FRW equation of state p = op, where o, the square of the sound speed, is constant,
0 <o < At o = c/3, this gives the important equation of state p = %p which is correct at
the earliest stage of Big Bang physics, [24]. Also, as o ranges from 0 to ¢2, we obtain qualitatively
correct approximations to general equations of state. Taking ¢ = 1, (we use the convention that
¢ =1, and Newton’s constant G = 1 when convenient), the family of solutions is then determined
by two parameters, 0 < ¢ < 1 and r, > 0. The second parameter r, is the FRW radial coordinate
r of the shock in the limit ¢ — 0, the instant of the Big Bang?. The FRW radial coordinate r is
singular with respect to radial arclength 7 = 7R at the Big Bang R = 0, so setting r, > 0 does not
place the shock wave away from the origin at time ¢ = 0. The distance from the FRW center to
the shock wave tends to zero in the limit ¢ — 0 even when 7, > 0. In the limit r, — oo we recover
from the family of solutions the usual (infinite) FRW metric with equation of state p = op. That is,
we recover the standard FRW metric in the limit that the shock wave is infinitely far out. In this
sense our family of exact solutions of the Einstein equations represents a two parameter refinement
of the standard Friedmann-Robertson-Walker metric.

The exact solutions for the case r, = 0 were first constructed in [12], and are qualitatively different
from the solutions when r, > 0, which were constructed later in [19]. The difference is that when
7+ = 0, the shock wave lies closer than one Hubble length from the center of the FRW spacetime
throughout its motion, but when r, > 0, the shock wave emerges at the Big Bang at a distance
beyond one Hubble length. (The Hubble length depends on time, and tends to zero as t — 0.) We
show in [19] that one Hubble length, equal to + where H = %, is a critical length scaleina k =0
FRW metric because the total mass inside one Hubble length has a Schwarzschild radius equal
exactly to one Hubble length®. That is, one Hubble length marks precisely the distance at which
the Schwarzschild radius 75 = 2M of the mass M inside a radial shock wave at distance 7 from the

3The fact that the entire infinite space R® emerges at the instant of the Big Bang, is, loosely speaking, a consequence
of the Copernican Principle, the principle that the earth is not in a special place in the universe on the largest scale
of things. With a shock wave present, the Copernican Principle is violated in the sense that the earth then has a
special position relative to the shock wave. But of course, in these shock wave refinements of the FRW metric, there
is a spacetime on the other side of the shock wave, beyond the galaxies, and so the scale of uniformity of the FRW
metric, the scale on which the density of the galaxies is uniform, is no longer the largest length scale.

4Since when k = 0, the FRW metric is invariant under the rescaling r — ar and R — o~ 'R, we fix the radial
coordinate r by fixing the scale factor a with the condition that R(ty) = 1 for some time ty, say present time.

5Since ¢/H is a good estimate for the age of the universe, it follows that the Hubble length ¢/H is approximately
the distance of light travel starting at the Big Bang up until present time. In this sense, the Hubble length is a rough
estimate for the distance to the further most objects visible in the universe.




