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Abstract.

When one expands a Schur function in terms of the irreducible characters of the symplectic
(or orthogonal) group, the coefficient of the trivial character is 0 unless the indexing partition
has an appropriate form. A number of g, t-analogues of this fact were conjectured in [10]; the
present paper proves most of those conjectures, as well as some new identities suggested by
the proof technique. The proof involves showing that a nonsymmetric version of the relevant
integral is annihilated by a suitable ideal of the affine Hecke algebra, and that any such anni-
hilated functional satisfies the desired vanishing property. This does not, however, give rise to
vanishing identities for the standard nonsymmetric Macdonald and Koornwinder polynomials;
we discuss the required modification to these polynomials to support such results.
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1. Introduction

Whenever one considers an identity of Schur functions, it is natural to consider
whether that identity admits a g, t-analogue; that is, whether there is a corresponding
identity for Macdonald polynomials. One such (classical) identity arises in the repre-
sentation theory of real Lie groups, or equivalently in the theory of compact symmetric
spaces.

Theorem. [7] For any integer n > 0 and partition X\ with at most n parts, the integral

0€e0(n)

(with respect to Haar measure on the orthogonal group) vanishes unless A = 2u for some
i (that is, unless every part of \ is even). Similarly, for n even, the integral

/ S)‘(S)ds
SeSp(n)

vanishes unless A\ = p? for some p.

Recall the Schur function sy is a symmetric polynomial in n variables which gives
the character of an irreducible (polynomial) representation of U(n) (GL(n)). (More
precisely, sy refers to a symmetric function in infinitely many variables which when
specialized sy(x1,%2,...,%,,0,0,...) is as stated. For our purposes, only the finite
version is relevant.) The character’s value on a matrix is given by evaluating the Schur
function at the matrix’s eigenvalues. The above theorem describes which representations
have O(n) (Sp(n)) invariants—exactly those indexed by partitions all of whose parts are
even (occur with even multiplicity).

The symmetric function interpretation of this theorem is that if one expands s, in
terms of the irreducible characters of O(n) (Sp(n)), the coefficient of the trivial character
is 0 unless A = 2u (A = p?). This formulation has a nice g, t-analogue in several cases.

Remark. The nonzero values of the integral are in this case all equal to 1; this will
fail upon passing to the Macdonald analogue, although in all cases for which we can
compute the nonzero values, said values are at least “nice” (i.e., expressible as a ratio
of products of binomials).

This can in turn be restated in terms of the eigenvalue densities of the orthogonal
and symplectic groups. For the symplectic group, this is particularly simple (integrating
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over the torus T instead of the whole group):

/s,\(zl,zfl,z%zgl,...,zn,zgl) H |zi — 1/ 2| H |zi + 1/2i — zj — 1/2;/*dT

1<i<n 1<i<j<n

vanishes unless A\ = p? for some pu. For the orthogonal group, the situation is more
complicated, as the orthogonal group has two components, and the structure of the
eigenvalues on a given component depends significantly on the parity of the dimension;
we thus obtain four different integrals:

/sx(...,z;tl,...) H |zi + 1/2; — zj — 1/ 2| dT (1.1)
1<i<j<n
/s)\(...,z;tl,...,:lzl) I lzi-1/z7 ] |zi+1/2i— 25— 1/z7dT (1.2)
1<i<n—1 1<i<j<n—1
/8)\(...,2?:1,...,1) H |1—Zi|2 H |z,~+1/z,~—zj—1/zj|2dT (1.3)
1<i<n 1<i<j<n
/s,\(...,ziﬂ,...,—l) II +z [ lz+1/2i— 25— 1/ dT (1.4)
1<i<n/2 1<i<j<n

where the first two integrals correspond to the two components of O(2n), and the last
two integral correspond to the two components of O(2n + 1), and the claim is that each
integral vanishes unless all (2n or 2n + 1) parts of A have the same parity.

In [10], g,t-analogues of each of these integrals were conjectured; that is, suitable
choices of density were found such that specializing a Macdonald polynomial as above
then integrating against the appropriate density gives 0 unless the partition satisfies
the appropriate condition. In particular, the g¢,t-analogue of the symplectic vanishing
integral (which we will prove in section 3) reads as follows.

Theorem. For any integer n > 0, and partition A\ with at most 2n parts, and any
complex numbers q, t with |q|,|t| < 1, the integral

/ +1 I (z%59) I (5725

vanishes unless A = p? for some p.

The proof below then suggests other statements along these lines, some of which are
conjectured in [10], but some of which are new. Conversely, although we prove most of
the conjectures of [10], Conjectures 3 and 5 of that paper remain open.

In many of these other identities, we relate a Macdonald or Koornwinder polynomial
with one value of parameters ¢, t to polynomials in which q or ¢ is replaced by its square
or square root and thus these identities can be viewed as “quadratic” identities in the
sense of basic hypergeometric series.

Similarly, one of the special cases of this Theorem proved in [10] was shown to be
equivalent to a quadratic transformation for a univariate hypergeometric series. Thus
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in a sense these identities can be viewed as multivariate analogues of quadratic trans-
formations.

There is a fundamental obstruction in using the affine Hecke algebra approach to di-
rectly proving the orthogonal cases which here only follow from the observation of [10]
that the symplectic and orthogonal identities are equivalent by a sort of duality. Etingof
(personal communication) has suggested an alternate approach using the construction
of Macdonald polynomials in Etingof-Kirillov [4]. This approach works (for Jack poly-
nomials; there are some technical difficulties in extending it to the quantum group case)
for the orthogonal but not symplectic vanishing identities, and like our approach, it also
gives no information about the nonzero values of the integrals. Presumably others of
the identities we prove below could be proved in similar ways, where for Koornwinder
polynomials we must use the construction of Oblomkov-Stokman [8].

In [12] the Koornwinder polynomials are generalized to a family of bi-orthogonal
abelian functions. It is thus natural to conjecture that the vanishing identities should
extend to the elliptic level. At present, this is somewhat problematic as neither the
(double) affine Hecke algebra approach nor the Oblomkov-Stokman construction have
been extended to this setting.

It is also worth noting that a different limit of the bi-orthogonal abelian functions
gives ordinary symmetric Macdonald polynomials (as orthogonal polynomials) [11], sug-
gesting that our Macdonald polynomial identities should also be limits of elliptic van-
ishing identities. It is likely that taking different limits of a single elliptic vanishing
identity could give both a Macdonald and a Koornwinder identity. A particularly likely
example are the identities (4.1) and (4.7).

Identities (4.5) and its dual (4.6) below can be generalized using a third approach
that actually works on both cases. This will be discussed in a future paper.

Acknowledgments: We would like to thank the Institute for Quantum Information
and the Department of Mathematics at Caltech for hosting our respective visits there,
where this collaboration began.

2. Conventions and Notation

A partition with < n parts is a nonincreasing integer tuple A = (A > Ao > --- >\, >
0). We write [A\| =37, X\ oras A Y7 ;. We also let £(\) = max{k > 0| \; # 0}
so for instance, above we are taking £(\) < n. We will denote the zero (or empty)
partition by 0, when clear in context. We can picture a partition A as a Ferrer’s diagram:
a collection of |A| cells whose coordinates we label (i,7) with 1 < j < A;. So we can
refer to a cell as (i,j) € \. We write X’ for the conjugate partition, which corresponds
to a Ferrer’s diagram with cells having coordinates (7, 7).

A tuple v = (v4,...,v,) of non-negative integers is called a composition of |v| =
>";vi- We will denote by v* the partition obtained by writing the parts of v in nonin-
creasing order.

Given a partition u, we write A = p? if Xg; 1 = Xo; = p;. In particular, the parts
of p? occur with even multiplicity. We write A = 2u if A; = 2u;, so each part of 2y is
even. Note that if A = u? then the transposed partition X' = 2.

We define
(a;q) = J] (1 - ag®)
£>0
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and (ai,as9,...,as9) = (a1;9)(az;q)--- (ag;q). As an example, we set (xflx;-ﬂ;q) =
(wizj, wixy " ay wg, e w7 q) = (wiwg;q)(miwy 5 q) (@7 25 9) (27 25 5 q). We write

(a;q) for what is often denoted (a;q)s in the literature, but as every g-symbol we
use is infinite, there is no risk of confusion.
We also define

Cwgt= [ - n)= [] (i)

i tl—i - ’
(4,4)En 1<i<e(p) (gt =tz q)

Crwat)= [ Q- itiie)

(i,5)€ER

- 11 (z;9) II U 2.1)

i () —ip- wi—pj4i—i—1 e )’
1<i<e(p) (gnitf a3 q) 1<i<j<e(p) (gt 7:4)

Ciaat)= [ Q-gutite-miia)
(i.d)en

I (g >~ W "iw; ) I (gt t> 7wy q)

(@2Hit2—2ig; q) (it 2=i—ig, q)" (2.2)

1<i<e(p) 1<i<i<t(p)
Similar to the g-symbols, we let CO% (a1, as, .. .,as¢) = Co*(a1;q) - -- CY*(ag; q). We
refer to [10] for more details about these expressions and relations that hold among them
(in particular those expressing Cg;i (z;q,t) or C3 f (z;¢,t) in terms of C%*(; ¢%, 1) and
OO (x5 g, 2)).

It will be convenient in the sequel to use a plethystic substitution notation slightly
different from that in the literature. When we write g([rg]) for symmetric functions
g,Tk, k > 1 we mean the image of g under the homomorphism pj, + r; where the pj, are
the power sum symmetric functions. We take the convention p, = 0if z ¢ {1,2,3,...}.
We abbreviate the case rog11 = 0, ror, = pr by 9([2pg/2]). This is plethystic notation
for the specialization g(--- , £y/Z;,---).

