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It has alread-v been proved (Thcorem 2' Sl) that t lte functions

n (.v) .- s" (x), v ('r) -_ -s' (x)

are continuous and increasing' From this it follows that the difference

q(x): f ( r ) -s(x)

is a continubus functiort of f initc variation'.
'" - 

ii,"' ,"$;lt just oUlai'rta caa be statcd in the follorving fonn'

Tnr_oRrrr l. er.rrr.-f"''iitiott o.f fnite variatiort can be v'ritlen as the sunt of its

functiott antl a contirttiois function of fnite variation'

(1)

This sequence
it. This gives

*'here each s

order of elen

of the infinit

This scquen

is a subseq
Leltlt ^

the segnicn;

lhen there t

I (x) at er
ProoJ '

rational P
scquence

such that

cxists ant
We:

for all -x
is an irit

Forx(

at eve'
j(1 8Ot

Fixin;

S 4' HELLY'S PRIN-CIPLE OF CHOICE

In this section, $'e take up a theorem due to E' Helly which has nrany imptrrt lnt

applications. We first P.ro]e. twg le.mmas'

;:ffiT t. "r'u,"iu'iii,iii' i""iiiv-'ii Tun,,tto^ n,-,{f (*)) !.:..!:!*o
tf ufi;;irrrirorc o1'ri, i""'iiv'o'." iouidid bv one and the sante nwnber

l l(x) l-< K'

then,for ant,clenunrcrable subset E of fa,b), it is possible-to fnd a seEtence {'f" ('t)} nr
'ti:n, 

fi,uitv H u'hich converges at every point of the set E'
" 
froi|. Ler E : { -t1}' Consider the set

{ /  ( ' ' ) }

of values taken on by the functions of the family l/ at the point 'r ' '  By (1)' this set is

bounded ancl, by tt . soiron;-weierstrass Theorem, we can seiect a convergent sequcrlc'

from it:

A){.r,), ...; *W*' ( ' ' ,):/,.

f? (") ,  | t t  @), . . .

of values taken on by the functions of the set {,f,tD (t) } at the point xr'

i, ufro Uounded, and *. tun apply the Bolzano-Weierstrass Theorem to

a convergent subsequence

ff)Gr), ft '@), ffi@n)' "" ri* /l i)(x'):A''

selected from {/(1) (x,) }. It is 
-essential 

to note that the rela.tive order of two functions

#2) and f^et in,r,u ,"'q'u"n".-tlj is ttre same-as;; G sequence (2). continuing this

'pro".r, indeRnitety. *"'const.uci a denumerable set of convergent sequences:

il') (r,), ,flt)("r),

Now consider the sequence

(2)

(3)

It is ob
tlte set

w

/ f r ( ;J,  f {@),  f t '@r\ ,  . - - ,

/l') ('n), f llt i.'rj' f {!'@nl, ' ' "

,,tYJg' 
(x'): Ar

tin f \?t (xr): Ar.

,f f)(ro), ./{u)(tr), ,f !*)(tu), ' '  ' '  ,tTJll)(t*) 
: A*'
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4. HrLry's PRrNcrpr.e or Cnorcs 2Zl

where e,ach sequence of numbers is a subsequence of the preceding one, and in which the
order of elements has not been altered. WC now form the r.qurnJ" of diagonal .t.*.ni,
of the infinite matrix just constructed, i.e., the sequence

I  f  9 ')  v) l  (n: L, 2, 3,.  .  . ) .
This sequence converges at every point ofthe set.E In fact, for every fixed &, the sequence

Fo: {f hr (x) i
lim f @) (xrl

' l ->@

(n>'- k)

(4)

First, we define

(x* € E)

(x* € F).

(5)

I f*, @Dl
is a subseq.rence of {fJD G)} and converges to 11.

LEt*vn 2- Let F:,{-f (r)\ be y infnite famity of increasing functions,defned on
the segmeni [a, bJ- If oll lunciins of the famiry orc bo*drd ty oni ina the same number,

l f (x) l  <K, , f€ F, ,a1x1b,
then there is a sequence offunctions {f"(r)} u f wfich converges to an increasingfunction
9 $) at every point of [a, b].

. Prgof- Apply Lemma t to {./(x) }, taking for the set E the set consisring of all
rational poi_n1s of fa, b'), togethei with rhe point a if it is irrational. we thui find a
sequence of functions of the family Il

such that

exists and is finite at ei..ery point x* ( E
We now define a function * (x) by the following procedure.

