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Abstract

For a local field K, we study the affine buildings =, and A, naturally associated
to SL,(K) and Sp, (K), respectively. Since Sp,,(K) is a subgroup of SLy,(K), we
investigate properties of a natural embedding of A,, in =,,. We use these results to
derive information about A,, from knowledge of =Z,,,. For n > 3, we relate the number
of vertices of =, close to a given vertex of =, with the number of chambers of =,
containing a given vertex, proving a conjecture of Schwartz and Shemanske. We then
examine close vertices in A,, (n > 2) when the given vertex is special (all the vertices
of =, are special). In particular, we use the natural embedding of A,, in =, to prove
results about close vertices in A,, analogous to those for =,,. Finally, we compute
the spectral radius of the subgraph Y,, of A, induced by the special vertices of A,, to
show that the isoperimetric constant of Y, is positive, from which it follows that Y,

is non-amenable.
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Introduction

Buildings, which Tits first introduced in 1961 [47], were originally studied to under-
stand certain groups—the analogues of the simple Lie groups, and particularly the
exceptional groups, over an arbitrary field (see [36]). More precisely, one studies a
group G by constructing a building naturally associated to GG, and on which G acts
nicely. Over the years, buildings have found applications to differential geometry,
arithmetic groups, finite group theory, and group cohomology (see [37] and [6, Chap-
ter VII]). Certain buildings also appear in the study of p-adic simple groups, where
they play a role similar to that of the symmetric spaces in the theory of simple Lie
groups (see [50, p. 215] and [38]). More specifically (see [21]), buildings have been
used in Mostow’s rigidity theorem [28], in Thorbergsson’s classification of isopara-
metric submanifolds [45], and in Kleiner and Leeb’s proof [24] of a conjecture of
Margulis.

Although the axioms for buildings given in [47] were stated in terms of incidence
geometries, they were later restated in terms of simplicial complexes [48]. But even the
definition of a building as a simplicial complex comes in several flavors, with perhaps
the most straight-forward being the one given in Chapter 1, the most abstract the
one given in [35, p. 27], and those in [6, p. 76] and [20, p. 52| falling somewhere in the
middle. Then someone wishing to learn about buildings has at least three different
perspectives from which to choose. One is to view a building as an object attached
to an algebraic group, as Tits did (see [51]), and to use the theory of root systems.
Another is to view a building as a natural generalization of an incidence geometry
(see [10] or [21]). And a third, which is the one we adopt, is to view a building as a
combinatorial object naturally associated to a group such as SL,(K) for some field

K. We start with a brief history of how buildings developed.



A brief history

The history of buildings begins in 1954. At this time, it was well-known how to asso-
ciate to a classical simple matrix group G a finite reflection group W called the Weyl
group of G. But until the publication of Bruhat’s 1954 paper [7] on the represen-
tation theory of complex Lie groups, a fundamental fact now known as the Bruhat
decomposition, which says that G = [], .y BwDB for a certain subgroup B of G,
had gone unnoticed. This Bruhat discovered while studying induced representations,
and his proof consisted of a separate analysis for each of the four families of classical
simple groups. Soon afterwards, Chevalley used the Bruhat decomposition as a basic
tool in his construction and classification of simple algebraic groups ([13], [14]), at
the same time unifying Bruhat’s case-by-case proof and studying the basic properties
of the parabolic subgroups of certain matrix groups. Then in 1962, after analyzing
Chevalley’s methods, Tits extracted two axioms that imply Chevalley’s results on
the Bruhat decomposition and parabolic subgroups [46]. At the same time, Tits was
working on a project, which he began in the mid-1950s, to construct incidence ge-
ometries associated to very general matrix groups—the semi-simple Lie groups, and
in particular the exceptional groups [52]. So in the early 1960s, Tits combined the
axioms for geometries and the axioms for groups with a Bruhat decomposition to
arrive at the idea of a building (for more details, see [6, Section V.4]).

And just as we can classify a group as abelian, simple, or solvable (possibly sev-
eral or none), so can we classify a building as “spherical,” “affine,” or “Moufang”
(possibly several or none). “Spherical” buildings, whose “apartments” can be visu-
alized as triangulations of a sphere, resulted from another motivation for buildings:!
geometrically construct analogues of the exceptional groups over an arbitrary field.
The irreducible spherical buildings of dimension at least 2 were classified by Tits,
who also showed how such buildings give rise to large automorphism groups [49].
This connection between a spherical building and a large automorphism group meant
that when Ronan and Tits later constructed buildings [39], they had an immediate
existence theorem for groups such as Fg(k) (one of the exceptional groups) for any
field k£ without having recourse to the theory of algebraic groups (for more details,
see [37]).

“Affine” buildings appeared in the mid-1960s as a result of Iwahori and Mat-
sumoto’s work [22] on p-adic groups. These buildings, whose apartments can be

visualized as tilings of Euclidean space, arise from algebraic groups over a field with a

IThis motiviation arose before the publication of [13].



discrete valuation. Their general theory was developed by Bruhat and Tits ([8], [9]),
and they were classified by Tits [53] (more details are in [37] and [36]).

Finally, “Moufang” buildings, which include most spherical buildings and those
affine buildings attached to groups over a power series field, arose after Moody and
Teo introduced groups attached to Kac-Moody Lie algebras in the early 1970s [27].
These buildings come from groups attached to infinite-dimensional and non-affine
Kac-Moody Lie algebras and have apartments with “negative curvature” (see [37,
Section 8] for more details).

We end this section by noting that according to [50, p. 209], the “real estate”
terminology of buildings first appeared in [5] and originated in the fact that the
maximal simplices of a building are called “chambers” in view of their close connection

with the “Weyl chamber” in the theory of root systems.

Overview

As mentioned earlier, we view a building as a combinatorial object—in fact, a highly
structured simplicial complex—naturally associated to a group such as SL, (K) for
some field K. More concretely, suppose K is the field of p-adic numbers (p a prime)
Qp, which can be defined as follows: for r € Q*, write r = (a/b)p™, where a,b,m € Z
with b # 0, ged(a,b) = 1, pta, and p1b. Then ord, : Q° — Z given by ord,(r) = m,
where 7 € Q* is as in the last sentence, defines a metric on Q by |s—t|, = p~or (=0 if
s # t and |0], = 0; the field Q, is the completion of Q with respect to |- |,. The affine
building naturally associated to SLy(Q,) is the (p+1)-regular tree; a partial picture in
the case p = 2 is in Figure 1(a). Figure 1(b) shows a partial picture of an apartment
of this building, and Figure 1(c) shows a chamber of this building. In the case of the
affine building naturally associated to SL3(Q,), a chamber is an “equilateral triangle”
(together with its interior) and an apartment is a “copy” of R? tiled by chambers.?
The affine building =,, naturally associated to SL,(K) (an (n — 1)-dimensional
simplicial complex), where K is a local field (for example, K = Q, for some prime p) is
perhaps the best understood and most studied affine building naturally associated to
a group. This is partly because the group SL,, is well-understood and partly because
all the vertices of Z, are “special.”® We consider the affine building A, naturally

associated to Sp,,(K) (an n-dimensional simplicial complex). The building A,, has

2The prime p is reflected in the fact that a codimension-one simplex (side of an equilateral
triangle) is contained in exactly p + 1 chambers.
3 Actually, more is true: all the vertices of Z,, are “hyperspecial.”



(a) Partial picture of 3-regular tree Z,. (b) Apartment of Zs.

(¢) Chamber of =s.



both special and non-special vertices. Though there are other affine buildings with
both special and non-special vertices, A,, seems the “closest” to =,, in the sense that
it has only one “kind” of special vertex. Note that Sp,(K) is a proper subgroup of
SLy, (K).* In general, the fact that not all the vertices of A,, are special—exactly two
vertices in any chamber (maximal simplex) of A, are special—means that studying
A,, requires more care than is needed to study =,. However, we discovered that by
thinking of A,, as embedded in =y, and by using the fact that Sp, (K) is a subgroup
of SLs, (K), we can use facts about =y, to derive information about A,,. In particular,
if we focus on the special vertices of A,, we can usually adapt proofs of results for
=, to obtain analogous results for A,,.

For the rest of this section, K is a local field with valuation ring O, uniformizing
parameter 7, and residue field isomorphic to F, (if K = Q,, then O = Z,, the closure
of Zin Q,, m = p, and F, = F,). In Chapter 1, we give the definitions related to
simplicial complexes and buildings that we need. We also describe the buildings =,
and A, in terms of lattices of a vector space. Then we prove some results about how
A, embeds in Z,. In particular, we show how a given chamber C of A, embeds
in =y, (Proposition 1.3.2), which allows us to count the number of chambers of =5,
that contain C' (Corollary 1.3.1). In addition, we derive information about A,, from
knowledge about =,,. For example, we show that “labelling” the vertices of =,
“labels” the vertices of A,. This provides a way to tell when certain vertices of =5,
are not vertices of A,, and allows us to characterize the special vertices of A,, in terms

of “types”:

Proposition 1.5.1. Ift € A, is a vertex, then t has type i for some i =n,...,2n

mod 2n.
Proposition 1.5.3. A vertex of A, is special if and only if it has type 0 or n.

We end Chapter 1 by considering whether the group GSp,,(K) of symplectic
similitudes—the analogue of GLy,(K) for Sp,(K)—acts on (the vertices of) A,. It
turns out that we can use the action of GSp,,(K) on =y, to show that GSp,,(K) does
not act on (the vertices of) A, (see Corollary 1.6.2) but that GSp,, (K) does act on

the special vertices of A,,. More precisely, we prove:

Proposition 1.6.3. The group GSp,,(K) takes adjacent special vertices of A, to

adjacent special vertices of A,,.

4More precisely, we can think of Sp,,(K) as preserving a non-degenerate, alternating bilinear form
defined on a 2n-dimensional K-vector space.



Corollary 1.6.3. The group GSp,,(K) acts transitively on the special vertices of A,,.

To prove Proposition 1.6.3, we show that GSp,,(K') acts on a certain set of cham-
bers of Z, containing a chamber of A, (see Lemmas 1.6.1 and 1.6.2). With only a
few exceptions, the results contained in Chapter 1 are either used in Chapters 2 and
3 or their proofs are the basis of proofs in Chapters 2 and 3.

The motivation behind Chapter 2 was Section 3 of a paper by Schwartz and
Shemanske [41], who consider the building =,. In particular, they point out how
the combinatorial distance between two chambers of a building can be generalized to
define the distance between two vertices of a building. They prove that the vertices
of 2, (n > 3) distance one away or close to a given vertex of =, are given by a certain
Hecke operator [41, Theorem 3.3], so that the Hecke operator acts as a generalized
adjacency operator on Z,. From this, they conjecture a relationship between the
number w,, of vertices of =,, close to a given vertex and the number r,, of chambers of
=, containing a given vertex, with 7 := 1 (see the Remark following Proposition 3.4
of [41]). In an attempt to better understand the computation underlying Schwartz
and Shemanske’s conjecture, we use an observation of Paul Garrett to reformulate
the question in terms of modules and vector spaces, thus allowing us to prove the

conjecture:
Theorem 2.1.1. For alln >3, q-1, = rp_s wy.

Although this proof uses little more than the description of the chambers of =,
in terms of lattices of an n-dimensional K-vector space, it does not really give any
insight into why the conjecture is true. On the other hand, the proof of Theorem 2.1.2,
which takes a more combinatorial approach, provides a structural explanation—an
explanation intrinsic to the building—for the relationship between w, and r,. We
devote the rest of Chapter 2 to considering the same question in the building A,
when the given vertex is special (recall that all the vertices of =, are special). We

prove the following analogue of Theorem 3.3 of [41]:

Theorem 2.2.1. [tt € A, is a special vertex, then the number of vertices of A,

close to t is the number of left cosets of Sp,,(O) in

Sp, (O)diag(1, 7, ..., 7, 7%, ..., m)Sp, (O).
P, (O)diag(1, 1 17T7T7T ™)Sp,(O)

Remark. In Appendix A, we prove the analogue of the last theorem if Sp, (O) is
replaced by GSp,,(0O) = GSp,,(K) N GLy,(O).



Let r(A,,) be the number of chambers of A,, containing a given special vertex (of
A,), with 7(Ay) := ¢+ 1, and w(A,,) the number of vertices of A,, close to a given

special vertex (of A,). The following is an analogue of Theorem 2.1.1 for A,:
Theorem 2.2.2. For alln > 2, q-r(A,) =r(A,—1) w(A,).

We also prove a partial analogue (Proposition 2.2.11) of Theorem 2.1.2 for A,
using combinatorial arguments when the given vertex has a certain “type.” The
overlap of Chapter 2 with Chapter 3 consists of Lemma 2.2.1 and Proposition 2.2.1.

We change gears a bit in Chapter 3, which was motivated by an example of Woess,
who considers Z,, [55, Example (12.20)]. Woess’ example implies that the one-complex
X, of 2, (i.e., the graph with vertices the vertices of =, and edges the 1-simplices
of Z,) is non-amenable. More precisely, it tells us the spectral radius of X,,, which
implies that the isoperimetric constant of X,—a measure of expansion in X, by [3,
p. 116]—is positive (see [3, Theorem 3.1]); hence, X,, is an analogue of a family of
expanders (an example of a family of expanders is a family of Ramanujan graphs, see
[16, pp. 1 — 4]). We adapt this example to the case of the subgraph Y,, of A, induced
by the special vertices of A, to compute the spectral radius of Y,,, from which we

deduce
Theorem 3.2.1. The isoperimetric constant of Y,, satisfies i(Y;) > 0.

Consequently, Y,, is both non-amenable and an analogue of a family of expanders.
The computation of the spectral radius of Y,, involves finding groups (some solvable)
that act transitively on the vertices of Y,, and characterizing the vertices of Y,, adjacent
to certain ones in terms of orbits.

We end this section by noting that about six months after we derived the formulas
in Propositions 2.1.1 and 2.2.8, we learned that both are special cases of a result of
Parkinson [32, Theorem 5.15] and that the formula in Proposition 2.1.1 also follows
from a result of Cartwright [11, Lemma 2.2]. In contrast to our method, Parkinson
uses deep properties of buildings (root systems and Poincaré polynomials of Weyl
groups), and Cartwright takes a more combinatorial approach. In Parkinson’s general
approach, our numbers w,, and w(A,,) are special cases of his number N,. Parkinson
uses the number N, in his definition of vertex set averaging operators on certain affine
buildings, and he uses the formula for N, to prove results about these operators. At
about the same time, we also discovered (about seven months after we had obtained
the formula independently) that the formula in Proposition 3.2.3 is also derivable

from results of Parkinson. Again, Parkinson’s approach is quite general, as it takes



a building-theoretic perspective rather than the group-theoretic one we use. As in
[55, Example (12.20)], Parkinson uses the idea of a random walk on Y, as follows: in
[33, Theorem 2.16], Parkinson gives a local limit theorem for isotropic random walks
on certain affine buildings. Then [34, Theorem 6.3] and general facts of C*-algebras
imply that the spectral radius of the isotropic random walk is g(l), where A is the
transition operator of the random walk and A its Gelfand transform. To express g(l)
in terms of the order ¢ of the residue field of K, we use the underlying root system of
the building together with results about the Macdonald spherical functions defined
in [34, p. 9]. Parkinson’s machinery thus gives a means of determining the spectral

radius of an isotropic random walk on certain affine buildings.

A final word

We end this chapter by commenting on some of the phrases and notation we use. In
general, we try to avoid using phrases such as “It is well-known,” but when we do
use such phrases (only in Chapter 3), we do so when stating facts that we learned
in a paper that uses the same phrase, and we reference the appropriate paper. We
learned the information contained in the paragraph following Lemma 3.2.1 on page
84 from Paul Garrett, and we learned about the relationship between p(P) and p(X)
given in Appendix B from Donald Cartwright.

The letters a,b,c,d, 7,7, ¢,m,n, and r, along with any variations, always denote
integers unless specifically stated otherwise. Since the use of ( ) arises quite a bit
in mathematics, we sometimes use it to denote a subgroup generated by certain
elements of a given group and sometimes (more often) to denote a certain bilinear
form; it should be “clear” from context which meaning we intend. Other than that,
when we “overload” notation (for example, p denotes an integer in Chapter 1, while
w(+) is a left Haar measure in Chapter 3 and a measure in Appendix B), it should
be “clear” from context which meaning we intend. Finally, we try to use relatively
standard notation, but for clarity’s sake, we now give the notation we use that we do
not define elsewhere. The other notation we use frequently can be found in the Index

of Notation on page 106.



Z

7+

7=

R

R=0

C

Fq

Q, (p & prime)

H < G (H and G groups)
H <G (H and G groups)
H = G (H and G groups)
L+ L' (L and L' R-modules, R a ring)
R™ (R a ring)

At or g* (A and g matrices)
M,(R) (R aring)

GL,(R) (R a ring)

SL,(R) (R a ring)

d;; (Kronecker delta)
Card(S) (S a set)

IL; Si (S; sets)

A= A" (A and A’ simplicial complexes)

set of integers

set of positive integers

set of integers greater than or equal to ¢
set of real numbers

set of non-negative real numbers

set of complex numbers

finite field with ¢ elements

set of p-adic numbers

H is a subgroup of G

H is a normal subgroup of G

H and G are isomorphic groups
{{+0:tel t'el}

set of m-tuples with entries from R
transpose of A or g

set of n x n matrices with entries in R
{9 € M,,(R) : detg € R*}

{g € M,(R) : det g = 1}

has value 1 if ¢ = j and 0 otherwise
the number of elements in S

the disjoint union of the S;

A and A’ are isomorphic as posets



Chapter 1
Buildings

We start this chapter by giving the pertinent terminology related to simplicial com-
plexes and buildings. We then consider the affine buildings =, and A, naturally
associated to SL, (K) and Sp,,(K), respectively, where K is a local field. In particu-
lar, we use lattices to describe Z,, and A,,, and we use the fact that A,, is a subcomplex

of =5, to obtain information about A,,.

1.1 Definitions

Following [6, pp. 27 — 30, 63| and [20, p. 32|, we review some definitions related to
simplicial complexes. A simplicial complex A with vertex set V(A) is a set of finite
subsets of V(A), called simplices, such that every singleton {v} is a simplex and every
subset (including the empty set) of a simplex A is a simplex, called a face of A. Note
that a simplicial complex is also a poset, ordered by the face relation.! Write A € A
if A is a simplex of A. If v is a vertex of a simplex A, then v and A are incident. Call
two (distinct) vertices v, v’ € A incident if they are in a common simplex; a vertex is
incident to itself. A maximal simplex of A is a simplex not properly contained in any
simplex. A subcomplex of A is a subset A’ that contains, for each of its elements A,
all the faces of A; hence, A’ is a simplicial complex with vertex set V/(A') C V(A).
The dimension of a simplex A, denoted dim(A), is Card(A) — 1, one less than the
number of vertices in A, and an m-simpler is an m-dimensional simplex. If A is

a face of a simplex B such that dim(B) — dim(A) = 1, then A is a codimension-

'In other words, if A is a simplicial complex and A < B denotes A and B are simplices of A
with A a face of B, then < is reflexive (A < A for all simplices A of A), antisymmetric (A < B and
B < A imply A = B for all simplices A, B of A), and transitive (A < B and B < C imply A < C
for all simplices A, B, C of A).

10



<

(d) A thin chamber complex A. (e) Link of central vertex t € A.

Figure 1.1: Chamber complexes.

one face of B. An isomorphism between two simplicial complexes A and A’ is a
bijection ¢ : V(A) — V(A’) taking an m-simplex of A to an m-simplex of A’, and an
automorphism of a simplicial complex A is an isomorphism of A with itself. For two
simplicial complexes A and A’, the join of A and A’, denoted AUZA/, is the simplicial
complex with vertex set the disjoint union of V/(A) and V(A’) and one simplex AU A’
for every A € A and A’ € A'.

Example. Let A be the simplicial complex with vertex set {a,b} and simplices ), {a},
{b}, {a,b}, and let A" be the simplicial complex with vertex set {c,d} and simplices
0, {c}, {d}, {c,d}. Then the join of A and A’ is the simplicial compler A U A’ with
vertez set {a,b,c,d} and simplices 0, {a}, {b}, {c}, {d}, {a,b}, {a,c}, {a,d}, {b,c},
{b,d}, {c,d}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}, {a,b,c,d}. In particular, the join

of two disjoint edges of a 3-simplex is the whole 3-simplez.

From now on, A is a simplicial complex all of whose maximal simplices have the
same (finite) dimension, say n. Then A is an n-dimensional simplicial complex, and a
codimension-one simplezis an (n— 1)-simplex. Two maximal simplices are adjacent if
they share a codimension-one face, and a gallery of length m connecting two maximal
simplices C' and C" is a sequence of maximal simplices C = Cy,...,C,, = C’ such
that C; and C;,; are adjacent for all 0 < ¢ < m — 1. If any two maximal simplices
of A can be connected by a gallery, then A is a chamber complez, and the maximal
simplices of A are chambers. A chamber complex is thin if every codimension-one
simplex is a face of exactly two chambers, and a chamber complex is thick if every
codimension-one simplex is a face of at least three chambers. Figure 1.1(d) gives
an example of a thin chamber complex; a chamber is a 2-simplex, an “equilateral
triangle” together with its interior.

A labelling of a chamber complex A by a set [ is a map V(A) — I such that the
vertices of each chamber of A are in bijection with the elements of I; the elements of
I are labels or types. One way to think of a labelling is as a coloring of the elements

of V(A), where there are exactly n + 1 colors and distinct, incident vertices are

11



different colors. If A is a labellable chamber complex, then labelling the vertices of
one chamber determines the labels on the other vertices of A; i.e., any two labellings
of A differ by a bijection on the sets of labels. Moreover, a labelling of A gives a label
to every simplex of A—the label of a simplex A is the set of labels of the vertices of
A.

Let A be a chamber complex and A € A. Then the link of A in A, denoted lka A,
is the subcomplex of A consisting of the simplices B € A such that BN A = () and
there is a chamber of A containing both A and B. More concretely, take the set of all
chambers of A containing A, and delete A, along with any incident simplices. Figure
1.1(e) shows lkat, where A is the chamber complex in Figure 1.1(d) and ¢ its central
vertex. By [6, p. 31], Ika A is isomorphic (as a poset) to the subposet of A consisting
of those simplices containing A; the isomorphism takes B € lknA to B U A, where
B U A is the join of A and B.

Definition. A (thick) building is a thick chamber complex A that can be written
as the union of subcomplexes called apartments, each of which is a thin chamber

complex, satisfying the following axioms.

1. If A and B are simplices of A, then there is an apartment containing both of
them.

2. If ¥ and Y are apartments of A containing simplices A and B, then there is an

isomorphism ¥ — ¥ fixing A and B pointwise.

A collection A of subcomplexes of A satisfying the above axioms is a system of

apartments for A.
Remarks.

1. This definition is arguably the easiest possible definition of a building; for others,
see [6, p. 76], [20, p. 52], or [35, p. 27].

2. Taking both A and B to be the empty simplex in the second axiom shows that

any two apartments of a building are isomorphic.
3. A building need not be treated as a simplicial complex (see [36, p. 3]).
4. Every building is labellable.

5. By [6, Proposition IV.1.3], if A is a building, then lka A is a building for any

simplex A € A; in particular, Ika A is a chamber complex.

12



6. When we talk about a building A, we do not require that a specific system of
apartments for A be part of the structure of A; as shown in Section IV .4 of [6],

a building always admits a canonical system of apartments.

A building is spherical if all its apartments are finite; i.e., if all its apartments

have finitely many vertices (see [6, p. 92]).
Examples.

1. The (q + 1)-regular tree is a building: a chamber is an edge, and an apartment
1s a “copy” of the 2-reqular tree. When q is a power of a prime, the building
is naturally associated to Sle(K), where K is a local field with residue field

isomorphic to F,,.

2. Let q be a power of a prime. A building A can be described as follows: a chamber
is an “equilateral triangle” (together with its interior), and an apartment is a
“copy” of R? tiled by chambers. Each side of a triangle (codimension-one face

of the building) is a side of exactly ¢+ 1 triangles.

3. Letn > 1, k a field, and V an (n + 1)-dimensional k-vector space. A wvertex
of the spherical A, (k) building =3 (k) is a non-trivial, proper subspace of V,
and a nested sequence Vi C --- C Viiy of non-trivial, proper subspaces of V'
is an i-simplex of Z2 (k). In particular, a mazimal flag Vi C --- C V,, where
dimy V; = i, of non-trivial, proper subspaces of V' is a chamber of Z2 (k). Two
chambers Vi C -+~ C V,, and Vi C --- C V) are adjacent if V; = V] for all except
possibly one value of j. A basis {vq,...,v,01} of V specifies an apartment of
=5 (k); the simplices of the apartment are the subspaces spanned by a proper

n

subset of the basis, as well as all nested sequences of such subspaces (see [35,

pp. 4~ 5)).

Before we proceed, we give some terminology related to Coxeter groups following
20, pp. 2 — 3, 40] and [36, p. 3]. Fix a finite set> S, and let m : Sx.S — ZTU{o0} be a
function such that m(s,s) = 1 for all s € S and m(s,t) = m(t,s) for all s,t € S. If W
is the group generated by S with presentation s> = 1 for all s € S and (st)™( =1
for all s,t € S, then the pair (W, S) is a Cozeter system and W is a Cozeter group.?
Note that m(s,t) = oo means that there is no relation between s and ¢t and m(s,t) = 2
implies st = ts (since s*> = 1 = t?). The rank of W is Card(S). If W is finite and

2In general, the set need not be finite.
3Calling W a Coxeter group is actually an abuse of language. See [20, p. 3].
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4

(a) Type A, Coxeter diagram (n ver- (b) Type C,, Coxeter diagram
tices). (n vertices).
(¢) Type A, Coxeter diagram (n + 1 (d) Type C,, Coxeter diagram (n + 1
vertices, n > 2). vertices).

Figure 1.2: Some Coxeter diagrams.

of rank n, it is the symmetry group of a triangulation of the (n — 1)-sphere S™*
and is said to be of spherical type. More generally, a Coxeter group of rank n acts
non-trivially on R".

A Coxeter diagram is used to keep track of the m(s,t) describing the Coxeter
system (W, S) as follows: there is a vertex corresponding to each s € S, and the
s-vertex and the t-vertex are connected by an edge if m(s,t) > 3, where the edge is
labelled with m(s,t) when m(s,t) > 4. The only Coxeter diagrams that concern us
are those of type A,, C,, A, and C, for n > 2, which are given in Figures 1.2(a),
1.2(b), 1.2(c), and 1.2(d), respectively. A Coxeter diagram is connected if for all
s,t € S, there is a sequence s = $i,...,8, = t such that m(s;, s;11) > 3 for all
1 < i < m—1, in which case the corresponding Coxeter system is irreducible. Let
(W, S) be a Coxeter system. For a subset T C S, write (T') for the subgroup of W
generated by the elements of 7. A Coxeter system (W, S) has an associated Cozxeter
complex 2 = X(W, S), which is the simplicial complex with simplices the cosets of W
of the form w(T') for w € W and a proper (possibly empty) subset 7" of S and face
relation the opposite of the inclusion relation. By [20, p. 41], a Coxeter complex ¥ is
a chamber complex; hence, the chambers of ¥ have the form w(0)) = {w} for w € W,
and the codimension-one simplices have the form w(s) = {w,ws} for w € W and
seS.

Let A be a building. By [20, pp. 54 — 55], there is a Coxeter system (W, S) such
that every apartment of A is isomorphic (as a simplicial complex) to the Coxeter
complex X (W, S), where Card(S) is the number of vertices in a chamber of A, in
which case W is the Weyl group of A. If A is a building whose associated Coxeter
diagram has type M, then A is a building of type M. By [51, p. 35|, a vertex of
the type A;L (resp., type é’n) Coxeter diagram is special if, when we delete it and all

incident edges from the Coxeter diagram, we obtain the Coxeter diagram of type A,
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(resp., of type Cy,). If A is a building of type A, (resp., of type 5n), then a vertex
of A is special if it corresponds to a special vertex of its associated Coxeter diagram.
In particular, every vertex of a type A, building is special, but only two vertices in
each chamber of a type Ch building are special.

