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Student ID#:

Section:

Final Exam
Friday December 10, 1-3pm

MAT 21D, Temple, Fall 2021
Print name and ID’s clearly. Have student ID ready. Write solutions clearly and legibly. Do

not write near the edge of the paper or the stapled corner. Correct answers with no sup-
porting work will not receive full credit. No calculators, notes, books, cellphones...allowed.

Problem Your Score Maximum Score
1 20
2 20
3 20
4 20
5 20
6 20
57 20
8 20
9 20
10 | 20
Total 200




Problem #1 (20pts): (a) Sketch the region of integration R, and evaluate
the iterated integral
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(b) Rewrite (1) with order of integration reversed. (Do not re-evaluate).
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Problem #2 (20pts): Assume the region R, of Problem 1 is a metal plate
with density §(z,y) = x siny. Set up iterated integrals for the following: (You

need not evaluate.)

(a) The total mass M.
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(b) The coordinates of the center of mass.
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(c) The kinetic energy of rotation about the z-axis.
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Problem #3 (20pts): Let R, be the circle of radius a > 0. Evaluate the
following integral: (Hint: polar coordinates.)
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Problem #4 (20pts): Assume
F(z,y,2) = (z2"%)i+ zj + (ze®* + y + 2) k.
(a) Find Div F.
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(b) Find Curl F.
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(c) Use the method of partial integration to find an f such that F =V f.
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(d) Evaluate [, F. T ds along any smooth curve C taking A = (1,-3,1) to
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Problem #5 (20pts): Let v = F = 2zi + 2yj + yzk be the velocity field of
a moving fluid.

(a) Find the unit vector in the direction of the axis of maximal circulation

per area at point P = (1,—1,2). - x b
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(b) Find the maximal circulation per area at point R (Er 1 D)
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(c) Find the circulation per area around axis w = (1,1, —1) at point P =
(1,-1,2).
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(d) Describe all axes i around which there is zero circulation per area at
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Problem #6 (20pts): (a) Let F = Mi+ Nj+ Pk, let C be a smooth curve
that takes A to B, and let F(¢) be a parameterization of C'. Use Leibniz’s
substitution principle to show the following are equal:

/f-'f‘d.s-: / F.dr = /f‘-\‘r’dt:/ Mdz + Ndy + Pdz.
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(b) Find M (z,y) such that the vector field F = (M, xy; has the property
that the flux of F through C equals the area A enclosed by C for every simple

closed curve C. S
(Hint: Recall the divergence form of Green’s Theorem: i Fiids = I fA Div(l—?“)dm\.)
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Problem #7 (20pts): (a) The vector field F = —% is Newton’s inverse
square force field with all constants set equal to one. Recall ¥ = (z,y, ), and
r= Il = v/a?+ g2+ 22

(a) Calculate Curl(F)
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(b) Calculate V (1)
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(c) Show that fc F.Tds = Wl%ﬂ - Il—liﬂ for any smooth curve C taking A to B.

(You may use any theorem you can state correctly.)
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Problem #8 (20pts): Let F = (M(z,y), N(z,y)) denote a vector field in
the plane such that its components M, N are smooth functions, and assume

Curl(F) = 0 for all (z,y) # (1,1).

Assume further that ‘['C“ F - T ds = 7 where C is the positively oriented unit
circle centered at (1,1). Give an argument demonstrating that i F-Tds=m
for any smooth, positively oriented simple closed curve C surrounding the
point (1,1). Draw a picture, and state correctly any theorem you use.

Tl Ol =s 0
19 @ Sm:\>\~9 (/\)MQ& 5

e e nferov
TS 72N \r&gfw “he D!

@D %Q 3w\/\\’c\l/\ ex vdel (TN X/N//}M\Zg
Qv\at QX(/\VAQI ro X\Y;Lf *{\&\g 1

Sw’@\\& mvmu)ﬁ\% ond) Qw\\§ <D \M\A\QJ
Jor Theprem Sage o<\ F T e < %\—X&*X
o] - & B G
o XE?&S\“Sé i{ég W
Q 12
Co

—



Problem #9 (20pts): Let S denote the upper hemisphere 22 + y2 + 22 = 4,
= > 0, let C denote its boundary circle 2° + y* = 4 in the (z,y)-plane, and
let F = yi — xj. Verify Stokes Theorem [,F-Tds = [ [(CurlF -ifido as

follows:

(a) Evaluate [,F - T ds directly by parameterization. —
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(b) Find the unit normal i on S.
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(c) Find a(z, y) so that do = a(a,y) dedy on S.
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(d) Use (b) and (c) to evaluate | [ CurlF - fi do using (z,y) as a coordinate
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Problem #10 (20pts): Recall the Divergence Theorem:
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W, here S 15 a closed surface boundmg the volume V. Let S be the ellipsoid

—+ +— = 1. Assuming F = p 2(i+j+k) with p = \/m use the
Dlvergence Theorem to evaluate the flux of F through S (on the left hand
side) by Lvalu‘mng the triple integral on the right hand side. (Hint: Use the
substitution u = a%,v = by, w = cz. )
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