2.1. The extended affine symmetric group gn

Sn = Sp X Z™ can be identified with the group of bijections w : Z — Z such that
w(z +n) = w(z) +n for all z € Z; if we also include bijections such that w(z + n) =
w(zx) — n, we obtain a group §;’[ = (Sp X Zs) x Z™, which is also an extended affine
Weyl group (see section 6). The length 0 subgroup of §,J{ is generated by m(z) =z +1
and t(z) =n+1—um.

S,, has generators sg, S1,---,Sn_1,T where

i i1Zj,j+1 modn
sj(i)=q9i+1 i=j modn
i—1 i=7+1 modn.
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By convention we will view these bijections as acting on Z from the right.
It is easy to see these generators satisfy the type A braid relations

$iSj = 5;S; i—j#Z+1 (modn)

8i8;8; = §j8iS; i—j==£1 (modn);n>2,
and
TS — = 8ij_1-

and quadratic relation s? = 1.
The extended affine Hecke algebra H,, of type A is defined to be the C(q, t)-algebra
with generators 7y,11,. ..T,—1,7, subject to the braid relations

TiTj = TJT, i —j ,:é +1 (mod ’I’L)
TzT]Tz = T]TzT] 1—j)==1 (mod n);n > 2,

and the quadratic relation
(T; = t)(T; +1) = 0,

and
7TT,'7F_1 =1; 1.

Given a reduced word u = s;, 84, - - S, , we write T, = T3, T}, - - - T, , which is in-
dependent of reduced word expression by the relations above. Note T, T, = T, if
L(u) + £(v) = £(uw).

Observe that on specializing ¢t = 1 we recover the group algebra (C(q)gn whose gen-
erators we typically denote {sq,s1,...,8,_1,7}.

Given an automorphism ¢ : H, — H, and right module £, we write £? for the
twisted module with action v - h := v(4(h)). In the case ¢(h) = T,hT, 1 we write L¥
for £9.

We will write T; = T; + 1 — t. Note T;T; = t. (This is not Lusztig’s bar involution.)

We have another presentation of H, given by Ty, Ts,..., T 1, Y1, V55 . VE
with additional relations

YiY; =YY Vi,
T.Y; =Y;T;  j#i,i+1
TY'Ty=ty;]]; 1<i<n,

where we can also express the final one as T;Y;;1 = Y;T;.
This presentation relates to the first via:

Yi = T1 e Tn—lﬂ'; (23)
}/2 = T2 . Tn_lﬂ'Tl,

Yn = 7FT1 e Tnfl. (25)
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(This disagrees with the convention that tY;11 = T;Y;T;, but has the advantage of
making dominant weights map to positive words!) That is, for a partition A, Y* =
Y MY ... Y2 simplifies in the other generators to a word involving only T; and 7 and
not involving T;.

H,, acts on the space of polynomials V = C(¢"/™,t)[xy, . . ., Tn, (z122 - - - £,) ~'/"] via:
Tif =tf + L= (g ) (2.6)

Tiy1 — T;

—t

Tof =tf + L2 (f% - f) (27)

1 — %y
(rf)(x1,---xn) = f(@Tn, T1, - -Tn_1), (2.8)
where fsi(.’L'l,.. s Ly Ljg1y - - .,l'n) = f(l'l,. BRPR/ 7 R P 7P .,.’L'n) and fso(ﬂj'l,. ..,.’L’n) =

f(@zn,...,q 1z1). Observe

Til=t (2.9)
=1 (2.10)
Yl ="t (2.11)

—1/n 1/n

Observe the T; act trivially on (z122 - zy) , but = multiplies it by ¢~

Given a partition A or more generally a dominant weight of SL, x GL4, i.e., a
nonincreasing sequence of rational numbers with integer sum and integer differences,
we can associate a monomial in V', namely [], xf‘ This generates a S,-submodule of
V. This however is not invariant under H,,, but if we sum the spaces corresponding to all
weights weakly dominated by A then the space is invariant under H,,, and similarly for
weights strictly dominated by A. The quotient of these two modules gives a deformation
to H,, of the S,,-submodule associated to A. In this space, the commuting operators Y;
have joint eigenvalues which are simply permutations of the sequence

N A

Generically, this deformation is a submodule of V', and thus the corresponding eigen-
functions are polynomials, namely the nonsymmetric Macdonald polynomials.

It will be convenient to introduce a special notation for dominant weights with neg-
ative parts. If u,v are partitions with £(u) + £(v) < n, then uv is the dominant weight
vector of SL, X GLy (p1,-- -, pe(u)> 05 - -+, 0, =V, - - -, —v1). We extend this to domi-
nant weights with rational coefficients in the obvious way.

Recall if L is a functional on the polynomial space (or on any left module), then
h € H,, acts on the right via (L - h)(f) := L(hf).

This representation has the following interpretation in terms of the double affine
Hecke algebra (while we do not use or even define the double affine Hecke algebra here,
it is worth noting we can view these problems in a larger context). Our affine Hecke
algebra is a subalgebra of the double affine Hecke algebra, and it has a “trivial” module,
which is the one dimensional module on which = — 1 and all T; — ¢ vanish. If we induce
this trivial module up to the double affine Hecke algebra and then restrict it back down,
V sits inside the restriction. The Mackey formula thus gives us a decomposition of V
into irreducibles (when ¢, ¢ are generic) which we describe explicitly below.
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If we specialize g, t to complex numbers such that |g|, |¢| < 1, then the nonsymmetric
density

As =2 (g, =]] ((xi/‘”ﬁq%/mi;q)

y tri/xj, qtz; /x5 q)

is defined and can be integrated over the unit torus. Moreover it is a standard result of
Macdonald polynomials theory that if f € C(¢*/™,t)[x1,. .., Zn, (x1 - 2,) /"] then

f fAS dT 1/

e C(g"/",t 2.12
[aear €€, (2.12)
where dT' is Haar measure on the unit torus. That is, there exists a rational function
in ¢'/™ t that agrees with the above for any specialization such that the integrals are
defined. Similar comments apply to all the integrals we consider which can thus be
considered either as analytic quantities with appropriately specialized parameters or

as algebraic quantities with generic parameters. In particular, the normalized integral
[ fAsdT
TAsdT
to the empty partition. A similar statement holds in the other cases.

Above, we used the notation

= [Eo|f where Ey is the nonsymmetric Macdonald polynomial corresponding

[fulg

for the coefficient of f, in the expansion of g, where {f,} is a given a basis of some
space of functions and g is another function in that space. It should be clear in all cases
in which we use this notation which basis is intended.

Note that 7 is self-adjoint and the T; are adjoint to T, ; with respect to the inner
product this density defines:

g) = /f(SEl,,SEn)g(i,,i)AsdT

Tn T

An equivalent way of stating this uses the fact that H, ® H, has a natural action on

Cg" ™, )Yy - - - > Uns 215+ - -5 Zn, (Y121 - - - Ynzn) ~*/™] and says that the linear functional
1 1 (n)
L(h) = [ h(z1,...,2pn,—,...,—)Ag5"(q,t)dT
In I

is annihilated by the ideal (r®1—-1®7, T; 81 -1® T, —;, (1 <i < n)). As we will see
below, such annihilation gives rise to vanishing identities. In this case, we obtain the
(standard) fact that for weights A and u

1 ~
/P,\:L-l,..., P )RsdT

I I

vanishes if A # u. Here, 55 is the symmetric density

As =AM (q,t) = H ((wi/:cj,a:j/x,», H (zi/25;9)

te;/x;, tej/Ti;q) Py (tzi/z;59)
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which up to scalar is the symmetrization of Ag.

The operators Y; are not self-adjoint and more generally the ideal does not contain
elements of the form ¥; ® 1 — ¢l ® Y}il. However, if we conjugate by 1 ® Ty, it will
contain Y; ® 1 — 1 ® Y; and this implies orthogonality of Y-eigenvectors with respect
to the conjugated inner product. With respect to the original inner product, we find
that the eigenfunctions of the Y; are orthogonal to the images of those functions under
T,;OI. This is precisely the orthogonality of nonsymmetric Macdonald polynomials given
in [1]. (To be precise, Cherednik shows that the nonsymmetric Macdonald polynomials
(a.k.a. the eigenfunctions of the Y;) are orthogonal to the polynomials modified by

the substitution ¢ — 2, ¢ — 1, but this turns out to be equivalent.) It follows that

the symmetric Macdonald polynomials are orthogonal with respect to this density and
hence the symmetrized density.
2.2. The extended affine hyperoctahedral group 5n

We also consider gn = Cy X Z™, which can be identified with the centralizer in §2n of
the element ¢ of Sy, , or equivalently as the group of bijections w : Z — 7Z such that

w(i+2n) = w(i)+2n and w(2n+1—1i) = 2n+1—w(i). C, has generators sq, 51, - . , Sn,
where

si(i)=<i+1 i=j2n—j mod2n
i—-1 i=j+1,2n+1-j mod 2n.

It is easy to see these generators satisfy the type C' braid relations

$iS; = 8;8; |'l —]| >1
5i5;S; = 5;8;5; li—jl=1,4,7#0,n
80518051 = S$180S5150

SnSn—15nSn—1 = Sn—15nSn—18n

and quadratic relation s? = 1.
For n > 1, the affine Hecke algebra HS of type BC is defined to be the C(q, t,a, b, ¢, d)-
algebra with generators Ty,77,. .., Ty, subject to the type C braid relations

T;T; = T;T; li—jl >1
T;T;T; = T;T3T; li—jl=1,i,j #0,n
TohToTy = ThToThTh
T, T 1T, Th1=Tp 1T, T, 1T,

and the quadratic relations

(To + 1)(To + cd/q) =0,
(T; + 1)(T; —¢t) = 0,i #0,n
(T, +1)(T,, + ab) = 0.
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In fact, the algebra HS can be defined for n = 1 and all considerations below will work
in that case. If n = 1 there are simply no braid relations, only quadratic ones. We omit
the details.

