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Abstract: The focus of this paper is on the probability, Eg(0;J), that a set J
consisting of a finite union of intervals contains no eigenvalues for the finite N
Gaussian Orthogonal (f = 1) and Gaussian Symplectic (§ = 4) Ensembles and their
respective scaling limits both in the bulk and at the edge of the spectrum. We
show how these probabilities can be expressed in terms of quantities arising in the
corresponding unitary (f = 2) ensembles. Our most explicit new results concern
the distribution of the largest eigenvalue in each of these ensembles. In the edge
scaling limit we show that these largest eigenvalue distributions are given in terms
of a particular Painlevé II function.

I. Introduction

In the standard random matrix models of N x N Hermitian or symmetric matrices
the probability density that the eigenvalues lie in infinitesimal intervals about the
points xj,...,xy is given by

Pp(xy,...,xn) = Cnp e PRV T <kl - xl?,

where the constant Cyp is such that the integral of the right side equals 1. In the
Gaussian ensembles the potential ¥(x) equals x?/2 and the cases f = 1,2 and 4
correspond to the orthogonal, unitary, and symplectic ensembles, respectively, since
the underlying probability distributions are invariant under these groups.

When =2 the polynomials orthogonal with respect to the weight function
e~ 2™ play an important role. If ¢;(x) (i =0,1,...) is the family of functions
obtained by orthonormalizing the sequence x' e~ V™), then

Py(x1,...,x5) = det(Kn(x;,x;)) (G,j=1,...,N),
where

N1
Kn(x,y) = ;} 0i(x) 0:i(y) - (1)
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It follows from this that the so-called “n-level correlation function” is given by

Ruip(x1,...,%,) = det(Kn(x;,%;)) (G,j=1,...,n), 2)
and the “n-level cluster function” by
TnZ(xla' .. >xn) = ZKN(XO'I’xO'Z) o 'KN(xa(n—l)sxon) ) (3)

where the sum is taken over all cyclic permutations ¢ of the integers 1,...,n, in
some order. (See [9], (5.1.2,3) and (5.2.14,15).) The probability E,(0;J) that no
eigenvalues lie in the set J is equal to the Fredholm determinant of the integral
operator on J (more precisely, on functions on J) with kernel Ky(x, y). There are
analogues of this for scaled limits of these ensembles. If one takes a scaled limit
in “the bulk” of the spectrum for the Gaussian unitary ensemble then (2) and (3)
become

Rn2(x17-~axn) = det(S(xhxj)) (19.] = 1,...,71) ) (4)
To(x1,...,%,) = ZS(XJI,XUZ) e 'S(xa(n—l)’xan) > (5)
where Lsi
() = sin(x — y)
T OX—y

Now E,(0,J) is the Fredholm determinant of the operator on J with kernel S(x, y).
If one scales the same ensemble at “the edge” of the spectrum this is replaced by
the “Airy kernel”

Ai(x)AT'(y) — Ai'(x)Ai(y)

xX—=y

where Ai(x) is the Airy function, and if one scales the Laguerre ensemble (which
corresponds to the choice of potential V' (x) = %x — %oclogx) at the edge one obtains
the “Bessel kernel”

PU(Y) — Y (x)e(y)
x—y

F.J. Dyson [6] discovered that the introduction of so-called “quaternion deter-
minants” allows one to write down = 1 and § = 4 analogues of (4) and (5). We
define &(x) := 1 sgnx and

s o) = Ju(VX), Y(x) =x9'(x).

S(x) = % DS(x) := §'(x),
IS(x) := ;ch(y) dy, JS(x) :=IS(x) — e(x) , 6)
_ ([ S@—y) DSGx-—y)
715 7) = (JS(x—y) S — ») ) ™
_ [ SQx—-y)) DSQ2(x-—y))
o y) = <IS(2<x —y) SQE—y)) ) ' ®)

If these 2 x 2 matrices are thought of as quaternions then the analogues of (4)
and (5) for f =1 and B = 4 are obtained by replacing S(x, y) by op(x, y), and by
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interpreting the right side of (4) as a quaternion determinant. The right side of (5)
is a scalar quaternion, the scalar being equal to % times the trace of the right side
when it is interpreted as a matrix. It follows from these facts, by an argument to
be found in A.7 of [9], that E4(0;J) is equal to the square root of the Fredholm
determinant of the integral operator on J with matrix kernel op(x, y). There are
similar but more complicated matrix kernels for the finite N matrix ensembles ([9],
Chaps. 6-7).

The focus of this paper is Eg(0;J) for § =1 and 4 when J is a finite union
of intervals, for both finite N and scaled Gaussian ensembles. We shall show how
these can all be expressed in terms of quantities arising in the corresponding f = 2
ensembles. The E5(0;J) are Fredholm determinants of certain matrix-valued kernels,
and by manipulating these Fredholm determinants we are able to write them as
ordinary scalar determinants whose order depends only on the ensemble and the
number of intervals in J, and not on N if the ensemble is finite. The entries of this
determinant contain integrals involving the resolvent kernel for the f§ = 2 kernel
(these are the “quantities” alluded to above). For the scaled Gaussian ensembles
our results for general J are given below in (19) and (21) and for the finite N
Gaussian ensembles the results for general J are in (33) and (34).

The evaluation of the integrals appearing in our above quoted expressions is a
separate matter. In the cases of greatest interest to us—J a finite interval for the
scaled ensembles, J a semi-infinite interval for the finite N ensembles—there are
systems of differential equations associated with those integrals. The equations are
easily solved in the cases of the scaled ensembles and we recover known formulas
for the probability in these models of the absence of eigenvalues in an interval.
(These are found in [9] as formulas (6.5.19) and (10.7.5).) It then follows from
[8] that all these probabilities are expressible in terms of a Painlevé function of
fifth kind (see also [2,11]). For finite N, and J the semi-infinite interval (z, o0),
Ep(0;J) is the probability distribution function Fyz(¢) for the largest eigenvalue. In
[14] we showed that when § = 2 this is expressible in terms of a Painlevé function
(this time Pr) and we hoped to be able to find representations in the cases f§ = 1
and § =4 also, but we were unable to solve the associated system of differential
equations. However we succeeded for their limits scaled at “the edge ” because the
equations scale to a system which we can solve. To explain our results, we recall
that FN,;(ZG\/]V +t) tends to the Heaviside function as N — oo, where ¢ is the
standard deviation of the Gaussian distribution on the off-diagonal matrix elements
[1]. (Our choice of Pp(xy,...,xy) corresponds to a standard deviation ¢ = 1/V/2
which is the usual choice [9]. We also recall that this result holds for the larger
class of so-called Wigner matrices [1], but the results that follow are only known
for the Gaussian ensembles.) This says, roughly, that the largest eigenvalue is
within o(1) of 26+/N, and so this is thought of as the right edge of the spectrum.
In fact, the largest eigenvalue is within O(N _1/6) of 26+/N and we consider here
the more refined limits

. as
Fp(s) = Nll_l)r(leN,g (20\/ﬁ+ W) .

