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Curves and currents



Definition of geodesic current



Intersection number



Why care? Extensions of functions on curves

I Goldman-Labourie-Margulis 2009: proper affine actions

I Rafi-Souto 2017: curve counting problems



Why care? Intersection numbers

I Martone-Zhang 2019: entropy-systole bounds for Anosov lengths
(systole: length of shortest curve)

I Burger-Iozzi-Parreau-Pozzetti 2019: domains of discontinuity for
mapping class group action on the boundary of higher rank
Teichmüller spaces



Definition of essential crossing



Definition of smoothing and smoothing property

↘



Examples of functionals on curves

I Intersection numbers: (Bonahon, 86)

I Negatively curved lengths: (Bonahon, 88), (Otal, 90)

I Flat lengths: (Hersonsky-Paulin, 97), (Duchin-Leininger-Rafi, 10)

I Word length: (Erlandsson, 16), (Erlandsson-Parlier-Souto, 16)

I Anosov ’lengths’: (Martone-Zhang, 16),
(Bridgeman-Canary-Labourie-Sambarino, 17)



Extension result

Theorem

1. (convex union) f (C1 ∪ C2) ≤ f (C1) + f (C2).

f
( )

≤ f
( )

+ f
( )

2. (quasi-smoothing)

f
( )

≥ f
( )

− K

3. (homogeneity) f (nC ) = nf (C ).

4. (stability) f (Cn) = f (nC )

f
( )

= 2f
( )

= f
( )

Then



Question

I Given ρ : π1(S)→ SL(n,R) a 1-Anosov representation, does
the function on oriented curves `1 := log λ1

λ2
(ρ(·)) satisfy

quasi-smoothing?



Question

I Given f satisfying the smoothing and convex union property,
what convexity properties does its restriction to measured
laminations have?



Proof of Extension

Coming up next:
a quick sketch of the proof of the extension theorem.



Proof of Extension. Step 1: another definition of
currents



Proof of Extension. Step 2: cross-section, return
map and homotopy return map



Proof of Extension. Step 3: defining the extension



Proof of Extension. Step 4: relating iterates of
homotopy return map

m(x) m(p(x))

x

p(x)
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