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Chapter 1

Getting to Know ()5,

1.1 Introduction

This paper aims to explore the structure of Mantaci and Reutenauer’s [5] de-
scent algebra QB,, which is a subalgebra of Q[B,,]. First it is necessary to define
the hyperoctahedral group B,. After introducing more notation and terminol-
ogy, we can define QB,,. In later chapters we’ll show (2B, is an algebra and
we’ll eventually find a complete family of minimal orthogonal idempotents. We
build up to this result by introducing the Free Lie Algebra on an alphabet A
and examining QB,,’s action on products of Lie polynomials. First we find an
idempotent Z, that lives in QB,, and projects to Lie,[A]. From it, we build
the I, which are another basis for {25,,, and from the I, we build the E, which
are complete minimal and orthogonal idempotents.

Acknowledgements: The definitions and computations made throughout this
paper were motivated foremost by the lectures of Nantel Bergeron [1]. Mantaci
and Reutenauer developed the definition of QB,, in [5], which is analogous to
Solomon’s descent algebra ¥ A,,_1. The multiplication table for ¥A,,_; is given
in [4] along with definitions for idempotents analogous to the Z,), I, and Ey
which are adapted to 2B,, and discussed in Chapters 3 and 4 of this paper. The
work with the Free Lie Algebra is developed in [3] and [2], and also discussed in
[4]. Adaptations of definitions and computations to 2B,, were made under the
guidance of Nantel Bergeron for which I am very grateful.

1.2 Some Basic Definitions

The hyperoctahedral group B, is the wreath product of &,, the symmetric
group on n letters, by Cs, the cyclic group of order 2. B,, is more commonly



pictured as n X n permutation matrices with entries £1. For example:

0 -1 0
1 0 0
0 0 1

Under this presentation, it is clear |B,| = 2"nl.
However, we will view an element o € B,, as a permutation of {+1,£2 ...,

+n} (noting o(x) = y if and only if o(—x) = —y). We'll depict o as follows.
Suppose
1 2 3 4 5
oo L L L L
-5 4 3 -1 2

Then we’ll write 0 = 54312 (moving the negative signs on the left to bars on
top, so that we really don’t think of 5 as negative 5, but as an entirely different
number incomparable to 5). Another way to think of ¢ € B, that will be
consistent with our later notation is as ¢, (7,) where 7, = |o1]|o2]| - - |on| and
o : {1,2,... ,n} — {£1}, ¢, : i — sgn(o;). The ¢ tells us where to place the
bars. For example, if 7 = 54312 and ¢ : i — (—1)%, then ¢(7) = 54312. If we
think of the —1 overhead as being the indication of a bar, we can also think of

¢(T) as %% . %7; Notice that 7, € &,,. Since ¢ takes values in {£1} this is

another easy way to see B,, as a wreath product. (Although we can certainly
use this notation to talk about ¢(c) where o € B,.) Let the group algebra
Q[By] be formal sums of elements in B,, with rational coeflicients.

Now we’ll define descents and descent classes. We’ll call the linear span of
these descent classes QB,,, our descent algebra. (see [5] )

Definition o € B, has a descent in i € {1,2,... ,n — 1} if |o(i)] > |o(i + 1)]
and sgn(o (7)) = sgn(o(i+ 1)), or if sgn(o (7)) # sgn(o(i + 1)) (although I like to
think of this latter sort of descent as a ”cut” because we don’t compare values
with opposite sign).

Example o = 2745316 has a descent in 2, 4, 5, and 6. (Note the descents in
2,5, and 6 come from sign changes.)

The next definition will be useful in describing our descent classes.

Definition A signed composition p of n € Z, denoted p = n, is a sequence of
nonzero integers p = (p1ps . .. px) such that Zle lpi| = n.

We call the p; the parts of p, and we will denote k£ the number of parts of p by
k(p). Again, we’ll put a bar on top of negative numbers (instead of to the left).



Ordinarily, we would place commas between the parts of p, but for now we will
suppress the commas if p consists of single digits or variables.

Example p = (13221) is a signed composition of 9 with 5 parts.

We can put a partial ordering on the signed compositions by refinement with
respect to signs. We say p < q if p is a finer composition than q.

Example Let ¢ = (4221). Referring to the example above, p < q. Note ¢ is
maximal with respect to this partial ordering because we cannot combine parts
with different signs.

