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Theorem 1 Let ¥ denote a smooth, 3-dimensional shock surface in spacetime with spacelike
normal vector n. Assume that the components gi; of the graz)itational meltric g are smooth

on either side of 12, (continuous up to the boundary on either side separately), and Lipschitz

—

continuous across L tn some fited coordinate system. Then the following statements are
| —— e e, o i

O e e

equivalent:

@ (i) [K] = 0 at each point of 3.

# (ii) The curvature tensors Ry, and Gij, viewed as second order operators on the metric
components i, produce no delta function sources on L.

@ (iii) For each point P € T there exists a C1! coordinate transformation defined in a neighbor-
hood of P, such that, in the new coordinates, (which can be taken to be the Gaussian normal
coordinates for the surface), the metric components are C™! functions of these coordinates.

@ (iv) For each P € I, there exists a coordinate frame that is locally Lorentzian at P, and can

be reached within the class of C}! coordinate iransformations.
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THE SIMPLEST SETTING
for
SHOCK-WAVES

Spherical Symmetry—
Assume Standard Schwarzschild Coordinates:

q; jd:ci d:cj
ds®

—A(r, t)dt? + B(r, t)dr? + r2dQ?

dQ? = df? + sin20de?,
x = (29,...,23) = (¢, 1,6, ¢).

Define the mass function M(r,t) :

r

-
B(r,t) = (1 = 2, t)) :



e Stress Tensor T :

T% = (pc? 4 p)wiw’ + pg¥, i,5=0,...,3

4 Lol
c oV
AFeR — ;_ 5 psz?,fO:uO
cc— v
2 2
00 _ ¢ +o _ 01 _ 1
VAB-T = c2—v2wp_TM = u
2 2 -
11 _ e 5 L
B.T = Cz_vzpc = T
pc2=densz’ty, p = pressure, v = velocity

e Assume Equation of State:

p=0°p

o = sound speed < ¢ = light speed.
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e Plug TY and ¢% into G = xkT: (MAPLE)

A ( B
ﬁE{TE-FB—l} — ﬁAzTOO (1)
By 01
—-—2 = kgABTY(2)
rB
1 ( A
;—i{r—-—(B—l)} = kB?T!'! (3)
1 2KT
- Byu-A"+ol = =722 (4
B —A+ o} = T2 (4)
" _BAtBt_E(E)Q i’_I_AB"
o 2AB 2 \B r rB
A[AN\? AA'B
2 (‘z) t24B

o (=M= %ETQATOO, Q=M = —%:n'r‘zATOI
e “prime’"=3/dr, "dot”" = 9/0t

‘ 4
B"‘,_z{m

r




CONSEQUENCES:

The equation (1)= M’ = Zxkr?2 AT implies:

,
M(r,t) = My, + g Tj?dp(r, t)r? dr
O

The scalar curvature R satisfies

R = (c® - 30%)p

Components of T, satisfy:
01 0
TOH < TP,

g% 100 11 00

This defines the simplest setting for shock
wave propagation in General relativity.

T AT < u° |
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MAIN RESULT:

Theorem: Assume there exist positive con-
stants L, V and v such that vg(r) and pgo(r) > 0,
rg < r < oo, satisfy

T‘/[r,r—}—L]ln pD() <V,

c+vg(+)
TVt 0 (C5005) < Vo ()
lvg(r)| < v < ¢

Then a bounded, weak, (shock wave), so-
lution of the initial-boundary value problem
for Einstein equations (1)-(4) exists up to
some positive time 7" > 0.

For t < T, the metric functions A and B
are Lipschitz continuous (C91) functions
of (r,t), and (5) continues to hold for ¢t < T,
with adjusted values for V and ¥ that are
determined from the analysis.

lim M) =M z\onfl
F -3



COMMENTS:

e The theorem allows for arbitrary numbers
of interacting shock waves, of arbitrary strength.

e Note that limy5eo M(7,t) = M iS @ non-
local condition.

A B’ (
(1) = r2B{ +B—-1%=xA27%0
A!
(3) = T—Q{T’z = (B = 1) L = )"GBQTll
1 2KT
4) = — By — A"+ ) =22 22
( ) TABQ{ tt + } B

=A(r,t) and B(r,t) are at most Lipschitz
continuous at shocks.

=(4) only satisfied in the weak sense of
the theory of distributions.
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FORMULATION AS A SYSTEM OF
CONSERVATION LAWS WITH SOURCES

e Theorem (Groah, Te): The following
equivalencies hold in weak sense:

G=kT < Q)+(2)+(3)+(4)
<~ Q)+ @)+ DT =0

e Weak equivalence for A, B Lipschitz con-
tinuous, T bounded measurable.

e For (1) 4+ (3) + DivT = 0, equation (2) holds
as a constraint: it holds on weak solutions
so long as it holds on the boundary r = rg.

e Reference: Groah, Te: A shock-wave for-
mulation of the Einstein equations, (e=spe
e Nethods and Applications of Analy-

H;d5al of Hd“\“kd'lit\ 8
Flvid Q%nqn.lts
Spn&gev' Rook



e Corollary: An equivalent system:
[New Twist : v = (u,ul) = (T%O,Tj?{l)]

ut + f(A,u)g = g(A,u,z) <= DivT =0

Al = h(A,u,z) <~ (1) + (3)
A = (A,B)
fAw = |5 (18T
g(A,uz) = (¢°9g")
h(A,u,z) = (ho,hl)

e Note: u independent of A = (A, B)



ut + f(A,u)z = g(A,u,z) <= DivT =0

A’ = h(A,u,z) — (1) + (3
2 [A
0 01
= 2 /=7
4 2\ B M
1 14 T4 (B-1)
1 11 00 11
= =027 700 _ T
g 5 B{ M + - ( M M)
+2keB(TRTL — (TOH?) - 43::T22},
B-1)A 2
0 = B-DA, aprl} 722 _7° =
o o i 5 2&1?
(B-1)B 5056, . 2
Rl = — B2T99 =
TR - S,

