Preface

General relativity is the modern theory of the gravitational field. It is a deep
subject that couples fluid dynamics to the geometry of spacetime through
the Einstein equations. The subject has seen a resurgence of interest recently,
partly because of the spectacular satellite data that continues to shed new light
on the nature of the universe...Einstein’s theory of gravity is still the basic
theory we have to describe the expanding universe of galaxies. But the Einstein
equations are of great physical, mathematical and intellectual interest in their
own right. They are the granddaddy of all modern field equations, being the
first to describe a field by curvature, an idea that has impacted all of physics,
and that revolutionized the modern theory of elementary particles. In these
notes we describe a mathematical theory of shock wave propagation in general
relativity. Shock waves are strong fronts that propagate in fluids, and across
which there is a rapid change in density, pressure and velocity, and they can
be described mathematically by discontinuities across which mass, momentum
and energy are conserved. In general relativity, shock waves carry with them
a discontinuity in spacetime curvature. The main object of these notes is to
introduce and analyze a practical method for numerically computing shock
waves in spherically symmetric spacetimes. The method is locally inertial in
the sense that the curvature is set equal to zero in each local grid cell. Although
it formally appears that the method introduces singularities at shocks, the
arguments demonstrate that this is not the case.

The third author would like to dedicate these notes to his father, Paul
Blake Temple, who piqued the author’s interest in Einstein’s theory when
he was a young boy, and whose interest and encouragement has been an
inspiration throughout his adult life.

Blake Temple
Davis California,
July 15, 2006
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1

Introduction

These notes present a self contained mathematical treatment of the initial
value problem for shock wave solutions of the Einstein equations in General
Relativity. The first two chapters provide background for the introduction
of a locally inertial Glimm Scheme in Chapter 3, a non-dissipative numeri-
cal scheme for approximating shock wave solutions of the Einstein equations
in spherically symmetric spacetimes. In Chapter 4 a careful analysis of this
scheme provides a proof of the existence of (shock wave) solutions of the spher-
ically symmetric Einstein equations for a perfect fluid, starting from initial
density and velocity profiles that are only locally of bounded total variation.
To keep the analysis as simple as possible, we assume throughout that the
equation of state is of the form p = o2p, 0 = const. For these solutions, the
components of the gravitational metric tensor are only Lipschitz continuous
functions of the spacetime coordinates at shock waves, and so it follows that
these solutions satisfy the Einstein equations, as well as the relativistic com-
pressible Euler equations, only in the weak sense of the theory of distributions.
The existence theory presented here establishes the consistency of the initial
value problem for the Einstein equations at the weaker level of shock waves,
for spherically symmetry spacetimes.

The material of Chapter 4 is taken from the work of Groah and Temple
[13], and relies on the results of Chapters 2 and 3. The material of Chapter 3 is
taken from the work of Groah and Temple, [12], and Chapter 2 is taken from
the work of Smoller and Temple [27]. The introductory material in Sections
1.1 and 1.2 of Chapter 1 is taken mostly from [30, 31], while the material in
Sections 1.3 and 1.4 is from [12, 13].

Chapter 2 outlines the simplest possible setting for shock wave propa-
gation in Special Relativity; namely, the case of a perfect fluid, under the
assumption that the equation of state is given by p = o2p, where the sound
speed o is assumed to be constant, 0 < ¢ < c¢. The assumption that o < ¢
ensures that wave speeds are uniformly bounded away from the speed of light
for arbitrarily large densities, and ¢ bounded away from zero prevents the
formation of vacuum states p = 0, a well known singularity in the compress-
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ible Euler equations, [26]. Although this is a model problem, it has a number
of interesting applications in General Relativity. The case 02 = ¢?/3 is the
equation of state for the extreme relativisitic limit of free particles, as well
as for pure radiation, and for radiation in thermal equilibrium with matter
when the energy density of radiation dominates. In particular, this equation
of state applies in the early universe, and has been derived as a model for the
equation of state in a dense Neutron star, [35]. The equation of state p = o2p
can also be taken to be the equation of state for isothermal flow, applicable
to simple models of star formation, [29].

The main part of Chapter 2 is devoted to a proof of global existence of
shock wave solutions of the initial value problem for the relativistic com-
pressible Euler equations in flat, (1 + 1)-dimensional Minkowski spacetime,
assuming o is constant. The analysis establishes a special property of solu-
tions of the relativistic compressible Euler equations when o = const. Namely,
in the absence of gravity, the total variation of In p is non-increasing in time
on weak solutions of the initial value problem. This property of weak solutions
when p = 02p was first discovered in the non-relativistic regime by Nishida,
[22], and extended to the relativistic case in [28]. (See also [19, 23, 11, 20].)
The method used to obtain these results is based on the celebrated Glimm
difference scheme, or random choice method. This Glimm scheme is an approx-
imation method by which the solution is discretized into piecewise constant
states, and approximated locally by solving the so called Riemann problem
posed at the discontinuities. The novelty of this method is that new constant
states are chosen by a random choice selection process. An advantage of this
random choice process is that it eliminates dissipation effects which arise in
classical finite difference schemes, (very difficult to analyze), and we prefer the
random choice method over the front tracking method as the latter introduces
errors that obscure the locally inertial character of the scheme when extended
to general relativity. The main result on the solution of the Riemann problem
is given in Theorem 4, and the general existence theorem based on the Glimm
scheme is stated in Theorem 5.

In Chapter 3 we show that the spherically symmetric Einstein equations
in standard Schwarzschild coordinates are weakly equivalent to a system of
conservation laws with source terms. The main result is given in Theorem
9 which provides a locally inertial expression of the Einstein equations that
admits a valid weak formulation. Interestingly, the Einstein equations them-
selves lack a differential equation for the timelike metric component, and the
locally inertial formulation provides conserved quantities in terms of which the
equations close. This is demonstrated in Theorem 8. (The results of Chapter
3 require no restriction on the equation of state.)

The locally inertial expression of the equations is amenable to study by
the locally inertial Glimm scheme, and this is the subject of Chapter 4. In
their locally inertial form, the conserved quantities are taken to be the flat
Minkowski spacetime energy and momentum densities. Thus, in Chapter 4, we
can exploit the estimates of Chapter 2 in the conservation law step (based on
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the Riemann problem) of a fractional step Glimm scheme that is introduced
for the analysis of the initial value problem for the full (spherically symmetric)
Einstein equations, c.f. [19, 10, 26]. We prove in Chapter 4 that this fractional
step Glimm appoximation scheme converges to a weak solution of the Einstein
equations as the mesh length tends to zero. The main result on the existence
and regularity of large BV solutions constructed by the Glimm scheme is
stated in Theorem 11.

In these notes we interpret our fractional step method as a locally inertial
Glimm scheme, in the sense that it exploits the locally flat character of space-
time. That is, the scheme has the property that it solves the compressible
Euler equations of Minkowski spacetime ezactly in locally inertial coordinate
frames, (grid rectangles), and the transformations between neighboring coordi-
nate frames are accounted for by discontinuities at the coordinate boundaries.
In Chapter 1 we introduce General Relativity and the Einstein equations as a
locally flat theory, with an eye toward interpreting the numerical method of
Chapter 4 in these terms. Included in Chapter 1 is an introduction to shock
waves and perfect fluids. For a survey of existence theories for classical so-
lutions of the Einstein equations, we refer the reader to the article [25]. For
a nice discussion of relativistic fluids we refer the reader to [1]. For other
references see [2, 3, 4, 5, 6, 16].

1.1 Introduction to Differential Geometry and General
Relativity

In Einstein’s theory of General Relativity, all properties of the gravitational
field are determined by the gravitational metric tensor g, a Lorentzian metric
that describes a continuous field of symmetric bilinear forms of signature
(—1,1,1,1), defined at each point of a four dimensional manifold M called
“spacetime.” Freefall paths through the gravitational field are the geodesics of
the metric; the non-rotating vectors carried by an observer in freefall are those
vectors that are parallel transported by the (unique symmetric) connection
determined by g; spatial lengths of objects correspond to the lengths of the
spacelike curves that define their shape—length measured by the metric g; and
time changes for an observer are determined by the length of the observer’s
timelike curve through spacetime, as measured by the metric g.

The length of a curve in spacetime is computed by integrating the ele-
ment of arclength ds along the curve, where, in a given coordinate system on
spacetime, ds is defined by

ds? = g;jda'dzx?. (1.1.1)

Here we adopt the Einstein summation convention whereby repeated up-down
indices are assumed to be summed from 0 to 3. A coordinate system on space-
time is a regular map that takes a neighborhood U, of spacetime to R*, z :
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U, — R*. Since spacetime is a manifold, it can be covered by coordinate
charts. We let z = (20, 2!, 22, 23) denote both the coordinate map and the
coordinates of a point z(P) € R*. The functions g;;(z), i,j = 0,1,2,3, are
the z-components of the metric g. At each point z, the matrix g;; determines
the lengths of tangent vectors in terms of their components relative to the
z-coordinate basis {%} . That is, in z-coordinates, the tangent vector to a
curve z(€£), (as parameterized in z-coordinates), is given by X(¢) = i,
so that along the curve z(€), the increment dz’ in the x’-coordinate, in the
direction of the curve, is given by dz® = #*. Thus, according to (1.1.1), the
increment in arclength along a curve x(§) is given in terms of the increment

in the parameter ¢ by

ds® = giji'dldg? = || X (€)]|*d€?,

so that, the length of an arbitrary vector X = X* 8‘; is given by

I|X|1? = gi; X' X7,

where again we assume summation over repeated up-down indices. We con-
clude that the length of a curve is just the integral of the g-length of its
tangent vector along the curve. Under change of coordinates x — y, a vector

X 821‘ transforms to X aay% according to the tensor transformation laws

oy* ., 0 ort 0
= . — = -, 1.1.2
Oxi™ 7 Qy> Oy~ Ozt ( )

XCE

(Our slightly ambiguous notation is that indices ¢, j, k, ... label components in
z-coordinates, and «, (3,7, ... label components in y-coordinates. So, for exam-
ple, X? is the z’-component of the tangent vector X, X is the y“-component
of X, etc. This works quite well, but tensors must be re-labeled when indices
are evaluated.) It follows that the metric tensor transforms according to the
tensor transformation law

ozt Ozl

That is, at each point, g transforms by the matrix transformation law
g=AlgA

- . i
for a bilinear form, because the matrix A = % transforms the vector com-

aga } over to their components relative to the z-basis

%}. The Einstein summation convention keeps track of the coordinate
transformation laws as in (1.1.2) and (1.1.3) so long as we keep the indices
on coordinate functions “up” (as in z'), coordinate basis indices “down” (as

in %), indices on vector components “up”, (as in X? so that X = X 82,;),

ponents of the y-basis {
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indices on basis 1-forms “up” (as in dz?), and indices on components of 1-
forms down (as in w; so that w = w;dz?). In general, a tensor of type (k,1) is
said to have k-contravariant indices (up) and I-covariant indices (down) if the
components in a given coordinate system transform according to the tensor
transformation law

Tal,...,ozk _ Til,...,ik 8ya1 ayak 8$j1 ale
BrssBi T Tt Gain Ok 6y[31 e 3yﬁ1,'

—1
Here the (matrix) Jacobian satisfies g—; = (%) , and by letting

ij . —1
g _gZ] )

we can raise or lower an index by contracting the index with the metric; that
is, for example, _ ‘

T =T,;9°"
raises the index 7. In the modern theory of differential geometry, T;;;l" are
viewed as the components of the tensor products

which form a basis for the set of operators that act linearly on % copies of
T*M and [ copies of TM, c.f. [8].

Freefall paths through a gravitational field are geodesics of the spacetime
metric g. For example, the planets follow geodesics of the gravitational metric
generated by the Sun, (approximated by the Schwarzschild metric beyond the
surface of the Sun, and by the Tolman-Oppenheimer-Volkoff (TOV) metric
inside the surface of the Sun, [33, 24]), and according to the standard theory of
cosmology, the galaxies follow geodesics of the Friedmann-Robertson-Walker
(FRW) metric. In spherical coordinates = = (¢, 7,0, ¢), the Schwarzschild line
element is given by

-1
ds® = — (1 — 2Gj”°> dt* + (1 - QG:WO) dr? + r?d2?, (1.1.4)

the TOV line element is given by

2GM(r)\ "
ds®> = —B(r)dt* + (1 — M) dr? +r2d2?, (1.1.5)
T
and the FRW line element is given by
ds? = —dt? + R(t)* dr +r?d? (1.1.6)
1—kr2 ' o
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The line element determines the metric components g;; through the identity
(1.1.1). Here G denotes Newton’s gravitational constant, My denotes the mass
of the Sun (or a star), M(r) denotes the total mass inside radius r, (a func-
tion that tends smoothly to My at the star surface), B(r) is a function that
tends smoothly to 1 — 2GMj/r at the star surface, H = % is the Hubble
“constant”, and df2? = df? + sin?(0)d¢? denotes the standard line element
on the unit 2-sphere. (Here 2GM = 29} and we take ¢ = 1, [8].)

Each of the metrics (1.1.4)-(1.1.6) is a special case of a general spherically

symmetric spacetime metric of the form

ds* = —A(r,t)dt* + B(r,t)dr* + 2D(r, t)drdt + C(r,t)ds2*,  (1.1.7)

where A, B,C, D are arbitrary, smooth, positive functions. A spherically sym-
metric metric is said to be in standard Schwarzschild coordinates, (or the
standard coordinate guage), if it takes the simpler form

ds® = —A(r, t)dt* + B(r, t)dr* + r?d2>. (1.1.8)

It is well known that, (under generic conditions), there always exists a coor-
dinate transformation that takes an arbitrary metric of form (1.1.7) over to
the simpler form (1.1.8), (see (3.1.4)-(3.1.8) in Chapter 3 below, and [35, 12]).
In these notes we deal exclusively with metrics in the form (1.1.8).

The geodesics of a metric are paths x(s) of extremal length, determined
by the geodesic equation

d*z’ . da? da®
= = 1.1.9
ds? Wk ds ds’ ( )
where the so called Christoffel symbols or connection coefficients I ;k are de-
fined by

7 1 ol
ik = 597 {=iko + ojs + Groj} - (1.1.10)

(Here “, k” denotes the classical derivative in direction x*.) The Christof-
fel symbols F}k are the central objects of differential geometry that do not
transform like a tensor. Indeed, they fail to be tensorial by exactly the amount
required to convert coordinate differentiation of vector components into a ten-
sorial operation. That is, for a vector field Y, let Y? denote the z*-component
of Y. The covariant derivative V is defined by

V oY = Z,
oz
where Z defines a vector field with z-components

) ) oY L
Zi=Yi=— - I X' X" (1.1.11)

e = 81:0
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For arbitrary vector fields X and Y, one defines the covariant derivative VxY
by

VxY =XV o Y =XY! 0
B ) 8951

We say that a vector field Y is parallel along a curve whose tangent vector is
X if

VxY =0,
all along the curve. It follows that the covariant derivative V xY measures the
rate at which the vector field Y diverges from the parallel translation of Y in

the direction of X. In a similar fashion, one can define the covariant derivative
VT of any (k,1) tensor T as the (k,l + 1) tensor with components

D1 yeeeylk
J1,--J150°
For example, for a (1,1) tensor T,
T, =T, I ,T] +I7,T;. (1.1.12)

More generally, to compute VT for a (k,1) tensor T, include a negative term
for every contravariant index, (contract the index with I" as above), and a
positive term (as above) for every covariant index in T. We say that T is
parallel along a curve with tangent vector X if VxT = 0 all along the curve.
It follows that V xT measures the rate at which T' diverges from the parallel
translation of 7" in direction X. For a (2,0) tensor T' we define the covariant
divergence of T to be the vector field defined by

v O
divT =T, -,
v o Bt

(1.1.13)

The covariant derivative commutes with contraction and the raising and low-
ering of indices, [35], and by (1.1.12), V reduces to the classical derivative at
any point where the Christoffel symbols I ;k vanish.

It follows from (1.1.10) that ij = 0 at a point in a coordinate system
where g;;r = 0, all 4,7,k = 0,...,3. The existence of such coordinate frames
at a point follows directly from the fact that the metric components g;; are
smoothly varying, and transform like a symmetric bilinear form under co-
ordinate transformation. If in addition, ¢;; = diag(—1,1,1,1), then such a
coordinate system is said to be locally inertial, or locally Lorentzian at the
point. The notion of geodesics and parallel translation have a very natural
physical interpretation in General Relativity in terms of the locally inertial
coordinate frames. Indeed, General Relativity makes contact with (the flat
spacetime theory of) Special Relativity by identifying the locally Lorentzian
frames at a point as the “locally non-rotating” inertial coordinate systems in
which spacetime behaves as if it were locally flat. Thus physically, the non-
rotating vector fields carried by an observer in freefall should be the vector
fields that are locally constant in the locally inertial coordinate frames defined
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at each point along the curve. But since F;k = 0 at the center of a locally in-
ertial coordinate system, it follows from (1.1.11) that a vector field is parallel
translated along a curve, (in the sense that VxY = 0 along a curve), if and
only if its components are (locally) constant in the locally inertial coordinate
frames defined at each point along the curve. Thus we see that the non-rotating
vector fields carried by an observer in freefall are exactly the vectors that are
parallel transported by the unique symmetric connection (1.1.10) determined
by the gravitational metric g. Similarly, the geodesics of the metric g are just
the curves that are “locally straight lines” in the locally inertial coordinate
frames.

The fundamental tenet of General Relativity is the principle that there is
no apriori global inertial coordinate system on spacetime. Rather, in General
Relativity, inertial coordinate systems are local properties of spacetime in the
sense that they change from point to point. For example, if there were a global
Newtonian absolute space, then there would exist global coordinate systems
in which freefalling objects do not accelerate, and any two such coordinate
systems would be related by transformations from the 10 parameter Galilean
Group-the set of coordinate transformations that do not introduce acceler-
ations. In Special Relativity, the existence of absolute space would presume
the existence of global coordinate systems related by the transformations of
Special Relativity; that is, in Special Relativity, the 10 parameter Poincare
group replaces the 10 parameter Galilean Group as the set of transforma-
tions that introduce no accelerations. The Poincare Group is obtained from
the Galilean group by essentially replacing Euclidean translation in time by
Lorentz transformations, and this accounts for time dilation. The spacetime
metric can then be viewed as a book-keeping device for keeping track of the
location of the local inertial reference frames as they vary from point to point
in a given coordinate system—the metric locates the local inertial frames at a
given point as those coordinate systems that diagonalize the metric at that
point, ¢;; = diag(—1,1,1,1), such that the derivatives of the metric com-
ponents also vanish at the point. Thus, the earth moves “unaccelerated” in
each local inertial frame, but these frames change from point to point, thus
producing apparent accelerations in a global coordinate system in which the
metric is not everywhere diagonal. The fact that the earth moves in a periodic
orbit around the Sun is proof that there is no coordinate system that globally
diagonalizes the metric, and this is an expression of the fact that gravitational
fields produce nonzero spacetime curvature. Indeed, in an inertial coordinate
frame, when a gravitational field is present, one cannot in general eliminate
the second derivatives of the metric components at a point by any coordinate
transformation, and the nonzero second derivatives of the metric that cannot
be eliminated, represent the gravitational field. These second derivatives are
measured by the Riemann Curvature Tensor associated with the Riemannian
metric g.

Riemann introduced the curvature tensor in his inaugural lecture of 1854.
In this lecture he solved the longstanding open problem of describing curva-
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ture in surfaces of dimension higher than two. Although the curvature tensor
was first developed for positive definite “spatial” metrics, Einstein accounted
for time dilation by letting Lorentz transformations play the role of rotations
in Riemann’s theory, and except for this, Riemann’s theory carries over es-
sentially unchanged. The Riemann Curvature Tensor R;kl(x) is a quantity
that involves second derivatives of g;;(x), but which transforms like a tensor
under coordinate transformation; that is, the components transform like a
sort of four component version of a vector field, even though vector fields are
constructed essentially from first order derivatives. The connection between
General Relativity and geometry can be summarized in the statement that
the Riemann Curvature Tensor associated with the metric g gives an invari-
ant description of gravitational accelerations. The components of the Riemann
Curvature Tensor are given in terms of the Christoffel symbols by the formula,
341,

R;'kl = F;l,k — I, + {15 e — Fjgkpﬁz} . (1.1.14)

One can interpret this as a “curl” plus a “commutator”.

1.2 Introduction to the Einstein Equations

Once one makes the leap to the idea that the inertial coordinate frames change
from point to point in spacetime, one is immediately stuck with the idea that,
since our non-rotating inertial frames here on earth are also non-rotating with
respect to the fixed stars, the stars must have had something to do with the
determination of our non-accelerating reference frames here on earth, (Mach’s
Principle). Indeed, not every Lorentzian metric can describe a gravitational
field, which means that gravitational metrics must satisfy a constraint that
describes how inertial frames at different points of spacetime interact and
evolve. In Einstein’s theory of gravity, this constraint is given by the Einstein
gravitational field equations. These field equations were first introduced by
Albert Einstein in 1915 after nine years of struggle.
The Einstein equations can be written in the compact form

G = kT. (1.2.1)

Here G denotes the Einstein curvature tensor, T the stress energy tensor,
(the source of the gravitational field), and  is a universal constant. In a given
coordinate system z, the field equations (1.2.1) take the component form

GL](JU) = /QTij(l‘), (122)

where
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Gij = R — %Riigm (1.2.3)
denote the z-components of the Einstein curvature tensor, and T;; the x-
components of the stress energy tensor. We let 0 < 4, j < 3 refer to components
in a given coordinate system, and again we assume the Einstein summation
convention whereby repeated up-down indices are assumed to be summed from
0 to 3. The components of the stress energy tensor give the energy density
and ¢-momentum densities and their fluxes at each point of spacetime. When
the sources are modeled by a perfect fluid, T is given (in contravariant form)
by

T = (p + p)w'w’ + pg", (1.2.4)
where w denotes the unit 4-velocity vector of the fluid, (the tangent vector to
the world line of the fluid particle), p denotes the energy density, (as measured
in the inertial frame moving with the fluid), and p denotes the fluid pressure.
The four velocity w has components w? = ‘% when the fluid particle traverses
a (timelike) path z(s) in z-coordinates, and s is taken to be the arclength
parameter (1.1.1) determined by the gravitational metric g. It follows that
w is a unit timelike vector relative to g, and thus only three of the four
components of w are independent.

The constant £ in (1.2.1) is determined by the principle that the theory
should incorporate Newton’s theory of gravity in the limit of low velocities
and weak gravitational fields, (correspondence principle). This leads to the
value

n:87rg/c4.

Here ¢ denotes the speed of light and G denotes Newton’s gravitational con-
stant. Newton’s constant first appears in the inverse square force law

M M,

—r. (1.2.5)

Force = Ma= -G 3
,

In (1.2.5), M is the mass of a planet, My is the mass of the sun, and r is
the position vector of the planet relative to the center of mass of the system.
The Newton law (1.2.5) starts looking like it isn’t really a “fundamental law”
once one verifies that the inertial mass M on the LHS of (1.2.5) is equal to
the gravitational mass M on the RHS of (1.2.5), (Equivalence Principle). In
this case, M cancels out, and then (1.2.5) (remarkably) becomes more like
a law about accelerations than a law about “forces”. That is, once M can-
cels out, the force law (1.2.5) is independent of any properties of the object
(planet) whose motion it purports to describe. Thus, in Newton’s theory, the
“gravitational force”, which is different on different objects of different masses,
miraculously adjusts itself perfectly so that every object, (subject to the same
initial conditions), traverses exactly the same path. Thus Einstein was led
to suspect that the Newtonian gravitational force was some sort of artificial
device, and that the fundamental objects of the gravitational field were the
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“freefall paths”, not the forces. From this point of view, the field equations
(1.2.1) are more natural than (1.2.5) because they are, at the start, equa-
tions for the gravitational metric, and the gravitational metric fundamentally
describes the paths of “freefalling” objects by means of the geodesic equa-
tion of motion (1.1.9)—which just expresses “local non-acceleration in locally
inertial coordinate frames”. In Newton’s theory of gravity, the non-rotating
frames here on earth are aligned with the stars because there is a global iner-
tial coordinate system that connects us. In contrast, according to the modern
theory of cosmology, which is based on Einstein’s theory of gravity, the non-
rotating inertial frames here on earth are aligned with the stars because the
FRW metric (1.2.1) maintains this alignment, and (1.2.1) solves the Einstein
equations for an appropriate choice of R(t). (This is still a bit unsatisfying!)

In the limit that a finite set of point masses tends to a continuous mass
distribution with density p, Newton’s force law is replaced by the Poisson
equation for the gravitational potential ¢,

—A¢ = 4rGp. (1.2.6)

Indeed, in the case of a compactly supported density p(x), one can use the
fundamental solution of Laplacian to write the solution of (1.2.6) as

g 3
(b:v:/ —p(y)d’y, 1.2.7
@)= [ W (12)
so the Newtonian acceleration at a point x is given by
a=-Vo= [ —T _@—ypmdy (1.238)
rs |z =yl

Thus we recover (1.2.5) from (1.2.8) by approximating p in (1.2.8) by a finite
number of point masses.

The Einstein equations play the same role in General Relativity that the
Poisson equation (1.2.6) plays in the Newtonian theory of gravity—except
there is a very significant difference: the Poisson equation determines the
(scalar) gravitational potential ¢ given the mass density p, but in Newton’s
theory this must be augmented by some system of conservation laws in order
to describe the time evolution of the mass density p as well. For example, if we
assume that the density evolves according to a perfect fluid with pressure p
and 3-velocity v, then the coupling of Newton’s law of gravity with the Euler
equations for a perfect fluid leads to the Euler-Poisson system

ot + div(pv) =0,
(pv*); + div(pv'v + pe') = —pV¢, (1.2.9)
—A¢p = 4nGp.
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The first four equations are the compressible Euler equations with the grav-
itational forcing term on the RHS. The first equation, the continuity equa-
tion, expresses conservation of mass, the next three express conservation of
i-momentum, ¢ = 1,2, 3, (for a perfect fluid this really says that the time rate
of change of momentum is equal to the sum of the force of the pressure gra-
dient plus the force of the gravitational field; e’ denotes the i’th unit vector
in R3), and the last equation expresses the continuum version of Newton’s
inverse square force law. Note that for the fluid part of (1.2.9), information
propagates at the sound (and shock) speeds, but the gravitational potential ¢
is updated “instantaneously”, depending only on the density p(z,t), according
to the formula (1.2.7). In contrast, for Einstein’s theory of gravity, the time
evolution of the gravitational metric is determined simultaneously with the
time evolution of the sources through system (1.2.1), and all of the compo-
nents of the stress tensor directly influence the components of the gravitational
field g;;. This principle is the basis for the discovery of the Einstein equations.
Indeed, since the 0-column of the stress-energy tensor (1.2.4) gives the energy
and momentum densities, and the i-column gives the corresponding i-fluxes,
(in the relativistic sense), it follows that conservation of energy-momentum in
curved spacetime reduces to the statement

Din(T) = 0, (1.2.10)

where (capital) Div denotes the covariant divergence for the metric g, so that
it agrees with the ordinary divergence in each local inertial coordinate frame.
In this way equations (1.2.10) reduce to the relativistic compressible Euler
equations in flat Minkowski spacetime. Since the covariant derivative depends
on the metric components, the conservation equation (1.2.10) is essentially
coupled to the equation for the gravitational field g. But the stress tensor T
is symmetric, T;; = T};, and so the tensor on the LHS of (1.2.2) must also be
symmetric. Therefore the Einstein equations (1.2.2) supply ten independent
equations in the ten independent unknown metric components g;;, together
with the four independent functions among p and the unit vector field w.
(For example, assume p is determined by p through an equation of state of
the form p = p(p).) But (1.2.2) assumes no coordinate system, and thus in
principle we are free to give four further relations that tie the components of
G and T to the coordinate system. This leaves ten equations in ten unknowns,
and thus there are no further constraints allowable to couple system (1.2.1)
to the conservation laws (1.2.10). The only way out is to let (1.2.10) follow
as an identity from (1.2.1), and this determines the LHS of (1.2.1), namely,
the Einstein tensor Gj; is the simplest tensor constructable from R;kl such
that (1.2.10) follows identically from the Bianchi identities of Riemannian
geometry, (R;'[kl,m] = 0, where [kl,m] denotes cyclic sum, c.f., [35]). * Thus,

* This is the simplest known route to the field equations (1.2.1). Of course, since
(1.2.1) represents a new starting point, it follows that there must be a “conceptual
leap” at some stage of any “derivation” of (1.2.1).



1.2 Introduction to the Einstein Equations 15

the simplest and most natural field equations of form (1.2.1) are uniquely
determined by the equation count, [35]. The next simplest tensor for the LHS
of (1.2.1) that meets (1.2.10) is

Gij + Agij,

where A is the famous cosmological constant first identified by Albert Einstein
in his attempt to construct a cosmological model that was static, c.f. [35]. In
these notes we always assume A = 0. One can show that in the limit of
low velocities and weak gravitational fields, the equations (1.2.10) reduce to
the first four equations of (1.2.9), and the (0,0) component of the Einstein
equations (1.2.2) reduces to the Poisson equation (1.2.6), thus fixing the choice
k = 87G/c, [35]. This establishes the correspondence of Einstein’s theory of
gravity with the Newtonian theory.

To summarize, in Einstein’s theory of gravity, based on (1.2.1), the con-
servation of energy and momentum (1.2.10) are not imposed, but follow as
differential identities from the field equations (1.2.1). In a specified system of
coordinates, (1.2.1) determines a hyperbolic system of equations that simulta-
neously describes the time evolution and interaction of local inertial coordinate
frames, as well as the time evolution of the fluid according to (1.2.10). Since
GR is coordinate independent, we can always view the time evolution (1.2.1)
in local inertial coordinates at any point in spacetime, in which case (1.2.10)
reduces to the classical relativistic Euler equations at the point. This tells
us that, heuristically, shock waves must form in the time evolution of (1.2.1)
because one could in principle drive a solution into a shock while in a neigh-
borhood where the equations remained a small perturbation of the classical
Euler equations. (This is much easier to say than to demonstrate rigorously,
and as far as we know, such a demonstration has not been given.)

In these notes, we assume that shock waves are as fundamental to the time
evolution of solutions of the Einstein equations for a perfect fluid, as they are
for the time evolution of the classical compressible Euler equations (1.2.9). At
a shock wave, the fluid variables p, w and p are discontinuous. Notice that
(1.2.1) implies that the Einstein curvature tensor G' will be discontinuous at
any point where T is discontinuous. Since G involves second derivatives of
the metric tensor g, the only way (1.2.1) can hold in the classical pointwise
a.e. sense at the shock is if the component functions g;; are continuously
differentiable at the shock, with bounded derivatives on either side; that is, if
gij € C11. Thus we expect from (1.2.1) that the spacetime metric g should be
C11 at shock waves. However, we now show that for a spherically symmetric
metric in standard Schwarzschild coordinates (1.1.8), the best one can expect
is that g € %1



16 1 Introduction

1.3 The Simplest Setting for Shock Waves

In these notes we assume the simplest possible setting for shock wave prop-
agation in General Relativity: namely, the case of a spherically symmetric
metric in standard Schwarzschild coordinates (1.1.8), assuming a perfect fluid
(1.2.4) with equation of state

p=o?p, 0<o<c, (1.3.1)

where o, the sound speed, is assumed to be constant.” Using MAPLE to
put the metric ansatz (1.1.8) into the Einstein equations (1.2.1) produces the
following system of four coupled partial differential equations, (c.f. (3.20)-
(3.23) of [12]),

A B’
=5 {rB +B - 1} = AT (1.3.2)
B,
— =2 = gk ABT™ 1.3.3
5 = RABT", (1.3.3)
1 ( A
= {rA — (B - 1)} = kBT, (1.3.4)
,
1 1 2KT 99

where the quantity @ in the last equation is given by,

BA,B; B(Bt)Q A AB

- 2AB 2\ B 7’+7’B
LA(AY, Aa D
2 \ A 2 AB’

Here “prime” denotes 9/0r, “dot” denotes 9/0t, k = 8:49 is again the coupling
consant, G is Newton’s gravitational constant, c¢ is the speed of light, T%,
i,7 =0,...,3 are the components of the stress energy tensor, and A = A(r,t),
B = B(r,t) denote the components of the gravitational metric tensor (1.1.8)
in standard Schwarzschild coordinates x = (20, 2,22, 23) = (¢,7,0,¢). The

mass function M is defined through the identity

5 This simplifying assumption, as well as insuring that wave speeds are bounded by
the speed of light for arbitrarily strong shock waves, also prevents the formation of
vacuum states, and allows us to exploit special properties of the relativistic com-
pressible Euler equations derived in Chapter 2. The results of Chapter 3 regarding
the weak equivalence of the Einstein equations with a system of conservation laws
with time dependent sources, hold for general p.
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B= (1 - QM)_I , (1.3.6)

r

and M = M (r,t) is interpreted as the mass inside radius r at time ¢. In terms
of the variable M, it follows directly that equations (1.3.2) and (1.3.3) are
equivalent to

M' = Lrr? AT, (1.3.7)
and

M = —1kr? AT, (1.3.8)

respectively. Using the perfect fluid assumption (1.2.4), the components T%
satisfy

1
T = 1 0, (1.3.9)
1
T = Ti5 oL (1.3.10)
1
T = 5 i (1.3.11)

where T} denote the components of T in flat Minkowski spacetime. When
p = o?p, the components of Ty, are given by

ct 4 ot?
402
v? + o2
Ti = mpCQ, (1.3.14)

c.f., [27, 12]. Here v, taken in place of w, denotes the fluid velocity as measured
by an observer fixed with respect to the radial coordinate r. It follows from
(1.3.7) together with (1.3.12)-(1.3.14) that, if r > rg > 0, then

M(r,t) = M(ro, 1) +g/ T9 (r, t)r2 dr; (1.3.15)
T0
it follows from (1.2.2) together with (1.3.12)-(1.3.14), that the scalar curvature
R is proportional to the density,
R=(c* —30%)p; (1.3.16)
and it follows directly from (1.3.12)-(1.3.14) that
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T3 | < T3, (1.3.17)
ST < THF < T. (1.3.18)

Equations (1.3.1)-(1.3.18) define the simplest possible setting for shock wave
propagation in the Einstein equations.

