MIDTERM EXAM II
Math 25
Temple-F06

Write solutions on the paper provided. Put your name
on this exam sheet, and staple it to the front of your
finished exam. Do Not Write On This Exam Sheet.

Problem 1. (a) (4pts) Give the precise definition of an upper
bound for a set A C R.

(b) (4pts) Give the precise definition of the least upper bound
for a set A C R.

(c) (4pts) State the Completeness Axiom regarding a A C R.

(d) (8pts) Let s, be a non-decreasing sequence of real num-
bers that is bounded from above. Give a careful proof that the
sequence s, converges.

Problem 2. Let s, be a sequence of real numbers.

(a) (2pts) Give the precise definition for s,, — s in the case
when sg € R, and when s5 = +0o0.

(b) (4pts) Define what it means for s, to be a Cauchy sequence.

(c) (4pts) Give the negation of the statement “s,, is Cauchy’.

(d) (5pts) Prove directly: If s, converges to a real number 50,
then s, is Cauchy.

(e) (5pts) Prove directly: If s, — +oo, then s, is not Cauchy.



Problem 3. Let s, be a sequence of real numbers.

(a) (6pts) Define sy and Sy, the approximate liminf and ap-
proximate limsup of s,, respectively.

(b) (6pts) Define s = liminf s, and § = limsup s, in terms of
sy and 3y, respectively.

(c) (8pts) Use < to give the correct inequalities that order the
set {sy,5n,s,5}, and prove the right most inequality.
Problem 4. Let s, = {1+ (=1)"} &'/

(a) (10pts) Find the liminf s, and limsup s,,.

(b) (10pts) Define a subsequence that converges to limsup s;,.

Problem 5. Let s, be a sequence of real numbers.

(a) (10pts) Give an example of a sequence of real numbers s,
whose subsequential limit set is exactly the set {1/n:n € N}U{0}.
(You may use a diagram to define your sequence.)

(b) (10pts) Prove that there is no sequence of real numbers
whose subsequential limit set S is the set {1/n:n € N}. (You
may use any result in the book.)
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