(As the notation suggests, Fg is independent of ¢.) In earlier work [12] we showed
that when = 2 this is given in terms of another Painlevé function (Py —see (52)
below). Now we shall find representations for Fi(s) and F4(s) in terms of this
same function (see (53) and (54) below). The probability densities fg(s) = dFp/ds
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Fig.1. The probability densities fg(s) = dF/ds, f = 1,2, and 4 for the position of the largest
eigenvalue in the edge scaling limit. The probability density with the smaller value of § (“higher
temperature”) has the larger variance.

are graphed in Fig. 1. Though these results strictly apply only in the limit as the
size of the matrices tends to infinity, simulations of finite N GOE, GUE and GSE
matrices show that the empirical probability density of the largest eigenvalue is well
approximated by f3, f=1,2,4, for N = 200.

Although this paper treats exclusively the Gaussian ensembles, the methods
appear quite general and should apply to other ensembles as well. In particular one
might expect to be able to express the limiting distribution function for the smallest
eigenvalue in the f = 1 and 4 Laguerre ensembles in terms of a Py, function, as
is the case for f =2 [13].

In Sects. Il and III we derive our expressions for Eg(0;J) for the bulk-scaled
Gaussian ensembles when J is a finite union of intervals. In Sect. IV we specialize
to the case of one interval and see how to recover the formulas cited above for the
probability of absence of eigenvalues. Section V contains the analogous derivations,
for general J, for the finite N ensembles. These are more complicated than in the
scaled case, because the expressions for the analogous matrix functions ayp(x, y)
have “extra” terms. In Sect. VI we derive the differential equations associated with
these ensembles when J is a semi-infinite interval, and in Sect. VII we derive the
results on the limiting probability distribution for the largest eigenvalues in the
orthogonal and symplectic ensembles.

To obtain our formulas for the Fredholm determinants we think of the operators
with matrix kernel instead as matrices with operator kernels, and then manipulate
their determinants (2 X 2 determinants with operator entries) in a way the reader
might find suspect. These manipulations are, however, quite correct and in the last
section we present in detail their justification for the bulk-scaled ensembles. For
the basic definitions and properties of operator determinants we refer the reader to
Chapter IV of [7], where everything we use will be found.

There is an alternative route to the results of Sect. VII, based on the fact that
the limiting probability distributions are Fredholm determinants involving the scaled
kernel, the Airy kernel. We did not choose this route because we would have had to
give yet another derivation of a set of differential equations for the entries of a scalar
determinant, and because we would have had to present yet another justification for
the manipulation of the Fredholm determinants, in this case involving the Airy
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kernel. This would be more delicate than the justification in Sect. VIII for the sine
kernel because the Airy kernel is not as nicely behaved at —oo. (We do use the
Airy kernel in our derivation, but only on intervals semi-infinite on the right, where
it is very well behaved.)

II. The Scaled Gaussian Orthogonal Ensemble

First, we introduce some terminology. If K(x,y) is the kernel of an integral
operator K then we shall speak interchangeably of the determinant for K(x, y) or
K, and the determinant of the operator / — K. We denote by S and ¢ the integral
operators on the entire real line R with kernels S(x — y) and &(x — y), respectively
(see (6)), and write D for d/dx. Notice that DS has kernel DS(x — y) (fortunately!)
and it follows from the evenness of S(x) that IS(x — y) and JS(x — y) are the ker-
nels of the operators €S and &S — ¢, respectively. We denote by x the operator of
multiplication by y,(x), the characteristic function of J.

E1(0;J)* equals the determinant for the kernel o1(x,y) on J, or, what is the
same thing, the determinant for the operator with kernel

Sx—y) DS(x-y)

JSGx—y)  SGx— ) ) 1)

xs(x) (

on R. This can be represented as the 2 X 2 operator matrix
< xS xDSx)
xeS—e)yx  xSx

Since De = I, the identity operator, this can be factored as

(xD 0)( eSy Sx). (10)
0 x (eS—¢e)yy Sy

It is a general fact that for operators 4 and B the determinants for 4B and BA
are equal. So we can take the factor on the left above and bring it around to the
right, combine the two factors y into one, and find that the above can be replaced

by

eSyD Sy

. (11)
(eS —e)yD Sy

)

Subtracting row 1 from row 2 and then adding column 2 to column 1 we see that
the determinant for this is the same as that for

(sSxD—i—Sx Sx) (12)
—eyD 0/’

and so equals the determinant of the operator
(I —eSyD—-Sy —Sy
exD 1)

Next we subtract column 2, right-multiplied by e¢yD, from column 1 and then add
row 2, left-multiplied by Sy, to row 1. (Column operations are always associated
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with right-multiplication and row operations with left.) The result is

(I—sSxD—S)H—stxD 0)
0 1)’

and the determinant of this equals
det( — eSyD — Sy + SyeyD) . (13)

So we have shown that E;(0;J)* equals the determinant of the operator with

scalar kernel
1 —eSyD — Sy + SyexD =1— Sy —SU — y)exD,

where we used here the fact that ¢ and § commute. Now / — Sy is precisely the
operator which arises in the bulk-scaled Gaussian unitary ensemble. (In particular its
determinant, which is the same as the determinant of I — xSy, is exactly E»(0;J).)
Because J is a finite union of intervals the last summand will turn out to be a finite
rank operator, so if we factor out / — Sy, whose determinant we know, then we
obtain an operator of the form /— finite rank operator, whose determinant is just
a numerical determinant. Of course this factoring out requires introduction of the
inverse (I — Sy)~' which is why the resolvent kernel for Sy appears in the final
result.
Now for the details. We denote by R the resolvent operator for Sy, so that

(IS~ =1+R,

and by R(x, y) its kernel. Observe that this is smooth in x but discontinuous in y.
Factoring out / — Sy and using the fact that determinants multiply, we obtain

E1(0;J) = E»(0;J) det(I — (S + RS)(1 — )exD) . (14)

To write the last operator more explicitly we denote the intervals comprising J by
(azk—1,a0), (k=1,...,m), and set

er(x) == e(x — ar), Ok(¥) :=0(y —ar),  Ri(x):=R(x,ar),

where the last really means
lim R(x,y).
y—ay
yeJ

We use the notation o ® f§ for the operator with kernel a(x) f(»), the most general
finite rank operator being a sum of these. For any operator 4 we have

A(x® B) = (Ao ® B), (x®@ B4 =(a®A'B), (15)

where A4' is the transpose of A.
It is easy to see that the commutator [y, D] has the representation

2m

[LD1= 3 (~1)f6 @,

k=1
and so

2m
e[, D] :];(—l)kgk ® & . (16)
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Since ¢D = I we have