1.4 A Covariant Glimm Scheme

When shock waves are present in solutions of (1.3.2)-(1.3.5), T is discontin-
uous, and so it follows from (1.3.2) and (1.3.4) that A and B will be at best
Lipschitz continuous, and so equation (1.3.5) can only hold in the weak sense.
We prove the existence of such weak solutions of the Einstein equations in
Chapter 4. In Chapter 3 we show that when A and B are Lipschitz contin-
uous functions of (¢,7), and T is bounded in L, system (1.3.2)-(1.3.5) is
weakly equivalent to the system obtained by replacing (1.3.3) and (1.3.5) by
the system DivT = 0 in the form,

A 2 A
)+ {5} -2 a1

s

A 4
{Tz?}},o+{ BT}}} =-3 B{xTJ{}vL

s

(B; D) (T -1 (1.4.2)

+2kxB(TyThf — (Thf)?) — 4aT??} .

(We use z in place of  when the equations are expressed as a system of con-
servation laws.) This is a nice formulation of DivT = 0 because the conserved
variables u = (TY, T}) are the Minkowski energy and momentum densities,
(c.f. (1.3.12), (1.3.13)), and thus do not depend on the metric components
A = (A, B). Note that all terms involving time derivatives of A and B have
cancelled out from the RHS of (1.4.1), (1.4.2), a nice feature of this choice of
variables. (Note also that there is no A equation among (1.3.2)-(1.3.5) with
which to eliminate A terms, so some change of variables is required to elim-
inate such terms from DivT = 0, c.f. (3.3.3), (3.3.4) below.) What results is
a system of conservation laws with source terms which can be written in the
compact form

ur + f(A u), = g(A,u, ), (1.4.3)
A’ =h(A u,x), (1.4.4)

where the first equation is (1.4.1),(1.4.2), and the second equation is
(1.3.2),(1.3.4), so that
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u = (T](\)/?7TJ(\)41) = (u07u1)7
A = (A, B),

f(Avu) = (foﬁfl): \/g(T](\)/[lvTJ%/[l)a

and g = (¢°¢') is determined from the RHS of (1.4.1), (1.4.2), while
h = (kY h') is determined from the RHS of (1.3.4), (1.3.2) upon solving
for (A’, B'), respectively, (c.f. (4.1.12)-(4.1.13) below).

The existence theory in Chapter 4 is based on a fractional step Glimm
scheme first introduced in [13]. The fractional step method employs a Riemann
problem step, (the Riemann problem is discussed in Chapter 2, c.f. [26]), that
simulates the source free conservation law u; + f(A,u), = 0, (A = Const),
followed by an ODE step that accounts for the sources present in both f
and g. The idea for the numerical scheme is to stagger discontinuities in the
metric with discontinuities in the fluid variables so that the Riemann problem
step, as well as the ODE step of the method, are both generated in grid
rectangles on which the metric components A = (A, B), (as well as x), are
constant. The equation A’ = h(A, u,z) is solved at the end of each time step,
and Glimm’s method of random choice is employed to re-discretize at the
start of the next time step. (See Section 4.3 for a precise definition of the
fractional step scheme.) Part of the proof of existence involves showing that
the ODE step u; = g(A,u,z) — Vaf-A’, with h substituted for A’ accounts
for both the source term g, as well as the effective sources that are due to
the discontinuities in the metric components at the boundaries of the grid
rectangles.

Because only the flux f in the Riemann problem step depends on A, it
follows that the only effect of the metric on the Riemann problem step of
the method is to change the wave speeds, but except for this, the solution
of the Riemann problem in each grid rectangle agrees with the solution in
flat Minkowski spacetime. At this stage, we can apply the estimates which we
obtain in Chapter 2 for the problem divT = 0 in flat Minkowski spacetime—the
total variation of In p . (+, t) is non-increasing on the Riemann problem step of
the method. Thus to obtain compactness of approximate solutions, one needs
only show that the increase in the total variation of In pa,(+,t) produced by
the ODE step and the imposition of the constraints, is order Az. The main
technical problem in achieving this is to keep track of the order of choice of
constants and to show that the total mass M, = 5 frzo pr?dr is bounded.
The problem is that, in the estimates, the growth of p depends on M and the
growth of M depends on p, and M is defined by a non-local integral. Thus,
an error estimate of order Ax for Ap after one time step, is not sufficient to
bound the total mass M., after one time step.

We conclude the Introduction by returning to our theme that the fractional
step method of Chapter 4 can be viewed as a locally inertial version of Glimm’s
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method in the sense that it exploits the locally flat character of spacetime.
To see this, note that the Riemann problem step solves the equations wu; +
f(A,u); = 0 inside grid rectangles R;; where A = Const. Thus each grid
rectangle is a local inertial reference frame because the metric is flat when
A = Const. The boundaries between these local inertial reference frames
are the discontinuities that appear along the top, bottom and both sides of
the grid rectangles. These discontinuities are determined through the ODE
step uy = g(A,u,z) — Vaf - A’, followed by the random choice and the
imposition of the constraint A’ = h(A,u,z). The term —Va f - A’ on the
RHS of the ODE step accounts for the discontinuities in A along the sides
of the grid rectangles R;;, and the term g in the ODE step, together with
the constraint A’ = h(A,u,z) at the end of each timestep, both account for
the discontinuities in A at the top and bottom of each R;;. It follows that
once the convergence of an approximate solution is established, one can just
as well replace the true approximate solution by the solution of the Riemann
problem in each grid rectangle R;;j—the two differ by only order Az. The
resulting appoximation scheme converges to a weak solution of the Einstein
equations, and has the property that it solves the compressible Euler equations
exactly in local inertial coordinate frames, (grid rectangles), and accounts for
the transformations between neighboring coordinate frames by discontinuities
at the coordinate boundaries.

We conclude by reiterating that the fractional step Glimm method intro-
duced in Chapter 4 for the analysis of the initial value problem, (material
taken from [13]), is natural for the Einstein equations because it is a locally
inertial method that exploits the locally flat character of spacetime. Such
a method requires that shock waves be accounted for because the Riemann
problem is essentially incomplete without shock waves.

We begin Chapter 2 with a discussion of the relativistic compressible Euler
equations divl = 0 in flat Minkowski spacetime.
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The Initial Value Problem in Special Relativity

2.1 Shock Waves in Minkowski Spacetime

We consider the relativistic equations for a perfect fluid

divT = 0, (2.1.1)
in flat Minkowski spacetime,
ds? = n;jdr'dr? = —d(ct)? + d(z')* + d(2?)? + d(2%)?, (2.1.2)
where N o N
T = (p+ pc*)w'w’ 4+ pn”, (2.1.3)

denotes the stress-energy tensor for the fluid. Recall that in Minkowski space-
time, _
divT =T}, (2.1.4)

where again we assume summation over repeated up-down indices, “ 7" de-
notes differentiation with respect to the variable x?, and in general all indices
run from 0 to 3 with 2° = ¢t. In (2.1.3), ¢ denotes the speed of light, (we take
¢ = 1 when convenient), p the pressure, w = (w?,...,w?®) the 4—velocity of
the fluid particle, p the mass-energy density, and n* = n;; = diag(—1,1,1,1).

In this section we study the initial value problem for (2.1.1) in a two

dimensional spacetime (z°,z'), so that p and w are unknown functions of

(20, 21), and

i —-10
ij _
n = [ 0 1} . (2.1.5)
Under these assumptions the stress-energy tensor (2.1.3) takes the form

pii _ [+ p?)utn® —p  (p+ pc?)ulu! (2.1.6)
(p+ pet)uwt  (p+ p)w'w! +p |- "



22 2 The Initial Value Problem in Special Relativity

For our theorem we assume that p and p satisfy an equation of state of
the form
p=0’p, (2.1.7)

where o2, the sound speed, is taken to be constant, o < c. In particular,
when 02 = ¢?/3, (2.1.7) gives the important relativistic case p = (c?/3)p
discussed above. Since the background metric is the flat Minkowski metric
nij, the increment of proper time 7, (Minkowski arclength), along a curve is
given by the formula

d(€)? = —myjda’da?, (2.1.8)

where we use the notation & = c7. In this way the coordinate time ¢ and the
proper time 7 have the dimensions of time, while z° and ¢ have the dimensions
of length. Since w' = dz*/d(cr), (where differentiation is taken along a particle
path), defines the dimensionless velocity of the fluid, we must have

w’ = /1 + (w)2. (2.1.9)

Thus letting w = w!, the equations we consider are

%{(p-i-ﬂcz)(l‘i‘w) P}—i—a 1{p—i—pc wyV1+w?} =0,

(2.1.10)
aao {(p+ pc?) me (p+ p?)w” +p} =0,
together with the initial data
p(0,2%) = po(zt), w(0,2') = wo(xt). (2.1.11)

The equations (2.1.10) form a system of nonlinear hyperbolic conservation
laws in the sense of Lax [17]. Thus if one seeks global (in time) solutions, then
due to the formation of shock waves, one must extend the notion of solution, in
the usual way, [26], in order to admit as solutions such discontinuous functions.

In the classical limit, the relativistic system (2.1.10) reduces to the clas-
sical version of the compressible Euler equations. In order to observe this
correspondence throughout, we set = !, choose x = (z,t) as the indepen-
dent variables, and replace w in system (2.1.10) in favor of its expression in
terms of the classical coordinate velocity v = dx/dt of the particle paths of
the fluid. To accomplish this, note that by (2.1.9),

ﬂ_dw =V1+w?,

dr ~ dé

SO we can write ! o ”
x T 1
_ _ D —, 2.1.12
YTa T aeat T AT e ( )

which solving for w gives
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w=v/Vc2—v2 (2.1.13)

The mapping w — v in (2.1.13) defines a smooth 1 — 1 mapping from
(—00,+00) to (—¢,¢), and so there is no loss of generality in taking v as
the state variable instead of w.

Now writing system (2.1.10) in terms of p and v and multiplying the first
equation by 1/¢, we obtain the general system

o [ p+p?) o? o) 9y U _
{( CQ 62—02+p +% (p+pC)CQ—U2 — Y%
(2.1.14)

ot

3, oy U 0 5 V2 B
m{(p—'_pc )CQ—U2}+8.T{(p+pC )02—’1}2 +p}_0

Restricting to the case p = o2p, (2.1.14) reduces to

0 o +c? v? 0 SN ) B
() amm g e Azl =0

(2.1.15)
9 2, 2 v 9 2, 2y Y 21 _
| L R PR | B
together with the initial conditions
p(x,0) = po(z), v(z,0) =wvg(x). (2.1.16)

Note that in the limit ¢ — oo, the system (2.1.14) reduces to the classical
system

pt + (pv)z =0,
(2.1.17)
(p0)i + (pv* + %p)e = 0.

The main purpose of this chapter is to prove the following theorem:

Theorem 1 Let po(x) and vo(z) be arbitrary initial data satisfying

Var{In(po(:))} < o0, (2.1.18)

Var {m (CJ”’O())} < o0, (2.1.19)

C— Uo(')
where Var{f(-)} denotes the total variation of the function f(z), x € R. Then
there exists a bounded weak solution (p(z,t),v(x,t)) of (2.1.15) satisfying

and

Var{In(p(-,t))} < W, (2.1.20)
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Var {m (C”(t))} <W, (2.1.21)

c—v(,t)

where (2.1.20) and (2.1.21) are Lorentz invariant statements, and Vo and V;
are Lorentz invariant constants depending only on the initial total variation
bounds assumed in (2.1.18) and (2.1.19). Moreover, the solution is a limit of
approximate solutions (paz,Vaz) which satisfy the “energy inequality”

Var {In(pas(t+,-))} < Var {In(pas(s+,))} (2.1.22)

and

for all times 0 < s < t. The approximate solutions are generated by Glimm’s
method [10], and converge pointwise a.e., and in L}, . at each time, uniformly
on bounded subsets of (x,t)-space.

In one space dimension, the total variation of a solution at a fixed time
t > 0 is a natural measure of the total wave strength present in the solution
at time ¢. The existence of a function of the state variables like In(p) whose
total variation in time is non-increasing, is a very special property of system
(2.1.15), there being no way to construct such a function for a general 2 x 2
system of conservation laws [10]. We conjecture that the inequality (2.1.22) is
valid for the weak solutions themselves, i.e., that

Var{ln(p(-,t+))} < Var{ln(p(-, s+))}, (2.1.23)

for all s < t. Such an inequality would provide a Lorentz invariant mono-
tonicity property of the weak solutions of (2.1.15) that refines the estimate
(2.1.20).

To prove Theorem 1, we develop an analysis which parallels that first given
by Nishida (1968) in [22] for the classical system (2.1.17). Nishida’s result
provided the first “big data” global existence theorem for weak solutions of
the classical compressible Euler equations, and it remains the only argument
for stability of solutions in a derivative norm that applies to arbitrarily large
initial data. (Nishida originally treated the Lagrangian formulation of system
(2.1.17), [7, 26]. A Lagrangian formulation of the relativistic model can be
found in [32].) Theorem 1 shows (surprisingly!) that the ideas of Nishida
generalize to the relativistic case (2.1.15) where the equations are significantly
more complicated. Indeed, the special properties of the system (2.1.15) that
lead to the estimates (2.1.20) and (2.1.21) require not only that p be linear
in p, but are also highly dependent on the specific form of the velocity terms;
these appearing in a different and more complicated form in the relativistic
equations (2.1.15) than in the classical equations (2.1.17). The technique of
Nishida is to analyze solutions via the Glimm difference scheme [10] through
an analysis of wave interactions in the plane of Riemann invariants. The main
technical point in his analysis involves showing that the shock curves based
at different points are congruent in the plane of Riemann invariants. We show
that this property carries over to the relativistic case by obtaining a new
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global parameterization of the shock curves. Of course, in the relativistic case,
the shock curves are given by considerably more complicated functions. Our
analysis exploits the Lorentz invariance properties of system (2.1.15), and thus
we take care to develop the geometric properties of the constructions used in
our analysis.

Note that if we non-dimensionalize systems (2.1.15) and (2.1.17) by mul-
tiplying through by the appropriate powers of ¢ and replacing 9/0t in terms
of 9/02°, we obtain two systems in the variables p and v/c, each parameter-
ized by the dimensionless quantity o/c. Thus we can say that Theorem 1 and
Nishida’s result [22] establish a “large data” existence theorem for the two
distinct one parameter families of dimensionless systems which correspond to
(2.1.15) and (2.1.17). But note also that system (2.1.17) is obtained by taking
the limit ¢ — oo in (2.1.15), and thus we can obtain the congruence property
of the shock curves for (2.1.17) by applying the limit ¢ — oo to our formulas
for (2.1.15), and in this sense we can view Theorem 1 as a generalization of
Nishida’s theorem [22]. This is done at the end of Section 2.5.

In his original paper [22], Nishida did not exactly obtain the result that the
invariant quantity, Var{ln(p)}, is non-increasing on approximate solutions.
The idea for (2.1.22) in Nishida’s case came from Liu, and a similar idea was
exploited by Luskin and Temple in [19]; see also [23].

The organization of this Chapter is as follows: In Section 2 we put the
problem (2.1.15), (2.1.16) in the context of the general theory of conservation
laws, prove the regularity of the mapping from the plane of conserved quan-
tities to the (p,v)-plane, and we show that (2.1.20) and (2.1.21) are Lorentz
invariant statements. In Section 3 we use the Rankine Hugoniot jump rela-
tions to derive the wave speeds \; and Riemann invariants for (2.1.14) in the
case of a general barotropic equation of state p = p(p). In this general set-
ting, we shall also derive necessary and sufficient conditions (on the function
p(p)) for the system (2.1.15) to be strictly hyperbolic and genuinely nonlinear
in the sense of Lax [17, 26]. We note that the assumption that wave speeds
are bounded by ¢ imposes a linear growth rate on p(p) as p — oo, and thus
there is a possibilty of losing genuine nonlinearity of the system in this limit.
Thus, in Section 3 we describe the properties of what we call the relativistic
p-system. In Sections 4-7 we restrict to the case p = o?p and develop the
geometry of the shock curves in the coordinate system of Riemann invariants,
solve the Riemann problem, and use the Glimm difference scheme to prove
Theorem 1. In the appendix we derive the transformation properties of the
Rankine Hugoniot jump relations for general relativistic conservation laws.
The analysis applies to arbitrary nonlinear spacetime coordinate transforma-
tions in 4-dimensional spacetime with arbitrary Lorentzian spacetime metric.
We use this to give a simple derivation of the covariance properties of the
characteristics, and the transformation formulas for the characteristic speeds
and shock speeds in 2-dimensional Special Relativity.
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2.2 The Relativistic Euler Equations as a System of
Conservation Laws

In this section we put the problem (2.1.15), (2.1.16) in the context of the gen-
eral theory of conservation laws, and discuss the Lorentz invariant properties
of the system.

The problem (2.1.15) and (2.1.16) is a special case of the initial value
problem for a general system of nonlinear hyperbolic conservation laws in the
sense of Lax [17, 26],

u + F(u), =0, (2.2.24)
u(z,0) = up(z), (2.2.25)
where in our case
(02 + 62) v?

2 2
—z T plo” + %)~

u= (W0, ul) = <p[ 5 iv2> . (2.2.26)

and

P = (7,5 = (ol + ) plle? + )5+ %)
(2.2.27)

In order to apply Glimm’s method (c.f. Section 7), we need the following
result.

Proposition 1 The mapping (p,v) — (u',u?) = u is 1 —1, and the Jacobian
determinant of this mapping is both continuous and nonzero in the region
p>0,]v <ec

Proof: If the mapping were not 1 — 1, then there would be points (p,v), (p, v)

6114

such that u(p,v)) = u(p, ). Since F # 0, we may assume that v # v. Now
using (2.2.26), we have

2 2 2 2 2 =2
o“+c v o°+c U
’f{ 3 5 2+1}={ 5 5 _2+1},
p c cc—v c cc—v

p v . v
p 2 —v2 | 22—

and

Eliminating

ASTSY
I
B
o,
2.
=

=
Z
=]
09
.
3
w0

Since v # U, this implies
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which contradicts the assumptions |0| < ¢,|v] < ¢ and |5| < ¢. Thus the
mapping is 1 — 1. A straightforward calculation shows that

A(u',u?) _ plo® + ) A — 0202
et (i) = G }>00

It is important to note that the systems (2.1.14) and (2.1.15) are Lorentz

invariant. This means that under any Lorentz transformation (¢,z) — (, ),
one obtains an identical system in the barred coordinates once the velocity
states are renamed in terms of the coordinate velocities as measured in the
barred coordinate system. Thus, in particular, under Lorentz transformations,
p(t, z) is a scalar invariant, and thus it takes the same value in the barred and
unbarred coordinates that name the same geometric point in the background
spacetime manifold. On the other hand, the velocity v is not a scalar, since
it is formed from the entries of the vector quantity (u’,u'). In this section
we will exploit the transformation law for velocities by calculating the shock
curves and shock speeds in a frame in which the particle velocity v is zero,
and then applying the Lorentz transformation law for velocities to obtain
these quantities in an arbitrary frame. The velocity transformation law can
be given as follows (c.f. [35]): If in a Lorentz transformation, the barred frame
(t,Z) moves with velocity u as measured in the unbarred frame (¢,z), and if
v denotes the velocity of a particle as measured in the unbarred frame, and o
the velocity of the same particle as measured in the barred frame, then
p+v

_ - 2.2.98
YTy ( )

Since under Lorentz transformations p transforms like a scalar but v does
not, it follows that the estimate (2.1.20), which is based on the scalar p and
not the velocity v, expresses a Lorentz invariant property of the weak solutions
of (2.1.14), (2.1.15). On the other hand, the estimate (2.1.21) is based on the

quantity In ( €2 ) , which is not a Lorentz invariant scalar quantity. Neverthe-

c—v

less, it turns out, (remarkably!), that Var{ln (;tzgg)} is Lorentz invariant,

and thus (2.1.21), as well as (2.1.20), is a Lorentz invariant statement. This
is a consequence of the following result.

Proposition 2 Let v(z,t) be any velocity field which satisfies the velocity
transformation law (2.2.28) under Lorentz transformations. Then

t v(L(x,t
Varg 4 In ctvl@i) =Var;<In w ) (2.2.29)
c—v(x,t) ¢ —0(L(x,t))
where L is any Lorentz transformation, X = LX, and v and U are related by
(2.2.28).
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Proof: By (2.2.28), v and ¥ are related by the equation

(L, 1))

v(z,1) 1 4 s

where p is the velocity of the barred frame X as measured in the unbarred
frame x. Then for any x; 1 < z;, this implies

Qs R o)

:ln{c—i—v(x%,t’; _ln{c—l—v(xil,t)}’

¢ —v(xi_1,t)

from which (2.2.29) follows.O

2.3 The Wave Speeds

In this section we construct the eigenvalues and Riemann invariants that are
associated with a the system of conservation laws (2.1.15).

First recall the three important velocities associated with a system (2.1.15):
the particle velocity v, the wave speeds \;(p, v) and the shock speeds s;(p, v),
1t = 1,2. The wave speeds are the speeds of propagation of the characteris-
tic curves, and for (2.2.24), the \; are the eigenvalues of the 2 x 2 matrix of
derivatives dF' = OF/0u. Thus dF' - R; = \;R;, where R; denotes the i’th right
eigenvector of dF. For weak solutions of (2.2.24), discontinuities propogate at
the shock speeds s; which are determined from the Rankine-Hugoniot jump
relations (see [17])

slu] = [F]. (2.3.30)

Here [f] = f1 — fr denotes the jump in the function f(u) between the left
and right hand states along the curve of discontinuity in the xt-plane. It is
not apriori clear that a characteristic curve or shock curve (z(7),#(7)), com-
puted in one Lorentz coordinate system will transform to the same spacetime
curve when computed in a different Lorentz frame. In the Appendix we will
show that both properties are a consequence of the conservation form of the
equations. It follows that the derivative (a’(7),t'(7)) transforms like a vector
field and that the corresponding speed z/(7)/t'(7) transforms by the relativis-
tic transformation law for velocities. Thus we can conclude that \; and s;
transform according to (2.2.28) under a Lorentz transformation. Since in the
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system (2.1.15), the flux F is given implicitly as a rather complicated function
of u, it is convenient to note that \;, R;, and s; can all be calculated from
the jump relation (2.3.30) alone. For this we need the following well-known
theorem due to Lax, [17, 26]:

Theorem 2 Assume that the system (2.2.24) is strictly hyperbolic; i.e., that
A1 < A in the physical domain of u. Then, for a fived state uy, the solutions
u and s of the Rankine-Hugoniot relation s(u — ur) = F(u) — F(ur) can be
described (in a neighborhood of ur) by two families of smooth curves u =
Si(€),S:i(0) = wyp, with corresponding speeds s;(e), i = 1,2. Moreover, as
e — 0, we have s;(¢) — \i(ur) and u}(e) — R;. Here, the parameter ¢ can be
taken to be (Fuclidean) arclength along the shock curve Sy in u-space.

We now use Theorem 2 to obtain the eigenpairs (\;, R;),7 = 1, 2, for system
(2.1.15) in the case of a general equation of state of the form p = p(p). To
start, write system (2.1.15) in the form

At + BI = 0,
(2.3.31)
B, +C, =0,

where

v

Then by (2.3.30), for fixed (pL,vr), the state (p,v) = (pr,vgr) lies on a shock
curve if and only if
(B = [A][C], (2.3.33)

where, for example, [A] = A — Ay, and A = A(p,v) is a function of the
unknowns p and v along the shock curve. Now assuming that (2.3.33) defines
v implicitly as a function of p, (this assumption is justified by the construction
of the solution itself) differentiate (2.3.33) with respect to p and divide by [B]
to obtain A ]
2B = O+ A, (2.3.34)
[B] [B]
where prime denotes d/dp. We first obtain a formula for dv/dp evaluated at
p = pr. To this end, note that by L’Hospital’s rule,
A _ A

P_’I)L[ ]_§7
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where the right hand side is evaluated at p = pr. Thus, at p = pr, equation
(2.3.34) reduces to

(B")? = A'C'. (2.3.35)
Using (2.3.32) we find
/+ 2 + 2 d
a- — Joy - )d—iv’+1,
de 1
B=@0+A)S+@p+ pCQ)M, (2.3.36)
v v
d
C'=@ +Pe+(p+ ch)iv’ +7,
where
U2
e= 53 (2.3.37)
d 2¢?
€. v (2.3.38)

dv 2 —v?’

and all terms are evaluated at p = pr. Substituting (2.3.36) into (2.3.35) and
collecting like powers of v’ yields

vde _ )2 )2 de
0= (U/)Q{(p+pc2)2( dvv4 ) - (p +c/2) ) (%)2}1 (2339)
(p+ pc?)

2 d
+o{S 0 + )+ ch)e(vdfz —e)— (@ +200 + e+ 1)}y

2
c
268 (P + e

{0+ )’ 7t + e+ 1)}

Here we label the brackets so that we can evaluate them separately. A calcu-
lation using (2.3.37) and (2.3.38) in (2.3.39) gives

{(h= (p+ pc)?
1 (2 —v2)2’
{t2=0,
{}s=-p"
Substituting these into (2.3.39) we conclude
v’ o+ \/]7

R (2.3.40)

We can now solve for the Riemann invariants associated with system (2.1.15).
Recall that a Riemann invariant for (2.2.24) is a scalar function f,Vf # 0,
which is constant along the integral curves of one of the eigenvector fields
of matrix field dF. By Theorem 2, the shock curves S; are tangent to the
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eigenvectors R; at p = pr, and thus the Riemann invariants for system (2.1.15)
satisfy the differential equations

dv 4 VP (¢ = v?)

dp —  p+pc?
which have the solutions
1 /
() c/ V) (2.3.41)
2 c—v p(s) + c2s
Thus we may define a pair of Riemann invariants r and s for system (2.1.15)
as
1 14 /
r— o (V) c/ V) (2.3.42)
2 c—v 1 p(s) +cs
1 c+v /P (s)
=1 ————ds. 2.3.43
® 2n<c—v>+c/1 p(s)+6238 ( )

the eigenvalues \;(p, v) of system (2.1.15). By Theorem 2, these are obtained
as the limit of s in (2.3.30) as p — pr. Solving for s in (2.3.31) we obtain

Thus, again assuming that v = v(p), Theorem 2 implies

. [B]
A= lim +—
obs [A]
(p+pc®)e+p
p—pr (p+ pc?)e + pc?

(0 + e+ (p+ pc?) L’ +p/

= lim ¢ , 2.3.44
r—er (pP+c2)e+ (p+ ch)%v’ + 2 ( )
where we have applied L’Hospital’s rule. But from (2.3.40),
d /
W+ v ~(c? —v?), (2.3.45)
dp p+ pc
so substituting (2.3.45) into (2.3.44) and simplifying gives
_ /
R (2.3.46)

1 v
e

and
/
Ao = L\/E/. (2.3.47)
1+ ”}:/2’7
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One can now verify directly that r [resp.s] is a 1-[resp. 2-] Riemann invari-
ant for system (2.1.15), by which we mean that r [resp. s] is constant along
integral curves of Ry [resp. Ry].

We now utilize the formulas (2.3.42), (2.3.43), (2.3.46) and (2.3.47) to ob-
tain conditions on p under which the system (2.1.15) is strictly hyperbolic and
genuinely nonlinear in the sense of Lax [17]. Recall that a system of conser-
vation laws (2.2.24) is said to be genuinely nonlinear in the #’th characteristic
family (\;, R;) if V,A; - R; # 0 at each point u in state space. (Here, the V
denotes the standard Euclidean gradient on state space (p,v).) The following
theorem gives necessary and sufficient conditions for system (2.1.15), with
barotropic equation of state p = p(p), to be strictly hyperbolic and genuinely
nonlinear.

Theorem 3 System (2.1.15) is strictly hyperbolic at (p,v) if and only if

P'(p) <c (2.3.48)

Moreover, assuming (2.5.48), system (2.1.15) is genuinely nonlinear at each
(p,v) if and only if

/

o (=)

2.3.49
PR ( )

P’ (p) > —

Inequality (2.3.48) is also necessary and sufficient for the sound speeds \;
to be bounded by c¢. Moreover, note that the condition for genuine nonlinearity
is a geometric condition, being a condition involving only a function of the
scalar invariant p. Indeed, by Lorentz invariance we know apriori that the
condition for genuine nonlinearity could not have involved the state variable
v, for if it did, then we reach the absurd conclusion that a Lorentz change of
frame could change the wave structure of solutions.

Proof: When /7' (p) = ¢, \i = Te, so (2.3.48) is required for |\| < ¢. It
is straightforward to verify that when /p/(p) < ¢, A1 < A2 holds. To verify
(2.3.49), note that r and s are constant on integral curves of Ry and Ry,

respectively, so that we may take R; and Ry parallel to % = %8% + g: aav
and % = %8‘1 + 65 (%, respectively. Differentiating » + s = In (?_5) and

APG)

s—r= cf1 MO ds, we can solve for the partials of p and v with respect
to r and s and obtain, (up to positive scale factor),

(CQ—C C\/ﬁ)t , (2.3.50)

U2 p+PCQ

(CQC C\/ﬁy ' (2.3.51)

— v p+pc?

Ry

and

&
I
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Using these it is straightforward to verify that

¢? (el DNV
AN Ry = 0 2.3.52
VA Wu—cZV{ P o +2\/17}> (2.3.52)

and

& ((E—pWF P
Vs - Ry = >0, 2.3.53
201 (\/z7v+62)2{ P *wﬁ} (2:3.53)

if and only if (2.3.49) holds.O

Note that from the formulas (2.3.50) and (2.3.51) it follows that p decreases
[resp. increases] and v increases along the integral curves of Ry [resp. Ra] in
the direction of increasing A1 [resp. Az]. Thus, the integral curves of R; give
the oriented rarefaction curves for system (2.1.15), [17, 26].

2.4 The Shock Curves

In this section we restrict to the case p = 02p and obtain global parameteriza-
tions of the shock curves S; and shock speeds s; which are valid for arbitrary
pr, and vy. (Here we let S; denote the portion of Si(¢), defined in Theorem 2,
which corresponds to shocks satisfying the Lax condition. Upon normalizing
R; by V; - R; > 0, we can assume without loss of generality that S; is given
locally by € < 0, [17, 26].) We use our global parameterization to study the
geometry of the shock curves in Riemann invariant coordinates (r, s).

Lemma 1 Assume that (pr,vr) and (p,v) = (pr,vr) satisfy the jump con-
ditions (2.3.30) for system (2.1.15) with equation of state (2.1.7). Then the
following relations hold:

2
p”L:Hﬁ{l; 1+5}5f+(6), (2.4.54)
where 5 oo 9
B=pv,vL) = " tc) =) (2.4.55)

202 (2 —0v?)(c2—vi)’

The shock curve Sy is given by (2.4.54) and parameterized by p > pr, when
we take a plus sign in (2.4.54), and Sy is given by (2.4.54) and parameterized
by p < pr when we take the minus sign.

Proof: For system (2.1.15), the Rankine-Hugoniot jump conditions (2.3.30)
give
(0% + %) o2

2 2 _ 2

slp +p = [p(o® + )

B

2 — 12
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and

s[p(0? + ) =] = [p(0? + )

Eliminating the shock speed s and recalling u? = v?/(c? — v?) gives

v 2
22 T k

2 2 2 2
cp _ cprvr \T_f pvt . pc  prvi
2 —v2 - 2—v2 o242 22— o2+

|

y { pv? po® prvi
62

2
__pLo
-2 o2+ 2—vi o242

Now multiplying out gives

2 2,4 2.2
P —Po 4 2 _CUu g ¢
0: _— —
( o ) {u +u 2 + (02+02)2}1

(52) ftersen- 22 [2])

Simplifying, we obtain

{h=

(02 4+ ¢2)?’
(v —wp)?

