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Problem #1 (20pts):(a) Use e = cosz + isinz for z € R to define cos z
and sin 2 for z € C.
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(b) Find the real and imaginary parts of scosz = u + v and verify the CR
equations u; = vy, Uy = —;.
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Problem #2 (20pts):(a) Find all w such that wd =1+1.
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(b) Find all w such that w™ =1+ .
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Problem #3 (20pts): Assume f(2) = u + v is entire, by which we mean
analytic everywhere.
(a) Prove that Av = vz + vy = 0.
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(b) Recall the Cauchy Integral Formula on the circle Cg of radius R
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f(z) =

Using the notation x = (z,y), and assuming f(2) = u + % is entire (analytic
everywhere), prove that v(x) is given by its average on Cg for every R > 0,

that is
15 2T .
v(Xg) = E/O v(xg + Re¥)dt, xq = (z0,10). (2)

(Note slight abuse of notation x(t) = Re®). |
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(c) Write a Riemann sum for the integral in (2) of part (b), and show that

v(Xo) is the limit of the average of v evaluated at N points evenly spaced
around the circle of radius R.
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Problem #4 (20pts): Assume G = (M,N ) is a, vector field in the plane
which satisfies the property that its line 1ntegra1 around every rectangle (with
sides parallel to z,y-axes) is zero. Prove there exists a function g(z,y) such
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Problem #b5 (20pts):(a). Derive Cauchy’s estimate for the third deriva-
tives of an analytic function directly from the Cauchy Integral Formula given
in equation (1) in problem (3b) above.
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(b) Assume f is an entire function which satisfies the condition
Z
If(2)| < A+ B{Z]

for some constants A and B. Prove that f(z) = a + bz + c2z* for some
constants a, b, c. (Hint: It suffices to prove that f”(z) = const., because this

alone implies f is a quadratic function of 2.)
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