(I = )exD = (1 — )elx, DI,
and we deduce the representation

2m
(S+RS)(1 = 0D = 3. (~DHS +RS)(1 = )6 & 3

The determinant for this is evaluated using the general formula

k=1

det (1 - Xn: o ® ﬂk) = det(d,& — (%, Br))j k=1,.n » (17)

where (o, fx) denotes the inner product. (This is an exercise in linear algebra. Its
generalization to an arbitrary trace class operator is in [7].) Those that arise in our
case are

((S +RS)1 — 1)e,0) = (1 = e (S + SRYG) = (1 = ey, Re) . (18)

where we have used the fact that (S + S R')y = R. (This is perhaps most quickly
seen by writing R = > ;- (Sx)* and using S = §'.) Thus we have established the
formula

E1(0;J) = Ex(0;J) det(8;,x — (—1F((1 — x)&js Ri))j k=1, 2m - (19)

III. The Scaled Gaussian Symplectic Ensemble

Because of the factor 2 in the arguments of the functions in the matrix (8) we
make the variable changes x — x/2, y — y/2, and find that E4(0;J/2) is the square
root of the determinant for operator with kernel

L (S(x—y) DS(x—y)) )
2\ s —y)  sG—yy )M
Thus the operator matrix (9) of the last section is replaced by
1 ( xS XDSX>
2\ yeSy xSy )
Proceeding exactly as before we find that (12) is replaced by
1 [eSyD+ Sy Sy
2 0 0
and (13) by
2

But notice that the operator here equals

1 1
det (1 — =SeyD — ESX) .

I —Sy— %Ss[x,D] .
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Using this we factor out / — Sy as before and conclude that the analogue of (14) is
1
E4(0;J/2)? = E»(0;J) det (I - 5(1 + R)Ss[x,D]) . (20)
Using (16) once again we see that

2m
(S +RS)e[1, D] = > (~D (S +RS)ex ® &
k=1
and we obtain the analogue of (19),

712 = Ey(0; - Lk
E0:J]2) = Eo(0:)) det (3,5 = 5(-DMepRD) o @D)

where we used the fact that in the inner product we may use the identity d; = oy
since all evaluations are done by taking the limit from within the interval.

IV. The Case J = (—t,¢)
In this case we have m = 1, a; = —t, ap = ¢, and
e(x) = e(x + 1), &(x) = e(x — 1), Ri(x) = R(x, —1), Ry(x) = R(x,1) .

If we define -
Iy = [ Rx,t)e(x Ft)dx,

then
—(e1,R) = (&2, Ry) = A, —(&2,R1) = (e1,Rp) = J_ . (22)

The first equalities above used the evenness of R (i.e., the fact R(—x, y) = R(x, —y))
and the oddness of e.

To evaluate these integrals we find expressions for their derivatives with respect
to £. Observe that R(x, y) depends on the interval J as well as x and y. Formulas
(2.9) and (2.22) of [14] give, for y € J, (see also Lemma 2 in [11])

ai;R(X, y) = R(.X, _t)R(_t, y) + R()C, t)R(t9 y) s

0 0
=+ 5= | R(x, y) = R(x, —t) R(—1,y) — R(x, 1) R(%, ) ,
ox 0Oy
from which it follows that
0 0
ER(x,t) =2R(x,—t)R(—t,t) — a—xR(x,t) .

Hence, applying the product formula to the integrand and using Je(x F ¢)/0t =
Fo(x Ft), we find that

%fi = _Z [ZR(x, —£)R(~t,t) — %R(x,t) e(x T £)dx F R(£4,1) .
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Integrating by parts the term involving OR(x,¢)/0x and using parity give

%fi = —2R(—t,t) I+ + R(£t,t) F R(EL,1) .

Adding these two identities gives for £, + #_ the differential equation
d
d—t(f+ +S_)=2R(—t,t)(Fy + I_)+2R(—t,1),

whose general solution is
1+ ce—sz)R(—m)dr ‘

(The function R in the integral is the resolvent kernel for the interval (—7,7).)
Since #.(0) =0 we have ¢ = —1 and so

I+ I =1— e HoRrndr (23)

Similarly if we subtract the two identities for d.#./dt we obtain
S I = )= IR0 (S~ 5) ~2R(-51),

whose solution is
Iy — I =1— HoRdr (24)

Because of (22) these relations determine the inner products (&;, Rx) which arise
in (21). For the determinant in (19) we need the inner products ((1 — x)e;, Rx). But
observe that

1
(1= )e Ra) = ((1 — e2, Rp) = 5 J R(x,t)sgn xdx
jC
I+ I 11— e R
-2 2 ;
I+ I e—sz)R(—t,t)dr 1
2 2

((1 = e, R)=((1—xe,R) =~

So we have all the inner products we need.
It follows from the last displayed formulas that the determinant on the right side
of (19) equals

t t
H_e—ZfOR(-t,t)dr 1—e—2JoR(—) d

2 2t R(—

; '2 —e ZfOR( 7,7)dt . (25)
1—e—2JoR(=wyar | —2[oR(~tn) de

2 2

Now in this case J = (—t,¢) we have

gt-log Ex(0;J) = —2R(1,1),

and so t
Ex(0;J) = e~ oRGD)ar 26)
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Thus from (19) and this fact we deduce
Ev(0,J) = e—fg[R(r,z)JrR(—r,z)]dr ) 27)

For the symplectic ensemble in this special case we use (22),(23) and (24) to
evaluate the inner products appearing in the determinant on the right side of (21)
and find that it equals

(%) -(5)

_ ' R(—trydr . i R(—toyde \ 2
:(1———f++f‘) (1_—j+ f—)=<e - re? ) ,(28)

A L
22

2 2 2

by (23) and (24). Hence, from (21) and (26),
E4(0;J)2) = % (e—f{)[R(r,r)JrR(—r,z)] dr 4 o=JolRED)—R(=70)] dr) ) (29)

To see that (27) and (29) are just the known formulas (6.5.19) and (10.7.5) of
[9] we recall the notations

D(t) = ﬁ)(l —A), D)= ﬁ)(l — ). D_(1):= lj)(l o) s

where A9 > A; > --- are the eigenvalues of the kernel S(x — y) on (—¢¢). Of
course D(t) is the determinant for S(x — y) while Dy (¢) are the determinants for
the kernels

55,7 = 5(S6r = 1) %SG + 7).
The resolvent kernels for these are
Re(x,9) = 5(R(5 y) %+ R(5 ).

and from these we obtain the integral representations

Di(t) = e~ JoRGDER(—T0) dr (30)
analogous to (26). Hence (27) and (29) are (6.5.19) and (10.7.5), respectively,
of [\9?&]/;: mention here that the left side of (24) equals

—[R(x,t)dx,

and so in view of (30) the formula ian be rewritten

D_(1)
D (1)
This is equivalent to identity (A.16.6) of [9] and, although this might not be obvious

on first comparing the two, our derivation of it has elements in common with the
derivation, attributed to M. Gaudin, given in [9].