N R CR)

and 2 2
_ v
th =" gy

so that (2.4.56) becomes
() ()
- 00 (02 4 c2)2 .
(P—ro (v —vg)?
po (@ =v?)(c® —v}) J,

(e m),

(2.4.56)

(2.4.57)

Now substituting 3 (given in (2.4.55)) in (2.4.57) and solving for (p — po)/po

yields (2.4.54).

From Theorem 2 together with (2.3.50) and (2.3.51), it follows that for
the shock curve S;, which is tangent to R; at p = pr, we must take a plus
sign for ¢ = 1 and a minus sign when ¢ = 2. Moreover, by Theorem 2 together
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with (2.3.52) and (2.3.53), the S; is parameterized when p > pr, and Ss is
parameterized when p < pp .0

The general theory of conservation laws only guarantees that the “Lax
shock conditions” hold on S; near p = py, [26]. We will show that these actu-
ally hold all along the shock curves S;. We state this as part of the following
lemma.

Lemma 2 Let p = o2p. Then the the shock speed s; is monotone all along
the shock curve S; of system (2.1.15), i = 1,2, and moreover, the following
inequalities (Lax shock conditions) hold at each state ur # uy on the shock
curve S; :

Ailpr,vr) < 8i < Ni(pr,VR)- (2.4.58)

Proof: First, since the shock speeds s; and wave speeds \; transform by
the velocity transformation law (2.2.28) (see appendix), it suffices to verify
(2.4.58) in the case vy, = 0. In this case we set p, = po. Note that by Lemma
1, v < vy =0 all along both S and S3. We first obtain s; and A; along S; in
terms of the parameter 3 defined in (2.4.55). So, assuming p = op, the jump
conditions (2.3.30) applied to system (2.1.15) directly give

5 z v? ?o? z v? ?
52 = + / + )
z—1)c2—v2  2+02 z—1)c2—v2 2402

(2.4.59)
where we have set
z="L. (2.4.60)
2]
Now it follows from (2.4.54) that
. BT V20
z=1 gL /F+28
and from (2.4.55) that
2 _ 2 g
1+ Kp’
where we set 5 9
20°c
K=——-+—. 2.4.61
(02 + c2)2 ( )
Using these in (2.4.59) gives (after simplification)
2
f-B)+ %
s =2+ = (2.4.62)
G

where
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f-@B)=1+87% VB2 +23. (2.4.63)

Note that the plus/minus sign in the above formulas agrees with the plus/minus
sign in (2.4.54). Thus, Sj, is parameterized by 0 < [ < oo (starting at
(pr,vr)) when we choose the plus sign in (2.4.63) and S5 is parameterized by
0 < 8 < oo when we choose the minus sign in (2.4.63). Specifically, on Si,

1+8+VB+26+%
=— <, 2.4.64
2B ==\ sy B 128+ S (2464
and on Sy,
1+8- VP +28+%
= <. 2.4.65
s2(8) = —¢ i VP24 2 ( )

We now obtain a corresponding parameterization of \; with repect to 8
along S;. In the case p = 02p, the formulas (2.3.46) and (2.3.47) give

v—0

M=o (2.4.66)
-2
and -
o
Ay = 2.4.
2= 17 o (2.4.67)
Thus
o+ /2K -5
A = 2 ﬁ”m : (2.4.68)
—04/c2K 7RG c?
and
o—/2K—5
Ao = 2 ;*Kﬁ (2.4.69)
—04/c2K &5+ c?
where we have used v < 0.
Now differentiating (2.4.62) gives (for 8 # 0,0 < ¢,)
2 2
w2 (2-2)re
L =c? 40, (2.4.70)

¢ 2
W e+ g)
+

from which the monotonicity of shock speeds along the shock curves easily

follows. The inequality s; < A;(pr,0) thus holds. It remains to show that

Ai < s; along the shock curve S;. We do the case ¢ = 1. To this end, let

x = o/cand set z = p/pg = f— (). Substituting into (2.4.64) and (2.4.66)
yields
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(x B \ r(z 1) )
x2(z + ?12)

2%(z + 2?) 7+ 25

x2

2 2
Tz \/f(z—l) 1 \/f(z—l)
2z+K(1—2)2 z 224+ K(1—z)?2
2
2,2 AN—1 (.. _ VE(z—1)
ccx?(z+ 2) <x K Z)2>
(x\/2z+K1—z —VvK Z—l)

27+ K(1—2)?

(Lv2r T K(I=27 - \Fz_l)

{3

(2.4.71)

where

[}, = (2 z+m>(¢m fz_1>
(v+ &) (+vB T RO 27 - VR 1))’

Thus it suffices to show that {-}. < 0. A calculation using the identities
rt+ 2% +1 2

x2 T K =
and
22 +1 2
r K
leads to
{} = (l—ard*2)(1—z){2+23/2 2z+K(1—z)2}. (2.4.72)
* K K

But by (2.4.72) it follows that {-} < 0 for z > 1, and thus by (2.4.71) we must
have s2 — A\? < 0. Since both s; < 0 and A\; < 0 along S; when vy, = 0, it
follows that \; < s1 all along Sy, thus finishing the proof of Lemma 2.0

2.5 Geometry of the Shock Curves

In this section we study the special geometry of the shock curves in the plane
of Riemann invariants for system (2.1.15), the case p = o?p. In this case the
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the shock curves are given by (2.4.54) and (2.4.55), and using (2.3.42) and
(2.3.43), the Riemann invariants r and s are given in this case by, (see Figure

1),

1 c+ov Ky

r=g In (c — v) > In(p), (2.5.73)
1 c+wv Ky

S = 5 hl <c _ v) —+ 7 ln(p), (2574)

where

and K is defined in (2.4.61).

s=1In (C“’) + 2 Koln(p)

c—v

s —r = Koln(p)

The plane of Riemann invariants.

Figure 1

Our main result of this section is that the i-shock curves are independent
of the base point (pr,vr) in the sense that, when graphed in the rs-plane, all
i-shock curves are rigid translations of one another; and moreover, the 1-shock
curve based at a given point is the reflection of the 2-shock curve based at
the same point about an appropriate axis of rotation. On an algebraic level,

-1
this happens because, along a shock curve, pp; ' and {C*—”} {m} in the

c—v c—vr,
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definitions of r and s turn out to be functions of the parameter 3 alone, and
the functions that give ,opjj1 as a function of § are reciprocal on the 1-and
2-shock curves, respectively. We begin with the following lemma, which gives
a parameterization of the i-shock curves for system (2.1.15) in the rs-plane:

Lemma 3 Let r = r(p,v),s = s(p,v), Ar = r(p,v) — r(pr,vr) and As =
s(p,v) —s(pr,vr) where we let (p,v) = (pr,vr). Then the 1-shock curve Sy
for system (2.1.15) based at (rp,sr) is given by the following parameterization
with respect to the parameter 3, 0 < 3 < o0 :

Ar =~ n{f, (2KA)} - \/f {4 (9)), (2.5.75)

As =~ In{f (2K)} + \/f n{ /- (9)}: (2.5.76)
and the 2-shock curve So based at (rz,s1) is given for 0 < 8 < oo, by

Ar =~ in{f, (2K0)} - \/f n{f_(8)}, (2.5.77)

As =~ In{f (K)} + \/f n{f_(8)}. (2.5.78)

Proof: For convenience, define

c+v

so that

v_l-w

c 14w’
and by (2.5.73) and (2.5.74),

r+s=—In(w).
Then by the definition of 5 in (2.4.55) we have
(2 — LL)2
KpB(v,vp) = ——— (2.5.80)
(1-&)(1—-2%)

(1w 1—w\? (1 +wp)? (1 +wp)?
o 4w 4wy,

which we can rewrite as
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2
1 _ g N .
K§ = {exp{r L bL}—exp{—r r, s sL}}

4 2 2 2 2

Ar A
— sinh? (; + ;) . (2.5.81)

Now solving for w/wy, in (2.5.80) gives

w 2
— =142Kp (1 4/14+— | = f-(2K[). 2.5.82
2oveams (11 ) = £k, @58
Note that w is a monotone decreasing function of v, and v decreases along S;,
i =1,2. Thus w/w; > 1 holds along S;, so that we must choose the plus sign
in (2.5.82) on both i-shock curves. On the other hand, by (2.4.54), along the
shock curves we have

L =1 (), (2.5.83)

PL +
where we take the plus sign when ¢ = 1 and the minus sign when ¢ = 2.
Therefore, substituting (2.5.82) and (2.5.83) into (2.5.73) and (2.5.74), and
choosing the appropriate plus and minus signs, gives (2.5.75)-(2.5.78). This
completes the proof of Lemma 3.0

What is interesting about (2.5.75)-(2.5.78) is that the differences Ar and
As along a shock curve depend only on the parameter 3, and thus the geo-
metric shape of the shock curves in the rs-plane is independent of the base
point (rz,sr). This immediately implies that an i-shock curve based at one
point in the rs-plane can be mapped by a rigid translation onto the i-shock
curve based at any other point.

Lemma 4 The 2-shock curve based at an arbitrary point (rp,sy) is the re-
flection in the rs-plane of the 1-shock curve based at the same point, where the
azis of reflection is the line passing through (rr,sr), parallel to the line r = s.

Proof: This follows immediatly from (2.5.75)-(2.5.78) because using (2.4.63)
we have

f—(ﬁ)f+(ﬁ)=(1+6—ﬂ 1+;) <1+6+ﬂ 1+;>:1. (2.5.84)

The following lemma gives further important geometric properties of the
shock curves which we shall need.

Lemma 5 The shock curves S; given in (2.5.75)-(2.5.78) define convex
curves in the rs-plane, and moreover,

ds V2K —1
< —<——«1 2.5.85
Tdr V2K -1 ( )
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all along a 1-shock curve S1, and

dr V2K —1
0<—< —— <1,
ds  —2K —1

all along a 2-shock curve Ss.

(2.5.86)

Proof: By symmetry, it suffices to do the case i = 1. Differentiating (2.5.75)
with respect to § gives

\Fdﬂr L
K3 \23+P \23+2KP

and differentiating (2.5.76) with respect to 8 gives

\/76148_ Lo
K ds — \23+F 2B+2K5

so that

dAs _ds 2B+ 2K3 — /28 +

dAr  dr —V26+2K32 — /26 + 32
because 2K < 1. To verify the convexity of S1, we differentiate with respect
to B, and simplify to get

2 -1
d ds 2(1—2K){\/2 \/2 } { /2 /2 }
= = +2K+4/-+1 —+2K /= +1 > 0.
dp dr 32 B g B g
(2.5.87)
Now (2.5.85) follows from the convexity of the shock curves together with the

inequality
d V2K -1
im &= Y70 oo
B—oo dr —V2K -1

A graph of the shock curves S; in the (r,s)-plane is given in Figure 2.

)
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s+r
A
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Si So

The reflection property of shock curves.

Figure 2

As a final comment in this section, we note that we can obtain a corre-
sponding parameterization of the shock curves for system (2.1.17) by taking
the limit ¢ — oo. To see this, note that taking the limit ¢ — oo in (2.5.73)
and (2.5.74) we obtain

=]}

= — v —oln(p),

and
§=cs—v+oln(p),

the right hand sides being the Riemann invariants for system (2.1.17). More-
over, under this limit, (2.4.54) remains unchanged, and by (2.4.55),

(v—vr)?
202

8 —

Thus multiplying by ¢ and taking the limit ¢ — oo, the formulas (2.5.75)-
(2.5.78) reduce to

AF = —\%ﬁ —oln{f1(B)},

As — _%ﬁ +oln{f+(B)};

and
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Ar = _ﬁﬂ —oln{f_(9)},

As — _Eﬂ—'_ oln{f_(8)},

respectively, and this gives parameterizations of the shock curves for system
(2.1.17) that are equivalent to the formulas obtained by Nishida in [22].

2.6 The Riemann Problem

In this section we discuss the solution of the Riemann problem for system
(2.1.15). In the next section we shall exploit special properties of the solution
of the Riemann problem for this system to construct global weak solutions of
the general initial value problem by means of the Glimm difference scheme,
and to obtain the estimates (2.1.20), (2.1.21) and (2.1.22) .

The Riemann problem is the initial value problem when the initial data
uo(x) = u(po(x),vo(x)) consists of a pair of constant states uyr, = u(pr,vr)
and ugp = u(pr,vr) separated by a jump discontinuity at z = 0,

uo(z) = {ZLR 2; N i 8? (2.6.88)

Note that, in view of Proposition 1, the conserved quantities u;, and ug of
system (2.1.14) are uniquely determined by (pr,vr) and (pr,vr). When ug
is sufficiently close to wur, the existence and uniqueness of the solution of
the Riemann problem for system (2.1.15) in the class of elementary waves
follows by a general theorem of Lax which applies to any sytem of conservation
laws which is strictly hyperbolic (A1 < A2) and genuinely nonlinear in each
characteristic field. (See Theorem 3, and [17, 26].) We verify that for system
(2.1.15), with p = 02p, the solution of the Riemann problem (2.6.88) can be
(uniquely) constructed for all uy, and ug provided that

pr >0, pr >0, (2.6.89)

and
—c<wv <¢, —c<vg<c (2.6.90)

To this end, fix u;, and let u = ugr be variable. Let R; = R;(ur) denote
the i-rarefaction curve and S; = S;(uz,) the i-shock curve associated with the
state ur, [26]. The i-rarefaction curve R; at uy, is defined to be the segment of
the integral curve of the eigenvector R; which starts at uy, and continues in
the direction of increasing A;. Since the Riemann invariants r and s, defined in
(2.5.73) and (2.5.74), are constant on the 2- and 1-integral curves, respectively,
it follows from genuine nonlinearity and Theorem 3 that

Ri(ur) = {u:s(u) =s(ur) and r(u) > r(ug)},
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and
Ra(up) ={u:r(u) =r(ur) and s(u) > s(ur)}.

Note that for each state ug € Rj(uy), there is a rarefaction wave solution that
solves the Riemann problem (2.6.88). Indeed, this is constructed by letting
each state u on R; between u;, and ug propogate with speed A;(u).

The i-shock curve S; is given in (2.5.75)-(2.5.78) of Lemma 3. If ur €
Si(ur), then the Riemann problem (2.6.88) is solved (in the weak sense)
by a shock wave of speed s; (given by (2.4.64) and (2.4.65)), and the shock
satisfies the Lax admissibility condition, (2.4.58). By Lax’s theorem, the curve
S; makes C? tangency with the i’th integral curve at uy, and thus it follows
from (2.5.73), (2.5.74) and (2.5.75)-(2.5.78) that the composite wave curve Tj
defined by T; = S; [JR; is a C? curve for each i = 1,2. Let T;(¢) denote the
Euclidean arclength parameterization of the i-wave curve T, with € increasing
with increasing A\; (¢ > 0 on R;, € < 0 on S;. It follows from (2.5.73), (2.5.74)
and (2.5.75)-(2.5.78) that In p decreases monotonically from 400 to —oo along
T;, and increases monotonely from —oo to +o0o along Ts; furthermore, v
increases monotonely from —c to +c along both Ty and T3. The wave curves
T; = S; UR; are sketched in Figure 2.

To solve the Riemann problem, consider the wave curves Ta(ups) for
upy € To(up). It is easily verified that any two such curves Ta(ups) and
Ta(uhy), unr, uhy € T1(ug), are nonintersecting, and that the set of all such
curves covers the entire region p > 0, —c < v < ¢ in the pv-plane ina 1 —1
fashion. In particular we use the fact (see Lemma 5) that |ds/dr| < 1 and
|dr/ds| < 1 all along the 1-shock and 2-shock curves, respectively. Now for
given states uy and ug, let ups € T1(uy) denote the unique intermediate
state such that up € Ta2(ups). Then the unique solution of the Riemann
problem in the class of elementary waves is given by a 1-wave connecting uy,
to upys, followed by a 2-wave connecting uy; to ug. It remains only to verify
that the 2-wave speed is always greater that the 1-wave speed in this construc-
tion. But this follows directly from (2.4.58) of Lemma 2; i.e., if ups € S1(ur),
and ur € Sa(uyps) then by (2.4.58),

s1 < )\1(UM) < )\2(UM) < s9.
We state these results as a theorem:

Theorem 4 There exists a solution of the Riemann problem for system
(2.1.15) in the case of an equation of state of the form p = o%p, 0 < o < ¢,
so long as ur, and ug satisfy (2.6.89) and (2.6.90). Moreover, the solution
is given by a 1-wave followed by a 2-wave, satisfies p > 0, and all speeds are
bounded by c. The solution is unique in the class of rarefaction waves and
admissible shock waves.

We note that in the case of an isentropic equation of state, (p(p) =
a?p7,v > 1), the sound speed exceeds the speed of light for sufficiently large
p, except in the limiting case v = 1. Thus, it is only in the limiting case y =1
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of the isentropic gas model that a big data global existence theorem for the
Riemann problem (such as Theorem 3 above) is possible without modifying
the equation of state at large densities.

2.7 The Initial Value Problem

In this section we use the Glimm difference scheme to prove Theorem 1. We
begin with a short discussion of this method.

Glimm’s method is a procedure for obtaining solutions of the general ini-
tial value problem by constructing a convergent sequence of approximate solu-
tions, the approximation scheme being based on the solution of the Riemann
problem. The scheme consists of approximating the solution at a fixed time
level by piecewise constant states, so that one can solve the resulting Riemann
problems thereby obtaining a sequence of elementary waves at that time level,
the goal being to estimate the growth in the amplitude of these elementary
waves as the waves interact during the time evolution of the solution. Glimm’s
method provides a scheme by which Riemann problems are re-posed at a sub-
sequent time level according to a random choice of the state appearing in the
waves of the previous time level. This has the advantage that waves at the
subsequent time level are determined through the interaction of waves at the
prior time level, and by this scheme, estimates on the amplitude changes in
waves during interactions can then be used to estimate the growth of a solu-
tion in general. The natural measure of the amplitude, or strength of a wave
7, is the magnitude of the jump |ugr —ur| = |7y|. Thus, the total wave strength
present in an approximate solution at time ¢ > 0 is given by

Z il (2.7.91)

where the sum is over all waves present in the approximate solution at time
t. The sum in (2.7.91) is equivalent to the total variation norm of the ap-
proximate solution at time ¢ > 0. The total variation of the waves will in
general increase due to interactions because of the nonlinearity of the equa-
tions. Glimm showed that for a strictly hyperbolic, genuinely nonlinear (or
linearly degenerate [26]) system, if the total initial strength of waves in an
approximate solution is sufficiently small (3, |y;| << 1) at time ¢ = 0, then
the total strength of waves at time ¢ > 0 is bounded by a constant times the
initial strength. His method is to define a nonlocal functional @, quadratic in
wave strengths, which has the property that it decreases when waves interact,
and moreover this decrease dominates the increase in total wave strength,
when the initial wave strength is sufficiently small. This leads to the following
theorem:

Theorem 5 (Glimm, [10]) Consider the initial value problem (2.2.24),
(2.2.25) for a strictly hyperbolic, genuinely nonlinear system of conservation
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laws defined in a neighborhood of a state u.. Then there exist constants 0 <
V << 1, C > 0, and a neighborhood u of u, such that, if the initial data ug
lies in u, and

Var{ug()} <V, (2.7.92)

then there exists a global weak solution u(x,t) of (2.2.24), (2.2.25) obtained
by Glimm’s method, and this solution satisfies

Var{u(-,t} < CVar{uo(-)}. (2.7.93)

Glimm’s method of analysis, based on the quadratic potential functional,
is the only method by which a time independent bound on wave strengths
has been rigorously proven for general systems of hyperbolic conservation
laws. In this section we show that system (2.1.15) is better than the general
case because it has the very special property that when p = o02p, the total
variation of In(p) is nonincreasing (in time) when elementary waves interact.
Thus, Var{ln(p)} plays the role of an energy function, and one can use this
in place of the nonlocal functional @ in Glimm’s method. This fact enables
us to prove Theorem 1, a large data existence theorem, in this special case.
(This idea is due to Nishida [22].)

We now define the Glimm difference scheme for system (2.1.15) in detail,
and prove Theorem 1. Let Az denote a mesh length in = and At a mesh length
in ¢, and let z; = Az and ¢; = j At denote the mesh points in an approximate
solution. Let ug(z) = u(po(z),vo(x)) denote initial data for system (2.1.15)
satisfying po(z) > 0,—c¢ < vo(z) < c¢. To define the Glimm scheme approx-
imate solution ua,(x,t), we approximate the initial data by the piecewise
constant states u;o = uo(x;+). To start the scheme, define

unz(,0) = ui, for x; <x < Ty

Now assume that the approximate solution u, has been defined for ¢t <¢;_1,
and that the solution at time ¢t =¢;_; is given by piecewise constant states

uaz (@, tj—1) = uij1, for x; <x < wiq1.

In order to complete the definition of ua, by induction, it suffices to define
uag(z,t) for t;_1 <t <t;. For t;_1 <t <tj, let uaz(x,t) be obtained by
solving the Riemann problems posed at time ¢ = ¢;_; as in Theorem 3. Note
that since all wave speeds are bounded by ¢, we assume that

Az At > 2c,

in order to insure that waves do not interact within one time step. Now to
re-pose the constant states and the corresponding Riemann problems at time
level ¢; in the approximate solution, let a = {a;} € A denote a (fixed) random
sequence, 0 < a; < 1, where A denotes the infinite product of intervals (0,1)
endowed with Lebesgue measure, j = 0,1,2,.... Then define
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upg(z,tj+) = wij, for m <z <wiqq,

where
Uij = qu(.%‘i + aij, tj—).

This completes the definition of the approximate solution ua, by induction.
(Note that ua, depends on the choice of a € A.) The restriction on the
random sequence a will come at the end. The important point is that the
waves in the solution ua, at mesh point (a:i,tj) solve the Riemann problem
with up, = uag(zi—1 + a; Az, t;—) and right state ur = uaz(z; + a; Az, t;—),
these being states that appear in the waves of the previous time level. In the
case of system (2.1.15), we modify the above definition of wave strength ||
by defining

vl = In(pr) — In(pL)], (2.7.94)

where uy, is the left state and ug the right state of the wave . The proof of
Theorem 1 is based on the following lemma:

Lemma 6 Letur,up andug denote three arbitrary states satisfying (2.6.89)
and (2.6.90). Let «;, B; and ~y; denote the waves that solve the Riemann prob-
lems [ur, up), [unr, ug] and [ur, ug), respectively, i = 1,2. Then

vl + el < laa| + |ag| + |Bi] + [l (2.7.95)

Proof: Lemma 6 follows from the special geometry of the shock curves that
was obtained in Section 5. The important point is that the graphs of the
shock curves S;(ur) in rs-plane (the plane of Riemann invariants (2.5.73)
and (2.5.74)) have the same geometric shape, independent of wy; and the
1-shock curves are reflections of the 2-shock curves about the line r = s. It
is also important that Lemma 5 holds: namely, 0 < |ds/dr| < 1 all along
the 1-shock curves S;, and 0 < |dr/ds| < 1 along S,. In particular, these
latter conditions imply that the interaction of shock waves of the same family
produces a stronger shock in the same family, together with a rarefaction wave
of the opposite family. This special geometry is enough to imply that the sum
of the strengths of the waves as projected onto the (s — r)-axis (recall that
s—r = 2K,1n(p)) is the same in the outgoing waves as in the incoming waves
for any interaction [ur,up], [up,ur] — [urn,ugr]-except in the case when
waves of the same family cancel, in which case the sum decreases. Note that
Lemma 5 guarantees that the strength || is monotone in ug along S;,i = 1, 2,
and this is needed to ensure that the Euclidean strength |ur — ug| across a
wave 7 can be bounded by the strength of the wave as defined in (2.7.94). The
best way to verify (2.7.95) in two wave interactions, the general case being a
straightforward generalization of these, and we omit the details. [22, 19].0

Now let ij denote the p-wave that appears in the solution of the Riemann
problem posed at the mesh point (x;,t;) in the approximate solution ua,,p =
1,2.
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Lemma 7 Let upa, denote an approzimate solution of the random choice
method for initial data satisfying (2.6.89) and (2.6.90). Then

Sl > WL (2.7.96)

—oo<1<00,p=1,2 —oo<1<00,p=1,2

Proof: Consider the portions of the elementary waves v}, ,, 7f; and 7/, ;
that, at time level ¢ = ¢4, lie within the spacial interval [x;_1 +aj4+1 Az, z; +
aj+14z). Let these waves be denoted o ; ;,7;; and (7, ; according to
whether the wave emanates from the mesh point (x;_1,t;), (x;,t;) or (z;41,1;),
respectively. Then the waves 04511, jp=12 are either all zero strength waves,
(the random point lies closer to x = x; than the states in the waves of_; ; at
time level ¢ = t,41)), or else they are the waves that solve the Riemann prob-
lem with left state up = uaz(zi—1 + aj414Ax,tj41—), and right state u;—1 j;
the waves 37 +1,; are similarly all zero or else they solve the Riemann problem
with left state u;; and right state ug = qu(xl—l—ajHAx tjy1— ); and ’ng solve
the Riemann problem with left state either uy, or u;—1 ; and right state either
u;; or ur,, depending on where the random points (z;—1 +aj+1 Az, t;11—) and
(@; +a;41Az,tj41—) fall relative to the waves ’yfj at time leve t;41. Note that
in this notation, the waves ’Yf,j+1 solve the Riemann problem [ur,ug]. Thus
by Lemma 6 we can conclude that

Z Vi g1l < Z {ed 1+ 175+ 1821413 (2.7.97)

p=1,2 p=1,2

But summing i from —oo to 400 in (2.7.97) and rearranging terms gives
Z|727J+1| <Z{|O[ |+‘/YZ]|+|/3 }SZPYZL
2

the latter inequality holding because, by construction,

log; |+ 17551 + 18551 = i
This completes the proof of Lemma 6. O

We now complete the proof of Theorem 1. First, since In(p) is monotone
along the wave curves Tj, it follows that at time level ¢ € (¢;,¢;41) in an
approximate solution ua,, the sum of the strengths of the waves at time ¢ is
equivalent to the total variation in In(p) of the approximate solution at time
t:

Var{ln(paz (-, 1))} = Z 17551 (2.7.98)

Thus, in the approximate solution,

Var{ln(pa(-,t+))} < Var{ln(paz(-, s+))}, (2.7.99)
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whenever s < t. We now note that by Helly’s theorem [26], L' limits of
functions of uniformly bounded variation satisfy the same variation bound.
This gives the first inequality (2.1.20) of Theorem 1 for any weak solution
u(r,t) = u(p(z,t),v(r,t)) obtained as an L' limit of approximate solutions
upz a8 Az — 0. Thus we show that (2.1.20) of Theorem 1 is a consequence
of the following lemma :

Lemma 8 (Glimm, [10]) Assume that the approximate solution ua, satisfies
Var{fua(, )} <V < o0 (2.7.100)

for all t > 0. Then there exists a subsequence of mesh lengths Ax — 0 such
that ua, — u where u(x,t) also satisfies (2.7.100). The approzimate solutions
converge pointwise a.e., and in L . at each time, uniformly on bounded x
and t sets. Moreover, there exists a set N C A of Lebesgue measure zero such
that, if a € A — N, then u(x,t) is a weak solution of the initial value problem

(2.1.15), (2.1.16).

Using Lemma 8, the proof of (2.1.20) and (2.1.21) of Theorem 1 is
completed once we show that the estimates (2.1.18) and (2.1.19) imply
(2.7.100) for the approximate Glimm scheme solutions. For this, note that
(2.1.18) and (2.1.19) imply that there exist states poo = limg—o po(z) and
ctv

c—v

Uso = limy 00 ug(z). But (2.1.19) implies that the total variation in In {

is finite at time ¢ = 0+ in the approximate solution ua,, and thus
Var{ln(paz(-,0+))} < Vo,

where V; depends only on the initial total variation bounds in (2.1.18) and
(2.1.19). Thus, by (2.7.99),

Var{ln(pa(-,t+))} < W, (2.7.101)

for all positive times ¢ > 0. But it follows directly from (2.5.86) and (2.5.85) of
Lemma 5 that the variation in ln{i—ﬁ} is bounded uniformly by the variation

in In(p) across every elementary wave in each approximate solution ua,. Thus
(2.7.101) implies that

c+v

Var{ln ( > (htH)} < V7, (2.7.102)
at each ¢t > 0 in an approximate solution ua,, where V; depends only on Vj. It
now follows from (2.7.101) and (2.7.102) that for every Az and a € A, po =
im0 paz(2,t) and Ve = limy oo VAL (2, t). This means that (poo, Vo) is
a constant state appearing in the approximate solutions at each fixed time
level. This together with (2.7.101) and (2.7.102) implies that there exists a
constant M > 0 such that

1/M < pag(z,t) < M,
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and
—c+1/M < vag(z,t) <c—1/M,

for all z and ¢t > 0, uniformly in Az. The desired result (2.7.100) follows
from these latter two bounds because, in light of Proposition 1, the Jacobian
A(u®ut

Sy
image of the approximate solutions u,. Thus by Lemma 8 there exists a sub-
sequence of mesh lengths Az — 0 such that ua, — u(p(z,t),v(z,t)) where u
satisfies (2.7.100), (2.1.20) and (2.1.21), and the convergence is pointwise a.e.,
and in L} at each time, uniformly on bounded z and ¢ sets. By Proposition

loc
2, Vo and V7 must be Lorentz invariant constants.O

is bounded away from zero (uniformly in Az) on the

determinant ‘

2.8 Appendix

In this section we show that the transformation properties of characteristics
and shocks in a relativistic system of conservation laws follows directly from
the covariance properties of the Rankine-Hugoniot jump relations. In par-
ticular, we show that the characteristic curves and shock curves associated
with a system of conservation laws divT = 0, transform, under under gen-
eral nonlinear spacetime coordinate transformations, like the level curve of
a scalar function. We assume that the divergence is taken with respect to a
Lorentz metric g defined in four dimensional spacetime. As a consequence, we
show that the wave speeds \; and the shock speeds s;, defined for systems
(2.1.10) and (2.1.15), transform according to the special relativistic velocity
transformation law (2.2.28).

Thus, if g;; denotes a fixed Lorentzian metric defined on a four dimensional
spacetime x = (29,...,2%),2° = ct, let F;k denote the Christoffel symbols
which define the unique symmetric connection associated with g;;, namely

1 .
5910{%]’,1@ + Gkoj — Gjko}-
Let T;; be a symmetric (0,2)-tensor which we take to be the stress energy
tensor for some field in spacetime. Conservation of energy-momentum based
on the metric g then reads divT = 0, where the covariant divergence is given
in coordinates by [35, 8]

divlT =17, =17, + I7,T] = I7,T7. (2.8.103)

Jo—T

“

Here, “ 7" denotes 9/0x" and “;i” denotes the covariant derivative.

Definition 1 Assume that T;; (defined in a given coordinate system x) is
smooth except for a jump discontinuity across a smooth surface ¢(x) = 0,
where dp = nydx® # 0. Then we say that T is a weak solution of divT = 0
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if this equation holds away from the surface ¢(x) = 0, and across the surface
the following (Rankine-Hugoniot) jump conditions hold:

[T¢n,] = 0. (2.8.104)
Here, as usual, the square brackets around a quantity denote the jump in the
quantity across the surface ¢ =0,

[T7ne] = (T no)r — (T7ne) L = [T} 0o
One can show that the jump relation 2.8.104 is implied by the weak formula-
tion of divT = 0 in the sense of the theory of distributions [26], and implies
conservation of the physical energy-momentum across the surface of disconti-
nuity ¢ = 0. The equivalence of the weak formulation follows from integration
by parts, observing that the non-divergence terms I'7T7 — I'7, T contain no
derivative of T
From the jump conditions we obtain the following proposition:

Proposition A 1 A shock surface transforms (under arbitrary nonlinear
changes of spacetime coordinates) as the level curve of a scalar function de-
fined on spacetime.

Proof: If [T;]m = 0 holds on the surface ¢ = 0 in one coordinate system x

where d¢ = nidzx’ then it holds in every other coordinate system because T
transforms like a (1,1)-tensor, and d¢ is a 1-form.O

Now restricting to a 2—dimensional Minkowski spacetime, so that g;; =
15, Proposition Al implies that the shock curve has tangent vector dx/dr =
X if and only if n;dz*(X) = 0, where n;dx’ = d¢ and ¢ is a function constant
along the shock curve. Thus, letting X? denote the components of X, we
conclude that the shock speed s = da!/dt is given by

Xl no
X0 Cnl '

Proposition A 2 Under Lorentz transformations, the shock speeds s trans-
form according to the velocity transformation rule (2.2.28).