Our focus is on a particular type of affine building, a building whose apartments
can be visualized as a tiling of Euclidean space.* We think of a building as a simplicial
complex naturally associated to a group such as GL,(K),SL,(K), or Sp,(K) (K a
field), though in general, a building need not be associated to a group (see [31, p. 3]).
Let A be a building and A a system of apartments for A. Suppose G is a group that

acts strongly transitively on A; i.e., suppose

e the action of each g € GG determines a simplicial complex automorphism of A
such that

— t € A a vertex of type a implies gt also a vertex of type a and

— Y € Aimplies g¥ € A,

e (G acts transitively on the set of chambers of A, and the stabilizer of a chamber

C' is transitive on the set of apartments containing C'

By [6, p. 99], the second condition above is equivalent to requiring that G act tran-
sitively on A and that the stabilizer of an apartment ¥ is transitive on the set of
chambers of Y. Fix an apartment ¥ € A and a chamber C' € ¥, and let B be the
stabilizer in G of C'.> Then the simplices of A are the cosets in G of the form gP,
where P is a subgroup of G containing B. Equivalently, the simplices of A are the
left cosets in G containing a left coset of B (in G) by [6, p. 111]. A simplex A € Ais
a face of a simplex A’ € A if A D A’; hence, the chambers of A are the left cosets of
B in G (for more details, see [6, Section V.2]). Note that if N is the stabilizer in G
of 3, then the Weyl group W of A satifies W = N/(BN N) (see [6, p. 100]).

Remarks.

4The tiles are the chambers of the apartment.

5Even though we sometimes use B for a simplex of a simplicial complex, we follow convention and
use B (instead of, say, H) for the stabilizer in G of a chamber C' € A. The group B is sometimes
called a “minimal parabolic” subgroup of GG, with the stabilizer (in G) of a simplex of A being
a “parabolic” subgroup of G. More accurately, if A is a spherical building, then B is a minimal
parabolic or Borel subgroup of G, and the stabilizer (in G) of a simplex of A is a parabolic subgroup
of G. On the other hand, if A is an affine building, then B is an ITwahori subgroup of G, and the
stabilizer (in G) of a simplex of A is a parahoric subgroup of G.
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1. There is no one-to-one correspondence between a group such as GL,(K) and a
building. For example, if K is a local field treated as any other field (i.e., ignore
the discrete valuation that makes K a local field), then the building associated
to SL,(K) is the spherical A,,_1(K) building. On the other hand, if we make
full use of the discrete valuation of K, the building associated to SL,, (K) is the
affine building associated to SL,,(K).

2. We write “the affine building of G” to refer to a specific ad-hoc construction of

an affine building on which G acts strongly transitively.

3. It will be convient for us to describe our buildings in terms of homothety classes

of lattices rather than the left cosets of G' given previously.

4. In the rest of this thesis, we often use the property that any two simplices of a
building are contained in a common apartment of the building. In particular,
every simplex of a building is contained in an apartment of the building (recall

that the empty set is a simplex).

1.2 The affine building =, of SL,(K)

From now on, K is a local field with discrete valuation “ord,” valuation ring O =
{a € K : ord(a) > 0}, uniformizing parameter 7w (ord(7) = 1), and (finite) residue
field® k = F,. For any finite-dimensional K-vector space V, a lattice of V' is a free
O-submodule of V' generated by a K-basis of V; i.e., a free O-module of rank dimg V.
Two lattices L and L' of V' are homothetic if there is an o € K* such that L' = oL,
and [L] denotes the homothety class of the lattice L.

To describe the affine building =, of SL,(K) in terms of lattices (see [35, p.
115]), let V' be an n-dimensional K-vector space. The homothety classes of lattices
of V are the vertices of Z,. Two vertices t and t' of =, are incident if there are
representatives L € t and L' € t' such that 7L C L' C L; ie., L'/wL is a k-
subspace of L/mL by the Correspondence Theorem.” Note that the incidence relation
is reflexive and symmetric (if 7L C L' C L, then #L/ C 7L C L’). Tt is also true

that if g, ..., t; are distinct vertices of =, such that any two are incident, then by

6We assume that our residue field is finite so that we can count when we drop to the quotient;
in general, the residue field of a local field need not be finite. On the other hand, if K is a finite
extension of Q, for some prime p, then the residue field of K is finite.

"More precisely, we use the Correspondence Theorem for Modules. From now on, “the Corre-
spondence Theorem” refers to the Correspondence Theorem for Modules.
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renumbering if necessary, there are representatives L; € t; for all 0 < j < such that
Ll C Ly € --- C L; € Lo (see [20, pp. 322 — 323]). Since we use the arguments
later, we give the details here.

Call two distinct, incident vertices of =,, adjacent.

Proposition 1.2.1. Let t,t' € =, be adjacent vertices. If L € t, then there is a
unique representative L' € t' such that n1L C L' C L.

Proof. First note that since ¢ and t' are incident, they have representatives M € t
and M’ € t' such that #M C M' C M. Since t # t', tM C M' C M. Moreover,
M and L homothetic implies that there is an o € K* such that L = aM; hence,
7L =mnaM C aM' C aM = L. Let L' = aM’. To see that L’ is unique, let L” € ¢/
such that 7L C L” C L. Since L' and L" are homothetic, there is a f € K* such that
L" = L. Write 8 = n™u for some m € Z and u € O*. Then 7L C L' C L implies
oL Caml C L ie., 7L C L C 7™L. Since L C L C L, L =7"L; ie.,
m=0,3€ O and L" =L =L O

Proposition 1.2.2. If ty,...,t; € =, are vertices such that any two are adjacent,
then there are representatives L; € t; for all 0 < j < i such that 1Ly C Ly € --- C
L; C Ly.

Proof. First note that ¢« > 1. We proceed by induction on ¢. If ¢ = 1, the last
proposition establishes the claim. Suppose ¢ > 1 and that the claim holds for any
set of i vertices of Z,, any two of which are adjacent. Let tq,...,t; be distinct
vertices of =, such that any two are adjacent. By the induction hypothesis, there are
representatives Ly € to and M; € t; for all 1 < 5 <7 — 1 such that 7Ly C M; C
-+ C M;_1 € Lg. Since t; is adjacent to tg, the last proposition implies that ¢; has a
unique representative M; such that 7Ly C M; C Ly. By [20, p. 322], either M; C M,
or M; 2 M,. It M; C M, set Ly = M; and L; = M;_; for all 2 < j <i. Otherwise,
let j € {2,...,7— 1} be minimal such that M; 2 M; (such a j exists since M; C Lyg).
If j =¢—1,set L, = M, for all 1 < r < i. Otherwise, M; C M,,, and setting
L, =M, foralll <r <j, Ljyy = M;, and L, = M,_; for all j +2 < r <1 finishes
the proof. O

It follows from the Correspondence Theorem that we can think of an i-simplex
of =, as being given by a nested sequence U; C --- C U; of non-trivial, proper
k-subspaces of Lg/mLq for some lattice Ly of V. In particular, since Lo/mLg is an
n-dimensional k-vector space for any lattice Ly of V, we can think of a maximal

simplex or chamber of =, as being given by a maximal flag Uy C --- C U,_; of
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non-trivial, proper k-subspaces of Lo/mLg for some lattice Ly of V.8 But by the
Correspondence Theorem, there are unique O-submodules L; of Ly containing w1
such that L;/mLy = U; and wly € Ly € --- € L, 1 € Lg. Since both Ly and
wLg are free O-modules of rank n, L; is a lattice of V for all 1 <7 <n — 1. Thus, a
chamber of Z,, has n vertices tg, ..., t,_1, which have representatives L; € t; such that
Lo QL1 S C Ly 1 C Loand Ly/nLo C -+ C L,_1 /7L is a maximal flag of non-
trivial, proper k-subspaces of Ly/mLg. Alternatively, a chamber of =, corresponds to
a chain of lattices 1Ly C L1 C -+ C L,_1 © Lo such that [Ly : wLo| = q = [L; : L;_1]
forall2<i:<n—1.

Convention. From now on, we write that a chamber of Z,, corresponds to the chain
of lattices 7Ly C Ly € -+ € L,_1 € Lg only when the lattices Ly, ..., L, satisfy
Lo C Ly C - C Ly € Lowith [Ly : Lyl =q=1[L;: Li_y] forall2 <i<n-—1.

Remark. If the chain of lattices n1Lo € Ly € --- C L,y C Ly corresponds to a
chamber of =, then the condition [L, : mLo) = q¢=[L; : Li—y] forall 2 <i<n—1
implies [L; : wLo] = ¢/ for all 1 < j < n — 1; in particular, [Lg : L,—1] = [Lo :
wLo|/[Ln-1: mLo| = q.

The building =, is the (g + 1)-regular tree (see [42, Chapter II]): a chamber is a
1-simplex, and an apartment is a “copy” of the 2-regular tree. A partial picture of the
3-regular tree is in Figure 1.3(a); Figure 1.3(b) shows a partial picture of the 2-regular
tree. In the building =3, a chamber is a 2-simplex—an “equilateral triangle” together
with its interior—and an apartment is a “copy” of the plane. Figure 1.4 shows a
partial picture of an apartment of Z3. Note that by [6, p. 137], =, has type A,y
hence, all its vertices are special.

Following [20, p. 323], we describe the apartments of =,. A frame in V for =, is
an unordered n-tuple Ay, ..., A, of lines (1-dimensional K-subspaces) in V' such that
V=XM+---+X\,. Then a vertex t € =, lies in the apartment specified by the frame
A, ..., A, if for any representative L € t, L = My + - -+ + M,,, where M, is a lattice
of \; for 1 <i¢<n.

Lemma 1.2.1.
1. Every basis of V' specifies an apartment of =,,.

2. If ¥ is an apartment of Z,,, then there is a basis {vi,...,v,} of V such that
every vertex of X has the form [On® vy + - - - 4+ On®v,] for some a; € 7.

8The condition that Uy € --+ C U,_1 be a flag of k-subspaces of Ly/7 Lo means that in addition
to the inclusion relation among the U;, dim; U; = ¢ for all 1 <i <n — 1.
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(a) 3-regular tree. (b) 2-regular tree.

Figure 1.3: Building and apartment.

Figure 1.4: Partial picture of apartment of =3.
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Remark. This lemma does not assert that there is a one-to-one correspondence
between the set of bases of V' and the set of frames in V for =,. For example, if
B = {vy,...,v,} is a basis of V| then {—vy,..., —v,} is a basis of V' that determines

the same apartment of =, as does B.

Proof. For part 1, if {vq,...,v,} is a basis of V', let \; = Kwv; for all 1 < i <n. Then
{v1,...,v,} a basis of V implies V' = A\; 4+ --- + A,. It follows that Ay,..., \, is a
frame in V for Z,, and hence specifies an apartment of =,,.

For part 2, let ¥ be an apartment of Z,, and let \{,..., A, be a frame in V for
=, specifying . For 1 < i < n, let v; € A; be non-zero. Then \; = Kuv; for all ¢
and V = Ay 4+ -+ A\, imply {vy,...,v,} is a basis of V. Furthermore, a lattice of
A; has the form Oq;v; for some o; € K*. Since «; € K* has the form o; = 7% u for
some a; € Z and some u € O, Oa,;v; = On%w;; i.e., every vertex of X has the form
[Or% vy + - - - + On%v,] for some a; € Z. O

1.3 The affine building A, of Sp,(K)

We now turn to 4, the affine building of Sp,,(K).? For the rest of this chapter, V
is a 2n-dimensional K-vector space endowed with the non-degenerate bilinear form

(+,+) defined on the standard unit K-basis vectors ey, ..., e, of V by

1 ifl<i<nandj=n+r,
(€i,ej) =4 —1 ifn+1<i<2nandj=i—n,

0 otherwise

and a lattice of V' is a free O-module of rank 2n. A basis {uy, ..., u,, wy,...,w,} of
V' is symplectic it (u;, w;) = §;; (Kronecker delta) and (u;, u;) = 0 = (w;, w;) for all
i,7.19 Let f; = epyq for all 1 <i < mand By = {e1,...,¢en, f1,---, [n}, a symplectic
basis of V. A subspace U of V' is totally isotropic if (u,u’) = 0 for all u,u" € U.

9We do not use the definition of Sp,,(K) in this section and its subsections, though we refer to
the fact that Sp; (K) = SLa(K) when we look more closely at the special vertices of A,,. We give a
definition of Sp,,(K) when we consider the action of GLgy, (K) on Egy,.

10 This is the “standard” definition of a symplectic basis over a field (as in [40, p. 701] and [43, p. 3]).
If we relax this definition and call a basis {u1, ..., Un, w1, ..., wy} of V symplectic if {(u;,w;) = ad;;
for some o € K* and (u;,u;) = 0 = (w;,w;) for all 4,5, then {a " uy,...,a uy, w1, ..., w,}, for
example, is a symplectic basis of V' as we originally defined it. Although the “relaxed” definition
allows us to simplify some of our results (for example, we could combine Proposition 2.2.6 and
Theorem 2.2.1 into one theorem), the “normalized” version (i.e., the “relaxed” version with o = 1)
is more convenient, so we use the “normalized” version throughout this thesis.
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We describe A,, in terms of lattices following [20, pp. 336 — 337]. A lattice L of
V' is primitive if (L, L) = {{z,y) : z,y € L} C O and the alternating k-bilinear form
(-,)o on L/mL given by (x + wL,y + wL)y = (x,y) + 7O is non-degenerate. The
vertices of A,, are the homothety classes of lattices of V' with a representative L such
that (L, L) C 7O and there is a primitive lattice Lo with 7Ly C L C Lyg; equivalently,
L/7mLy is a totally isotropic k-subspace of Ly /7 Ly. Two vertices t,t' € A,, are incident
if there are representatives L € ¢t with (L, L) C 7O and L' € ¢’ with (L', L') C 7O and
a primitive lattice Ly such that either 7Ly C L C L' C LoorwLyg C L' C L C Lg; i.e.,
either L/nLy C L'/nLy or L'/mLy C L/mLg is a nested sequence of (not necessarily
non-trivial) totally isotropic k-subspaces of Lg/mLy. Note that this incidence relation

is reflexive and symmetric.
Proposition 1.3.1. The building A, is a subcomplex of the building =, .

Proof. Since a vertex of A, is a homothety class of lattices of V', a vertex of A, is
also a vertex of =,,,. It thus remains to show that if ¢ and ¢’ are incident vertices of
A, then they are incident as vertices of Z,. But ¢ and ¢’ incident in A,, implies that
there are representatives L € t and L' € t' and a primitive lattice Ly such that either
wlo CLCL C Lyornly CL CLC Ly. Thus, either 7L C 7l C nly C L or
7L Cwly C L' C L;ie., if t and ¢’ are incident vertices of A,,, then they are incident

as vertices of Z,,,. O
Call two distinct, incident vertices of A,, adjacent.

Lemma 1.3.1. Let t,t' € A, be adjacent vertices such that t has a primitive rep-
resentative L. Then t' has a unique representative L' such that (L', L'y C 7O and
fLC L' CL.

Proof. First note that since t,t" are adjacent vertices of =, by the last proposition,
Proposition 1.2.1 applied to Z,, implies that if the representative L' € t’ exists as in
the statement of the lemma, it is unique. It thus suffices to show that such an L’
exists. Since t and t' are incident vertices of A, they have representatives M € ¢
with (M, M) C 7O and M’ € t' with (M’,M') C 7O and there is a primitive
lattice Ly such that either 7Ly C M C M’ C Ly or m1Lg C M' C M C Ly. Since
t # t', either 1Log C M C M C Lyor nly € M C M C Ly. First suppose
Lo C M C M C Ly. Then M and wL homothetic implies 7L = 7" M for some
r € Z;'* hence, 1L =7"M C 7"M' C "Ly C 7'M = L. Let L' = 7" M’. Since L
is primitive, (L, L) C O, so (7" M, 7"~ M) C O. On the other hand, (M, M) C 7O

" More precisely, M and wL homothetic implies 7L = oM for some o € K*. But we can write
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implies (7" "'M,7"'M) C 720=V+O. Since 720~V+1O C O if and only if r € Z7,
(M', M) C 7O implies (L', L) = (x"M',7"M') C 71O C 7O. In other words,
L' =7"M' €t satisfies (L', L') C 7O and 7L C L' C L, where the inclusion L' C L
follows from the assumption that ¢ = ¢'.

Similarly, suppose 71Lqg C M’ C M C Ly. Since M and L are homothetic, L =
7" M for somer € Z,so L ="M C 7™ Ly Ca"M' C7a"M = L. Let L' = 7" M.
Then L primitive implies (L, L) C O; hence, (7" M, 7" M) C O. On the other hand,
(M, M) C 70O, so (x"M,7"M) C ¥ t10; ie., r € Z=°. Since (M',M') C 70O,
(L', L'y = (7" M', 7" M") C 7> T1O C 7O. Tt follows that L' = "M’ € t' such that
(L', L) C7O and L C L' C L, where we use the assumption that ¢t # ¢’ to obtain
the inclusion 7L C L. O

By [20, p. 337], a maximal simplex or chamber of A, has n + 1 vertices to, ..., t,
with representatives L; € t; such that L is primitive, 7Ly C L; C Lo forall1 <i < n,
and Ly/mLy € --+ € L,/mLo is a maximal flag of non-trivial, totally isotropic k-
subspaces of Lo/mLg. Alternatively, a chamber of A, corresponds to a chain of
lattices mLo € Ly € -+ € L, € Lo, where Lg is primitive, (L;, L;) € 7O for all
1<i<n,and [Ly :wLo] =q=[L;: L] for all 2 <i < n.

Convention. From now on, we write that a chamber of A,, corresponds to the chain
of lattices Ly C Ly € -+ C L, € Ly only when the lattices Ly, ..., L, satisfy
wlo C Ly € --- C L, C Lo with Ly primitive, (L;, L;) C 7O for all 1 < i < n, and
[Ly:7mLol =q=[L;: L] for all 2 <i < mn.

Remark. If the chain of lattices 7Ly C Ly € --- € L, C Ly corresponds to a chamber
of A,, then the condition [L; : 7Lo] = q = [L;

: Li_q] for all 2 < i < n implies
[Lj : wLo] = ¢/ for all 1 < j < n; in particular, [Lg : L,] = [Lo : wLo|/[Ln : mLo| = ¢".

In the building As, a chamber is a 2-simplex—a “right isosceles triangle” together
with its interior—and an apartment is a “copy” of the plane. Figure 1.5 shows a
partial picture of an apartment of Ay. Note that by [43, p. 3], A, has type 5n, SO

only two vertices in each chamber of A,, are special.
Remarks.

1. This is just one possible construction of A,. Although the construction seems

to single out the vertices with a primitive representative, this is only for conve-

a = m"u for some r € Z and some u € O*, and since M is a free O-module, 7L = aM = 7" M.
This is the argument we use from now on when we write “Since L and M are homothetic, L = 7" M
for some r € Z.”
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Figure 1.5: Partial picture of apartment of A,.

nience’s sake; the primitivity condition allows us to proceed in a natural manner

in our counting arguments.

2. Every primitive lattice L of V represents a vertex of A, since 7L C 7w C L
and (rL,wL) = 7*(L, L) C 720.

1.3.1 The buildings A, and =,,

In contrast to =»,, not every lattice of V' represents a vertex of A,,. Furthermore, if
Ly is a primitive lattice of V', then Ly/7 Ly is a 2n-dimensional k-vector space; hence,
a flag of k-subspaces of Lg/mLg corresponding to a chamber (n-simplex) of A, is
roughly half of a flag of k-subspaces corresponding to a chamber ((2n — 1)-simplex)

of Egn.

Lemma 1.3.2. Let C € A, be a chamber corresponding to the chain of lattices
mLlo C Ly C -+ C L, C Ly. If)# A € lkg,, C with dim(A) = i, then A corresponds
to a chain of lattices My C -+ C M1 of V such that L, C My C --- C M;y1 € L.

Proof. Let O # A € lkg

—=2n

C. Then AU C (the join of A and C) is an (n +1i + 1)-
simplex of =y, containing C'. Note that n +i+ 1 > n + 1. Then there are lattices
Mg, ..., M ., of V such that [M], ..., [M, . ] are the vertices of AUC and mMj C
M; G- & M),y & Mg by Proposition 1.2.2 applied to Za,. If M} € [Lo] for some
1<j<n+i+1, then 7M; C --- C M, .., C My C M] C--- C M ie, by
changing the representative of the homothety classes if necessary, we can assume that
M} € [Lo) and wMy C M{ C --- C M) ,,.; € M]. Since M| and L, are homothetic,
there is an a € K* such that Ly = aM/). Then 7Ly = maM) C aM; C --- C

aM, .., C aMy = Ly. By Proposition 1.2.1 applied to =Z5,, L; = oM for some

=
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1<j<n+i+1 But[L: 7Ly = q implies L1 = aM]. Proceeding inductively,
suppose 1 < j <n—1land L; = onj’-. Since L1 = aM; for some j+1 < /¢ < n+i+1
(by Proposition 1.2.1 applied to Zy,) and [Lj1 : Lj] = ¢, Ljp1 = oM. Tt follows
that L; = an’» forall 0 < j <n. Let M, = aMT’LH for all 1 < 5 < i+ 1. Then
L,=aM CM C---C My CaMj=Lyand [M],...,[M;;] are the vertices of
A. O

Lemma 1.3.3. Let C be as in the last lemma and O # A, B € lkg, C with A a
face of B, dim(A) = i, and dim(B) = j. Then A corresponds to a chain of lattices
M, € - C My of V and B corresponds to a chain of lattices Ny € --- C Njyq of

V', where
L, C M C---C My C Lo, L, C NG+ C Njy1 € Lo,

and for all 1 < 0 <i+1, thereis an 1 <r < j+ 1 such that M, = N,.

Proof. First note that since A is a face of B, i = dim(A) < dim(B) = j. By the last
lemma, there are lattices My, ..., M; 1, Ny, ..., Njy1 of V such that

© L, &M &+ & Mgy & Lo,

e L, C N1 G- C Njyi C Lo,

o [M],...,[M;;1] are the vertices of A, and
o [Ni],...,[Nj;1] are the vertices of B.

Since A is a face of B, the vertices of A are also vertices of B; hence, Proposition
1.2.1 applied to =5, implies that for all 1 < /¢ <7+ 1, thereisan 1 <r < j+ 1 such
that Mg = Nr. ]

Proposition 1.3.2. For any chamber C' € A, ks, C is isomorphic (as a poset) to
the spherical A,_1(k) building =5 _, (k).

Proof. Let C' € A, be a chamber corresponding to the chain of lattices 7Ly C L; €
-+~ C L, € Log. Then Ly/L, is an n-dimensional k-vector space. Let =% (k) be
the spherical A, _;(k) building with i-simplices (0 < i < n — 2) given by nested
sequences V) C --- C Viy; of non-trivial, proper k-subspaces of Ly/L,. Note that
since L, and Ly are free O-modules of rank 2n, any O-submodule of Ly containing
L, is a lattice of V. Moreover, by the Correspondence Theorem, there is a bijection

between O-submodules of Ly containing L, and k-subspaces of Lg/L,. It follows
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from Lemma 1.3.2 that there is a bijection between 0-simplices (vertices) of lk=, C
and 0-simplices of =% (k). But the Correspondence Theorem also gives a bijection
between chains of O-submodules M; C --- C M, of Ly containing L, and nested
sequences Vi C -+ C V44 of k-subspaces of Ly/L,; hence, there is a bijection between
C' and i-simplices of = _, (k) for all 0 <i < n —2 by Lemma 1.3.2.

C correspond to ) € Z%_,(k). Then we have a bijection between the

i-simplices of lk=
Let 0 € lkg

=2n

=2n

simplices of lkg, C' and the simplices of =% (k). The last lemma shows that this

bijection preserves the partial order (face) relation, so is a poset isomorphism. O

Corollary 1.3.1. Every chamber of A, is contained in exactly [ _, ((¢™—1)/(g—1))

chambers of =s,,.

Proof. Let C € A, be achamber. Then [6, p. 31] implies that the number of chambers

of =y, containing C is the number of chambers in lks, C, which is equal to the

=2n

number of chambers in the spherical A,,_;(k) building by the last proposition. Since
the number of chambers in the spherical A,_;(k) building is

e i

Il g1 ALy

by the proof of Proposition 2.4 of [41], we are done. a

Since a chamber C' of A,, corresponds to a chain of lattices of the form
WLongg"'gLngLo, (].].)

a codimension-one face A of C' corresponds to a chain of lattices of the form (1.1)
with either L; deleted for some 1 < j < n or with both Ly and 7L, deleted.

Lemma 1.3.4. If C,C" is a gallery in A, then there is a gallery D, D’ in Za, such
that D (resp., D') contains C' (resp., C") and C # C" implies D # D'.

Proof. If C = (', then Corollary 1.3.1 implies that there is a chamber D in =,
containing C, and setting D’ = D finishes the proof. Now suppose C # ', with C
corresponding to the chain of lattices in (1.1). Since C' and C” are adjacent chambers
with C' # ', they share exactly one codimension-one simplex A of A,,. Our comments
preceding this lemma thus imply that there is a 0 < j < n such that A corresponds
to (1.1) with either L; deleted if 1 < 57 < n or with both 7Ly, and L, deleted if

j = 0. Consequently, if ¢’ is the vertex of C’ not in A, then ¢’ has a representative L’
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such that C corresponds to (1.1) with L; replaced by L’. Note that C' # C” implies
L; # L'. We consider three cases, depending on the value of j.
If1<j<n-1,let Uy,...,Us,_1 be proper k-subspaces of Ly/mLg such that

L,/mLy QU1 € -+ C Uy

By the Correspondence Theorem, there are unique O-submodules L, .1, ..., Lo, 1 of
Ly containing wLq such that L;/nLy = U; foralln+1 <4 <2n — 1 and

Ly C L1 € C Lopy C L. (1.2)

Furthermore, since L, and Ly are free O-modules of rank 2n, L; is a lattice for all
n+1<i<2n—1. Let D (resp., D') be the simplex of =, with vertices the vertices
of C' (resp., of C"), together with the vertices [L,1], ..., [Lon—1]. Then (1.1), (1.2),
and our comments at the beginning of this proof imply that D and D’ are chambers
of =, with exactly 2n — 1 vertices in common; i.e., D and D’ are distinct, adjacent
chambers of =,,,.

Now suppose j = n, and recall that 7Ly C Ly € --- C L,y C L' C Ly corre-
sponding to C’ implies [L' : L,,_;] = ¢. In particular, L, N L' # L, and L, N L' # L’
since L, # L'. Furthermore, L, 1, L,, and Ly free O-modules of rank 2n and
L, <L,NL CL,CL,+L C Lyimply L,NL" and L, + L are lattices of V. Since
L, :L,1)=q, LyNL = L,_;. It follows from the Second Isomorphism Theorem'?
that [L,+L': L' = [L,, : L,NL'] = ¢q,s0 [Ly+L": L,_1] = [Lo+L : L'][L: L,,_1] = ¢*
and [L, + L' : L, =[L,+ L : Ly1]/[Lyn: Ln_1] = q. Let Uy, ...,Us,—1 be proper
k-subspaces of Lo /mLg such that (L, + L") /7Ly C Upso C -+ € Usy,—1. By the Corre-
spondence Theorem, there are unique O-submodules L, 1o, ..., L, 1 of Ly containing
7Ly such that L;/mLy=U; for alln+2 <i <2n —1 and

Ly C L, L'CL,+L CLyoC -+ C Loy C L. (1.3)

As in the last paragraph, L; is a lattice for all n+2 < ¢ < 2n—1 since both L, and L
are free @-modules of rank 2n. Let D (resp., D’) be the simplex of =y, with vertices
the vertices of C (resp., of C'), together with the vertices [L,, +L'], [Lp+a), . - ., [Lon—1].
Then (1.1), (1.3), and our previous comments imply that D and D" are chambers of

o, with exactly 2n — 1 vertices in common; i.e., D and D’ are distinct, adjacent

12More precisely, we use the Second Isomorphism Theorem for Modules. From now on, “the
Second Isomorphism Theorem” refers to the Second Isomorphism Theorem for Modules.
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chambers of Z,.

