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A simple proof of Ramanujan's summation of the 1~1 

GEORGE E. ANDREWS and RICHARD ASKEY 

Abstract. A simple proof by functional equations is given for Ramanujan's 14'1 sum. Ramanujan's sum 
is a useful extension of Jacobi's triple product formula, and has recently become important in the 
treatment of certain orthogonal polynomials defined by basic hypergeometric series. 

In [5 ;p .  222,  eq . (12 .12 .2) ]  G. H.  H a r d y  alludes to R a m a n u j a n ' s  
" . . .  r e m a r k a b l e  fo rmula  with m a n y  pa r ame te r s . " :  

(a; q),~x"_= a Ot(.;~,~, ) (1) 
. . . .  (b; q ) .  

= (b/a; q)®(q;q)~(q/ax; q)~(ax; q)~ 

(b; q)~(b/ax; q)~(q/a; q)~(x; q)~ ' 

where  

Ib  < , x , < l ,  , q , < l ,  

and 

(a ;  q ) .  = (a ;  q)=/(aq"; qL .  

(a; q)== l~I (1- aq"), 
r t = 0  

There  are four  publ ished proofs  of this result  ([1], [2], [4] and [7]). Those  in 
[1], [2] and  [7] rely on somewha t  tr icky r e a r r a n g e m e n t  of series and on the 
q -ana log  of Gauss ' s  s u m m a t i o n  [10; p. 97, eq. (3.3.2.5)] 

X~ (a ;  q ) . ( b ;  q).(c/ab)" (c/a; q)=(c/b; q)= 

.=o ~ (c; q ) . (q ;  a ) .  (c ; q)=(c/ab ; q)= " 
(2) 
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where [c[<min(1,[ab[). The other proof uses the q-analogue of the binomial 
series [10; p. 92, eq. (3.2.2.11)]: 

£ (a;q)"t"=(at;q)------2 Itl< 1, Iql< 1, (3) 
,,=o (q; q),, (t; q)~ ' 

but it is far from simple. Since Ramanujan's summation (1) has recently become 
important in the treatment of certain orthogonal polynomials defined by basic 
hypergeometric series [3], it has become worthwhile to present an almost trivial 
proof of (1). Another very simple proof has been found by M. Ismail [6]. 

Proof of (1). We begin by noting that for Iql< 1. f(b)= ~x(a;~ 'x) is an analytic 
function of b inside [b[<min(1, lax[), since 

f(b) = ~, (a;q),,xn+ ~, (1-b/q")'" .(1-b/q)x-" 
.=o (b; q ) . . ~ _ - a  i l - - ~ ' "  : (-1---- a-~q) " 

Furthermore, 

(a, q),,+lx 
ll//l(a;~ 'x)- a 1~(";~ "q~) = ,=_® (b; q), 

=x-l(l-b) ~ (a;q)"+lX"+X 

Hence 

~. (a, q),q"x" 
f (bq)-  x-X(1 - b)f(b) = a ,  =-® (bq; q), 

=_ab_l ~ ( a ; q ) , ( 1 - b q " - l ) x "  
. . . .  (bq; q),, 

= - ab-X(1 - b)f(b) + ab-lf(bq), 

and so 

(4) 

(6) 
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o r  

( 1  - b]a) 
f(b) = (1 - b)(1 - b/ax) f(bq). (7) 

If we iterate (7) n -  1 times, we find that 

(bla ; q). 
f(b) = f(bq"), (8) 

(b; q),.(b/ax; q). 

and, since f(b) is analytic in the neighborhood of 0 given by Ibl < lag we obtain in 
the limit as n ~ 0o, 

(b/a; qLf(O) 
f(b) = (b; q)=(b/ax; q)= " (9) 

Now we observe from (4) and (3) that 

f(q) = ~. (a; q) .x"= (ax, q)= (10) 
.=o (q; q). (x; qL " 

This allows us to evaluate f(0) by setting b = q  in (9): 

(q; q)~(q/ax; q)~f(q) 
f (o)  = (q/a; q)~o 

(q; q)~(~x q)oo (ax; q)~ 
(q/a; q)~(x; q)~ 

Finally we may utilize (11) to eliminate f(0) from (9): 

(11) 

(b/a; q)=(q; q)=(q/ax; q)~(ax; q)® 
1~,(°~ "~) = f(b) = (b; q)®(b/ax; q)~(q/a, q)oo(x; q)~ ' (12) 

as desired. 
Note that Jacobi's triple product identity follows directly from (1) if we replace 

a byoe - 1 , x  by za and then set a = b = 0 :  

~. (-1)"q"("-l)/2z" = (q; qL(q/z; q)~(z;  q)~. (13) 
n = - o o  
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I. J. Schoenberg  has po in ted  out  an interest ing p rope r ty  of (a ;  q ) d ( b ;  q),, 

which follows f rom R a m a n u j a n ' s  sum. A sequence  a, ,  n = 0, + 1 , . . . ,  is said to be  
total ly posit ive if all subde te rminan t s  of the doubly  infinite matr ix  A =  

(a~_j)_=<i,j<= are nonnegat ive .  Schoenberg  [9] p roved  that  a sequence  an is totally 
posi t ive if the bi lateral  genera t ing  funct ion f ( z )  = ~.~_~ a , z  '~ has the represen ta t ion  

1 l~l (1 + a~z)(1 + 8,z -1) 
f ( z )  eCz+dz 

,=,ix (1  - / 3 ~ z ) ( 1  - - / , z -  ~) ' (14) 

c, d, a~,/3~, 3'~, 1~ -> O, ~ (a~ +/3~ + y~ + 8~) < oo, 
i = l  

in the inter ior  of an annulus cen te red  at the origin. 
If a < b < 0  in (1) then,  the genera t ing  funct ion has the fo rm (14) and so 

_ ( a ;  q ) .  _ f l  (1 - bqk+")(1 - aq k) 

a .  ( b ; q ) .  k = O ( 1 - - a q k + " ) ( 1 - - b q  k) 

is a totally posi t ive sequence  for  a < b =<0, 0 <  q < 1. Schoenberg  [9] p roved  this 
when  b = 0. For  an ex tended  discussion of total ly posit ive sequences  see Karl in  

[83. 
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