Proof: Consider a Lorentz transformation taking the unbarred coordinates z*
to the barred coordinates %, such that the barred frame moves with velocity
w1 as measured in the unbarred frame z*. Then

7% = Ap)i’,

K2

where
cosh(0) sinh(0) ]

Alp)it = Linhw) cosh(6) (2.8.105)
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and tanh(0) = p/ec, [35]. Then the vector X, tangent to the shock curve,
transforms as

X° = Ao X',
Thus in the barred coordinates, the shock speed is given by

Xt XOosh(0) + X'sinh(0)  u+s

ST x0T CXOSinh(G) + Xlcosh() 1+ 437

This completes the proof of the Proposition A2.0

Proposition A 3 The characteristic curves for a system of conservation
laws (2.2.24) transform as level curves of functions in physical space. More-
over, under Lorentz transformations, the wave speeds \; (the eigenvalues of
dF') transform according to the velocity transformation law (2.2.28).

Proof: By Theorem 2, A\; = lim._,¢ s;(¢). Thus, by continuity, \; transforms
as a velocity (2.2.28) under Lorentz transformations because s;(g) does for
each fixed ¢. Since the characteristic curves are given by dx!/dt = \; and \;
transforms as a velocity, it follows that the characteristic curves must trans-
form like level curves of functions. Thus by duality, in two dimensional space-
time, the tangents to the shock curves and characteristic curves transform like
vectors.U
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A Shock Wave Formulation of the Einstein
Equations

3.1 Introduction

In this chapter we show that Einstein equations (1.3.2)-(1.3.5) are weakly
equivalent to the system of conservation laws with time dependent sources
(1.4.3),(1.4.4), so long as the metric is in the smoothness class C%!, and
T is in L. Inspection of equations (1.3.2)-(1.3.5) shows that it is in gen-
eral not possible to have metrics smoother than Lipschitz continuous, (that
is, smoother than C%! at shocks), when the metric is written in standard
Schwarzschild coordinates. Indeed, at a shock wave, the fluid variables, and
hence T, suffer jump discontinuities. At such a discontinuity, (1.3.2)-(1.3.5)
imply that A,., B, and B; all suffer jump discontinuities as well.

We restrict to spacetime metrics g that are spherically symmetric, by which
we mean that g lies within the general class of metrics that take the form,

ds® = giyda'dx? = —A(r,t)dt* + B(r,t)dr* + 2D(r, t)dtdr + C(r,t)d2?,
(3.1.1)
where the components A, B, C and D of the metric are assumed to be func-
tions of the radial and time coordinates r and ¢ alone, df2? = df? +sin’()d¢?
denotes the line element on the 2-sphere, and x = (2°,...,23) = (¢,7,0,¢),
denotes the underlying coordinate system on spacetime, [35, 34, 14, 21]. In
this case we assume that the 4-velocity w is radial, by which we mean that

the z-components of w are given by

w' = (w'(r,t),w(r,t),0,0), i=0,...,3, respectively, (3.1.2)

for some functions w® and w?.

Now it is well known that in general there exists a coordinate transforma-
tion (r,t) — (7,t) that takes an arbitrary metric of form (3.1.1) over to one
of form, [35],
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ds? = g;jda’da? = —A(r,t)dt* + B(r,t)dr? + r2dQ?. (3.1.3)

A metric of form (3.1.3) is said to be in the standard Schwarzschild coordi-
nates, or (standard coordinate guage), and it is our purpose here to establish
the weak formulation of the Einstein equations (1.3.2)-(1.3.5) for metrics of
the form (3.1.3) in the case when A and B are finite, and satisfy AB # 0.

The general problem of making sense of gravitational metrics that are only
Lipschitz continuous at shock surfaces was taken up in [29]. The analysis there
identifies conditions that must be placed on the metric in order to insure that
conservation holds at the shock, and that there do not exist delta-function
sources at the shock, [15]. When these conditions are met, the methods in
[29] imply the existence of a C11 coordinate transformation that improves
the level of smoothness of the metric components from C%! up to C*! at
the shock. However, the results in [29] apply only to smooth interfaces that
define a single shock surface for which G = T holds identically on either
side. For general shock wave solutions of the form (3.1.3), (that can contain
multiplicities of interacting shock waves), it is an open question whether there
exists a coordinate transformation, (say to a metric in the more general class
(3.1.1)), that can increase the level of smoothness of the metric components
by one order. For this reason, we now show that the mapping (r,t) — (7,%)
that takes an arbitrary metric of form (3.1.1) over to one of form (3.1.3),
implies a loss of one order of differentiability in the metric components when
shock waves are present. This argues that our results are consistent with the
existence of such a smoothing coordinate transformation, but still leaves open
the problem of the existence of such a transformation.

Thus we now review the construction of the mapping (r,¢) — (7,%) that
takes an arbitrary metric of form (3.1.1) over to one of form (3.1.3), [35]. To
start, one must assume that the metric component C'(¢,7) in (3.1.1) satisfies
the condition that for each fixed t, C' increases from zero to infinity as r
increases from zero to infinity, and that

%C(r, t) # 0. (3.14)

(These are not unreasonable assumptions considering that C' measures the
areas of the spheres of symmetry.) Define

7= \/C(r1). (3.1.5)

Then the determinant of the Jacobian of the mapping (r,t) — (7, t) satisfies

= 8 e £o

or
or

in light of (3.1.4). Thus the transformation to (7,t) coordinates is (locally) a
nonsingular transformation, and in (7, ) coordinates the metric (3.1.1) takes
the form
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ds* = —A(r,t)dt? + B(r,t)dr® + 2E(r, t)dtdr + r’d0?. (3.1.6)

(Here we have replaced 7 by r and A, B and F stand in for the transformed
components.) It is easy to verify that, to eliminate the mixed term, it suffices
to define the time coordinate ¢ so that, cf. [35],

dt = ¢(r,t) {A(r,t)dt — E(r,t)dr} . (3.1.7)

In order for (3.1.7) to be exact, so that ¢ really does define a coordinate
function, the integrating factor ¢ must be chosen to satisfy the (linear) PDE

0 0
5, 18 DA D)} = =5 {(r O E(r, 1)} (3.1.8)

But we can solve (3.1.8) for ¢(r,t) from initial data ¢(r,tg), by the method of
characteristics. From this it follows that, (at least locally), we can transform
metrics of form (3.1.1) over to metrics of form (3.1.3) by coordinate transfor-
mation. To globalize this procedure, we need only assume that C,.(t,7) # 0,
and that C' takes values from zero to infinity at each fixed ¢. Now note that
in general ¢(r,t), the solution to (3.1.8), will have the same level of differ-
entiability as A(r,t) and E(r,t); and so it follows that the components of dt
and dr in (3.1.7) will have this same level of differentiability. This implies
that the ¢ transformation defined by (3.1.7) preserves the level of smoothness
of the metric component functions. On the other hand, the 7 transformation
in (3.1.5) reduces the level of differentiablility of the metric components by
one order. Indeed, the level of smoothness of the transformed metric compo-
nent functions are in general no smoother than the Jacobian that transforms
them, and by (3.1.5), the Jacobian of the transformation contains the terms
C, and C; which will in general be only C%! when C' € C'!. Thus, if we
presume, (motivated by [28]), that for general spherically symmetric shock
wave solutions of G = kT, that there exists a coordinate system in which the
metric takes the form (3.1.1), and the components of g in these coordinates
are Ob! functions of these coordinates, then it follows that we cannot ex-
pect the transformed metrics of form (3.1.3) to be better than C%!, that is,
Lipschitz continuous. The equations we derive below allow for metrics in the
smoothness class C%!, but in general they do not admit solutions smoother
than Lipschitz continuous. It remains an open question whether solutions to
these equations can be smoothed by coordinate transformation when shock
waves are present.

In Section 3 we verify the equivalence of several weak formulations of the
Einstein equations that allow for shock waves, and that are valid for metrics
of form (3.1.3), in the smoothness class C%1. In Section 4, we show that these
equations are weakly equivalent to the system (1.4.3)-(1.4.4) of conservation
laws with time dependent sources. In the next chapter, we give an existence
theory for these equations with general Cauchy data of bounded variation,
thereby demonstrating the consistency of the Einstein equations for weak
(shock wave) solutions within the class of C%! metrics.
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3.2 The Einstein Equations for a Perfect Fluid with
Spherical Symmetry

In this section we study the system of equations obtained from the Einstein
equations under the assumption that the spacetime metric g is spherically
symmetric. So assume that the gravitational metric g is of the form (3.1.1),
and to start, assume that 7% is any arbitrary stress tensor. To obtain the
equations for the metric components A and B implied by the Einstein equa-
tions (1.2.1), plug the ansatz (3.1.3) into the Einstein equations (1.2.1). The
resulting system of equations (1.3.2)-(1.3.5) is obtained using MAPLE. Equa-
tions (1.3.2)-(1.3.5) represent the (0,0), (0,1), (1,1) and (2,2) components of
GY = kT respectively, (as indexed by T on the RHS of each equation). The
(3,3) equation is a multiple of the (2,2) equation, and all remaining compo-
nents are identically zero. (Note that MAPLE defines the curvature tensor to
be minus one times the curvature tensor defined in (1.1.14).)

We are interested in solutions of (1.3.2)-(1.3.5) in the case when shock
waves are present. Since A and B have discontinuous derivatives when shock
waves are present, it follows that (1.3.5), being second order, cannot hold clas-
sically, and thus equation (1.3.5) must be taken in the weak sense, that is, in
the sense of the theory of distributions. To get the weak formulation of (1.3.5),
multiply through by AB? to clear away the coefficient of the highest (second)
order derivatives, then multiply through by a test function and integrate the
highest order derivatives once by parts. It follows that if the test function is in
the class C’é 1 (that is, one continuous derivative that is Lipschitz continuous,
the subscript zero denoting compact support), and if the metric components
A and B are in the class C%!, and T% is in class L, then all terms in the
integrand of the resulting integrated expression are at most discontinuous,
and so all derivatives make sense in the classical pointwise a.e. sense.

In order to account for initial and boundary conditions in the weak for-
mulation, it is standard to take the test function ¢ to be nonzero at ¢t = 0 or
at the specified boundary. In this case, when we integrate by parts to obtain
the weak formulation, the boundary integrals are non-vanishing, and their
inclusion in the weak formulation represents the condition that the boundary
values are taken on in the weak sense. Thus, for example, if the boundary
isT =1y >0, we say ¢ € C’é’l(r > rg,t > 0) to indicate that ¢ can be
nonzero initially and at the boundary r = rg, thereby implicitly indicating
that boundary integrals will appear in the weak formulation based on such
test functions.

We presently consider various equivalent weak formulations of equations
(1.3.2)-(1.3.5), and we wish to include the equivalence of the weak formulation
of boundary conditions in the discussion. Thus, in order to keep things as
simple as possible, we now restrict to the case of weak solutions of (1.3.2)-
(1.3.5) defined on the domain r > ro > 0, t > 0, and we always assume
that test functions ¢ lie in the space ¢ € C&’l(t > 0,7 > ro) so that initial
and boundary values are accounted for in the weak formulation. (This is the
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simplest case in which to rigorously demonstrate the equivalence of several
weak formulations of initial boundary value problems. More general domains
can be handled in a similar manner.)

Note that because (1.3.2)-(1.3.4) involve only first derivatives of A and B,
and A, B € C%1 | it follows that (1.3.2)-(1.3.4) can be taken in the strong sense,
that is, derivatives can be taken in the pointwise a.e. sense. The continuity
of A and B imply also that the initial and boundary values are taken on
strongly in any C%! weak solution of (1.3.2) — (1.3.4). On the other hand,
equation (1.3.5) involves second derivatives, and so this last equation is the
only one that requires a weak formulation. The weak formulation of (1.3.5)
is thus obtained on domain ¢ > 0, r > 79 > 0 by multiplying through by a
test function ¢ € C’é’l(r > rg,t > 0) and integrating by parts. This yields the
following weak formulation of (1.3.5):

0:/00/00 By B A 2B +A'¢/
o Jo rAB? r A?2B? AB3 rAB?

, 1 A’ 2B’ ) 2KT | 99
+ 49 ( r2AB?  rA2B? rAB3> * rABQQ) * ?QST drdt
< By(r,0)6(r,0) /°° Ao, ) (ro, 1)
— _— 2.1
/TO A0 B0t Ao DB (3.2.1)

Our first proposition states that the weak formulation (3.2.1) of equation
(1.3.5) may be replaced by the weak formulation of the conservation laws
divT =0, so long as A and B are in C%! and T% € L.

Proposition 3 Assume that A,B € C%(r > ro,t > 0), T¥ € L>®(r >
ro,t > 0) and assume that A, B and T solve (1.3.2)-(1.5.4) strongly. Then A,
B and T solve le =0, (the 1-component of DivT = 0), weakly if and only if
A, B and T satisfy (3.2.1).

Proof: The proof strategy is to modify (3.2.1) and the weak form of con-
servation using (1.3.2)-(1.3.4) as identities, and then observe that the two
are identical at an intermediate stage. To begin, substitute for B; and A’ in
several places in (3.2.1) to obtain the equivalent condition

R B 0 (B-1) 0 (B-1
- 01 117, 9 _Y
O/TD/O {HT oot RT w—i_@r <c,0 r2 B2 >+¢{ 8r<r232)

B A 2B 1 A 2B’
2 (2 3) (i - )

r \A2B2 ' AB3 " r2AB?  rA2B?  rAB?

1 2KT 99

o [T 00ptr 00+ [ oot [T“<ro,t>
7 0

0

B(T’O,t) —1
———| dt
T%BQ(To,t):| I
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oo oo B(B—2) _(B-1)
— T01 Tll / 2

+& Ay +2Bt (- L Al B 2B’
r \A2B2 AB3 r2AB? rA2B?2 rAB3

1 2
o+ mT”] } dr dt

rAB? B

+/$/ T (r,0)p(2,0) dr + K/ ©(ro, )T (1o, t) dt. (3.2.2)
T 0

0

Now, the weak form of conservation of energy-momentum is given by

0= / / {T% + T — (T + T (3.2.3)
T0 0
+I50T% + 27, T + I, T + 2175,T%2) )} drdt

+/ T (r,0)(,0) dr +/ @(ro, )T (ro, t) dt.
To 0
Here, we have used the fact that 722 = sin? 0733, T = 0if i # j = 2 or 3,

and I'js = sin® OI3,. Next, we calculate the connection coefficients I” ;k using
(1.1.10) to obtain,

i 1 (A By i _ 1 (A B’ 4
I 2(A+B)Fi1 2(A+B+r

0 A 0 A’
F%o—?f Iy = 33

: 0 — 710

I = 5% I3 =0=1I33 (3.2.4)
i A L — B

v T2

R T

I'ih =35 Iy =—5%
Fl _ _rsin?6

33 = B -

Substituting the above formulas for F;k into (3.2.3) and using (1.3.2)-(1.3.4)

as identities to eliminate some of the T% in favor of expressions involving A,
B and r, we see that (3.2.3) is equivalent to:

B e 1 /A 3B B
0= 01 RSP i e (i A t
/TO/O { et 2\ at B ) rase
1 /A 2B 4 1 A’
— | = - 5= (r——-(B-1 2.
2(A+ B +r>r2B2 (TA ( )) (3:2:5)
A’ B’ T 99

+ / T (1, 0)o(r, 0) dr + / (o, )T (o, 1) dt.
T 0

0
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After some simplification, it is clear that (3.2.2) is equal to (3.2.5). This com-
pletes the proof of Proposition 3. O

We next show that the Einstein equations (1.3.2)-(1.3.4) together with
DivT = 0 are overdetermined. Indeed, we show that for weak solutions with
Lipschitz continuous metric, either (1.3.2) or (1.3.3) may be dropped in the
sense that the dropped equation will reduce to an identity on any solution
of the remaining equations, so long as the dropped equation is satisfied by
either the initial or boundary data, as appropriate. The following proposition
addresses the first case, namely, for weak solutions in which the metric is
Lipschitz continuous, the first Einstein equation (1.3.2) reduces to an identity
on solutions of (1.3.3)-(1.3.4), so long as (1.3.2) is satisfied by the intial data.

Theorem 6 Assume that A,B € C%' and T € L* solve (1.5.3), (1.3.4)
strongly, and solve DivT = 0 weakly. Then if A, B, and T satisfy (1.5.2) at
t =0, then A, B, and T also solve (1.5.2) for all t > 0.

Proof: We first give the proof for the case when A, B and T are assumed to
be classical smooth solutions of (1.3.3), (1.3.4) and DivT = 0. This is followed
by several lemmas necessary for the extension of this to the weak formulation,
which is given in the final proposition. So to start, assume that A, B, and T'
are all smooth functions, and thus solve DivT = 0 strongly. For the proof in
this case, define

HY =G — kT4, (3.2.6)

Because (1.3.3) and (1.3.4) hold, H°* = H!! = 0. Since by assumption Tiﬂ; =0

and since G”l = 0 for any metric tensor as a consequence of the Bianchi
identities, it follows that

0=HY=HY + I}HY + I} H*. (3.2.7)

In particular, setting j = 0,

0=H" =HY + I H" + I} H*. (3.2.8)

By hypothesis, H® = 0 when i # 0. In addition, the connection coefficients
If). are zero unless i or k equal 0 or 1. Therefore, (3.2.8) reduces to the linear
ODE

0=HY+ (I}, + I) H”, (3.2.9)

at each fixed r. By hypothesis, H is initially zero, and since we assume that
H is a smooth solution of (3.2.9), it follows that H° must continue to be
zero for all ¢ > 0.

Next, assume only that A, B € C%! and T € L* so that (1.3.3), (1.3.4)
hold strongly, (that is, in a pointwise a.e. sense), but that DivT = 0 is only
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known to hold weakly. In this case, the argument above has a problem because
when g € C%!, the Einstein tensor G, viewed as a second order operator on
the metric components A and B, can only be defined weakly when A and
B are only Lipschitz continuous. It follows that the Bianchi identities, and
hence the identity DivG = 0, (which involves first order derivatives of the
components of the curvature tensor), need no longer be valid even in a weak
sense. Indeed, GG can have delta function sources at an interface at which the
metric is only Lipschitz continuous, c.f. [28]. However, the above argument
only involves the 0’th component of DivG = 0, and the 0’th component of
DivG = 0 involves only derivatives of the components G*°, and as observed
in (1.3.2), (1.3.3), these components only involve first derivatives of A and B.
Specifically, the weak formulation of G%; = 0 is given by,

0= /°° /°° {—gﬁiGiO i ¢( z‘ikaO +Fz‘0kGik)} drdt (3'2.10)
0 0

_/oo ¢(r,0)G* (r,0)dr — /°° ¢(ro,t)G'O(ro, t)dt,
0 0

and since, by (1.3.2), (1.3.3), G° involves only first order derivatives of A
and B, it follows that the integrand in (3.2.10) is a classical function defined
pointwise a.e. when 4, B € C%!. But (3.2.10) is identically zero for all smooth
A and B because DivG = 0 is an identity. Thus, when 4, B € C%!, we can
take a sequence of smooth functions A., B. that converge to A and B in the
limit ¢ — 0, (c.f. Theorem 7 below), such that the derivatives converge a.e.
to the derivatives of A and B. It follows that we can take the limit ¢ — 0
(3.2.10) and conclude that (3.2.10) continues to hold under this limit. Putting
this together with the fact that DivT = 0 is assumed to hold weakly, we
conclude that

HY = (6% 1%) 5 =0,

in the weak sense, which means that H% is in L> and satisfies the condition

0= /TOO /OOO {—poHY™ + ¢ (Ily + Ity) H® }drdt  (3.2.11)

Therefore, to complete the proof of Theorem 6, we need only show that if
A, B and T solve (1.3.3), (1.3.4) classically and DivT = 0 weakly, then a
weak L solution H%, (i.e., that satisfies (3.2.11)), of (3.2.9) must be zero
almost everywhere if it is zero initially. Thus it suffices to prove the following
proposition:
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Proposition 4 Assume that H, f € LS (R x R). Then every LS, weak so-
lution to the initial value problem

H, o+ fH=0

H(x,0) = Ho(a). (3.2.12)

with initial data Hy = 0 is unique, and identically equal to zero a.e., for all
t>0.

Proof: We use the following standard theorem, [9],

Theorem 7 Let U be any open subset of R™. Then u € Wllocoo(U) if and only
if u is locally Lipschitz continuous in U, in which case the weak derivative of

u agrees with the classical pointwise a.e derivative as a function in Ly (U).

Corollary 1 Let u and f be real valued functions, u, f : R — R, such that
u, f € L*>®[0,T), and u is a weak solution of the initial value problem

us + fu =0,
u(0) =0,

on the interval [0, T]. Then u(t) =0 for allt € [0,T].

(3.2.13)

Proof of Corollary: Statement (3.2.13) says that the distributional deriva-
tive uy agrees with the L function fu on the interval [0,7], and thus we
know that u € Wlicoo (0,t). Therefore, by Theorem 7, u is locally Lipschitz
continuous on (0,7), and the weak derivative u; agrees with the pointwise
a.e. derivative of u on (0,7). Thus it follows from (3.2.13) that on any sub-
interval [a, b] of [0,T] on which u # 0, we must have

d

T [lnu] = % =—f, a.e. (3.2.14)
Moreover, since u is Lipschitz continuous, both u and In(u) are absolutely
continuous on [a,b], so we can integrate (3.2.14) to see that

u(t) =u(a)e J f(f)dg, (3.2.15)

for all t € [a,b]. But u is continuous, so (3.2.15) applies in the limit that a
decreases to the first value of ¢ = t¢ at which u(tg) = 0. Thus (3.2.15) implies
that u(¢t) = 0 throughout [a,b], and hence we must have u(t) = 0 for all
t € [0,T], and the Corollary is true.

The proof of Proposition 4 now follows because it is easy to show that if
H is an L*™ weak solution of (3.2.12), then H(z,-) is a weak solution of the
scalar ODE H; + fH = 0 for almost every x. (Just factor the test functions
into products of the form ¢4 (¢t)pa(x).)

Using Proposition 4, we see that if equation (1.3.2) holds on the initial
data for a solution of (1.3.3), (1.3.4), and DivT = 0, then equation (1.3.2)
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will hold for all ¢. By a similar argument, it follows that if (1.3.3) holds for
the boundary data of a solution to (1.3.2), (1.3.4), and DivT = 0, then (1.3.3)
will hold for all r and ¢. We record this in the following theorem:

Theorem 8 Assume that A,B € C%' and T € L* solve (1.3.2), (1.3.4)
strongly, and solve DivT = 0 weakly, in r > ro, t > 0. Then if A, B, and T
satisfy (1.8.8) at r =g, then A, B, and T also solve (1.3.2) for all r > rg.

3.3 The Einstein Equations as a System of Conservation
Laws with Sources

Conservation of energy and momentum is expressed by the equations
0= (DiwT) =T,
=T + TT% + [T,
which, in the case of spherical symmetry, can be written as the system of two
equations:
0="T%+TY + I}, T + 117" (3.3.1)
0=T9 +TY +I},T" + TLT"*. (3.3.2)

Substituting the expressions (3.2.4) for the connection coefficients (1.1.10)
into (3.3.1) and (3.3.2), gives the equivalent system

0T%°+T(il+1<M+&>TUO+1<3A/+B/+4>T01
? ? T

2\ 4 ' B 2\ 4 ' B
+%T11 (3.3.3)
et} (S e (52
W
+@T°° — 2%7’22. (3.34)

Now if one could use equations to eliminate the derivative terms A;, A’, B;
and B’ in (3.3.3) and (3.3.4) in favor of of expressions involving the undiffer-
entiated unknowns A, B and T, then system (3.3.3), (3.3.4) would take the
form of a system of conservation laws with source terms. Indeed, 7°° and T°!
serve as the conserved quantities, T7'° and T'! are the fluxes, and what is left,
written as a function of the undifferentiated variables (A4, B, T%,T°), would
play the role of a source term. (For example, in a fractional step scheme de-
signed to simulate the initial value problem, the variables A and B could be
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“updated” to time ¢; + At by the supplemental equations (1.3.2) and (1.3.4)
or (1.3.3) and (1.3.4) after the conservation law step is implemented using
the known values of A and B at time ¢;. We carry this out in detail in the
next chapter.) The system then closes once one writes T as a function of
(A, B, T% TO). There is a problem here, however. Equations (1.3.2)-(1.3.4)
can be used to eliminate the terms A,, B; and B, but (3.3.3) and (3.3.4) also
contain terms involving A;, a quantity that is not given in the initial data
and is not directly evolved by equations (1.3.2)-(1.3.4). The way to resolve
this is to incorporate the A; term into the conserved quantities. For general
equations involving Ay, this is not possible. A natural change of T variables
that eliminates the A; terms from (3.3.3), (3.3.4), is to write the equations in
terms of the values that T" takes in flat Minkowski space. That is, define T,
in terms of T, by

1
T = 2Tor,
1
T = ET}\)}, (3.3.5)
1
Tll _ 7T11
B M

where the subscript denotes Minkowski, c.f. (1.3.9)-(1.3.11). It then follows
that Ty is given by

2
00 _ 2y_ €
T —{(p—i—pc )M—p},

Ccv
Thr = (p+pc") 53—, (3.3.6)

2
v
Ty = {(P+ PCz)m +P} ;
where v denotes the fluid speed as measured by an inertial observer fixed with

respect to the radial coordinate r, c.f. (1.3.12)-(1.3.14). Substituting (3.3.5)
into (3.3.3), (3.3.4), the A; terms cancel out, and we obtain the system

A 1B
0= {19}, + {\/;T}\)}} N LR

s

1 JA[/A B 4
Ry i (A Y 3.
+5 B(A+B+T> o (3.3.7)
A 1 /A B B 4
0= TOl *Tll - — 12 tTOI - = Tll
{M}’0+{VBM1+2B vag v\ ) h
A’ |

+ZT}\’4° — 4rT22} : (3.3.8)
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The following proposition states that system (3.3.7), (3.3.8) is equivalent, (in
the weak sense), to the original system DivT = 0.

Proposition 5 If A and B are given Lipschitz continuous functions defined
on the domain r > 1o, t > 0, then Ty is a weak solution of (3.3.7) and (3.3.8)
if and only if T is a weak solution of DivT = 0 in this domain.

Proof: For simplicity, and without loss of generality, take the weak formu-
lation with test functions compactly supported in r > 7o, t > 0, so that the
boundary integrals do not appear in the weak formulations. (Managing the
boundary integrals is straightforward.) The variables Ty} solve (3.3.7) weakly
if

o= [ {Too @

1B /00 11 JA (A" B 4\
T 4+T —+—-|T
+ QB( ) 2V B A+B+r

ga} drdt

:/ / {—T Apy — TV A, (3.3.9)
T0 0
(1B /00 1 (A B 4\
ZB(ATM+B )+2A<A+B+r Tyr | @ ¢ drdt.

Set ¥ = Ap, whereby Ap; = ¥y — —1/) Using this change of test function,
(3.3.9) becomes

[ A A’
— 7T00 TOOJ - TOl / T(Jl o
0 /TU /0 { (e 2 (0 P+ 1 P

1By (oo By 1[A B 4\, .,
+[23<T + T ) o (G ) T e drdt
[ 2A B
_ _700,, _ 01 24t Dt oo
[ e 555

1 /34 B 4 B
+3 (3,4 +5+ T> T + Q;;T“} qp} dr dt, (3.3.10)
which is the weak formulation of (3.3.3). We deduce that Ths solves (3.3.7)

for every Lipschitz continuous test function ¢ if and only if 7" solves (3.3.10),

(the weak form of Toi = 0), for all Lipschitz continuous test functions . That

weak solutions of (3.3.8) are weak solutions of Tli = 0 follows by a similar

argument. O

It is now possible to use equations (1.3.2)-(1.3.4) as identities to substitute
for derivatives of metric components A and B, thereby eliminating the corre-
sponding derivatives of A and B from the source terms of equations (3.3.7),
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(3.3.8). Doing this, we obtain the system of equations (1.4.1), (1.4.2), which
was our goal. However, depending on the choice of equation to drop, either
(1.3.2) or (1.3.3), it is not clear that if we use the dropped equation to substi-
tute for derivatives in (3.3.7), (3.3.8), that the resulting system of equations
will imply that DT = 0 continues to hold, the assumption we based the
substitution on in the first place. The following theorem states that (1.4.1),
(1.4.2) is equivalent to DivT = 0 in the weak sense:

Theorem 9 Assume that A, B are Lipschitz continuous functions, and that
T € L, on the domain r > ro, t > 0. Assume also that (1.5.2) holds at t = 0,
and that (1.3.8) holds at r = ro. Then A, B,T are weak solutions of (1.3.2),
(1.8.3), (1.3.4) and DivT = 0 if and only if A, B, Ty are weak solutions
of either system (1.8.2), (1.3.4), (1.4.1), (1.4.2), or system (1.8.3), (1.3.4),
(1.4.1), (1.4.2).

Proof: Without loss of generality, we consider the case when we drop equation
(1.3.3), and use (1.3.2), (1.3.4) and DivT = 0 to evolve the metric, and we
ask whether we can take the modified system (1.4.1) and (1.4.2) in place of
DivT = 0. In this case, we must justify the use of (1.3.3) in eliminating the
B, terms in going from DivT = 0 to system (1.4.1) and (1.4.2). That is, it
remains only to show that equations (1.3.2) and (1.3.4) together with system
(1.4.1) and (1.4.2) imply that (1.3.3) holds, assuming (1.3.3) holds at r = ry.
(If so, then by substitution, it then follows that DivT = 0 also holds.)

Note that we can almost reconstruct (3.3.3), the first component of
DivT = 0, by reverse substituting (1.3.2), (1.3.4) into (1.4.1). To see this,
first note that we can add (1.3.2) and (1.3.4) to obtain

/ !
AZ + % —rBr(TY +Ti}) = 0. (3.3.11)

Equation (3.3.11) is an identity that we may add to (1.4.1) to obtain

0={T},+ {@T}B}} - %r ABr (T3} + Tt ) Tay

)

1 /JA[/A B 4
+§ E (A + E + 7") T](\)/[l. (3.3.12)
Adding and subtracting
1B
55 (T3 + T37) (3.3.13)
to the RHS of (3.3.12) and using
B
HO = ——]; — VABETY}, (3.3.14)
T

(c.f. (1.3.3) and (3.2.6)), we have
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A 1 JA/A B 4
o:{ng}ﬂ{ BT;);} ciyg (G E )
,1

1B 1
t5 g (0 +Thf) + or (T + Thf) H™. - (3.3.15)

Note that all but the last term on the RHS of (3.3.15) is equal to the first
component of DiwT, and so

i 1
T% = =57 (Taf + Tag) H™.
Therefore, if A, B, and Tjs are solutions to (1.3.2), (1.3.4), (3.3.15), and
(3.3.4), it follows that

H', = G — kT
’I“B2T11
2

=K HY (3.3.16)

because G'% = 0 is an identity. But H% = 0 holds because we assume (1.3.2),

)

and hence (3.3.16) implies that

HY' + fH =0,
where f = I}, + 21 — /{@ € L. Since we assume that H%! = 0 on the
boundary r = rg, it follows from Corollary 1 that H°' = 0. O

It remains to identify conditions under which T} is a function of (T, T%})
assuming that T has the form of a stress tensor for a perfect fluid, (3.3.6). A
calculation shows that, in this case, the following simplifications occur:

Y —Tif = pc® —p, (3.3.17)
TYWTA — (T)? = ppc. (3.3.18)

Using (3.3.17) and (3.3.18) we see that only the first terms on the RHS of
(1.4.1), (1.4.2) depend on v, and the only term that is not linear in p and
p is the third term on the RHS of (1.4.2). We state and prove the following
theorem:

Theorem 10 Assume that 0 < p < pc?, 0 < % < c?. Then T}} is a function
of TV and TS} so long as (p,v) lie in the domain D = {(p,v) : 0 < p, |v| < c}.