Finally, suppose j = 0, and recall that 7/ C L; C --- C L, € L’ corresponding
to C’ implies [r~ 'Ly : L'] = [Ly : 7L'] = q. Thus, Ly + L' # Ly and Ly + L' # L’
since Ly # L'. Furthermore, L,, Lo, and 7~ 'L; free O-modules of rank 2n and
L, CLoNL C Ly C Lo+ L C 7Ly imply Lo N L' and Ly + L' are lattices
of V. Since [77'Ly : L] = [Ly : 7lo] = q, Lo + L' = 7 'L;. Tt follows from
the Second Isomorphism Theorem that [L' : Lo N L] = [Lo + L' : Ly] = g, so
77 Ly s LonN L] =7 'Ly : U)[I/ : LoN L] =¢q*and [Ly : LoNn L] = [7'L; :
LoNL'|/[x7 'Ly : Ly| = q. Let Upy1, ..., Us,_o be proper k-subspaces of (LoyNL')/mLg
such that L, /7Ly C U,r1 € - -+ € Us,_o. By the Correspondence Theorem, there are
unique O-submodules L, 11, ..., La,_5 of LyNL' containing 7Ly such that L; /7Ly = U;
foralln+1<¢<2n—2 and

Ly CLyy1 C- - ClLyy s CLyNL C Ly, L' C7 'Ly, (1.4)

As in the last paragraph, L; is a lattice for all n4+1 < ¢ < 2n—2 since both L, and L
are free O-modules of rank 2n. Let D (resp., D’) be the simplex of =5, with vertices
the vertices of C' (resp., of C”), together with the vertices [Ly,11], ..., [Lan—2], [LoNL'].
Then (1.1), (1.4), and our previous comments imply that D and D’ are chambers of
=, with exactly 2n — 1 vertices in common; i.e., D and D’ are distinct, adjacent

chambers of =,,. O

Proposition 1.3.3. IfCy,...,C,, is a gallery in A,,, then there is a gallery Dy, . .., D,
in Zopn such that for all 0 <i <7, D; contains C; for some 0 < j < m.

Proof. If m = 0, then Corollary 1.3.1 proves the claim with » = 0. If m = 1, the
last lemma proves the claim with » = 1. Suppose m > 2. For 0 < ¢ < m — 1,
applying the last lemma to Cj, Ci;1 gives adjacent chambers Dj, D/, € Z,, such
that D; (resp., Dy, ;) contains C; (resp., Cit1). It follows that there are chambers
D{,DY,D},...,D! _,D; ,, D" such that

m—1> Pm—1
e D| contains Cj,

e D! and Dj contain C; for all 1 <i <m — 1,
e D! contains C,,, and

e Djand D; ; are adjacent for all 0 <i <m — 1.
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Dy——D{= " T D——D DD,
Co 4 Cy Cm

Figure 1.6: Pictorial representation of “lifting” a gallery of A,, to a certain gallery of

—_
—

Figure 1.6 gives a pictorial representation of the situation, with the solid horizontal
lines indicating adjacency and the lines from the top row to the bottom indicating
containment. It therefore remains to show that for all 1 < i < m — 1, there is a
gallery in =, connecting D/ and D), all of whose chambers contain C; (indicated by
the broken lines in Figure 1.6).

Let 1 < ¢ < m — 1, and recall that since both D! and D] contain C;, D! =
A7 U C; and D, = Al U C; for some chambers A7 A, € lka,C;, where U denotes
the join. Furthermore, lka, C; a chamber complex implies that there is a gallery
Al = A((f), LAY = A} in lka, C; connecting A7 and A;. Thus, D! = A7 UC;, Dgi) =
Agi) ud,..., Dﬁ,?i_l = A;?i_l UG, D = AL UC; is a gallery in Ey, connecting D! and

D;, all of whose chambers contain C;. O

We now fix an identification of a chamber of A,, with a chamber of =,,,. Since a

chamber C' of A, corresponds to a chain of lattices
mlo G Ly & & Ly & Lo,
a chamber of =5, containing C' corresponds to a chain of lattices of the form
Lo G L1 G- C Ly & Lyyn &+ & Lop1 & Lo

Recall (see page 21) that since Lg is primitive, Ly/mLg has a non-degenerate, al-
ternating k-bilinear form (-,-)o given by (v + wLg,v" + mLg)g = (v,v") + 1O. Let
{z1,..., 20, y1,...,yn} be a symplectic basis of Lg/mLg such that for all 1 < i < n,
{z1,...,2;} is a basis of L;/mLy. For 1 <i < n, let Us,_; be the (2n — i)-dimensional
k-subspace of Lo/mLy with basis {z1,...,Zn, Yit1,---,Yn}, and note that Us,_; is
the orthogonal complement of L;/mLq in Lo/mLo. By the Correspondence Theo-
rem, there are unique O-submodules L | ..., L{ of Ly containing 7Ly such that

L} /nLg = Us,_; and wLy € L C Lg. Since both Ly and wLg are free O-modules of
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rank 2n, all the Lj- are lattices of V. Finally, L; C L;;; implies Li" D L ; i.e.,

)

oG LG CLn G Ly & G Ly & Lo (1.5)
Note that [Ly : mLo| =q and [L; : L;_1] =q for all 2 <i <msince 1Ly C Ly C --- C
L, C Lg corresponds to C. Moreover, [L;- | : L,] = q since L} ,/mLy the orthogo-
nal complement of L, _;/mLg in Ly/7 Ly implies dimy, (L | /7 Ly) = dimy(Lo/7Lg) —
dimg(L,_1/7Ly) = 2n — (n — 1) = n + 1 (the conditions on Ly,..., L,_1 imply
[Ly-1 s wLo] = ¢"7"). Similarly, [L, ., : L] =g forall 1 <i <n—2. It follows
that the chain of lattices in (1.5) corresponds to a chamber of Za,.

Note that this associates distinct chambers of A, with distinct chambers of =,,,:

if C" # C is another chamber of A,, corresponding to the chain of lattices
7TMO§M1 ggMngMo,
then the chamber of Z,,, that we associate with C’ corresponds to

Mo G My G- C My & My G- © My G My,

n—1 =

where M /mM, is the orthogonal complement of M;/7My in My/mM, for all 1 <
i < n—1. Since C # C', [L;] # [M;] for some 0 < i < n, and the two corre-
sponding chambers of =y, are also different. Call the identification given above the
oc-identification.'® If C'is a chamber of A,,, denote by C' the chamber of =, obtained

by the oc-identification of C'; call C an oc-chamber.

1.3.2 The apartments of A,

We give a description of the apartments of A,, following [20, p. 337]. A 2-dimensional,
totally isotropic subspace U of V' is a hyperbolic plane, and a symplectic basis {z,y}
of U is a hyperbolic pair in U. A frame in V for A, is an unordered n-tuple
AL {AL A2 of pairs of lines (1-dimensional K-subspaces) in V such that
1. A} + A\? is a hyperbolic plane for all 1 <i <mn,
2. Al + A} is orthogonal to A} + A2 for all i # j, and

3. V=M+X)+-+ (AL +A2).

13Here, “oc” means “orthogonal complement.”
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A vertex t € A, lies in the apartment specified by the frame {A\}, A2}, ... {AL A2} if
for any representative L € ¢, L = M} + M? + -+ + M} + M2, where sz is a lattice
of )\f forall 1 <i<mnand1l<j<2 Notethat aframein V for A, is also a frame
in V for Zy,. In fact, if {\}, A2}, ..., {\L,\2} is a frame in V for A, specifying the
apartment > of A, and ¢t € ¥ is a vertex, then ¢ is a vertex of the apartment S of
Zan specified by the frame A}, A7, ..., AL A2 The following is the analogue of Lemma
1.2.1 for A,,.

Lemma 1.3.5.
1. Every symplectic basis of V' specifies an apartment of A,,.

2. If ¥ is an apartment of A, there is a symplectic basis {uy, ..., Up, Wy, ..., Wy}
of V' such that every vertex of ¥ has the form

[Or%uy + - - - + O u,, + O w, + -+ Oﬁb"wn]

for some a;, b; € Z.

Remark. As in Lemma 1.2.1, this lemma does not assert that there is a one-to-one
correspondence between the set of symplectic bases of V' and the set of frames in
V for A,. For example, if B = {uy,...,u,, wy,...,w,} is a symplectic basis of V,
then {—w1, ..., —wy,u, ..., u,} is a symplectic basis of V' that determines the same

apartment of A, as does B.

Proof. For part 1, if {uy, ..., u,, wy, ..., w,} is a symplectic basis of V, let \! = Ku;
and \? = Kw; for all 1 < i < n. Then u;,w; is a hyperbolic pair in A\] + A2, a 2-
dimensional, totally isotropic subspace of V. In addition, (u;,u;) =0 = (w;, w;) and
(ug, wj) = 0 = (uj, w;) for all i # j imply that A} + A7 is orthogonal to A} + A% if 7 # j.
Finally, since {uy, ..., Up,w1,...,w,}isabasisof V., V = (AL +X3)+-- -+ (AL +)2).
It follows that {\], A?},..., {)\1 A2} is a frame in V for A, and hence specifies an
apartment of A,,.

For part 2, let ¥ be an apartment of A,,, and let {\}, A2}, ... {\L, A2} be a frame
in V for A, specifying . For 1 < i < n, let u;, w; be a hyperbolic pair in A} + A\2.
Then V = (Al +A) + -+ (AL + A2) implies {uy, ..., Uy, w1, ..., w,} is a basis of V.
Furthermore, (u;,u;) = 0 = (w;, w;) and (u;, w;) = 1. In addition, A} + A\? orthogonal
to Aj + AJ for all ¢ # j implies (u;,u;) = 0 = (w;, w;) and (u;, w;) = 0 = (uy, w;)
for all ¢ # j; i.e., {u,...,up, w,...,w,} is a symplectic basis of V. Since u; (resp.,
w;) is a K-basis of A} (resp., of A\?), A} = Ku; (resp., A\? = Kw;), and a lattice of A}
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(resp., of A?) has the form Oasu; (resp., Ofw;) for some o; € K* (resp., for some
B € K*). But every o € K* has the form o« = 7™u for some m € Z and some
u € 0%, so Oaju; = Or%u; (resp., OBw; = Onw;) for some a; € Z (resp., for some

b; € Z); i.e., every vertex of ¥ has the form

[O7%uy + -+ - + O7"up, + O7wy + -+ + Onw,)]

for some a;, b; € Z. O
Suppose B = {uy,..., Uy, wq,...,w,} is a symplectic basis of V. Since the uni-
formizing parameter 7 is fixed, simplify notation and write (ay, ..., a,; b1, ...,b,)s for

the lattice Or%uy +- - -+ On%u, + O w; +- - -+ Orn’w, and [a1,...,a,;01,...,b,]5

for its homothety class. More generally, for any basis B = {vy,...,vq,} of V, write
(ai,...,an;b1,...,by)p for the lattice Or4 v, +- - -+ O 0, +On v, 1+ - -+ On vy,
and [aq,...,a,;b1,...,by]p for its homothety class. Note that since every o« € K*

has the form a = 7™u for some m € Z and some u € O, every representative of
lai,...,an;b1,...,b,]p has the form (a1 +m, ..., a,+m;by+m, ... b,+m)g for some

m € Z. We use this fact from now on without comment.

Remark. Let B be a symplectic basis of V. In general, [a1, ..., a,;b1,...,b,]5 is only
a vertex of Z,,; it need not be a vertex of A,,. We characterize when such a vertex is

in the apartment of A,, specified by B in Proposition 1.3.4.

Let B be a symplectic basis of V. Then the lattice L = (a1,...,a,;b1,...,b,)5
is primitive if and only if a; + b; = 0 for all i by [43, p. 3]. In particular, if ¥ is
the apartment of A, specified by B as in Lemma 1.3.5 and ¢ € X is a vertex with
primitive representative L, then L = (ay, ..., a,; —aq,...,—a,)g. We characterize the
vertices of A, with a primitive representative in terms of types in Proposition 1.5.2.
Note that the lattice L = (aq,...,a,;b1,...,b,)p satisfies (L, L) C 7O if and only if
a; + b; > 1 for all 4.

Proposition 1.3.4. Let B be a symplectic basis of V and % the apartment of A,
specified by B as in Lemma 1.53.5. Then the vertex t = [aq,...,an;b1, ..., by € Eay
is a vertex of ¥ if and only if there is an m € Z such that for all 1 < ¢ < n,
a; +b; +2m € {1,2}.

Remark. In general, the value of a; + b; + 2m depends on i; i.e., given ¢, either
a; +b; +2m =1or a; + b; + 2m = 2.
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Proof. Suppose there is an m € Z such that for all 1 <7 < n, a; + b; + 2m € {1,2}.
Let a; = a; + m and b, = b; + m, and note that a; + b, € {1,2}. Define ¢; and d; as

follows:

b if a; + 0, =1,
W—1 ifa +b =2

ci=a;—1 and d; =

Then ¢; + d; = 0 for all 4, so the lattice (c1,...,cy;da, ..., dy)p is primitive by [43, p.
3]. Furthermore, ¢; + 1 > a > ¢; and d; + 1 > b > d; imply

(1 +1,. e+ idi+ 1, o,dy+ D C (a), ... an; b, ..., 05
C(ery . ayepidyy ... dy)s.
Finally, since L = (aj,...,ay;b,...,b,)s = 7" (a1,...,an;b1,...,b,)p and since
(L,L) C 7O (a,+b; > 1 for all i), t € X.

Conversely, suppose t € Y. Then t is a vertex of a chamber of 3, so there is a
primitive lattice Ly of V' with [Ly] € ¥ and there is a representative L € t such that
(L, L) CmOQand Ly C L C Ly. By [43,p.3], Lo = (¢1,...,¢n; —C1, ..., —Cy)p. Thus,
L= (ay,...,a,;b,,...,0,)s implies a + b, > 1 (since (L, L) C 710), ¢; + 1> a} > ¢,

and —¢; +1 > b, > —¢; for all 7. In particular,
2=(+1)+(—¢;+1)>a,+b,>1;

hence, a; + b, € {1,2} for all i. But L € t implies that there is an m € Z such that
a; = a; +m and b, = b; + m and a; + b; + 2m € {1, 2} for all i. O

1.3.3 The special vertices of A,

We now use the special vertices of A,, to derive structural information about A,.
Recall that only two vertices in each chamber of A, are special. By [43, p. 6], if
B is a symplectic basis of V and ¥ is the apartment of A, specified by B as in
Lemma 1.3.5, then the vertex [ai,...,an;b1,...,b,]p € X is special if and only if
a; + b; = p is constant for all 7. Let t € A, be a special vertex. Then the link
lka,t of t in A, is isomorphic to the spherical C, (k) building A? (k), which we now
describe following [35, pp. 5 — 6]. Let V; be a 2n-dimensional k-vector space endowed
with a non-degenerate, alternating bilinear form (-,-),. Then a vertex of A’ (k) is a

non-trivial, totally isotropic subspace of V;, and a nested sequence S; C --- C S;11
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of non-trivial, totally isotropic subspaces of V is an i-simplex of A (k). By [35, p.
6], the dimension of any maximal totally isotropic subspace of V; is n, so a chamber
of A?(k) is a maximal flag S; € --- C S, of non-trivial, totally isotropic subspaces
of Vi, where dimy S; = i for all . Recall that lka ¢ is isomorphic (as a poset) to the
subposet of A, consisting of those simplices containing ¢. Since lka,t = A? (k) is a
building, this means that the chambers (resp., codimension-one simplices) of lka ¢ are
in one-to-one correspondence with the chambers (resp., codimension-one simplices)

of A,, containing t.

Proposition 1.3.5. Every special vertex of A, is contained in exactly

2m 1

r(a) =] *

m=1

qg—1
chambers of A,,.

Proof. By our previous comments, it suffices to count the number of maximal flags
Sy € --- € 5, of non-trivial, totally isotropic subspaces of V, = Fg". Since every
1-dimensional subspace is totally isotropic, the number of S; is (¢*" — 1)/(q — 1).
Suppose we have chosen S; C --- € S, and let {zy,...,2,} be a basis of S,,.
Extend this to a symplectic basis {z1,...,Tm, Tmat, -y T, Y1,---,Yn} of Vs. We
count the number of vectors in V,\S,, that we can add to {z1,...,x,} to form a
basis of an (m + 1)-dimensional, totally isotropic subspace of V;. Such a vector must
have a coefficient of 0 for yi,..., ¥y, (to make the resulting space totally isotropic),
and at least one of the coefficients of x,11,. .., Zn, Ym+1, - - -, Yo Must be non-zero (to

2(=m) _ 1) possible

make the resulting space not equal to S,,); hence, there are ¢™(q
vectors to add. Two such vectors v and v’ satisfy S,, @ Span(v) = S, @ Span(v') if
and only if v = z 4+ Av for some x € S,, and some A € k*. We therefore overcount
by a factor of ¢"™(q — 1), and there are

qm(q2(n—m) _ 1) q2(n—m) -1

"q—1) g¢-1 (1.6)

(m + 1)-dimensional, totally isotropic subspaces of V; containing S,,. The number of

maximal flags of non-trivial, totally isotropic subspaces of V is thus
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Remark. The number 7(4,,) in the last proposition corresponds to the number r,
given in Proposition 2.4 of [41]. Since Sp,(K) = SLy(K), we set r(A;) = ¢+ 1 for

completeness.

We now consider the number of chambers of A,, containing a given codimension-

one simplex of A,,.

Proposition 1.3.6. Every codimension-one simplex of A2 (k) is a face of exactly g+1

chambers.

Proof. Note that a codimension-one simplex of A? (k) is given by a nested sequence of
non-trivial, totally isotropic subspaces of V; defining a chamber of A? (k) with exactly
one S; missing. First suppose i = 1. Since every subspace of a totally isotropic space
is totally isotropic, it suffices to count the number of 1-dimensional subspaces of
Sy = Fg, which is ¢ + 1. If 2+ = n, we need to pick an n-dimensional, totally isotropic

subspace S,, of V; containing S,_;. By (1.6), this is

Pn—(n=1) _

] =q+ 1L

Finally, suppose 1 < i < n, and let {zy,...,x;_1} and {x1,...,x;_1,7;, x;11 } be bases
of S;_1 and S;;1, respectively. We want to add a vector of S;11\S;_1 to {z1,...,z;_1}
to form a basis of an i-dimensional space S;. Thus, in any such linear combination
of x1,...,x;11, at least one of the coefficients of x; and x;,; must be non-zero. As in

the proof of Proposition 1.3.5, there are exactly

vectors satisfying our desired conditions; hence, every codimension-one simplex in
A? (k) is contained in exactly ¢ + 1 chambers of A? (k). O

Lemma 1.3.6. Let A be a codimension-one simplex of A,, containing a special vertex
t, and let A" be the corresponding codimension-one simplex of Ika, t = A% (k). Then
the number of chambers of A, containing A equals the number of chambers of Ika t

containing A’.

Proof. First note that we can view a chamber C' of A,, (resp., of lka,t) as the power
set of an unordered set, also denoted C, of n + 1 (resp., of n) vertices of A,, (resp.,
of lka,t), any two of which are adjacent. Write P(B) for the power set of a set
B, and let S (resp., S’) be the set of chambers of A, (resp., of lka,t) containing A

34



(resp., A"). Let ¢ : S — S’ be the map C' — P(C\{t}) and ¢ : S — S the map
C'— P(C"U{t}). Then

P(p(C) = »(P(C\{t})) = P(C\{t}) U{t}) = P(C) = C,
p((C7) = e(P(C"U{t})) = P((C" U {tH\{t}) = P(C") = ¢

ie., ¢: S — S is a bijection. O

Proposition 1.3.7. If A € A, is a codimension-one simplex, then A is a face of

exactly q + 1 chambers of A,,.

Proof. First note that we obtain a codimension-one simplex of A,, from a chamber
C € A, by removing exactly one of the vertices of C, as well as all incident simplices.
Since every chamber of A, contains exactly two special vertices, this means that
every codimension-one simplex of A, contains at least one special vertex. Now let
A € A, be a codimension-one simplex, and let ¢ be a special vertex of A. Let A" be
the codimension-one simplex of lka, t corresponding to A. By the last lemma, the
number of chambers of A,, containing A is the number of chambers of 1k, ¢ containing
A’, which is ¢ + 1 by Proposition 1.3.6 since lka, t = A (k). O

1.4 The action of GLy,(K) on =y,

For a vertex t € =y, with representative L = OQuy + - -+ + Ouvg, and g € GLg,(K),
define gt = g[L] = [gL] = [O(gv1) + - - - + O(gv2,)]. Note that if L’ € ¢, then there
is an a € K* such that L' = oL, and gL' = g(aL) = a(gL) since ¢ is a linear
transformation; i.e., this definition is independent of the choice of representative of
t. Since any g € GLy,(K) takes a K-basis of V' to a K-basis of V', GLy,(K) acts on
the set of lattices of V' and thus on the set of vertices of Zy,. Finally, GLs,(K) acts
transitively on the lattices of V: if L = Qv 4+ - - - 4+ Owy, and if ¢ is the matrix with

columns vy, ..., vy, (expressed with respect to the basis By = {e1,...,en, f1,---, fu}),
then ¢(0,...,0;0,...0)5, = L.
Let

Jo= (1,5

where 0 is the n X n zero matrix and I,, the n x n identity matrix. Then

GSp,(K) = {g € Ms,(K) : g'Jng = v(g)J,, for some v(g) € K*}
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and Sp,,(K) consists of the matrices g € GSp,,(K) with v(g) = 1. Note that .J, is the
Gram matrix of (-, -) with respect to any symplectic basis B = {uy, ..., up, w1, ..., w,}
of Vi ie., for all vy, vg € V, (v, v;) = vt J,v;, where v; (resp., v;) is the column vector
with entries the coordinates of v; (resp., of v;) with respect to B. It follows that for
all g € GSp,,(K) and for all vy, v, € V,

(gu1, gva) = (gv1)" Ju(gv2) = v} (9" Jug)va = v(g)v} Juvs = v(g){v1, va). (1.7)

Note also that
det J, = (=1)"det (7 3 ) =1,

so for all g € GSp,,(K),
v(g)*" = det(v(g)J,) = det(g' Jug) = (det g)%; (1.8)

i.e., GSp, (K) < GLg,(K).

Lemma 1.4.1. Let g € GSp,(K). Then ord(detg) = 0 mod 2n if and only if
ord(v(g9)) = 0 mod 2 and ord(detg) = n mod 2n if and only if ord(v(g)) = 1
mod 2.

Proof. First note that by (1.8), ord(det g) = n ord(v(g)). If ord(r(g)) = 2r for some
r € Z, then ord(det g) = 2nr =0 mod 2n. If ord(v(g)) = 2r+1 for some r € Z, then
ord(det g) = n(2r +1) = n mod 2n. Conversely, ord(det g) = 2nr for some r € Z
implies n ord(v(g)) = 2nr, and ord(r(g)) =0 mod 2. Similarly, ord(det g) = 2nr+n
for some r € Z implies n ord(v(g)) = 2nr + n, and ord(r(g)) =1 mod 2. O

For g € GLy,(K) and a basis B = {vy, ..., vy, } of V, write gB for {guv1, ..., gvo,}.
Note that if B is a symplectic basis of V' and g € Sp,,(K), then (1.7) implies g8 is a
symplectic basis of V.

Proposition 1.4.1. The group Sp,,(K) acts on the set of primitive lattices of V.

Proof. Let L be a primitive lattice of V, and recall that [L] is a vertex of A,,. Let
Y. be an apartment of A,, containing [L] and B a symplectic basis of V specifying ¥

as in Lemma 1.3.5. Then [43, p. 3] implies that L = (a4, ..., a,; —aq,..., —a,)p. Let
g € Sp,,(K). Since ¢gB is a symplectic basis of V', gL = (a1, ..., an; —a1, ..., —0p)g5,
and [43, p. 3] implies that gL is primitive. O
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1.5 Types of vertices in =,

Recall that By = {e1,...,en, f1,..., fu}, where f; = e,y; for all 1 < i < n. Let
Lo=1(0,...,0;0,...,0)5, and to = [Ly], a vertex of Zy,. Following [35, p. 116], assign
type 0 to to. For any other vertex ¢t € =5, with representative L, choose g € GLa,(K)
such that L = gLg. The type of t = [L] is ord(det g) mod 2n, which is well-defined,
by [35, p. 116].

Let Cy be the chamber of A, whose vertices are the homothety classes of the

lattices

Lo=1(0,...,0;0,...,0)5,, L1 = (0,1,...,1;1,...,D)gyy-- -, Ln = (0,...,0;1,...,1)5,,
(1.9)
and identify Cy with the chamber 6’0 € =5, whose vertices are the homothety classes

of the lattices Lo, ..., L, above, along with the homothety classes of the lattices
Lyii=(0,...,0;1,...,1,0)5,, -, Lon—1 = (0,...,0;1,0,...,0)3,.

Remarks.

1. For all 1 < i < n, L,y;/mLy is the orthogonal complement of L, ;/mLy in
Lo/7Ly; i.e., our identification of Cy with 5’0 is the oc-identification, and 50 is

an oc-chamber.

2. This provides a labelling of the vertices of A,: every vertex of A,, has a type
since A,, is a subcomplex of =5, by Proposition 1.3.1. Moreover, the vertices
of a chamber of A, have n + 1 distinct types since every chamber of A, is
contained in a chamber of =, by Corollary 1.3.1. It thus remains to verify that
if C' and C” are adjacent chambers of A, with C' # C’, then the vertex t € C'
not in C’ has the same type as the vertex ¢’ € C’ not in C. But by Lemma
1.3.4, there are adjacent chambers D and D’ of =5, such that D contains C, D’
contains C’, and D # D’. In particular, ¢ is the vertex of D not in D" and ¢’ is
the vertex of D’ not in D. Since the above process is a labelling of Z,,,, t and

t' have the same type.

3. For the rest of this section, Ly, ..., Lo, 1 denote the above lattices, and Cy and

50 denote the above chambers of A, and =,,,, respectively.

Note that if the diagonal matrix with (diagonal) entries aq, ..., as, is denoted
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diag(aq, ..., as,), then for all 1 <i <n,

LZ‘:diag(l,...,l,ﬂ,...,ﬂ')Lo.
——

Similarly, for all n +1 <7 <2n —1,

L, =diag(1,...,1,m,...,7m,1,...,1)Ly;
8( ) Lo

hence [L;] has type 2n —i for all 1 <i < 2n — 1.

Proposition 1.5.1. Ift € A, is a vertex, then t has type i for some i =n,...,2n

mod 2n.

Proof. It suffices to show that for all 0 < j7 < n, [L,] (as in (1.9)) has type ¢ for
some i = n,...,2n mod 2n. But [L;] a vertex of Co implies [L;] has type 2n — j €
{n,...,2n}. O

We now use types to characterize the vertices of A, with a primitive representative.

Proposition 1.5.2. A vertexr of A, has a primitive representative if and only if it

has type 0.

Proof. First recall that since A,, is the affine building of Sp,,(K), Sp,,(K) acts on the
vertices of A, in a type-preserving manner and acts transitively on the chambers of
A,. Let t € A, be a type 0 vertex and C' € A,, a chamber such that ¢ € C'. Then we
can choose g € Sp,,(K) such that gCy = C'; hence, [Lg] of type 0 implies gLg € t. By
[43, p. 3], Ly is primitive, so Proposition 1.4.1 implies that gLy is primitive.
Conversely, suppose t € A, is a vertex with a primitive representative L, and let
C € A, be a chamber containing ¢. Since Sp,,(K) acts transitively on the chambers
of A, there is a g € Sp,(K) such that gC = Cy. Then gL is homothetic to one of
Ly, ..., L,, so there is an m € Z such that gL = 7™ L; for some 0 < j < n. For this
J,let Ly = (ar,...,an;b1,...,b,)5, asin (1.9). Then gL = 7"L; = (a1 +m,...,a, +
m;by+m,...,b,+m)s,. On the other hand, gL is primitive by Proposition 1.4.1, so
[43, p. 3] implies that for all ¢, (a;+m)+(b;+m) = (a;+b;)+2m = 0 or a;+b; = —2m.
In particular, a; + b; is constant for all i. Since the only lattices in (1.9) with this
property are Ly and L,, j = 0 or j = n, and either a; + b; = 0 for all i or a; + b; = 1
for all 4. Since a; +b; = —2m and m € Z, m = 0; i.e., j = 0 and gt = [Lo]. Since the
Sp,,(K)-action preserves types, t has type 0. O
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We also use types to characterize the special vertices of A,,.
Proposition 1.5.3. A vertex of A,, is special if and only if it has type 0 or n.

Proof. Let t € A, be a type 0 (resp., type n) vertex, and let C' € A,, be a chamber
containing ¢. Since Sp,(K) acts transitively on the chambers of A, we can choose
g € Sp,(K) such that gCy = C. Moreover, Sp, (K) < SLg,(K) implies t = g[Lo|
(resp., t = g[Ly,]),so t =[0,...,0;0,...,0],8, (resp., t =1[0,...,0;1,...,1]45,), and ¢
is special by [43, p. 6].