It is easy to show there are 2-3" ! signed compositions of n. Consider the map
¢+ {plp |p n} — 20 E2 )
which sends

p=(p1p2-..px) — {p1,sgn(p2) - (Ip1]+|p2l), .. ;sgn(pr—1)- (P14 .. +|pr-1])}-

For example, ¢((13221)) = {1,4,6,8}. ¢ has kernel of size 2 (p = (n) and p =
(m)) and the image of ¢ is of size 3" ™!, since in composing such a set, for each
number ¢ € {1,2,...,n — 1} we have three mutually exclusive choices: don’t
include 7 in the set, include +¢ in the set, or include —¢ in the set.

Definition The descent shape of o = 0102 ---0, € B, is the signed composi-
tion p = (p1 ... px) such that descents of o occur in |p1], |p1|+|p2], - .. , and |p1|+
oot |pe—1], and sgn(p;) = sgn(op, |4 |py|+-+lp,;|)- (Note that the whole ”pg-h
chunk” of ¢ has the same sign by the way descent was defined, i.e. sgn(p;) =
sgn(o1) = sgn(oz) = --- = sgn(oyp,|), etc.) Furthermore, p is the maximal
signed composition satisfying this. (So if ¢ has k — 1 descents, then p has k
parts.)

Example The descent shape of o = 513679248 is p = (13221).

A nice way to read off the descent shape of ¢ is to make a cut in o everywhere
there is a sign change and everywhere there is a descent, then read off p by
the sizes of the cut chunks, and assigning signs accordingly. For example, for
o = 53412 we cut as 5|34|1]2 and read off p = (1211).

Now we can begin talking about elements in Q[B,,] called descent classes.

Definition The descent class

T = g o.

o: descent shape of o>p



Example z7) = 123 + 132 4 231 + 123
Definition 2B,, = the linear span of {z,}en.

In the next section we will show that 2B, is an algebra with basis {z,} e, by
finding coefficients o}, , such that m,z, = > .. a7  z.. Furthermore, because
the z, are indexed by signed compositions, the dimension dimQB,, =2-3"1.

1.3 Shuffles and Multiplication

The goal of this section is to show

_ T
TpTq = Z Oép,qCET

r:rEn

(where o, , are the number of matrices with column sum ¢ and row sum p and
content r. Note that, as defined below, having a given row and column sum are
interrelated concepts in the way they respect signs) and hence that QB,, is a
subalgebra of Q[B,]. (see [4] )

It turns out that the way the descent classes multiply models how cards
shuffle. Let’s examine how cards shuffle more closely.

Denote the shuffle product by the symbol w. It will be clear by the following
example what we mean by F; w Fs:

Example 12 w34 = 1234 + 1324 + 1342 + 3124 + 3142 + 3412 Notice that 12
stays in that relative order as a subword of 12w 34, as does 34. We can view a
shuffle (of distinct integers) as a sum of permutations and hence as an element
in Q[B,].

Clearly the shuffle product is commutative and associative. How do shuffles
compose? We could expand the shuffles into sums of permutations and then
compose them in Q[B,]. We can make our computations shorter by noting
that shuffling and then permuting is the same as permuting then shuffling, i.e.
(23145) - (12w 34 w5) = 23w 14w 5. Hence we have:

Example

(1 w 2345) . (12 w34 w 5)



= (12345 4 21345 + 23145 + 23415 + 23451) - (12w 34 wb)

= 12w34wd5+21w3ddwd+23wldwdb+23w4l wdH+23w4dwl
= (12421)w34ws+ (14 4+41) w23w5+ 1w23w4b

= lw2w3ddwb+1w23widwd+1w23w4b

Note we can write this as a sum of terms that look like £ wFEyw -+ wE,,
that yield 12...n when concatenated as F1 Es - - - E,,, because these shuffles are
all performed on a deck in that original order. Consider the term 41 w23 w5
appearing above. Because 1 and 4 appear out of order here, they must ap-
pear in different segments of the first shuffle (1w 2345) and hence 14 w23 w5
must also occur in the sum. When added together they yield 1 w4 w23 wh =
lw23 w4 wh. .