Proof: We may write (3.3.17) and (3.3.18) in the form

T3 — Tat = filp), (3:3.19)
Ty Tar — (Tnp)* = fa(p)- (3.3.20)
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Since ‘Zipl =c?—p' >c?—0? >0, it follows that the function f; is one-to-one
with respect to p. Also, % = p'pc? + pc? > pc? > 0, so the function f; is also

one-to-one in p. Consequently, the function h = fo - f; 1 is one-to-one, and
thus

TRTAF — (TV)? = h(T) — T3}). (3.3.21)

Now introduce the linear and invertible change of variables
=T —Til, y=Ty, z="Ti}, whereby (3.3.21) becomes

(z+ 2)z — y* = h(x). (3.3.22)

Equation (3.3.22) is quadratic in z, and so we may solve it directly, obtaining

L + /22 —&-24(y2 + h(x)) (3.3.23)

From (3.3.23), we conclude that for any (x,y), there are two values of z,
though only one of these will correspond to values of p and v in the domain
D. That is, since

r=TY —Ti} =pc®* —p >0, (3.3.24)

and z = Ti} > 0, it follows that there is at most one solution of (3.3.23) in
the domain D, namely

LT NEE +24(y2 + h(x)). (3.3.25)

We conclude that if (p,v) lies in the domain D, then for each value of T3
and T}, there exists precisely one value of T}}. O

A calculation shows that in the case p = 02p, 0 = constant, the formula
for T} in terms of (TP, TV}) is given by

2K, 1+ 2K,
(3.3.26)
where
02C2

3.4 Statement of the General Problem

Our results concerning the weak formulation of the Einstein equations (1.3.2)-
(1.3.5) assuming spherical symmetry given in Theorem 9 can be summarized
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as follows. Assume that A, B are Lipschitz continuous functions, and that
T € L*°, on the domain r > 7o, ¢ > 0. Then (1.3.2)-(1.3.5) are equivalent to
two different systems which take the form of a system of conservation laws
with source terms. In the first case, we have shown that weak solutions of the
system (1.3.2), (1.3.4) together with equations (3.3.7), (3.3.8) (for DivT = 0),
will solve (1.3.2)-(1.3.5) weakly, so long as (1.3.3) holds at 7 = 7. This reduces
the Einstein equations with spherical symmetry to a system of equations of
the general form

us + f(u, A, B)y = g(u, A, B, A’, By, B', z), (3.4.1)
Ay =h%(u, A, B, 1), (3.4.2)
B, = ht(u, A, B, z), (3.4.3)

where u = (TV,TY}) agree with the conserved quantities that appear in the
conservation law divTy; = 0 in flat Minkowski space. (Here “prime” denotes
8% since we are using x in place of r.) It is then valid to use equations (1.3.2)-
(1.3.4) to eliminate all derivatives of A and B from the RHS of system (3.4.1),
by which we obtain the system (1.3.2), (1.3.4), (1.4.1), (1.4.2), a system that
closes to make a nonlinear system of conservation laws with source terms,

taking the general form

Ut + f(u7A7B)I = g(U,A7B7$),
A, = h%u, A, B, z), (3.4.4)
B, = h'(u, A, B, z),

which reproduces (1.4.3),(1.4.4) of Chapter 1. Weak solutions of (3.4.4) will
satisfy (1.3.3) so long as (1.3.3) is satisfied on the boundary r = ry.

In the second case, we have shown that weak solutions of the system
(1.3.3), (1.3.4) together with equations (3.3.7), (3.3.8) (for DivT = 0), will
solve (1.3.2)-(1.3.5) weakly, so long as (1.3.2) holds at ¢ = 0. This reduces
the Einstein equations with spherical symmetry to an alternative system of
equations of the general form

ut+f(uaA7B)$:g(uaAaBaA/aBt7B/ﬂx)7 (345)
Ay, =hu, A, B, x), (3.4.6)
= hl(u, A, B,z). (3.4.7)

It is then valid to use equations (1.3.2)-(1.3.4) to eliminate all derivatives of A
and B from the RHS of system (3.4.5), by which we obtain the system (1.3.3),
(1.3.4), (1.4.1), (1.4.2), a system that closes to make a nonlinear system of
conservation laws with source terms, taking the general form
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ut + f(u, A, B)y = g(u, A, B, x), (3.4.8)
Ay = 1°(u, A, B, x), (3.4.9)
By = hi(u, A, B, x). (3.4.10)

Weak solutions of (3.4.8) will satisfy (1.3.2) so long as (1.3.2) is satisfied at
t=0.

3.5 Wave Speeds

In this section we conclude by calculating the wave speeds associated with
system (1.4.1)-(1.4.2). Because A and B enter as undifferentiated source terms,
it follows from (1.4.1)-(1.4.2) that for spherically symmetric flow, the only
wave speeds in the problem will be the characteristic speeds for the fluid.
Loosely speaking, the gravitational field is “dragged along” passively by the
fluid when spherical symmetry is imposed. From this we conclude that there
is no lightlike propagation, (that is, no gravity waves), in spherical symmetry,
even when there is matter present. (This is the conclusion of Birkoff’s theorem
for the empty space equations, [35].)

The easiest way to calculate the wave speeds for the fluid is from the
Rankine-Hugoniot jump conditions in the limit as the shock strength tends to
zero. To start, note that the components of the 4-velocity w for a spherically
symmetric fluid (1.2.4) are w® = % w! = 4 4?2 = w? = 0. Since —1 =
g(w,w), the components w® and w' are not independent, and in particular,
—1 = —(w°)2A+ (w')?B. We define fluid speed v as the speed measured by an
observer fixed in (¢,7) coordinates. That is, the speed is the change in distance
per change in time as measured in an orthonormal frame with timelike vector
parallel to 9; and spacelike vector parallel to 0,.. It follows that the speed is
given by v = x/a, where

0

t
W=a———=+2x
goo

Or
Vo
Taking the inner product of w with 0; and then with 0,, we find that a =
w’y/=goo and z = w'/g17, and hence

w! |B

1
042
=——. 3.5.3
) = G (353)
Using (3.5.2) and (3.5.3) in (1.2.4), it follows that the components of the
energy-momentum tensor take the following simplified form, which is valid
globally in the (¢,r) coordinate system:

(3.5.1)

whereby,
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Too_l (»+ 02) ? _
_A p p 0271}2 p

1 cv
01 _ 2
= \/E(erpc g
1 V2
T = B{<p+p€2)c2v2 +p}-

Note that these components are equal to the components of the stress tensor
in flat Minkowski space, times factors involving A and B that account for
the fact that the spacetime is not flat. Using (1.3.9)-(1.3.11) we can write the
Rankine-Hugoniot jump conditions in the form

S[T99) =\ ST (3.5,

s[Txr] = \/E[Tzlwl]- (3.5.5)

From (3.5.4)-(3.5.5), we deduce that wave speeds for the system (1.4.1)-(1.4.2)
are \/A/B times the wave speeds in the Minkowski metric case, and this holds
globally throughout the (¢,7) coordinate system. (See [27].) Eliminating s from
(3.5.4) and (3.5.5), yields

[T = [Ta)[Tas ). (3.5.6)

Now take the left fluid state on a shock curve to be (pr, vr), and the right fluid
state to be (p, v). For a spherically symmetric perfect fluid, (3.5.6) defines the
right velocity v as a function of the right density p. Then to obtain the fluid
wave speeds, just substitute this function into (3.5.4), solve for s, and take
the limit as p — pr. Following this procedure, (3.5.6) simplifies to

(’U — UL)Q _ Lp][p] (357)

(2 —=v2)(c2=v})  (p+pc?)(prL +prc?)
Note that equation (3.5.7) can be written as a quadratic in v, and hence there
are two solutions. The ‘4’ solutions will yield the 2-shocks, and the ‘-’ the
1-shocks. Dividing both sides of (3.5.7) by (p — pr)? and taking the limit as
p — prL, we see that

dp _ (p+c2p)? (dv?
i~ (1) (3:5:5)

Solving (3.5.5) for s we obtain,

s = \/g [(p + o)t +p] (3.5.9)

[(P + PC2)ﬁ}
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and taking the limit as p — pp, we obtain

"(c? 2 3,7
O A AT e ot
n 5 : cv’ (2 —v? cv2v’ ’
B 07+ ot + g i

2 2 ’
T + ) + 0+ pe) 225+
“\B

(7 + 62) 2225 + (0 + pe2) SHEE |

(Here the plus/minus on RHS is determined by the two possible signs of
v' = dv/dp as allowed by (3.5.8).) After substituting for dv/dp using (3.5.8),
and simplifying, we obtain

02 2c%v /
[(Pl +A) Pt % ‘*‘Pl}

|:(p/ + CZ)CZC,UUZ + C(62+1’2)\/Z7:|

@=?)

[(p/ + 02)’02 + 2021)\/]7 +p'(02 _ ’1)2)]
[0 + 2)ev £e(@ + 2]

B \/I [v? £ 20D + ']
~ VB [vp’:l:(02+v2)\/}7+621)}’

I e
B v+ P [ tuvp]

This gives the wave speeds as:

A Vpxo
Ay =y = YE=ZY 5.1
FTNBw 2 (3:5.10)

(For example, the formula for A_ results from choosing ‘-’ in (3.5.7).) The
following theorem demonstrates that the system (1.4.1)-(1.4.2) is strictly hy-
perbolic whenever the particles are moving at less than the speed of light:

Ay =

ST Wi

Proposition 6 Assume that
v <,

so that the particle trajectory has a timelike tangent vector. Then wave speeds
for the general relativistic Euler equations (1.4.1)-(1.4.2) satisfy A— < Ay.

Proof: To determine where the wave speeds are equal, set A_ equal to A4
and solve for v to obtain v? = ¢?. Next, substitute v = 0 into A_ and Ay to
verify that A\_ < A, when v? < ¢2A/B. Proposition 6 follows directly. O
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As a final comment, we note that Proposition 6 is true because it is true in
a locally inertial coordinate system centered at any point P in spacetime.
Indeed, in such a coordinate system, the connection coefficients vanish at P,
and the metric components match those of the Minkowski metric to first order
in a neighborhood of P. As a result, the general relativistic Euler equations
reduce to the classical relativistic Euler equations at P. Since it is known in
Special Relativity that the Euler equations are strictly hyperbolic for timelike
particles, [27], it follows that the same must be true in General Relativity.
Other pointwise properties, such as genuine nonlinearity and the Lax entropy
inequalities, [26, 18], can be verified for the spherically symmetric general
relativistic equations in a similar manner.



4

Existence and Consistency for the Initial Value
Problem

4.1 Introduction

In this chapter, taken from [13], we present a proof that shock wave solutions
of (1.3.2)-(1.3.5), (1.2.4) and (1.3.1), defined outside a ball of fixed total mass,
exist up until some positive time T > 0, and we prove that the total mass
Moo = lim,—, oo M(r,t) is constant throughout the time interval [0, 7). A local
existence theorem is all that we can expect for system (1.3.2)-(1.3.5) in general
because black holes are singularities in standard Schwarzschild coordinates,

B = ﬁ — oo at a black hole, and black holes can form in finite time.

For these solutions, the fluid variables p, p and w, and the components of
the stress tensor T%, are discontinuous, and the metric components A and
B are Lipschitz continuous, at the shock waves, c.f. (1.3.2) and (1.3.4). Since
(1.3.5) involves second derivatives of A and B, it follows that these solutions
satisfy (1.3.2)-(1.3.5) only in the weak sense of the theory of distributions.
Thus our theorem establishes the consistency of the initial value problem for
the Einstein equations at the weaker level of shock waves.

To be precise, assume the initial boundary conditions

P(T’, 0) = Po(T), U(Tv 0) = UO(T)7 fOT > T,
(4.1.1)
M(rg,t) = My,, v(ro,t) =0, fort>0,

where ro and M, are positive constants, and assume that the no black hole
and finite total mass conditions,

2M(r,t
D 3 g M) = Ma, < oo, (4.1.2)

r 7—00

hold at t = 0. For convenience, assume further that
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lim 2T (r,t) =0, 4.1.3
M

T™—00

holds at t = 0, c.f., (1.3.15), (4.1.2). The main result of this chapter can be
stated as follows:

Theorem 11 Assume that the initial boundary data satisfy (4.1.1)-(4.1.3),
and assume that there exist positive constants L, V and v such that the initial
velocity and density profiles vo(r) and po(r) satisfy

TVeren i po) <V TVrssy i (SE00) v )] <0<

¢ —wo(")

(4.1.4)
for all 1o < r < 0o, where TV}, f(-) denotes the total variation of the func-
tion f over the interval [a,b]. Then a bounded weak (shock wave) solution
of (1.8.2)-(1.3.5), satisfying (4.1.1) and (4.1.2), exists up to some positive
time T > 0. Moreover, the metric functions A and B are Lipschitz continuous
functions of (r,t), and (4.1.4) continues to hold for t < T with adjusted values
for' V and v that are determined from the analysis.

Note that the theorem allows for arbitrary numbers of interacting shock waves,
of arbitrary strength. Note that by (1.3.2), (1.3.4), the metric components A
and B will be no smoother than Lipschitz continuous when shocks are present,
and thus since (1.3.5) is second order in the metric, it follows that (1.3.5) is
only satisfied in the weak sense of the theory of distributions. Note finally
that lim, o, M(r,t) = My is a non-local condition.

In the argument leading to (3.4.4) of Chapter 3, we showed that when the
metric components A and B are Lipschitz continuous, system (1.3.2)-(1.3.5) is
weakly equivalent to the following system of equations obtained by replacing
(1.3.3) and (1.3.5) with the 0- and 1-components of DivT = 0,

A 2 [A
{T&O},ﬁ{ BT}&}} =\ 5T (4.1.5)
1

s

[A 1 /A (4 B-1
{TJ(\)/II}Q"_{ BTJ%/[I} :_2\/;{$T}V}+( - )(TI(\)/?—TI%/[I) (4.1.6)

,1

+2kxB(TyThf — (Thf)?) — 4aT??},

B’ (B-1)
F=—5 F kxBTS, (4.1.7)
A (B-1)

This is the system of conservation laws with source terms which we have
written in the compact form (1.4.3), (1.4.4),
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Uy + f(Aau)aL = g(A,u,x),
A =h(A,u,z).

Here
w= (T, Tyy) = (u,ul),
A = (A, B),

ﬂAwy=¢guﬂﬂﬁy (4.1.9)

and it follows from (4.1.5)-(4.1.8) that

9(A,u,z) = (¢°(A,u,2), g (A, u,2)), (4.1.10)
h(A,u,z) = (h°(A,u,z), k' (A, u,z)), (4.1.11)
where
2 A
gOO&ﬂur):ffg\LETQL (4.1.12)
1 [A (4 (B-1)
o Aur) = -0 4 {TM N Eh (4.1.13)
+2kzB(TyThf — (Th})?) — 4aT??},
and

1A

B —
h(A,u,z) = (B-b4 + kxABT;}, (4.1.14)
x
B-1)B
if(A,mag::7£4444274+an2T$% (4.1.15)

T

The vector h(A,u,x) was just obtained by solving (1.3.2) and (1.3.4) for A’
and B’. Note that we have set z = z! = r, and will use x in place of r
in the analysis to follow since this is standard notation in the literature on
hyperbolic conservation laws. Note also that we write ¢ when we really mean
ct, in the sense that ¢ must be replaced by ¢t whenever we put dimensions of
time, i.e., factors of ¢, into our formulas. We interpret this as taking ¢ = 1
when convenient.

Recall that a new twist in formulation (1.4.3), (1.4.4) is that the con-
served quantities are taken to be the the energy and momentum densities
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uw= (u,ul) = (TP, TY}) of the relativistic compressible Euler equations in

flat Minkowski spacetime—quantities that, unlike the entries of T, are inde-
pendent of the metric. Recall also that, (remarkably), all time derivatives of
metric components cancel out from the equations when this change of vari-
ables is made, c.f. Section 3.3 and [12]. We take advantage of this formulation
in the numerical method which we develop here for the study of the initial
value problem.

The proof of Theorem 1 is based on a fractional step Glimm scheme, c.f.
[19, 11]. The fractional step method employs a Riemann problem step that
simulates the source free conservation law u; + f(A,u), = 0, (A = Const),
followed by an ODE step that accounts for the sources present in both f and
g. The idea for the numerical scheme is to stagger discontinuities in the metric
with discontinuities in the fluid variables so that the conservation law step as
well as the ODE step of the method are both generated in grid rectangles on
which the metric components A = (A, B), (as well as ), are constant. At the
end of each timestep, we solve A" = h(A,u,z) and re-discretize, to update
the metric sources. Part of our proof involves showing that the ODE step
ug = g(A,u,z) — Vaf- A’ with h substituted for A’; accounts for both the
source term g, as well as the effective sources that are due to the discontinuities
in the metric components at the boundaries of the grid rectangles.

Because of our formulation (1.4.3), (1.4.4), only the flux f in the con-
servation law step, depends on A. From this dependence we conclude that
the only effect of the metric on the Riemann problem step of the method is
to change the wave speeds, but not the states of the waves that solve the
Riemann problem. Thus, on the Riemann problem step, when we assume
p = o2p, we can apply the estimates derived in Chapter 2 for flat Minkowski
spacetime A = (1,1). Applying these results, it follows that the Riemann
problem is globally solvable in each grid cell, and the total variation in In p
is non-increasing on the Riemann problem step of our fractional step scheme,
(Lemma 7). Thus we need only estimate the increase in total variation of In p
for the ODE step of the method, in order to obtain a local total variation
bound, and hence compactness of the numerical approximations up to some
time T" > 0.

One nice feature of our method is that the ODE that accomplishes the
ODE step of the method, turns out to have surprisingly nice properties. In-
deed, a phase portrait analysis shows that p > 0, |v| < ¢ is an invariant region
for solution trajectories. (Since 2 and A are taken to be constant on the ODE
step, the ODE’s form an autonomous system at each grid cell.) We also show
that even though the ODE’s are quadratic in p, solutions of the ODE’s do not
blow up, but in fact remain bounded for all time. It follows that the fractional
step scheme is defined and bounded so long as the Courant-Freidrichs-Levy
(CFL) condition is maintained, [26]. We show that the CFL bound depends
only on the supnorm of the metric component || B||, together with the sup-
norm ||S|sc, where S = S(x,t) = xp(z,t). We go on to prove that all norms
in the problem are bounded by a function that depends only on || Bl|cc ||S]]co;
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and ||TVg In p(-,t)||oo, where the latter denotes the sup of the total variation
over intervals of L. By this we show that the solution can be extended up
until the first time at which one of these three norms tends to infinity. (Our
analysis rules out the possibility that v — ¢ before one of these norms blows
up.) The condition B — oo corresponds to the formation of a black hole,
and p — oo corresponds to the formation of a naked singularity, (because the
scalar curvature satisfies R = {c¢? — 302}p). It is known that black holes can
form in solutions of the Einstein equations, and it is an open problem whether
or not naked singularities can form, or whether we can have ||S]|oc — o0, or
1TV Inp(-,t)]|co — 00, in some other way.

The main technical problem is to prove that the total mass M, =
5 f;;o pr?dr is bounded. The problem is that, in our estimates, the growth
of p depends on M and the growth of M depends on p, and M is defined by a
non-local integral. Thus, an error estimate of order Ax for Ap after one time
step, is not sufficient to bound the total mass M., after one time step.

In Section 4.2, we introduce the notation and state the main result, The-
orem 13. In Section 4.3 we define the fractional step scheme, the so called
locally inertial Glimm scheme. The fractional step scheme involves a Riemann
problem step to handle the hyperbolic part and an ODE step to account for
geometric and other sources in each grid cell. In Section 4.4 we analyze the
Riemann problem step of the fractional step method, and in Sections 4.5 and
4.6 we analyze the ODE solutions in each grid cell. Estimates for the syn-
thesis of the the Riemann step followed by the ODE step under iteration in
approximate solutions generated by the fractional step scheme are derived in
Section 4.7. Uniform bounds on the total variation of approximate solutions
at each fixed time are obtained in Sections 4.8. The method is to first assume
the relevant norms in the problem are bounded, and then to obtain estimates
derived in terms of these bounds that are strong enough to eliminate the start-
ing assumptions. The convergence of the residual, (the measure of how far the
approximate solutions are from true weak solutions), is proven in Section 4.9.
This involves cancellation of errors from the ODE step with errors from the
Riemann step, and justifies the incorporation of terms from the flux into the
ODE step. Concluding remarks are made in the final Section 4.10.

4.2 Preliminaries

The starting point of our analysis is the following theorem, which is a re-
statement of Theorem 2, Chapter 3. This theorem implies the equivalence
of system (1.4.3),(1.4.4) with the Einstein equations (1.3.2)-(1.3.5) for weak,
(shock wave), solutions, so long as (1.3.3) is treated as a constraint that holds
so long as it holds at the boundary 2 = ry. (Again, we use the variable x in
place of r in order to conform with standard notation, c.f. [26]).
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Theorem 12 Let u(x,t), A(x,t) be weak solutions of (1.4.83),(1.4.4) in the
domain
D={(z,t) 170 < <00,0<t < T}, (4.2.1)

for some rg > 0, T > 0. Assume that u is in LjS.(D), and that A is locally
Lipschitz continuous in D, by which we mean that for any open ball B centered

at a point in D, there is a constant C > 0 such that

|A(fE2,t2) — A(l’l,tl)| S C{‘.’L‘Q — .’El‘ + |t2 — t1|} (422)

Then u and A satisty all four Finstein equations (1.3.2)- (1.3.5) throughout
D if and only if the equation (1.5.8),
B
—— = rABT"
B " ’
holds at the boundary x = ro. In this case, it follows that the equivalent forms

(1.8.7), (1.3.8) of (1.8.2),(1.3.3), respectively, also hold in the strong sense
throughout D.

Note that for our problem, the constraint (1.3.8), and therefore (1.3.3), is
implied by the boundary conditions

M(TOa t) = MT07 (423)
v(ro,t) =0, (4.2.4)

alone, because, using (1.3.13), equation (1.3.8) translates into

which, in light of (4.2.3), (4.2.4), is an identity at the boundary = = rg.

It follows from Theorem 12 that in order to establish Theorem 11, it suffices
only to prove the corresponding existence theorem for system (1.4.3)-(1.4.4)
in domain D. The equation (1.3.3) will then follow as an identity on weak
solutions because it is met at the boundary. It follows that if we construct
weak solutions for which v is uniformly bounded and for which p decreases
fast enough, then we can apply (1.3.3) as x — oo to conclude that

}gﬂﬂ%ﬂzO (4.2.5)
This is our strategy for proving that the total mass is finite.

Before stating the main theorem precisely, a few preliminary comments
regarding system (1.4.3)-(1.4.4) are in order. First note that system (1.4.3)-
(1.4.4) closes once we express Th} and T%? on the RHS of (4.1.9), (4.1.10) and
(4.1.11), as a function of the conserved quantities u = (u®,ul) = (T9, T}).
From (1.2.4) it follows that
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T = = = —-, (4.2.6)

and this can be expressed in terms of u via the mapping (4.2.21) discussed
below. To write T} as a function of u, use the identities, (c.f. (4.69),(4,70) of

[12]),

Ty = Thf = pc® —p = fi(p), (4.2.7)
Ty Tyt — (T3])? = ppc® = fa(p). (4.2.8)

By (4.2.7),
p— FHITS —TH), (4.2.9)

and using this in (4.2.8), one can in general solve (4.2.8) for Ti}. In the case
p = o?p, a calculation gives

2 +1 AC T017°
Tif ="l —  |1- M iy 4.2.10
VT Ty 2+ 172 (C%T&O w20
where
o’c?
=—Q. 4.2.11
¢ (2 = o2)2 ( )
It is readily verified that the quantity under the square root sign is positive
so long as
T 1
M 14+ —
{Tﬁ?] RS
which holds in light of (1.3.17). It follows that (4.2.10) defines T3} as a smooth,

single valued function of the conserved quantities (u®, u') = (T2, T%). Other

than its existence, we will not need the explicit formula for T} given in
(4.2.10).

We are free to analyze the state space for system (1.4.3)-(1.4.4) in the plane
of conserved quantities u = (u®, u') = (T2, T), in the (p,u) plane, or in the
plane of Riemann invariants (r,s) which are defined in terms of p and v via
the special relativistic Euler equations in flat Minkowski spacetime, (assume
p=02p, c.f. (2.5.73), (2.5.74) of Chapter 2),

1 K
r=—=In ctv_ “2np, (4.2.12)
2 c—vw 2
1. c+v Ky
=1 —1 4.2.1
s 2nc_v+ 5 Inp, ( 3)

where
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gc

Ky= —.
0 2+ o2

(4.2.14)
(We use Roman “r” for the Riemann invariant to distinguish it from the radial
variable “r”, c.f. (2.5.73), (2.5.74).) In this section it is more convenient for
us to use the variables

z=s—r1r=Kylnp, (4.2.15)

wzs—f—r:lnc—ﬂj7 (4.2.16)

and we let z denote the vector

c—v
— (z,w) = [ Kolnp,1 . 4.2.17
2= (50) <0HPHC+U> (12.17)
Given this, we use the following notation: As usual, the double norm | - ||
applied to a vector denotes Euclidean norm, so e.g., ||ul| = 1/(u?)? + (ul)?
and ||z]] = v/(2)? + (w)?), and the single norm | - |, when applied to scalars,

denotes the the regular absolute value. But we use the special notation that
| - |, when applied to a vector, denotes the change in the z-component across
the vector, so that, e.g.,

Iz = 2. (4.2.18)

Similarly, if v denotes a wave with left state z;, and right state zy,, (see (4.3.10)
and (4.4.13)-(4.4.15) below), then we let

IVl = V1zr — 202 + [wr — wrl?, (4.2.19)
7| = |2k — 22, (4.2.20)

and we refer to || as the strength of the wave ~, c.f. [27, 19].
Equations (1.3.12), (1.3.13), and (4.2.12)-(4.2.16), define the mappings
T (py0) — (u0,u) and B (p,v) — (2,u),

w0 eyt
(ul v (M) = sha ) (4.2.21)
T2z P

(i) :45(5) = (ﬁoﬁp) (4.2.22)

The following proposition states that the mappings ¥ and & define one to one
regular maps between the respective domains:
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Proposition 7 The mapping

&:D—R (4.2.23)

defined by (4.2.21) is smooth, one-to-one and onto, from domain

D ={(p,v) : 0< p<o0,v| <c}, (4.2.24)
to range
R={(u’u'):0<u’ < oo, ut| < oo} (4.2.25)
and the mapping
$:D— R, (4.2.26)

defined in (4.2.22), is smooth, one-to-one and onto from domain D to

R={(z,w): —00 < z < 400, —00 < w < +00}. (4.2.27)
Proof: This follows directly from (4.2.21) and (4.2.22).

The goal of this chapter is to prove the following theorem:
Theorem 13 Let

uo(w) = (ug(2), ug(w)) = ¥(po(x),vo(w)) = ¥ 0 D~ (20(w), wo(x)),

and Ag(z) = (Ao(x), Bo(x)) denote initial data for system (1.4.3),(1.4.4),
defined for x > ro. Assume that there exists positive constants V, L, and v,
such that

TVigatrr)Inpo(-) <V, (4.2.28)
TVigprr)In 5208 <V, (4.2.29)
|vo(x)] < 0, (4.2.30)

for all x > ry. Assume that By(x) = 12,\%, where the initial mass function

x

My(z) is given by

xT
Mo(z) = M, + g/ u(r)r? dr, (4.2.31)
To

(c.f. (1.3.15)), and assume that My satisfies the conditions

lim My(z) = My < o0, (4.2.32)

r— 00

and
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1- %O(x) =By'(z) > B >0, (4.2.33)

respectively, for some fized positive constants M,, < My, and B < co. As-
sume finally that

Ap(z) = Ay exp /m {Bo(q;)_l + HTBO(T)TJ%/}(UO(T))} dr (4.2.34)

To

for some fized positive constant A, > 0, so that
Ao(’l"o) = Aro > 0. (4235)

Given this, we conclude that there exists T > 0, and functions u(zx,t), A(z,t)
defined on x > ro, 0 < t < T, such that u(x,t), A(z,t) is a weak solution
of system (4.1.5),(4.1.6), (1.3.2)-(1.8.4), together with the initial-boundary
conditions

p(z,0) = po(z), v(z,0)=1vo(2), (4.2.36)
A(ro,t) = (A1_1N> : (4.2.37)
v(ro,t) = 0. ) (4.2.38)

Moreover, the solution u, A satisfies the following:
(i) For each t € [0,T) there exists a constant V (t) < oo such that

T‘/[a;,w-l-L] lnp('a t/) < V(t)a (4239)
c+ ’U(') t/)

for allt' < t.
(i1) For each x > ro and t € [0,T),

0 < A(z,t), B(z,t) < o0, (4.2.41)
and
lim M(z,t) = Mo. (4.2.42)
r—00

(11i) For each closed bounded set U C {(z,t) : x > ro, 0 <t < T}, there exists
a constant C(U) < oo such that,

HA({,C27t2) — A(xl,t1)H < CU) {|x2 — {,C1| + |ta — tl‘}, (4.2.43)

and

/r (s t2) — u(r, t1) dr < CQU)[ts — t1]. (4.2.44)
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Here, (4.2.39) and (4.2.40) imply that the functions z(-,¢) and w(-,t) are
functions of locally bounded total variation at each fixed time ¢ < T, and
the bounds are uniform over bounded sets in x > rg, 0 < ¢t < T. Estimates
(4.2.39) and (4.2.40) also imply that p > 0 and |v| < ¢, and therefore that
u® > 0 throughout > 79, 0 < t < T. The inequality (4.2.41) says that
B = ﬁ > 0, and hence that 22 < 1 for ¢ < T, the condition that

no black holes have formed before time 7. Inequality (4.2.43) says that the
metric components A and B are locally Lipschitz continuous functions in
x >rp, 0 <t <T,and (4.2.43) says that u(z,t) is L'-Lipschitz continuous in
time, uniformly on bounded sets. Note that (4.2.31), (4.2.34) are included to
guarantee that equations (1.3.2) and (1.3.4), (and so also (1.4.4)), are satisfied
at time ¢ = 0.

4.3 The Fractional Step Scheme.

In this section we define the approximate solutions uaz, A Ay = (Aaz, Bag) of
system (1.4.3), (1.4.4) constructed by a fractional step Glimm scheme. Again,
we have set £ = ! = r, and we write ¢ in place of ct, in the sense that ¢ must
be replaced by ¢t whenever we put dimensions of time, (that is, factors of ¢),
into our formulas.

Let Az << 1 denote a mesh length for space and At a mesh length for
time, and assume that

Az
—=A 4.3.1
M (43.1)

so that A~! is the Courant number. We choose

A> Maz{Q\/g}, (4.3.2)

where the maximum is taken over all values that appear in the approximate
solution. This guarantees the Courant-Friedrichs-Levy (CFL) condition, the
condition that the mesh speed be greater than the maximum wave speed in

the problem. (That is, ,/% is the speed of light in standard Schwarzschild

coordinates, and the factor of two accounts for the fact that waves emanate
from the center of the mesh rectangles in our approximation scheme. Of course,
as part of our proof, we must show that the maximum on the RHS of (4.3.2)
exists.) Let (z;,t;) be mesh points in an unstaggered grid defined on the
domain

D ={ro <z <oo,t >0}, (4.3.3)
by setting
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x; = ro + 1Ar,
t; = jAt.
Each mesh point (z;,%;), 4 > 0, j > 0, is positioned at the bottom center of
the grid rectangle R;;,
Rij = {Jil_% <z < JZH_%, tj <t< tj+1}, (434)
where 2+, = (it$)Az. Let R, ; denote the half rectangle {z;, < z <

Tigrds tj <t < tjp1} at the boundary x = ro. (This is diagrammed in

Figure 3.)

Y

1=0 1—1 1 1+ 1 T

= ;1 P L
T =T 1= 3 z+2

The mesh rectangles R;;.

Figure 3

In the approximation scheme, the metric source A = (A, B) is approximated
by the constant value A,; in each grid rectangle R;;, so set

AAw(x,t) = Aij for (.Z‘,t) S Rij, (435)

for values of A;; to be defined presently. It follows that A 4, is discontinuous
along each line z = Ty, 1=0,...,00, and at each time ¢ = t;. In our definition
below, values of A;; are determined from values A; ;1 and ua, at time ¢;—,

by solving (1.4.4), using the boundary condition A = A,, = <Ar0, 121MT0)
at the boundary z = rg. ’
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We now define ua, by induction. First assume that ua, is given by piece-
wise constant states u;; at time ¢ = t;4 as follows:

Uag(z,t) =u; for o, <o <z, t=t+. (4.3.6)

This poses the Riemann problem

_Jun =1y v < Ty,
ug(x) = {UR — > o5 (4.3.7)
for the system

at the bottom center of each mesh rectangle R;;, ¢ > 1. When ¢ = 0, the
boundary condition v = 0 at xy = rg replaces the left state, and so in this
case, the piecewise constant state ug; at time ¢t = ¢;+ poses the boundary
Riemann problem

_Jv=0 T =T,
up(x) = {UR —uo, @ >0 (4.3.9)
1 Let u/t"(x,t) denote the solution of (4.3.6), (4.3.7) for (z,t) € Ri;, and
et

ulil(z,t) = uﬁp(x,t) for (z,t) € Ryj. (4.3.10)

Equation (4.3.10) defines the Riemann problem step of the fractional step
scheme. Note that since A, = A;; is constant in each R;;, it follows that
system (4.3.8) is just the special relativistic Euler equations for p = o2p, with
a rescaled flux. We discuss the solution of this Riemann problem in detail
in Sectlon 4.4. We conclude there that the solution uRP (z,t) consists of a
1-wave ’y followed by a 2-wave 2 S foralli>0, it con31sts of a single 2-wave
o ;=0 at the boundary ¢ = 0, and the waves 7 ; all have sub-luminous speeds
so long as (4.3.2) holds. It follows that (4.3.2) guarantees that the waves in
the Riemann problem (4.3.7), (4.3.7), never leave R;; in one time step, c.f.
Proposition 9 below.

The Riemann problem step of the method ignores the effect of the source
term ¢ in system (1.4.3), and also ignores the effect of the discontinuities in
the flux f(A,u) due to discontinuities in A at the boundaries x,- <1 of Rij.