The diagram automorphism of affine C,, gives rise to an action of the involution ¢
on HY given by

oTio ' =T,_;
cac™' =¢/\/q
obo~t =d/\/q

If the action of o on scalars is trivial, i.e., ¢ = a,/q, d = b,/q, then we can enlarge HS
to an extended affine Hecke algebra as in section 6. In general, we can view ¢ as giving
an intertwiner between Hecke algebras with different parameters.

For1 <i<n,wewill writeT; =T; +1—t. Note T;T; =t. Weset T,, =T, +1+ab
so that TnTn = —ab and TO = TO + 1+ %i SO T(]TO = —%i.

As with type A, we have another presentation of HS given by generators Ty, ..., T,
YL v VA with additional relations
VY =YY Vi
T.Y;=Y;Ti j#i,i+1
TY, 'Ty=tY,,; 1<i<n
T, T, = —¢2~2n Ly, _p-n( L 4 y)1,,.

cd cd
This presentation relates to the first via:
Yi=T1...T,...ThTy (2.13)
Yo=T,...T, ... TyTyT (2.14)
Y, =T,.. WTyT:...Tp_1. (2.15)

There is also an intertwiner

Y, = T,...Tio
1<i<n

which satisfies Y;Y,, = Y, Y; (but note that the two Y; live in different Hecke algebras)
and Y2 = V1Y2...Y,. The significance of the intertwiner Y,, is that the symmetric
version: Y,(1+ Y 1)(1 4+ Y, 1)---(1 4+ Y1) takes a Koornwinder polynomial with
parameters a, b, c,d to a multiple of the corresponding Koornwinder polynomial with
parameters c/,/q,d/./q, a\/q, b,/q. In fact, this is precisely the difference operator which
was the fundamental tool of [10]. This is one reason why in section 6 we consider such
a general version of extended affine Weyl groups.
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When computing in Hg or more generally in the braid group, B (5n), one helpful
tool is the natural injection HS — Ha, such that
Ti = TiTon—
TO = TO
T,—T,

and such that o acts as conjugation by #™. Under this mapping, the natural lifting of
the Y operators to the braid group behaves as follows:

Yi = ViV, (2.16)
Yool = [ Yirm (2.17)
1<i<n

The Hecke algebra HS and the intertwiner o act on the vector space of Laurent

polynomials C(¢'/2,t,a,b,c,d)[z", ..., 2E"] via:
_ (I —c/z)X —d/z1)
Tof = ~(ed/)f + S EES S e gy )
Tif = tf + S g (2.19)
Tit1 Zi

T,f = —abf + L8 Z0o0) (g (2.20)
(of)(a,b,c,d;z1,...xn) = f(c/\/T, A/ /T, a/T, 0\/T /A Tns - - - /T T1) (2.21)
Recall that for i # 0,n, f%(x1,...,Zi, Tit1,---,Tn) = f(T1,- ., Tit1,Tiy-- -, Tn), and

foo z,...,xn) = f@g/21,22 .., Zn), o (Z1,...,20) = f(Z1,.-., Tn-1,1/2p).

In particular, in the space corresponding to monomials for the partition A, the joint
eigenvalues of the operators Y;, (abedt?"~2¢~')Y;™' are (signed) permutations of the
sequence

T abed/q) . g

The nonsymmetric density is

AK = Ag?) (Cl, ba G, d7 q, t) =

H (22, 92775 q) H (x, ' q; 193i17 q)

(axi,bxi,cmi,dmi,aqxfl,bq:vi_l,cmi_l,dxz-_l;q) (tml qt:v lwiqu)

1<i<n 1<i<j<n

Here we integrate over the unit torus with parameters specialized to have norm < 1.
As with the S, case, the normalized integral of any polynomial with rational function
coefficients meromorphically continues to a rational function.

The operators T; are self-adjoint with respect to the induced inner product.

The corresponding symmetric density is

5I( = 5%) (a7 b7 (& d> q, t) =
(.Z’:tl +1 )

()" I (z%;q) I T7 54
2np! \Zitn (axfl,bxfl :I:l d :|:1 (I) L<iSi<n (tl‘il il,q)
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with normalization [5]

(t,t*"2"Iabed; q)
(t3+1, tiab, tiac, tiad, tibe, tibd, ticd; q)

/zg@ (a,b,c,d;q,t)dT = ]

0<j<n

Again normalized integrals over this density can be taken by computing the constant
coeflicient in the expansion with respect to Koornwinder polynomials Kg\”) [6], giving
a rational function in g¢,t¢,a,b,c,d. In fact, one of the main results of [10] is that
this integral essentially depends algebraically on n. More precisely, it is shown there
that there exists a functional Ik (f;q,t,T;a,b,c,d) on the space of ordinary symmetric
functions such that

_[fAWar

I f;q,t,t”;a,b,c,d = K(n) "'zi"';qat;aabac:d f zil ~
K( ) =K ( )1 ( ) [AWar

7

for all integers n > 0. This can also be viewed as taking coefficients with respect to a ba-
sis Kx(;q,t,T;a,b,c,d) of the space of symmetric functions over C(q, t,T, a, b, ¢,d) with
the property that for all integers n such that n > £(\), I?A( .- zz.jEl -oe5¢,t,t"a,b,¢,d) =
K g‘")( -+ 2i 03¢, ta,b,¢,d). (These K, transform nicely under an analogue of Macdon-
ald’s involution and so we can use them to prove dual results in several cases.)

3. A U(2n)/Sp(2n) vanishing integral

Theorem 3.1. For any integer n > 0, and partition A with at most 2n parts, and any
complex numbers q, t with |q|,|t| < 1, the integral

/ PV, )AL (VE Vi Vat, —Vat 0,0) dT

(2F' 25 q)

— (2n)( +1 +1, (Ziﬂ;q) i % 4
- P)\ (zl 3o+ %n 7‘17t) H VTR H de (31)

I3,
1§i§n(tzi :q) 1<i<j<n \WFi %

vanishes unless A = u? for some p.

Proof. Consider the following linear functional on the space of polynomials in 2n vari-
ables:

L(f) ==
—1_+1,

22,q2% (ziz; a2 25 q)
/f(zl,...,zn,l/zn,...,l/zl) H b0z 750) H ! 2'7114:1_ dr

—2 +1
1<i<n (tzizaqtzz' 3q) 1<i<j<n (tzizj aqtzz z] 7q)

= /f(215327 ceeyRn, ]./Zn, sy ]./22, 1/21)Ag?) (\/Ea _\/ia \/q_> _\/q_t; q, t) dT

If f is symmetric, then we can freely symmetrize the density; since the density is recog-
nizable as a special case of the nonsymmetric Koornwinder density, it symmetrizes to the
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symmetric density above. In other words, it will suffice to show that L(Py(;q,t)) =0
unless A = 2.

Since nonsymmetric Macdonald polynomials of type C' are orthogonal with respect to
the density Ag?) (Vt,—Vt, \/qt,—/qt;q,t), we can interpret the result as saying when
we expand type A Macdonald polynomials in terms of those of type C the coefficient of
the trivial one is zero unless A = p2. (In the notation of section 2, [ES]E{! = 0 unless
A=pu?)

The advantage of passing to this nonsymmetric functional is that we can use the
affine Hecke algebra. Indeed, a straightforward calculation gives the following facts
about the interaction between L and the Hecke algebra:

L(Tof) = tL(f) (3-2)
L(Tyf) = tL(f) (3-3)
L(Tif) = L(Ton-if), 1<i<n—1 (3.4)

But in fact, for generic ¢ and ¢, any linear functional satisfying these three conditions
will also satisfy the vanishing property “L(Py(;q,t)) = 0 unless A = u2”.

The calculation to verify (3.2), (3.3), (3.4) is very similar to that of computing the
adjoint of T; with respect to (, ). A sample computation is given here: First recall
(T, —t)f = Znsl=lon (gsn _ ) by (2.6). After specializing as above, this will become

Tntl1—Tn

-1
ZZ"_I%Z“ g1 where g; is a Laurent polynomial sent to —g; under the change of variables

zn ¢ 2. Observe the density

_ —1,+1
A= 1] (21,42 % 9) I (i 02 255 0) (1—2«3)92
1S'i5” (tzfﬂqtzz_27q) 1Si<j§ﬂ (t'zl 7qtz lzil q) (1 - tZ%)

where go is symmetric under the change of variables z,, ++ z;!. Hence L((T,, — t)f) =

f z; —tzn =g ((1 tzZ) 92 = [ 9192 = [(—g1)g> as we are integrating over the torus T’ and

hence get the same integral under the change of variables z, < z,!. This shows
L((T. = t)f) = 0.

Let V< be the space of polynomials spanned by monomials z¥ := 2]'252 ... where
v is a composition of || dominated by X (i.e., such that the correspondlng partition vT
is dominated by \); similarly let V., be the space spanned by monomials strictly domi-
nated by A. Both subspaces are invariant under the action of the Hecke algebra, and we
may thus consider the spaces £y of functionals on V<) /Vy satisfying (3.2),(3.3),(3.4).
If we can show that £) = 0 unless A = 2, we will be done, since Vax/V<y is isomorphic
(for generic g, t) to the invariant subspace generated by Py(;¢,t) (with basis given by
E,(;q,t) with v+ = X).