So we have a sum of permutations from .5, cut as __| |- . We can think
of encoding this in a matix with 1 in the first row and 2345 in the second row,
in that order, apportioned by two numbers in the first column, two numbers in
the second column, and one number in the third. All matrices obtained in this
way are

1 1 1 1 1 1
2345\ 2 34 5 2345\ 23 4 5 2345 \ 23 45

and we can read off the shuffles across rows: 1w2w34wb +1w23w4wh +
1w 23 w45 which corresponds to our answer in the example above.

Since we know the numbers occur in the order 12 - - - n, only the cardinalities
of each block matter. We can associate Fy w Fy w --- w E}. with the composition
q = (|E1||E2] - |Ex|) where |E;| is the length of the block E; and associate
p = (|F1|---|Fr|) with Fyw --- wFy. In fact we can call the shuffles F, and
E,. Then their product is a sum of shuffles obtained from the compositions
filling a k£ x h matirx with row sum ¢ and column sum p. We will denote the
row sum (Z?Zl mu,ZLl Mg, - - - 72?:1 my;) of a matrix M = (m;;) by the
composition r(M) and the column sum (Zf:l M1, ... ,Zle mgp) as ¢(M). By
w(M) we will denote the composition obtained from reading the entries of M
from left to right, row by row. Then in this notation, the argument above shows:

E;-Ey= Y Euan.

v
In the above discussion, none of the o’s involved negative signs. Because
barring is an involution, it is clear that the bars apportion in the matrix as
follows. We bar an entry in the matrix if it occurs in a barred column or
barred row but not both. So we must modify the definition of E, to ¢; =



|E;| and g; is barred if and only if F; is barred, and we must also modify the
statements r(M) = ¢,¢(M) = p to mean we apportion bars on the entries of M
accordingly. Hence r(M) = ¢q,c(M) = p are interrelated, as opposed to separate
independent statements. This gives us a nice association between shuffles and
signed compositions.

Example (11w2345)-(12w34w5) =1w2w34wh+1w23 wdwh+1w23w4h
So the matrices we count now for this example are:

2 21 2 1 2 21
1/1 1 1 1
4\1 2 1 4\2 1 4\2 2

Note that the signed compositions we read off above coincide with the shuffies
in the answer. In terms of real-world card shuffles, we can think of the bars as
meaning we turn the card face up (or down)—which is clearly an involution.

— = o

To see how these shuffles relate to Q2B,,, we introduce the anti-automorphism

* 1 Q[Bn] — Q[By]

* 1

ro0— 0

extended algebraically. It is an anti-automorphism because (o7)™! = 771o~ 1

What does * do to Q2B,,? Let’s examine it on a particular descent class .

Let n = 9,p = (13221). Consider any o that occurs as a summand of z,.
Because o has shape p or less fine (coarser), it is clear which o; are barred and
that o2 < 03 < 04, |o5] < |og|, 07 < og. Descents may or may not occur
(because of the ”less fine”) in 1. To figure out what o ~! is we want to rearrange
the o; in increasing order. If

—— N
W — W
N — =3

1
o:
5

O —
| o
©Ol+— &
~ — 00
0l +— ©

then 0! is encoded by the same picture with the arrows pointing up 1. We

can rearrange entire columns, yielding:

Q
L
RN
[N
w— w
= — 00
Tl — =
o —
-~ — ot
0l — ©
Ol— O

and read o~! = 273814596 off the top row. In doing this rearranging, since
2 3 4

09 < 03 < 04 when we rearrange | l | we have 234 in that relative
g9 g3 (o}



order appearing in o0~!. Likewise 56 and 78 will occur in that relative order.

In this manner we see every possible ¢ occurring as a summand in z, will have
an inverse appearing in 1w234w56wW78wWY. So z, = Ej in the notation for
shuffles used above.

Hence
aprg = ((5p7g)")" = (z52,)"
= (Eq Ep)*:( Z Ew(M))
.r(M)=q
c(M)=p
= Z (Bwn)®
MRS
= ) Ty
M: G

Or we can write

TpTy = Za;qwr (1.1)

where oy = [{M : ¢(M) = p,r(M) = q,w(M) = r}|. In particular «, , € Z.