Conversely, let t € A, be a special vertex. Let C' be a chamber of A,, containing t,
Y an apartment of A,, containing C', and B a symplectic basis of V' specifying ¥ as in
Lemma 1.3.5. By [43, p. 6], t = [a1,...,an; b — a1, ..., L — ay]p for some p € Z. Since
Sp,,(K) acts transitively on the chambers of A,,, we can choose g € Sp,,(K) such that
gC = Cy. Then gt = [ay,...,an; pt —aq, ..., 1t — aylys = [L;] for some 0 < ¢ < n. But
gt special, [43, p. 6], and (1.9) imply that ¢ = 0 or ¢ = n. Since Sp,,(K) < SLo,(K),
t has type 0 or n. O

1.6 The action of GSp,(K) on =y,

We end this chapter by using the action of GLy,(K) on the vertices of =5, as well as
the types of the vertices of =y, to analyze the action of GSp,,(K) on A,,.

Proposition 1.6.1. If [L] is a type i vertex of Za,, then for any g € GLy,(K), the
vertex g|L| € Za,, has type i + ord(det g) mod 2n.

Proof. Since [L] has type i, we can write L = g¢;Lo, where g; € GLo,(K) with
ord(det g;) = ¢ mod 2n. Then gL = gg;Lo, and g[L] = [gL] has type ord(det(gg;))
mod 2n = ord(det g) + ord(det g;) mod 2n =i + ord(det g) mod 2n. O

Corollary 1.6.1.
1. An element g € GLy, (K) preserves types if and only if ord(det g) =0 mod 2n.

2. An element g € GSp,,(K) preserves the type of a vertex of Za, if and only if
ord(v(g)) =0 mod 2.

3. An element g € GSp,,(K) with ord(v(g)) = 1 mod 2 takes a type i vertex of

Zon to a vertex of =5, of type i +n mod 2n.

39



Proof. For part 1, suppose g preserves types. If t € =,, is a type ¢ vertex, then
i + ord(detg) = i mod 2n by the last proposition, and ord(detg) = 0 mod 2n.
Conversely, suppose ord(det g) =0 mod 2n, and let t € =5, be a type i vertex. Then
the last proposition implies that gt has type i+ord(det g) mod 2n =4 mod 2n. Part
2 follows from part 1 and Lemma 1.4.1. For part 3, first note that by Lemma 1.4.1,
ord(detg) = n mod 2n. Then the last proposition implies that g takes a type i
vertex of =, to a vertex of type i + ord(det g) mod 2n =i+ n mod 2n. O

Corollary 1.6.2. If g € GSp,(K) with ord(rv(g)) = 1 mod 2, then g maps a non-

special vertex of A, to a vertex of Za, that is not in A,,.

Proof. Let t be a non-special vertex of A,. Then Propositions 1.5.3 and 1.5.1 imply
that ¢ has type i for some n 4+ 1 <1 < 2n — 1. Thus, by part 3 of the last corollary,
gt has type i +n mod 2n € {1,...,n — 1}. Proposition 1.5.1 finishes the proof. [

Let B = {uy,...,u,,wq,...,w,} be a symplectic basis of V. For g € GSp,,(K),
gB = {guy,...,gu,, gw,...,gw,} is a basis of V' with (gu;, gw;) = v(g)(w;, w;) =
v(9)di; and (gus, guy) = v(g){wi, u;) = 0 = v(g){w;, w;) = (gw;, gw;) for all 4, j by
(1.7); hence, gB is a symplectic basis of V' if and only if v(g) = 1, which is true if and
only if g € Sp,,(K).'* On the other hand, the basis

Bg = {I/(g)_lgul, ey I/(g)_lguna guwsy, . .. 7gwn}

is always a symplectic basis of V. In particular, since v(g) = 7#"u for some m € 7Z

and some u € O*, L = (ay,...,a,;b1,...,b,)5 an O-module implies

gL = On" (guy) + - - - 4+ O (guy,) + O (gwy) + - - - + O (gwy,)
= O™ (x gy ) + - - - 4+ O T (1 " guy,) + O (gwy) + - - - 4+ O (gws,)
= O™ (u(g) Lgur) + - - - + O (v(g) guy,)
+ O (gwy) + - - - + O (gw,)

= (a1 +m,...,a, +m;by, ... by)5,.

We use the basis B, in what follows.

Lemma 1.6.1. If g € GSp,,(K) with ord(v(g)) =0 mod 2, then g maps a chamber
of A, to a chamber of A,,.

14See footnote 10 on page 20.
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Proof. Let C' be a chamber of A, with vertices to,...,t,, where t; has type 2n — ¢
mod 2n for all ¢, and note that gt; has type 2n — ¢ mod 2n for all 0 < ¢ < n by
Corollary 1.6.1 part 2. Let X be an apartment of A,, containing C' and B a symplectic
basis of V' specifying ¥ as in Lemma 1.3.5. Since t,...,t, are the vertices of C', they
have representatives L; € t; such that Ly is primitive and Ly /7nLy C -+ C L, /mLg is
a maximal flag of non-trivial, totally isotropic k-subspaces of Lg/mLg; hence,

L, = (agj), e a(j)'bgj), . .,b(j))g

J y Yoo n
implies al(-o) + bl(-o) =0 for all 7 (by [43, p. 3]), (L;, L;) € 7O for all j # 0, and

>a” >a”, WY 10 > >0 >

— — 1) 3

a§0)+12a§1)>--

for all 7.
Write ord(v(g)) = 2r for some r € Z. Then for all 0 < j < n,

glL;] = [0 +2r, .. a4+ 2069 b9
which has representative

7 "gL; = (agj) +7r,.. .,agj) +7; bgj) — ., b9 — T)B,-

In particular, 7#="gLy is primitive by [43, p. 3], 7 "g(nLy) € 7 "gLy € --- C
m gL, C m"gLy, and for all 1 < j < n,

(r"gL;, 7 "gL;) = 7 *v(g)(L;, L;) C 7O;
ie., gto,...,gt, are the vertices of a chamber of A,,. O

Let C be a chamber of A, corresponding to the chain of lattices 7Ly C Ly C
-+ C L, € Ly. Let X be an apartment of A,, containing C', B a symplectic basis of
V' specifying ¥ as in Lemma 1.3.5, and S the apartment of =,, specified by B as in
Lemma 1.2.1 applied to =5,. Note that 5. contains C. Let D be any chamber of 5
containing C'. Then D corresponds to the chain of lattices 7Ly C L; € --- C L, €
Ly © - C Loy © Ly for some lattices L1, ..., Lo,_1 of V.

Write L; = (agj), e ,ag);bgj), . .,bﬁf))g for all j. By [43, p. 3], ago) + bl(-o) = 0 for
all 2. The conditions on Ly, ..., L, also imply that al(.j) + bgj) >1lforalll<i,jy<n.
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Finally,

2n—1)

T L 2

7 Y

a£0)+12a§1)2-~-2a§

and 2 = a§°’ + b,(p) +2> a&j) + bgj) > a§°) + b,@ =0 for all 7, j.
Proposition 1.6.2. The two special vertices of C are [Lo| and [Ly].

Proof. The fact that [Lo] is special follows from Propositions 1.5.2 and 1.5.3. To
see that [L,] is special, first recall from [43, p. 6] that a representative of a special
vertex of ¥ has the form (aq,...,a,; 0 — a1, ..., — a,)p for some p € Z. Thus, the
comments preceding this proposition imply that if L, represents a special vertex of
C, then agj) + bgj) = p for all ¢, where p € {0,1,2}. Since 1 <j <n, u € {1,2}. But
i = 2 implies agj ) = a§°) +1 and bgj ) = bgo) + 1 for all 4, which means that L; = 7Ly,
a contradiction of our assumption that L;/mLg is a non-trivial k-subspace Lg/mLo.
Thus, al(-j )+ bl(-j ) =1 for all i, and L;/mLy = k™. Since the dimension of a maximal

totally isotropic k-subspace of Lg/mLg is n by [35, p. 6], j = n. O

Proposition 1.5.3 and the definition of labelling therefore imply that [L,] has
type n. Then by Proposition 1.5.1, the type of [L;] isin {n +1,...,2n — 1} for all
1 <j<n-—1and the type of [L;] isin {1,...,n—1} foralln+1<i <2n—1. Let
g € GSp,,(K) such that ord(r(g)) =1 mod 2, and note that by Corollary 1.6.1 part
3, g[Lo] has type n, the type of g[L;] isin {1,...,n—1} forall 1 < j <n—1, g[L,]
has type 0, and the type of g[L;] isin {n+1,....2n— 1} foralln+1<i <2n— 1.

Lemma 1.6.2. Let g € GSp,(K) with ord(v(g)) = 1 mod 2. If Lo, Ly, ..., Loy
are lattices of V' as above, then the vertices g[Ly|, ..., g[Lan_1], g[Lo] of Za, are the

vertices of a chamber of A,,.

Proof. First note that g[L;] # g[L,] for all i # j. Suppose ord(v(g)) = 2r + 1 for
some r € Z, and recall that for all 0 < 5 <2n — 1,

gL, = (agj) +2r+1,... ,ag) +2r 4+ 1; bgj), e bg))gg.
Then the proof of Proposition 1.6.2 and [43, p. 3] imply that
Lo=n gL, = @™ +r,. .. a™+r b —r—1, . b —p— 1)5,

n

is a primitive representative of g[L,] and for all 1 <i < mn,
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+r,
bg )—7“—1.

al(-")+r+12 - > 52" 1)+r+1>a(0)+r+1>a(1)+r a§"’

o> p® > 1>

> -
B — > > b >

Furthermore, (a +7+1)+ (Y =) > (a!” +r+1) + (dm—ry:% +00+1=1
foralll1<i<nandforalln+1<j<2n-—1;ie.,if

Li=n"gL; =@y +r+1,....a9 + 1+ 1,67 —r,... 00 —1)p,

for j =0n+1,...,2n =1, then 7L, C L, , C --- C L5, ;| € Ly C L; and

(L, L) € wO for j = 0,n+1,...,2n — 1. Tt follows that [L;],...,[Ly, ], [Lg] are
the vertices of a chamber of A,. The fact that [L}] = g[L;] for j = 0 and for all
n < j < 2n — 1 finishes the proof. O

Recall that two vertices of A,, are adjacent if they are distinct and incident.

Proposition 1.6.3. The group GSp,,(K) takes adjacent special vertices of A, to

adjacent special vertices of A,,.

Proof. Let t,t' € A, be adjacent special vertices, and let C' be a chamber of A,
containing t and t’. Suppose C corresponds to the chain of lattices mLg C Ly C --- C
L, € Lo. By Proposition 1.6.2, the two special vertices of C' are [Lg] and [L,]; i.e.,
either Ly € t and L, € t' or Ly € t' and L,, € t. In either case, Lemmas 1.6.1 and
1.6.2 imply that for any g € GSp,,(K), gt and gt are adjacent vertices of A,,. It thus
remains to show that gt and gt' are special.

Let ¥ be an apartment of A, containing C' and B a symplectic basis of V
specifying ¥ as in Lemma 1.3.5. Since Ly is primitive, [43, p. 3] implies Ly =

(a1,...,an;—ay,...,—ay)p. Thus, L, = (by,...,b,;1 —by,...,1—b,)ps by the proof
of Proposition 1.6.2. Let ¢ € GSp, (K) with ord(v(g)) = m. Then gLy = (a1 —
My, Gy — M5 =01, ..., —0y), and gL, = (by —m,... by —m;1—by,...,1—1b,)p,.

It follows from [43, p. 6] that [gLo] and [gL,] are special vertices of A,; i.e., gt and
gt’ are special. O

Corollary 1.6.3. The group GSp,,(K) acts transitively on the special vertices of A,,.

Proof. By the last proposition, GSp,,(K) acts on the special vertices of A,,. The fact

that this action is transitive follows from [43, Proposition 3.3]. O

Lemma 1.6.3. Ift,t' € A, are adjacent special vertices and t has a primitive rep-
resentative L, then there is a representative L' € t' with 1L C L' C L such that the
number of chambers of A, containing both t and t' equals the number of mazximal

flags of mon-trivial, proper k-subspaces of L' /7 L.
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Proof. First note that a chamber C of A,, containing both ¢ and ¢’ has n + 1 vertices
t = tg,...,t, = t' that have representatives L; € t; such that Lq is primitive and
Li/mLy € -+- C L,/mLy is a maximal flag of non-trivial, totally isotropic k-subspaces
of Lo/mLy. By Proposition 1.6.2, Ly and L,, represent the two special vertices of C.
Let L = Ly and L' = L,. Then wL C L' C L and varying Li,..., L, 1 over all
lattices of V' contained in L and containing wL such that L,/nL C --- C L, _1/7L
is a maximal flag of non-trivial, proper k-subspaces of L'/wL = L,,/7Lq gives all the

chambers of A,, containing both t and t'. O

Proposition 1.6.4. If t € A, is a special vertex, then t is adjacent to exactly
[ _, (¢™+1) distinct special vertices of A,,.

m=1

Proof. Let t € A,, be a special vertex, and note that any special vertex of A,, adjacent
to t must be in a chamber of A,, containing t. By Proposition 1.3.5, the number of

chambers of A, containing ¢ is

q

m

moi 171 7
but counting the chambers of A,, containing ¢ may overcount the number of distinct
special vertices of A, adjacent to t. Thus, fix a special vertex t' € A, adjacent
to t. Then we count t more than once if there is more than one chamber of A,
containing both ¢ and t'. But ¢, € A,, adjacent special vertices implies that exactly
one of t and ¢’ has a primitive representative (by Propositions 1.5.3 and 1.5.2). By
symmetry, suppose t has a primitive representative L. Then by the last lemma, ¢’
has a representative L' with 7L C L' C L such that the number of chambers of A,
containing both ¢t and ¢’ equals the number of maximal flags of non-trivial, proper
k-subspaces of L'/mL = k", which is [] _, ((¢™ —1)/(¢ — 1)) by [41, Proposition

2.4]. It follows that the number of distinct special vertices of A, adjacent to ¢ is

2m
| — | — P -1 -
= — =11 IT @ +0. 0

n qgn—1 n qm—1 m __
Hm:Z q—1 Hm=1 q—1 m=1 q 1 m=1
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Chapter 2
Close Vertices

Let A be any chamber complex. Recall that if C' and D are any two chambers of
A, there is a gallery in A connecting them. The minimal length of a gallery in A
connecting C' and D is the combinatorial distance between C' and D, and a gallery
connecting C' and D of minimal length is a minimal gallery' from C to D (see [6,
p. 14]).2 Following [6, p. 15], we can similarly define the distance between any non-
empty simplex A € A and any chamber C' € A to be the minimal length of a gallery
starting at a chamber containing A and ending at a chamber containing C'. Taking
this one step further, we define the distance between any two non-empty simplices
A, B € A as follows (cf. [41, p. 124]).

Definition. Let A be a chamber complex. For any non-empty simplices A, B € A,
the distance between A and B is the minimal length of a gallery in A whose initial

chamber contains A and whose ending chamber contains B.

In this chapter, we consider the case in which A is either =, (n > 3) or A,, (n > 2)
and both A and B are vertices distance one apart or close. Figure 2.1 shows two close
vertices of Z3. Since a simplex of A is a finite set of vertices, use the notation of set
theory to indicate a face of a given simplex. For example, write AN B for the simplex
(possibly the empty set) shared by the simplices A, B € A. Note that two vertices
t,t € A are close if and only if they are in adjacent chambers of A but not a common
one; i.e., if and only if there are adjacent chambers C,C" € A such that t € C,

!By [6, p. 14], a minimal gallery should be thought of as the combinatorial analogue of a geodesic.

2Note that the minimal length of a gallery in A connecting C' and D exists and is the length
of a gallery in A connecting C' and D: consider the set S of galleries in A connecting C and D.
For each gallery in S, put its length in the set S’. Then S’ is a non-empty subset of ZZ°, which is
well-ordered; hence, S’ has a minimal element m, and, by the way we created S’, is the length of a
gallery in A connecting C' and D.
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Figure 2.1: Two close vertices of =Zj.

t'e ' and t,t' ¢ CNC'. In particular, if ¢ and ' are close vertices of A and C' and
C" are adjacent chambers of A as in the last sentence, then since C' and C’ share a
codimension-one face and t,t' ¢ C' N C’, t and t’ have the same type.

We start with the case that A is =Z,, for n > 3.

2.1 The building =,

Given a vertex t in the affine building =, of SL,(K), Schwartz and Shemanske show
in [41, Theorem 3.3] that the number w,, of vertices of Z,, close to ¢ is the number of
right cosets of GL,,(O) in

GL,(O)diag(1,, ..., 7, 7%)GL,(O).

They compute this number for n = 3,4,5 and conjecture that for alln > 3, ¢-r, =
Th_o Wy, Where 7, is the number of chambers of =, containing a given vertex, and
r1 = 1 (see the remark following Proposition 3.4 of [41]). We give an explicit formula
for w, and establish the relationship between w, and r,. We then use the structure
of =Z,, to give a building-theoretic justification for this relationship.

In this section, n > 3, V is an n-dimensional K-vector space, and a lattice of V is
a free O-module of rank n. Recall that k£ = F, is the residue field of K and that =,
is an (n — 1)-dimensional simplicial complex with vertices the homothety classes of
lattices of V. Since every a« € K* has the form o« = 7™ for some m € Z and some
u € O, we can think of the homothety class [L] of a lattice L of V' as the infinite
chain of lattices --- C 7L € L C 7 'L C ---. We may therefore write a chamber

C € =, as the infinite chain of lattices
o CLy 1 CTLyC L C - C Ly C Lo gw—lLl C---

and a codimension-one face of C' by the above chain of lattices with ..., 7wL;, L;, 7 *L;, . ..
deleted for some 0 <7 <n —1.
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Suppose t € Z,, is a vertex with representative L. Then a chamber C' containing
t has the form

o CTLy  CTLC LS C Ly C LS L S (2.1)
(see [20, p. 323]). The codimension-one face of C' not containing ¢ is thus
o CALy 1 CL1C- - C Ly St Ly C e
and a vertex of =, is close to t if and only if it has a representative M # L such that
o CTLy  CTMC L S - C Ly C M L S (2.2)

Given the lattices Ly and L, _;, the possible L and M satisfy L, 1 C L # M C
7 1L;. On the other hand, if ¢, € Z, are close vertices, then they must have
representatives L € t and M € ¢ such that there are lattices Li,...,L,_; as in
(2.1) with L,y S L # M C 7= *L;. Note that L,_;, L, and 7~ *L; free O-modules
of rank n and L, C LNM C LM C L+ M C 7~'L; imply that L N M and
L 4+ M are lattices of V. Furthermore, L # M, [L : L,_1] = q = [M : L,_4], and
7Ly : L) = [Ly : 7L] = q = [Ly : #M] = [ 'Ly : M] imply LN M # L, M and
L+ M # L, M. It follows that LN M = L,_, and L + M = 7~'L;, but we can vary
Lo,...,L, saslongas L1 C Ly C -+ C L, o< L,_1. In other words, if ¢t and t' are
close vertices of Z,,, there may be two (or more) pairs of adjacent chambers C' and
C'withte C,t' € C',and t,t' & C N C". We return to this later.

Before we count the number of vertices of =, close to a given vertex t € Z,,, we
make a few observations. Fix a representative L € ¢t. Then L/7nL = k™ and if U,
is a 1-dimensional k-subspace of L/mL, the Correspondence Theorem implies that
there is a unique O-submodule L; of L containing wL such that L;/7L = U; and
mL C Ly € L. Since both 7L and L are free O-modules of rank n, L; is a lattice of
V. Thus, the number of L; equals the number of 1-dimensional k-subspaces of L/m L.
Similarly, given L, as above, the number of lattices L,,_; with #L C L, C L, 1 C L
and L,_1 /7L an (n—1)-dimensional k-subspace of L/w L equals the number of (n—2)-

o~ k,n—l

dimensional k-subspaces of L/L . Finally, given Ly and L,_; as above, the

number of lattices M # L such that L,_; C M C 7w~ 'L; is one less than the number

of non-trivial, proper k-subspaces of m~1L,/L,_; = k%

Proposition 2.1.1. Ift € =, is a vertex, then the number w, of vertices of =,, close
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tot s
qn_l qn—l_l

qg—1 qg—1

Proof. Our previous comments imply that it suffices to count the number of 1-

-q'

~Y

dimensional subspaces of k" = [ (the number of L;), the number of (n — 2)-
dimensional subspaces of k"1 = Fg_l (the number of L, given L;), and the number
of non-trivial, proper subspaces of k? = Fg (the number of lattices properly contained
in 77!L; and properly containing L,_;). Note that duality implies that the number
of (n —2)-dimensional subspaces of F/'~! is the number of 1-dimensional subspaces of
F7~'. Since there are (¢"—1)/(¢—1) 1-dimensional subspaces of Fy!, (¢" ' —1)/(¢—1)
1-dimensional subspaces of IFZ‘I, and g+ 1 1-dimensional subspaces of Fg, the number

of vertices of =,, close to t is

qn_l qn—l_l
g—1 qg—1

g

(recall from the remarks preceding this proposition that we select L; and L,_; such
that [Ly : L] = g and [L,,_1 : L] = ¢"2, after which we want to count the number of
lattices M # L such that L, 1 € M C 7 'Ly, which is one less than the number of 1-
dimensional k-subspaces of m~'Ly/L,_y = k* = F2 by the Correspondence Theorem;

hence, we multiply by ¢ rather than ¢ + 1). O

Let 7, be the number of chambers of =, containing ¢. By [41, Proposition 2.4,

T'n = q_lnIH _q_lnln
which, with the last proposition, establishes the conjecture following Proposition 3.4
of [41]:
Theorem 2.1.1. For alln >3, q-1, = rp_9 w,, wherery = 1.

Proof. Note that r,,/rn,—o = ([_,_; (¢™—1))/(g—1)% hence, by the last proposition,

n_1 n—l_l n
wn:q 4 cq = ! - q. O
g—1 q-1 Th—2

We now use the structure of =,, to give a combinatorial proof for the relationship
given in Theorem 2.1.1. Fix a vertex t € =,. Then we can count the number of vertices
of Z,, close to t by counting the number of galleries (in =,,) of length 1 starting at a

chamber containing ¢t and ending at a chamber not containing ¢t. Let C' € =, be a
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chamber containing ¢. Since there are exactly r, chambers in =, containing a given
vertex, there are r,, possible C'. A chamber ¢’ € Z,, adjacent to C' and not containing
t must contain the codimension-one face of C' not containing ¢. By [20, p. 324], there
are exactly ¢ + 1 chambers in =,, containing a given codimension-one simplex of =,
so there are ¢ possible chambers C' € Z,, adjacent to C' not containing ¢. It follows
that there are exactly r, - ¢ galleries of length 1 in =,, whose initial chamber contains
t and whose ending chamber does not contain t. It therefore remains to determine
if counting the number of galleries of length 1 in =, whose initial chamber contains
t and whose ending chamber does not contain t overcounts the number of vertices
of Z, close to t. To this end, fix a vertex t' € Z,, close to t, and suppose C,C" is a
gallery in =, with t € C and ' € C’. Then we count ¢ more than once if there is a
chamber C; # C containing ¢t and a chamber C adjacent to C; containing ¢’ (note
that since ¢t and t’ are close, C| # C); i.e., if there is more than one gallery of length
1in Z,, whose initial chamber contains ¢ and whose ending chamber contains ¢’. Since
the number of vertices of Z,, close to t is w,, this implies w,, = (r,, - ¢)/m(t, '), where
m(t,t") is the number of galleries of length 1 in =, whose initial chamber contains ¢
and whose ending chamber contains ¢'.

We now investigate the number m(¢,¢"). We fix the following notation for the rest
of this section. Let t,t" € Z,, be close vertices, and let L € t, M € t’ be representatives
such that there are lattices Li,...,L,—1 as in (2.1) and (2.2). By our comments
following (2.2), Ly = n(L + M) and L,,_1 = L N M, but we can vary Lo, ..., L, 5 as
longas Ly C Ly € -+ C L, o C L, 1. Since any gallery C,C" in =, such that C' =
{t,[L1],...,[Ln-a]}and C" ={t',[L1],. .., [Ln-1]} satisties CNC" = {[L1], ..., [Ln-1]},
each such gallery is uniquely determined by the vertices [Ls], ..., [L,_2]. We therefore
consider the following situation. Recall that two vertices of =,, are adjacent if they
are distinct and incident. Consider the set of vertices in =, that are adjacent to
t,t',[L+ M], and [LN M] (note that in the case n = 3, this set is empty). Define two

such vertices to be adjacent if they are adjacent as vertices of =,,.
Proposition 2.1.2. Let =¢(¢,t') be the set consisting of

e the empty set,

o all vertices of =, adjacent to t,t',[L + M|, and [L N M], and

e all finite sets A of vertices of E, adjacent to t,t',[L + M|, and [L N M] such

that any two vertices in A are adjacent.
Then Z¢(t,t') is a simplicial complex.
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Proof. Let A be a finite set of vertices of =,,, each of which is adjacent to ¢,t', [L+ M|,
and [L N M], and suppose that every pair of vertices in A are adjacent. Then ) €
=C(t,t'), and every vertex of A is in Z(¢,¢'). Let B be any non-empty subset of A
with at least two vertices. Then B is a finite set of vertices of =,,, each of which is
adjacent to t,t',[L + M], and [L N M], and every pair of vertices in B are adjacent.
It follows that every subset (including the empty set) of A is in Z¢ (¢, ). O

Corollary 2.1.1. The simplicial complex =5 (t,t") given in the last proposition is a

subcomplez of =,,.

Proof. This follows from the last proposition since a vertex of =¢(¢,t') is a vertex of
Zn- O
n

Recall from the remarks following (2.2) that [7(L+ M) : 7L] = [L; : 7L] = q and
[L:LNM]|=[L:L, | =q.

Lemma 2.1.1. Ifz € Z5(¢,t') is a vertez, then x has a representative L' such that
m(L+M)C L CLNM.

Proof. First note that since x is adjacent to [L N M|, x has a unique representative
L’ such that 7(LN M) C L' C LN M by Proposition 1.2.1. Then [20, p. 322] implies
that either L/ C n(L+ M) or L' D w(L + M). In the second case, we are done, so
assume L' C w(L + M). Then n(LN M) C L' C w(L + M). On the other hand,
mn(LNM)CnaL Cn(L+M)and [7(L+M):n(LNM)] =[x(L+M):nL|[rL :
(LN M)] = ¢*. But since z is adjacent to ¢, [20, p. 322] implies that either L' C 7L
or L' D wL. Thus, 7(LNM) C L' # nL C n(L + M), which is impossible given the

previous index computation. O

In particular, if A € Z¢(¢,t'), then A has at most n — 3 vertices (since [7(L+ M) :
nL)=q=[L: LN M]implies (LN M)/n(L+ M) = k"2).

Lemma 2.1.2. If ) # A € Z5(t,t) is an i-simplex, then A corresponds to a chain
Of lattices M1 g g Mi—l—l; where 7T(L—|—M) g M1 g g Mi+1 g LNM and
[Mi], ..., [M;11] are the vertices of A.

Proof. We proceed by induction on i. The last lemma proves the claim if ¢ = 0.
Suppose 0 < ¢ < n — 5 and that the claim holds for any i-simplex in Z¢(¢,¢'). Let
A € Z¢(t,t') be an (i + 1)-simplex, and note that A # (). Let x be a vertex of
A. By the induction hypothesis, the i-simplex A — {x} corresponds to a chain of
lattices M{ C --- € M/, such that 7(L+ M) C M; C --- C M;, , C LN M and
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[Mi],...,[M]_,] are the vertices of A—{z}. By the last lemma, x has a representative
M’ such that (L + M) C M' C LNM. If M" C My, set My = M" and M; = M;_,
for all 2 < j <+ 2. Otherwise, M’ D M by [20, p. 322]. Let j € {1,...,i+ 1} be
maximal such that M’ 2 M (j exists since M' C LN M). If j =i+ 1, set M, = M,
forall 1 < /¢ <i+1and M;;o = M’'. Otherwise, M' C Mg/'+1= and setting M, = M,
forall 1 <¢<j, Mj;; =M, and M, = M;_, for all j +2 < ¢ < i+ 2 finishes the
proof. O

Proposition 2.1.3. For any vertices t,t' € =, that are close, Z5(t,t') as defined in
Proposition 2.1.2 is isomorphic (as a poset) to the spherical A,,_3(k) building =5 _5(k)
(independent of t and t'), where we interpret the spherical Ao(k) building to be ().

