7.2 X = K = K+ By )
G T T ()

o) FIMED Jo(NTS C?L*I y*) = (0,0)

g | ;
dak \ =0
V- ozyy b X2 -3y )
. - vro
, Y=o
& (2
(- + 1= X -ax+a=o0
A= \ X (:

(_O\ o) 'S AN pNEMELE SPLRAL .

¢ PolAL (o-0aDS
18 ‘(.~ = %7(, -+ é“é
= AF -y - X2 54%)
, z Ue (e % S aemin)”
- TR S 70 S P2ty
= & \(‘4 -4\(-4',0,.«;26&(2,26

b = Yy g K
R S 2V N e PN C 87’)
Ty FyT o+ vy (T SQL)
= T 4+ 4t e






% -
= - r? - % o8

L e v ® g 25 a2

* Tueee's cevecar WAwS 1O
EYPRESSE THe TRIG FNS .

'ﬂ °
i)
0
U
B
I
0
3
!

. |

-~/ f+,<w;u'?o?5—‘

r >0 WHE N o < v < |

< I
~a

N1+ a6

THEREFORE THE CIRCLE WITH MAY MUM  KRAQIUS

CENTERED AT THE ORI&IN  SUcH THAT ALL
FAVE A RADIALLY  OUTWALD
CoMPONEMNT & =

TKATECTDR IES

\
. ~NzZ —& | wHeEREe
£Evo 18 ARBITRARILY SMALL-.

<o WHERN c> 1 2 |

DY)
THeREFoLE THE <RClLE

Wi TH MINEMUM RADIUSL
CLMNTERED AT  THE

OR |G N TuCH THAT AL

TRATECTRIES HAVE A RADIALLY INWAR D

CoMPONENT tS  vr=r, = L +¢ , wWh&E
>0 & ARGITRARILY  SMALL .



€) THe Re&slod D peTWeEN THE CIRCLES
=, = Sz AND == s A
TRA PP NG R< Gton Wit No FIKel PONLS’{
N T, THEREFORE BY THE Pomcf’x&é -
SenDI SoN  THM , ALL TRATSECTDRIES N
L MUST  afPloacH  cLoSed  PErloDIC
ORBIT (S) AS 1 —» 02,

Ne  WNTEREECTONS OF Yo AN B0 in D!



-~
o
£
3!
f

e (124X - yh) - & ey
4 = a,(l-4xz—<3z) t 2% (1+x)

o)  FWNEL Poldr @ (pD)

CTABIL 1T
Aot L E—ILXL‘%’L_%—*U’ -2 Tivg mLve) -
~ Gy +72 +4 4y a2
& + X 4 g 3‘3’ A )
— ! =3
dot | - A -4 B S
L < L= = A ax+ & =0
= 3= =L

(0,0) 1S AN UNSTRELE  CPirAL- .

b) V(x,?y (1-478'— 5«"3*

USE V. AT A LTrAPUNOVY - Llke FunNcTiopN

%(cxc+>,%<+)> = VW)
= ol & . o dy
¥ At %4 at

o= (At yt) [(41,%3 - (%,4)]

1

b7 ) [ (102 = Zuglion)

*oy* (1= 4*-y>) + g ‘C’7;/x) ]



A vt yt0) = =4 (1= 4xs %IDQ‘CA}"X?'%%Z)
At

< o Am Kesgs (7,5,3"’ (O,O>

oo %2‘-»-59—:1 .