Chapter 2

The Free Lie Algebra

2.1 Getting from Q[A*] to Lie[A]

In this next section, we will introduce the free Lie algebra on an alphabet A
and develop certain Lie polynomials that will be useful in decomposing Q[A*].
Let A be an alphabet, A = {a1 < az < --- < ay}. For our purposes, we
stipulate that if a; € A then@; € A as well. (We'll oftenlet A = {1,2,...,7,1,2,
-,n}.) If w=wiws - wy where w; € A then we say the length of w, denoted
|w|, is equal to k. Let A* be all words on A and A™ be all words on A of length
n. That is, A" = {w € A* : |lw| = n}. Note, we use the symbol | | to denote
absolute value of numbers, length of words, and cardinality of sets depending
on context. We denote by Q[A*] all formal sums with finite support of words
in A* with coefficients in Q.
The free Lie algebra on A turns out to be generated by brackets of elements
of A. For instance, typical elements look like a or [a,d] or [c, [a,b]] etc. There
are also relations on the brackets, namely

[fi9l=—lg,f] and  [f,[g,h]] + [g,[h, f]] + [, [f,9]] = O
(2.1)

where f, g, and h are elements of the free Lie algebra. It is much easier to think
of the free Lie algeba, Lie[A] as the image of these brackets in Q[A*] under the
map which sends

[f9l— fg—gf (2.2)

We'll speak of [f,g] and fg — gf interchangably.

By a simple inductive argument employing the identities 2.1 above, it is easy
to show that any bracketing may be represented as a standard left bracket, that
is, something of the form [[- - - [[wy, we], ws], .. .], wg].



Just as Q[A*] = &,>0Q[A"] is a graded algebra, Lie[A] = ®,>oLie,[A]
where Lie,[A] is generated by left bracketings of n letters, i.e. under our iden-
tification 2.2 above Lie,[A] C Q[A™].

Because we are thinking of Lie[A] as sitting inside Q[A*], it would be
nice if we could find a map projecting Q[A*] onto Lie[A] or find a family
of maps projecting Q[A™] to Lie,[A]. We could achieve this by defining an
operator ©,, that takes a word w = wyws---w, to its standard left bracket
[ - [[w1,we],ws],...],wg]. (see [3] ) In order to do this consider the right ac-
tion of B, on the positions of letters in words of Q[A™]. If A includes @; as
well as a; then the barring operation of B, makes sense as well. For example,
abedeaa - 2137465 = bacadae.

Definition Let ©, =[[[_, (1 = %) = Y5502, .n) (—1)!S T, 5 i where ; =
1124 —li+144+2---n.

It will be clear by the following induction that ©,, is the operator we want. Let
w = wiws. Notice that w- Oy = w - (1 — y2) = wiws — wawy = [wy, wa).

Let w = wy---w,. By our inductive hypothesis, wy - - wp_1 - Op_1 =
[+ [wi,wa],... , wp_2],w,—1]. We can think of ©,_; as sitting in B, by just
letting it fix n. Indeed, since ~y; fixes i + 1,7 + 2,... we can consider ~; as an

element of B; for any j > 4. Thus O, = ©,,_1(1 —v,).

w-0, = w-0,_1(1—"9,)
w1 Wp-1 - @n—lwn(l - ’Yn)

(where the w,, just sort of hanging out there is concatenated on)

[[ t [wlan]; e awn72]awn71}wn<1 - ’Yn)
[. o [U}l,'lUQ], .. 7wn71]wn - wn[ o [w17w2]7 .. 7wn71]
= [+ [wi,wa)],... , wp_2], wn_1],wy] = the left bracketing of w

Hence Q[A™]©,, C Lie,[A].

In fact, it can be shown that ©, € QB,. (see [2] ) We want to show this
because then we know O} is a sum of shuffles, and we can use this fact in later
computations. Let

Ya = > o

o: descent shape of o is p

Then clearly z, = > g:q>p Ya» 5O by the inclusion- exclusion principle,
Yy = Z <_1)k(q)—k(p)xp'
pp=2q

Now consider [[;cg7: where S = {i; < 2 < ... < dx}. This product is
the permutation igig_1---4112---491 - -ig - --n, which has k& descents and then
an increasing sequence of (n — k) numbers. Hence this product appears in

10



YAl - - Ln—k))- And, in fact, y(11...1(n—k)) is the sum of all permutations with
—

Y
k descents and an increasing sequence of (n — k) numbers (all unbarred), so as
we sum over all § of cardinality k, we get all of y11...1(n—r))-

0, = Y (E][w
S:SC{2,..n} €S
n—1
k=0 S:Sc{2,...n} i€S
|S|=k
n—1
= Z(_l)ky(llu-l(nfk))
k=0

- ni > (—1)k@) =1y

k=0 p:p>(11---1(n—k))

2.2 Getting to Know Lie[A] Better

The following proposition (from [1] ) will show that Lie,[A] C Q[A"]O,, and
hence that Q[A"]©,, = Lie,[A]. It will also be useful in dealing with Lie poly-
nomials later on. But first we need to introduce some more definitions.