FRW center, crosses from inside (75 < 7) to outside (s > 7) the shock wave. If the shock wave is at
a distance closer than one Hubble length from the FRW center, then 2M < 7 and we say that the
solution lies outside the Black Hole, but if the shock wave is at a distance greater than one Hubble
length, then 2M > 7 at the shock, and we say the solution lies inside the Black Hole. Since M
increases like 7, it follows that 2M < 7 for 7 sufficiently small, and 2M > 7 for 7 sufficiently large,
so there must be a critical radius at which 2M = 7, and in Section 2, (taken from [19]), we show
that when k = 0, this critical radius is exactly the Hubble length. When the parameter r, = 0,
the family of solutions for 0 < o < 1 starts at the Big Bang, and evolves thereafter outside the
Black Hole, satisfying % < 1 everywhere from ¢ = 0 onward. But when r, > 0, the shock wave is
further out than one Hubble length at the instant of the Big Bang, and the solution begins with
2_;\4 > 1 at the shock wave. From this time onward, the spacetime expands until eventually the
Hubble length catches up to the shock wave at %/[— = 1, and then passes the shock wave, making
2M 1 thereafter. Thus when r, > 0, the whole spacetime begins inside the Black Hole, (with
2;:- > 1 for sufficiently large 7), but eventually evolves to a solution outside the Black Hole. The
time when 7 = 2M actually marks the event horizon of a White Hole, (the time reversal of a Black
Hole), in the ambient spacetime beyond the shock wave. We show that when r, > 0, the time
when the Hubble length catches up to the shock wave comes after the time when the shock wave
comes into view at the FRW center, and when 2M = 7, (assuming ¢ is so large that we can neglect
the pressure from this time onward), the whole solution emerges from the White Hole as a finite
ball of mass expanding into empty space, satisfying QTM < 1 everywhere thereafter. In fact, when
r« > 0, the zero pressure Oppenheimer-Snyder solution outside the Black Hole gives the large time
asymptotics of the solution, (c.f. [7, 20, 14] and the comments after Theorems 3-5 below).

The exact solutions in the case r, = 0 give a general relativistic version of an explosion into
a static, singular, isothermal sphere of gas, qualitatively similar to the corresponding classical
explosion outside the Black Hole, [12]. The main difference physically between the cases r, > 0
and r, = 0 is that when 7, > 0, (the case when the shock wave emerges from the Big Bang at
a distance beyond one Hubble length), a large region of uniform expansion is created behind the
shock wave at the instant of the Big Bang. Thus, when r, > 0, lightlike information about the
shock wave propagates inward from the wave, rather than outward from the center, as is the case
when r, = 0 and the shock lies inside one Hubble lengthG. It follows that when r, > 0, an observer
positioned in the FRW spacetime inside the shock wave, will see exactly what the standard model
of cosmology predicts, up until the time when the shock wave comes into view in the far field. In
this sense, the case r, > 0 gives a Black Hole cosmology that refines the standard FRW model of
cosmology to the case of finite mass. One of the surprising differences between the case r, = 0 and
the case 7, > 0 is that, when 7, > 0, the important equation of state p = %p comes out of the
analysis as special at the Big Bang. When r, > 0, the shock wave emerges at the instant of the
Big Bang at a finite non-zero speed, (the speed of light), only for the special value o = 1/3. In this
case, the equation of state on both sides of the shock wave tends to the correct relation p= % p as
t — 0, and the shock wave decelerates to subliminous speed for all positive times thereafter, (see
[19] and Theorem 5 below).

In all cases 0 < 0 < 1, 7, > 0, the spacetime metric that lies beyond the shock wave is taken to be

50One can imagine that when r, > 0, the shock wave can get out through a great deal of matter early on when
everything is dense and compressed, and still not violate the speed of light bound. Thus when r, > 0, the shock wave
“thermalizes”, or more accurately “makes uniform”, a large region at the center, early on in the explosion.




a metric of Tolmann-Oppenheimer-Volkoft (TOV) form,
ds® = —B(F)dE* + A71(F)di? + 72[d6? + sin?6 de?). (2)

The metric (2) is in standard Schwarzschild coordinates, (diagonal with radial coordinate equal
to the area of the spheres of symmetry), and the metric components depend only on the radial
coordinate 7. Barred coordinates are used to distinguish TOV coordinates from unbarred FRW
coordinates for shock matching. The mass function M (7) enters as a metric component through