=1+ [R(x,t)dx.
7
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Finally, we mention that (26) and (30) may be expressed in terms of Painlevé V
following [8]. (See [11] for a simplified treatment.)

V. The Finite N Gaussian Ensembles

The analogue of the matrix kernel (7) for the finite N GOE is given by (6.3.8)
of [9] and so we can write down the analogue of (9). We shall denote here by S
the operator with kernel Ky(x, y) given by (1). Recall that the determinant for this
operator on J equals E,(0;J) for the finite N GUE. We also write

1/4 1/4
o= (5) o w=(5) oo,

Then for N even (this case is slightly simpler) the analogue of (9) is

X( S+ Rep SD—¢®¢> .

31
eS—et+eYyQep S+epY GD

(See [9], Sect. 6.3.) Now we have to be careful because S does not commute with
¢ and D. But we have the simple relations

[SSD]=0 Ry + V¥R o, [6,S]=—¢co Qe — ey QRep . (32)

The first follows from (2.20) of [14] (where finite N GUE is called the “Hermite
ensemble”), and the second follows from the first upon left- and right-multiplying
by ¢. (We used (15) here and the antisymmetry of ¢&. We shall make similar use of
this below.) We write the first row of the matrix in (31) as

D(ES+ey®cp, eSD—ey @ p)=D(Se —ep ey, S+epY),

where we applied (32). Using this, and applying (32) now to the lower left corner,
we find that the analogue of the second matrix in (10) is

( (Se — e @ &)y (S+8<P®W)X)
Se—c—epeP)y (S+epy)y/)’

D0

Now we move that matrix ( 0 4

right side of (11),

) around to the right and find the analogue of the

( (Se — ¢ Q@ e)yD (S+£(p®lﬁ)x>
Se—c—epe)yD (S+epy)y/)’

The same row and column operations as before reduce this to

<(Ss—s<p®sn/x)xD+(S+s<p®tﬁ)x (S+8(p®l//))(>
—exD 0 ’
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the analogue of (12). We complete the computation just as before and find that the
determinant for this equals the determinant of the scalar operator

I—SeyD+ (e @ ey)yD + (S + e QY )y(exD — I)

=1-8y—8S(1 —pexD —ep® yp — (e @Y) (1 — p)exD .

Factoring out I — Sy shows that the determinant of the above equals £,(0,J) times
the determinant of

I—(S+RSA—yx)exD—0: Q¢ — Q. @Y (1 — y)exD,
where
0= —Sx) 'ep,

and we have used the same notation R as before for the resolvent operator for Sy.
Using (16) and the general fact (¢ ® B)(y ® 0) = (B,7) & ® § we see that the above
operator equals

2m
I —1;1(—1)"(S+RS)<1 — 2)ek ® Sk — Qs ® Yy

2m
—];(—l)k(t//,(l—x)sk)Qs@aék. (33)

Thus E;(0;J)?/E»(0;J) equals the determinant of this operator.

The analogue of the matrix kernel (8) for finite N GSE is given by (7.1.5)
of [9] where now N must be odd.! Because of the factor v/2 in the arguments of the
functions in the matrix (7.1.5) of [9], we make the change of variables x — x/v/2,
y — y/v/2 and find that E4(0;J/+/2) is the square root of the determinant for

1 ( S+ Y Qe SD—l//®<P>

2* eS+eyRep S+epY

Proceeding analogously to finite N GOE leads to the following formula for the
operator whose determinant is E4(0;J/v/2)2/E»(0;J):

2m om
I - %’;(_l)k(SJFRS)Sk ®5k — Qa ®Xl// — %kz_:l(_l)k(l//,gk)gs ®6k ' (34)

VI. The Case J = (t, o0)

Now J has the end-point a; = ¢ and a; = oo, and we write d;, doo, &, €co, Ry and
R, for the quantities dk, &, Ry (kK = 1,2) of the last sections. Note that

1 1
to=—5  (I-Da=(-Dte=—30-2, Reo=0.

! In finite N = 2n+ 1 GSE the matrices are 2z x 2n Hermitian matrices with each eigenvalue
doubly degenerate [9].
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With this notation the operators (33) and (34) become
1
I-0:® - S +RS)Y1 =)+ W, (1 =) Q] ® (6 — dos) » (35)

I- 0. b+ 315 + RS +(9,6) 21 ©

5+ R+ D) © b (36)

respectively. Both operators are of the form
n
I— 0 ® P, (37
k=1

so to evaluate their determinants using (17) we have many inner products to
evaluate. We shall introduce several new quantities now and express all the
inner products, and therefore the determinants, in terms of them. Then we shall
write down systems of linear differential equations (in the variable ¢) which in
principle determine these quantities.

First, there are

0:=UI-S) "o, P:=I-S)"'y,
O.:=(U -8 'ep, P:=(—Sy) ey,

the third of which we have already met. We use small letters to denote the values
of these functions at x = ¢

q=0@), p=P1),  q=0:), p.=P). (38)

(The functions g and p play important roles in the investigation of E»(0;J) [14]
and we think of them here as known.)
Next, there are the inner products

us := (0, xe@) = (Q:, xP)s ve = (Q, xe¥) = (P, x¥) ,

O := (P, ye@) = (Qes 2¥)s  We = (P, ye) = (Pe, x¥) »

the last four being analogous to (2.4)—(2.5) of [14] with x/ replaced by e. Our
first system of differential equations (in which ¢ and p appear as coefficients) will
connect these with g, and p;,.

Finally there are two triples of integrals

R = ftR(x,t)dx, P = ftP(x)dx, 9, = ft O(x)dx ,

Ry = 70 &(x)R(x,t)dx, Py = Ofo &(x) P(x) dx, 24 = T &(x) O(x)dx .

—00

(The subscripts 1 and 4 indicate that these arise in GOE and GSE, respectively.)
We shall find systems of differential equations for each of these triples.