Proof. Let L € t, M € t' be as in the paragraph preceding Proposition 2.1.2. Then
(LN M)/mn(L+ M) is an (n — 2)-dimensional k-vector space. Let =% (k) be the
spherical A,_3(k) building with i-simplices (0 < ¢ < n — 4) given by the nested
sequences Vi C -+ C Vi1 of non-trivial, proper k-subspaces of (LN M)/x(L + M).
Note that since LN M and (L + M) are free O-modules of rank n, any O-submodule
of L N M containing 7(L + M) is a lattice of V. Moreover, by the Correspondence
Theorem, there is a bijection between O-submodules of L N M containing 7(L + M)
and k-subspaces of (LN M)/m(L + M). It follows from the last lemma that there is
a bijection between 0-simplices (vertices) of Z¢(t,t') and 0-simplices of =2 (k). But
the Correspondence Theorem also gives a bijection between chains of O-submodules
M, C -+ C M; 1 of LM containing 7(L+ M) and nested sequences V; C -+ C Vi
of k-subspaces of (L N M)/mn(L + M); hence, the last lemma implies that for all
0 < i < n—4, there is a bijection between the i-simplices of Z¢ (¢, t') and the i-simplices
of 28 _4(k). Let 0 € Z¢(¢,¢') correspond to ) € =% _,(k). Then we have a bijection
between the simplices of Z¢(¢,¢') and the simplices of Z% 4(k). A modification of
the proof of Lemma 1.3.3 shows that this bijection preserves the partial order (face)

relation, so is a poset isomorphism. ]

Theorem 2.1.2. [ft.t' € =, are close vertices, then the number m(t,t') of galleries
of length 1 in Z,, whose initial chamber contains t and whose ending chamber contains
t' equals r,_o (independent of t and t'). In particular, the number w, of vertices of

=, close to a given vertex of =, is w, = (- q)/Th_o.

Proof. By our previous comments, w,, = (r,,-q)/m(t,t'). The last proposition and our
previous comments also imply that the galleries of length 1 in =,, whose initial chamber

contains ¢t and whose ending chamber contains ' are in one-to-one correspondence
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with the chambers of Z5_5(k). Since the proof of [41, Proposition 2.4] implies that

=5 _s(k) contains exactly 7,_o chambers, we are done. O

2.2 The building A,

We now consider close vertices in the affine building A,, of Sp,,(K). We prove an
analogue of Theorem 3.3 of [41] to characterize the vertices of A,, close to a given
special vertex of A,, (recall that all the vertices of Z,, are special) in terms of symplectic
divisors, after which we follow our work in the previous section to prove the analogous
results for the type 0 vertices of A,. For the rest of this chapter, n > 2, V is a
2n-dimensional K-vector space endowed with a non-degenerate, alternating bilinear
form (-,-), and a lattice of V is a free O-module of rank 2n. Recall that A, is
an n-dimensional simplicial complex whose vertices are certain homothety classes of

lattices of V. We first prove the results about A, that we need.

2.2.1 Preliminaries

We start with a fact about group actions and stabilizers.

Lemma 2.2.1. Let G be a group acting (on the left) on a set A, and let a € A. Write
G, = {9 € G : ga = a}, the stabilizer in G of a. If b € A such that b = ha for some
h € G, then G, = hG,h™".

Proof. Let g € G,. Then (hgh )b = hga = ha = b implies hG,h~! C G,. Now
let ¢ € Gy. Since ¢ = h(h™*¢’h)h™! and (h™¢’h)a = h™'¢'b = h™'b = a, G}, C
hG,h=1. O

Recall that if B = {vq,...,v9,} is a basis (not necessarily symplectic) of V', then
(a1,...,an;b1,...,b,)5 denotes the lattice Or* vy + - -+ + O™ v, + Orbw, + -+ +
Onbrw, of V.

Proposition 2.2.1. Let L be a lattice of V. Then GSp,(O) := {g € M,(O) :
' Jng = v(g)Jn, v(g) € O*} can be identified with {g € GSp,,(K) : gL = L}, where

g acts on L as the matriz of a linear transformation with respect to a fized basis of L.

Proof. First recall that if G is a group, H < G, and g € G, then gHg™' = H. Then
by the last lemma and the fact that GLg,(K) acts transitively on the lattices of V,

it suffices to prove the proposition for any lattice L of V. Let B = {ej,...,ea,} be
the standard unit basis of V, and let L = (0,...,0;0,...,0)5, so that L = O%*". Let
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g € GSp,,(K) such that gL = L. Then for all 1 <17 <n, there are aj;, bj;, ¢;i,d;; € O
such that gu; = 77| aju; + >0, cuw; and gw; = 70 buy + D00, djiwg;
hence, g € My,(O). But gB a basis of L = O?" implies g € GLy,(0); ie., g €
GSp,,(K) N GLs,(O). On the other hand, any element of GSp,,(K) N GLy,(O) is an
element of GSp,,(K) that takes an O-basis of O?" to an O-basis of O?". Since we can
identify L with O*" this implies that any element of GSp,,(K) N GLg,(O) fixes L, so
the stabilizer of L in GSp,,(K) is

GSp,,(K) N GLyn(0) = {g € Mo, (O) : g'Jg = v(g)Jn, v(9) € K*, detg € O*}.

Since (det g)? = v(g)*" by (1.8), det g € O* implies v(g) € O*; hence, GSp,,(K) N
Loy (0) = GSp, (O). 0

Lemma 2.2.2. Lett € A, be a vertex with a primitive representative L, and let X be
an apartment of A, containing t. Then there is a symplectic basis B of V' specifying
Y as in Lemma 1.3.5 such that L = (0,...,0;0,...,0)z.

Proof. Let B’ = {uy,...,up,wy,...,w,} be asymplectic basis of V' specifying ¥ as in
Lemma 1.3.5. Then [43, p. 3] implies that L = (ay,...,a,; —a1,...,—a,)p. Let B =
{m" Uy, .., T Uy, T Wy, .., T % w, . Then B is a symplectic basis of V' specifying
¥ as in Lemma 1.3.5. Since B is also an O-basis of L, L = (0,...,0;0,...,0)5. O

The next lemma is an analogue of Lemma 1.3.4. Recall that if 3 is an apartment
of A, and B is a symplectic basis of V' specifying ¥ as in Lemma 1.3.5, then B specifies

an apartment S of Zon.

Lemma 2.2.3. Let 3 be an apartment of A, and S the apartment of Za, such that
B a symplectic basis of V' specifying ¥ implies B specifies 5. If C,C" is a gallery in
S, then there is a gallery D, D' in 3 such that D (resp., D') contains C (resp., C")
and C # C" implies D # D'.

Proof. 1f C = C’, then C' € 3 implies there is a chamber D € & containing C'; setting
D = D’ finishes the proof. Now suppose C # C’, with C corresponding to the chain
of lattices

Lo C L1 C---C L, C L. (2.3)

Let B be a symplectic basis of V' specifying ¥ as in Lemma 1.3.5. Then, as in the
proof of Lemma 1.3.4, there is a 0 < j < n such that C' N C’ (the codimension-one
simplex of A,, shared by C' and C’) corresponds to (2.3) with either L; deleted if
1 < j < n or with both 7L and Lj deleted if j = 0. It follows that if ¢ is the vertex
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of C" not in C'N (', then ¢’ has a representative L' such that C’ corresponds to (2.3)
with L; replaced by L'. Note that C' # C" implies L; # L'. As in Lemma 1.3.4, we
consider three cases, depending on the value of j.

First suppose 1 < j <n —1. Then by [43, p. 3], Lo = (a1, ...,an; —ay, ..., —ay)B
for some a; € Z, and the proof of Proposition 1.6.2 implies L, = (by,...,b,; 1 —
bi,...,1 — b,)p for some b; € Z such that a; < b; < a; + 1 for all 1 < ¢ < n.
For 1 < i < mn, let ay4; = —a; and b,y; = 1 — b;, and note that b, — a; € {0,1}
for all 1 < ¢ < 2n. Then b, = a; + 1 for exactly n values of ¢ by Proposition
1.6.2. Let {i1,...,i,} be those n values, and for each 1 < r < n —1, set L,,, =
(€1, s Cn; Cpgty -+, Con)B, Where ¢g = by — 1 = ap if € € {iy,...,4,} and ¢, = by
otherwise. Then L, C L,+1 € -+ € Lo,—1 € Lo, and setting D (resp., D') to be the

simplex of 3> with vertices the vertices of C (resp., the vertices of C”), together with

the vertices [Ly41], ..., [Lon—1] finishes the proof in this case (see the proof of Lemma
1.3.4 for the details).
Now suppose j = n, and let Ly = (aq,...,a,; —aq,...,—a,)s for some a; € Z,

L, = (bi,...,bp;1 —01,...,1 —b,)p for some b; € Z such that a; < b; < a; + 1 for
all 1 <i <mn,and L' = (b),...,b;1—10),...,1 —0b)p for some b, € Z such that
a; < b, <a;+1forall 1 <i<n (wecan do this because of our comments in the first
paragraph of this proof, [43, p. 3|, and the proof of Proposition 1.6.2). Note that L, #
L’ implies b; # b for at least one value of i. Let L1 = (¢1,...,Cni Cni1s- - Con)B,
where ¢; = min{b;, b} and ¢,1; = min{l — b;,1 — b/} for all 1 < i < n. Then
L,,L' C L,y; and by the proof of Lemma 1.34, [L,41: L,] = ¢ = [Lpy1 : L']; ie., if
apvi = —a; for all 1 <4 < n, then ¢; = a; + 1 for exactly n — 1 values of i and ¢; = q;
otherwise (so that L,1/mLy = k™). A modification of the second half of the last
paragraph (starting from “Let {i1,...,i,}”) gives lattices Lo, ..., La,_1 such that
Lyv1 € Lo € -+ € Loy 1 © Lo, and setting D and D’ as in the last paragraph
finishes the proof in this case.

Finally, suppose j = 0, and let Ly = (ay,...,a,; —aq,...,—ay,)g for some a; € Z,
L' =(a),...,a,;—ay,...,—a,)g for some a; € Z, and L,, = (by,...,by;1—0y,...,1—
b,)p for some b; € Z such that a; < b; < a;+1anda; <b; <al+1foralll <i<n(as
in the last paragraph, we can do this because of our comments in the first paragraph of
this proof, [43, p. 3], and the proof of Proposition 1.6.2). Note that Ly # L’ implies
a; # a, for at least one value of i. Let Lop_1 = (¢1,...,¢n;Cnt1, .., Con)B, Where
¢; = max{a;,a;} and ¢,+; = max{—a;, —a;} for all 1 < i <mn. Then Ly, 1 C Lo, L'
and by the proof of Lemma 1.3.4, [Lg : Lo, 1] = q=[L': Loy_1]; i€, if by =1 — b

for all 1 < i < n, then ¢; = b; + 1 for exactly 1 value of ¢ and ¢; = b; otherwise (so
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that Lo,_1/mLo = k"1 = Ly, 1 /mL’). A modification of the second half of the first
paragraph (starting from “Let {i,...,i,}”) gives lattices L1, ..., Lo, o such that
L,C L1 €+ C Loy o C Ly, q, and setting D and D’ as in the second paragraph
finishes the proof in this case. O

As we will see, it will sometimes be convenient to prove a result about the type 0
vertices of A, and then use the action of GSp,,(K') on the special vertices (specifically
Corollary 1.6.1 part 3 and Lemma 1.6.2) to infer the same result about the type n
vertices. For this purpose, we need to know whether GSp,(K) acts on the set of
galleries of =y, and if so, whether the action preserves the length of a gallery. As we
obtained information about the types of the vertices of A, by considering the types
of the vertices of Z,,,, we first consider whether GLy, (K') acts on the set of galleries of
=9, and if so, whether the action preserves the length of a gallery. For g € GLo,(K)
and a chamber C' € Z,,, abuse notation and write gC' for the image of the vertices of

C under the action of g.
Lemma 2.2.4. The group Gls,(K) acts on the chambers of Zs,.

Proof. Let g € GLg,(K), and let C be a chamber of Z5,. Let ¥ be an apartment of
=2, containing C' and B a basis of V' specifying ¥ as in Lemma 1.2.1 applied to =,.
Suppose C' corresponds to the chain of lattices 7Ly C Ly C --- C Lo,y © Lg. Write
L, = (agj), o a,(qj); bgj), o b,gj))g, and note that the inclusion relation among the L;
implies

a” +1>aV > >0V >a®  and B” 1200 > > >0

for all ¢. Then gL; = (agj), o aSZ’; bgj), o bgf))gg, and the above inequalities finish
the proof. O

Proposition 2.2.2. The group GLg,(K) maps a gallery in Za, of length m to a
gallery in Zo, of length m. In particular, if C # C" are adjacent chambers of =,, and
g € GLo,(K), then gC # gC" are adjacent chambers of Za,,.

Proof. Let Cy,...,C,, be a gallery in =y, and g € GLy,(K). If m = 0, we are done by
the last lemma. If m =1 and Cy = (', then gCy = gC4, and gCy, gC' is a gallery in
Zon. Now suppose Cy # Cy, and let tg, ..., to,_1 (resp., o, ..., T2,_1) be the vertices
of Cy (resp., of ). Then Cy # C; implies that t; # z; for some 0 < j < 2n —1
and t; =x; forall 0 <i#j7<2n—1. For0<i<2n—1,let L; € t; and M; € z;
such that wLog € Ly € -+ € Lo,y € Lo and My C My C -+ C My, 1 © M,
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correspond to Cy and C, respectively. Then w(gLo) = g(nLly) € gLy € -+ C
gLon—1 € gLy and w(gMy) = g(nMy) € gMy C -+ € gMs, 1 C gMy. Note that
t; = x; implies [L;] = [M;]. Since L; is an O-module and every a € K* has the form
a = 1™ for some m € Z and some u € O, this means that M; = 7#™L; for some
m € Z; ie., gM; = g(m™L;) = 7" (gL;), and [gL;] = [gM;]. Since gCpy has vertices
lgLo], ..., [gLan—1] and gC has vertices [gMo],. .., [gMa,—1], it follows that gCo, gCy
is a gallery in =,. To see that ¢Cy # gCi, we must show that [gL;] # [gM,]. If
lgL;] = [gM;], then gL; = n™(gM;) for some m € Z, so gL; = n™(gM;) = g(n™M;),
and L; = g~ (gL;) = g~ "(gn™M;) = 7™ M;; i.e., [L;] = [M,], a contradiction. If m >
2, our previous work implies that gC;, gC;11 is a gallery in =y, for all 0 <i <m —1,
with gC; # gCiyq if C; # Ciiq. Thus, gCy, . .., gC,, is a gallery in Za,. O

Corollary 2.2.1. The group GSp,,(K) maps a gallery in =, of length m to a gallery
in Zo, of length m. In particular, if C # C'" are adjacent chambers of Z,, and
g € GSp,,(K), then gC # gC" are adjacent chambers of Za,.

Proof. This follows from the last proposition since GSp,,(K) < GLy, (K). O

2.2.2 Symplectic divisors

Following [43, pp. 9—10], let .S be a set of representatives for K* /O*; for convenience,
we take S = {7™:m € Z}. Let G° = {g € GSp,(K) : v(g) € S} and I = Sp,,(O).

Remark. The analogues of the results in this section also hold if we replace G° and
Sp,,(O) with GSp,,(K) and GSp,,(O), respectively; see Appendix A.

A lattice L of V' is symplectic if it has the form L = Qu; + - - - + Ou,, + OQw; +
-+ + Ow, for some symplectic basis {u1, ..., u,, w1, ..., w,} of V. Note that since a
symplectic basis of V' specifies an apartment of A, by Lemma 1.3.5, [43, p. 3] implies
that a lattice of V' is symplectic if and only if it is primitive. Fix a symplectic lattice
Lo of V, and let R = R(Lo) = {gLo : g € G°}.

Proposition 2.2.3. A lattice L of V is in R if and only if [L] is a special vertex of
A,.

Proof. First note that since Ly is symplectic, Lq is primitive; hence, Propositions
1.5.2 and 1.5.3 imply [Lo] is a special vertex of A,. Let L € R. Then there is a
g € G such that L = gLg; i.e., such that [L] = g[Lo]. Since G® C GSp, (K), the
fact that [L] is special follows from Corollary 1.6.3. The converse follows from [43,
Proposition 3.3]. O
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Since we use use a left action, we prove the analogues of the results in section 4.1
of [43].

Proposition 2.2.4. Let L € R. Then we can identify T = Sp,(0) with {g € G* :
gL = L}, where g acts on L as the matriz of a linear transformation with respect to
a fized basis of L.

Proof. This follows from Proposition 2.2.1 since

GSp,(0)NG® ={g € My, (0) : g'Jpg = v(g)Jn, v(g) = 7™ € O*}
= {9 € M2, (0) : ¢ Jng = v(9)Jn, v(g9) = 1} = Sp,(0),

as claimed. O

Lemma 2.2.5. Let L, M € R. Then there is a basis {x1, ..., Tn,Y1,---,Yn} of V with
(xi,y;) = 7"0;5 for some r € Z and (x;,x;) = 0 = (y;,y;) and elements o, 3; € S
with 5,0 C --- C 6,0 C ,,0 C --- C a1 0 and Byo; = e S for some 1’ € Z
such that

L=0x+ -+ 0z, +0y + -+ Oy,
M = Oayxy + -+ Oapzy, + OBy + - -+ + OBnyn.

Remark. The ideals o;;O and 3;0 are the symplectic divisors of M in L and coincide
with the standard elementary divisors of M in L. In other words, if we choose two
lattices from R and consider their elementary divisors in the traditional sense, they
satisfy the above-stated additional properties. For L, M € R, write {L : M} =

{ag,...,an; b1, ..., Bn} if there are bases of L and M as in the lemma.

Proof. Let L,M € R. Since [L] and [M] are special vertices of A, by Propo-
sition 2.2.3, there is an apartment > of A, containing both [L] and [M]. Let
{uy, ..., up,w,...,w,} be a symplectic basis of V specifying ¥ as in Lemma 1.3.5.
Then [43, p. 6] implies that there are ay,...,a,,by,...,b,,r, 7" € Z such that

L =01+ -+ On%u, + O " w, + - + Ox" % w,,
M = Oﬂ-blul +-t+ Oﬂ-an/n + OWT,_blwl + e+ Oﬂrl_bnwn.

Forall 1 <j <mn,let a,rj =7 —aj, byr; =7 —b;, and u,4; = w;. Let 1 <4y <2n
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be minimal such that b;, —a;, > b; — a; for all j # 4;, and set

Ty, ifl1<i; <n
Y1 = i, = ! ’
= o =
%y, ifn4+1 <4 < 2n,

—q" % Wi, if 1 S 7:1 S n,
T =
miiruy , ifn4+1 <4 < 2n.

Then (x1,y;,) = 7.

Proceeding inductively, let 1 < m < n — 1, and suppose iy,...,1, have been
chosen such that for all 1 < ¢ < m, b, — a;, > b; —a; for all j # iy,... 4,9 +
n,...,4 +n mod 2n, and suppose Yi,...,Ym,x1,---, Ty, have been set as in the

last paragraph. Then (z,,y,) = 7" for all 1 < ¢ < m, (x;,y;) = 01if ¢ # j, and
(e, z;) =0 = (yp,y;) forall 1 < ¢,j < m. Let 1 < 4,11 < 2n be minimal such

that 4,41 Z %1, .-, im, 01 +7,... i +n mod 2n and b;,, ., — a;,., > b; —a; for all
JFE U, by a1, 01+ Ny o 0 £ 10 mod 2n. Set
Thmtty it 1 < <n,

@
ym—i-l =TT 1m+1uim+1 e

Yy ifn 41 <y < 2n,

= Ym0 i 1 < <im,

Tm+1 =

P : .
ahmir =ty 1 < < 2n.

Then (Tpi1, Ymt1) = 77, (Tmy1,y;) = 0 for all 1 < j < m, and (zp41,25) = 0 =
(Ym+1, ;) forall 1 < j < m+1. Continuing this process until y,, and z,, have been set
gives 2n vectors {x1,..., %y, Y1, .., Y} in V such that (z;,y;) = 776;; and (z;,x;) =
0 = (yi,y;). Note that {z1,...,2,,y1,...,yn} is an O-basis of L by construction, so
it is also a K-basis of V. It follows that

M=0r%% + -+ Onzx, + Oﬁdlyl 4+ 4 Oﬂd"yn,
where for all 1 < j <mn,
dj:bij—aij, cj:(r'—bij)—(r—aij).

Let o = 7% and (3 =7% for all 1 < j < n. Then 3,0 CpO0forallt+1<j7<n
and 3;0 C ;O for all i by construction. In particular, 5,0 C --- C 3,0. It therefore

remains to show that «,O C --- C a;O. But ¢; +d; = r' —r = ¢j11 + d;+1 and
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dj > djyq forall 1 <j <n-—1imply
c;+d; = cjp1 +djp1 < iy +dj;
hence, ;O = 790 D 79410 = ;11O forall 1 < j <n—1. O

Lemma 2.2.6. Let L € R. For hy, hy € G®, the left cosets hiI' and hol' are equal if
and only if hiL = hoL.

Proof. Recall that hiI' = hoI' if and only if hl_lhg € I', which is true if and only if
hi'hyL = L by Proposition 2.2.4. O

Lemma 2.2.7. Let L, M, M' € R with L symplectic. Then {L : M} = {L: M'} if
and only if there is a g € I' such that gM = M'.

Proof. Suppose there is a g € I" such that gM = M'. Then {L : M'} ={L: gM} =
{g7'L:g7'\gM} ={g7'L: M} ={L: M} by Proposition 2.2.4. Conversely, suppose
{L: M} ={L : M'}. Since L is symplectic and hence primitive, [43, p. 3] and
Lemma 2.2.5 imply that there are symplectic bases {ugj), o ,uslj), wy) o ,wg)} of V
for j=1,2 and o, 3; € S with ;O C --- C 3,0 C ,,O C --- C ;0 such that

L=0u"+.. +0ul + 0wl + ... + Owd,

M = Oalugl) 4+ 4 OaulV + Oﬁlwg) +-+ OBwdY,
L=0u? 4+ +0u® +0w? + ... + Ow?,

M = Oalugz) 4+ 4 Oau® + Oﬁlwgm +o+ OBwP.

Let g be the matrix of the linear transformation (with respect to either symplectic
basis) that takes ugl) to uZ@) and wgl) to wi@). Since g takes a symplectic basis to a
symplectic basis, g € Sp,,(K) € G°. On the other hand, gL = L, so Proposition 2.2.4
implies g € Sp,,(O0). Finally, gM = M’. O]

Proposition 2.2.5. Let L € R be a symplectic lattice, and identify I' = Sp,,(O) with
the stabilizer of L in G°. Let g € G° with

Lgl' = I'diag(a, . . ., ap, 1, - - -, Bn)T.

Then hI' — hL gives a one-to-one correspondence between the cosets hI' in I'gl’ and
the lattices M € R with {L: M} = {aq,...,an;01,...,0u}
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Proof. We may assume that g = diag(aq,...,an,01,...,0,). If hI' = higl’ with
hy € T (so that hI' is a coset in I'gl"), then Proposition 2.2.4 implies hL € R with {L :
hL} = {L:hgL} = {hi'L: gL} ={L: gL} = {a1,...,an;B1,...,B,}. Conversely,
if M € Rand {L: M} =A{ay,...,an;01,-.., 0.}, then Lemma 2.2.7 implies that
there is an hy € I" such that M = hygL ({L : gL} = {a1,...,au; B, ..., 06a}). Since
hy € T, hygl' C T'gl'. By Lemma 2.2.6, the left cosets hI' and h,I" are equal if and

only if hL = hq1L, so the correspondence is one-to-one. O

We now follow [41, p. 123]. Fix an apartment ¥ of A,, and a chamber Cj € 3.
As in [41, p. 119], the chambers of ¥ are in one-to-one correspondence with the
elements of W, the Weyl group of A,. If g € W corresponds to the chamber C'
of ¥, write g «<» C. We also associate the generators of W with reflections across
the codimension-one faces of Cy. Following [43, p. 4], if B = {uy, ..., up, wy,...,wy,}
is a symplectic basis of V' specifying > as in Lemma 1.3.5, the reflections across the
codimension-one faces of Cj are given by their action on B as follows (any basis vector

not specified is fixed):
S1% Uy <> Wh,

Sit Up—ig1 < Up—ip2 and Wy_j11 > Wy_jpo for all 2 < i < n,

Spi1t Up — Tw; and wy — Tty

Note that the first n reflections just interchange one or two pairs of basis vectors.
Let Cy € X be the chamber with vertices

to=10,...,0;0,...,00g.t; = [0,1,....1;1,..., g ... ta = [0,...,0;1,..., 1]5.
(2.4)
Then s; fixes t; for all j # n + 1 — 4. Associate s; with the generator r; of W such
that if g € W with g <> Cy, then gr; <> C', where C' is the chamber of > with vertices
determined by the action of s; on the vertices of Cy. Let (r; : 1 < ¢ < n) be the
e W,

let s, = Spy Ot O Sy, . Finally (abusing notation), write s,Cy for the chamber of

subgroup of W generated by rq,...,r,. Write s,, for s;. If w =r;---1r;

m

Y with vertices determined by the action of s, on the vertices of Cy. The proof of

Proposition 2.3 of [41] also proves the following lemma.
Lemma 2.2.8. Let X and Cy be as above and g € W such that g < C.
1. If w e W, then gw < s,Cy.

2. If hyw €W and h < CY}, then hw < Sy,,-1Ch, where h = gv.
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We now prove an analogue of Theorem 3.3 of [41] for the type 0 vertices of A,,.

Proposition 2.2.6. Ift € A, is a type 0 vertez, then the number of vertices of A,

close to t is the number of left cosets of I' in

Ddiag(1,n,...,m, 7 x,...,m)L.
—_——

n—1

Proof. Let t € A, be a type 0 vertex and t' € A,, a vertex close to t. Then there
are adjacent chambers C,C" € A, such that t € C, ¢ € (', and t,t' & C N C".
Let ¥ be an apartment of A, containing C' and C" and B a symplectic basis of V
specifying ¥ as in Lemma 2.2.2 applied to a primitive representative L € t. Then
t =10,...,0;0,...,0]pg € Cy, where Cy has vertices as in (2.4) and to = t. Since
a reflection s,, fixes ¢ if and only if 1 < ¢ < n, the chambers of ¥ containing ¢ are
the chambers s:Cy, where £ € (r; : 1 < i < n) < W; hence, C = s:Cy for some
Ee(ri:1<i<n) <W. Let g € W such that g < Cy. Then by Lemma 2.2.8 part
1, C = s¢Cy < g€. Moreover, C' and C' adjacent with ¢t ¢ C’ implies C" « ¢&r,11;
ie., C" = s¢,,,Co by Lemma 2.2.8 part 1. It follows that

85r7l+1t:S&n+1[0,...,0;0,...,0]3:85[—1,0,...,0;1,0,...,0]3
= 5[0,1,...,1;2,1,...,1]g =1,

Since s,, permutes one or two pairs of coordinates for all 1 < ¢ < n, we can
write t' = [a1,...,a,;b1,...,b,]5, where {ay,...,an,b1,...,b,} is a permutation of
{0,1,...,1,2} such that a; +b; = 2 for all i (recall that ¢’ close to t implies that ¢ has
the same type as t, hence is special by Proposition 1.5.3). By reordering the elements
of B if necessary, we can assume that ¢’ =[0,1,...,1;2,1,...,1]5.

Thus, to find the vertices of A, close to t = [L], it suffices to determine the homoth-
ety classes of lattices with a representative M such that with respect to some O-basis
of L, {L: M} =4{0,1,...,1;2,1,...1}. But Proposition 2.2.5 implies that the num-
ber of such classes is the number of left cosets of I in I'diag(1,, ..., m, 72, 7, ..., 7T,
where diag(1,7,...,m, 7% 7, ..., m) € GSp, (K). Finally, suppose M; and M, are dis-
tinct lattices with {L : My} = {L : My}. If My = aM, for some o € K* with
a =7"u, then {L: My} ={m,m+1,... m+1L;m+2,m+1,... m+1} ={L: M}
if and only if m = 0; i.e., if and only if @« € O*. It follows that M; = aMy = M,
contradicting our assumption that M; # My; hence, [M;] # [Ma]. O

Theorem 2.2.1. Ift € A, is a special vertez, then the number of vertices of A,
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close to t is the number of left cosets of I in

Idiag(1,n,...,m, 7, x,...,m)L.
T

Proof. Let t € A, be a special vertex. Then by Proposition 1.5.3, t has type either
0 or n. If t has type 0, the last proposition proves the claim, so suppose ¢ has type
n. Let ¢ € A, be a vertex close to t, and let C,C" € A,, be adjacent chambers such
that t € C, t' € (', and t,t' € C N C'. Let ¥ be an apartment of A, containing
C and C', B a symplectic basis of V' specifying ¥ as in Lemma 1.3.5, and 3 the
apartment of =, specified by B as in Lemma 1.2.1 applied to Z,,. Since C # (',
Lemma 2.2.3 implies that there are adjacent chambers D, D" € 3. such that D #+ D,
D contains C, D' contains C’, and t,¢' ¢ DN D'. Let g € GSp,,(K) with v(g) =1
mod 2. Since t has type n, Corollary 1.6.1 part 3 implies gt has type 0. By Lemma
1.6.2, gD (resp., gD’) contains a chamber Cy € A,, (resp., a chamber C] € A,)) with
gt € Cy (resp., with gt € C]). Furthermore, Corollary 2.2.1 implies gD # gD’ are
adjacent chambers of =,,,. Since t,t' ¢ D N D’, the proof of Proposition 2.2.2 implies
gt,gt" & gD N gD'. Thus, C; and C] are adjacent chambers of A, with gt € C},
gt' € C], and gt, gt' € C1, N CY; ie., gt and gt’ are close vertices of A,,.