the relation 4 =1 — Q—Mﬁ

The TOV metric (2) has a very different character depending on whether A > 0 or A < 0; that is,
depending on whether the solution lies outside the Black Hole or inside the Black Hole. In the case
A > 0, 7 is a spacelike coordinate, and the TOV metric describes a static fluid sphere in general
relativity.” When A < 0, 7 is the timelike coordinate, and (2) is a dynamical metric that evolves
in time. The exact shock wave solutions are obtained by taking # = R(t)r to match the spheres
of symmetry, and then matching the metrics (1) and (2) at an interface ¥ = 7(t) across which the
metrics are Lipschitz continuous. This can be done in general. In order for the interface to be a
physically meaningful shock surface, we use the result in [11] that a single additional conservation
constraint is sufficient to rule out delta function sources at the shock, (the Einstein equations
G = KT are second order in the metric, and so delta function sources will in general be present
at a Lipschitz continuous matching of metrics), and guarantee that the matched metric solves the
Einstein equations in the weak sense. The Lipschitz matching of the metrics, together with the
conservation constraint, leads to a system of ordinary differential equations (ODE’s) that determine
the shock position, together with the TOV density and pressure at the shock. Since the TOV metric
depends only on 7, the equations thus determine the TOV spacetime beyond the shock wave. To
obtain a physically meaningful outgoing shock wave, we impose the constriant < f to ensure that
the equation of state on the TOV side of the shock is qualitatively reasonable, and as the entropy
condition we impose the condition that the shock be compressive. For an outgoing shock wave,
this is the condition p > p, p > p, that the pressure and density be larger on the side of the shock
the receives the mass flux—the FRW side when the shock wave is propagating away from the FRW
center. This condition breaks the time reversal symmetry of the equations, and is sufficient to rule
out rarefaction shocks in classical gas dynamics, [10, 19]. The ODE’s, together with the equation
of state bound and the conservation and entropy constraints, determine a unique solution of the
ODE'’s for every 0 < ¢ < 1 and 7, > 0, and this provides the two parameter family of solutions
discussed here, [12, 19]. The Lipschitz matching of the metrics implies that the total mass M is
continuous across the interface, and so when r, > 0, the total mass of the entire solution, inside and
outside the shock wave, is finite at each time ¢ > 0, and both the FRW and TOV spacetimes emerge
at the Big Bang. The total mass M on the FRW side of the shock has the meaning of total mass
inside radius 7 at fixed time, but on the TOV side of the shock, M does not evolve according to
equations that give it the interpretation as a total mass because the metric is inside the Black Hole.
Nevertheless, after the spacetime emerges from the Black Hole, the total mass takes on its usual
meaning outside the Black Hole, and time asymptotically the Big Bang ends with an expansion of
finite total mass in the usual sense. Thus, when 7, > 0, our shock wave refinement of the FRW
metric leads to a Big Bang of finite total mass.

A final comment is in order regarding our overall philosophy. The family of exact shock wave

"The metric (2) is, for example, the starting point for the stability limits of Buchdah]l and Chandresekhar for
stars, [24, 15, 16].




solutions described here are rough models in the sense that the equation of state on the FRW side
satisfies ¢ = const., and the equation of state on the TOV side is determined by the equations,
and therefore cannot be imposed. Nevertheless, the bounds on the equations of state imply that
the equations of state are qualitatively reasonable, and we expect that this family of solutions will
capture the gross dynamics of solutions when more general equations of state are imposed. For
more general equations of state, other waves, such as rarefaction waves and entropy waves, would
need to be present to meet the conservation constraint, and thereby mediate the transition across
the shock wave. Such transitional waves would be pretty much impossible to model in an exact
solution. But the fact that we can find global solutions that meet our physical bounds, and that are
qualitatively the same for all values of o € (0,1] and all initial shock positions, strongly suggests
that such a shock wave would be the dominant wave in a large class of problems.

In Section 2 we introduce the FRW solution when ¢ = const. In Section 3 we discuss the construc-
tion of the family of solutions in the case r, = 0, and in Section 4 we discuss the case r, > 0. (See
(12, 19, 20] for details.)