Fix a partition A not of the form p2. Now, the monomials in the orbit of z* form
a basis of V<) /Vcy (for all nonzero g,t, not just generic ¢,t), and in that basis, the
action of the Hecke algebra has coefficients in Z[g*!,#]. Thus L, is the solution space of
a system of linear equations with coefficients in Z[g*!,#]. Now, the generic dimension
of such a solution space is bounded above by the dimension under any specialization.
Therefore, it will suffice to find one such specialization for which the claim holds, and
thus the dimension of the solution space is 0 for generic g, t.
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In particular, take ¢ = 1, so that the affine Hecke algebra is just the group algebra
of S,, with the corresponding action on polynomials. Then any functional L € L) is
invariant under the subgroup generated by sg, s,, and s;s2,_; for 1 <i <n—1. This is
precisely the subgroup of elements invariant under the involution s; — s9,_;, and thus
in particular contains a number of translations, which act diagonally on monomials. It
follows immediately that L(z”) = 0 unless v; = vap,41—; for 1 < i < n. Since v is simply
a permutation of A, the claim follows. O

Remark. It similarly follows that for generic ¢, ¢, dim(L,2) < 1. In fact, since the
integrals

/muz(...ziil...)dT

are nonzero, we can also conclude that dim(£,2) > 1 for all ¢,t (since we have ex-
hibited a linear functional that specializes to a nonzero functional.) This implies for a
wide class of irreducible representations we have a multiplicity one condition, i.e., that
there exists at most a 1—dimensional space of linear functionals satisfying the above
invariance conditions (3.2),(3.3),(3.4). This is in a sense a deformation of the fact that
(U(2n), Sp(2n)) is a Gelfand pair, together with the identification of which representa-
tions are spherical. This appears to be true for general representations, but we do not
consider that question here.

Now, as it stands, this argument is somewhat unsatisfactory; it would be nice to avoid
the step of specialization to ¢ = 1. Certainly, there is a natural analogue of the subgroup
of translations inside the affine Hecke algebra; unfortunately, the conditions on L do
not imply any sort of invariance with respect to the standard commutative subalgebra.
Related to this is the fact that the obvious corresponding statement for nonsymmetric
Macdonald polynomials does not hold; that is, for ¢ = 1, the conditions on L suffice
to make L(E,(;¢,1)) = 0 unless v; = vo,41—; for 1 < ¢ < n, but this is not true for
t # 1. The key to resolving both of these issues is the fact that, although the standard
commutative subalgebra is in some sense canonical (or, at least, is one of two canonical
choices), it is not the only reasonable choice; we will consider this in more detail in
the sections below. Equivalently, we can leave the commutative subalgebra alone and
transform the functional, thus conjugating the ideal of equations on the functional. This
gives nice identities for nonsymmetric Macdonald polynomials but makes the resulting
functional extremely complicated. We consider this approach in sections 5 and 7.

Another flaw, which is intrinsic in the way we use the affine Hecke algebra, is that we
obtain no information about the nonzero values of the integral. Indeed, the conditions
on L determine it only up to a scalar multiple for each y. In this case, the nonzero values
were already determined (conditional on the vanishing result) in [10]; but for some of
the other vanishing results we prove below, it is still an open question to determine the
nonzero values.

For the present case, however, we have (in the notation of [10], and recalling the
argument given there)
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Corollary 3.2. For any integer n > 0 and any partition p with at most n parts,

(z;l:l +1, )

1 +1 (z-ﬂ;Q) LTy
E/P,ﬂ(...,zz. o) H (tzT H Wzilif_d:r

. +1
1<i<n \VZi 19) 1<i<j<n \WFi % 19)
1 -
= 5 [ Bl OB VAV Vi~V ) dT

QA5 q,87)C (gt g, 17)
CY(qt?15¢,12)Cy (125 ¢, 12)

where the normalization Z is chosen to make the integral 1 when p = 0.

Proof. Let L be the above linear functional on symmetric functions (so that we are
computing the value of L(P,>(; q,t))); we have already established that L(Px(;q,t)) =0
unless \ is of the form p?. Now, consider the value

L((e1 — e2n-1)Pr(5¢,1)),

where e; is the elementary symmetric function. On the one hand, this is 0, since the
mere act of specializing to zz.jEl annihilates e; —es;, 1. On the other hand, we can expand
(e1 —e2n—1)Pr(;4q,1t) as a linear combination of Macdonald polynomials using the Pieri
identity; if we throw out those polynomials annihilated by L, at most two terms remain.
Together with the identity

L(Pinya(54,1)) = L(e2nPr(59,t)) = L(PA(5 9, 1)),
we obtain an identity of the form
L(Pe2(5¢,1) = Cuypp (G4, ) L(P2(5 ¢, 1),
where v is obtained by removing a single square from the diagram of u. The claim then

follows by induction in |ul. O

Remark. For many of the vanishing integrals considered below, either the linear func-
tional fails to factor through a homomorphism, or the homomorphism it does factor
through does not have any useful elements in its kernel, and we thus cannot apply the
“Pieri trick” described above to obtain the nonzero values.

Remark. In this case, the normalization Z simplifies as

H (t7 t2n_j; q)
1jen BT —qtTt q) (—qt?725¢%)
This is of course simply Macdonald’s constant term identity of type C.

The final flaw in the above argument is that it only applies to the symplectic case
of the vanishing integral. The point is that in the symplectic case, the condition on
compositions v translates to a very simple condition on the action of translations for
t = 1, namely that certain translations should act in the same way on the monomial
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z”. For the orthogonal case, the corresponding condition on eigenvalues of translations
is actually Zariski dense; in particular, it cannot be detected by any finitely generated
ideal of the Hecke algebra. It turns out, however, that one can deduce the orthogonal
vanishing integrals from the symplectic vanishing integral, using the fact that both can
be viewed as statements about the algebra of symmetric functions, related by a slightly
modified Macdonald involution. (Note, in particular that the conjugate partition to one
of the form p? is of the form 2v.)

We thus obtain the following corollary, dual to Corollary 3.2. For the details, see
section 8 of [10]. Each of the four integrals is with respect to an appropriate special
case of the normalized Koornwinder density; we denote such an n-dimensional integral

as I?)(f;qat;a:baca d)

Corollary 3.3. For all integers n > 0 and partitions A with at most n parts,

1
5[}?) (Pa(.. .,ziil, .3 q,t);q, 6 £1, :I:\/Z)

|
+SIETVBC 2 L s V) = 0

) 24
unless X is of the form 2u, in which case the value is

Co(t™;¢%,t)C,, (4 4%, 1)
Co(qt*>™=1;¢2,t)Ci (£ 4%, 1)

Similarly,

1 (n
§I§()(P)\(,Zzﬂ:1,,l,q,t),q,t,t,—l,ﬂ:\/i)

1
+§I§(7L)(P)\(7zi1a7_17Q5t)7q5t715_t5:t\/¥) :0

K3
unless X is of the form 2u, in which case the value is

Cot* 1 2, t)C, (¢5.4%51)
CR(gt*™; ¢, t)C (85 4%, 1)

Remark. Note that again the nonzero values follow via an application of the Pieri iden-
tity from the fact that the linear functionals vanish where required. Etingof (personal
communication) has pointed out a direct proof of the orthogonal vanishing integrals
in the Jack polynomial limit, using the construction of [4] for Jack polynomials; pre-
sumably the Macdonald polynomial analogue of the construction can be used to obtain
the orthogonal vanishing integral for Macdonald polynomials. Etingof’s argument also
gives no information about the nonzero values, and just as the nature of the Hecke al-
gebra made it impossible to use our argument in the orthogonal case, the nature of the
Etingof-Kirillov construction of Jack polynomials makes it impossible to use Etingof’s
argument in the symplectic case.
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4. Other Vanishing Integrals

In this section, we list the remaining vanishing results. For each result, we list the
functional L that gives the vanishing integral, and the associated right ideal I in the
Hecke algebra (of type A or C) that kills L. We also give the subgroup S of the braid
group that leaves the functional invariant in the classical limit, as this motivated many
of the relevant definitions. In fact, in each case the subgroup S of the braid group lies
over the commutator of an involution in the extended affine Weyl group. For instance,
each ideal I is generated by elements

t;I/zTo - X(U)

where o is a generator of S and yx is the character of B(W) given by its action on the
constant polynomials. (Here ¢, is the parameter associated to Ty, i.e., (T, +1)(Ty—t,) =
0.)

In each case we argue as in section 3, that is, we exhibit a specialization of the
parameters such that (a) in that specialization a nonzero functional annihilated by I
exists only if X is of the stated form, and (b) if X is of the stated form then there is
unique such nonzero functional (which can be obtained by specializing the appropriate
integral). Since the space of functionals annihilated by an ideal can only get bigger
under specialization, this implies (a) that if A is not of the appropriate form, then for
generic parameters no such functional exists, and (b) if A is of the appropriate form,
such a functional exists and is generically unique.

Note that this uniqueness is on a partition by partition basis. It is quite possible (and
indeed we give examples below) for there to be multiple nice functionals on the space
of all polynomials that are all annihilated by the same ideal and thus satisfy the same
vanishing conditions. (See for instance sections 4.1, 4.2 below.) For the S, cases, this
specialization is simply ¢ = 1. For the C, cases, we must moreover take a =1, b = —1,
¢ =./q, d = —,/q. In all cases this has the effect of turning the Hecke algebra into a
group algebra and the (nonsymmetric) Macdonald and Koornwinder polynomials into
monomials and the density trivial, at which point the functional is easy to evaluate.

One consequence of this global non-uniqueness is that in order to determine the
nonzero values of such a functional, it is not enough to know how the affine Hecke
algebra acts. One must in fact consider more carefully the explicit structure of the
functional, e.g., as in the Pieri trick used above (or more generally, how the double
affine Hecke algebra interacts with the functional). Even if such a calculation could be
pushed through, this would still leave the nontrivial task of deducing the values on the
symmetric Macdonald and Koornwinder polynomials from the nonsymmetric ones.