Let S; be the set of vertices of A, close to t and Sy, the set of vertices of A,, close
to gt. Then the last paragraph implies that we can define functions ¢ : S; — S, and
V1 Sg — Sy by p(t') = gt' and ¢(t') = g~'t'. Then (¥ (¥')) =t and P(p(t)) = t;
i.e., ¢ is a bijection. Thus, Card(S;) = Card(Sy). The last proposition finishes the
proof. O

Remark. Note that the last theorem shows that the number of vertices of A,, close
to a given special vertex of A, is independent of the type of special vertex we are

given.

2.2.3 Counting close vertices

We now count the number of vertices of A, close to a given special vertex of A,,.
Note that by Theorem 2.2.1, it suffices to do the count in the case that the given
special vertex has type 0. As in Section 2.1, we can think of the homothety class [L]
of a lattice L of V as the infinite chain of lattices --- C 7L C LC 7 'L C--- and a
chamber C' of A,, as the infinite chain of lattices

Gl Gl G L1 G G Ly G Lo G L G

=
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where Ly is primitive, (L;, L;) C 7O forall 1 <i <mn,and [L; : 7Lo] =q = [L; : L;_1]
for all 2 <7 < n. A codimension-one face of C' is thus given by the above chain of
lattices with ..., 7wL;, L;, 7 'L;, ... deleted for some 0 < i < n. Recall thatift,t’ € A,
are close vertices, they have the same type.

Fix a type 0 vertex t € A,,. By Proposition 1.5.2, t has a primitive representative

L, so a chamber C' € A, containing t is given by the chain of lattices
Gl CALC L G C Ly CLCa L G (2.5)

where (L;, L;) CwOforalll <i<mnand[Ly:7L]=q=[L;: L] forall2 <i<n.
The codimension-one face of C' not containing ¢ is thus

GG LG G LG L G

=

and a vertex of A, is close to t if and only if it has a primitive representative M # L
such that
o Cal, CaMCLC---CL,CMCa LT, (2.6)

where [Ly : mM] = q. Given the lattice Ly, the possible L and M satisfy L # M C
7Ly with [x7'Ly : L] = [Ly : 7Ll] = q = [Ly : #M] = [7~'L; : M] and both L and
M primitive. On the other hand, if ' € A,, is a vertex close to ¢, then there must
be primitive representatives L € t and M € t’ such that there are lattices L1, ..., L,
as in (2.5) with L # M C 7 'Ly and [7~'L, : L] = ¢ = [x~'L; : M]. The same
argument as in Section 2.1 (after (2.2)) shows that #='L; = L + M, but we can vary
Lo, ..., L, as long as (L;, L;) C 7O for all 2 <1i <n and

LG L S Ly G- C L, G L, MG Ly CL G- C L, CM

correspond to chambers of A,. In other words (as in the case of Z,), if t,t' € A,
are close type 0 vertices, there may be more than one pair of adjacent chambers
C,C"e A, such that t € C, ¢/ € C', and t,t' ¢ C N C’. We return to this later.
Before we count the number of vertices of A, close to a given type 0 vertex
t € A,, we make a few observations similar to those preceding Proposition 2.1.1. Fix
a primitive representative L € t. Recall that L/7rL = k" and is endowed with the
non-degenerate, alternating bilinear form (-,-)o. If U is a 1-dimensional k-subspace
of L/mL, the Correspondence Theorem implies that there is a unique O-submodule
Ly of L containing w L such that Ly/mL = U; and 7L C L; C L. Since both 7L and

L are free O-modules of rank 2n, L, is a lattice of V. Moreover, [L; : 7L] = ¢ and
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(L1, L) € 7O since every 1-dimensional k-subspace of L/ L is totally isotropic (see
[35, p. 5]). Thus, the number of L; equals the number of 1-dimensional k-subspaces of
L/nL. Given Ly, let C be a chamber of A,, containing [L;] and ¢t. This gives lattices
Ly, ..., L, such that the chain of lattices 7L C L1 C Ly C --- C L,, C L corresponds
to C. Since [Ly],...,[L,] are the vertices of the codimension-one face A of C' not
containing ¢, the number of primitive lattices M # L of V such that M C 7~'L; and

[77'Ly : M] = q is one less than the number of chambers of A,, containing A.

Proposition 2.2.7. If t € A, is a special vertex of type 0, the number w(A,) of

vertices of A, close tot is
q2n -1

qg—1

Proof. By Proposition 1.5.2, t has a primitive representative L, and our previous

-q‘

comments imply that it suffices to count the number of 1-dimensional subspaces of
= Fg" (the number of L;) and the number of chambers of A, containing a
given codimension-one simplex of A,. Since there are (¢ —1)/(¢— 1) 1-dimensional
subspaces of Fg” and ¢+1 chambers of A,, containing a given codimension-one simplex

by Proposition 1.3.7, the number of vertices of A,, close to t is

q2n_1
q—1

g

(recall from the remarks preceding this proposition that we select L; such that [L; :
wL] = g, after which we want to count the number of lattices M # L such that
[r7'Ly : M] = q with M primitive; we thus take a chamber C' € A,, containing L]
and ¢ = [L] and count the number of chambers C" # C in A,, adjacent to C' and not
containing ¢, which is one less than the number of chambers of A,, containing a given

codimension-one simplex of A,,, so that we multiply by ¢ rather than g + 1). O

Proposition 2.2.8. Ift € A, is a special vertex, the number of vertices of A,, close

tot is
W(Bn) =" 0
Proof. This follows from the last proposition and Theorem 2.2.1. O

Let r(A,) be the number of chambers of A,, containing a special vertex ¢t € A,,.

By Proposition 1.3.5,
2m __ 1

rian =11 qQ—l ’

=1

which, with the last proposition, proves the following (cf. Theorem 2.1.1).
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Theorem 2.2.2. Let r(A,,) be as in Proposition 1.3.5 and w(A,) as in Proposition
2.2.8. Then for alln >2, q-r(A,) =r(A,_1) w(A,), where r(Ay) =q+ 1.

Proof. Since 7(A2) = (¢* = 1)(¢* = 1)/(¢ = 1)> = (¢ + 1)(¢* = 1)/(¢ — 1),

¢ -1 r(Ay) . r(Ay)
qg—1

CU(AQ) ==

For n > 3, note that r(A,) = [ _, (¢*" —1)/(g—1)) = (¢*" — 1)r(An_1)/(q — 1).

m=1

Then Proposition 2.2.8 implies

2n
=1 r(Ay)

As in Section 2.1, we use the structure of A,, to give an alternative proof for the

relationship given in Theorem 2.2.2 for type 0 vertices.

Remark. Since the special vertices of A, should be indistinguishable if we ignore
types, we believe that one should be able to use the structure of A, to prove the
relationship given in Theorem 2.2.2 for the type n vertices of A,,, but our attempts so
far have been unsuccessful. The trick that we use in the proof of Theorem 2.2.1 does
not work in this case in light of Corollary 1.6.2, and the method we use below relies
heavily on the fact that if L is a primitive lattice, then L/mL has a non-degenerate,
alternating k-bilinear form. On the other hand, our construction of A, singles out

the vertices with a primitive representative, which one need not do (see, for example,
[1])-

Fix a type 0 vertex ¢t € A,. Then, as in Section 2.1, we can count the number
of vertices of A, close to ¢t by counting the number of galleries (in A,) of length 1
starting at a chamber containing ¢ and ending at a chamber not containing ¢. Let
C € A, be a chamber containing ¢. Since there are exactly r(A,) chambers in A,
containing a given special vertex, there are r(A,) possible C. A chamber C’' € A,
adjacent to C' and not containing ¢ must contain the codimension-one face of C' not
containing ¢t. By Proposition 1.3.7, there are exactly ¢+ 1 chambers in A,, containing
a given codimension-one simplex of A,,, so there are ¢ possible chambers C' € A,
adjacent to C' not containing t. It follows that there are r(A,,) - ¢ galleries of length 1
in A,, whose initial chamber contains ¢ and whose ending chamber does not contain
t. It therefore remains to determine if counting the number of galleries of length 1 in
A,, whose initial chamber contains ¢ and whose ending chamber does not contain ¢

overcounts the number of vertices of A,, close to ¢t. To this end, fix a vertex ¢’ € A,
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close to t, and suppose C, C’ is a gallery in A,, with ¢t € C and ¢’ € C’. Then we count
t' more than once if there is a chamber C; # C' in A,, containing ¢ and a chamber
C1 € A, adjacent to C containing ¢’ (note that since ¢ and t' are close, C] # C});
i.e., if there is more than one gallery of length 1 in A,, whose initial chamber contains
t and whose ending chamber contains ¢'. Since the number of vertices of A, close
to t is w(A,,), this implies w(A,) = (r(A,) - q@)/m(A,, t,t'), where m(A,,,t,t') is the
number of galleries of length 1 in A, whose initial chamber contains ¢t and whose

ending chamber contains ¢'.

Remark. Nothing in the above paragraph requires that ¢ have type 0, but our analysis
of m(A,,t,t') below uses the fact that a type 0 vertex has a primitive representative

(see Proposition 1.5.2).

We now investigate the number m(A,,,t,t'). We fix the following notation for the
rest of this section. Let t,t' € A, be close special vertices with ¢ of type 0, and let
L €t, M €t be primitive representatives (recall that a type 0 vertex has a primitive
representative by Proposition 1.5.2 and that ' close to ¢t implies ¢’ has the same type
as t) such that there are lattices Ly, ..., L, as in (2.5) and (2.6). By our comments
following (2.6), Ly = n(L + M), but we can vary Lo, ..., L, as long as (L;, L;) C 1O
for all 2 <7 <n and

Y

correspond to chambers of A,. As in section 2.1, since any gallery C,C" in A,
such that C' = {t,[L1],...,[Ln]} and C" = {t',[L4],...,[Ly]} satisfies C N C" =
{[L1],...,[Ln]}, each such gallery is uniquely determined by the vertices [Ls], ..., [Ly).
We therefore consider the following situation. Recall that two vertices of A, are
adjacent if they are distinct and incident. Consider the set of vertices in A,, that are
adjacent to t,t', and [L + M]. Define two such vertices to be adjacent if they are

adjacent as vertices of A,,.
Proposition 2.2.9. Let AS(t,t') be the set consisting of
e the empty set,
e all vertices of A, adjacent to t,t', and [L + M], and
e all finite sets A of vertices of A, adjacent to t,t', and [L + M| such that any

two vertices in A are adjacent.
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Then AS(t,t') is a simplicial complez.

Proof. Let A be a finite set of vertices of A,,, each of which is adjacent to ¢,¢', and
[L+ M], and suppose that every pair of vertices in A are adjacent. Then () € AS (¢,t'),
and every vertex of A is in Af(¢,t'). Let B be any non-empty subset of A with at
least two vertices. Then B is a finite set of vertices of A,,, each of which is adjacent
to t,t', and [L+ M|, and every pair of vertices in B are adjacent. It follows that every
subset (including the empty set) of A is in A¢ (¢, ). O

Corollary 2.2.2. The simplicial complex AS(t,t") given in the last proposition is a

subcomplex of A,.

Proof. This follows from the last proposition since a vertex of A¢(t,t') is a vertex of
A, O

Recall from the remarks following (2.6) that [L + M : L] = [7(L+ M) : L] =
q=[n(L+M):7M]=[L+ M : M]. Note also that since L, C LN M C L and
both L, and L are free O-modules of rank 2n, L N M is a lattice of V.

Lemma 2.2.9. If x € AS(t,t') is a vertex, then x has a representative L' such that
(L', L") CmO and n(L+ M) C L' CLNM.

Proof. Since L is primitive and z is adjacent to ¢, Lemma 1.3.1 implies that x has
a unique representative L’ such that (L', L) C 7O and 7L C L' C L. Since x and
[L + M] are adjacent vertices of =y, by Proposition 1.3.1, either L' C 7(L + M) or
L' D n(L+ M) by 20, p. 322]. If L' C n(L+ M), then 7L C L' C w(L+ M), which is
impossible since [7(L+ M) : wL] = q. It follows that L' D «(L+ M). Similarly, since
x and t' are adjacent vertices of =y, by Proposition 1.3.1, [20, p. 322] implies that
either L' C M or L' D M. If L' 2 M, then M C L' C L, which is impossible as [M :
7(L+M)] =M :7M|/[x(L+M) : 7M| = [L: wL]/[m(L+M) : wL] = [L : 7(L+M)].
Thus, L/ C M. But L' C L and L' C M imply L' C LN M. Moreover, (L', L") C 7O
means L'/7L is a totally isotropic k-subspace of L/mL. Since the dimension of any
maximal totally isotropic k-subspace of L/7L is n by [35, p. 6], [L' : 7L] < ¢". On
the other hand, [LNM : nL] = [L : nL]/[L : LN M] = [L : nL]/[L+ M : M|
by the Second Isomorphism Theorem. Since [L : 7L] = ¢** and [L + M : M] = g,
[LNM:7L]=¢* 1 ie, ' CTLNM. O

To prove an analogue of Lemma 2.1.2 for A,,, we need some preliminary lemmas.
Recall (see page 21) that since L is primitive, L /7L has a non-degenerate, alternating
k-bilinear form (-, -)q given by (x + 7L,y + 7L)g = (z,y) + 71O.
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Remark. The choice of L rather than M in the last paragraph and in the next two

lemmas is arbitrary; one can just as well use the primitive lattice M.

Lemma 2.2.10. With respect to (-,-)o, (LNM)/mL is the orthogonal complement of
m(L+ M)/wL in L/mL.

Proof. Note that by the definition of (-, )¢, it suffices to show that for all x € L N M
and for all y € w(L + M), (z,y) € 71O. Let x € LN M and y € w(L + M). Write
y =m(2z'+y') for some 2’ € L and some y' € M. Then (L, L) C O and (M, M) C O
imply (z,y) = (z,7(2’ +¥)) = 7(x,2") + n{z,y’) € ©O. O

Lemma 2.2.11. The non-degenerate, alternating bilinear form (-,-) induces a non-

degenerate, alternating k-bilinear form (-, -); on the 2(n — 1)-dimensional k-vector
space (LN M) /mn(L + M).

Proof. By the proof of Lemma 2.2.9, [LNM : L] = ¢**~!; hence, [LNM : 7(L+M)] =
(LN M : wL])/[r(L+ M) : nL] = ¢**2. Define (-,-); on (LN M)/x(L + M) by
(x+n(L+M),y+n(L+M)); = (z,y) + 7O. To see that this is well-defined, let
21,29 € T(L + M). Then by the last lemma,

(r4+2+7(L+M),y+2z+r(l+ M) = (x+2,y+2)+70
= (z,y) + (7, 22) + (21,¥) + (21, 22) + 7O
= <Z’,y> + <Zlaz2> +7T0a

so it remains to show that (z1,20) € 7O. But [7(L + M) : wL] = ¢ implies (L +
M)/rwL is a 1-dimensional k-subspace of L/mL, hence is totally isotropic by [35, p.
5]. Thus, (7(L+ M), n(L+M)) C 7O by [20, p. 336], and (-, -); is well-defined. Note
that (-,-); is k-bilinear and alternating.

To prove that (-, -); is non-degenerate, let ¥ be an apartment of A,, containing [L]
and [M] and {uy, ..., u,, wy,...,w,} asymplectic basis of V specifying ¥ as in Lemma
2.2.2 applied to L. Note that by reordering this basis if necessary, we can assume
that w(L 4+ M) is generated by uq, wus, . .., Tuy,, 7wy, . .., Tw,. Since (LN M)/7L is
the orthogonal complement of 7(L + M)/xL in L/7L by the last lemma, L N M is
generated by uy, . .., Uy, TW1, Wo, ..., wy. Let c+7(L+M) € (LNM)/n(L+ M) with
r+m(L+ M) #0+m(L+ M). Then z = > au; + wbhywy + >, byw; for some
aj,b; € O. If a;,b; € 1O for all 2 < j < n, then x € 7(L+ M), contradicting the fact
that x + (L + M) # 04 w(L + M). It follows that there is a 2 < j < n such that
either a; € O* or b; € O*. If a; € O for some 2 < j < n, then w; € L N M with
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(x+m(L+M),w; +7(L+ M) = (r,w;) + 710 = a; + 71O # 0+ 7O. Similarly, if
bj € O for some 2 < j < n, then u; € LNM with (z+7(L+M),u;+7(L+M)), =
(r,u;) + 7O = =b; + 1O # 0 + 70O. O

Lemma 2.2.12. There is a bijection between nested sequences S7 € --- € Sitq
of totally isotropic k-subspaces of (L N M)/m(L + M) and chains of O-submodules
My, € -+ C My of LN M containing (L + M) with (M;, M;) € 7O for all
1<j<i+1

Proof. Let T be the set of nested sequences S; € --- C S;11 of totally isotropic k-
subspaces of (L N M)/m(L + M) and T” the set of chains of O-submodules M; C
-+ € M4y of LN M containing 7(L + M) with (M;, M;) C 7O forall 1 <j <i+1.
Then if S; € --- € S;41 is a nested sequence of totally isotropic k-subspaces of
(LN M)/mn(L + M), the Correspondence Theorem implies that there are unique O-
submodules M, ..., M;y; of LNM containing w(L+ M) such that M;/m(L+M) = 5;
forall<j<i+landn(L+M)C M C---C M43 € LN M. Moreover, for all
1 <j<i+1,S; totally isotropic implies (z + m(L + M),y + n(L + M)); =0+ 7O
for all z,y € M;. But (z +n(L+ M),y +n(L+ M)); = (x,y) + 7O, so (x,y) € 1O
forall x,y € Mj; ie., (M;,M;) CmOforall 1 <j<i+1. Then ¢:T — T’ given by

w: S S - CSip— M C - C My,

where M is the unique O-submodule of L N M containing 7(L + M) such that
M;/m(L+ M) =S; for all 1 < j < i+ 1, is well-defined.
Let ¢ : T" — T be given by

My G oee G My o My/m(L+ M) G oo G My /w(L+ M).

Note that My /n(L+M) C --- C M;1/m(L+ M) is a nested sequence of k-subspaces
of (LN M)/n(L + M). Moreover, since (M;,M;) C 7O for all 1 < j < i+ 1,
(x+nm(L+M),y+n(lL+ M) = (z,y) + 70 = 0+ 70 for all z,y € M;; ie.,
M;/m(L+M) is a totally isotropic k-subspace of (LNM) /m(L+M) forall 1 < j < i+1.
Thus, v is also well-defined. Finally, if idy (resp., idy/) denotes the identity map on
T (resp., on T"), then 1o p = idr and @ o) = idp; i.e., ¢ : T — T" is a bijection. [

In particular, if A € A%(¢,t'), then A has at most n — 1 vertices (recall that
[LNM : (L + M)] = ¢V by Lemma 2.2.11 and that the dimension of any
maximal totally isotropic k-subspace of (LN M)/m(L+ M) is n—1 by [35, p. 6]). We

can now prove an analogue of Lemma 2.1.2 (cf. the proof of Lemma 2.1.2).
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Lemma 2.2.13. If () # A € AS(¢,t') is an i-simplex, then A corresponds to a chain
of lattices My C - -+ C M; 1y, where (M;, M;) C 7O foralll < j<i+1, m(L+M) C
My C - C My CLNOM, and [My],...,[M1] are the vertices of A.

Proof. We proceed by induction on ¢. Lemma 2.2.9 proves the claim if ¢ = 0. Suppose
0 < i < n—3 and that the claim holds for any i-simplex in A (¢,¢'). Let A € A¢(¢,t)
be an (i + 1)-simplex, and note that A # (). Let x be a vertex of A. By the induction
hypothesis, the i-simplex A — {z} corresponds to a chain of lattices M| C --- C M/,
such that (M}, M}) C wO for all 1 < j <i+ 1, 7(L+M) C My C - C M, C
LN M, and [Mi],...,[M],,] are the vertices of A — {z}. By Lemma 2.2.9, x has
a representative M’ such that (M’ M') C 7O and n(L+ M) C M' C LN M. If
M C Mj, set My = M’ and M; = M;_, for all 2 < j < i+ 2. Otherwise, M' 2 Mj
by Proposition 1.3.1 and [20, p. 322]. Let j € {1,...,i+ 1} be minimal such that
M 2 M]’ (7 exists since M’ C LNM). If j=i+1,set My =M, forall 1 <l <i+1
and Mo = M'. Otherwise, M’ C M, and setting M, = M, for all 1 < ¢ < j,
M,y =M, and M, = M;_, for all j +2 < ¢ < i+ 2 finishes the proof. O

Proposition 2.2.10. For any close special vertices t,t' € A, witht of type 0, A (t,t')
as defined in Proposition 2.2.9 is isomorphic (as a poset) to the spherical Cy_1(k)
building A3 _, (k) (independent of t and t' with t of type 0).

Proof. Let L € t, M € t' be primitive representatives as in the paragraph preceding
Proposition 2.2.9. Then (LN M)/mn(L+ M) is a 2(n — 1)-dimensional k-vector space
endowed with the non-degenerate, alternating bilinear form (-,-); given in Lemma
2.2.11. Let A? _,(k) be the spherical C),_1 (k) building with i-simplices (0 <i < n—2)
given by the nested sequences S; C --- C S;y of non-trivial, totally isotropic k-
subspaces of (L N M)/n(L + M). Note that since L N M and w(L + M) are free
O-modules of rank 2n, any O-submodule of LN M containing m(L+ M) is a lattice of
V. Moreover, by Lemma 2.2.12, there is a bijection between chains of O-submodules
My € -+ C M,y of LN M containing n(L + M) with (M;, M;) C 7O for all
1 <5 <i+1 and nested sequences S; € --- C S;41 of totally isotropic k-subspaces
of (LN M)/n(L + M); hence, the last lemma implies that for all 0 < i < n — 2,
there is a bijection between the i-simplices of AS(t,t') and the i-simplices of A% _, (k).
Let 0 € AS(t,t') correspond to ) € AS_ (k). Then we have a bijection between the
simplices of A¢(¢,t') and the simplices of A% (k). A modification of the proof of
Lemma 1.3.3 shows that this bijection preserves the partial order (face) relation, so

is a poset isomorphism. O
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Proposition 2.2.11. Ift,t' € A, are close special vertices with t of type 0, then the
number m(A,,t,t") of galleries of length 1 in A, whose initial chamber contains t
and whose ending chamber contains t' equals r(A,_1) (independent of t and t'). In

particular, the number w(A,) of vertices of A, close to a given type 0 vertex of A,

is w(Ay) = (r(An) - q)/r(An_1).

Proof. By our previous comments, w(A,,) = (r(A,)-q)/m(A,,t,t"). The last proposi-
tion and our previous comments also imply that the galleries of length 1 in A,, whose
initial chamber contains ¢ and whose ending chamber contains ¢’ are in one-to-one
correspondence with the chambers of A?_, (k). Since the proof of Proposition 1.3.5

implies that A% (k) contains exactly 7(A,_1) chambers, we are done. O
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Chapter 3
Non-Amenable Graphs

We start this chapter with some definitions from graph theory based on [4, pp. 1 — 3],
and [30, pp. 1 — 2]. A graph X is a set of vertices together with a set E(X) of edges,
where an edge is an unordered pair {z,y} of distinct vertices.! A graph X is finite if
Card(X) and Card(E(X)) are both finite; otherwise, X is infinite. If {z,y} € E(X),
then = and y are adjacent, denoted x ~ y, and {x,y} is incident to z and y. A
subgraph of a graph X is a graph Y such that Y C X and two vertices of Y adjacent
implies they are adjacent as vertices of X. If Y is a subgraph of X such that for all
r,y € Y, x and y are adjacent as vertices of Y if and only if they are adjacent as
vertices of X, then Y is the subgraph of X induced by Y. Let X be a graph. For
x € X, the degree of x, denoted deg(z), is the number of vertices of X adjacent to
z. If deg(z) < oo for all x € X, then X is locally finite. If there is an N € Z=° such
that for all z € X, deg(z) < N, then X has bounded degree. If there is an m € Z=Y
such that for all z € X, deg(z) = m, then X is m-regular, or just regular if we are
not concerned with the specific value of m. A walk of length m in X connecting two
vertices x,y € X is a sequence of vertices x = vy, ..., v, = y of X such that for all
0<i<m-—1,v; ~vi1.2 The graph X is connected if any two of its vertices can be
connected by a walk in X.

For the rest of this section, X is a connected graph of bounded degree. Following
[18, p. 2480], for a connected, induced subgraph X’ of X with at least one edge, let
o(X") be the set of vertices of X" adjacent to a vertex of X not in X’

More generally, the set E(X) can be a multiset, so that a pair {x,y} can be in E(X) more than
once, in which case X has multiple edges. In addition, E(X) may have an edge of the form {z,z},
which is a loop. We consider only simple graphs; i.e., graphs with neither loops nor multiple edges.

2In the literature, a walk is sometimes called a path. Graph theorists distinguish between a walk
and a path (a walk with no repeated vertex), but according to [30, p. 2], number theorists make no
such distinction.
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Figure 3.1: A finite, induced subgraph X’ of a connected graph X of bounded degree
and with infinitely many vertices.

Definition. A connected graph X with infinitely many vertices and of bounded

{0} o

where the infimum is over all finite, connected, induced subgraphs X’ of X with at

degree is amenable if

least one edge.

Remark. If X is a finite, connected graph with at least one edge and of bounded

degree, then o(X) = (), and X is trivally amenable.

Now suppose X has infinitely many vertices, and let N € Z* such that deg(z) < N
for all x € X (X connected and with at least two vertices implies deg(z) > 1 for all
x € X). Asin [3, p. 116], if X' is a subset of X, let X’ be the set of edges of X
incident to exactly one vertex of X’. Let X’ be a finite, connected, induced subgraph
of X with at least one edge. Then in general, Card(c(X’)) < Card(0X’) since a
vertex x € o(X') may be adjacent to more than one vertex of X not in X’. For
example, for the induced subgraph X’ of X given in Figure 3.1, o(X’) = {a,c,d}
but 0X’ = {{a,b},{a,e},{d, e}, {d, h}, {c,b},{c, g}}. On the other hand, any vertex
x € o(X') can be adjacent to at most deg(x) < N vertices of X not in X'; hence,
Card(0X'") < NCard(o(X")), and

Card(0X") < NCard(o(X"))
Card(X) = Card(X')

(3.1)

Let Ax be the set of all finite, non-empty subgraphs of X and By the set of all finite,
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connected, induced subgraphs of X with at least one edge. Note that Bx C Ax. Let

_ [Card(0X') , _ [Card(0X') _,
S(X)—{W-X GAX}, SI(X)_{W'X EBX},

S RCE TR W (LGB PR

Since S(X), S1(X), S2(X), and S'(X) are all subsets of R=%, inf S(X), inf S;(X),
inf So(X), and inf S'(X) all exist. Furthermore, Bx C Ax implies S1(X) C S(X);
hence, inf S;(X) > inf S(X). Together with (3.1), this implies inf S(X) < inf S;(X) <
inf Sy(X) = Ninf S(X) (since N > 0). It follows that if X is a connected graph with
infinitely many vertices and of bounded degree such that inf S(X) > 0 (with S(X) as
above), then X is non-amenable. By [3, p. 116], i(X) := inf S(X) is the isoperimetric
constant of X and is a measure of expansion in X.