The determinants of (35) and (36). We consider the GOE operator (35) first. If

we set
ai ::(lpal —X)a
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then the operator is of the form (37) with n =2 and

1
o1 = O, 0‘225[(S+RS)(1 =) +ai O, Bi =¥, B2 =0; — 605 -
We also set

o0 1 oo
cp = ep(c0) = %_f o(x)dx, cy 1= eP(o0) = E_f Y(x)dx . (39)

For N even a computation gives

su—np VD2

_ 1/44—
¢p = (7N)1*2 ok

Since Q; = &p + Sy(I — Sy) e, we have Qy(00) = ¢y. Therefore, with the nota-
tions introduced above,
(alyﬁl)zﬁsa (a17ﬁ2)=q8_c(9'

To compute the inner products involving o, we use the fact (S + SR')y =R, as in
the derivation of (18), to write

(S+RHA -0, W) =0 -pRN)=A—-,P-Y)=PA —a,
(S +RS)1 = 1).0) = (1 = 1,R) = 9B,
(S +RS)1 = 1), 000) = (1 = 1. Roc) = 0.
Using these, we find that
(02, B1) = %(9”1 —a; + a1 0,), (02, B2) = %(%1 +aiq;—aicy).
The GSE operator (36) has the form (37) with » = 3. But notice that
((S 4+ RS)et,000) = (&,R) =0, (S +RS)1,00) =(1,Rs) =0,

and (Q;,d0) = ¢, =0 because for GSE N is odd and so ¢ is an odd function.
Thus the contribution to the determinant of the last term in (36) is 0 and we may
discard it. The resulting operator is of the form (37) with n = 2 and

0=0s =3 USHRETGQL  Bi=mh  r=d,

where we have set

ag = (), &) .
The inner products are computed as for GOE above and we find that now
(alaﬂl):i}h (al,ﬁz):%’
1 . 1
(02, 1) = —5 (P —aitasdy), (o2, p2) = —5 (% +aaq.) .

Thus the determinants of the operators (35) and (36) are expressible in terms of
the constants aj,as4 and ¢, and the as yet to be determined quantities &5, g;, A, %1,
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Py, and A4. The determinants are given by

a—m>@—%%0—%@fww%, (40)

N 1 1
a—%)0+5%0+5%%, 41
respectively. (The constants a; and a4 drop out, as we see.)

The first set of differential equations. The derivation will not be quite self-contained
because we shall refer to [14] for some results derived there. First we have the
analogues of (2.15)—(2.18) of [14],

W, ==4q» VU =—qPe  O=—Pqs  W,=—pp,  (42)

which are proved in exactly the same way. (The primes denote d/dt.) To derive
formulas for ¢, and p, we use the displayed formula between (2.27) and (2.28)
of [14], which in this case gives

0 0 0
(5 + P + @) p(x,y)=—0x) - (XP)y) —P(x) - (xO)»), (43)

where p(x,y) is the kernel of (I —Sy)~!, in other words d(x — y)+ R(x, y). It
follows from the above that

d d
q, = 7 [ ot y)ep(y)dy = —[ % p(t, y)ep(y)dy — q (xP,e9) — p (10, €9) .

The first term on the right side equals
St y)o(y)dy=gq.
We treat p, similarly, and we find that we have derived the equations.
4;=q—q0: — pus,  P=p—qWs— pU;. (44)

For the boundary conditions at ¢ = oo, observe that the four functions u,, v, 0,
and w, all vanish there, whereas

qs(oo) = Co, pg(OO) =Cy -

One of these always vanishes, the first if N is odd and the second if N is even.
It is easy to derive a first integral for our system of equations. Using the equa-
tions we find that

(Peqe) = peg(l — 0;) — peptts + qo(1 — 0:) — Goqws
= vl(1 — 0,) — wiu + 0e(1 — v) — ulw,
= —((1 = v)(1 = 5)) — (uewe)
and so, since all quantities vanish at oo,

Peqe =1 — (1 —v)(1 —Tp) — ugw, .
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The second set of equations. It follows from (43) that for y € J,

0 0 0
(6t 4 ) R(x,y) = -0(x)P(y) — P(x)O(y),

and so

0 0
5 Rt = == R(x, 1) — pO(x) — g P(x), (45)

and from this we obtain
! 0
R =R(t,t)+ [ [—aR(x,f) - pOkx)— qP(x)} dx

This gives our first equation,
9?’1=—p,@1-—q@1. (46)
By (2.10) of [14] we have
09

E’ = _R(X’t)q 5

and so ,
21=q—-q [ Rx,t)dx.
—00
We treat 2 similarly, and so we have our other two equations,
2, =q(1 - %), P =p(l—%R). (47)
At t = oo our functions have the values
Ri1(0) =0, 21(00) = 2¢cy, P(c0) =2¢y . (48)

The system (46),(47) has a first integral. If we multiply the first equation by
R, and use the second we obtain

IR = (P — P)h + (2 — DA = (X P) + R .
Integrating gives
1

59?% = 1P+ R . (49)

(Again the constant of integration is 0 because either ¢, or ¢ is 0.) Differentiating
(46) and using (47) again give

R =—p' 2 —q P +2pg(# —1). (50)

Solving Egs. (46) and (50) for 2; and £, and substituting the results into (49), we
obtain a second-order differential equation for %;:

1
- (59?? - %) (4'p— Pay =(p R — p' & +2p*q(% — 1))
X (R —q R, +24°p(% —1)).

To find a differential equation for # we use the second relation of (47) to ex-
press %1 in terms of &, then use (46) to express 2; in terms of £, and then
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substitute these results into (49). What results is the equation

'@I / / 2
g’] (—I) —qe@] = £ (%) -1 .
p 2 p
The third set of equations. To obtain the equations for %4, 24 and %, we proceed
almost exactly as in the last section, replacing the domain of integration (—oo,t) by
(—00,00), and inserting the factor &(x —t) in the integrands. The only difference

is that when we differentiate the integrals we apply the product formula to the
integrands. What results is the system

Ry=—p2—qP,  2=-qR+1), Pi=-p@R+1). (51)

The solutions of this system are obtained from the solutions of the last by simply
changing their signs. But notice that the values at = oo are now given by

R4(c0) =0, 24(00) = —c¢y, P4(00) = —¢y

VII. Scaling GOE and GSE at the Edge

The goal of this section is the computation of the limiting probability distribution
functions for the largest eigenvalue in the finite N Gaussian orthogonal and sym-
plectic ensembles. The probability distribution functions for finitte N GOE, GUE
and GSE are precisely the functions E3(0,(#,00)) of Sect. VI with f = 1,2 and 4,
respectively. We denote them by Fys(¢), and limits we are interested in are

V2 N1/6) '

In [12] we showed that the limit exists when f =2 and is given by

Fp(s) = hm FN,; (\/ZN +

Fy(s) = exp (—70 (x —5)g(x)’ dx) : (52)

where ¢ is the Py function determined by the differential equation
ql/ = q + 2 q3

together with the condition g(s) ~ Ai(s) as s — oo. (For more details on this solu-
tion see [3,4,12].) We shall show here that the limits exist for f = 1 and 4 also,
and that

Fy(s) = Fy(s)e 740, (53)

(54)

HIZ aw dx |~ LI gt0) dx> 2
2

Fy(s/V2)* = Fa(s) (

(Note the similarity to formulas (25) and (28).)
The reader must see our notational difficulty: g denotes both a Painlevé function
and the function defined by (38) of the last section. We resolve this difficulty by
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denoting the latter function here by gy (and denoting the function p of the last
section by py), while retaining the notation ¢ for the Painlevé II function.
We denote our scaling transformation by 7, so that

7(x): —\/_+\/—N1/6

We think of s as fixed, and the functions gy, pw,qe, U, ..., % of the last section
as being associated with ¢ = 7(s). We shall show that these functions of s (perhaps
after normalization) tend to limits as N — oo and that these limits satisfy systems of
differential equations which are solvable in terms of the Pj; function g. Substituting
the values of these limits into (40) and (41) will give (53) and (54). Everything
will be a consequence of the following:

(1) th—»oo N—I/GqN = lll’l’l[\/_NDO N_1/6pN =gq.