In each case there is an associated family of chambers (see section 7) such that the
elements of the form Y,“ contained in S imply the appropriate vanishing theorem. The
fact that these chambers are not the standard chamber implies that the standard non-
symmetric Macdonald polynomials do not satisfy vanishing results, but the nonstandard
EAC do. This is so because a different choice of chamber C twists the Hecke algebra mod-
ule by an inner automorphism that results in an isomorphic module, which is easily seen
from the fact that the irreducible modules £, we consider have distinct central charac-
ters. In any event, while the nonstandard choice of chamber C' gives a different family of
nonsymmetric Macdonald polynomials Ef (as they are the eigenfunctions of commut-
ing operators Y'¢) the symmetric Macdonald polynomials stay the same. (P{ = P;
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symmetric functions in the Y'¢ are always central.) Further discussion on Ef, Y are
in section 7.

4.1. Macdonald polynomial results: S5,
Case 1. This case was discussed in section 3 above.

Theorem 4.1.

+1 41,
(2% ) (22 59)
Pz sat) [ s 1 o sdr=0 (4D
1<i<n (tzz 7q) 1<i<j<n (tzt Z] 7q)

unless X = p?, in which case (when suitably normalized) it is
Ch(t*™; q,8°)C; (qt; g, %)
Colgt*n=1;q,82)Cp (85 ¢, 12)

This is the case T = t" of the symmetric function identity

C(T?;0,6*)C;; (qt;q,t°) A= p2
Iy (P)\(7 q, t)7 q,t, T7 :t\/%a i\/ﬁ) = CR(aT2/t:0,2)Cp (10,87
0 otherwise.

The action of the Macdonald involution on lifted Koornwinder polynomials dualizes this
to
Co(T?¢® 1)C, (4:0°:8) A=u
I (Pr(;q,1); 4,8, T; £1, £Vt) = { CRaT?/t:a* 1)Cpi (142 ,1)
0 otherwise.

Taking T € {t",t"+'/2} gives that the four integrals

L(PA(at' s w0, )50, +1, V)

I(" Y(Py(a e 1, -159,1); 0,1 £t £VE)
I(")(P,\(:zr1 vt 15g,1);5q,t5t, =1, £4/1)
I(")(P (xif', ... 2t —1;q,0);q, 41, —t, +V/1)

vanish unless all (2n or 2n + 1, as appropriate) parts of A have the same parity.
We take
S = Uy, Un,U;Uy L ) C B(Ss)

2n—1i

The relevant chambers are such that r and r“ have the same sign, where w is the longest
element of Sy, and r is a root such that r + 7% # 0. Invariant functionals (L(cf) = 0,
o € S) vanish on EY unless \; = Aopy1-4, 1 < i < n.

The associated right ideal of Ha, is given by I¥ = (To — t, T, — t , T; — Ton ).

The functional, which obeys LI = 0 (equivalently L(cf) = 0, Yo € S) is

L(p) :/p(21,Z2,...Zn,l/zn,...]./ZQ,]./Zl)

H zaqz ) H ( 1 i17qz_1 :'tl;(I) dT
= :
Zien U0tz %0) | bz gtz 25 q)
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Case 2.
Theorem 4.2. Let p,v be partitions. Then

(2n) . ((zi/2)*5 %)
/PW (- xvz-s0t) [ WdT

1<i<n
_ /Pﬁ")(---i VA g, OAD (2, 2)dT = 0
unless pu = v, when (suitably normalized) the integral is

— (. + (42n—2 . 0 (4n n.
(—D)C, (g;¢,8)CF (2" 2g; ¢, 1) CR (", —t 1t)
Ci (t; ¢, t)Cif (127285 ¢, 1) CY (gt 1, —qt™'; ¢, 1)

Remark. The nonzero values can be computed using the Pieri identity as in the proof
of Corollary 3.2. The same nonzero values (apart from the factor (—1)/#) appear in
Conjecture 5 of [10], which remains open.

Note that this is well-defined because P(,%")(--- + \/Zi...;q,t) is invariant under
VZi = —/Zi and it is therefore in C(g, t)[21 ﬁl, ooy 2p T,

Since multiplying a Macdonald polynomial by (2122 - - - 2,)™ has the effect of adding
m to each part (which works for all m € L1Z) we can restate this in terms of ordinary
Macdonald polynomials as follows:

Corollary 4.3.
[Prn ¢%, 82)]Pr([2p1 /2] 4,1) = 0
unless A = (2m)?" — \.
This statement is self-dual, i.e., applying Macdonald’s involution gives the same
identity.
We take
S = <U2i717U2iU2i71U2_i_1|_1U2_,'1;U2;1U2i71U2_j_1|_1U2i77r2>-

Chambers are such that 7 and r* have opposite signs, where ¢(2i —1) = 2i, +(2i) = 2i—1.
Iy = (Tyi_1 —t,Toi(Toi—1 — Toiy1), 72 — 1)

I$-invariant functionals vanish on Ef unless Ag;_1 +A2; =0,1<¢<n.
The functional, which obeys LI5 = 0 is

(}/7,4%%}[2}54°)

- dr
22} /27, ¢*1*27 /275 ¢%)

L(p) :/p(zla_z13z25_z23'"zna_zn) H (

1<i<j<n

Theorem 4.4. Let A be a weight of the double cover of GLa,, i.e., a half-integer vector
such that \; — X\; € Z Vi, j.

/. \EL.
P(zn)(...tilnzi...;q,t) —((zz/z]) :9) dT =0
[ Al @
unless \j = —Aopt1—i-

We allow half-integral A here in order to allow m odd in the symmetric function
analogue:
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Corollary 4.5.
[P (¢, )| PA([pe (8% +¢7%/%)];4,8) = 0
unless A = m2® — X. Dually,
[Pm"(aqzat)]PA()qat) =0

unless A = (2m)™ — .
Remark. Experimentally, the nonzero values appear to be nice, but the kernel of the
specialization f 5 f(---t=1/22;--.) is too complicated for us to obtain recurrences from
the Pieri identity.

For this vanishing integral, we can take the same Sy and I, but use a different
functional:

(/20,05 /753)
L(p) :/p(Z]_,tZ]_,ZQ,tZQ,...Zn,tzn) H (tzzl-;z]'7 t;i/l; )
1<i<jan AR ARG

:/p(zl,tzl,zQ,tZQ,...zn,tzn)ﬁg")(q,ﬁ)dT (4.2)

Case 5.
Theorem 4.6. (q+— ¢>)

sy \EL. 172

(2n) +1/4, . ((zz/zj) :q'/?) ~

P,j (q Zl...7q,t) dT_O
/ H 1§z’I<Ij§n (t(2i)25) %15 ¢1/2)

unless p = v.
Corollary 4.7. For any partition X,
[P G, D] PA (IR (6" + ¢ **); ¢, 8) = 0 (4.3)
unless A = m?™ — X. Dually,
[Pm" (7 q, t)]P)\(7 q, t2) =0
unless A = (2m)™ — A.
Remark. That (4.3) holds when £()\) > 2n follows immediately from the fact that Mac-
donald polynomials are triangular with respect to the dominance order and the way the
specialization acts on monomials.
Again, the nonzero values appear nice, but the Pieri trick fails.
We take
S = <Ui ijf—ln:ﬂ')
Chambers are such that r and 7* have opposite signs, where ¢(i) = i +n, ¢(i +n) = (7).
The associated right ideal is
I = (T; = Tiyp, 71— 1).
Iég -invariant functionals vanish on Ef unless A\; + Aj4n, = 0.
The functional is:

/25,022 | 25, 41?)
L(p) = V20 g %2, q 2, 21,20, .. 2 ” 2/ 2,42 %i;
(p) /p(q 1,47 22, - 07" Zn, 21,22, n)1<i<j<n (tzi] 2, 4%tz ] 255 ¢'/?)

=/P(ql/221;q1/2227---ql/ZZmZhZz;---Zn)ﬁgsn)(\/@t)- (4-4)
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4.2. Koornwinder polynomial results: 52n
Case 1.

Theorem 4.8. In symmetric function terms,
IK(K)\([2pk/2]7 q, ta T7 a,—a,c, —C); q2a t2a Ta _ta _qta a23 62) =0
unless A = pu?, when it is

(—1)|“|CN_ (qt; ¢, t*)CF (a*c®T? [t*; q,8*)CYUT, —a’T [t, =T [t, 0> T [t%; ¢, %) ‘
Ci (a*c®T?/qt% q,t*)Cpi (125 ¢, 12) Oz (a*c*T?q /1% ¢*, 12)

Dually, ~
IK(K)\([ka/2]7 q, t7 T7 a,—a,c, —C); q27 t27 T7 _17 _t7 a27 C2) =0

unless X = 2u, when it is

(D) C (g%, 1) CH(a?PT? /13, ¢ ) CUT, —a®T [t, —c*T [t,a* T [t%; ¢, )
Ci (t;¢%,t)Cif (a2c2T?/qt?; 2, 1) CY, (a2c>T? [13; ¢2, 12)

The nonzero values are computed via the Pieri identities for Koornwinder polynomials
[3]. For T = t? both formal integrals become actual integrals; similarly, for T’ = ¢?"+1,
the second formal integral becomes:

I};‘) (K/(\Z"H)(. o E2is ..V =1;q,t;a,—a, ¢, —c); 2, 125 —t, —t%, a?, c?).

For this identity, we work with the case b = —a,d = —c of an and its polynomial
representation, and take

S = (Usi—1, Us5 Unia Usi s U, U U UG, U U UL € B(Can)
with associated right ideal
I1K = (Toi—1 — t, T25(Toi—1 — Toi41), To(Th — t), Ton(Ton—1 — 1))
The functional is:

L(p) = /p(zi/za —Zi/2, 25/2, _Z;/za te 271L/27 _Z}L/2)Ag?) (a27 _ta C2a _qt; q27 t2)

Theorem 4.9. In symmetric function terms,
I (Ka([ps (8% + t7*);q,t, T3 a,b,¢,d); ¢, 8%, T3 1'/20, 81/, 81 2¢,t/2d) = 0 (4.5)
unless X\ = p?. The dual statement is:

Ix(Kx(q,t; T a,b,¢,d); ¢, T;a,b,c,d) = 0 (4.6)
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unless A = 2u.