The one-complex of any simplicial complex A is the graph with vertices the vertices
of A and edges the 1-simplices of A. In [55, Example (12.20)], Woess considers the
one-complex X, of the affine building =, of SL,(K). Together with [55, Theorem
(12.10)] and [3, Theorem 3.1], [55, Example (12.20)] implies that i(X,) > 0; hence,
X, is non-amenable for all n > 2. Let Y,, be the graph with vertices the special
vertices of the affine building A, of Sp,,(K) (recall that all the vertices of =, are
special) and edges the 1-simplices of A,, containing only special vertices. Note that
x,y € Y, are adjacent if and only if x and y are adjacent (distinct and incident)
special vertices of A,,. In this chapter, we show that for all n > 2, i(Y},) > 0, so that

Y,, is non-amenable.

3.1 Preliminaries

For the rest of this chapter, n > 2, K is a local field with valuation ring O, uniformiz-
ing parameter 7, and (finite) residue field isomorphic to F,, V is a 2n-dimensional
K-vector space endowed with the non-degenerate, alternating bilinear form (-, -) given
on page 20, and a lattice is a free O-module of rank 2n. By Proposition 1.6.4, Y,, is
(IT.—; (¢™ + 1))-regular, and hence has bounded degree. Recall that every building
is a chamber complex and that each chamber of A,, contains exactly two special ver-
tices. For chambers C,C" € A, write C' N C’ for the simplex (possibly the empty
set) shared by C' and C".

Proposition 3.1.1. The graph Y,, is connected.
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Proof. Let t #t' € Y,. If there is a chamber of A, containing both ¢ and ¢, then ¢
and t' are adjacent special vertices of A,,, and hence are adjacent in Y,,. Otherwise,
let C,C" € A, be chambers such that t € C' and ¢ € C’. Since A, is a chamber
complex, there is a gallery C' = Cy,...,C,, = C' in A,, connecting C' and C’. For all
0 <7< m-—1,let S; be the set of special vertices contained in C; N C;, 1. Note that
since C; and (1 have a common codimension-one face and each chamber of A,, has
exactly two special vertices, Card(S;) € {1, 2} for all ¢.

Let to =t, t,ypr =t', and t; € S;_1 for all 1 < i < m. Then t, and t; are incident
in A, since t,t; € Cy = C, and t,, and t,,,1 are incident because t,,,t' € C,, = C".
Finally, forall1 <i:<m—1,t; € S;_1 and t;41 € S; imply t;,t;,.1 € C;. It follows that
for all 0 < i < m, t; and t;;1 are incident vertices of A,; hence, for each 0 < i < m,
either t; = t;;1 or t; and t;;; are adjacent vertices of Y,,. Note that if ¢; = ¢;,1
for some 0 < ¢ < m — 1, then t; and t;,- are incident vertices of A,. It follows
that after removing the vertices t; such that t; = t;_;, we are left with a sequence
of vertices t = t;,,...,t;, = t' of Y, with ¢;; and t

0 < j <r;—1. If the resulting sequence has a vertex t; such that ¢; = t;,1, repeat the

i;,, incident vertices of A,, for all

process in the last sentence. Eventually, we will be left with a sequence of vertices
t =t,...,t;, =t of Y, such that ¢;, and ¢,

Je+1

0</?¢<r—1;ie., we will be left with a walk in Y,, connecting ¢ and t'. O

are adjacent vertices of Y, for all

Note also that by [43, p. 7], there is a one-to-one correspondence between the spe-
cial vertices in an apartment of A, and the elements of Z"™!/Z(2,1,...,1), an infinite
group; hence, Y,, has infinitely many vertices. To show that Y,, is non-amenable, it
thus suffices to show that i(Y,,) > 0. To proceed, we give some background on ad-
jacency operators (cf. [25, p. 158] and [26, p. 246]). Let X be a locally finite graph
with countably many vertices and of bounded degree, and let ¢?(X) be the space of
functions f : X — C such that Y _ |f(2)]* < co. Then ¢*(X) is a Hilbert space

with inner product

(f.9) =3 F@)gl@)

zeX

(see [15, Example 1.1.7]). For f € 2(X), let ||f]| = (f,f)V? For z € X, let
e, : X — C be given by
1 ift =ux,

0 ift##x.

e (t) =

Note that |le;||* = (es,€2) = D ey €x(t)es(t) = 1 and for x # y € X, (es,ey) =

ey €a(t)ey(t) = ey(x) = 0; ie., {es}pex is an orthonormal subset of ¢*(X). In
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fact, {e;}scx is an orthonormal basis of £2(X) (see [15, Example 1.4.5]); hence, for
any f € ((X), f = ,ex (f.ex)es by [15, Theorem 4.13(d)]. The adjacency operator
A(X) of X is defined on ¢*(X) by

(AX) ) (@) =D anf(t),
tex
where a,; is the number of edges from x to t in X. Since X is locally finite and of
bounded degree, [26, Theorem 3.2] implies that A(X) is bounded; more precisely, the
norm of A(X), which is ||A(X)] := sup{||A(X)f]| : f € *(X), || f]| <1} (see [15, p.
27]), satisfies [|A(X)|| < N, where deg(z) < N for all z € X. Let f € (*(X). Then
A SN < TAOI [ f]] (see [15, p. 27]) implies

Y AN @P =Y (AX)N(@)AX) (@) = (AX)f, AX)f)

zeX zeX

= [AX)FI* < NAOI* IFI1* < N LFIIP = N* (f. f)
=N*Y f@)f(@) =N |f(@)f < oo

zeX zeX

ie, A(X) : #(X) — (*(X). Furthermore, (A(X)ex)(y) = Djex ye€a(t) = aya;

hence,

(AX)er ey) = D (AX)er) (B)ey (1) = (AX)er)(y) = aye.

teX

Since a,, € R and a,y = ay, for all z,y € X,
(A(X)ex, €) = tyo = tuy = Ty = (A(X)ey) () = Y ea(t)(A(X)e,)(1)
= (€2, A(X)ey);

ie., A(X) is self-adjoint. The spectrum of A(X) is the set {A € C : A(X) —
Al is not invertible}, where I : X — C is given by I(x) = 1 for all z € X. By
(25, p. 158], the spectral radius of X, denoted p(X), is

p(X) =sup{|A| : A is in the spectrum of A(X)}.

Since A(X) is self-adjoint and bounded, p(X) = ||A(X)|| = sup{|A(X) f]: (f, f) < 1}
(the first equality follows from [26, p. 252]). It is also well-known that if xy € X is
fixed and b, is the number of walks of length m in X that start and end at xy, then
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p(X) =limsup,, .., b™ (see [25, p. 158]).

By [3, Theorem 3.1], to show that i(Y,,) > 0, it suffices to compute the spectral
radius p(Y;,) of Y,, and show that p(Y,) < [[_, (¢" + 1). Following [4, pp. 3, 157,
an isomorphism between two graphs X and Y is a bijection ¢ : X — Y such that
x,y € X adjacent implies ¢(z), p(y) € Y adjacent, and an automorphism of a graph
X is an isomorphism of X with itself. If G is a group acting on a set S and a € S,
write G, for Stabg(a) = {g € G : ga = a}, the stabilizer of a in G. For a,b € S, write
G.b for {gb: g € G,}, the orbit of b under the action of G,. The main tool that we
use is the following result, which is a reformulation of a special case of [55, Theorem
(12.10)].

Theorem 3.1.1. Let X be a locally finite, reqular graph. If there is a group Q) that
1. is solvable,
2. acts transitively on X as a group of automorphisms, and
3. has a left Haar measure p(-),

then the spectral radius p(X) of X is

Z Card( Qt/to)
Card(Qy,t')’

t'~to
where ty is any vertex of X.

Remark. We show how the statement given above is related to [55, Theorem (12.10)]
in Appendix B.

Proof. See the proof of [55, Theorem (12.10)]. O

Let PGSp,,(K) = GSp,,(K)/K*, where we identify K* with the non-zero scalar
matrices of GSp,,(K), and note that the definition of GSp,,(K) given on page 35 is

equivalent to

GSp,(K)={g9=(48) € My,(K) : A'D — C"B = v(g)I, for some v(g) € K*,
A'C = C'A, B'D = D'B).

Our candidate for @ is the image in PGSp,,(K) of @', where

Q' ={(45)e€GSp,(K) : Ais upper triangular} .
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Note that @)’ is the stabilizer in GSp,,(K) of a maximal flag of non-trivial, totally
isotropic subspaces of V.3

Before we verify that () satisfies the hypotheses of Theorem 3.1.1 with X the
graph Y,,, we make a few observations and give some notation. If ¢; denotes the ith
column of g € GSp,(K), then ge; = ¢; for all i, and (by abusing notation slightly)
(1.7) implies

v(g) ifl1<i<nandj=n+i,
(ci,cj) = (gei, gej) = v(g){eiej) = —v(g) ifn+1<i<2nandj=1i—n,
0 otherwise.
(3.3)
Thus, if
9="(94)=(23) €@,

then cofactor expansion along the first columns of the appropriate matrices gives

det(g) = g1 - gnn(det D) = (det A)(det D) = (det A")(det D)
=det(A'D — C'B) = det(v(9)I,) = v(g9)" € K*.

It follows that gi1, ..., gnn € K*. Furthermore, (3.3) implies ¢11gn+1.n+1 = v(g) and
G11gni1s = 0 for all i > n + 1; hence, gni1ne1 = v(9)g5;' and gny1; = 0 for all
i >n+ 1. Similarly, g, om0 = v(9)gy and gny2,; = 0 for all i > n + 2. Continuing
this process shows that D is lower triangular and g; = v(g)g, 1m._n forall i > n+1;
in particular, g;; € K* for all 1 < i < 2n. In addition, for all 2n > i > j >n+1
(resp., forall 1 <i <i+n < j < 2n), g;;—the elements strictly below the diagonal in
D (resp., the elements strictly above the diagonal in B)—can be expressed in terms
of the other (non-zero) entries of g.

Write g as a matrix in GSp,,(K') while thinking of it as an element of PGSp,,(K)
consisting of all its non-zero multiples. Recall that for a symplectic basis B =
{ur, ..., up,wr, ..., w,} of Vand integers ay, ..., an, by, ..., by, [a1,...,an;b1,. .., 0,5
denotes the homothety class of the lattice Or®uy + - - - + On%u, + Ot w, + - - - +
Orbnw,. Let o = [0?] =0,...,0;0,...,0]s,, where By = {e1,...,en, f1,--, fu}-

We now verify that @) satisfies the hypotheses of Theorem 3.1.1 (we have already
shown that Y,, is locally finite and regular). Since we do not use any of the following

in our computation, the reader who is willing to assume that () does indeed satisfy

3In the language of buildings, the group Q' is a minimal parabolic subgroup of GSp,,(K); the
other minimal parabolic subgroups of GSp,,(K) are conjugate to Q'
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the hypotheses of Theorem 3.1.1 (at least temporarily) may skip to the next section.
Claim. The group @ s solvable.

Proof. First note that since @) is a homomorphic image of (), part (2) of Proposition
6.1.10 in [17] implies that it suffices to show that @' is solvable. Let P, be the group
of upper triangular matrices in GL,(K) and h = (h;;) € GL,(K) with h;; = 1 if
t+J=n+1and h;; = 0 otherwise; i.e.,

0 0 1
0
h:
0
1 0 0

Then h=! = h and for g € P,, hgh™ € GL,(K) is lower triangular. Moreover,
g € GL,(K) lower triangular implies h='g’h € P,. It follows that if

(ég) €P2n
with A, B, D € M, (K), then A, D € P, and
( 2) (ég) (1612)_1 = (éhBD) (Ion hgl) - (‘ghBthifll)a

with hDh™! € GL,(K) lower triangular. On the other hand, for

oF

(08) e,

h™'Dh € P, (D € GL,(K) by previous remarks) and

hence,
Q= (% 0) P (%5 )" N GSp,(K). (3.4)

By [55, p. 134], the image of P, in PGLy,(K) is solvable. Since this image is
Py, /{aly, : o € K*} and {aly, : @ € K*} is abelian and hence solvable, P, is
solvable by Part 3 of Proposition 6.1.10 in [17] (for a direct proof that P, is solvable,

see Appendix C). Futhermore, homomorphic images of solvable groups are solvable
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by part (2) of Proposition 6.1.10 in [17], so
—1
(% 5) P (1)

is solvable. But subgroups of solvable groups solvable (by part (1) of Proposition
6.1.10 in [17]), (3.4), and the last sentence imply

Q< (50 PG
is solvable. O

Claim. The group Q) acts transitively on Y, as a group of automorphisms.

Proof. First note that Proposition 2.2.1 implies that for all ¢ € GSp,,(0O) = {g €
M, (O) : ¢' g = v(g)Jn, v(g) € O}, go=o0. If h € GSp,,(K), then a modification
of the proof of Proposition 1.3.7 of [2] shows that there is a g € Sp,,(O) such that
gh™ € Q. Then hg™! = (gh™")™t € @', and g7 € Sp,(O) C GSp,,(O) implies
(hg™')o = ho. Since every element of Y,, has the form ho for some h € GSp,,(K) by
Corollary 1.6.3, @) acts transitively on the vertices of Y,,.

To show that () acts on Y,, as a group of automorphisms, we must show that @)
takes adjacent vertices of Y, to adjacent vertices. Since we write ¢ as a matrix in
GSp,,(K) while thinking of it as an element of PGSp,,(K) consisting of all its non-
zero multiples, it suffices to show that the action of Q)" on the vertices of Y,, preserves

adjacency. But this follows from Proposition 1.6.3 since @' < GSp,,(K). O
Claim. The group ) has a left Haar measure.

Proof. Note that by [19, Theorem 11.8|, to show that @) has a left Haar measure, it
suffices to show that @) is Hausdorff and locally compact. We first show that @ is a
topological group. Recall that K a local field with a finite residue field implies that
the discrete valuation ord of K defines a topology on K, with respect to which K is
Hausdorff and locally compact (see [23, pp. 4 — 5, Proposition 2.1]). Identify M,, (K)
with K®"* to give My, (K) a topology. Then K®** Hausdorff ([29, Theorem 17.11])
and locally compact ([44, p. 26]) implies M,,, (K) Hausdorff and locally compact. By
29, p. 146 Exercise 2(e)], GLa,(K) is a topological group. It follows from [29, p. 146
Exercise 3] that GSp,,(K) < GLg,(K) is a topological group; hence, @' < GSp,,(K)
is a topological group. By [29, p. 146 Exercise 5(d)], to show that ) is a topological
group, it remains to show that {aly, : o € K*} is closed in @'. But a sequence
of matrices g; € My, (K) converges to g € Mo, (K) if for all 1 < ¢,j < 2n, the
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sequence consisting of the (¢, j)-entries of the g; converges to the (¢, 7)-entry of g.
Thus, {aly, : « € K} is closed in My, (K); hence, {aly, : v € K*} is closed in Q' by
[29, Theorem 17.2].

Since @ is a topological group, [29, p. 146 Exercise 7(b)] implies @) is Hausdorff, so
it remains to show that @ is locally compact. But Q@ = Q'/{aly, : « € K*} implies
that it suffices to show @)’ is a locally compact topological group by [29, p. 186 Exericse
9]. We saw in the last paragraph that )’ is a topological group, so we show that @’ is
locally compact. First note that since My, (K) is a topological ring, the determinant
map is continuous, so GLa,(K) is open in My, (K). It follows from [29, Corollary
29.3] that GLg,(K) is locally compact (note that GLg,(K) is also Hausdorff since
M, (K) is Hausdorff). Now {aJ, : « € K} is closed in My, (K), so {aJ, : o € K*}
is closed in GLa,(K). Let {g;} be a sequence of matrices in GSp,,(K) that converges
to a matrix g € GLg,(K). Then ¢'J,g = lim; o ¢'Jng; = lim;_ v(g;)J, = aJ, for
some o € K* (the first equality holds since the (¢, j)-entry of g{J,g; is a polynomial
in the entries of g; and J,,, which is continuous); i.e., g € GSp,,(K), and GSp,,(K) is
closed in GLy, (K). It follows that GSp,,(K) is also locally compact (by [29, Corollary
29.3]) and Hausdorff (GLs,(K) is Hausdorff). Finally,

{(45) € My,(K) : Ais upper triangular}
closed in My, (K) implies @)’ is closed in GSp,,(K), so that @' is locally compact by
29, Corollary 29.3], and @ has a left Haar measure pu(-). O

3.2 Computation

Take typ = 0 in (3.2). Then

Card(Qyo)
Z Card(Q,t")’ (3:5)

It therefore remains to determine Card(Qyo) and Card(Q,t’) for vertices t' € Y,, with
t' ~ o. For a symplectic basis B of V' and ¥ the apartment of A,, specified by B as
in Lemma 1.3.5, we follow [55, Example (12.20)] and write U(B) for the subgraph of
Y,, induced by the special vertices of ¥. Figure 3.2 shows a partial picture of U(B)
when n = 2. Let £(n) = {0,1}". Then the neighbors of 0 in U(By) (i.e., the vertices
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Figure 3.2: Subgraph of Y5.
of U(By) adjacent to o) are the vertices
o= [e1,...,en51 —€1,..., 1 — &4,

where ¢ = (e1,...,6,) € E(n) (by the proof of Proposition 1.6.2). Note that by
Proposition 2.2.1, the stabilizer in GSp,,(K) of (0,...,0;0,...,0)5, € o can be iden-
tified with GSp,,(O); hence, we can identify the stabilizer of o in PGSp, (K) with
PGSp,,(O) = GSp,(0)/O*, where we identify O* with the set of non-zero scalar
matrices of the form aly, for « € O*. Thus, if g = (g;;) € Q, = QNPGSp,(O), then

gii € OF, g; €0ifi<j(withl<i<n)or2n>i>j>n+1, (3.6)

and g;; = 0 otherwise. Furthermore, for all 2n > ¢ > j > n+ 1 and for all 1 <
i <i+n <j<2n,g;is completely determined by the other (non-zero) entries of
g (using an analysis similar to that used in looking at @)’ on starting on page 78).
Alternatively, if | - | is the absolute value of K, normalized such that |7|x = 1/q,
then

gile =1,  lgylg <1ifi<j(withl<i<n)or2n>i>j>n+1, (3.7)

and g;; = 0 otherwise. As above, for all 2n > 7 > 7 > n+1 and for all 1 < i <
i+mn <j<2n,|gjlk is completely determined by the absolute values of the other

(non-zero) entries of g. Finally, for £ € £(n), let

En 1—e1 1—5,1).

— 3 g
ge :=diag(7™*, ..., 7, n LT
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Then g, € Q" and g.0 = ., so Lemma 2.2.1 implies

Q:v; = gngg;- (38)

Let b = (b;;) € Q. with b = g.gg. " for g = (gi;) € Qo. Since the (m, j)-entry of
gg:'is
- 4, g™ if1<j<n,
> gmel9= e = ‘ 4
=1 gmjﬁ_(l_ej*”) ifn+1<j<2n,

and g,,; =0ifm>jwithl <j<norifn+1<m<j<2n,

(
Qi T ifl1<:<j<n,

gijﬂ-ai_(l_ej*n) if 1 S 7 S n < ] S 2”7

bij = Y (92)im (992 Imj = (3.9)

m=1 giym i tEen i n 41 < j <i<2n,
kO otherwise,
and
|bijl = 1if i = j, (3.10)
g i) if 1 <i<j<n,

‘bzg‘K S q—[Ei—(l—ej*n)] if 1 S 7 S n <] S 2n,

q_(_ai*”—’_aj*") ifn +1 S j <1 S 2”7

and b;; = 0 otherwise. Finally, let h = (h;;) € Qo N Q.. Then (3.7) and (3.10) imply
|hiilxk = 1 for all . For all 1 <i < j <mn, (3.6) and (3.9) imply h;; € O N On=~%.
Since O N On%~% = O if and only if ¢;, —¢; € {—1,0} and O N O7%~% = 70 if
and only if e, —¢; =1, hy; € Oprax{0ei=s;ts e |hijlx < q~ max{0.ei—¢;}  Similarly,
1 <i<n<j<2nimplies |h;jlx < g maxf0e—(--t and n+1<j <i < 2n

implies |hy;| < g~ me{0—€i-nteion} In summary,

hijlie = 1if i = J, o
q max{0,e;—€;} if 1 <1< ] < n,
hislie < 4 q-me0e-Goss} 1 <i<n<i<om (3.12)

q— max{0,—&;—n+ej—n} if n + 1 S ] <1 S 27’L,

and h;; = 0 otherwise.
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Lemma 3.2.1. For ¢ € £(n), Card(Q,z;) = p(Qo)/1(Qo N Qy.) and Card(Q,.0) =
Card(Q,r1-¢).

Proof. Recall that by the orbit-stabilizer theorem,

Card(Qor:) = [Q, : Stabg, (z2)] = [Qo : Qo N Qa.].

On the other hand, if @, =[], ¢:(Qo N Q) for g; € Q,, then

Qo) = Z 1(g:(Qo N Qm;)) = Z Qo N ng) =[Qo: Qo N ng]N(Qo N Qw;)v

(2 (2

. (@)
H\ o
—————— = [Q, : QN Q,.] = Card(Q,z.).
Q. Q) o} = Cord(@oe)
Since mg. 1 (0,...,0;0,...,0)8, = (1—¢1,...,1—en;€1,...,€n)By, Yz 10 = T1_, and
(3.8) implies Q.0 = géQog;o = 9:Q,71_.. Bute € £(n) is fixed, so Card(g.Qor1-¢) =
Card(Qoz;_.). O

Consequently, to determine Card(Qoz.) and Card(Q,.0), it suffices to find (Q,)
and p(Q,NQy, ). If we think of @, and Q, N Q,, as being parametrized by a product
of lines with the product measure from that product of lines, it suffices to transport
Q, and Q,N Q.. back to the parametrizing space and find their measures there. Since
we can completely characterize both @, and Q,NQ),, in terms of |-|x, we can think of
Qo and Q,NQ,, as set-theoretic products, with measure a product measure. In other
words, it suffices to determine the “volume” of each “free,”
(resp., in Q, N Qg ); the product of these volumes is then 1(Q,) (resp., (Qo N Qy.))-

Write vol(g;;) for the “volume” of the (4, j)-entry of g = (g,;), with vol normalized

such that vol(O) = 1. Then vol(7O) = 1/q and vol(O*) =1 — (1/q). Recall that if

non-constant entry in @),

9=(45) €@ <GSp,(K),

then the entries strictly above the diagonal of B, as well as all the entries of D, are
completely determined by the other (non-zero) entries of g; i.e., the “free,” non-zero

entries of ¢ are g;;, where 1 <1i <n and i < j <i+4n. Thus, (3.7) implies

w(Q,) = (1 - l)n. (3.13)

q

4If G is a group acting on a set S, then for all g € G, Card(gS) = Card(S): clearly, Card(gS) <
Card(S). If a,b € S such that ga = gb, then a = b.
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For € € £(n), let ||, = > 7, &, the number of 1s in e. Note that

Mg, n) = Z max{0,¢e; —¢;}

1<i<j<n

counts the number of Os that follow each 1 in ¢ (max{0,e; — ¢;} gives a positive

contribution to the right-hand side if and only if ¢; — ¢; = 1). In addition,

> max{05—(1-g)t= > max{0,(s+en) — 1}

1<i<n<j<i+n 1<i<n<j<i+n

= Z max{0, (¢; +¢;) — 1}

1<j<i<n

adds the number of 1s in ¢ (when ¢ = j and ¢; = 1) to the number of 1s that follow
each 1 in ¢ (when j < i and ¢, = 1 = ¢j); ie., if |g], = m, then the last sum is
m(m +1)/2.

Let ¢ € £(n) with |g|, = m and h = (h;;) € Qo N Q.. Then (3.11) and (3.12)
imply vol(h;) = 1 — (1/q) for all 1 < i < n, vol(hy) = ¢~ ™05} for all 1 <
i < j <, and vol(hy) = ¢ @005} for all 1 < i < n < j < i+n.
This, together with the last paragraph, implies that H1§i<j§n vol(h;;) = ¢~ MEm
and [[,icpcjcipn vOl(hij) = g~ ™m+1/2: hence,

IU’(QO N Qm ) = (1 — 1) q_M(é,”)q—m(m+1)/2'
i} q
Together with (3.13) and Lemma 3.2.1, this gives

Card(Q,z.) = % _ qM(é,n)qm(m+1)/2’ (3.14)

and, since |1 —¢|, =n —m,
Card(Q,,0) = Card(Q,z1-.) = ¢ e gnmn=m+L)/2, (3.15)

Finally, note that

M(l-gn)= Y max{0,(1-g)—-(1-¢g)}= > max{0,e —c}

1<i<j<n 1<i<j<n

counts the number of 1s that follow each 0 in . Equivalently, M (1 —g,n) counts the

number of Os that precede each 1 in e. Since £ has n —m 0s and M (g, n) counts the
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number of Os that follow each 1 in g, for each 1in g, M(g,n)+ M (1 —g,n) counts the
number of zeros in g; i.e., M(g,n) + M(1 —e,n) = m(n —m). This, together with
(3.14) and (3.15), implies that the exponent of ¢ in Card(Q,z.)Card(Q, o) is

M(g,n)+M(l—§,n)+%m(m+l)+%(n—m)(n—m+1)

2

:5[2m(n—m)+m(m+1)+(n—m)(n—m+1)]
1 _nn+1)
_§[mn+n(n—m+1)]—Ta

—m(n—m) + 2m(m £ 1) + (0 — m)(n—m + 1)]
1

le.,

Card(Q,z.)Card(Q,,0) = ¢""*V/2. (3.16)

Recall that the action of ), on Y,,, defines an equivalence relation on Y,, in which

the vertices t,t' € Y,, are equivalent if and only if ¢ = gt for some g € Q,.
Proposition 3.2.1. Let ¢ # ¢’ € £(n). Then for all g € Q,, T # g..

Proof. Let € = (e1,...,&,) and & = (¢),...,¢}), and recall that g.o = z. and g0 =
zo; hence, x. = gégg_,lxgr. If 2., = gz, for some g = (g;j) € Qo, then z. = gggg_,lg:cé;

ie., gggé_,lg € Q.. On the other hand, the (i, j)-entry of gégé_,lg is

2n 1 gijﬂ'ai_ag if 1 S 7 S n,
> (9297 )imGmi = o »
m=1 giymEtE ifn4+1<i<2n.

Since g # €', we can choose 1 < j < n such that €’ # ¢;. Then (3.7) implies

e;i—¢e
gjim?

— ,—(g5—¢%) c -1
=4 7 e{q . qt,
contradicting (3.10). Thus, there is no g € @, such that z. = gz.. O

It follows that for ¢ € £(n), the z. are representatives of distinct orbits of Q,;
i.e., the sets Q,x. and ),z are disjoint if € # ¢’. We now explore the relationship

between N (o), the set of vertices of Y;, adjacent to o, and U.cg(n) Qotz. By the last
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proposition and (3.14),

n

Card U Qoz: | = Z Card(Q,z.) = Z Card(Q,z.)
e€€(n e€&(n) m=0 | e€&(n),
|§|n:m
— Z Z q M(g,n) m(m+1)/
m=0 \ ec&(n
le—m
= g t/2 j{: gMem | (3.17)
m=0 e€€(n),
‘é‘n:m

Let W(n,m) = 3" e, lefnem ¢"E™ and note that W(n,0) = ¢”©@" = 1 and
W(n,n) = ¢™@™ = 1. Furthermore, for a fixed 0 < m < n, we can partition the set
of all ¢ € £(n) with |g],, = m into two disjoint sets (for m = 0 and m = n, one of
these sets is the empty set): the set consisting of those ¢ with €, = 0 and those with
en=1 Ife=¢1withe € E(n—1), then |g’|,.1 =m—1and M(g,n) = M(g',n—1).
On the other hand, if ¢ = £/0 with & € £(n — 1), then |¢/|,,-1 = m and M(g,n) =
M(g';,n — 1) +m since the extra zero adds a factor of 1 for each 1 in £’. It follows
that

Z qM(sn _ Z M(sn 1) + Z qM(g,n—l)—l-m

e€e€&(n), e€e€(n—-1), e€e€(n—-1),
‘dn—m ‘é‘nfl:m_l |5‘n 1=m

=Wn—-1,m-1)+q¢" W(n—1,m).