2 The FRW Metric

Our shock wave refinement of the FRW metric in both cases r, = 0 and r, > 0, assumes the
equation of state p = op, where o is assumed to be constant, 0 < ¢ < 1. In this case, an exact
solution of the Einstein equations with FRW ansatz (1) and k = 0, can be given in closed form, c.f.
[19]. The solution is given in the following theorem.

Theorem 1 Assume k = 0 and the equation of state p = op, where o is taken to be constant,
0 <o < 1. Then, (assuming an ezpanding universe R > 0), the solution of the Einstein equations
satisfying R=0 att =0 and R=1, H = Hy at t =ty is given by,

2
4 1 t \ 3(1+0) H to
= —— R = P— _ = —, 3
P iy oR 2 (to) ’ Ho 1t )

Moreover, the age of the universe ty and the infinite red shift limit ro, are given ezxactly in terms
of the Hubble length by

2 1 2 1
th= ————— o = —.
°T 31+ Hy, T 1+30H, (4)

From (4) we conclude that a shock wave will be observed at the FRW origin before present time
t = to only if its position 7 at the instant of the Big Bang satisfies r < ﬂ%;y% Note that r, ranges

from one half to two Hubble lengths as o ranges from 1 to 0, taking the intermediate value of one
Hubble length at o = 1/3.




3 FRW-TOV Shock Matching Outside the Black Hole—The Case
T =0

To construct the family of shock wave solutions for parameter values 0 < ¢ < 1 and r, = 0, we
match the exact solution (3) of the FRW metric (1) to the TOV metric (2) outside the Black Hole,
assuming A > 0. In this case, we can derive the exact solution of the Einstein equations of TOV
form that matches the FRW metric across a shock wave. This exact solution represents the general
relativistic version of a static, singular isothermal sphere—singular because it has an inverse square
density profile, and isothermal because the relationship between the density and pressure is P =ap,
0 = const.

Assuming the stress tensor for a perfect fluid, and assuming that the density and pressure depend
only on 7, the Einstein equations for the TOV metric (2) outside the Black Hole, (that is, when
A=1-2M 5 0), are equivalent to the Oppenheimer-Volkoff system

r

d
d_JT_\‘J = 47{F2ﬁa (5)
d p 4773p 26M ) !
o a _ _ p p
T —p=GMp<1+= 1 1-— . 6
= omp{ue P {120 “
Integrating (5) we obtain the usual interpretation of M as the total mass inside radius 7,
M) = [ aneae)ic (7)
The metric component B = B(F) is determined from 5 and M through the equation
B'(7 (=
B _ PO (8)
B p+p
Assuming
- i
p=ap, p(f) ==, (9)
for some constants & and v, and substituting into (7), we obtain
M(7) = 4myr. (10)
Putting (9)-(10) into (6) and simplifying yields the identity
1 a
7= ong (1+6&+52>' (11)
From (7) we obtain
A=1-81Gy < 1. (12)
Applying (8) leads to
2a 45
0\ 1+ F\ T+5
B =B, (_ﬁ) = By <1> . (13)
Po o

By rescaling the time coordinate, we can take By = 1 at 7y = 1, in which case (13) reduces to

43

B = 7 1+7, (14)




We conclude that when (11) holds, (9)-(13) provide an exact solution of the Einstein field equations
of TOV type'?, for each 0 < 5 < 1. By (12), these solutions are defined outside the Black Hole,
since 24 < 1. When & = 1/3, (11) yields v = sz (c.f, [24], equation (11.4.13)).