We will make extensive use of the following scalar product {, ).

Definition For words u,v € [A*] let

1 ifu=
(u,v) = nu U and extend linearly to Q[A*].
0 otherwise

One important fact to notice about (,) is that

for any w € Q[A"], w = Z (w, u)u. (2.3)
u€A*

(Also note that this expression is the same if we sum over non- empty u, i.e.
over u € A* —1.) Another useful fact is that for 7 € QB,,, (ur,v) = (u,v7*).
This is easy to see, because uo = v if and only if u = vo ™',

Let Qu [A*]®Q.[A*] be the completion of the tensor product of Q[A*] under

the shuffle product with Q[A*] under the concatenation product. So

for fixed u, ) fu.v € Q[AY]

QUJ [A*]®Q[A*] = Z fu,vu ®v: for fixed v, Z fu,vu € Q[A*]

u,vEQ[A*]

11



Then we can define a map
A:Q[A"] = Qu [A®Q.[A7]
by sending a letter in the alphabet
Ara—a®l+1®a

and extending algebraically.
Note

A(w) = Z (w,uwv)u®v (2.4)

u,vEA*

because A(w) = A(wiws ... w,) = (w1 @1+ 1Qw) (w2 @1+ 1Qws) - (w, ®
1+1Qw,) = ZSC{L... n} Ws ® wge because in each summand we have a choice
of whether to pick w; ® 1 or 1 ® w; from each factor—-which means we get w; on
one side of the ® but not the other. So for one summand, as 7 varies from 1 to
n we get all of w assorted on either side of the ®. That is to say, the summand
looks like wg ® wge, where

the subword wg = w;, w;, - - - w;,, for S = {iy <iy < --- < iy},

and 5S¢ denotes the complement of S. So we can write the above sum as A(w) =
> u® v where u is some subword of w and v is the complementary subword.
Hence w appears in v w v, and if we think of each w; distinctly, then w appears
only once in this shuffle. Futhermore, w appears in v wv only when u and v are

complementary subwords of w. Hence, A(w) =3_,  c 4« (W,uwv)u®v.

Proposition 1 Given p € Q[A"], the following are equivalent:
1. p € Liey[4]

2. A(p)=p®1+1@p

the empty word, )

3. <p7 uw U> =0 unlessu=1orv=1 (sometimes denoted 0

4. p-Onp=mnp

Proof (1) = (2) Induct on n. The n = 0 case is trivial, and if n = 1 then
p=a € A and by definition, A(a) =a® 1+ 1® a.

p € Lie,[A] so p = [r, s] where clearly r € Lie;[A], s € Liegx[A] and j, k < n.
Hence A(p) = A(rs —sr) = A(r)A(s) —AS)Ar) =(rel+1r)(s®14+1®
$)—(s®14+1®s)(r®1l+1®r) by the inductive hypothesis. By expanding
these terms, we see A(p) = (rs —sr)@1+1®@(rs—sr)=pR1+1Q0p.

(2) = (3) Alp) =p®@1+1@p. Recall A(p) =3, ca- (Duwv)u®V
by equation 2.4. Equating terms, clearly (p,uwv) =0 unless u =1 or v = 1.

12



(3) - (4) p@n = ZueA* <p : @n7u>u = ZUGA* <pa u- @2)’(}; = ZuEA* <pa u:
n—1 _ * .
(D k=0 2opip> (111 (n—k)) (—1)F®) =gy, But, by assumption, (p,uwv) = 0
unless v wo is an empty shuffle. z; is an empty shuflle exactly when k(p) =1;
in this case, when p = (n), and hence 7, = z, = 12---n = Id the identity of

B Sop-On =3 e (pu (Cpzg Id)u =3, c 4o nip,u- Idyu = np.
4) = (1) p-06, = np. We already showed that Q[A"]©,, C Lie,[A].
Hence np € Lie,[A] which implies p € Lie,[A].