In the case n = 1 the above identity becomes an identity of Askey-Wilson polynomials
and admits a direct hypergeometric proof (Rahman, personal communication).
Once again, the Pieri trick fails, but in fact the nonzero values

t=HCY(T, T, 7, 7ed Tbe Tbd ped mabed, g 42)Crk(T2abed. g 2)C, (gt; ,12)

cy, (TQ”i’zcd,q,t2)C+(T2“”Cd,q,tZ)C_(tQ,q,tQ)

for the first integral and

q\p\cg( Tab Tac Tad Tbc de Tcd Tabcd’ 2 t)c+(T2abcd,q t)C’;(q;qz,t)

t2
03,2(T? “”Cd,q2 t)Ci (T2 %5585 42, 1) Oy (8 ¢2,1)

for the second can be obtained as a limit of the elliptic version derived in [9].
We take S and I as above, but now with generic a,b,c,d and the functional we
need is:

L(p) = /p(t_%zl,t%zl,t_%zg,t%zg,...,t_%zn,t%zn)Ag)(t%a,t%b,t%c,t%d;q,ﬁ)
Case 2.
Theorem 4.10. In symmetric function terms,

IK(KA([Pk (qk/2 + q_k/2)]7 q25 ta T2; a, b: qa, qb)7 q, t: Ta :t\/ia q1/2a, q1/2b) =0 (47)

unless X = p?.
The dual statement is:

IK(I?)\(;Q7t2;T2;a7 ba ta7tb);q7t7T;i\/Ea a, b) =0

unless A = 2u.
We take ¢ = ¢'/%a, d = ¢'/?b (so consider the case g — ,/q above)

S = (UpU; .t UsUsE . U,) C B(Chy)

2n—1?
and associated right ideal

S = <T0 - TZn 7Ti - T2n—iaTn - t)

The functional is:

L(p) := /p(q1/4z1,---q1/4zn,q1/4/zn,---q1/4/Z1)A§?)(\/¥,—\/i, q"/*a,q""b;¢"/%,t).
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5. A construction using the Hecke algebra

In this section, we give another proof of the existence of nonzero functional L in the
non-vanishing case (another proof of the vanishing condition can also be deduced) along
with an explicit construction of L € £y (up to scalar). We only do this for the S,,, case,
leaving the Koornwinder case to the reader. We do not explicitly compute the scalar
that relates the L constructed in this section to the integral given in section 3. We also
warn the reader that since we are computing in (V<x/V<a)* versus V2, we do not give
information about L(E,)/L(E,) except when pt =vt.

In what follows we will use the presentation of Hs, as generated by 11,75, ...,Top_1,
Ylil, ey Y;ﬁl because it allows us to work more explicitly with a basis of £y given by
simultaneous Y;-eigenfunctionals.

This presentation also gives us another description of V< /V<y and of its dual £ =
(Ver/Ver)*. Given A F 2n, let J = Jy = {j | s;A = A}, let H(A) be the parabolic
subalgebra generated by {T} | j € J} and all the Y;*!,... Y55, and let C(g,t)x be the
one-dimensional H(\) module on which Y; — ¢*#*"~* =0, T; —t = 0Vj € J. Then we
have

Ly~ C(g,t)x ®u(n) Han.

(Note that V<y/V<y is isomorphic to Han ® g(wer) C(q,t)wea (which is isomorphic to
Hapn ® (2 Clg,t)x when g,t are generic) and thus is in this sense self dual. This can be
seen directly or follows from the Mackey decomposition of V.)

For ease of notation, we introduce the standard invariant form ( ,), and let § =
0o =(2n—1,...,2,1,0),¢; = (0,...,0,1,0,...,0),; = €; — €;41- We can then write
Ai = (M, g;). We also have (A, ) = (w\, wu), where w € Sy, acts as w(A1, ..., 2n) =
(Aw=1(1)5 -+ - Aw=1(2m))-

We observe that the center Z(Hs,) is given by symmetric Laurent polynomials in
Y1,...,Ys, and each £y has distinct central character. Further, the Y-weight spaces of
L) are all one-dimensional and hence give a distinguished basis of the module, up to
scalars. From the above description of £, it is easy to see that basis of simultaneous
Y;-eigenvectors is {v,, | w € W7} with

vy (Vi — g e w0y = g,

where W is the set of minimal length right coset representatives for (s; | j € J) C Sap.
We normalize this basis so that the right action of the T;,1 < i < n is given by

t—1 1— q(w_l)\,ai)tl—i-(w_lé,ai)

vuls = T S tran e than Vv T T e e ) Vs

with the convention vy, = 0 if ws; € W7. In that case, notice v, T; = tv,,, vaiYiﬂ =
tvy, and in particular A, ;) = Ay(i+1)- Observe the above action does not depend on the
relative lengths ¢(w) and ¢(ws;), which is why this particular normalization is preferred
in this setting.

We note that this basis is dual to the one given by the nonsymmetric Macdonald
polynomials up to proportionality. (We leave it to the reader to rescale as necessary,
possibly also rescaling the T;, to get exactly the dual basis.)
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We want to express our functional L (given by integrating a specialized polynomial
against a given density) in terms of this basis {v,}. To do this, we conjugate the
right ideal I such that L-I = 0 to a related right ideal 7,,IT, ' which has a nicer
presentation in terms of the Y;. This corresponds to working with the twisted module
L% ~ L. Hence we explicitly describe the functional LT, ! in terms of the dual basis
to nonsymmetric Macdonald polynomials, but not L itself. The vanishing result stated
above will hold for suitable nonsymmetric Macdonald polynomials with E, replaced by
T.E,. This twist by u is motivated by the viewpoint of section 7 regarding nonstandard
large commutative subalgebras.

For each functional L and corresponding ideal I such that LI = 0, we describe
T, IT, ! = I', determine all X such that there exists nonzero v € £, with vI’ = 0, and
show this v is unique up to scalar.

It will follow from our explicitly computed generators of T, IT, ! that it contains a
large binomial ideal in the commutative subalgebra C[Y;*!]. This translates directly to
conditions under which LT, !(E,) is forced to vanish. In particular this implies for any
L such that LT, 'I = 0 that LT, '(E,) vanishes. In each case this will immediately
give the desired vanishing result for P,+. However, one can ask for something stronger,
namely that for each partition A either the stated vanishing condition holds or there
exists a unique I-killed functional.

In what follows, all ideals are right ideals.

5.1. Second proof of Theorem 4.1

Recall I7 = (To —t, T, —t, T; — To_; (1 < i < n)) is the right ideal with given
generators. Let u be the permutation defined by

w={000 i

and set I' = I} = T,IST; . Observe £(u) = 2(7). Then
I' = {Tyi_1 — t, Toi(Toiv1 — Toi—1), tYai — Yo 1 (1 < i < n)),
One can verify

Tu(Tz - T2n—i)Tu_1

Tu@n—i)(Tuti) = Tuti)-2) Tuzn_i

= To(n—iy(Totn—i)+1 — T2(n—i)—1)T2_(i,,~)7
T(Tn )T, = T1 —t,
T,(tTy ' = DT = Yy, Yo Ton 1 — 1.

n

From the first two equations, we can show Ty; 1 —t € I', inductively as To;1 1 — t =
((TZifl_t)T2iT2ij+T2i(T2i+l _T2z’71)T2;’1(T22i_tT2i))T2;i1§;1 € I'. Then tY,," | Ya,—
1=Y5"  Yout = Ton1 4+ Ton1 —t = (Yo, YanTon—1 — )T 2n—1 + (Ton—1 —t) € I'.
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To show tY2; — Yao;—1 € I', it suffices to show Yo;(Toi—1 —t) € I' as Yo;(Toi—1 — t) =
(Toi—1 — t)Y2_1 — (tY2; — Y2;_1). Note

Yai(Taio1 — t) = t > ToiTai1 YairoToip1 Toi(Toi—1 — t)
=t 2T Toi1YoiroToip1Toi(Toim1 — t)
+ 172 (ToiTaig1 — ToiToi 1) Yais2Toiv1 Tos(Toi 1 — 1)
€t ?YoiroToiToi 1 Toi1 Toi(Toios — t) + T'
=t Yaip2 (Toiza — 8)T2iToi 1 Toipa1 Toi + I'

Because tYs; — Ys;_1 € I' it follows that if a functional I’ is annihilated by I’ then
L'(E,) = 0 unless p1 = pa, p3 = pa and so on, thus directly proving the vanishing
result, Theorem 3.1.

We may thus restrict our attention to partitions of the form A = u?. We wish to show
that in this case, £ contains a unique I'-killed functional and give an explicit expression
for that functional in terms of the basis {v,,}. Of course, it in only possible to determine
the functional up to an overall scalar (and in fact because we are only considering this
one partition at a time, we have such a scalar for every valid partition). What this does
determine is the relative values of an I'-killed functional on nonsymmetric Macdonald
polynomials. The actual values of such a functional are at least in principle determined
by its values on symmetric Macdonald polynomials (since for ¢ = 1 we can exhibit a
functional for which those values are nonzero). Moreover, experimentally, the resulting
scale factors are still nice. However, it appears somewhat nontrivial to prove a closed
form.

Next we will determine under what conditions £, contains a functional annihilated
by I', and show that it is unique up to scalar. We will give an explicit expression for
this functional in terms of the v,,.

We will need some more notation.

