Show your work on every problem. Correct answers with no supporting work
will not receive full credit. Be organized and use notation appropriately. No
calculators, notes, books, cellphones, etc. may be used on this exam. Please
write legibly. Please have your student ID ready to be checked when you

turn in your exam.
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Problem #1 (20pts): A particle of mass m = 2 moves along a trajectory
given by
r(t) =3sint i+ 3cost j+ 1t k.

At each time ¢ find:

(a) The velocity vector v(t)

(b) The speed v(t)

(c) The acceleration vector a(t)

(d) The unit tangent vector T(t)

(e) The force F on m

(f) The unit normal N()

(g) The curvature «(t).



Problem #2 (20pts): Let C be the curve of Problem #1 defined for ¢
between t, = 0 and t;, = m:

r(t) =3sinti+3costj+tk
(a) Find the arclength of C.

(b) Evaluate the line integral [, F - T ds assuming F = zi+ yj + zk.



Problem #3 (20pts): Use the Leibniz substitution principle to show that
in general, if r(¢) = x(t)i+ y(¢)j + 2(¢)k is a parameterization of curve C for
a <t<b and F = Mi+ Nj+ Pk is a vector field, then the following are
equal:

/F-TdSZ/F-dr:/F-vdt:/de—l—Ndy—i—sz.
c C C c



Problem #4 (20pts): Assume that
F(,y,2) = M(z,y,2)i+ N(z,y,2)j+ P(z,y, 2)k

is a conservative force field so that F' = V f for some scalar function f(x,y, ).
Assume that a mass m moves along trajectory r(t) starting at point P = r(t,)
to point Q = r(ty), t, <t < t;, and assume F = ma at each ¢, so that the
work done is AW = [, F - Tds, (C the curve of motion).

(a) Prove that AW = m||v(%)||?> — tm|v(,)||? where v(¢) = £(¢). (That
is, the work done is the change in Kinetic Energy.)



(b) Prove that AW = f(Q) — f(P).



Problem #5 (20pts): Let C' denote the unit circle in the (z, y)-plane ori-
ented counterclockwise, and let F(x,y) = yi — xj = Mi+ Nj.

(a) Evaluate the integrals on both sides and thereby verify directly the line
integral form of Green’s Theorem:

/F-Tds://Nx—MydA
c R



(b) Evaluate the integrals on both sides and thereby verify directly the fluzx
form of Green’s Theorem:

/F'ndS://Mx—l-NydA.
c R