These effects are accounted for in the ODE step. For the ODE step of the
fractional step scheme, the idea is to use the Riemann problem solutions as
initial data, and solve the ODE’s

u=G(Au,z) =g— A" -Vaf, (4.3.11)

for one time step, thus defining the approximate solution in R;;. The first
term on the RHS of (4.3.11) accounts for the sources on the RHS of (1.4.3),
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and the second term accounts for the discontinuities in A at the boundaries
x,—1. Now by (4.1.13),
+2

9= g(Avuvx) = (gO(A,u,x),gl(A,u,x)) )

where
2 A
oA = -\ STy 4.3.12
g ( ,u,m) T B M > ( 3 )
1 /A (4 B-1
g (A u,z) = 75,/5 {ITj} + (367)(73940 — T3} (4.3.13)
+2kxB(TyThf — (Th})?) — 4aT??} .
By (4.1.9),
VA = VAL(A0) = (Vaf’ Var) = (§ ATl g 5t
) ’ 9 m M > 9 B\/@ M | >
(4.3.14)
and by (4.1.15),
A'=h=(h"(A,u,2)),h' (A u,x))), (4.3.15)
where
B-1)A
hO(A,u,z) = B-D4A + krABT}},
B-1)B
hY (A, u,z) = _(B-DB + kz BTy, (4.3.16)
It follows from (4.3.14)-(4.3.16) that
A’ A = LA o T 4.3.17
where
A B 2(B-1)
b=F-F= ——— —xzB (TS — T4}) - (4.3.18)

Using (4.3.12), (4.3.13) and (4.3.18) and simplfying, we find that the ODE
step should be
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uy = G, (4.3.19)
where
1 [A 2(B+1
GO(A,u,z) = -5 ET}\’} {(;) — kB (Tyy — T}})} : (4.3.20)
1 [A (4 B-1
GY(A,u,z) = -5V {ij} +— (T3 + Thf) + (4.3.21)

ke B [TTA - 2(T8) + (Tif)°] - 4272}

Since u = (T, TV}, and Ti}, T?? are given as functions of u in (4.2.6),
(4.2.10), respectively, it follows that the right hand sides of (4.3.20) and
(4.3.21) determine well defined functions of (A, wu,x). It follows that G, as
defined in (4.3.20), (4.3.21) also satisfies

G(Aa u, x) = g(A,u,x) - AI . VAf(Aa U,JJ),

where (4.3.12), (4.3.13) and (4.3.17) define g and A’- f as functions of (A, u, x).
We can now define the ODE step of the method. Let (¢, up) denote the
solution to the initial value problem

’at = G(AZ]7’&"T) g(AZja ) - AI . VAf<Aij,'a,x),
a(0) = uo, (4.3.22)

where G(A,4,x) is defined in (4.3.20), (4.3.21), and g(A,u,z) and A’ -
f(A,u,z) are defined in (4.3.12), (4.3.13) and (4.3.17), respectively. It fol-
lows that

t
’LAL(t,Uo) — Uug = / ﬂt dt
0

= /0 {9(Aij,0(& uo), x) — A" - VA f(Aiy,0(E uo), )} dE.

Define the approximate solution ua.(z,t) on each mesh rectangle R;; by the
formula

upg(z,t) = ulE (x,t) + {G i (€ —t5,ulil (2,1)),2)} d¢  (4.3.23)
= ultP(z,1) /{g iy (& —t, ukE (2,1)) }df

f/ {A'-VAf(Aij,ﬂ(f tj,qu x,t)) }d{
tj
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Thus on each mesh rectangle R;;, ua.(7,t) is equal to uE (z,t) plus a cor-
rection that defines the ODE step of the method.

To complete the definition of ua, by induction, it remains only to define
the constant states A; ;11 on R; j11, and u; j41 = vag(z,tj11+) for z; <z <
Tit1, in terms of the values of uay, Aa, defined for t; < ¢ < ¢;44. For this
we use Glimm’s method of random choice, c.f. [10, 26]. Thus let

a={a;};2, €I, (4.3.24)

denote a (fixed) random sequence, 0 < a; < 1, where IT denotes the infinite
product measure space II32(0,1);, where (0,1); denotes the unit interval
(0,1) endowed with Lebesgue measure, 0 < j < co. (For convenience, assume
WLOG that ag = %) Then, assuming that ua,, A, is defined up to time
t < tjy1, define

Ui j41 = UAg(Ti + aj 1 AT, b —), (4.3.25)
K xr

MAx(JC,tj_;,_l) = ]\47~O + 5 / uOAx(’I”, tj+1—)’l”2 dT, (4326)
To

c.f. (1.3.15).5 In terms of these, define the functions

1

1 o QMAI(ZE,t]'+1) !
xz

Bag(z,tj11) = (4.3.27)

and

r

Az, tj41) = A, eXP/

ro

{BM(T, tiy1) — 1

+krBag(r, tjs1)Taf (Wag(r, tiz1))} dr, (4.3.28)

c.f. (1.3.6) and (1.3.4). Finally, in terms of these, define

M; j+1 = M(zi,tj41), (4.3.29)
B; j+1 = B(z;,tjy1) = ﬁ, (4.3.30)

and l
A1 = Az, ti). (4.3.31)

6 By (4.3.25),the approximate solution depends on the choice of sample sequence
a. In the last section, we prove that for almost every choice of sample sequence,
a subsequence of approximate solutions converges to a weak solution of (1.4.4).
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Let Ai7j+1 = (Ai7j+1,Bi7j+1) denote the constant value for AAQU on Ri,j+1~
This completes the definition of the approximate solution ua, by induction.
Note that (4.3.26)-(4.3.28) imply that when p > 0, |v| < ¢, we have

Bag(z,t;) 2 1, (4.3.32)

Baa(ro,tj) = 1_2#% = By, (4.3.33)
70

AAx(xv tj) > AT07 (4334)

for all z > 7, j > 0. Note also that as a consequence of (4.3.26), (4.3.27) and
(4.3.28), equations (1.3.2) and (1.3.4) hold in the form

B/Awl(;’tj) Baglaty) ] + kBag (.T, tj)xT}Wl (UAJC ($7 tj>)7 (4335)
Aao(wty) —  Bas@i)=d 4 op (2 4,)2T® (wae(,t5)).  (4.3.36)
Therefore,
0 A B
% In {AAw(x,tj)BAw(x,tj)} = X + §

< 4"fxBA:v(xatj)(T](\)/?(qu<x7tj)) + T]%/Il(uAﬂl(xjj)))'

Integrating this from rg to = yields

8 [“ K
Aot Bar(enty) < A By exp{ 2 [ B (o) 528 (o)}
ro
(4.3.37)
Inequalities (4.3.35)-(4.3.37) directly imply the following proposition:

Proposition 8 Assume that there exist positive constants M, B, S, v, and
integer J > 0, such that the approzimate solution ua,, Az, defined as above,
exists and satisfies

Mag(z,t;) < M, (4.3.38)
Bag(z,t) < B, (4.3.39)

0 < Sas(w,t)) = |zpaz(z, ;)| < S < oo, (4.3.40)
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and

[vaz(z,tj)| <0<, (4.3.41)
for all x > ro, j < J, so that by (1.3.12),

2+ o202
Then
Ar, Ang(z,t))
< < Apz(x,ty) < Apz(x,t))Baz(x,t;
0< BAw(xatj) h BAI(xatj) =04 (w j) =04 (x J) 4 (SU j)
BM _
< ATOBTOexp{S } = Gap(B, M), (4.3.43)
To
and
1 2 +0%0° _
[Alng (2, 15)] < (m + KMS) Gap(B, M), (4.3.44)
1 A +0%0% )\ -
| By, (2, 15)] < (TO + KMS> B? (4.3.45)

forallz > rg, and j < J.

Note that by (4.3.30), (4.3.31), (4.3.43)-(4.3.45) apply with Aa,(z,t;),
Bag(x,t;), replaced by A;;, B;j, respectively. Note also that (4.3.43) implies
that

A=2Gagp (4.3.46)
suffices to guarantee the CFL condition (4.3.2), and note that (4.3.44) and
(4.3.45) imply

2 2-2
< <1 N ,{mg> (B2 + Gup(B, M),  (4.3.47)

Ax

AA A,
70 c? — 2

where

AAAI Ai+l i A”
= : 4.3.48
Ax Az ’ ( )

which gives the Lipschitz continuity in x of A, and Ba,, respectively.
Proof: Inequality (4.3.43) follows directly form (4.3.37) in light of (4.7.30)

and (4.3.26), and (4.3.44), (4.3.45) follow directly from (4.3.35), (4.3.36), and
(4.3.43).
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4.4 The Riemann Problem Step

In this section we discuss uﬁp , the solutions which constitute the Riemann

problem step in the construction of ua,. For fixed (i,7), u/i" (x,t) is defined
in (4.3.7), (4.3.8) as the solution of the Riemann problem

up + f(Aij,u)e =0, (4.4.1)
w(z) = § 48 = Ui-ng w <0 (4.4.2)
0 UR = U5 x Z 0 ’ o

with the origin translated to the bottom center (x;,t;) of the mesh rectangle
Rij ={(z,t) r 2y <@ < w1ty <t <tj} Vector Ayj is constant on

K3

Rij. Assuming p = 02p, system (4.4.1) takes the form

A,
(TS).+ + ( BW}&}) -0, (4.4.3)

(Thf)e + (, /?Tﬁ) =0, (4.4.4)
iJ -

where T} is given as a function of 7§ and T} in (4.2.10).

ij

Proposition 9 Assume that ur, and ug correspond to values of p and v that
lie in the region p > 0, —c < v < c¢. Then the Riemann problem (4.4.1),
(4.4.2) has a unique solution consisting of elementary waves: shock waves and
rarefaction waves. The solution is scale invariant, (is a function of x/t), and
consists of a 1-wave ’yl-lj followed by a 2-wave ’yfj. Moreover, the CFL condition
(4.8.2) guarantees that the speeds of the waves are always smaller than the

mesh speed % = Max {21/%}, and thus waves never interact during one
time step.

Proof: System (4.4.3)-(4.4.4) is the relativistic compressible Euler equations
DivTy; = 0 in flat Minkowski spacetime, except for the constant factor 4/ %
]

that multiplies the flux. Now the factor 4/ % changes the speeds of the waves,
ij
but does not affect the values of u on the elementary waves 'yfj. Indeed, the

scale change t — t/1/A;;/B;j converts (4.4.1) into the Minkowski space prob-
lem DivTy; = 0, and so it follows from the frame invariance of the com-
pressible Euler equations that (s, ur,ur) satisfies the Rankine-Hugoniot jump
conditions
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A

slu] = [f] = B [fadl, (4.4.5)

for system (4.4.1), if and only if (5, u) satisfies the Minkowski jump conditions

slu) = [fu], (4.4.6)
where
s = gz 5. (4.4.7)

(Recall that a shock with left state up, right state ug, and speed s, is a weak
solution of a conservation law u; + f(u), = 0 if and only if the Rankine-
Hugoniot jump relations s[u] = [f] are satisfied.) Here f denotes the flux in
(4.4.1), far = f(1,1,u) denotes the standard Minkowski flux, and [] denotes
the jump in a quantity from left to right across a shock. Thus the i-shock
curves for system (4.4.1) agree with the i-shock curves for the system u; +
fm(u)z) =0, when A;; = (A5, Bij) = (1,1), [26]. Moreover, since [u] tends
to an eigen-direction and s tends to an eigenspeed as [u] — 0 across a shock,
it follows that the i-rarefaction curves R; and i-shock curves S; for system
(4.4.1) are the same as the curves for the Minkowski system u; + fas(u), = 0,

c.f. [26, 27, 10, 17, 7]. Tt follows that the factor ’/% changes the speeds of

the waves, but does not affect the values of u on the elementary waves ﬁj, as
claimed.

It was shown in Chapter 2 that the Riemann problem for system wu; +
fu(uw)z = 0 has a unique solution consisting of a 1-wave followed by a 2-
wave, and all wave speeds are subluminous so long as p > 0, —c < v < c.
If we denote this solution by [ur,ur|nr(z,t), then, (assuming p > 0, —¢ <
v < ¢), it follows from (4.4.7) that the solution of (4.4.1), (4.4.2) is given by

[ur,ugr)(z,t) = [ur, ur]m(z, \/gij;t). Since, by Theorem (4), Chapter 2, all
shock and characteristic speeds are sub-luminous for the Minkowski problem
DivTy = 0, p = 02p, it follows from (4.4.7) that wave speeds in the solution of
the Riemann problem (4.4.1), (4.4.2) are bounded by \/%, the speed of light
in standard Schwarzschild coordinates. This verifies that if p > 0, —c < v < ¢,
then the CFL condition (4.3.2) guarantees that all wave speeds in the solution
uZ”»P are bounded by the mesh speed % = A. Note that this implies that the
constant states u;_1,;, u;; are maintained along the left and right boundaries

of R;; in the approximate solution uﬁp . g

For fixed Aj; = (Aij, Bij), let

[up,ug] = [ur, ug](x,t), (4.4.8)
denote the solution of the Riemann problem (4.4.1), (4.4.2), and write
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[ur,ur] = (v',7?), (4.4.9)

to indicate that the solution [ur,ug](z,t) consists of the 1-wave y! followed
by the 2-wave 72. An elementary wave v is itself a solution of a Riemann
problem, in which case we write [ur,, ur] = 7, and we call uz, and ug the right
and left states of the wave v, respectively. In this case, define |v|, the strength
of the wave v, by

|| = [KoIn(ur) — Koln(ug)| =

Koln (“) ‘ . (4.4.10)
UR

c.f. (4.2.14). (It is convenient in this section to incorporate Ky into the wave
strength so that the strength of the wave controls the jump in z across the
wave, c.f. (2.7.94), Chapter 2.) For the general case [ur,ur] = (v1,7?), we
define the strength of the Riemann problem as the sum of the strengths of its
elementary waves,

[ur, ur]l = W'+ ). (4.4.11)

The following proposition, special to the case p = 02p, states that the sum of
the strengths of elementary waves are non-increasing during wave interactions,
so long as A;; is constant.

Proposition 10 Assume that A;; is fized. Let ur, up, and ug be any three
states in the region p > 0, —c < v < c. Then

[ur, ur]] < |[ur, un]] + [[uar, ur]|- (4.4.12)

Proof: It was shown in Lemma 6 of Chapter 2, that (4.4.12) holds in the
special relativistic case divTys = 0. Since the effect of A;; is to change the
speeds of the elementary waves, but not the left and right states, in the solution
of (4.4.1), (4.4.2), it follows that the estimate (4.4.12) continues to hold for
arbitrary, (but constant), values of A;;. O

Proposition 10 is a direct consequence of the geometry of shock and rar-
efaction curves derived in Chapter 2, and discussed further below, and is not
true except in the special case p = o2p, [27]. It follows from Proposition 10
that the only increases in the total variation of In pa. (-, ¢) in an approximate
solution w4 (-, t) is due to increases that occur during the ODE steps (4.3.22).
This is the basis for our analysis of convergence. Thus we analyze solutions
in the z-plane, z = (z,w) = (Kolnp,In £7), a 45? rotation of the plane of
Riemann invariants (R, S), c.f.(4.2.12), (4.2.13).

Thus, let z1,,zr be the left and right states of a single elementary wave -,
and let v denote both the name of the wave, as well as the vector

v =12z — ZL. (4.4.13)
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Let

17l = llzr — 2., (4.4.14)

and so we have

7| = Kolnpr — Kolnpr| = |zr — 2| <[], (4.4.15)

where Kj is defined in (4.2.14). Note that because changes in A affect only
the speeds of waves, it follows that ~, || and ||y|| depend only on z,, zg, and
not on the value of Aj; used in the construction. We write

[21,2r] = [uL,ur] = (v}, 1), (4.4.16)

to indicate that 4!, 72 are the elementary 1- and 2-waves that solve the Rie-
mann Problem with left state z;, = $oW~lu;, and right state z; = PoW lup.
We now summarize the results in Section 2.4, Chapter 2, regarding the geom-
etry of shock and rarefaction curves as plotted in the z-plane.

Let S;(z) denote the i-shock curve emanating from the left state zz,. That
is, zr € Si(zr) if and only if [z, zR] is a pure i-shock, [26]. It was shown in
Section 2.4, Chapter 2, that all i-shock curves are translates of one another in
the z-plane, and 2-shock curves are just the reflection of the 1-shock curves
about lines z = const. The following formula for the 1-shock curve is given in
equations (2.5.75), (2.5.76) of Lemma 3, Chapter 2:

Lemma 9 A state zg lies on the 1-shock curve S1(zr) if and only if

Ar =~ {f,(2KQ} — W {£4(0), (4.4.17)
As= L (£ 2KO} + 0 {70} (1.4.18)

where
40 = (140 + A+ 0, (4.4.19)

for some 0 < ( < co. Here

202c?

and Ar =rp —rp, As = sg—sy, denote the change in the Riemann invariants
across the shock.

Using (4.2.15),(4.2.16) we see that (4.4.17),(4.4.18) are equivalent to
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Aw = —-In{f+(2KQ)}, (4.4.21)
Az =—-Koln{f({)}. (4.4.22)

Since (4.4.21),(4.4.22) describe the 1-shock curves for 0 < ¢ < oo, it follows
directly from these that 1-shock curves Si(zr) have a geometric shape in the
z-plane that is independent of zj,. Thus, all 1-shock curves are translates of
one another in the z-plane, as claimed in Section 2.5, Chapter 2. We also
showed in Chapter 2 that the 2-shock curve Sy(zy) is the reflection of S;(zp)
about the line z = z,, (this follows directly from (2.5.77), (2.5.78) of Chapter
2.) From this, together with (4.4.21),(4.4.22), it follows that

|[Aw| =In {f4(K3Q)}, (4.4.23)
|Az| = KoIn {f+()}. (4.4.24)

all along both the 1- and 2-shock curves. The next lemma implies the convexity
of shock curves in the case p = o%p.

Lemma 10 The shock equations (4.4.23), (4.4.24) imply that

sinh <|A2w|) = Kysinh (AZ|> ; (4.4.25)

2K,

from which it follows that (4.4.23), (4.4.24) define

| Aw| = H(|Az)), (4.4.26)

where the function H is given by

A A
H(|Az]) =1In f4 (QKg sinh? {Lé)}) = 2sinh ™! (Ko sinh IQI;(J) .
(4.4.27)
The function H satisfies

2 212 inh M)
) (C o ) S1 (2Ko
_ > 0. 4.4.28
H (|Az|) 200(02 + 02) coshg(%) ( )

Proof: Solving equation (4.4.24) for ¢ gives

(=2 (sinh (%))2 (4.4.29)

Substituting (4.4.29) into (4.4.23) yields (4.4.27), and the formula
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fiH(y) = 2sinh*(In(y)). (4.4.30)

Using this to solve for ¢ in (4.4.23), (4.4.24), equating, and taking square
roots, gives (4.4.25). Implicitly differentiating (4.4.25) and simplifying gives
(4.4.28). O

It follows directly from Lemma 10 that H(]Az|) is a monotone increasing
convex up function of |Az| that is superlinear in the sense that

|Az| < H(|Az]) < o0, (4.4.31)
for Az # 0, and
. H(Az])
1 — =1, 4.4.32
Axlbo | AZ] (44:32)
c.f. Figure 4.
A /
| Aw] /
/
/1w = H(|Az)
/
/
/
/
/ | Aw| = |Az|
|Az|
H is increasing, convex up.
Figure 4
Since |Aw| = |Az| along all 1- and 2-rarefaction curves, we have the fol-

lowing proposition:

Lemma 11 Let z;,zr be the left and right states of an elementary wave v,
so that

v = [zL,2R]. (4.4.33)
Then
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|Aw| < H(|v]), (4.4.34)

where
Aw =wr —wp, (4.4.35)
Iv] = |Az] = [2r — zL], (4.4.36)

and H is given in (4.4.27).
By the convexity of H and Jenson’s inequality we have:

Proposition 11 Let v1,...,v, be any set of elementary waves. Then

Sl < S H () < 1 (z m) | (4.4.37)
1=1 =1 =1

The next Proposition summarizes results in Chapter 2, and follows directly
from Proposition 11:

Proposition 12 For any left and right states zy, zr € R2, there exists a
unique solution of the Riemann Problem [zr, zg] consisting of a 1-shock or
I-rarefaction wave v, followed by a 2-shock or 2-rarefaction wave 2, so that
we can write

(v',7?) = [zL, zR). (4.4.38)

The speed of the wave Y is always strictly less than the speed of v2, and all
wave speeds are subluminous. Moreover, there exist C* functions I}, : R* —
R2, one for each p = 1,2, such that (y',~v?) = |z1,zRr] if and only if the vector
P satisfies

VP = Iy — 72), (4.4.39)

where,
V| = [Tp(zr — 20)| < V2|2r — 2] (4.4.40)

Proof: The smoothness of I}, and the dependence on the difference zr — z,
follows from the C? contact between shock and rarefaction curves, together
with the fact that shock wave curves, drawn in the z-plane, are translation
invariant. Estimate (4.4.40) can be verified in each of the four cases of the
Riemann Problem [z}, zg]; namely, if [z,zg] is a 1-shock followed by a 2-
rarefaction wave or a l-rarefaction wave followed by a 2-shock, then |y!| +
|v2| = |2r — 21|- In the other two cases one can verify (4.4.40) assuming
that the shock waves lie on the Riemann Invariants, and then see that the
divergence of shock and rarefaction curves only improves this estimate. O
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We now discuss the boundary Riemann problems posed at mesh points
(xo,t;), 7 =0,1,2,.., that lie along the boundary =y = r in the approximate
solution uwa,. In this case, for fixed j, u(l)%jp(x,t) is defined in (4.3.8), (4.3.9)
as the solution of (4.4.1) together with the initial-boundary data

v=20 z=0
uo(x) = {UR —ugy > O}’ (4.4.41)

with the origin translated to the bottom center (zo,t;) of the mesh rectangle
Roj = {(%,1) : Troco<a, t;<t<t,,,- Again, vector Ag; is constant on Ro;.
The following theorem, which generalizes Proposition 9 to include boundary
Riemann problems, follows by similar reasoning. (The boundary Riemann

problem was not discussed in Chapter 2, but was discussed within the context
of a fractional step method in [19]. See also [26, 23].)

Proposition 13 Assume that ug lies in the region p > 0, —c < v < c.
Then the boundary Riemann problem (4.4.1), (4.4.41) has a unique solution
consisting of a single elementary 2-wave 'ygj of positive speed. Moreover, the

CFL condition (4.3.2) guarantees that the speed of the wave ’ygj is always

smaller than half the the mesh speed % = Max {21 / %} , and thus 'ygj cannot
hit the boundary of Ro; within one timestep.

For fixed Ayj, let

[0,ug] = [0, ug](z,t), (4.4.42)
denote the solution of the Riemann problem (4.4.1), (4.4.41), and write

[0,ur] =7, (4.4.43)

to indicate that the solution [0,ug](z,t) consists of the single wave 2, a
2-wave. Again, define the strength of the Riemann problem [0,ug] as the
strength of its elementary wave,

1[0, ur]| = [7*|. (4.4.44)

The following theorem generalizes Proposition 10 to include the boundary
Riemann problems, and this implies that the sum of the strengths of elemen-
tary waves are non-increasing during boundary wave interactions, so long as
A;; is constant.

Proposition 14 Assume that A;; is fized. Let upr, and ug be any pair of
states in the region p > 0, —c < v < c. Then

[0, urll < [[0, um]| + [[urr, url] (4.4.45)
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4.5 The ODE Step

In this section we analyze the ODE step (4.3.22) of the fractional step scheme.
Recall that this arises by rewriting system (1.4.3) in the form wu; + %um =
g—A’-Vaf=G(A, u,z) and neglecting the flux term containing u,. Then
the jumps in A at the vertical lines Titl, i =0,1,..., are accounted for by
the A’ -V f term on the RHS of this equation. Using (4.3.20), (4.3.21) and
the fact that (u% ul) = (T92,TV}), system (4.3.22) takes the form

. 1 /A 2(B+1
R L R T ) L WA ER)

2
. 1 /A4 (B-1)
00 11 00 1
Ty = SV B {mTM + - (T3 +Ta1) (4.5.2)

+rkeB |TWTE — 2 (T} 2—|— TIN?| — 42722 = 1 A u,z).
TETi -2 (T8) + (T (A, u,2)

We now analyze the solution trajectories for system (4.5.1), (4.5.2) in the
(p,v)-plane. To this end, we record the following identities which are easily
derived from (1.3.12),(1.3.13),(1.3.14), and (4.2.6):

4 2.2
11\2 01\2 _ 0 —UV°C" 99

(TM) — (TM) =2 a P (4.5.3)
TRTH — (T9)? = 6%p%, (4.5.4)

2 2 (0% —v?)(c? + 0?)
(Tar)” = 2(Thr)” + TR Thp = R 22, (45.5)

(02 +0—2>(62+/U2)
Tip + Thp = o P, (4.5.6)
Y — T3} = (¢ — o?)p. (4.5.7)

Using (4.5.3)-(4.5.7) in the RHS of (4.5.1), (4.5.2), we obtain after simplifica-
tion,

1 A 2 2

G° = 5\ (;t;) cvg {2(B+1) — kB(c* — 0*)pa®}, (4.5.8)
1 A 2 + 2

G' = 5\ 5 (22(;2) g {4v® + (B = 1)(¢® + v*) + kB(0” — v*)c*pz®} .

(4.5.9)

Now differentiating the LHS of (4.5.1), (4.5.2) gives
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Ty ATy

. :GO
Pop T80 ’
oT  arY

e
P T80

Thus it follows from Cramer’s Rule that system (4.5.1), (4.5.2)
variables is given by

where

— 0
D=lorly oty
op ov

| Ty aTy

Using (1.3.12) and (1.3.13) we obtain

ATyt 4 o202

Op -2’
oryy 2(02 +o%)ctv
v (c2 —v2)2 P
aTY (0% + *)ev
op 22—
oryE (02 + ) (2 +v?)e
o (2 —v?)2 P

and

(c® 4+ 02)(c* — 0%0v?)c
(@ — v2)? P

A calculation using these together with (4.5.8), (4.5.9) leads to

D =

(4.5.10)

(4.5.11)

in (P7 U)_

(4.5.12)

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)

(4.5.17)
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1 [A 2 2\ 2 2

2V B T
1 [A (2402 o2
D’U - —5 E (02 v2> - (4518)

v? ¢t — o?v?
. {_4c2 + (B - 1)W + kB(c? + vz)pxz} p-

Putting (4.5.17)-(4.5.18) into (4.5.12), (4.5.13) and simplfying, we obtain sys-
tem (4.5.1), (4.5.2) in (p, v)-variables:

.1 A A +0?
P=7a\'B (04—02112)
.1 /A - 2¢
YT B(C4—<72v2>

02 o g22
: {_4(:2 +(B - 1)W + kB(c? +02)px2} ,

<

< {4 = KkB(c* + 0*)pz*} p, (4.5.19)

Qg‘

|

(4.5.20)
For convenience, we rewrite system (4.5.19), (4.5.20) in the form
kv ABz [ (c* + 0?)%ve
) = — 4.5.21
p 5 { a2 | Ple— b (4.5.21)
. kVABz [(c* —vt)oe
v== 2 |:C4—O'2’U2 {p_p2}7
(4.5.22)
where
4
=— 4.5.23
P1 I‘EB(CQ +0'2)I'2, ( )
and
40202 — (B — 1)(c* — 0%0?)
= 4.5.24
P2 kB(c? + v2)o2c2a? ’ ( )
where, (by a simple calculation),
4 2.2
p2 < v < p1, (4.5.25)

kB(c? + v?)o2c?a?
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for all values of v € (—¢, ¢).

We devote the remainder of this section to the proof of the following theo-
rem, which gives a global bound for solutions of &« = G(A, u, x), starting from
arbitrary initial data

u(0) = uo = ¥(po, vo), (4.5.26)
assuming that A > 0, B > 1 and = > ry are constant, and assuming the

physical bounds 0 < pg < 00, —¢ < vy < ¢, (c.f. (4.2.21)):

Proposition 15 Assume that A, B and x are constant, that A > 0, B > 1,
x > ro, and assume that (po,vo) satisfies —c < vg < ¢ and 0 < pg < co. Then
the solution (p(t),v(t)) of system (4.5.21), (4.5.22), with initial condition

p(0) = po, (4.5.27)
v(0) = vo, (4.5.28)
exists, is finite, and satisfies
—c<v(t) <e,

for all t > 0. Moreover, if pg < p1, then p(t) < p1 for all t > 0; while if
20 > pr, then

p1 < p(t) < max  p1, po (2
¢t — g

for allt > 0.

Proof: For fixed A and z, system (4.5.21), (4.5.22) is an autonomous system
of the form

p = f1(p7U),
0 = fa(p,v).

Note that p = 0 and v =7 ¢ are solution trajectories for this system. Since the
system is autonomous, solution trajectories never intersect, and so it follows
that p > 0, |v| < ¢ is an invariant region for solutions. Note also that since
p1 is independent of v, the isocline p = p; also defines a solution curve for
system (4.5.21), (4.5.22), and so it also cannot be crossed by other solution
trajectories. Thus 0 < p < p1, |v] < ¢ is a bounded invariant region, and p >
p1, |v| < ¢ is an unbounded invariant region, for solutions of system (4.5.21),
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(4.5.22). Thus it remains only to verify (4.5.29), and it follows that the only
obstacle to global existence for the initial value problem (4.5.21), (4.5.22),
(4.5.27), (4.5.28), is the case pg > p1, and the possibility that p(f) — oo
before ¢ — oo. Note that (4.5.21) is quadratic in p, so the bound (4.5.29) on
p is not a consequence of equation (4.5.21) alone. However, (4.5.22) implies
that p is bounded, as we now show.

If po > p1, then since p; > po for all values of v, it follows that v < 0
for all time. Consequently, v(t) < vy, and p(t) can only increase while v > 0.
Once v hits v = 0, v(t) < 0 and p(t) decreases from that time forward. Thus it
suffices to estimate the change in p(t) while 0 < v(t) < vy. But from (4.5.21),
(4.5.22), we have

dp (E+oNup—p
- _ 4.5.30
dv (ct —vY)o?2 p— pgp ( )

2
(2 —o? v
- p
oc 2 — 2"’

where we have used p > p; > ps. Integrating this inequality by separation of
variables gives the inequality (4.5.29). O

Y

The phase portrait for solutions of (4.5.21), (4.5.22), is given in Figure 4.1.

By the results of Section 4.4 the Riemann problem solutions preserve the
bounds 0 < p < 00, |v] < ¢, and all (invariant) wave speeds remain bounded
by ¢, so long as 0 < p < oo, |v| < c initially. By the results in this section,
it follows that these bounds also are maintained under the ODE step. But
(4.3.26) and (4.3.43) imply that that the only way the approximate solution
ua, can fail to be defined for all time, is if B — oo, or the CFL condition
fails. The following theorem is a direct consequence of (4.3.26) and (4.3.43):

Proposition 16 Let B, M denote arbitrary positive constants, let

Az i

and assume that the initial data ug(-) satisfies the bounds 0 < p < o0, |v| < ¢
for all © > ro. Then the approximate solution ua, is defined, and continues
to satisfy the bounds 0 < p < oo, |v| < ¢ for all x > 1y, t < t;, so long as

HMAx||oo < M,

HBAZHOO < B,

forallz >ry, j < J.
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Fig. 4.1. The phase portrait for system (4.5.21), (4.5.22)

As a final comment, note that we have bounds for the RP step, and bounds
for the ODE step, but it remains to obtain bounds that apply to both steps.
Also, the fact that p and v remain finite in each approximate solution does
not rule out p — oo in the actual solution. For this, we need estimates that
are independent of Az, c.f. [19].

4.6 Estimates for the ODE Step

In this section we obtain estimates for the growth of the total variation of In p
and In <% under the evolution of the ODE % = G(A,r, x), which is equivalent

c—v

to the system (4.5.21), (4.5.22). To this end, rewrite system (4.5.21), (4.5.22)
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in terms of the variables (z,w)=(KoInp, Koln £2) to obtain, c.f. (4.2.15),
(4.2.16),

224\/1@( ove? >{K(62+02)px2—(;)1}EF1(A,B,x,z,w)

x ct — o202 4
(4.6.1)

z ct — o202 4 c?

a2 102 (B-1)c*— 0%
Y — (A, B .
<02 {Bc2 4B o2c? })2} 2(4, B, 2, w)

,_4@( A ){n(cuqﬂ)a? ,

(4.6.2)
Here Ky is defined in (4.2.14), and we use that

z= KOBa
p

. 2c
w = ——"-—7-7.
62 _ 1)2

Note also that kc?px? is dimensionless. A calculation shows that the indexed
brackets on the RHS of (4.6.1), (4.6.2) satisfy

To verify (4.6.3), use that B > 1, and

a? | (c* + 30%v?) — B(c* — 0%0v?)
|()2| = 3 4Bo2c2

c
S HCRIORESIO)
OO

The following theorem gives bounds for the RHS of (4.6.1), (4.6.2).

