Show your work on every problem. Correct answers with no supporting work
will not receive full credit. Be organized and use notation appropriately. No
calculators, notes, books, cellphones, etc. may be used on this exam. Please
write legibly. Please have your student ID ready to be checked when you

turn in your exam.
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Problem #1 (20pts): A particle of massm = }Z kg moves along a trajectory
given by
r(t) = cos 2t i+sin2t j+t k,

where % is in seconds and r is in km. (i) At each time ¢ find the following,
give the correct dimensions, or say 1ts dimensionless:
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(d) The unit tangent vector T()
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(e) The umt normal N(¢
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(f) The curvature (¢
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(g) The length of the component of a(t) in direction of T. O\T <)



Problem #2 (20pts): For the curve of Problem 1:
(a) Find the arclength from ¢ =0 to t = 1.
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(b) Write down and evaluate the correct line integral for the work done by

the F=ai 4j between t = 0 to t = 1. Include the correct units.
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Problem #3 (20pts): Let

F(,y,2) = yai + (22 =i + (ay + Dk
Find:
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(c) Find f such that F =V f
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(d) Evaluate [, F - T ds along any smooth curve C taking A = (—1,1,2) to
B=(1,1,-1).
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Problem #4 (20pts): (a) Let F = Mi+ Nj + Pk be a vector field,
where M, N, P are assumed to be given functions of (x,y, 2). Use Leibniz’s
substitution principle to show the following are equal: (Here r(t) denotes any
parameterization of curve C'.)
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(b) Assume further that F' =V f for some scalar function f(z,y,z). Prove
that

/C F.Tds = f(r(b)) — f(r(a),

where r(t) is any smooth parameterization of C' with r(a) = A, r(b) = B.
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Problem #?5 (20pts): Let r(t) = xz(t)i+ y(t)j be the trajectory of a planet
moving in a plane with the Sun at the center (z,y) = 0. In the Newton-Kepler
problem we showed that if x = rcosé and y = rsinf, then differentiating
r(t) twice and simplifying (using equal area in equal time) led to

H2

Lcosf+ysinf = 7 — — (1)
-

—Zsinf +ycosd = 0. (2)

Use these to solve for the acceleration vector a = ¥ = Zi + ¢j, and show that
the acceleration vector points in the direction of the position vector r(¢), (i.e.,
toward the sun).
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