(i1) The limits limy_, o #; and limy_, 7, exist and are equal.

(iii) The limits of g, and £,...,%, all exist. The limits of 2, and &, differ by
a constant as do the limits of 24 and %,.

(iv) All of the above limits hold uniformly for bounded s.

These will be established below, but suppose for the moment that they are
true. Denote the common limit in (ii) by #, the limit of ¢, by ¢ and the limits of
Ry,.... P by R,...., P

Let us rewrite the first equations of (42) and (44) using our present notation
and letting the prime now denote £ (= 4 /\/2N%):

’ qN ’

1 ~
Ug = — \/—N1/6 qe, 9. = W(QN_qNUS—PNua)~
Taking the limits as N — oo, using (i) and (ii), gives the system
#=-Lg g=Lu-21.

(The interchange of the limit and the derivative is justified by the uniformity of
convergence of these derivatives.) We remind the reader that when we apply our
finite N results to GOE and GSE we restrict N to even or odd values, respectively,
and this affects the boundary condition at s = co. In fact, we have

i(00)=0,  g(oo) = { I/v2 in GOE,
0 in GSE .

The reason for the first is that u, vanishes at co and the reason for the second is
that gz(c0) = c,, which vanishes when N is odd and can be shown to have the

limit 1/ V2 as N — through even values. Introduction of
o0
pi= [ g(x)dx
s

as a new independent variable reduces our system of equations for & and 4 to one
with constant coefficients which is easily solved. We find that

1 1
= =(1—-e"), j=—e¢e¢ * in GOE,
5 ) 1= 5

1 1
1— Zet— ZegH 7 B _ oty .
( 2e e ), q= 2\/_(e e") in GSE

| —

U=
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Next, we consider the limiting quantities %;,2, and 2. Recalling that these
arise in GOE, when N is even, we find from (48) that

R(0) =0, I(0)=V2,  P(x0)=0,
and so, since by (iii) the last two functions differ by a constant,
9 =P +V2.
We find now that the limiting form of the system (46) and (47) is

@, = —%(29"1 +V2)., P = —%w}zl —1).

The same substitution reduces this to a system with constant coefficients, and we
find the solution to be

- - 1
.@1:1—6‘”, 91:——(e_”-—1).
V2

Similarly, for f =4 when N is odd we find that

that 94 = % + \/5/2, that the system is

_ N _ i
@Q:-%(zﬂﬂT, %:-%(%H),

and that the solution is

‘_lu E—#_ '_L lu_é—u_l
%4—Ze +4e 1, 5"4—\/§<4e 4e 2).

If we substitute the limiting values we have found into the formulas (40) and
(41) which give the values of the ratios Fy1(¢)?/Fn2(t) and Fya(t/+/2)?/Fy(t) we
obtain formulas (53) and (54).

It remains to establish our claims (i)—(iv) above. We indicate by a subscript ©
the result of scaling either a function or an operator. Thus,

S;:=1080T1, @:=@o1, etc.
It follows from results on the asymptotics of Hermite polynomials that

Jim N7V.(x) = lim N™V(x) = Ax) (55)

uniformly for bounded s, where A(x) denotes the Airy function Ai(x), and that there

are estimates e e
N0 (x) = O(e™™), N8 (x) = O(e™) (56)

which hold uniformly in N and for x bounded below. (There is a better bound, in
which x3? appears in the exponent rather than x, but this one is more than good
enough for our purposes. See [10], p. 403.)
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To obtain the scaling limits of S and other quantities we shall make use of the
identity -
S, y) = [lo(x+2)Y(y +2) +¥(x +2) o(y +2)]dz (57)
0

analogous to formula (4.5) of [12],

AX)A'(y) — A (x)A(y) _ TA(x +z)A(y +z)dz
xX—=y 0

and proved in the same way: The formula on the top of p.43 of [14] gives

0 0
(a . 5) S(x,») =~ YY) — Yx) 9(r),

and the same operator applied to the right side of (57) equals

/9 0
J (5(- ¥ 5;) [0Cx + 2y +2) + x+2) oy + 2)] dz

o g
{a_ [o(x +2)Y(y +2) +¥(x +2) p(y + 2)] dz

= =) Y(y) = ¥(x) o(y) -

Hence the two sides of (57) differ by a function of x — y and this function must
vanish since both sides tend to 0 as x and y tend to co independently.
If an operator L has kernel L(x, y) then L, has kernel

W —= L@, T(),

and so from (57) we see that the kernel of S; has the representation
S:(x, y) = ﬁ :fo[q)(T(X) +2)Y(e(y) +2) + ¥(1(x) + 2) o(1(y) + 2)]dz,
and the substitution z — z/v/2N'/® gives
$.69) = gy [ + DU+ )+ b+ Doy + Nz (58)
The asymptotic formulas (55), and the estimates (56), show that
A}me S:(x,y) = ZfoA(x +2)A(y+z)dz

pointwise, and in various function space norms as well. This will be very useful.
The right side, we know, is the Airy kernel. We have been using a bar as notation
for a limit, so we write the above as

S ¥) = 506, 9) = [AG+2)A(y +2)dz . (59)
0
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The fact that this converges in the space L(s,00) ® La(s,c0) implies that the
operator x.S;x, converges in the norm of operators on Ly(R) to the operator 3S7,
where | = y(s,00)- Since I — 7Sy is invertible it follows that also

(I~ xSexa)™ = I = 78D~ (60)

in operator norm. The same is true if the space L,(R) is replaced by L{(R), as is
seen if we use the fact that the norm of an operator L} on this space is at most

(oo}
J sup|L(x, y)|dx,
s y=s

and that (59) holds with this function space norm as well.
Let us compute the scaling limit of gy. We have

av = — Sx) " o(t) = o(t) + Sy — 1Sx) " o(t)
= 0u(5) + Scxeld — 1eSexe) " pe(s) .

It follows from (55) and (56) that N~"6¢, — A pointwise and in L(s,00). The
second of these facts, together with (60), implies that
(I = %Sete)”'N " Yor — (1 — 787)~'4

in Ly, and then using the fact that (59) holds in L,(s,00) for fixed x, we deduce
that

Setell = 1:Sexe)” N~ 00 — S7U — 757)™'4
pointwise. Putting these together shows that
Jim N7Voqy = A(s) + 87U — I8N () = I ~ IS 4(s) -
—00

The right side was precisely the definition of g (it transpired that it was a Painlevé
function), so we have shown that

lim N~Yqy =¢q.