Proposition 17 Assume that

1<B<B, (4.6.4)
o BM
0 < AB < Gap(B,M) = A,,B,, exp{ . } , (4.6.5)
0
S <58, ( )
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and rg < x < o0o. Then each of

OF; OF;
Fi AaBa tiad) s | TaL | a .
R B0l |52 |5
i =1,2, is bounded by Gl( M, S), where G is defined by
.
1 Gy(B, 11, 8) = Go(ke 1"05’—1—1)7
2V2 70

where

(4.6.8)

(4.6.9)

(4.6.10)

Here we use the notation that K with a subscript denotes a constant that
depends only on k,rg,0 and ¢, while G(-) denotes a constant that depends
alsoon A, B, S and M, Whlchever appear in the parentheses after the G. We
include the factor (2[ )~1 in (4.6.8) for future convenience, c.f. Theorem 18

and Proposition 19 below.

Proof: This follows by direct calculation, using |v| < ¢, 0 < ¢. For example,

% - 6p (9F2 p 8F2
0z 8z dp Ko Op
p(c? +v?) 4V AB ct KJ(CQ—F’UQ)Oj 9
20¢ x ct — o292 4 27
< GolBM) (5.
To
Also,
aFQ - 61} 8F2 o i
ow ow Ov ov
4/ AB — 0?2 2 In
T 2¢ Ov — 021)2 * \

where
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(= 5(62+1)2)0'72x2_ 12 lf_(B—l)c4—a2v2
o 4 2P 2 | B2 4B o2c? o),

But straightforward estimates show that

|{.}i| < lw(ﬁc%og_k 1)7
2 To

for both i =1 and i = 2, and so

OF;| _ Go(B, M)

% S (K}C27’0§ + 1)

To

This completes the proof of the theorem.O
We now study solutions of (4.6.1), (4.6.2) in the z-plane,

z = (z,w) = (Kolnp,lnc_v), (4.6.11)
c+v
llz|| = V2% + w2, (4.6.12)
so that system (4.6.1), (4.6.2) can be written as
z=F(A x,z), (4.6.13)
where A = (A, B) and
F = (F,F). (4.6.14)
Let
z(t) = z(t; A, z, 20) (4.6.15)

denote the solution of (4.6.1), (4.6.2) starting from initial data

z(0) = zo, (4.6.16)
treating A and z as constants. We now estimate

d
Zlzt)]. (4.6.17)

To start, note first that for any smooth curve z(¢),

W‘ < (1)), (4.6.18)

%1z
o
dt 20|
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Thus, if z(¢) denotes a solution of (4.6.1), (4.6.2), then

\nzn

<[[F(A, B, z,2(t))]

= ﬁ@(m%g +1). (4.6.19)

To

We next obtain a similar estimate for

’ 1zr(t) —zL ()|, (4.6.20)
where

z1(t) = z(t; Az, 21), (4.6.21)

zr(t) = z(t; A, xR, 2R), (4.6.22)

and Ap,xr, AR, xR, are constants. (Here, zy,zg could be consecutive con-
stant states that pose a Riemann problem in the construction of ua,.) Then,

) = 220l < lan(0) - 220

= [|[F(zr,A,z) = F(zL, A, z)|| = | AF|
< V2Maz{|AF|,|AF|}. (4.6.23)

But
F; F;
IAF)| < ‘a‘ 1Az + ‘a‘ | Awl, (4.6.24)

so by Proposition 17, if (4.6.4)-(4.6.7) hold, then

GolBM) 2005 1) {1 A2 + |Awl}

To

|AF]

IN

< \TQGO(Z’M(HCQTOS +1){||Az|}. (4.6.25)

We have the following result:
Proposition 18 Let z(t),zgr(t) be defined by (4.6.21) and (4.6.22), and as-
sume xy, < xR, and that (4.6.4)-(4.6.7) of Proposition 17 hold. Then

Glan® =20l < Fllan® -z}, (@626)
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G1
|z (t) — zL(t)| < |lzr — zL]e V2", (4.6.27)
where, c.f. (4.6.8),
- B, M _
G1=G(B,M,S) = QﬁiGO(T ’ )(HC%OS +1). (4.6.28)
0

The states zr(t),zr(t) pose a Riemann Problem [z (¢),zr(t)] at each time
t > 0. Let

[2(t), zr(1)] = (v (1),7*(1), (4.6.29)
denote the waves that solve this Riemann problem, c.f. (4.4.16).

Lemma 12 The following estimate holds:

% > PO < V2|zr(t) - 2L()]- (4.6.30)

p=1,2

< G1|Az]|.
Proof: For the purposes of the proof, let z(t) = zr(t) — z1(¢), and let

VP (2(t)) = Ip(z(1)), (4.6.31)
where I, is defined in (4.4.39) of Proposition 12. Then by Propositions 10, 14
and (4.4.40),

Y (@)~ PO < Y P (a(t) - 2(0)]

< V2lz(t) — =(0)]. (4.6.32)

Similarly,

Y (P @O) = PO < Y P ((0) - 2(1)

p=1,2 p=1,2
< V2|z(t) — z(0)]|. (4.6.33)
Thus (4.6.32) together with (4.6.33) imply that

d .

D INUCONEREILIOIE (4.6.34)
p=1,2
which is (4.6.30). The second inequality in (4.6.30) follows directly from

(4.6.26). O
We have the following, c.f. (4.6.8):
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Proposition 19 Let (v(t),72(t)) = [zL(t),zr(t)], where zL(t), zr(t) solve
the ODE (4.6.1), (4.6.2). Assume that (4.6.4)-(4.6.7) of Proposition 17 hold.
Then

O+ @) < O]+ 7 (0)] + 2R (0) — 2L(0)]|e“!Grt,  (4.6.35)
where Gy = G1(B, M, S) is given in (4.6.28).

Proof: This follows from (4.6.30) and (4.6.27). O

4.7 Analysis of the Approximate Solutions

Let ua.(z,t) denote an approximate solution generated by the fractional step
Glimm method, starting from initial data wug(-) that satisfies the finite total
mass condition

Mnpag(00,0) = My, + My <00, My= g/ u®y, (7, 0)r? dr; (4.7.1)

To

the condition for initial locally finite total variation,

S Wl <V, (4.7.2)

for all 41,149 such that |z;, — x;,| < L; the condition that the initial velocity is
bounded uniformly away from the speed of light,

[vag(z,0)] < T < ¢; (4.7.3)

and the condition that the initial supnorm of xp is bounded,

Saz(z,0) = zpas(x,0) < Sy < oo. (4.7.4)
Note that (4.7.1) and (4.7.4) imply that
lwag (2, 0)] < ‘m (C + 1_’0) ‘ = @, (4.7.5)
Cc — Vo

and

|Zaz(2,0)] < ‘KO In <f> Zp. (4.7.6)
0

Assuming (4.7.1)-(4.7.6), our goal is to find estimates for V;, S; and T > 0
such that
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oo <, (4.7.7)
i1 <1 <ig
p=12
and
S; = sup zpaz(z,t;) < S; (4.7.8)
r>rg

for all |a;, — x| < L, 0 <t; < T =t; < 1. Note that (4.7.7) estimates
the total variation in z on z-intervals of length L, and (4.7.8) estimates a
weighted supnorm. Estimates for the supnorm and local total variation norm
of the approximate solution ua,, that are uniform in time, are required to
apply the Oleinik compactness argument, [19]. Recall that the waves 'yf’j solve
the Riemann Problem [u;_1 j,u;;] for system (4.3.8), and that since A = Aj;
on mesh rectangle R;j;, it follows that the source A affects the speeds of
the waves %pj, but the states on the waves themselves agree with the solution
[wi—1,j, u;;] for the special relativistic Euler equations (4.3.8) when A = (1,1).

To start, let A;; denote the interaction diamond centered at (z;,t;) in the
approximate solution ua,. In the case ¢ > 0, the diamond A;; is formed by
the points (z;—1 + a; Az, t;), (v +a; Az, t;), (2, t;_1), (xi,t;,1), and in the
case i = 0, Ag; is the half-diamond formed at the boundary by the mesh
points (xg, tj+%), (zo, tj_%), (xo+a;Ax,t;), cf. Figure 4.2. In the case i > 0,
the waves vfj solve the Riemann Problem [uy,ug], where

UL = Ui—1,4,
UR = Ujj-
We call these the waves that leave the diamond A;;, c.f. [10]. The waves that

enter the diamond solve the Riemann Problems [Gr,uar,], [Uarg,un,], and
[wpr,, TR, where

Upy, = Ui—1,5-1,

UM, = Ui j—1,

and

~ _  RP
Up = Ui—1 55

ir=ul’. (4.7.9)
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Fig. 4.2. The interaction diamonds A;;

States uy,ugr are obtained from wr,ur by solving the ODE u; = G, writ-
ten out in (4.3.19). That is, uy, = x '(zr),ur = X '(zr), and 4 =
X N2r1),ir = x"*(2R), where,

zy, :Z(At;Aij7.’IL‘i,iL), (4710)
ZR = Z(At7 Aijv Ty, iR)v

c.f. (4.6.15). Thus, using the notation introduced at (4.4.16),

[U’L, uR] = (’721]7 72’2j)7
iz, ir] = (%i;,37); (4.7.11)

[UM17UM2] = (77},j,1’7i2,j71)?

and we write

A R R
[UL,UMI] = (’Yi*ll,jfl’,yi*%’j*l)’ (4712)
[urr,, ur] = (%L-&Lj—lv%Lfl,j—l)'

Here we let 7517752 denote the waves in the Riemann Problem posed at
(x;,t;) that lie to the right of the random point (x; + a;j41Ax,t;41) at time
t = tj41, and ijl,'yff the waves that fall to the left of the random point
(xi—1 + aj+1Ax,t;41), respectively, [26, 10]
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In the case of the boundary diamond Ao j» the wave 73 leaves the diamond
Ay ;, and the waves 73 i Ly i1 and ~E 3—1 enter the diamond. In this case,
using the notation introduced at (4.4.44), (4.4.43), we can write

[07 UR] = ’ng»
[0, 4nr) = 45 51, (4.7.13)

[unr, Ug) = (71%4?7{1?4)7

where

UR = U0y,
ar =ull, (4.7.14)
Up = Ug,j—1-

Now let mIJN | denote the sum of the strength of the waves that enter the

diamond A;;. Thus, if i > 0, then

L
|’yzN| = Z {|%p,1’j71| + |7£‘7,1| + |’7if1’j,1‘} 3 (4715)
p=1,2
and if 1 = 0,
Vo | = 108 -1l + i+ 5 (4.7.16)

It follows from Propositions 10 and 14 that when ¢ > 0,

il + 1351 < i (4.7.17)

and when i = 0,

551 < by |- (4.7.18)

Now it follows from (4.6.35) of Proposition 19, that if ua, satisfies (4.6.4)-
(4.6.7) of Proposition 17, then

V| + < A1+ 1351+ 2 — 20)le¥ 2 G AL (4.7.19)
But by (4.4.26),

2R — 2| < 35| + 13251+ H (A0 + H(55), (4.7.20)

so putting these together we obtain,

v+ 1] < 1A+ 1421 +{ > ¥ +H(|%}|>]}eclmalm. (4.7.21)
p=1,2
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We can now use (4.7.17), (4.7.18) to estimate |9;;| and H(|4};)-
Note first that since H is convex up, we have Proposition 11, so

S H(W) <H ( > %}I) < H(7 ). (4.7.22)

p=1,2 p=1,2

Let

G = I+ g (4.7.23)

Then putting (4.7.17), (or (4.7.18) at the boundary), and (4.7.22) into (4.7.21),
we obtain

WU < N+ LN+ H (VN ]) } e“r 2t G At (4.7.24)

We can also estimate the change in z and z between (z;,t;) and (x;,t;-1).
Since both z; ;_; and zﬁp are states on the waves 7?,;‘—1 or %P-s-l,j—lv and by
(4.6.19) we know

|Zij - Z£P| S ||Zij - ZSPH S G1At7 (4725)

it follows that

Zij —zijal <Y {I’n’tj_ll +H (Ivﬁj_ll)} + G AL, (4.7.26)

l=1,1+1
p=12
and
Zij — Zi’j,1| < Z |’717j,1| + G At. (4.7.27)
l=14,14+1
p=1,2

We collect our results so far in the following theorem.

Theorem 14 Let M, B, S, v, and integer Jy > 0, be any finite positive
constants, assume || < ¢, and let ua.(x,t), Aaz(z,t) be an approzimate
solution generated by the fractional step Glimm method with

3;“ = A =2\/Gap(B, M). (4.7.28)

Assume that,
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Mag(z,t5) < M, (4.7.29)
Bag(z,tj) < B, (4.7.30)
0 < Sag(z,t;) <8 (4.7.31)
[vas(,t;)] < 0, (4.7.32)

forall x > 1o, 0 < t; < Ty = ty, < 1. Then the speed of each wave 'yfj
generated in ua, at the Riemann Problem step of the method is bounded by
the coordinate speed of light \/A;;/Bij;, 1 > 0, 0 < j < Jo, and the following
estimates hold at each interaction diamond A;;, ¢ > 0,7 < Jo — 1:

Iz —zisall < Y {hboul+ H (REl) |+ GrAt47.33)

l=d,1+1
p=12
Zij — Zi7j_1‘ < Z |7f,j71| + G1 At, (4.7.34)
=141+ 1
p=12
WG = T < AN+ H () } e9r 2 G A, (4.7.35)
where,

_ Go(B, M -

G =Gi1(B,M,S) = 2\/5%(&027"05 +1), (4.7.36)
0
G()EGo(B,M):Kl GAB(B,M), (4737)
8ct
Ki=——"" 4.7.38
1 (2 —02)2’ ( )
8BM
Gap = Ay By, exp { } . (4.7.39)
o
Moreover,
1 < Baa(z,tj), (4.7.40)
0< Aro < AAm(I,tj) < GAB, (4741)
2 2-2
0 c”+o0°v7 4

and

BGap, (4.7.43)

,_.
o
[V
4
Q
[V
4]
[\
93]
~_
|

1 24 252 N\
| Blag (2,1)] < ( + n”“’S) B2 (4.7.44)
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forallz >1rp, 0<t; <Tp =ty <1

Note, again, that (4.7.43) gives the Lipschitz continuity in « of A, and Ba,

and (4.7.42) implies that pa, > 0 for 0 <t < Tj.

Proof: This follows directly from (4.7.24), (4.7.26) and (4.7.27), together with

Propositions 8 and 16.0

Corollary 2 Assume that the approxzimate solution ua., Aa, satisfies the
conditions (4.7.28)-(4.7.32) of Theorem 14 up to some time Ty, 0 < Ty =
ts, <1, and assume further that there exists constants L, Vy such that

11 <i<ia, p=1,2
for all |z;y, — x| < L. Then for any constant o > 1 :

(A) The following total variation bound holds:

4t/ G -
>, hil<a <1+J . AB) Vy < at.,
i1<i<iz, p=1,2
for all |z;, — x| < L, so long as t; < Min{T,,To} < 1 where
T ( 1 ) (a—1)V,
*\GieSr ) {aV, + H(aV.)}'

Y <1+4”fAB>VO.

Ve =

(B) The following L} . bounds hold:

loc

:Eiz
/ HZAz(xvtjz) 7ZAac(x7tj1)de
T

i1

(4.7.45)

(4.7.46)

(4.7.47)

(4.7.48)

S {4 GAB [af/* + H((XV*)] + Glll‘iz - J]“‘} |tj2 — tj1 |,(4749)

112
/ e (1 5,) — 2, 1,)] e
x

i1

< {4 GAB [CVV*] + G1|xi2 - :C“|} |tj2 - tj1‘7

for any tj, <t;, < Min{T,,To} <1, and any ro < z;, < x;, < o0.

(C) The following bounds on the supnorm hold:

(4.7.50)
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4t/ G
‘Zij — Zi+j,0| S « (1 + jLAB) VO + 2\/ GABGltj, (4751)

n 4tj \/LGAB ) Vo)

|wij — wijol < H (a (1 +2¢/GapGitj, (4.7.52)

At/
(1 4 4V TAB LG“‘B> Vo

zij — zivj0ll < a

At/
+H (a (1 + thGAB> Vo) + 2/ GapGity,
(4.7.53)
for all t; < Min(T,,Ty) < 1.

The motivation for choosing the factor (1 + ivGap f“g) in (4.7.85) of (A) is

that since
A ——
A”t“" = A=2\/Gap(B, M), (4.7.54)

it follows that

N ZL'Z'Q — LUZ'I + 4%%
- L )
where the RHS of (4.7.55) dominates the number of intervals of length L con-
tained within the domain of dependence of [z;, , x;,] at time level ¢;. Note that
the appearance of t;4/G4p in (1 4 2ivGan LGAB) (4.7.46) is important because
the LHS of (4.7.46) can be estimated independently of M, B, S and v for t;
sufficiently small.

Regarding part (C), note that z;y;0 = za.(7; + tjﬁ—f,O) where tj%f =
2t;+/Gap depends on M, B. Note also that since

(1 + 4tj\/LGTB> (4.7.55)

c+v;
C—’Uj

In

[vaz(x,t5)| <05 <c iff |wag(, b)) <w; =

7 (4.7.56)

it follows from (4.7.52) that if initially |wagz(z;,0)| < @, then

4t/ G
|wAz(1'i7tj)| S 'LDO +H (Oé <1 + ]LAB> VO) +G1tj V GAB == wja

(4.7.57)
for all x; > ro, t; < Min{T,,To} < 1. Thus |w| is bounded uniformly and v
is bounded uniformly away from c at each ¢; < Min{T,,To} < 1 so long as
these bounds hold initially.

Proof of (A): Assume 0 < t; < Tp, and consider the interaction diamonds
Aij7 i =11,...,72. Then by (4735), (lf 11 > 0),
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S Wal= YD WU (4.7.58)

i1 <i<ig, p=1,2 11 <i<io
< S W Y RN E (WD) O At
11 <i<ig i1 <i<ig
< Y hgalt Y gl + H (gl TG A
i1 —1<i<ig+1 i1 —1<i<iz+1

More generally, let

Vi= > hgv'", (4.7.59)
11 <i<ia
Vi= > hdAlL (4.7.60)
(i1 —1)<i<ip+1
Vo = > Ve, (4.7.61)

(i1 —j)<i<ia+j
where to account for the boundary at r = g, we let

0 i1—J<0

i —J) = {il — j otherwise (4.7.62)
Then (4.7.58) together with the convexity of H imply that
Vi = Vic1 < {Vie1 + H (Vior)} e 4G A, (4.7.63)

for all k < j. To estimate Vj;, define

= Lis+j — Lo(i1—j)
vy = {1 n “L”}Vo > Z | Wol, (4.7.64)
9(i1—j)<i<iz+j, p=1,2
c.f. (4.7.45), and inductively let

Vi =Vier + (Vi1 + H (Vim1)} 972G A, (4.7.65)
to define Vj, for all k < j. Note that

- (1 n 4\/21',43) Vo > <1 + 4thLGAB) Y

V., = Vo > Vo, (4.7.66)

where we use that
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|%ints — o)l L+2t;5¢
1 <{ZTZ9Ar
{ * L = L

119

(4.7.67)

dominates the number of intervals of length L contained in |zi,+; — Za(, —j)|-
Now V}, increases with &, and by induction using (4.7.63) it follows that

Vk > Vkv

(4.7.68)

for all £ < j. Thus to estimate V}, it suffices to estimate Vj To this end, fix

a > 1, and let T, be given by (4.7.47).
Claim: V; < aVj for all t; < Min{T,, T} < 1.

To prove the claim, assume that t; < Min{T,,To} < 1, and t;41 is the first

time such that - -
‘/j+1 > alp.
Then for t;, < ¢y,

Vi — Ve < {aV+ H (alh)} e©131Gy AL,

and summing we obtain

Vk - VO S {04‘70 + H (OZ%)} BGlAtGltj.

But solving for ¢; in (4.7.71) shows that

{aVh + H (aVp) } e“12G1t; < (a — 1)Th,
so long as

A 1 (a — 1DV
EE <016G1> Vo + HaVo) ]

But

1 (a — D)V,
Ta < (G16G1> {aVo+ H(aVy)}’

(4.7.69)

(4.7.70)

(4.7.71)

(4.7.72)

(4.7.73)

and so it follows (inductively) from (4.7.73) that the bound (4.7.69) is main-

tained so long as t; < Min{T,,To} < 1, as claimed.
In light of (4.7.66), it follows that

Y Wil=V;<V;<aVh<a

i1 <i<ig

L

<1+4tj "GAB>VO§a



120 4 Existence and Consistency for the Initial Value Problem

for all t; < Min{T,,To} <1, which is (4.7.46). The proof of (A) is complete.
Proof of (B): For (4.7.49), estimate as follows:

1i2
/ |20z (2, tj,) — Za (2, 1) | dac
x

i1

i2—1 i2—1 J2
=Yz, — i | A2 <Y > 2y — zi ]| Aw
=11 i=i1 j=j1+1

ig—1  j2

< Z Z Z [l’ylp,j—1| + H <|7£j_1‘):| +Gi1AtL » Az

=it =g 41

p=1,2
J2 io
<2 Y D0 ARE L+ H (WD) | Ax + Galwi, — |1, — t,]
=1 Limiy p=1.2

Az

< {2 oV, + H(aT.)] 2

+ G1|xi2 - xill} |tj2 - tj2|
where we have used (4.7.33) and (4.7.46). In light of (4.7.28), this verifies

(4.7.49). Inequality (4.7.50) follows by the same argument using (4.7.34) in
place of (4.7.33).

Proof of (C): Note first that (4.7.33) and (4.7.34) directly imply that

|zij — ziol < Z {Wh+ H (v )} + Gaty,  (4.7.74)
l—ii+1
0<k<j-1
p=1,2

zij — zio| < > Vel + Gty (4.7.75)
l=i,i+1
0<k<j-1
p=12

Unfortunately, we cannot use (4.7.74) directly to estimate ||z;; — z;0|| because
we cannot bound the right-hand-side by Vj without introducing wave-tracing
to identify waves at time ¢; with waves at time ¢ = 0. To get around this, we
estimate ||z;; — z;0|| as follows.

Let (z4,t;) be fixed. Let J denote the piecewise linear I-curve that con-
nects mesh points (x,t;, 1) to (z; +a; Az;,t;) to (¥ig1,8(;_1)11) and so on,
continuing downward and to the right until you reach (x;4; + apAz,0) at
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time to = 0. Let Jf connect (z;, ;1) to (zi-1 +a; Az, t;) to (zi-1,t; 1)1 1)
and so on, continuing downward and to the left until one reaches ¢t = 0 at
(i—j—1,t0) or else stop at 7 = rg at the point (ro,t;,, 1), (see Figure 4.3).

L R
Jh R

i—1 1 +1 T

T +agAr

Fig. 4.3. The I-curves Jo, JL and JR

Iz

Let J;; denote the I-curve J;; = J& UJ”, and recall from [10, 26, 27], that
one can connect J;; by a sequence of I-curves, Jo,...,Jy = J;; such that
Jr+1 is an immediate successor of J, and Jy is the I-curve that crosses the
waves 7, between ¢ = 9(i — i) and i = i + j. (Again, see Figure 4.3.) Since
Jj. differs from Jg41 by a single interaction diamond, it follows by induction
using (4.7.58), and the argument (4.7.58)-(4.7.73), that

N eIy
le <a (1 N GAB) Vi, (4.7.76)

where 3 [75;] denotes the sum of the waves v;; that cross the curve J;;.

(We have used the assumption t; < Min{T,, Ty} < 1.) From this it follows
that

4t/
Shhl<a (1 + JLGAB> Vo. (4.7.77)

)
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But > ;s [7f;] bounds the total variation in z between the state z; 0 and
ij

the state z;;, except for the change in z that occurs between zﬁﬁ and z; ;s at
each (zy,t;/) that lies on the I-curve JfI. But by (4.7.25), we know that

2] — zijr || < G1Aw, (4.7.78)
so it follows that

4t+/G A
|2 — zisjol <o (14 =AY Vo4 Git (4.7.79)
L At
which verifies (4.7.51) in light of (4.7.54), (4.7.54). Also, since
IV < 5]+ H (1) (4.7.80)

where H (|’yfj \) bounds the change in w across wave fyfj, it follows that

Ax
[wij — wij0 < JZ;H (In51) + Giti
ij
P » Ax
[Zij — Zitjoll < Z |'Vij| +H (|'7w|) + GltjE7
JR
ij

and so using (4.7.77), (which again uses ¢; < Min{T,,Tp} < 1), we obtain
(4.7.52) and (4.7.53). This completes the proof of Corollary 2. O

In order to unify the estimates in (B) and (C), assume that |z;, —z;,| < L,
and set Go = Go(B, M, S) equal to

Gy = Maz {4/G g [aV. + H(aV,)] + G1L,2/GapGhr, Gre® /G },
(4.7.81)

where G1 = G1(B, M, S), Gag = Gap(B, M) and V, are defined in (4.7.36),
(4.7.39) and (4.7.48), respectively. (Note that V, and hence G, also depend on
Vj, but for our purposes we only keep track of the dependence on M, B, S, v,
the constants that are not yet determined by the initial data.) Then the

following corollary is a simplification of Corollary 2.

Corollary 3 Assume that the approximate solution ua., Aa, satisfies the
conditions (4.7.28)-(4.7.32) of Theorem 14 up to some time Ty, 0 < Ty =
ty, <1, and assume that there exists constants L,Vy such that

i1<i<iz, p=1,2

for all |z, — x| < L, and assume that o = 2, c.f. (4.7.46). Then:
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(A) The following total variation bound holds:

S Whl<2w, (4.7.83)

i1<i<iz, p=1,2

for all |x;, — x4,| < L, so long as t; < Min{T»,To} < 1, where

T, = (1) V% (4.7.84)

Go) {2V. + H(2V,)}'
_ 4/G
v, = <1 + LAB> Vo. (4.7.85)
(B) The following L}, bounds hold:
Tig
/ 1282 (2, t5,) = Zax(2, 8, | do < Galty, — ], (4.7.86)
:Eil
and
J)iz
/ 220 (2, t5,) — 222 (2, )| de < Galtj, — 5], (4.7.87)
Iil
forallrg <z < x4, <00, iy — a4, | < L, t; < Min{Ty, To}.
(C) The following bounds on the supnorm hold.
|2ij = zivjol < FG(G2 - t5), (4.7.88)
|wij — wi+j70| S FJ(GQ 'tj), (4789)
12i; — zivjoll < F (Ga - £5), (4.7.90)

for all x; > 7o, t; < Min{Ty,T»}, where

Fr€) =2 (1 + 4;) Vo+ H (2 (1 + 45) VO) +e (4.7.91)

Again, consistent with our notation, the functions Gy(-, -, -) and Fj(€) depend
only on constants o, c, Ky, 79, L and Vj that depend only on the initial data,
and so the functions Gs(,-,-) and Fg(§) are independent of the constants
M, B,S,v. The functions Ga(-,-,-) and Fj(£) are also increasing functions
of each argument. The main point is that constants that depend on M, B, S
or ¥ in the estimates (4.7.86)-(4.7.90), are organized into the single constant
G2, (which happens to be independent of v), and which is always multiplied
by the factor ¢;. Thus estimates independent of M, B, S and ¥ can obtained
by making ¢; sufficiently small. Note that the formula for F(§) is obtained
by substituting 2 for o, and & for ¢t;4/Gap and 2v/G 4pGiit;, on the RHS of
(4.7.53).
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4.8 The Elimination of Assumptions

In this section we show that the assumptions (4.7.29)-(4.7.32) in Corollary 3,
Theorem 14 above, needn’t be assumed, but are implied by values of M, B, S, ©
that can be defined in terms of the initial data alone, subject to restrictions
on the time Tj. Once we succeed with this replacement, Theorem 14 and
Corollary 3 provide the uniform bounds required to apply the Oleinik com-
pactness argument demonstrating the compactness of approximate solutons
up to some finite time 7. To start, consider first the bound (4.7.32) for v.
Since the constant G in Corollary 3 is independent v, it follows that we can
achieve (4.7.32) for a value of ¥ defined in terms of the bound on v at time
t = 0. Indeed, assume that the initial data va,(z,0) satisfies

¢+ g
c— g

lvaz(z,0)| <0 <c <= |waz(z,0)] < ’ln ( >‘ =wy, (4.8.1)
for all 7o < z. Then assuming the hypotheses of Corollary 3, it follows from
(4.7.89) that

lwaz(2,t5)| < wo + Fy (Gaty), (4.8.2)
for all ro < z, t; < Min{T5,Tp}. Therefore, if we define v so that w =

i (25)

then (4.7.32) is a consequence of our other assumptions. Indeed, to make a
rigorous proof out of this, just define v by (4.8.3), (4.8.2), and let T, be the
first time at which |v| <  fails. The argument that leads to the choice of @
in (4.8.2) then shows that T, > Min{T»,Ty}.

Similarly, we now use (4.7.88) to show that S can be defined in terms of
an initial bound Sy on Sa.(z,0) in such a way that (4.7.31) can be eliminated
as an assumption in Corollary 3 because it follows as a consequence of our
other assumptions. In this case, however, (as in the case of M and B), the
constant G depends on S, so we need a corresponding restriction ¢t < T for
some Tg << 1. Indeed, assume that the initial data Sa.(x,0) satisfies

, where

w = woy + Fg(GQtj), (483)

0 < Saz(z,0) < S, (4.8.4)

for all 79 < z. Then assuming the hypotheses of Corollary 3, it follows from
(4.7.88) that

KO hlpij - Ko lan_j,o S Fg (G2 . tj) 5 (485)

and so



4.8 The Elimination of Assumptions 125

0 < pij < FY (G2 -t5) pitjo (4.8.6)
where
Fi(6) = exp{FO@} > (487)
Ky

It follows from (4.8.4) that

Sij = wipi; < Fy (Ga - t;) Tipivjo < F (Ga - t;) So. (4.8.8)
Inequality (4.8.8) tells us that if we choose S > Fy (0) Sp, say choose

S = 2F;(0)So, (4.8.9)

and set

Ts = Sup{t: Fy (G2 -t;) < 2F7(0), for all t; <t}, (4.8.10)

then assumption (4.7.29) of Corollary 3, Theorem 14, (that 0 < Sa,(z,t) <
S), can be replaced by the condition that S is defined in (4.8.9), together with
the assumption that t; < Tg, where Ts is defined in (4.8.9). Note that this
argument relies on the fact that the function Fy(-) is independent of S.

We now derive formulas analogous to (4.8.9), (4.8.10), for M, Ty and
B, Tg, so that assumptions (4.7.29) and (4.7.30) of Corollary 3, Theorem 14,
can be replaced by the condition that M, B be defined by the values given in
the formulas, together with ¢; < Ty and t; < T, respectively. So consider
next the total mass

Mag(o0,t;) = My, + M;, M; = g/ uly, (r,t)r? dr. (4.8.11)

ro

Using v’ = T}7 and Inw = £ in (1.3.12), we obtain

1
u’ = 3 {(1+ 0% coshw + (1 —0)}p. (4.8.12)
Thus it follows from (4.8.3) and (4.8.6) that

UOAx(JCi,t]') S {(1 + 0'2) cosh w + (1 — O')} Fl*(GQ 'tj)pr(JL‘i_;,_]',O). (4813)

N |

Using this in (4.8.11) we obtain

M; < M,, + F5 (G2 - t;) g/ pac(r + Az, 0)r? dr

To

o0
< M,, + F5 (G2 - t;) g/ uOAI(n O)r2 dr
T0

= M;, + F5 (G2 - t;) Mo, (4.8.14)
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where
F() = % {(1+ 02) cosh(@) + (1 — o)} F} (€), (4.8.15)
My = g /T:O u%y, (r,0)r? dr. (4.8.16)

Inequality (4.8.14) tells us that if we choose M > M, + F5(0)My, say choose

M = M,, + 2F; (0) Mo, (4.8.17)

and set

Tn = Sup{t : My, + F; (G2 - t;) Mg < M, for all t; < t}. (4.8.18)

then assumption (4.7.29) of Corollary 3, Theorem 14, can be replaced by the
condition that M is defined in (4.8.17), together with the assumption that
t; < Tw, where Ty is defined in (4.8.18).

