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Print names and ID’s clearly, and have your student ID ready to be checked
when you turn in your exam. Write the Solutions clearly and legibly. Do not
write near the edge of the paper or the stapled corner. Show your work on
every problem. Correct answers with no supporting work will not receive full
credit. Be organized and use notation appropriately. No calculators, notes,
books, cellphones, etc. may be used on this exam.
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1 20

2 20

3 20

4 20

5 20

Total 100
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Problem #1 (20pts): Assume that a particle at position r(t) is moving
in the plane, in circular motion around the origin, starting at r(0) = (1, 0).
Assume that it is accelerating, with a speed increasing by ds/dt = et. Find a

formula for the position r(t) =
−−−−−−−→
(x(t), y(t)) at time t, −∞ < t < +∞. Use this

to find the velocity vector v(t), the unit tangent vector T(t), the acceleration
vector a(t), the principle normal N , and the curvature κ.
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Problem #2 (20pts): Let

−→
F =

−−−−−−−−−−−−−−−−−−→
(2y2, 4xy + z, y + cos(z))

(a) Show that Curl(
−→
F ) = 0.
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(b) Use the method of partial integration to find f such that
−→
F = ∇f .
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Problem #3 (20pts): Recall the chain rule for functions of two variables:

d

dt
f(x(t), y(t)) = fxẋ+ fyẏ.

(a) Use the chain rule to prove that if a vector field
−→
F =

−−−−→
(M,N) is conser-

vative, (i.e.
−→
F (x, y) = ∇f(x, y) for some scalar function f), then∫

C

−→
F · −→Tds = f(B)− f(A),

for any smooth curve C in R2 taking A to B.
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(b) Use the product rule for the dot product to prove that if
−→
F = m−→a , where

−→a = r′′(t) when r(t) is the parametrization with respect to time, then∫
C

−→
F · −→Tds =

1

2
mv2B −

1

2
mv2A.
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Problem #4 (20pts): Green’s Theorem states that∫
C

−→
F · −→Tds =

∫ ∫
A

Nx −My dA,

where A is the region in the xy-plane bounded by positively oriented closed
curve C. Verify Green’s theorem in the case when

−→
F = xy

−−−→
(1, 2), and C is

the boundary of the triangular region bounded by the x-axis, y-axis and the
line y = −2x+ 2. Draw a picture.
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Problem #5 (20pts): Consider Kepler’s Laws under the simplifying as-
sumption that the planets move in circular orbits with the sun at the center,
(not a terrible approximation). In this case, each planet moves around a
circle with position vector

~r(t) = R cosωt i +R sinωt j, (1)

where R and ω are constants which depend on the planet, and t is the time.
Assuming Newton’s inverse square force law in the form

−→a = −G 1

r2

−→r
r
, (2)

(where G is Newton’s gravitational constant), derive Kepler’s third law

T 2

R3
= K, (3)

where T is the period of the planet’s rotation and K is a constant independent
of the planet.
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