For w € W let R(w) = {a@ > 0 | wa < 0}. Notice for w € Sa, we have R(w) =
{ei —¢; | i < jy,w(i) > w(j)}, and |R(w)| = (w). For ¢ an involution acting on the
weight lattice, let R*(w) = {3(a + ¢(@)) | @ € R(w)}. Since ¢ is an involution, the
sizes of its orbits are either one or two. When it is necessary to differentiate, we set
R; = {a € R(w) | () = a}, Ry = {1(a+(a)) | a € R(w), () # a}.

Proposition 5.1. Suppose A = p2. Then any v € Ly with vI' = 0 is proportional to
the nonzero I'-killed functional

1-— *(/\,ﬁ)tlf(é,ﬁ)
§ —(X\,B)4—(3,8) q
( H ! t 1 — gABIg1+(0.8) )Uun (5.1)
weWw’ BER (w—1)
Hw=1\)=w=1A

where 1 is the involution on the weight lattice with 1(e2;—1) = €2;.

Proof. Write v = ), v Cw¥yw and suppose vI' = 0.

That v(tYs; — Ya; 1) = 0 forces (w 1\ a;) = 0 and (w1§,a;) —1 = 0 whenever ¢,, #
0. In particular v # 0 implies tA = A, which we have already included in our hypotheses
as A = u?. Also, it automatically follows for such an expression that v(T; 1 —t) = 0.
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That vT5;(T2i41 — T2i—1) = 0 forces a relation on ¢, and Cuysy; s 150:i_150:> and the
resulting relation between nonzero ¢, and ¢;q is independent of reduced expression for
w and given by (5.1).

O
5.2. Second proof of Theorems 4.2, 4.4

In order to accommodate Theorem 4.4, we must allow half-integral weights, i.e., include
(2129 -+ - 22,)~Y/? in the algebra of polynomials on which we act. Recall I§ = (7% —
1, To(Ton—1—T1), Toi—1 —t, To;(Tos41 — T2i—1), (1 <i < n)). Let v be the permutation
defined by

v(2i+1)=n—1
v(21) =n +1i

and set I' = T,IT,'. Notice that v = u~' with u the permutation for the ideal in
section 5.1, so that I' = Tu—IITu__ll. Then

I' =T, —t, T; — Ton_i, YiYon ip1 —t>" 1 (1 <i < n)),

We can use the same computations as with the first ideal, using the fact there is an
anti-involution * on the Hecke algebra sending T}, — T,,-1, i.e., if T,aT, ! = b then
T,b*T, ! = a*. Hence we get T, —t,T; — Ton—; € I'. To be more precise,

Ti — Ton—i = TyTyn—i (Tui) — Tu(i)—z)TJén_i) T,

= T)Ton—iy(To(n—iy4+1 — T2(n7i)7l)T27(i_i)Tv_1
T,—t = T,(Ty -t)T, "

One can verify

Ty-r(m? = 1)T Y =Tpoy - DD Ty Ty - Ton 2Tyt - T =1
€Ton 1 Tpy1TpTp 1+ Tor 2Tyt oo Ty =1 4+ T
— t2nfly'27lly'1—l _ 1 + II.

The second step comes from the fact that 7o, 1+ Tpy1 —Tp1--- 11 = Z?:_ll (Ton_; —
T)Ton i 1Ton i+ Tnp1Tiy - ToTy € T'.

Proposition 5.2. Suppose A satisfies A\; = —Aap—it1,(1 < i < n), i.e, if we set
v= (%2") + A, then v = (m®") — v (even for m = 0). Then any v € Ly with vI' =0
is proportional to the nonzero I'-killed functional

1— q_<A’ﬁ)t1_(67ﬂ)

~1 ~1
v=" > ( 11 GOBHEB) 1 — qOBri+(.B) 11 q<A,ﬁ>t<a,6>)”w'
weWw/ BERL(w—1) BERY(w—1)
(w=A)=w=1A

(5.2)

Here ¢ is the involution on the weight lattice with 1(e;) = —€ap—it1-
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Proof. In the above expression R!(w~!) represents the t-orbit sums on R(w~!) where
the orbit has size 1, and R5(w~1!) represents the t-orbit sums on R(w~!) where the orbit
has size 2.

Write v =} s dwvy and suppose vI' = 0.

That U(YviY2nfi+l - t2"71) = 0 forces (wil/\a € + 62n71) =0, <w7167 € + 52n71> -
2n + 1 = 0 whenever d, # 0. In particular v # 0 implies tA = A, which is in the
hypotheses of our proposition.

That v(T; — Ten—;) = 0 forces a relation on dy, and dys;s,, _; corresponding to the
first term in the above product. (Note that ¢(e;) = a2,—i.) That v(T,, —t) = 0 forces a
relation on d,, and d,s, corresponding to the second term in the above product. (Note
that +(ay) = ay,.) The resulting relation between nonzero d,, and d;4 is independent of
reduced expression for w and given by (5.2).

O

5.3. Second proof of Theorem 4.6

Again we must allow half-integral weights.
Recall I = (r — 1, T; — Ti1n, (0 <i < n)). Let u be the permutation defined by

u(i):{i i<n

3n—i+1 1>n
and set I' = T,IT, . Note that u is the longest element of Sy X - -+ X S1 xS,.
| —

n

Then
I'=(Tp+1—t—t""Ypy1, T; — Ton—i, YiYon_iy1 — "', (1 < i <m)).
One can verify
Tu(Ti — Tiyn)Ty ' = Ti — Toni
Tu(mr — V)T = Try1Toga - Ton17Tyy - Topt — 1

Hence I' 3 Typy1Tht2 - Ton—1m —Topn—1 -+ - Tny1 = Tng1Tngo - - Ton—im — Ty -- - Th.
AndsoI' 3 Tpyy -+ TonanTyt oo T N T =T =t Y =T =t ("Y1 —
(T, +1-1)).

Then also I' 5 (t "Ypq1 — T, 1) (t"Y, + 2" 1T,,) = Y, 1Y, — #2771, From this it is
easy to show Y;Ya, i1 — 21 eI,
Proposition 5.3. Suppose X satisfies A\; = —Aap—it1,(1 < i < n), i.e., if we set
v = (%2") + A, then v = (m3") — v (even for m = 0, sorting parts in the latter
expression so it is a partition). Then any v € Ly with vI' = 0 is proportional to the
nonzero I'-killed functional

Z ( H -1 1— g ABIL—(8.8)
v = X
NBYE0,8) 1 — g{NB)$1+(8,8)
weWJ ﬁeR;(w—l)q t 1-q !
w=1A)=w—1A
(A,8) ,1=(5,8)
1_q—th
H (=1) ] — (O )vw (5.3)
BER, (w—1) -

Here again ¢ is the involution on the weight lattice with 1(g;) = —€ap—it1-



28 ERIC M. RAINS AND MONICA VAZIRANI

Proof. In the above expression R!(w~!) represents the t-orbit sums on R(w~!) where
the orbit has size 1, and R5(w~1!) represents the t-orbit sums on R(w~!) where the orbit
has size 2.

Write v = ) cyws bwvw and suppose vI' = 0.

That v(Y;Yapn_ip1 — 277 1) = 0 forces (w™ A, &; +e2,_1) = 0, (w™18,6; + 2n_1) —
2n + 1 = 0 whenever b,, # 0. In particular v # 0 implies tA = A, which we have already
included in our hypotheses.

That v(T; — Tz, ;) = 0 forces a relation on by, and by, s,, _, corresponding to the first
term in the above product. (Note that +(a;) = aoy,_4.) That v(T, +1—t—t1""Y, ;) =
0 forces a relation on b, and b, corresponding to the second term in the above
product. (Note that t(a,) = ay,.) The resulting relation between nonzero b,, and b4 is
independent of reduced expression for w and given by (5.3).

o

6. Extended affine Weyl groups

Let W be a finite Weyl group acting on a Euclidean space R", with associated root
lattice Ag, not assumed to span R™. A generalized weight lattice for W is a lattice A
(spanning R™) containing Ag such that

for all roots r and vectors v € A. (The specification of a pair (W, A) is equivalent to
the classical notion of a root datum. In particular, there is a one-to-one correspondence
between isomorphism classes of pairs (W, A) and isomorphism classes of connected com-
pact Lie groups; here A is the inverse image of the identity element under the exponential
map.)

An extended affine Weyl group is then a group of the form W =G x A, where A is
a generalized weight lattice for a finite Weyl group W, and G C Aut(A) contains W as
a normal subgroup. Given v € A, we denote the corresponding element of w by 7, to
avoid confusion.

An alcove is the closure of a fundamental region for the normal subgroup W x Ag; the
standard alcove is the unique alcove containing the origin contained in the fundamental
chamber of W. The union of the boundaries of the alcoves is a union of hyperplanes;
the distance between two alcoves is the number of such hyperplanes that separate their
interiors. Given w € W, the length of w is the distance between the standard alcove
and its image under w. In particular, the elements of length 0 are those that preserve
the standard alcove, and there is a natural map from W to the length 0 subgroup with
kernel W x Ag. . .

The braid group B(W) is generated by elements U(w) for w € W, subject to the
relations U(wiws) = U(wi)U(ws) whenever f(wiws) = £(wi) + £(ws); thus B(W)
contains a subgroup identified with the length 0 subgroup of W, and is generated over
this subgroup by U(s) for s of length 1.

The Hecke algebra H (W) is obtained from the group algebra of B(W) by adding

1

1 _1
further quadratic relations (U(s) —t2)(U(s) +1ts 2) = 0. We require t; =ty if s and s’
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are conjugate, since then U(s) and U(s') are conjugate. More generally, if o € W is of
length 0 (and so acts on the affine Dynkin diagram) we have o act on scalars by

otgo ! = tyso—1-

If there are simple reflections which are conjugate in W but not in W x Ag then this
action on scalars is nontrivial, and therefore the resulting extended affine Hecke algebra

is no longer a central algebra over C] étl/ 2]. However if we specialize the t; appropriately,

one can indeed obtain a central algebra over (C[t;tl/ 2]. Alternatively, we can view such
o as giving an intertwining map between two different Hecke algebras.