To match the FRW exact solution (3) with equation of state p = op to the TOV exact solution
(9)-(14) with equation of state p = Gp across a shock interface, we first set ¥ = Rr to match the
spheres of symmetry, and then match the timelike and spacelike components of the corresponding
metrics in standard Schwarzschild coordinates. The matching of the di? coefficient A~! yields the
conservation of mass condition that implicitly gives the shock surface 7 = #(¢),

M(r) = T oty (15)

Using this together with (10) and (11) gives the following two relations that hold at the shock
surface:

The df? coefficient B on the shock surface can be matched in a neighborhood of the shock surface
by solving a linear PDE with initial data coming from (15), c.f. [13]. Finally, the conservation
constraint [T;;]n‘n? = 0, (which guarantees that the matched metric is a veritable weak solution of
the Einstein equations), leads to the single condition

0= (U= Ap+ D)+ + (1= ) G+Po 40P +G-Po-7% (1)

which upon using p = op and p = 5p is satisfied assuming the condition

1 3 7
:5\/902+540+49—§a-§EH(0). (17)

Q

Note that H(0) = 0, and to leading order & = %O’ + O(0?) as 0 — 0. Within the physical region
0<0,6 <1, H(0)>0,5 <o, and H(1/3) = V17~ 4~ .1231, H(1) = ¥A2 _ 5 ~ 2915,

Using the exact formulas for the FRW metric in (3), and setting Ry = 1 at p = po, t = tg, wWe
obtain the following exact formulas for the shock position:

At = at, (18)

r(t) = FORE) = B teis, (19)

1
= 1+30 =
Wherea:?)(]_-f-a')ﬁ/ﬂ_ggﬁg andﬁ=a3+30 (%)3+3 .

It follows from (10) that A > 0, and from (19) that r, = lim;_q 7(t) = 0. The entropy condition
stating that the shock wave be compressive follows from the fact that & = H(0) < o. Thus we
conclude that for each 0 < o < 1, r, = 0, the solutions given in (9)-(19) define a one parameter
family of shock wave solutions that evolve everywhere outside the Black Hole, which implies that

*%Tn this case, an exact solution of TOV type was first found by Tolman [22], and rediscovered in the case & = 1 /3
by Misner and Zapolsky, c.f. [24], page 320.




the distance from the shock wave to the FRW center is less than one Hubble length for all £ > 0.
The result is the following!!, (see [12] for details),

Theorem 2 There exist values 0 < 01 < 0y < 1, (07 ~ 458, 09 = /5/3 ~ .745), such that, for
0 <o <1, the Laz characteristic condition holds at the shock if and only if 0 < o < o1; and the
shock speed is less than the speed of light if and only if 0 < ¢ < oy.

The explicit solution in the case r, = 0 can be interpreted as a general relativistic version of a
shock wave explosion into a static, singular, isothermal sphere, known in the Newtonian case as a
simple model for star formation, (see [12]). As the scenario goes, a star begins as a diffuse cloud of
gas. The cloud slowly contracts under its own gravitational force by radiating energy out through
the gas cloud as gravitational potential energy is converted into kinetic energy. This contraction
continues until the gas cloud reaches the point where the mean free path for transmission of light
is small enough that light is scattered, instead of transmitted, through the cloud. The scattering of
light within the gas cloud has the effect of equalizing the temperature within the cloud, and at this
point the gas begins to drift toward the most compact configuration of the density that balances the
pressure when the equation of state is isothermal. This configuration is a static, singular, isothermal
sphere, the general relativistic version of which is the exact TOV solution beyond the shock wave
when r, = 0. This solution in the Newtonian case is also inverse square in the density and pressure,
and so the density tends to infinity at the center of the sphere. Eventually, the high densities at
the center ingnite thermonuclear reactions. The result is a shock-wave explosion emanating from
the center of the sphere, and this signifies the birth of the star. The exact solutions when 7, = 0
represent a general relativistic version of such a shock-wave explosion.