Y o

T 2¢+1 a¢ T011°
TR X ﬁ1_\1_(2c+1)2’(‘:+[—]

10



e Remarkably: Change of variables
T —>u= TM

= Time derivatives A; and B; cancel out!

e DivT = 0 reads:

1 /2A
0 = TR+T+5 (S + )T

"A ' B
1 /34 B 4 701 Bt 11
= g S
+2(A +B+r) T 2A
1 /A 3B;
0 = 79l 4 pl1 _( )TOl
e S ] G

11
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PROOF: Fractional Step Glimm Scheme

e Define grid z;,t;, ¢,7=0,1,2,..., zg=r10.

e Stagger discontinuities in A
with discontinuities in w:

— Choose: A = A;; in Grid Rectangle R;;

- Ry=ln_gegg) x i)

e Discontinuities in u are set at (x;,t;):

= Riemann problem posed
at the bottom center of R;;

e Solve ut+_f(Aij,u)m =0 in RU for %-step
o Solve us = g(A;j,u,z) — Vo f-A’ for 3-step

e Solve A/ = h(A,u, z), A(rg) = Ary, at t =1;44

12
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The Riemann Problem Step:

e The RP in Ry,

ut + f(Az'js'U»)m=0a

Ur — U;_1 3 xr xT;
uo(z) = uL — t'_l’J < z.,
It '“'33 T > i

e A = A;;= R;; defines a “locally inertial
coordinate frame”

e Presence of A;; alters speeds but not states
Riemann Problem <= Special Relativity

e REF: J. Smoller and B. Temple, Global so-
lutions of the relativistic Euler equations,
Comm. Math. Phys., 157(1993), p.67-99.
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e Main Point: TV Inp(-,t) is non-increasing
on RP step of method.
REF: Nishida, Global solution for an ini-
tial boundary value problem of a quasilin-
ear hyperbolic system, Proc. Jap. Acad.,
44(1968), pp. 642-646.

e Conclude: Fractional Step Method=
““Covariant version of Glimm's method"

e The boundaries between the “locally iner-
tial coordinate frames” are the discontinu-
ities in A along sides, top and bottom, of
grid rectangles.

“Lom.“§ Hat MQ.'\'\OJ !

V3D



The ODE Step:

w=g—A"-Vaf=G(A,u,z), A= A, x =

= i {5 e (rfp -7
Gl = —% %{4 +———1( Tif + Taf ) +
kzB |TSPTL 2(TM) +(TI%})2] —43.:3‘22}

e g accounts for the di}ontinuities in TIME
(along top and bottom of R;;)

e —A'.V, f accts for discontinuties in SPACE
(along sides of R;;)

e Proof of convergence of the residual demon-
strates that this interpretation is correct.

14



The ODE has nice properties in (p,v)-plane:
up=g—A"-Vuf

kVABz [(c? + 02)2vc
2 64 T p{p_pl}a
kv ABz [(c* — v¥)o?c
. 7. N W {p — p2},

v =
2
. 4
S kB(c2 + 02)z?’
. 4v202 — (B — 1)(c* — 02v?)
LA kB(c2 4+ v2)02c222
49202
p2 < <p1, —c<v<ec

kB(c? 4+ v2)o2c2x2

15



ODE Phase Portrait:

e Autonomous system at each (i,j)

e p> 0, |v] <cis an invariant region

e p < pj IS a bounded invariant region
p 2 p1 IS an unbounded invariant region:
(p = p1 is a solution)

e Solutions exist/bounded for all t > 0
(ODE's are quadratic in p!)

16
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Bounds for Fractional Step Method:

RP4+ODE = approx solns defined for all ¢
so long as the CFL-condition holds

E > Max 2\/E
At B

We show: CFL bound depends only on:
|Blloos IIS]leos S = S(z,t) = zp(z,t).

We prove: All norms bounded by ||B||co,
1S|loc, and ||TVE Inp(,t)]|co

Thm: Solution extends to first time T at
which one of these three norms tends to
infinity.

17



Interpretation:
_‘
B - co < Black Hole Bf- l Y,
|

p — oo <= Naked Singularity,
(R={c? —302%}p)

Open Problem: Can
B, ||S|loc, ITVL Inp(+,t)]|cc— 00
some other way?

Open problem: Do there exist coordinate
transformations that smooth the metric com-
ponents of these solutions from the smooth-
ness class C%1 up to the class ¢1:1?

Such a transformation would map
weak solutions = strong solutions.

18



Strategy:

e We have uniform estimates for RP and ODE
steps separately, but not under interation.

e Basic idea: RP step preserves TVy Inp=>
need ATV Inp for ODE is O(At)= com-
pactness by Oleinik/Glimm compactness ar-
gument.

e Main Technical Problem: Growth of TV Inp
coupled to growth of My

o0
My = = u(r, t)ridr
2 Jro

a non-local condition.

e Difficulty in keeping track of order of choice
of constants.

19



Main Estimate:

e Assume that for t < Ty, uay, Aas Satisfy

Mpg(z,t;) < M
0 < Sa(z,t;) < 8
)’U&:r;(matj)‘ < v

e Assume that there exists constants L, V|
such that |z;, —z;,| < L =

Z |’Y;Do| < W
11 <i<ip, p=1,2

Conclude: (A) Total variation bound:

Z |7§31 < 2‘7*,
11<1<1p, p=1,2
1 V.
tj <Tr = ( ) — b —
Go ) {2V + H(2V4)}

20
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