For instance, in the case of HS the outer involution o in general gives an intertwin-
ing map between two different instances of HS. In particular it takes nonsymmetric
Koornwinder polynomials for one set of parameters to nonsymmetric Koornwinder poly-
nomials with modified parameters. This becomes significant because the construction
of Y operators given in the next section includes such intertwiners and this explains for
instance the difference operator of [10].

For the cases §m C,, which are of particular interest to us, we can represent elements
of the corresponding braid groups pictorially as periodic braids. We follow (American)
book-spine conventions; that is, the leftmost symbol in a word corresponds to the top-
most move in the corresponding braid picture. To save space, commuting symbols may
be drawn as occurring at the same time.

The generators of the braid group are denoted Uj;; in the Hecke algebra, they satisfy
Uy — U7 =% =71 and we define T; = /U,

In Sy, U; corresponds to a picture in which (reading down) the jth strand (from the
left) crosses under the j + 1st strand for all j =4 mod n. Similarly 7 corresponds to

R
HAULAL

n+1 n+2 n+i n+i+1 2n

FIGURE 1. U; € B(S,)

the operation that simply moves each strand one step to the right.

The elements Y; € B(S,) (i.e., the elements of the braid group given by replacing T}
by U; and T; by U7 " in (2.3), (2.4), (2.5)) moves the strands congruent to i mod n n
steps to the right, underneath the adjacent strands congruent to 1...7 —1 and over the

remaining strands. See figures (6), (6).
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VARTEER
\

1 n

n+1

FIGURE 2. Uy € B(S,)

\\\ \\\ . \

1 n+1

FIGURE 3. 7 € B(S,)

Similarly B(C,,) corresponds to braids which are symmetric with respect to rotations
about a vertical line between 4 and i + 1 for ¢ = 0 mod n. Note that the two rotation
symmetries generate a translation, and thus B(C,,) is naturally a subgroup of B(S2,)

7. Commutative subgroups of affine braid groups

The cleanest proof of our quadratic transformations requires the construction of
nonstandard commutative subalgebras of affine Hecke algebras. It turns out that there
is a natural construction that associates a commutative subgroup of an extended affine
braid group to each chamber of the associated finite Weyl group.

More precisely, to each chamber we may associate an injective homomorphism A —
B(W). We first consider a related construction which associates a map W — B(W) to
each alcove of . For the standard alcove this is just the map

w = U(w)

used to define B(W). More generally we define
le ('U)Q) = U(wl)_lU(wlwg).
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\l\ I T I T
: 1 2 3 n : n+l n+2 2n :
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FIGURE 4. Y; € B(S,)
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I I I
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I I I
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I I I
~ |
I

T~ T~ |
I I I
I I I
: 1 2 i i+l n : n+l1 n+ 2n :
I I I
I I I

FIGURE 5. Y; € B(S,)

Note that if we multiply w; on the right by an element of length 0 that this has no
effect on U(w, ), which is therefore a function only depending on the associated alcove.
More precisely we have the following.

Lemma 7.1. Let Ay denote the standard alcove of the extended affine Weyl group w.
Then for any simple reflection s of W and any element w € W,
Uu(s) = U(s)*

The sign is positive if and only if the simple root corresponding to s is positive for the
alcove AY .For any length O element o

Uy(o) =o.
Proof. By definition, we have
Uw(s) = U(w) U (ws).
If (ws) > £(w), then U(ws) = U(w)U(s), and thus U,(s) = U(s); otherwise, U(w) =
U(ws)U(s), and U,(s) = U(s) . Since £(ws) > £(w) if and only if s is positive for the

alcove AY, the claim follows.
For length 0 elements, we find that £(wo) = £(ocw) = £(w), and the claim follows. O
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VaRI

\

1 i i+l n

\

n+1 2n—i 2n—i+1 2n

FIGURE 6. U; € B(C,)

n

n+1

FIGURE 7. Uy € B(Cy)

With this in mind, we will also write
Ua(w) = Uy, (w),

where A is the alcove Ag*.
We also trivially have:

Lemma 7.2. For any element w € W and any alcove A,
Ug(w)™! = Ugw (w™h).
Similarly, for any elements wy, wy € W and any alcove A,
Ua(wiws) = Ua(w1)Uaw: (w2).

We can thus describe U (w) as follows: Take any expression (reduced or not) for w
in terms of simple reflections, say

w = 8182...5,0
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2n

0

FiGure 8. U, € B(C,)

-~ ~—~—
oil1 2 n i n+l 2n i 2n+1
FIGURE 9. Y; € B(C,,)
Then by iterating the second lemma, we obtain
UA('LU) = UA(Sl)UAS1 (SQ)UASI-"‘z (83) R UAS1---8n_1 (Sn)U (71)
=U(s))F U (s9)* -+ U(sp)Flo, (7.2)

where each sign is given by the sign of the given simple root on the current choice of
alcove.

So far everything we have been saying could apply just as well to any (extended)
Coxeter group. In the case of an extended affine Weyl group, we have the additional
structure of the associated finite Weyl group W. In particular, in addition to the alcoves
of W, we may consider the chambers of W.

__Using the natural quotient map W — G we may associate to each simple root of
W a root of G and may thus sensibly talk about the sign of a root with respect to a
chamber. Thus given a chamber C' of the finite Weyl group W and a simple reflection
of W, we can define

Uc(s) = U(s)™,

with positive sign precisely when the corresponding root is positive for C'; that is, when
the corresponding halfspace contains C. Then for any word w = s,8,-1...510 in the
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\ /

n+l 2n—i 2n

0

FicUre 10. Y; € B(Cyp)

generators of W, we define
Uc(w) = Uc(s1)Ucs1 (52)Ucs152(83) -+ - Ugersn-1(8n)0.

Theorem 7.3. Let W be an extended affine Weyl group, and let C' be a chamber of the
associated finite Weyl group W. Then for any word w in the generators of W, there
exists a vector vy, such that for any alcove A C vy, + C,

Ua(w) = Uc(w).
In particular, Uc(w) depends on w only via its image in W, and
Uc(wiws) = Ue(w)Ugwi (w2).

Proof. We restrict our attention to the case W=Wx Ay; the general case is analogous.
Write w = s7 ... sy, and consider

Uc(w) = U(sy))* - U(sp) ™.

For 1 < i < m, let H;(w) denote either the half-space corresponding to s; or its com-
plement (the former precisely when U(s;)*! occurs with positive sign), and define a
sequence of convex sets D;(w) by:

D, (w) = H,(w) (7.3)
Di(w) = Djy1(w)® N Hi(w). (7.4)

We claim that the following is true for 1 < i < n:
(a) The set D;(w) is nonempty, and satisfies

D;(w) + C* %=1 = D;(w).
(b) For any alcove A C D;(w),

UA(S,' s Sn) = chl"'si—l (Si e Sn)
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Indeed, a simple induction argument reduces to the case n = 1, in which case (a) and
(b) are immediate.

Thus any choice v,, € D;(w) proves the first claim of the theorem. The remaining
claims follow from the corresponding results for alcoves. O

The point of using chambers rather than alcoves is that chambers are left invariant
by translations. As a result, if A denotes the translation subgroup of W, we find the
following.

Corollary 7.4. For any chamber C, Uc induces a homomorphism Ug : A — B(W).
The homomorphisms associated to different choices of C' are conjugate, in the sense that

Ucw (1) = Uc(w) " Uc(wr,w™ ) Us(w)
for arbitrary w € w.
Proof. The first claim is immediate. For the second claim, we write
Uc(wr,w™) = Ug(w)Ucw (1,)Ugw (w™1).
o

Remark. Note more generally that for each chamber C' we can extend this homomor-
phism to a homomorphism from the stabilizer of C to B(W).
We will define Y, = Uc(7,) accordingly, and write Y, = ;0. Note the Y,¢ commute
(as A is commutative).

It was observed by Cherednik [2, 1, page 265] such alternate Y,,C exist. Our applica-
tion appears to be the first in which these alternate Y, play a major role.

In addition to the relevance of alternate chambers to our vanishing results, note also
that with respect to our standard inner product for S, it lets us express the adjoint to
the standard Y,, as YwC0 , Where C' is the opposite chamber to the standard one.

Theorem 7.5. Suppose the weight X is dominant for the chamber C, that is A € C.
Then
Y =U(n).

In general, if we write A = At — X\~ with A\* € C, then

YY =U(ra+)U(a-)
Proof. Let w be a word expressing 7y in terms of the generators of W, and choose vy,
accordingly. In particular, we can choose vy, to be a dominant weight A’ for C. We thus
find

Yy = Ungrw (ma) = U(nam)U () ™

But since both A and X' are dominant for C, it follows that

Urx) + L(1n) = UTan),
and thus

U(rata) = U(m)U(Tar);
the result follows. O

In particular, we find that Y agrees with the standard construction of a commutative
subgroup of B(W).
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Theorem 7.6. Let H (W) be the Hecke algebra corresponding to W, and let Y,C denote

the image in H(W) of the corresponding element of B(W). Then for any weight A € A,

the sum
c
PIR?
HEAW

over the W -orbit of X is a central element ofH(W) independent of the choice of chamber
C.

Proof. If we write C = C{’, then

Y ve=Uw™ Y VUw),

neEAW nEAW

and thus the claim follows from the standard fact that

>y,

BEAW

is central. O

Remark. For general A € A, this element commutes with all of the generators, but might
act nontrivially on scalars. .
For each X in the root lattice of W, we can thus define nonsymmetric Macdonald
polynomials E by

E{ < U(w) 1E,-1,,

where C' = C¥, and the constant is chosen to make the coefficient of z* in Ef equal to
1.
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