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Show your work on every problem. Correct answers with no supporting work
will not receive full credit. Be organized and use notation appropriately. No
calculators, notes, books, cellphones, etc. Please write legibly. Please have
your student ID ready to be checked when you turn in your exam.
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Problem #1 (25pts): (a) Sketch the region of integration R, determined

by the iterated integral
1 x
/ / zy? dydz. (1)
0 Ja?

and evaluate it.

(b) Rewrite (1) with order of integration reversed, and evaluate it.



Problem #2 (25pts): A particle moves along a trajectory given by
r(t) =2sint i+ 2cost j—t k.

Find the following:

(a) The velocity vector v(t)

(b) The speed v(t)

(c) The unit tangent vector T(¢)

(d) The unit normal N(¢)



(e) Find the acceleration vector a(t)

(f) Find ar and ay such that a(t) = arT + ayN.

(g) Find the arclength from ¢ = 0 to ¢t = 1.



Problem #3 (25pts): Let r(z,y,2) = \/22 + y% + 22.

(a) Derive the formula 2r(z,y, 2) = £.

(b) Write the corresponding formula for y and z.



(c) Let r = xi+ yj + 2k and let F = — 7 be the gravitational force field.
Use (a) to show that Vi = —%. (i.e., F is conservative.)

(d) Let C be any curve taking A = (1, —1,2) to B = (—3,0,4). Evaluate the
line integral [, F - T ds, (the work done by F' along C).



Problem #4 (25pts): (a) Use the Leibniz substitution principle to show
that in general, if r(¢) = 2(¢)i + y(t)j + 2(¢)k is a parameterization of curve
C fora <t <b,and F' = Mi—+ Nj+ Pk is a vector field, then the following
are equal:

/F-TdSZ/F-dr:/F-vdt:/de—l—Ndy—i—sz.
c C C c



#4 (b) Assume further that r(¢), a <t < b is a parameterization of C which
describes the motion of an object subject to the total force F = ma where
a=r"(t), and v(t) = ||[r'(t)|| is the velocity. Prove that

1

/ F.-Tds= 1mv2(b) — —mv*(a).
. 2 2



Problem #5 (25pts): Let F(z,y,2) = 22yi + (2? + 2)k. Find:

(a) Curl F

(c) Find the circulation per area in F around an axis aligned with the direc-
tion v =1+ j at the point (1,-2,-1).



Problem #6 (25pts): Let S be the surface in R?® which is the image of
0 <wu<1,0<wv <2 under the parameterization r(u,v) = u?i + v?j — 2uvk.

Evaluate the flux integral
/ / F - -ndo,
S

where F is the vector field F = z1i, and n points toward negative x.
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Problem #7 (25pts): Verify Stokes Theorem:

/F-TdS://C’urlF-ndo,
C S

where S is the hemisphere 22 +y?> 4+ 22 =4, 2>0, F = —yi+zj, and C is
the closed curve z2 + y? = 4.

11



Problem #8 (25pts): Consider a fluid flow with é(x,y, z)the density in
%, v(z,y, 2) the velocity in *, and let F = dv be the mass flux vector, given

by F(xz,vy,2) = 2%yzi + (2° + y* k.
(a) Find DivF.

(c) Find the rate at which mass is passing upward through the disk 2%+ 32 <
1, 2=0.
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