N—oo

Note that since by (55) both ¢ and Y have the same scaling limit, the above
argument applied to py leads to the same result,

lim N"Yepy=gq.

N—o00

This gives assertion (i). The uniformity assertion in (iv), for these and the limits
established below, we leave to the reader.
Next we consider u, and 7,. Recalling the definition (39) we write

0 () = cp— | (y)dy

and so

oo 1 o0
(60):(x) = ¢, —T({)w(y)dy =cp— W{%(J})dy-
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As N — oo the constant ¢, converges (in fact to 1/ v/2) and the second term con-

verges in Ly(s,o0) (in fact to — fx °° A(y) dy/v/2). Thus the function (¢¢), converges
in the space R + L(s,00). Also,

N7VQ, = N7V — 3. Sexe) Lpe — (I — 7S 7)1 4 (61)

in Ly(s,00) N Ly(s,00). It follows from these limit relations that

u, = (Q, xep) = \/_N1/6 —=—(0r, (x0):)

converges as N — oo. Notice also that since ¢ and  have the same scaling limit,
(61) holds with Q replaced by P on the left side, from which it follows that 7, has
the same limiting value as u.. This establishes (ii).

Finally we come to the quantities %,,...,%4. These are trickier since, although
our functions scale nicely on (s,00) for fixed s, they do not scale uniformly on
(—00,00). In a sense we have to separate out the parts that get integrated over
(—00,00). Beginning with %, we use

ROty =(I —Sx)7'S(x,t) =Sy — xSx)~'S(x,t) + S(x, 1),

and write our integrals over (—oo,?) as integrals over (—o0,00) minus integrals
over (t,00). Thus

= [% Sxd —xSx)7'S(x,t)dx — [Sy(I — xSx)”'S(x,t)dx
t
+ [ S, t)dx — [FS(x,1)dx
= [ S = 1eSe xe) ' Se(x, ) dx — [Sexe — xSz xe) T Selx, 5) dx

+ fST(x,s) dx — TS,(x,s) dx . (62)

(The factors 1/v/2N'/® arising from the variable change are incorporated in the
expression for S;(x,s).) We think of the first integral on the right side of (62) as
the inner product of the functions

f S:(x, - )dx and (I_XSTX’C)_IST( . ,8) (63)
on (s,00). Now it follows from (58) that
o0 1 o0 o0
[ Se(x,y)dx = ———— (c J¥(z)dz + c‘/,f(p,(z)dz> , (64)
—o0 V2N (py ¥y

which converges in Ly(s,00) as N — oo. Also S;( - ,s) converges in Ly(s,00),
so the same is true of the second function in (63). Thus the inner product itself
converges, and this shows that the first term on the right side of (62) converges. The
second term (62) is treated in much the same way — the only difference is that the
first integral in (63) is taken over (s,00). The next term on the right side of (62) is
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simple — to show that it converges requires only the representation (64) with y = s—
and the last term is analogous to this one.
Turning to 2;, we write it similarly as

fS%U 1Sx)” w@ﬁk—JﬁﬂJ xS x)” ¢uﬁh+-f¢uﬁh—f¢©ﬁh

_ (p(x) 1 _@(x)
= fSTXT(I AeSe Xt) 1\/_1 1/6 fSTXr(I XSt Xe) 1\/:N1/6 dx
P(x)
+2¢p — f\/_Nl/(’

We treat the integrals just as we did those for %;, with ¢./v/2N'® replacing
S:( - ,s), to show tht they have limits as N — oo and, of course, ¢, also has a
limit. The quantity £; is handled similarly, with ¥ replacing ¢ everywhere. That
the limits of & and 2, differ by a constant follows immediately from the fact that
Y and ¢ have the same scaling limit on (s,00). The discussion of the quantities
R4, 24 and P, is entirely analogous, and (iii) is established.

VIII. Justification for the Determinant Manipulations

In this final section we give the rigorous justification for the deteminant manipula-
tions in Sects. II and III. We begin with GSE, which is slightly easier. The quantity
of interest is the determinant for the operator on L;(J) with kernel

1 ( S(x—y) DS(x- y))
ISx—y) S(x—y) )’
where

S(x) = smx’ DS(x) = S'(x), IS(x) = :foS(y) dy .

This kernel is smooth and so the operator is trace class. Our determinant is the
same as that for the operator on Ly(R)

1 < xSy xDS x)

XISy xSy
where S,DS,IS are the operators with corresponding difference kernels and y is
multiplication by y,. We shall show that we can remove all the operators y which

appear on the left, if we interpret S, DS, and IS as acting between appropriate spaces.
Recall that the Sobolev space H; is given by

(65)

{f € Ly: f is absolutely continuous and f’ € Ly},

Al = A/ ILAIE, + 1A71Z, -

f—=f+Df <D=;—x) (66)

with

The mapping

is an isometry from H; onto L;.
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Lemma 1. Sy and DSy are trace class operators from L, to H;.
Proof. If the kernel K(x, y) of an operator K satisfies

2
dydx < oo,

y

[ [IKG, y)Pdydx < o0, [ [ 3
RJ RJ

then Ky, is trace class for any set J of finite measure. (See, for example,
pp- 118-119 of [5].) It is immediate that D"Sy: L, — L, is trace class for each
n = 0. If we recall the isometry (66) we see that to show that D"Sy : L, — H; is
trace class it is enough to show that (/ + D)D"Sy : L, — L, is. But we know this.

Next we enlarge our spaces L, and H; by adjoining a single function to each:

Ly:={f+ce: feL,, ccC}, H, ={f+clS: f €H, ceC},

which are Hilbert spaces when endowed with the norms

VISIL, + el (IR, + lel

Lemma 2. ISy is a trace class operator from L, to H.

respectively.

Proof. Integration by parts on the constituent intervals of J shows that for
all f €Ly,

IS)x) = X (=DMSCx — ar)Af Nax) + [SGx = UANOA»)dy,  (67)

where (If)(x) := fox f(»)dy. The map f — (If) - xs is bounded from L, to L,
and so by Lemma 1 the integral on the right represents a trace class operator from
L, to Hy. The maps f — (If)(a;) are continuous linear functionals on L, and each
function IS(x — a;) belongs to H since

IS(x — a;) — IS(x) € H, .

So the sum on the right side represents a finite rank, and hence trace class, operator
from L, to H,. This completes the proof.
Let us consider the operator represented by the matrix

1 (SX DSx> (68)
2\1Sy Sy )’

which is the same as (65) except that all factors y that appeared on the left were
removed. Since y : I, — Ly is bounded, it follows from Lemmas 1 and 2 that this
is a trace class operator from L, & L2 to itself. (Actually, of course, the operator is
trace class from L, ® L, to H; & H;, but we don’t use this. )

We use now, and several times below, the fact that the determinant for an
operator product AB is the same as for BA as long as one of the two factors is
trace class and the other is bounded. They do nof have to act on the same Hilbert
space; one operator can map a space H to a space H' as long as the other maps
H' to H. The two products then act on the different spaces H and H'.

