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Problem #1 (20pts): Recall that cos z = ~F— for z =z + iy € C.

(a) Show that cos z reduces to cosx when z =z € R.

(b) Find u(z,y) and v(x,y) real so that cos(z) = u(z,y) + iv(x,y).

(c) Prove f(z) = cosz satisfies the Cauchy-Riemann equations u, = v,
Uy = —Vy.



Problem #2 (20pts): Find all of the values of (i)=. How many are there?
Justify.



Problem #3 (20pts): Let Cr denote the positively oriented circle of radius
R center z, and let Br(z) denote the closed ball of radius R and center
z. Recall the Cauchy Integral Formula tells us that if f is analytic in a
neighborhood of Bg(z), then

f(z) = ! f(w) dw.
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(a) Prove that if f is analytic in a neighborhood of Bg(2), then |f (2)| < %,
where M is the maximum value of f in Br(z).

(b) Prove Liouville’s Theorem, that every bounded entire function is con-
stant.



Problem #4 (20pts): Assume that f(z) = u + iv is analytic everywhere.
(a) Prove that Au =0 and Av = 0 where Au = Uz, + vy,

(b) Prove u(0) = 5 fo%u(e”)dt. (Hint: Integrate Cauchy Integral Formula
on the unit circle.)



Problem #5 (20pts): Let P(z) = a,2" + -+ + a1z + ap be a complex
polynomial, where a,, # 0 and n > 1
(a) Prove that there exists R > 0 such that P(z) > 2 for |z| > R.



(b) Prove that P(z) has at least one root z; such that P(zp) = 0.