- (Be) s A AL MAX oF

‘\/(Yi?)
. \/CV.%B 1 MINIMUM | onl 417-+63'=1 WHER &
\/C)(‘%_)':O

THeEREFORE  ALL mecmmés*
MoVE  PowNHILL  WITH
RESPECT  To Vix,u) Anp
APPROACH THE E£LLIPSE
4y %4 ta.l= 1L, wWHicH
MINIMIZES  Vix 4) AND

d\/ -
WHER E v - °-

¥ TACEPFT THE PoiuT (0,0) »



= O

—— —
vﬁ(x) G{(7)

%=

«é = go- f(x)’a-

- Aa I % —/&/x -/),3
x) 2o

7/@) G b f@‘) ale WW

aﬂufjuw/tm/b»&o

() a»(f%)‘ Aa o () e ODD

—tl &("X) = "ﬁ(‘)’) alld
ae)  _Aw b [ X) ’—'5,(3() >0
uv)

7»’\, all A >0
jm = (¥* -1 ) ~e EVEN

Z/?K) +Zf7c)7o« atd
)

Fx) = r*

3
(% = Z_ AR = 7_(’_.‘74
[Tqaz = [ uiae ek - (- 7)
Ty woanh, ?(')‘3 =5 ot A= O G %= = ‘\/__
Flx) <o o o< x <3
F(xy 7o

arnd . Fl(x)2 © Fo- r >z
ode [y —2oe

A Y P ve

e

ALl  cownDITionNZ

Fok  LIENARD'S THM HouDd | AND
THEREFoRE THE SYSTEM  HAS AN wNIQUE  STAALE
LidtT CycCcLEe I

THE PHACE  PLANE Tow /u\>o~



-T =

T e e e e
T AT &7 & e e
L T
h”
1
|
&
A\A\A\A\k\l
T T T & e e
T i

:

-3



Ler t=-7 AL Y=o

AT 4 p(xPe)) M 4 Bk =0 L)
aA°T

\._,___a‘

%% 2(x).
AS REFERE ., ALL CoNDITIONS Foe USNARD'S
™M HolD § AND THEREFORE  QrSTEM (x) HAQ
AN UN\GUE STHRLE  LIMIT CYeleE mpe X >0 .

THIS \MPLIES THAT , WHEN THE SYsTEM (S
REVERTCD RACK T oKIGINAL VARIABLE +
orR1eNAL

AND  PARA MCTER e THE  SYSTEM HAC
AN UNSTABLE L MIT CyclE For /w<0-




A
b\

u

£ «at—élx
g = gt Xty
a) NULLCLINGS

9=° T gt T

e ¢
4o A
=0
/ ¥ ”
g= 2x Y=2x
A=o ¥ =0
! -

= s ONE Fixed PT AT /b(J:i (x*:i,g*:-ol)

Two FINED PTS gD /,,u‘ 4.

s NO FIYED PTS FoR 1> 4 .

THERE 1< A SADDLE - NoDE BI\FURCAT IoN

/Mc'“m—= 1 5 @(‘%J%x>cﬂn - <19&> ¢



SAopLE P

. 3TA
BLE NoDE (0/R SPIRAL)
[l
VR

- SApLE-NobE .

=1 (BIF. PT)

\\
o’ OF SADDLE-Naoe !




'-loé_—’){,3+ ey
e Fiyep PTI. %
= (x*,uom (0,2) 5 (&, 0 )

\_—————sr’—"""""*”
S eNLY eyIST IF k>o.

¥ PITCHFoR BIF OCCURS AT k=0, (5,0).

* CTABILITY  or (o0) ,{E]k,0)

MEO_) \ ‘X=o
“2%?% & e -—b- A

~

2 a e - (k-23y2) =

e S

(o, 0, = = -b =z k
’ » 2t (e

* F K>»o, THEN A <o <A, AND

(o,0) 1S A  SADDLE  PT.
. = K <o . THEN

o
hE k| < (%) ™Hed A ReEAL

(o,cy & A STABLE NoDE

@

= b>O,Af\”3 AN UNST™MELE Noo&E
' b<o .



(0

{ m )

e C

A

Folel > (), men 2

AND  (o0) s A sTakLE (lp>o)
UNSTAELE (b<o ) SPIRAL .