4 Shock Wave Solutions Inside the Black Hole—The case re > 0.

When the shock wave is beyond one Hubble length from the FRW center, we obtain a family of
shock wave solutions for each 0 < ¢ < 1 and r, > 0 by shock matching the FRW metric (1) to a
TOV metric of form (2) under the assumption that

2M(7)

7

A(F) =1-

=1- N(7) < 0. (20)

In this case, 7 is the timelike variable. Assuming the stress tensor 7 is taken to be that of a perfect
fluid co-moving with the TOV metric, the Einstein equations G = T, inside the Black Hole, take
the form, (see [20] for details),

S

N
N = —{?—Fﬁ;ﬁf}, (22)
5o LN e 23
B - TN-1\F "™ (23)

Note that even when the shock speed is larger than ¢, only the wave, and not the sound speeds or any other
physical motion, exceeds the speed of light. See [9] for the case when the shock speed is equal to the speed of light




The system (21)-(23) defines the simplest class of gravitational metrics that contain matter, evolve
inside the Black Hole, and such that the mass function M(7) < co at each fixed time 7. System
(21)-(23) for A < 0 differs substantially from the TOV equations for A > 0 because, for example, in
the Einstein equations, the energy density T is equated with the timelike component G'" of the
Einstein tensor when A < 0, but with G* when A > 0. In particular, this implies that, inside the
Black Hole, the mass function M (7) does not have the interpretation as a total mass inside radius
T as it does outside the Black Hole.

The equations (22), (23) do not have the same character as (5), (6) and the relation p = op with
0 = const. is inconsistent with (22), (23) together with the conservation constraint and the FRW
assumption p = op for shock matching. Thus, instead of looking for an exact solution of (22),
(23) ahead of time, as in the case 7, = 0, we assume the FRW solution (3), and derive the ODE’s
that describe the TOV metrics that match this FRW metric Lipschitz continuously across a shock
surface, and then impose the conservation, entropy and equation of state constraints at the end.
Matching a given k = 0 FRW metric to a TOV metric inside the Black Hole across a shock interface,
leads to the system of ODE’s, (see [20]) for details),

du (1+u) (Bu—1)(0 —u)N + 6u(l + u)

dN = {2(1+3u>N}{ (0 —wN + (1 +u) } (24)
dr I
AN~ T143uN’ (25)

with conservation constraint

_ —o(l+u)+ (o —u)N
v I+u)+ (6 —u)N ’ (26)

where

u:B,vzg,az—. (27)
p

p p

Here p and p denote the (known) FRW density and pressure, and all variables are evaluated at
the shock. Solutions of (24)-(26) determine the (unknown) TOV metrics that match the given
FRW metric Lipschitz continuously across a shock interface, such that conservation of energy and
momemtum hold across the shock, and such that there are no delta function sources at the shock,
(4, 13]. Note that the dependence of (24)-(26) on the FRW metric is only through the variable o, and
so the advantage of taking o = const. is that the whole solution is determined by the inhomogeneous
scalar equation (24) when o = const. We take as the entropy constraint the condition that

0<p<p, 0<p<p, (28)

and to insure a physically reasonable solution, we impose the equation of state constriant on the
TOV side of the shock

0<p<p. (29)

Condition (28) implies that outgoing shock waves are compressive. Inequalities (28) and (29) are
both implied by the single condition, (see [20])),

7< (1) (52). (30)

9




Since o is constant, equation (24) uncouples from (25), and thus solutions of system (24)-(26) are
determined by the scalar non-autonomous equation (24). Making the change of variable S = 1/N,
which transforms the “Big Bang” N — co over to a rest point at S — 0, we obtain,

£ (s e )

(31)

Note that the conditions N > 1 and 0 < p < p restrict the domain of (31) to the region 0 < u <

o < 1,0 < S < 1. The next theorem gives the existence of solutions for 0 < ¢ < 1, r, > 0, inside
the Black Hole, c.f. [19]:

Theorem 3 For every 0, 0 < 0 < 1, there exists a unique solution u,(S) of (31), such that (30)
holds on the solution for all S, 0 < S < 1, and on this solution, 0 < us(S) < @, limg_,u,(S) = @,
where

u=Min{1/3,0}, (32)
and
SP=0= e (%)

For each of these solutions us(S), the shock position is determined by the solution of (25), which
in turn is determined uniquely by an initial condition which can be taken to be the FRW radial
position of the shock wave at the instant of the Big Bang,

Ty = é%T(S) > 0. (34)

Concerning the the shock speed, we have:

Theorem 4 Let 0 < 0 < 1. Then the shock wave is everywhere subluminous, that is, the shock
speed s5(S) = s(ug(S)) < 1 for all 0 < S <1, if and only if ¢ < 1/3.