Recall (for example, [17, p. 392]) that the number of m-dimensional subspaces of

an n-dimensional F,-vector space is

(Z)q - e

po@)=1 and  p)=]] @ -Difr=>1

i=1

where
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n—1 m (—1\ en-1(9) m ¢n-1(q)
(m - 1)q +a ( m )q  Pm1(Q)n-1-(m-1)(q) i Cm(@Q)Pn—1-m(q)
2ol gy (- )

Pl (:@)

Wi(n,m) = (Z)q for all 0 < m < n. Thus, (3.17) implies

Card U Qoz: | = Z gmimH/2 <::L) : (3.18)
m=0

e€&(n) q
Lemma 3.2.2. For alln > 1,

n noa(i+1)/2
I

Proof. We proceed by induction on n. When n = 1, the right-hand side is

o1(x) xp1 ()
@@ | or@)go()

=1+4+tx.

Let n > 1, and assume

n—1

nolo (1) /2
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Then

n n—1 z(z-l—l @n—l(x)
H(1+t$m)=(1+tx”)H(1+tx (14 ta™) Ztl
m=1 m=1 = Qpn 1- Z(SL’)
ol i(1 n—l (1
_ Z tiSL’ ( +1)/290n—1(x> n Z ti"'lx"x ( +1)/2<,0 ()
= el@)enail) o pi(2)on1i()

L i(i+1)/2 no (i-Di
i’ @n—l(x> +Z tzxn (pn l(x)
=0 ©i(T)n-1-i(x) i—1 @i-1()Pn—i(T)

) nz—l 2020 (2 )[( ) (@~ 1) (nh1)/2
=1+ tz n— L + 2t — + P pnin

Y pi(x)pn—i(z)
= - tlw

2 b o (@) pui()

Y

as claimed. m
Proposition 3.2.2. The set of vertices of Y,, adjacent to o is N(0) = Uzce(n) Qoe.
Proof. By Proposition 1.6.4, the last lemma (with ¢ = 1 and = = ¢), and (3.18),

eg(o) = T (4 = Y i(i+1)/290“—(q>: - iGir1)2 (T
desto) = [T (0" + 1) =3 ¢l s =5 ()

=0 i=0

= Card U Qoxe |

e€€(n)
as claimed. O

Corollary 3.2.1. Ift € A, has type 0, then the set of vertices of Y,, adjacent to t is

665 the

Proof. First note that any type 0 vertex of A, has a primitive representative by
Proposition 1.5.2. Since the arguments used to prove the last proposition only used
the fact that o has a primitive representative, the corollary follows from the last

proposition. [
Before we use (3.5) to compute the spectral radius p(Y;,) of Y,,, we consider

Card(Qy.0) 4 Card(Qyz.0)
Card(Qoz.) o Card(Qog.)
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for g € Q,. Fix g € Q,, and note that Q4.0 = 9Q,.¢ "o by Lemma 2.2.1. Then

Qy2.0 = 9Qs.0 and Card(Qg..0) = Card(gQ,.0) = Card(Q,.0). Finally, g € Q,
implies Card(Q,gz.) = Card(Q,z.); i.e., for all g € Q,,

Card(Q,.0)  Card(Qy,.0)
Card(Qoz:)  Card(Q,gz.)

(3.19)

Proposition 3.2.3. The spectral radius of Y, is
p(Yn) = 2",
Proof. By (3.5), Proposition 3.2.2, and (3.19),

Card(Qyo) Card(Qro)
Z Card (Qot") Z Z Card(Q,t’ )

865 t,EQofEs

B Card(ngéo)
N Z Z Card(Q,gx¢)

e€€(n) \9z:,9€Q0

B Card(Qy.0)

_eezg(:n) Card(Q,x.) m

— Z \/Card(Qoxg)Card(QmQO)-
e€€(n)

It follows from (3.16) that

Z / n(n+1 /2 — 2n n(n+1)/ 0

g€e€(n)
Theorem 3.2.1. The isoperimetric constant of Y,, satisfies i(Y,) > 0.

Proof. By Propositions 3.1.1 and 1.6.4, Y, is a connected, (]} _; (¢ + 1))-regular
graph. Thus, by [3, Theorem 3.1] and the last proposition, it sufﬁces to show that
p(Y,) = 2ng"m /4 < 10 _ (¢™ +1). For all n > 3, note that n? — 3n > 0 implies
n(n+5) <2n(n+1) and n(n+5)/4 <n(n+1)/2. Then

2nqn(n+1)/4 < qnqn(n—l—l)/ qn(n+5)/4 < qn(n+1)/2 < H (qm + 1)
m=1
since []'_, (¢™ + 1) has the form ¢""*1/2 4 f(q), where f(z) is a non-constant
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polynomial with non-negative integer coefficients. For n = 2, let f(z) = 2% + 2% —
42%% + 1 + 1. Then for x > 0, f'(z) = 32% + 2z — 622 + 1, and f'(z) = 0 when
x = 1. Since f'(4) > 0 and f(2) > 0, f(x) is increasing for all z > 1; i.e., f(x) >0
for all x > 2. Tt follows that p(Y3) =4¢*? < ¢ + > +q+ 1= (¢ +1)(¢ + 1). O

Corollary 3.2.2. The graph'Y,, is non-amenable.
Proof. This follows from our remarks at the beginning of this chapter. O

For any graph X, the graph distance between any two vertices x,y € X, denoted
d(z,y), is the length of a shortest walk in X connecting = and y; if no walk in X
connects x and y, then d(z,y) := 00.5 For a graph X, a vertex z € X, and i € Z=Y,
let Bi(z) ={y € X : d(z,y) <i}.

Corollary 3.2.3. There is a constant C' > 1 such that for all x €Y, and for all
i € Z2°, Card(B;(z)) > C".

Proof. This follows from the last theorem and [3, Theorem 2.2]. O

Note that since A,, is a subcomplex of =5, by Proposition 1.3.1, the graph Y, is
a subgraph of Xy, the one-complex of Z,,. By [12, Theorem 1], the spectral radius
of Xy, is
2n—1 m, o2
X ” — wWzn—1 .
e =3 (7)o
Let f(z) = x(x —1)/4. Since f(x) >0 for all z > 1, n?/2 > n(n+1)/4 for all n > 2.
Furthermore, (2:) > 2" for all n > 2: when n = 2, (2") = 6 and 2" = 4. Proceeding

n

inductively, suppose n > 2 and (27?) > 2", Then

(%n+m) (2(n+1))! (2n)! (2n+1)(2n+2)

n+1 (n+Dl(n+1)!  nln! (n+1)2
2 2 1 2 1
()0 2 g g 2L g
n n+1 n+1

by the induction hypothesis and the fact that (2n+1)/(n+1) > 1 for alln > 2. It

SSuppose ,y € X such that there is a walk in X connecting x and y. Then the minimal length
of a walk in X connecting z and y exists and is the length of a walk in X connecting x and y:
consider the set S of walks in X connecting  and y. For each walk in S, put its length in the set
S’. Then S’ is a non-empty subset of ZZ°, which is well-ordered; hence, S’ has a minimal element
m, and, by the way we created S’, is the length of a walk in X connecting z and y.
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follows that for all n > 2,

2 2
p(Y,) = ann(n+1)/4 < < n) qn(n+1)/4 < ( ”) qn2/2
2n—1

20\ on—
<5 () i)
i=1

Remark. We noted at the beginning of this chapter that the one-complex X, of =, is
non-amenable for all n > 2, and Theorem 3.2.1 implies that Y,, is also non-amenable
for all n > 2. The above computation shows that p(Y,,) < p(Xz,) for all n > 2, but
can we say more? More precisely, let C(A,,) > 1 be maximal such that for all ¢t € Y},
and for all i € Z=° Card(B;(t)) > C(A,), and let C(Z,,) > 1 be the analogous
number for X, (C(Z,,) exists by [55, Example (12.20)] and [3, Theorem 2.2]). Is
there a relationship between C'(A,,) and C(Z,)7
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Appendix A

Symplectic Divisors Revisited

In this appendix, n > 2, V' is a 2n-dimensional K-vector space endowed with a non-
degenerate, alternating bilinear form (-,-), and a lattice of V' is a free O-module of
rank 2n. We indicate how to obtain the analogues of the results in Section 2.2.2
when we replace G° and Sp,,(O) with GSp,(K) and GSp, (0) = {g € M,(O) :
' Jng = v(g9)Jn, v(g) € O*}, respectively. Recall that a lattice L of V' is symplectic
if it has the form L = Ou; + --- + Ou,, + OQw; + - - - + Ow, for some symplectic
basis {u1, ..., up, w1, ..., w,} of V and that a lattice of V' is symplectic if and only
if it is primitive. Let I' = GSp,(0O). Fix a symplectic lattice Ly of V, and let
R =R(Lo) = {9Lo : g € GSp,(K)}.

Proposition A.1. A lattice L of V is in R if and only if [L] is a special vertex of
A,.

Proof. First note that since Lg is symplectic, Ly is primitive; hence, Propositions
1.5.2 and 1.5.3 imply [Lg] is a special vertex of A,. Let L € R. Then there is
a g € GSp,(K) such that L = gLg; ie., such that [L] = g[Lg]. The fact that
L is special follows from Corollary 1.6.3. The converse also follows from Corollary
1.6.3. O

For any L € R, Proposition 2.2.1 allows us to identify I' = GSp,,(O) with {g €
GSp,,(K) : gL = L}, where g acts on L as the matrix of a linear transformation with

respect to a fixed basis of L.

Lemma A.1. Let L, M € R. Then there is a basis {1, ...,%n,Y1,...,Yn} of V with
(xi,y;) = 705 for some r € Z and (x;,x;) = 0= (y;,y;) and elements o, 3; € K*
with 5,0 C -+ C 3,0 C @, O C --- C O and Bioy = 7" " for some r’" € 7 such
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that

L=0x+4 - +0x,+ Oy, + -+ Oy,,
M = Oajzy + - -+ Oapx, + OBy + - - + OBLyn.

Remark. The ideals o;;O and 3;0 are the symplectic divisors of M in L and coincide
with the standard elementary divisors of M in L. In other words, if we choose two
lattices from R and consider their elementary divisors in the traditional sense, they
satisfy the above-stated additional properties. For L, M € R, write {L : M} =

{aq,...,an; B, ..., 0y} if there are bases of L and M as in the lemma.

Proof. Replace Proposition 2.2.3 with Proposition A.1 in the proof of Lemma 2.2.5.
U

Lemma A.2. Let L € R. For hy,hy € GSp,,(K), the left cosets hil' and hol" are
equal if and only if hyL = hoL.

Proof. Replace Proposition 2.2.4 with Proposition 2.2.1 in the proof of Lemma 2.2.6.
O

Lemma A.3. Let L, M, M' € R with L symplectic. Then {L : M} = {L : M'} if
and only if there is a g € I' such that gM = M'.

Proof. Replace Proposition 2.2.4, Lemma 2.2.5, S, G°, and Sp,,(O) with Proposition
2.2.1, Lemma A.1, K*, GSp,(K), and GSp,,(O), respectively, in the proof of Lemma
2.2.7. U

Proposition A.2. Let L € R be a symplectic lattice, and identify I' = GSp,,(O) with
the stabilizer of L in GSp,,(K). Let g € GSp,,(K) with

Lgl' = I'diag(a, - . ., ap, 1, - - -, Bn)T.

Then hI' — hL gives a one-to-one correspondence between the cosets hI' in I'gl’ and
the lattices M € R with {L: M} = {aq,...,an;01,...,0u}

Proof. Replace Proposition 2.2.4, Lemma 2.2.7, and Lemma 2.2.6 with Proposition
2.2.1, Lemma A.3, and Lemma A.2, respectively, in the proof of Proposition 2.2.5. [

The following is the analogue of Proposition 2.2.6 when I' = GSp,,(O).
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Proposition A.3. Ift € A, is a type 0 vertex, then the number of vertices of A,

close to t is the number of left cosets of I' in
Idiag(1,n,...,m 7 x,...,m)L.
1

Proof. Replace Proposition 2.2.5 with Proposition A.2 in the proof of Proposition
2.2.0. U

Theorem A.1. Ift € A, is a special vertex, then the number of vertices of A, close

to t is the number of left cosets of I in

Idiag(1,n,...,m 7,7, ..., 7).
——

n—1

Proof. The proof is the same as that of Theorem 2.2.1 using the last proposition
(Proposition A.3) rather than Proposition 2.2.6. O
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Appendix B

Markov Chains

We show how Theorem 3.1.1 is a reformulation of a special case of [55, Theorem
(12.10)]. We start by recalling the graph theory terminology and notation from
Chapter 3 that we need. A graph X is a set of vertices together with a set E(X) of
edges, where an edge is an unordered pair {z,y} of distinct vertices. Two vertices
x,y € X are adjacent, denoted x ~ y, if {z,y} € E(X), and for x € X, deg(x)
denotes the number of vertices of X adjacent to z. A graph X is locally finite if
deg(z) < oo for all x € X, and X is regular if deg(z) = deg(y) for all z,y € X.
An isomorphism between two graphs X and Y is a bijection ¢ : X — Y such that
x,y € X adjacent implies ¢(z), p(y) € Y adjacent, and an automorphism of a graph
X is an isomorphism of X with itself.

Following [55, pp. 2 — 3, 8, 12 — 14|, we now give the relevant Markov chain
terminology. A Markov chain is given by a countable (finite or infinite) state space X
and a transition matrix P = (p(x,y))syex, where p(x,y) is the probability of moving
from z to y in one step. Let (X, P) be a Markov chain. For j > 1, let p¥)(z,y) be
the (x,y)-entry of P/. Then the spectral radius of P is

p(P) = limsup p(j)(x,y)%.
j—o0
By [55, p. 3], p(P) lies in (0, 1] and is independent of the choice of z,y € X. The
simple random walk on a locally finite graph X is the Markov chain with state space

X and transition probabilities

1/deg(x) ify~z,
p(z,y) = ,
0 otherwise.
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For the simple random walk (X, P) on a locally finite graph X, let AUT(X) be the
group of automorphisms of X and AUT(X, P) the group of g € AUT(X) such that
p(gx, gy) = p(x,y) for all z,y € X. The Markov chain (X, P) is reversible if there is
a measure m : X — (0,00) such that m(z)p(z,y) = m(y)p(y, x) for all z,y € X.

Following [54, Definition 10.1], a group G is amenable if there is a finitely additive
measure g on the family of all subsets of G such that u(G) = 1 and p is left-invariant
(u(gA) = pu(A) for g € G and A C G). Recall that if G is a group acting on a set S
and a € S, we write G, for {g € G : ga = a}, the stabilizer of a in G. The following
is [55, Theorem (12.10)] (with I" replaced with Q).

Theorem B.1. If (X, P) is a reversible Markov chain and @ < AUT(X,P) is

amenable, acts transitively, and has a left Haar measure u(-), then

_ L CMIAUIC)
AP = 2 PG k)

Remark. The function m(-) given above is the measure m : X — (0,00) as in the

definition of a reversible Markov chain.
Proof. See the proof of [55, Theorem (12.10)]. O

From now on, (X, P) is the simple random walk on a locally finite, regular graph
X. Then p(z,y) = p(y, z) for all x,y € X: if z,y € X with x not adjacent to y, then
y is not adjacent to z and p(z,y) = 0 = p(y,x). On the other hand, if z,y € X are
adjacent, then X regular implies p(x,y) = 1/ deg(x) = 1/deg(y) = p(y, x). It follows
that the Markov chain (X, P) is reversible with measure m : X — (0,00) given by
m(x) =1 for all x € X.

Suppose there is a group () that

1. is solvable,
2. acts transitively on X as a group of automorphisms, and
3. has a left Haar measure p(-)

(see Theorem 3.1.1). Then by [54, p. 149], @ solvable implies () amenable. We claim
that @ < AUT(X, P). Suppose g € @), and let z,y € X. First suppose x ~ y. Then g
an automorphism of X implies gz ~ gy. Since X is regular, p(gz, gy) = 1/ deg(gx) =
1/ deg(z) = p(z,y). Now suppose x and y are not adjacent. Then gx and gy are not

adjacent (otherwise, gz ~ gy, and g~! € @Q an automorphism implies z = g~!(gz) and
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y = g (gy) adjacent, a contradiction); hence, p(gx, gy) = 0 = p(x,y), establishing
the claim. It follows that the group () satisfies the conditions of Theorem B.1. Since
(X, P) also satisfies the conditions of Theorem B.1,

p(P)=>>" plz,y) M(Q y => " Q)

yeX yeX Qx)

Substituting in the values of p(x,y) in the above formula gives

) . 1 M(Qy)
yezx deg \/ x) —deg(ﬂf)y; \/ 1(Q)

y~zx

For x,y € X, write Q,y for {gy : g € Q. }, the orbit of y under the action of Q.. The
following is Lemma (1.29) of [55] (with I" replaced by Q).

Lemma B.1. Let Q) < AUT(X) have a left Haar measure u(-). Then

pQx) _ Card(Qry)
1(Qy)  Card(Qyr)’

Proof. See the proof of [55, Lemma (1.29)]. O

Since AUT(X, P) < AUT(X), this implies

/ | Card(Qy)
deg Z Q) deg Card(Q y)’

and writing ¢’ for y and ty for x gives

Z Card Qt’t0>

deg Card(Qy,t )

It therefore remains to compare p(P) and p(X) (compare the above formula with
that in Theorem 3.1.1). But X regular implies p(X) = deg(z)p(P) for any z € X,

giving the formula in Theorem 3.1.1.
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Appendix C

Solvable Groups

Let n € Z=2, K afield, and P, the group of upper triangular matrices in GL,,(K). We
show that P, is solvable. First recall that a group G is solvable if there are subgroups
Hy=G,Hy,..., H, = {1} of G such that

and H,/H,; is abelian for all 0 <r <m — 1.
Let g = (g;5) € P,. If i < j, say that g;; is in diagonal r if j — i = r. Define
subsets Hy, ..., H, of G as follows:

e H, consists of the matrices in P, whose diagonal entries are all 1, and

e for all 2 < r <n, H, consists of the matrices in H; whose entries in diagonals

1,...,7—1 are all 0.

Note that for 1 < m < n — 1, the entries in diagonal m of g = (g;;) € P, are g itm,
where 1 < i < n —m. In particular, for a given 2 < r <n, g = (¢;;) € H, implies
gi; =0ifi>j(geP,),gs=1foralll1 <i<n (g€ H), and

gi;=0if1<i<n—landi+1<j<min{i+r—1n}. (C.1)

Finally,
{IL,V=H,CH, ,C---CH CHy:=P,.

We now show that
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Lemma C.1. Foralll <r <n-—1, H. < P,. In particular, each H, is a group and
{[n} = Hn < Hn—l-

Proof. Fix 1 <r <n—1, and let g = (g;j), h = (hi;) € H,. Then P, a group implies
that whenever ¢ > j, the (i, j)-entry of gh is 0. Since g; =1 = hy; for all 1 <1i <n,
the (i,7)-entry of gh is

m=1 m=i

We now check that all the entries in diagonals 1,...,7 —1 of gh are 0. Suppose ¢ < j
with j —7 € {1,...,7 — 1}. Then the (4, j)-entry of gh is

n n J J
m=1 m=i m=1 m=i+1
since g;; = 1, hjj = 0 whenever 1 < j —¢ <7 —1, and g;, = 0 whenever 1 <m —17 <
r—1.
Write g=' = (gj;). Since P, is a group, gi; = 0 whenever i > j. Moreover,

gg~! = I, implies

L= GimGs = D GimGons = Giis
m=1 m=i
and g}, = g;' = 1. Finally, we obtain ¢g~! from ¢ by applying a finite sequence of
elementary row operations to g; i.e., by multiplying g on the left by finitely many
elementary matrices E, ..., Eyso that g7! = E,--- E;. Write E;j for the matrix with
all entries equal to zero except for a 1 in the (i, j)-entry, and note that (I, + aE;;)g
is the matrix obtained from g by adding « times the jth row of g to row i. Then
since g; = 1 for all 1 < ¢ < n and g;; = 0 whenever ¢ > j, all the £, have the
form I, + akE;; for some @ € K with 1 < ¢ < j < n. In particular, since all the
entries in diagonals 1 through r — 1 of ¢ are zero, i € {1,...,n — r}, and for each
1 < i < n —r, the possible values of j are i + r,...,n (cf. (C.1)); hence, all the
E, € H,, and ¢go' = E,--- E, € H, by the last paragraph. It follows that H, < P,
foralll <r<n-1. O

Thus, since H, G groups implies HNG < H and HNG < G,

(I} =H,<H, ,<---<H <Hy=P,.
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Lemma C.2. Let 0 <r <n—1. If h = (h;;) € H, and h™" = (hj;), then for any
1§Z§n—7’,h, +hi,i+r:0-

t,04r

Proof. First note that by the last lemma, h™' € H,. Let 1 < i < n —r. Then
r+1<i+r<n,and hh =1, h,h~' € P,

hiiy=1=hj i1, and hyy =0foralli+1<m <i+(r—1), (C.2)
imply
n itr i+(r—1)
0= Z himh;n,i-i-r = Z himh;n,i-i—r = h;,i-ﬁ-r + Z himh:n,i—i-r + hi,i-i-?“
m=1 m=i m=i+1
= h;’,i—i-r + hi,i+7“>
as claimed. O

Proposition C.1. Forall1 <r<n-1, H. < H,_;.

Proof. Let g = (gij) € Hy, h = (hyj) € Hy_1, and write h~" = (hj;) € H,_;. Suppose
r = 1. Since gh™! € P,, the (m,i)-entry of gh™! is

Z gmfhzz = Z nghZia
=1 t=m

and the (4,7)-entry of hgh™! is

n )

> him (Z gmgh;i> = him ( gmgh;i> = hiigiih}; = 1
m=1 {=m m=i {=m

(gii = 1and hh~! = I, implies 1 = > _| hynhl; = hihl); ie., Hi<Hy = P, (hgh™"
is upper triangular since P, is a group). Now suppose 2 < r < n— 1, and note that to
show that H, < H,_;, it suffices to show that all the entries of hgh~! in diagonal r —1
are zero (we already know H, < H,_y). Thus, let 1 <i¢ <n — (r —1). Since P, is a
group, h,g,h' € P, gii = 1 = gir(r—1),i+(r—1), and gy = O for all i +1 < £ < i4(r—1),
(C.2) (with r —1 instead of r since h € H,_;), and the last lemma (with r — 1 instead
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of r since h € H,_;) imply that the (i,i + (r — 1))-entry of hgh™" is

it(r—1)

Z Rim(Gh™ it (1) = Z R (gh ™) imie (r—1)
m=1 m=i
i+(r—1)

= Z hlm (Z gméhg it (r—1 )

:Z nghéz.l,_(r 1) +hzz+r 1) Z Jit(r-1) thl-i-?“ 1)

=1 =1
i+(r—1)
= Z gieh/e,z‘+(r—1) + R i (r—1)
=i

é,i+(r—1) + hiitr—1) = 0;

ie., hgh ' € H, and H, < H,_;. O

To show that P, is solvable, it therefore remains to show that for all 0 < r <n-—1,
H,./H, is abelian. We first find representatives for H,./H, ; forall 0 <r <n — 1.

Lemma C.3. A set of representatives for Hy/H; is
{diag(a, ..., )t aq,..., 0 € K™},
and for all1 <r <n—1, a set of representatives for H./H,, is
{9=(g) €EH,:g;; =0 ifi <jwithj—i#r, gy K ifi<jwithj—i=r}.

Proof. As in Lemma C.1, let E;; be the matrix with all entries 0 except for a 1 in
the (i, j)-entry, and note that for « € K and h € M,,(K), h(I,, + aE;;) is the matrix
obtained from h by adding a times the 7th column of A to the jth column of h. It
follows that if h = (h;;) € Hy, then we can write h as a product of elementary matrices
of the form I,, + h;jE;;, where 1 < i < j < n. In particular, if h = (h;;) € H,1, for
some 1 < r <mn—1, then his a product of elementary matrices of the form I,, +h;; F;;,
where 1 <i<n—randi+r <j<n.

Let 1 <r <mn—1. Since H,,; consists of those matrices g € H, such that all
entries in diagonal r of g are 0, for any g € H,, there is a matrix h € H,; such that
all entries in diagonals 1,...,r — 1 of gh are 0 (H,y; < H, by Lemma C.1) and all
entries in diagonals 7+ 1,...,n — 1 are 0 (by our comments in the first paragraph of

this proof). Since each of the entries in diagonal r of gh can be any element of K,
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we are done in this case. Similarly, if g € Hy, there is a matrix h € H; such that all
entries in diagonals 1,...,n — 1 of gh are 0 (by our comments in the first paragraph

of this proof since all the diagonal entries of g are in K*). O

Lemma C.4. Forall0 <r <n-—1, let S(r) be the set of representatives for H,/H, 1
given in the last lemma. Then for all g, h € S(r), gH,+1 = hH,1 if and only if g = h.

Proof. First suppose r = 0, and let g = diag(g1, ..., gn), h = diag(hq, ..., h,) € S(0).
Then g~'h = diag(g; 'h, ..., g, hy) € Hy if and only if g; 'h; = 1 forall 1 <i < n;
i.e., if and only if g; = h; for all i. Now let 1 <r <n —1 and g = (gi;), h = (hsj) €
S(r). Write g~ = (g};) € H,. Then g~'h € H, (by Lemma C.1) implies all entries in
diagonals 1,...,7 — 1 of g7'h are 0 and all diagonal entries in g~'h are 1. Suppose
gH,., = hH,_y; i.e., suppose g *h € H,.;. Then all entries in diagonal r of g~ 1h are
0; hence, for any 1 <i <n —r, the (4,7 + r)-entry of g~'h is

n i+r i+r—1
/ / / /
0= E GimPom,itr = E GimMmivr = Niigr + E GimPomitr + i itr
m=1 m=i m=i+1

. /
= Nijiyr + Giitr

since ¢}, = 1 = hitrirr (Hy is a group) and hy, ;4 = 0 for all m such that 1 <
(i+7)—m < r—1. But Lemma C.2 implies g; ;. + giitr = 0;i.e., 0 = hiipr+ 9,0, =
Pijitr — Giyitr- D
Proposition C.2. For all0 <r <n—1, H./H,,1 is abelian. More precisely,

1. Hy/Hy = (K*)", where the group operation of (K*)" is coordinate-wise multi-

plication, and

2. foralll <r<n-—1, H./H,.;1 =2 K", where the group operation of K™~ is

coordinate-wise addition.

Proof. First note that the groups (K*)™ and K"~" (1 <r < n—1) under coordinate-
wise multiplication and coordinate-wise addition, respectively, are abelian. As in
the last lemma, for all 0 < r < n — 1, let S(r) be the set of representatives
for H,/H,;1 given in Lemma C.3. Then by the last lemma, each S(r) is a com-
plete set of representatives for H,/H,.;. For part 1, if ¢ = diag(ay,...,a,) €
S(0), let ¢o(g) = (aq,...,a,). Then if h = diag(fy,...,0,) € S(0), wol(gh) =
po(diag(01Br, - @nBa) = (@1B1r- - nfa) = (01, r00) - (Brr- ., Bu) = polg) -
wo(h), and ¢g is a homomorphism. Since ¢y is surjective and has kernel {1}, it is an

isomorphism.
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For part 2, fix1<r<n-1. For 9= (gZ]) S S(T)a let Sor(g) = (gl,l+r> s >gn—r,n)'
Then if h = (h;;) € S(r) and 1 <i <n —r, the (i,i + r)-entry of gh is

n i+r ’i+(T—1)
E gimhm,i—i-r = E gimhm,i—l—r = hi,i—l—r + E gimhm,i—i-r + Giit+r
m=1 m=i m=i+1

= Niitr + Giitr

since ¢;; = 1 = hipritr (9,0 € H, < Hy) and g, = 0 for all m such that 1 <
m—1i<r—1(g € H). Thus, ¢,(gh) = (h111r + Gr1srs- - Mnrm + Gnrn) =
(h1asrs oy Pnern) F (G147 - oy Gnern) = @r(9) + 1 (h), and ¢, is a homomorphism.
But ¢, is also surjective and has kernel {I,,}; hence, ¢, is an isomorphism. O
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Index of Notation

(a1, ...,an;b1,...,b,)8, 31 fi, 20
A€A 10 gC, 55
GS. 56 9B, 36
G, 77 ge, 82
Gub, 77 i(X), 74
I, 35 k, 16
I, 35 0, 78
K, 16 ¢, 16
Mg, n), 85 x~y, T2
W(n,m), 87 Te, 82
[L]> 16 |'|Ka 82
lai,...,a,;01,...,b,]5, 31 ], 85
A, 10

GSp,,(K), 35

Sp,,(K), 36

Zn, 10

By, 20

B,, 40

E(n), 81

O, 16

dim(A), 10

(-,-), 20

()0, 21

koA, 12

u(-), 81

v(g), 35

ord, 16

m, 16

vol(g;;), 84
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