F b =o [, THEN (o) s
CENTER -

SRS ‘-O% i@f S 2k

oR

(Nom - LINEHe )

K70 o ) (b_)"l> 2k, (0, *yiT) Are
\Z

fo6)
STASLE
- NoODE

Lo » .
SREE S

[
b TR,

Bl FURCAT N o

STARLE NODEC \F

(O\u:-
UNSTABLE GPieAl

o

.———"‘/
to,0)

UNSTABLE
NoeE

PITCH For i

b> o O
UNSTARLE NODES |(F k<o .

a2l B 2-

(m (%?—) <k, (o0, ) ArE
LreBLE SPIRALS ‘v b>o0 e
UNEMaeLE Spirm s IF b<o,

b\
(o2
2| smere 7
o Nom;s’,/”
£
é {(CRND)
(.,O'O> i gsrg&f«&
SADLLF L‘ o cCeENTERS. k
PTS
))\ (ott b
Té\ UNsSTaBLe
T
J
&
Q.

wWCSTGLE

Noo€s



B, 2,1 ’}é-’r/q(x?-_1>70[,+76=0_.
‘7'6:%
8 = - (X*-1)Y - AL+ a
ANTOUE
¢ FINED PT Vg=o, X =a .

e STARILITY

ot | T ‘ = 4

Wk S B¢ DI

i
o

A*—r/u(o}_l)A + 1

A= s x f/ul(cf—_o*-.-i |
L 4

HOPE  BIFURCATION  WHEN Re(A) =0

= +
e . '/)»(Ob"-') = O WHER & A -t -
M 2O
a.:'-l =1 a= 1) 5 (a,0)
(a0) | (a4) l (:1_‘0) c SUPERCRITICAL. HOPF
STABLE | ungmele AbL BIFURCATION PTS
lL‘ <TABGLE L.C. ‘LE
HodiE = Hobe 14 a WHeN (‘-\;o s A
' Tu ToPe < /4,20 ,aﬁzﬂ" CENTERR.
n [
(o) & (238 =) ‘:‘:" @ <o
£, STRALE ( +0) A=t , (a0)
UN STABLE ( UNSTRBLE SUBCRITICAL HOPF

T .c
Wi STABLE L BIFURCATION PTS,



- Z.2-8 ¢='X[ﬂ(vx)—%]
%= %(‘X—QB =Y T Yee

1}
w
N
|
I
|
~
Qc

Go—a’)

i (x*-a) -A

&

(©,0) = N o+ Ao = O A= O, =a

b}’ I e_quwiwﬁ phase plane ; SADDLE ~-MNODET

L\JO) - )' - "{ 5 ) = ’_d.—
Fol. GLa <l o SAQDLE EBINT
ok azl o STARLE NODE

Conl, as1 o SAODLE-RNODE



a —a’ //\";l = Lo~ Ra®y A ¥ a (1 —a) T O
A il
) = +0«("’9«1> _J: (a‘(l_u)-\&, _ ai(‘_a)
& </

R
Fok  o<a <y, STABLE SPieiL

ol t<“<~ﬁé+ s WITapLe sPIR4L-
Foke o<l 5 uNSTABLE NoDE

HoPF  BIF  occul AT (a, a-a®)  wWHE
l’L"“E/Z e . WHeN ﬂe(;\):ojrm(f;p);tg,

P QC’“’*’?HB = _jl: 8 C-)C’:‘%ﬁ'«) = :Iq_’ ’ _4‘_) N
YT O =0

! >
” L CHADED AREA 1S A TRAPYiNe

ReGiod PR AV BALUEL oOF
o (o<a<l),
THERETORS BY FB WM THER D

1S 4 LIMAT CrecE 1 D

A 4=o wren BEwvend PT

qu a-ary 'S
UNSTAZLE -
THIS SUEGELT A
QUPERCK ITICAL  HOPF
) . VAL = )
BIF. OCCURS AT Qg é

‘CV"Q»}) ofF LM Cecie ClosTb T RIF #T
-

| T ‘A=) %7:

4




£y o<

o< Vz

/ STRELE SPIRAL

(z,o} IS A STABLE Nol6&

AND IS GlLoBALLY
ATTRACT IN& W 7(,%70

ie. TREDITORE ALwaAY OlE puT /