9 (:r) : 
ntim 

f b)(xo)

for all x* € E. This defines ! (x) only on d of course. It is easy to see that r| (-r)
is an increasing function on E, that is, if xr, x* € E and x1 ( x;, then

g(xr)(*( : r ) .
For x ( Ia, b) - d we define * (x) by the relation

* (x): sup {* (x*)}
'k1 '

Il]t :I"i"*.that! 
(x) is an-increasing function on the closed intervat [a,6] and thattne set or pornts Q where ,f (x) is discontinuous is at most denumerabrJ.

We show next that

l im/(n)(xo):*  ( ro)

at every point xo where 'i (x) is continuous. Let e be any positive number, and ret.ra and x,. be points of E such that

xv{ xs{ x j ,  9(x;)  -g(ro) < * .
Fixing ihe poinis x1 and x,, select a natural number no such that for , , ,o,

lftn) (x) -g(.rr) l<u. , lf(, ') (rr) _g("r) l<i.
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It is easy to see that
g (xo) -"( f(n) (x) </(') (rc) ( * (ro) *.,

for nlno. Since

f(n) (xy) -_(/("1 (xo)._(/ro) (r),
we have

9 (ro) -. lftot (ro) ( I (ro) *",
for n ) zo. This proves (5). Thus, the equality

ntim f{n)(x):{ (x) (6)
can fail only on the finite or denumerable set p, where 0 (x) is discontinuous.

We now apply Lemma I to the sequence Fo, taking for the set E the set of those
points of Q where (6) is not fulfilled. This yields a subsequence

{'f' (')l
9f-.{q which converges at all points of [a,b] (because at points where the sequence
{f@ (r) } converges, all subsequences also converge). Setting

g (*):*W*("J,

we obtain a function which is obviously an increasing function.
THroRru (Hrr,rv's Fmsr THronru). Let an infnitefamily offunctions F : {f (r)}

be-_defined on the segment [a,b). If allfunctions of thefamily and the total variiiion'if
all functions of the family are bounded by a single number

l l (x)1.-(K Y(/)<K

then there exists a sequence {f,(r)} in the famity F which converges at every point of
fa, b) to some function p (x) of fnite voriation.

Proof- For every function f (x) of the family d set

z (x) -i A, v (x) : n (x)- f (x).

Both n (x) and v (x) arein"."".iig functions. Furthermore,

l " (x) l<C l , (") l<2K.
$RRlring Lemma 2 to the family {n (r) }, we find that there is a convergent sequence
{ no (t) },

* l* . rr(x):a(.r)

in this family. To every function n.t (x), there corresponds a function v*(x), extending
it to- the function fi (x) of the family ,F. Applying Lemma 2 to the ramity {ro(r)1,
we find a convergent subsequence { u1, (x) },

,11,*, (x): p (.r)

of { v1 (x) }. Thrn the sequence of functions

f xr@): ;1,.. (;) -'/,,, (.r),

$'s
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5. ConlNuous FuNcrloNs oF FINnE VARIATIoN

belonging to F, converges to the function

9 (x): a (x)-P (x).

This proves Helly's theorem.

5 5. CONTINUOUS FUNCTIONS OF FINITE VARIATION

Tseonru l. Let afunctionf (i of rtnite variation be defned on the closed interval

la, bl. If f (x) is continuous at the point xs, then the function

(x):i tn
is also continuous dt xo.

proof. Suppose that xs 1 b. We shall Jno", ,nu, zr (x) is continuous on the right

at the point ro. 
' 

For this purpose, taking an arbitrary € > 0, we subdivide the segment

[xo, b] by means of the Points
xo{x1< . . .

so that
,t -L l)

v:2l / (xru-,  - f  (x*)  l> V ( f ) -" .
*-0

Since the sum I/ only increases rvhen new points are added, we may suppose that 
\

l f (xr)- / (xo) l ( . .
It follows from (l) that

b n-L

V 0(.*  )  l f  (xr i - f  @*' t lcz"+
Es k:0

Hence

Y U) 12",
6a

r (xr)-r (ro) ( 2e.

r (xo f 0) -n (xo) ( 2e.

Since E is arbitrarY, we have
c (rco+ g) : t (.ro).

It can be shown in like manner that ,. (xo - 0) : 7r (ro)' i'e'' that ; (x) is continuous

on the left (tf xo) a) at the point x6.
CoRcrr.r-.4,Ry. A continuiu-s Juttciion of f nite variatiott can be *'ritten as the dffirence

of lvo cont!rurcus increasing Junctions.
ln fact. i i /(;r) is a coniinuous function of f inite virriation defined on [a, b], then

both of its increasing comPonents

r ( . r ) : t f f l  and v(:r) : t ( ; )  - f  (x)

are cont inuous.
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( t )

n-r b' )  
l / ( to* ' )  - f  (xr \  l - - (2 '*Yff) '

E=t 61

and consequently

This implies that