Lemma 3. The determinants for the operator (65) on Ly ® L, and the operator
(68) on L, ® L, are equal.
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Proof- Because y is idempotent we can insert a factor (g 2) on the right side of

(68) without changing it. We can bring this factor around to the other side and
deduce that the determinant for (68) as an operator on L, @ L, is the same as that
for (65) as an operator on L, @ L,. But the range of this operator is contained in
L, ® L,, so the determinant for it is the same when considered an operator on this

space.
It follows from the lemma that we can replace (65) by (68). Since D(IS) =S

we can write it as the product

1/D 0\ (15 Sx

2\0 I )\Isy Sy/)°
It follows from Lemmas 1 and 2 that the factor on the right is trace class from
Ly ® L, to Hy @& H, while the factor on the left is bounded from H; ® H; to

Ly ® Ly since D: Hy — L is bounded. It follows that the determinant for (68) on
L, ® L, is the same as the determinant for

LISy Sy\ (D 0\ 1[It Sy
2\ ISy Sy 0 1) 2\ISyD Sy

on H, @ H,. The matrix entries are operators on the same space, Hy, so that we
can perform what amounts to row and column operations on them. (This was not

. . . . 10 . .
an accident!) Multiplying on the left by the matrix (_ ’ 1) and on the right by its
inverse, (f ?), we see that the last determinant is the same as that for

1 (ISyD + Sy Sy
2 0 0)°

and so it is the determinant of

(1—%ISxD—%SX —%Sx)_<1 —%SX> (1—%ISXD—%SX 0
0 1) \o I 0 1)

Both factors on the right are operators of the form /+ trace class operator on
H| @ H1, and the factor on the left is of the form I+ nilpotent operator and so has
determinant 1. Hence the determinant of the product equals the determinant of the
second factor, which equals

1 1
I - EISXD — ESX'
We rewrite the operator as
1—S8y— %(ISxD - SY). (69)
A variant of (67) is
SO )x) = (=1 IS — ) f (@) + [Sx = y)f (W) dy

which gives
ISyD — Sy =32 (IS ® 6,
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where (IS)k(x) := IS(x — a;) and Ox(x) := 6(x — ax). The tensor product denotes
the operator which takes a function in H, evaluates it at a; and multiples this by
(IS)k. A similar interpretation holds for any tensor product 4 ® v, where u belongs
to a Hilbert space and v to its dual space.

We extend the domain of S to all of L, by defining

S = [SCx—)f(»y)dy,

the integral being conditionally convergent. It is easy to see that S : L, — H, and
(IS)y = Sey, where g,(x) := &(x — a;). Thus we can write (69) as

I-S§ —%Z(—l)kSsk@)ék. (70)

Recall that our operators act on H;. Now I — Sy is invertible as an operator on
this space as well as on L,, since the eigenfunctions of Sy belonging to nonzero
eigenvalues are the same for the two spaces. For the same reason both interpretations
of the operator give the same value for the determinant. We denote the inverse of
the operator, as before, by I + R. Factoring out 7 — Sy shows that the determinant
of (70) equals E»(0,J) times the determinant of

1-%2(—1)"(S+RS)sk®5k. (71)

Recall the definition Ry(x) := R(x, ay).
Proposition. The determinant of (71) on H, equals the determinant of

1
I= S (D @R (72)
on Zz.

Proof. We use inner product notation (u,v) to denote the action of a dual vector
v on a vector u. The determinants of (71) and (72) are scalar determinants whose
entries contain the inner products

((S +RS)ej»0c),  (¢,Ri),

respectively, in position (j,k). We shall show that these are equal.

We begin with the observation that R’y = yR when these are thought of as acting
on L,. This is so because R is the resolvent operator for Sy and S is symmetric. It
follows from this that if f and g belong to L,, with g supported in J, then

(S +RS)f.9) = (f,(Sx + SxR)g) = (f,Rg),

the last by the resolvent identity. Suppose 4 has integral 1 and is compactly sup-
ported (in RT if k is odd, in R™ if k is even), set g(x) = nh(n(x — az)) and let

n — o0o. We obtain
((S+RS)f,01) = (f, Ri) .

Replace f by fu :=¢&;x[—na and let n — co. Since
(S +RS)fn — (S+ RS)e;



Orthogonal and Symplectic Matrix Ensembles 753
uniformly on compact sets we deduce the desired identity
((S + RS)e;, 0x) = (¢, Re)

Thus (21) is completely proved.
We now turn to GOE. The reason this is slightly awkward is that the operator K

on Ly(J) with kernel
( S(x—y) DS(x — y)) 73)
ISx—y)—ex—y) Sx—y)

is not trace class. So its classical Fredholm determinant, which is what we want,
is not given by det(/ — K), which is not defined. It is instead given in terms of its
regularized determinant det, by the formula

det,(/ —K) e "X,

where tr K denotes the sum of the integrals of the diagonal entries of the kernel
of K. Rather than deal with regularized determinants we approximate the kernel by
a smooth kernel, evaluate the resulting Fredholm determinant, and pass to the limit
at the end. Thus we replace the term e&(x — ») in (73) by #.(x) := n(n(x — y)),
where 7 is a smooth function which equals ¢ outside a finite interval. Then the
resulting operator K, is trace class, and det,(/ — K)e "X is equal to the limit of
det(/ — K,) as n — oo.
Proceeding as before, we find that det(/ — K,,) is equal to the determinant of

<I — ISyD — Sy ‘Sx)
HnxD 1

on H, @ H,, where N, denotes convolution by #,(x). The operator can be factored

as
I —Sy I —ISyD — Sy + SymayD 0 I 0
0 I 0 I myD I)°

all factors being of the form I+ trace class operator on H; @ H1, and so its deter-
minant equals the determinant of the operator

I — Sy —ISyD + Syn,xD

on H,. But yn,x — yey in the norm for operators on L, (where ¢ denotes convo-
lution by ¢&(x)) and it follows from this and the second part of Lemma 1 that the
above operator converges to

I — Sy — ISyD + SyexD (74)

in the trace norm for operators on H,. Consequently it is the determinant of this
which will be our final answer.
We have already seen (cf. (69) and (70)) that

ISyD = Sy + 3. (—1) Se; @ 6y .
But

(exD f)(x) = Jfﬁ(x =y = (@) + 3 (=1 ex) far) s



754

C.A. Tracy, H. Widom

and so

SyexD = Sy + 3" (= 1) Syer ® 6% .

Thus

ISyD — SyexD = 3 (=1 S(1 — y)ex ® 6y .

And now, just as at the end of GSE, we conclude that the determinant of (74)
equals E5(0,J) times the determinant of

I =3 (=S +RS)1 — 0)ex ® &,

which in turn equals the determinant of

I= (11— e ® Ry .

This completes the justification of (19).
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