We now turn to the problem of defining B, T so as to replace the final
assumption (4.7.30) of Theorem 13. Since

1

| 2GMa, (D)’
xT

Bag(z,t) = (4.8.19)

it follows that to accomplish this, we must estimate the change in Ma,(z,t;)
between times ¢ = 0 and ¢t = ¢;, assuming that Corollary 3, Theorem 14,
applies. More generally, assume that (4.7.29)-(4.7.32), and hence Theorem
14, hold up to time t;, and assume that 0 < ¢;, < t;. We estimate

K xr
|MA2?(‘rvtj) - MAﬁ(xvt]’o” < 5/ |UOAgc(T’ tj) - UOAZ'(T7 tjo)|T2 dr. (4'8'20)
To

To start, let

Au® = uOAa; (T7 tj) - UOACE (T’ tjo)7

Aw = waz(r,t;) —wag(r,tj,), (4.8.21)
Ap = pOAac (7“, tj) - pOAx (T’ tjo)v
etc. Then
0 0
1A < Hau | Aw| + HE)“ 1Az, (4.8.22)
ow || 0z ||

From (4.8.12) we calculate
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ou° 1 9
57 = 3k (14 0%) coshw + (1 —0)} p, (4.8.23)
0 1 2
%iw - ZU (sinhw) p. (4.8.24)
Since %’1‘5 < %—“ZO, it follows from (4.8.22) that

11
Ko2
_ V2F(Ga-ty)
= Ko F7 (G2 t))

|Au®| < (1+0?) cosh(w) + (1 = o)} [[pll o {| Aw]| + | A2]}

lpl[ool| Azl|. (4.8.25)

Putting (4.8.25) into (4.8.20) and using

paz(,t) < FY (G2 - t)) pae (z + jAz,0), (4.8.26)
we obtain
KJFQ* (G2 . tj

[ Mag(z,t;) — Mag(z,t),)] < T ) / P Az (T’—I—ij,O)HAZ||r2dr.
0 e
’ (4.8.27)

We use (4.8.27) again below, but for now we can continue from (4.8.27) to
obtain

KF} (Ga-ty) f:i PAs (7" —l—jAa?,O) HAZH?J dr

V2K,
< SIS [ )| Ag| dr (4.8.28)
KF}(Gat;)Sz?
= 2\(/52012 - Galtj = tjol,
where we have used
z T
[ Nagldr < TGl 13 (458.29)
o

a consequence of (4.7.86). Note that the factor x/L bounds the number of

intervals of length L between ry and x. We record this as a Corollary of
Theorem 14:

Corollary 4 Assume Corollary 3, Theorem 1/, applies up to time Ty. Then

KJFQ* (G2 . tj) SIQ

| Maz(z,t;) — Magz(z,t5,)| < NI

Galt; —ti],  (4.8.30)

for all0 < t;, <t; <Tp.
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In particular, ignoring errors of order Az, (4.8.30) implies the local Lipschitz
in time continuity of Ma,, (and hence of Ba, and Aaz).

We can estimate | Mg (2, t;)—Mag (2, ), )| differently starting from (4.8.27)
as follows:

| Maz(z,t;) — Maz(z,t5,)|

wFy (Ga-t;) / /
< paz (r+ jAz,0) ||Az||r® dr,
T ake ) || Azl|r?
F* (G - 1) SR2
< rF (G t;) 5B Galt; — | (4.8.31)
V2K,L
Ky (G -t5) Fy (Ga - ) /°° , 5
+ pae (r+ jAz,0)r* dr,
V2Ky R ( )

where we have used (4.8.28) together with

Az < F5 (G2 - 1), (4.8.32)

a consequence of (4.7.88). But

oo

g/ paz (r+ jAz,0)r? dr < g/ paz(r + Az, 0)(r + jAx)* dr
R R

K oo
< —/ paz(r, 0)r?dr
2 R

K

< 5/ u, (r,0)r% dr

R
< Mag(00,0) = Maz(R,0), (4.8.33)

and since

lim [Mag(R,0) — Mag(c0,0)] =0, (4.8.34)

— 00

it follows that for any ¢ > 0 sufficiently small, there exists R(d) > 0, such that
kE5 (G2 - 1) F§ (G2 - 1)
V2K,

for all t; < Tj. Indeed, since May(z,0) is a continuous monotone increasing
function of z, it follows that we can define R(J) to satisfy the equality

/ pax (r+ jAz,0)r? dr <6, (4.8.35)
R(5)

V2

%, 5 (Go) B (Ga) [Maae(00,0) = Mac(R(9), 0)] = (4.8.36)
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in which case (4.8.35) follows at once from (4.8.33). Using this definition of
R(J) in (4.8.31), it follows that for every ¢ > 0,

KF3 (Go - t;) SR(5)?
M T ,t' -M T 7t'o < 2 1
|Maz(,t;) Az (T, tj,)| < VKoL

Therefore, assuming Corollary 3, Theorem 14 applies up to some time Tj,
0 < Tp < 1, we can choose § = ¢/2, and set

 [KF3(G2)SR(e/2)? ¢
T. = { N GQ} 5 (4.8.38)

Golt; —tj,| +6. (4.8.37)

and conclude from (4.8.37) that

IMag(z,t;) — Mag(z,t5,)] <e, (4.8.39)
for all t; < Max{T.,Ty}. We record this as another corollary to Theorem 14:

Corollary 5 Assume that Corollary 3, Theorem 14, holds up to time Tj.
Then for all € > 0, there exists T. > 0, (given explicitly in (4.8.38)), such
that

IMag(z,t;) — Mag(z,t5,)] <e, (4.8.40)
for all x > 1o, t; < Min{T.,Tp}.

We now use Corollary 5 to define B and Tp. Consider the function
Bag(x,t). Assume that the initial data satisfies

1

1 _ 2Mas(2.0)
x

BA;C(ZZ?,O) =

IN

By (4.8.41)

for some positive constant By. Choose B > By, say

B =2B,. (4.8.42)
Choose € > 0 by
1 _ _
e=Supie: I PWEXOESS) <2By=1B, forallrg<x<o0;.
: (4.8.43)
Claim: By (4.8.43),
To 1 1
>—|=—-—=—1]>0. 4.8.44
T2 <Bo 230) ( )

To see this, let e(z) be defined so that
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1 _
| 200G 2P (4.8.45)
Solving (4.8.45) for e(x) gives
z 1 2May(2,0)
=5 \l-55 ——— - 4.8.46
=y { 25, . (4.8.46)
But (4.8.41) implies
2Ma (z,0) 1
Sl=— 4.8.47
x = B ( )

Using (4.8.47) in (4.8.46) gives (4.8.44). O
Now for ¢ in (4.8.43), define

kF} (Go) SR(e/2)? }1 £
Tg=1T.= 2 G =, 4.8.48
p == {HOIE G, (4.8.49)
so that by (4.8.38), (4.8.40),

IMagz(z,t;) — Mag(z,0))] <e, (4.8.49)

for all t; < Maax{T.,Tp}. But (4.8.40), (4.8.43), directly imply

1 _

< B. (4.8.50)

1_ 2(Maq(x,0)+¢)
x

We conclude that assumption (4.7.30) of Corollary 3, Theorem 14, can be
replaced by the condition that B is defined in (4.8.42), together with the
condition that ¢; < T, where T is defined in (4.8.48). We have shown that
assumptions (4.7.29)-(4.7.32) of Corollary 3, Theorem 14, can be removed,
and are consequences of appropriately restricting the time T, and redefining
the constants involved in terms of the initial data.

The following theorem, which summarizes our results, follows directly from
our construction of 9,5, M, B and Ts, Ths, T above:

Theorem 15 Let ua,(x,t), Aaz(x,t) be an approzimate solution generated
by the fractional step Glimm method starting from initial data ua.(z,0),
A A, (2,0), and let My, By, So, 0o and Vi be positive constants such that the
initial data satisfies:

Mag(2,0) < Mo, (4.8.51)
Ba(,0) < By, (4.8.52)
0 < Saz(x,0) < Sp (4.8.53)
[vaz(2,0)] < 5o < ¢, (4.8.54)
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for all x > rq, and

> hhl<W, (4.8.55)

i1<i<iz, p=1,2

for all ro <, <y, < o0, |zi, — x4, | < L. Let © = 209, S = 28y, M = 2M,,

B = 2By, assume that
A —
A a=2\/aus(B.0), (4.8.56)

and let
T=Min{l,T5,Ts,Ty;, T3}, (4.8.57)
where
1 V.
To=Ty=— ) —-— 4.8.58

Ty = Sup{t : F} (G2 -t;) < 2F7(0), for all t; <t},
Tn = Tag = Sup{t : My, + Fy (Go-t;) Mo < M, for all t; < t},
Ky (Go) SR(e/2)? e
TB = G2 a0
V2K, L 2

and

1 _
e = Sup {5 : PR PR OS] <B, forall o<z < oo} ,  (4.8.59)

c.f, (4.7.84), (4.8.10), (4.8.18), (4.8.48) and (4.8.43). Then the approzimate
solution uag, Ay is well defined for all g <r < oo, 0 <t <T, and satisfies
the bounds

Mag(z,t;) < M, (4.8.60)
Bag(,tj) < B, (4.8.61)
0 < Sax(w,tj) <8 (4.8.62)
lvaz(z,t;)| <0 <e, (4.8.63)
together with the bounds
- 4G
Yoo <2 =2 (1 + L"‘B> Vo, (4.8.64)

i1<i<iz, p=1,2
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|Zij — zitjoll < F5(Ge-T), (4.8.65)
aciz
[ loastt) = 2aul ) do < Galty, (4.8.66)
x4y
1 40?2\ 4

|Alpa (2, t5)] < (7"0 + KMS> BG aB, (4.8.67)

1 2+ o202 -
|B/Am(xvtj)‘ < (7’0 + H02T125> B=, (4.8.68)

kFj (Gg - T) Sa?
Mpg(z,t,) — Mag(z,t),)] < —2
Mo (,15) = Mas(a )] < “EED)
for all ro < z,m,, 2, < 00, |T5, — x| < L, and 0 < t;,t,,t;, < T, c.f
(4.7.83), (4.7.90), (4.7.41), (4.8.30), (4.7.86), (4-7.43), (4.7.44)-

Recall that the constants G4 = Gag(M, B), Go = Go(M, B, S), F; (G- T),
F3(Gy - T), and V,(Gz - T), defined in (4.3.43),(4.7.81),(4.8.7),(4.8.15), and
(4.7.85) respectively, are based on the functions Gag(-,-), Ga(-,-,-), Fi ()
and V. () that depend only on the constants o, ¢, Ko, 79, L and Vj, and thus
are determined by the initial data alone.

G2|tj2 - tj1|a (4869)

Corollary 6 Let up.(z,t), Aaz(z,t) be an approzimate solution generated
by the fractional step Glimm method starting from initial data ua.(z,0),
A py(2,0), that satisfies the conditions (4.8.60)-(4.8.59) of Theorem 15.
Then there exists a subsequence Ax — 0 and bounded measurable functions
u(x,t) = 1. & z(x,t), A(z,t), such that (upz, Aaz) — (u,A) for a.e.
(x,t) € [ro,00) x [0,T]. Moreover, the convergence uaz(-,t) — wu(-,t) is in
L}, for each t € [0,T), uniformly on compact sets in (z,t)-space, and the
limit function ua, satisfies:

T‘/[ﬂchxz]z('ﬂt) < 27*3
TVizy za)w (-5 1) < H(2V.), (4.8.70)
T‘/[:L’l,:vﬂz('; t) < QV* + H(2V*)7

|z(x,t) —z(xz + AT, 0)|| < Fj (G2 - T), (4.8.71)

and
x2
/ 2(z, t2) — z(x, t1)[| dw < Galts — 1], (4.8.72)
z1

for allrg < x,21,29 < 00, |22 — 1| < L, and 0 < t,t1,t2 < T.
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The convergence in A is pointwise a.e., uniformly on compact sets in (x,t)-
space, and the limit function A(xz,t) satisfies

Az, t) = A, exp /I {B(r,t)—l + wrB(r, t)Taf (u(r, t))} dr, (4.8.73)

T0 r

M(r,t) = M(ro,t) + g / ul(r,t)r?dr,  (4.8.74)
To

A H—A t 1 2 252 _

’ (z+y,t) — Az, )‘ < <+H‘:;'a_;’5> BGap, (4.8.75)
Y To cc —v

B - B t 1 2 252 _

‘ (z +y,t) — Bz, )‘ < <+,,v02+”;’5> B2, (4.8.76)
y To )

kFj (Gg - T) Sa?
M(z,ty) — M(z,t1)] < —2
| M (z, t2) (z,t1)] < VAKoL

for all g < x,x1,29 < 00, |22 — 21| < L, and 0 < t,t1,t2 < T.

Golts — t], (4.8.77)

Proof: It follows from (4.7.90), (4.8.64) (together with the non-singularity of
the mapping from z — u) that the approximate solution v, (z,t) is bounded,
and of locally bounded total variation at each fixed time 0 < t < T, and these
bounds are uniform in time over compact x-intervals. Moreover, it follows from
(4.8.66) that ua,(wx,t) is locally Lipschitz continuous in the L'-norm at each
time, uniformly on compact sets. These bounds are uniform as Az — 0. This is
all that is required to apply Oleinik’s compactness argument to the function
UAg, [10, 26, 19]. From this we can conclude that there exists a sequence
Ax — 0 such that ua, converges a.e. to a bounded measurable function u
on x > rg,0 <t < T. The convergence is in LlloC at each time, uniformly
on compact sets, and the supnorm bound (4.8.71), the local total variation
estimate (4.8.70), and the continuity of the local L' norm (4.8.72), carry over
from the corresponding estimates (4.8.71), (4.8.64), (4.7.86) for approximate
solution. (For (4.8.64) we use that the change Aw across a wave is bounded
by H(Az), and that H is a convex function, c.f. Proposition []. The Oleinik
argument is based on using Helly’s Theorem to extract a pointwise convergent
subsequence on a dense set of times between t = 0 and 7" = ¢, and then to use
the local L'-Lipschitz continuity of ua, to extrapolate the L' convergence to
all intermediate times, [19].)

It follows from (4.8.69)-(4.8.68), together with (4.3.28), that A A, is locally
Lispchitz continuous in x and t for x > ro, t < T, (ignoring errors that are
of order Az), and the Lipschitz bounds are uniform as Az — 0. It follows
from Arzela-Ascoli that on some subsequence Az — 0, A A, converges to a
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locally Lipschitz continuous function A(x,t), and the convergence is pointwise
almost everywhere, uniformly on compact sets. It follows that the convergence
of ua, and A A, is strong enough to pass the limit through the integral sign
in (4.3.28) and (1.3.15), and thus conclude (4.8.73) and (4.8.74), respectively.
Similarly, (4.8.76)-(4.8.77) are obtained from (4.7.43)-(4.8.30), respectively.
The initial data wug is taken on in the L' sense,

tim [, 1) — o () =0, (4.8.78)

and the boundary condition v =0 <= M(rg,0) = M,, is taken on weakly,
c.f. [19].0

Proof of Theorem 13: In the final section we prove that for almost every
sample sequence a, the functions ua.(x,t), A(z,t) define a weak solution of
the Einstein equations (1.3.2)-(1.3.5) on g < z < 00,0 < ¢t < T. Assuming
this, uag(x,t), A(z,t) is then a weak solution of (1.3.2)-(1.3.5) in the class
1A, bounded measurable and A 5, Lipschitz continuous, and so it follows that
our results in [12] apply. In particular, (1.3.3) holds in the pointwise almost
everywhere sense. Thus the proof of Theorem 13 is complete once we verify
(4.2.42). (The assumptions (4.2.28)-(4.2.29) just imply that TV}, ,,1z(-,0) <
00, and this guarantees (4.8.64).) For (4.2.42), note first that (4.1.3) together
with (4.8.71) imply that

lim M(z,t) =0, (4.8.79)
xTr—

for all 0 < t < T. To see this, recall from Theorem 12 that if ua,, Az is
a weak solution for 0 < ¢ < T, then (1.3.3) and (1.3.8) hold. By (1.3.8),
statement (4.8.79) follows so long as

. A(Tvt) 1 2 _
A By r0r =0 (4550
for t < T, where
| ﬁﬁr’ 2%, 02 < VAQr u’ (r, ). (4.8.81)
T’

Now since A and B are given by (4.8.73) and (4.8.74), it follows that A
satisfies (1.3.2) and (1.3.4), and so adding these two equations, and following
the argument leading to (4.3.43), we obtain that

BM
A< Ay Breap { 52
To
and thus A is uniformly bounded. Since |v(z,t)| < ¥ < ¢, (4.1.3) and (4.8.71)

imply that
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lim /A(r, t)u’(r, t)r? = 0, (4.8.82)

T —00

and so (4.8.79) follows as claimed. But (4.8.79) implies that,

lim M(z,t) = lim M(z,0) = Mo, (4.8.83)

xTr— 00 Tr— 00

which is (4.2.42) of Theorem 13. We conclude from Theorem 12 that the proof
of Theorem 13 is complete once we prove that u(z,t), A(x,t) is a genuine weak
solution of (4.1.5),(4.1.6) with initial boundary data 4.2.36)-(4.2.38). This is
the topic of the next section. O

Our theorems have the following corollary:

Corollary 7 Assume that the initial data ug(xz) satisfies (1)-(5). Then a
bounded weak solution u(z,t), A(x,t) of the Einstein equations (1.3.2)-(1.5.5)
exists up until the first time T at which either

lir%l Sup, B(x,t) = oo, (4.8.84)
t—T—
1in{1 Supgxp(x,t) = 00, (4.8.85)
t—T~
or
thI} Sup,TViz, 2,)2(-, 1) = 00. (4.8.86)
t—T—

Proof: If B, S and T'V|;, ;,)z remain uniformly bounded up to time T, then
our argument shows that v remains uniformly bounded away from c up to
time T, c.f. (4.8.2)-(4.8.3). Thus we can repeat the proof that the solution
starting from initial data at time T, continues forward for some positive time.
The Corollary follows at once.

4.9 Convergence

In this section we prove that the limits u, A of approximate solutions uaz, A Ay
established in Corollary 6, are weak solutions of (1.4.3), (1.4.4), for almost
every choice of sample sequence a. This is a modification of Glimm’s original
argument [10], as well as the argument in [19]. The main point is to show that
the the discontinuities in A at the boundary of the mesh rectangles R;; are
accounted for by inclusion of the term

1 /A

in the ODE step (4.3.22), c.f. (4.3.17).
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To start, recall that both u, A and ua,, A A, satisfy the estimates (4.8.70)-
(4.8.77), and recall that uZf" denotes the exact Riemann problem solution in
each R;; for the homogeneous system (4.4.1), so that

0= [ [ {-ulen— sy uien) dv
Rij

+/ {ull (el ) — ulky (2,6 )p(a,ty) } do (4.9.1)

i

+/72 {f(Aij,ugi(%r%,t))@(i’?wr%,t)

(Al g, )l 0)} dt.
Recall also that (t, ug) denotes the solution to the initial value problem
Uy = G(A2]7 ’&, .’L') = g(A’LJ7 ’[L7 il?) - A’ VAf(AZj7 ’LAL7 .’17),

Thus

ﬁ(t,UO) —Uug = /t ﬁt dt
0
t
= /0 {g<A1j7ﬁ’(§7u0)7x) - A/ . VAf(Aij,ﬁ7.I')} dt.

Since 4 implements the ODE step of the fractional step method, it follows
that the approximate solution ua,(z,t) is defined on each mesh rectangle R;;
by the formula

wnn(z,t) = uBP (2, 1) +/t‘ oAy, — tj B (@, 0), o)} dt (4.9.2)

t. a
- [t -tz AL} a

Note that the difference between the approximate and Riemann problem so-
lutions is on the order of Az. Define the residual e(ua,, Az, ) of the ap-
proximate solutions ua, by

o0 o0
e(ung, Aaz, p) = / / {—uazpr — fF(A Az, Uag)Ps
T0 0
_g(AAa:, UAzx, x)QO} dtdx — Il — 12,
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= Z// {_quQOt - f(Aija uAl)gOl
ij Rij
—g(A Az, upg, )@} dtde — Iy — I, (4.9.3)

where

I :/ uaz(z,0M)p(,0) do

70
= / uaz(z,0M)p(x,0) dr, (4.9.4)
i R

and

I2 = /Oo f(AAw(T(—)i_at)vqu(T(—)i_’t))Qp(TOat) dt

0
= Z/R F(Aij,una(rg ,t)p(ro,t) dt. (4.9.5)

We now prove that the residual is O(Az). (It follows that if ua, — w and

A — A converge in LlloC at each time, uniformly on compact sets, then

the limit function will satisfy €(u, A, ) = 0, the condition that u be a weak
solution of the Einstein equations.) To this end, substitute (4.9.2) into (4.9.3)
to obtain

a(uAara 1XA$7 ‘10) E // {_uglgj(pt - f(llija uAac)‘Pﬁc - g(lxijv UAx, x)@
ij ij

_Wt/ [9(Aij, @€ — tj,uly (1)), 2) (4.9.6)

tj
af ~ RP /
—aj(Aijvu(f—tjaqu (z,t))) - Als, | d€ ¢ dudt
-1 — I>.

Set

te.0) = [ oA~ t 0 (e,0).0)] de

t
0
/tv |:_(3'.£(Aija'a(§_tj’uglaZ(xat)))' lAm dg.

Upon substituting (4.9.1) into (4.9.7), we have
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E(quzAAwa Z// {SO:E 1]7UA$) - f(AZ]7uAI)}
—g(Aij,qu,x)cp — Z-j (z,t)} dedt (4.9.7)
h-X /R [uBE (@, 45, ), ty40) — i (2 £ g, t)} do

-1 — Z/ ’Lj7 ( i+%7t))90(xi+%’t)

—F(Aiy B (g )l y 1)} dt

Note that
[f(Asj,uly) = f(A,uar)| < CAL, (4.9.8)
and so
S el D) — f(Agua)] dod] <. CAT(b - o)
ij Rij
(4.9.9)

where Supp(¢) C [a,b] x [0.T7]. (We let C' denote a generic constant that
depends only on the bounds for the solution.) Using the fact that u&E (z, t+)

Uz (T, t;r), and inserting (4.9.2), we obtain that

-3 [ (e et )~ o)

—Z {'LLAI ) ulil (x }cpxt dx

J#0
72/ (2,15) {tne (0, £7) — wnn(w, )} da (4.9.10)
j#0 7o
+Z/ (x,t5) {qu —ultf(z }d:r
J#0

Set

e1(Ung, Aag, ©) Z/ (z,t;) {qu(x,tj) UAg (T } dr. (4.9.11)

Jj#0
It follows that
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S(UAQL-,AAJHSO) = O(Ax) +51(UAIaAAw7(P) (4912)

+ Z// y {—9(Aij, vae, x)p — oI} (2, t)} dadt
+Z/ (2,1 {uAf” UAm } dzx

J#0

—Is — Z/R {f(Aij,ugi(miJr%,t))(p(xiJr%,t)

(Al oy D)e(a,y 1)} dt.

But

. Z / (Al (@i 1, 0)plaig s 1)
_f(AU?ug]a:D( Ti_ %,t))@(l’l,

- Z/ . {f(Ai+1,ja uﬁi(:@ﬁﬁ)) - f(Azj,ugf( i+%7t))} gp(xiJr%?t) dt

+Z/ {f A0]7qu r()a )) _f(AOJaqu TO, }LP T07 dta

(4.9.13)

where

> /R [F(Aoy uBP (1 1)) — F(Aogsuan (1)) p(ro, 1) |
j J

< oo C A (L) = O(At). (4.9.14)

To analyze the term multiplied by ¢; in (4.9.12), we add and subtract a term
that differs from this one by O(Az), and then use integration by parts on the
new term. That is, set

Irs = Z// @t/t Ay, (€ =t ull (2,€)), )

79(AZ]3 (5 - tjvuA.I;(xvt))ﬂ :ZZ)
0
o (A (e~ 17,00 (2, 6))) - AL,

+STJ;(AU L — ty,ulil (2,1))) - ALy, | d€ dudt.
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But

\IAS|<Z / / Il / Ol | de dadt < |pr]oeC AR AT S |

2]1
< -
< CV|got|ooAt AxAt O(Ax ),

and so

X/ /e [ i 0(E ~ 13,085 (2,10, 2)

o (6~ 5,050 0,0) - A, | . dac

_IAS_Z// @t/ Agj,a(€ —tj,uly (2,€)), z)

o A 00E — 13,5 0. €0) - AL, | d. o

)
otar) =3 [ fetntien [ a6t

or

o (s — 5,05 (0, )) - AL | e

tj+1 of
- / @ [Q(Aijaquax) - 87A(Aijyqu) ~A/Am] dt ¢ dr,

tj

tj+1
O(Ax?) Z/ { :z:tj+1/t [9(Aij,a(& — t;,ulkl (x, ;1)) 2)

J

0 ~ ’
- aﬁi(Az‘j?U(ﬁ —tj,ultl (x,t511))) - Am} di} dzx
I+ I (4.9.15)
where
i1
Iy = Z/R {Sp(xvthrl)/t [9(Asj, (€ — t5,uky (z,tj41)), @)
ij R i

—g(Aij, (€ — t,ulkl (z,€)), z)
0 N ’
a—i(Aij, a(€ —tj,ulkl (z,t41))) - Ay,

0
+oE (e~ 6,5 (0,0) - Al | de} o
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and

0 '
Is = g //R © {g(Aij,qu,x) — —ai (Aij,ung) - AAx] dxdt. (4.9.16)
ij ij

Note that

L] < [¢loe Y Cll|AzAL < || CAZALY "V

ijl J

T

where the sum on j is taken over t; in Supp(y). Substituting (4.9.13) and
(4.9.15) into (4.9.12), we have

£(uaz, Ape, 9) = O(Az) + €1(vaz, Aae, ©)
- Z// w%(Aq,um) Ay, dxdt (4.9.17)
ij Rij

> /R ey ) { (A i @iy, 0) = F(AG D iy, 0) } .
1] J

It is evident now that

e(Uaz, Aae, 9) = €1(Uaz, Aag, ) + O(Ax). (4.9.18)

We use Glimm’s technique to show that €1(uaz, Aag, ¢) = O(Az), c.f. [10].
To estimate &1, write ¢ = &1(Ax, p,a) to display its dependence on
(Ax, ¢,a), where a € IT is the sample sequence, c.f. (4.3.24) above. Set

X [ee]

el (Az, p,a) = / o(x,t;) {qu(m,tj) - qu(x,t;)} dx. (4.9.19)
T0

Now since u(z,t) = ¥~1- @ - z(z,t), it follows from (4.8.70) that there exists

a constant V' such that TV}, 4 rjuas(,t) <V onrg < <oo,t <T. Using

this, the following lemma gives estimates for €; and s{.

Lemma 13 Leta € II, and let ¢ € CoyN L™ be a test function in the space of
continuous functions of compact support in rog < x < oo, 0 <t < T. Suppose
TVigorr)taz(-t) <V forallx > ro, t <T. Then

diam (sptep)

el(Az, p,2)| < VEL

Azf|@lloo, (4.9.20)

and
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VA, .
le1(A, ¢, 2)] < == (diam (spti))? [9]o- (4.9.21)

Proof: Since [uaz|(,t;) is bounded by the sum of the wave strengths from

x,_1 to x;, 1 for each = at time t = ¢}, it follows that
2 2

; diam (sptep)
11 < ol S 1 llude < ooV 2E5PEE)

i,p

Az, (4.9.22)

where ||7||, denotes the strength of a wave in u-space. This verifies (4.9.20).
Consequently, if J is the smallest j so that ¢ = ¢; upper bounds the support
of ¢, then J = T/At, where T' = JAt, and

J .
; T diam (sptp
a1l < D216l < gl Ay B LPE)

j=1

A,
diam (SptSD))Q el oo

ST(

where Az/At < A. O
We next show that 5{, when taken as a function of a;, has mean zero.

Lemma 14 For approximate solutions ua,,

1 .
/ elda; =0 (4.9.23)
0

Proof: The proof follows from Fubini’s theorem.
1 L
/ el da; = / Z/ [Uaz.a(Ti + a; Az, t;) — uaga(z,t;)] deda;
0 0 0 Ii—%

oo Tl 1
T2
= / / Upg,a(Ti + ajAx,t;) dajdx
i=0 Zi-1 0

1 Iq.’_*_%
—/ / UAg,a(T,t;) deda;
0 T,_1
2
=0

b

which was to be proved. (Here we used uaz a to express the dependence of
the approximate solution ua, on the sample sequence a.) O

‘We now show that the functions 5{ are orthogonal, when taken as elements
of L3(II).
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Lemma 15 Suppose ¢ has compact support, and is piecewise constant on
rectangles Ri;. Then if j1 # j2, we have €)' L 1> where orthogonality is with
respect to the inner product on L?(IT).

Proof: Using Lemma 15 in calculating the inner product

(e]t,el?) = /E{IE{Z (11 day) = / (/ eflef? d%) Iz, da;
= /5{1 (/ Eiz dajz) Hj¢j2 da’j

:07

verifying orthogonality. O

It follows immediately from Lemma 15 that

2 j 112
lealls = ll] 113, (4.9.24)
J
which we use in our next theorem to finally show that there is a subsequence
so that ¢y — 0 as Ax — 0 for almost any a € II.

Theorem 16 Suppose that TV, oo rjune(,t) <V for all g < o < 00, 0 <
t <T. Then there is a null set N C II and a sequence Axy, such that for all
acIl— N and ¢ € C}(t > 0), we have e1(Az,p,a) — 0 as k — o0o.

Proof: Combining (4.9.24) and (4.9.20), and using the fact that [ da = 1,
we have

ler(Az, 0, 2)[15 = Y 1 (Az, ¢, a) |3
i
<> llef(Az, . )5

(diam (sptcp))2

VAt oll2

M -

<
Il
=)

<

(diam (sptgo))3

< V(A1) T o2,

and hence, for piecewise constant ¢ with compact support, there is a sequence
Az, — 0 such that e — 0 in L2. If ¢ is continuous with compact support,
then by (4.9.21),

lellz < llerlloo < Cllplloo- (4.9.25)
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Let {¢;} be a sequence of piecewise constant functions with constant sup-
port whose closure relative to the infinity norm contains the space of test
functions that are continuous with compact support. For each [, there is a
null set N; C IT and a sequence Axy, ;) — 0 such that e; — 0 pointwise, for
all a € II — N;. Set N = J,; NV;, and let a € II — N. By a diagonalization
process, we can find a subsequence, Axy, such that for each [, ¢ — 0 as
k — oo. If ¥ is any test function, then if @ € II — N, we have

|51(Ax,1/),a)| S |81(A$,¢ - @lva)| + |€1(Ax7<plaa)‘
< Const.|| — @il|oc + |e1(Az, 1, a)].

It is now clear that given € > 0, there exists N € N so that if 4,/ > N, then
ler(Az,¢p,a)| <e. O

4.10 Concluding Remarks

The shock wave solutions of the Einstein equations constructed in Chapter 4
have the property that the components of the gravitational metric tensor are
only Lipschitz continuous, that is, in the class C%!, (functions whose 0-order
derivatives are continuous with Holder exponent 1, [9]), at shock waves. Now
this is one derivative less smooth than the Einstein equations suggest it should
be, and in fact, the singularity theorems in [14] presume that metrics are in
the smoothness class C1!', one degree smoother than the solutions we have
constructed, c.f. [14], page 284. This suggests the following open mathematical
question, [13]: Given a weak solution of the Finstein equations for which the
metric components are only Lipschitz continuous functions of the coordinates,
under what conditions does there exist a coordinate transformation that im-
proves the reqularity of the metric components from C%' to C*1? For a single,
non-lightlike shock surface, it is known that such a coordinate transformation
always exists, and the transformed coordinates can be taken to be Gaussian
normal coordinates at the shock, [28, 31]. However, the solutions we construct
in Chapter 4 allow for arbitrary numbers of interacting shock waves of arbi-
trary strength, and at points of interaction, the Gaussian normal coordinate
systems break down. Thus, in particular, we ask whether the solutions that
we construct in Chapter 4 can be improved to C''! by coordinate transfor-
mation? If such a coordinate transformation does not exist, then solutions of
the Einstein equations are one degree less smooth than expected. If such a
transformation does exist, then it defines a mapping that takes weak (shock
wave) solutions of the Einstein equations to strong solutions.

This question goes to the heart of the issue of the regularity of solutions of
the Einstein equations. Indeed, the Einstein equations are inherently hyper-
bolic in character because of finite speed of propagation; i.e., no information
can propagate faster than the speed of light. It follows that, unlike Navier-
Stokes type parabolic regularizations of the classical compressible Euler equa-
tions, augmenting the perfect fluid assumption by incorporating the effects
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of viscosity and dissipation into Einstein’s theory of gravity, cannot alter the
fundamental hyperbolic character, (finite speed of propagation), of the Ein-
stein equations. Thus, even when dissipative effects are accounted for, it is not
clear apriori that solutions of the Einstein equations will in general be more
regular than the solutions that we have constructed here.

In summary, if a transformation exists that impoves the regularity of shock
wave solutions of the Einstein equations from the class C%! up to the class
C11, then it defines a mapping that takes weak solutions of the Einstein
equations to strong solutions. It then follows that in general relativity, the
theory of distributions and the Rankine Hugoniot jump conditions for shock
waves need not be imposed on the compressible Euler equations as extra
conditions on solutions, but rather must follow as a logical consequence of
the strong formulation of the Einstein equations by themselves. If such a
transformation does not always exist, then solutions of the Einstein equations
are one degree less regular than previously assumed.
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