Concerning the shock speed near the Big Bang S = 0, the following is true:

Theorem 5 The shock speed at the Big Bang S = 0 is given by:

éirrb 5,(8) =0, o<1/3, (35)
;imo $q(S) =00, o >1/3, (36)
};13}) s.(S)=1, o=1/3. (37)

Theorem 5 shows that the equation of state p = %p plays a special role in the analysis when r, > 0,
and only for this equation of state does the shock wave emerge at the Big Bang at a finite non-zero

10




speed, the speed of light. Moreover, (32) implies that in this case, the correct relation £ = & is also
achieved in the limit § — 0. The result (33) implies that, (neglecting the pressure p at this time
onward), the solution continues to a k = 0 Oppenheimer-Snyder solution outside the Black Hole
for S > 1.

It follows that the shock wave will first become visible at the FRW center 7 = 0 at the moment
t = to, (R(to) = 1), when the Hubble length Hy! = H~(t;) satisfies

1 _1+30
Hy 2

T, (38)

where . is the FRW position of the shock at the instant of the Big Bang. At this time, the number
of Hubble lengths v/Ny from the FRW center to the shock wave at time ¢ = to can be estimated by

2 ~ 2 Vao(ktie)
1< < N < 1+o /,
= 1430 = V0T3¢

Thus, in particular, the shock wave will still lie beyond the Hubble length 1 /Hp at the FRW time
to when it first becomes visible. Furthermore, the time t..; > fo at which the shock wave will
emerge from the White Hole given that ¢ is the first instant at which the shock becomes visible at
the FRW center, can be estimated by

2 1 Lerit 2 23s
17 < < T+o 39
1+306 =t —1—{—306 ' (39)
for 0 < 0 < 1/3, and by the better estimate
T < <o, (40)
0

in the case o = 1/3. Inequalities (39), (40) imply, for example, that at the Oppenheimer-Snyder

limit o = 0,
ters
VNy =2, L% =2

and in the limit o = 1/3,
t 7T
1.8< —Ct-l < 4.5, 1<+/Ny<4.5.
0

We can conclude that the moment ¢y when the shock wave first becomes visible at the FRW center,
the shock wave must lie within 4.5 Hubble lengths of the FRW center. Throughout the expansion
up until this time, the expanding universe must lie entirely within a White Hole—the universe will
eventually emerge from this White Hole, but not until some later time terit, Where tq.;; does not
exceed 4.5t.

5 Conclusion

We believe that the existence of a wave at the leading edge of the expansion of the galaxies is the
most likely possibility. The only alternative possibilites are that either the universe of expanding
galaxies goes on out to infinity, or else the universe is not simply connected. Although the first

11




possibility has been believed for most of the history of cosmology based on the Friedmann universe,
we find this implausible and arbitrary in light of the shock wave refinements of the FRW metric
discussed here. The second possibility, that the universe is not simply connected, has received
considerable attention recentlyu. However, since we have not seen, and cannot create, any non-
simply connected 3-spaces on any other length scale, and since there is no observational evidence
to support this, we view this as less likely than the existence of a wave at the leading edge of the
expansion of the galaxies, left over from the Big Bang. Recent analysis of the microwave background
radiation data shows a cut-off in the angular frequencies consistent with a length scale of around
one Hubble length, [1]. This certainly makes one wonder whether this cutoff is evidence of a wave
at this length scale, especially given the consistency of this possibility with the case r, > 0 of the
family exact solutions discussed here.
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