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Problem #1 (20pts): Recall that sin z = £=¢

5, for 2 =z +1y € C.

(a) Show that sin z reduces to sinx when z =z € R.

Solution: e'¥ = cosx + 7sinx, so

e’ —e ™ cosx +isinx —cos(—x) —isin(—x) 2isinz
= = = sinz

21 21 21

(b) Find u(z,y) and v(z,y) real so that sin(z) = u(x,y) + iv(z,y).

Solution:
-y _ ,—iT+y -y ;o _ oY _ S
sin(z + iy) = e € _e (cosx +isinx) —e ’(COS( x) +isin (—x))
21 21
= ————sinx +i————cosx
2 2
SO
u = cosh(y)sin(x), v = sinh(y) cos(x)
(c) Prove f(z) = sinz satisfies the Cauchy-Riemann equations u, = v,
Uy = —Vy.
Solution:

u, = cosh(y)cos(x), v, = cosh(y)cos(z)

u, = sinh(y)cos(z), v, = —sinh(y)cos(x)



Problem #2 (20pts):

(a) Assume that f~! and f are inverses of each other, and w = f~1(z). Prove
that

d . 1
Solution: Since f(f~!(z)) = z, differentiating both sides and using the
Chain Rule gives

. [Corrected on BB during exam]

d

U ) =1

Thus £ f~'(2) = 1/f'(f'(2)) = 1/ f'(w).

(b) The logarithm is defined as the inverse of the exponential, so w = log(2)
if and only if z = e*. Use part (a) together with properties of the exponential
to derive d% log z.

sane 4 _ 1 _ 1 _
Solution: 7~ logz = Lo = = 1/z.



Problem #3 (20pts): Let z = 2i, and let n > 1 be an integer. Find /™.
(That is, find all complex numbers w such that w" = z.) How many of them
can be real numbers? Explain.

Solution:

7 /242K
_ Tl/na%

1/n Llog(z)

w/242km
—_— en n

l .
— en log(r)+i

z

for k =0,...,n — 1. The n angles are

w/2+2kr  1+4kmw
O = = —

n n 2
Only two of the roots can be real, corresponding to the possibilities 8, = 0, .




Problem #4 (20pts): Assume f(z) = u + iv is analytic in an open set
containing the closure of the ball Bgr(z), and let Cz denote the positively
oriented closed curve which is its boundary.

(a) Prove that v at the center is given by its average value, i.e., prove

1

v(20) = Y

2m
/ v(zo + Re™)dt.
0

Solution: By the Cauchy integral formula,
1 w
f(20) = 5l f(w) dw.
i Jo, W — 2
Using 2(t) = 2z + Re!, 0 <t < 2w, dz = iRe'dt we have

(24 2m
f(z0) = ! flzo + Re >dw S f(z0 + Re™)dt.

- 2mi cp W — 2o 2m J

Taking the imaginary part gives the desired answer.



(b) Now assume only that f is continuous, but that for any points A, B in
the complex plane, fo dz is mdependent of path C taking A to B. Let
point A be fixed. Prove: F = [} f(z)dz is an anti-derivative of f. (Here
f , denotes the integral along any path from A to z.)

Solution: Since integration can be along any path,

_ i ( / o f(w)dw) — f(2)fraclAs / o dw‘
- (/f ) - )|

1 24+Az
< i [ 1) = fG)law

|A2\Ma:c|w Z‘<‘Az|f( w)— f(z2)] =0 as Az —0

F(z+ Az) — F(2)

<

\AZ |
because f is continuous at z. Thus F'(z) = f(z) by definition.



Problem #5 (20pts): Recall that Cauchy’s Inequality states that if f is
analytic in a neighborhood of Bg(z), then |f®)(z)| < E—LM, where M is
the maximum value of f in Bg(2). (Here Br(zp) denotes the open ball with
center zy and radius R, and the bar on top denotes its closure.)

(a) Use Cauchy’s Inequality to prove Liouville’s Theorem, that every bounded
entire function is constant.

Solution: Assume f(z) is bounded and entire. Bounded means there exists
M > 0 such that f(z) < M for all z € C. Entire means we can apply
Cauchy’s Inequality to Bg(z) for any R > 0, any 2. In the case k = 1 this is

1
\f’(z)lgﬁM%O as R — oc.

Thus f'(z) = 0 for all z, implying f(z) = const.



(b) Use Liouville’s Theorem to prove that every polynomial P(z) of order
n > 1 has a complex root. (You may assume that every polynomial P(z) is
non-constant and lim, ,, P(z) = oo when n > 1.)

Solution: Assume P(z) is a polynomial and P(z) # 0 for all z € C. Then
1/P(z) is analytic. Since lim,_oP(z) = 0o, there exists an R > 0 such that
P(z) > 1 for |z| > R. Thus |1/P(2)] < 1 for all |z| > R But 1/P(2) is
continuous and hence bounded on the closed ball |z| < R, so there exists
M’ such that |P(z)| < M’ for |z] < R. It follows that |1/P(z)| < 1+ M’,
so 1/P(z) is a bounded entire function, and hence constant by Liouville’s
Theorem. Conclude that if P(z) is not constant, then P(z) must have a root.