O

One consequence of this is that %@n is an idempotent. Another is that, in
particular, if p € Lie,[A] then %p € Lie,[A] C Q[A"] so %p -9, = n(%p) =p
which implies p € Q[A"])O,,. Hence Lie,[A] C Q[A™]©,, so

Lien[A] = Q[A"])O,.

In the next section we will define other idempotents that will be useful in finding
a basis of idempotents for Q2B,,. We will use Proposition 1 to show they actually
are in Lie,[A].

13



Chapter 3

Fun with Idempotents

3.1 The Z;,) Idempotents

Now we will define the Z,) idempotents (see [4] ), and use Proposition 1 to
show they project into Lie,[A] as well.
Let

D= Z u®u € Qu[A*]RQ.[4%].

u€A*—1
Note 1+ D =3, 4. u®u. Then

DF = E U] WU W -+ WUEL R ULUD * + - Uk

UL,U2,... ,up€A*—1

Z Z<w,ulw...wuk>w®ul,_.uk

ULy U EA*—1 WEA*

Swo( Y (e wuuw)

weA* Up,y... U EA*—1

But ug wugw - wuy = ugus - - - upt,™ where ¢; = |u;|. For w to appear in this
shuffle, we need Zle |u;| = |w|, hence ¢q = |w|.

Dk = Z ’U}®( Z <w,U1"'Uk;xq*>U1"'Uk)
weA* uy,... up €A% —1
a;=lu;l
= Z w®( Z <w$q’u1...uk>u1...uk)
weA* wp,.. U EA* —1
a;=|u;l

Now we know that if u = wq - - - ug, the right-hand side of the tensor becomes
Y e —1 (Wrg, u)u = wrg. But how many ways can u---up = u? As many
ways as we can reapportion the letters of u into k parts, i.e. as many positive

14



(unsigned) compositions there are of |w|. To note the fact that ¢ has all positive
parts, we may write ¢ < (|w|).

DF = Z w® ( Z (wag, w)u) = Z w® ( Z wg)

wEA* uEA* —1 weA* a<(Jw|)
gl=lw]|, positive,k(q)=k k(a)=k

Let ® = log(14+D). Note this infinite formal sum is well-defined in Q ., [A*|®Q.[A*].
Then

d = 1og(1+D)=Zka
k
k>1
(-1
- YO S wa (Y ww)
k>1 wEA* a<(Jw|)
k(q)=k
(—1)kl@)-1
= Z w R w Z — 1y
k
wea iy 9@

We will define
eps (—1)Fo-1
Definition Let Z,,) = qu(n) % and Zp,) = wZ(jy))-
So & =} carW®TIp. It is clear from the above definition that Zp,) €

Qlal).
The following string of equations will show that Zj,; € Lie,|[A].

(Id®A)(1+D) = Y weAw)

weA*

= Zw@ Z (w,uw VYU RV
weA* u,vEA*

= > <Z <w,uwv>w> U
u,vEA* \weEA*

= Z ULV RQURV
u,VEA*

= (Z u®u®1)~(z v®1®v)
u€A* vEA*

= exp( Z u® I ® 1) - exp( Z v 1®Zp)

ug€ A vEA*

which is clear since exp(} ], c4- W @ w) = Y 4o W @ Ly
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= exp( > u@Iy®1+ Y velely)
u€A* vEA*

= exp(Z w®I[w]®1+w®1®I[w]>
weA*

= exp < Z w R (I[w] ®1+1 ®I[w])>

(Id ® A)(exp(®))

(X ea- w®Tpy)"

n!

But also (Id ® A)(1+ D)

= (deA) | >

n>0

3 (Cpea w @A (Tiw))"

n!

n>0

= exp < Z w @ A(I[w])>
weA*

Hence exp(}_,c e W @ (Zju) @ 1+ 1@ Z1y)) = exp(D_,e4- W @ A(Zjy))) which
implies >, 4o W ® (L) @ 1+ 1@ Lpyy) = Y e ar W @ A(Zyyy)) and thus

T) @ 14+ 1@ ) = A(Zpw)-

By Proposition 1, T, € Lze‘w|[A}. If we let our alphabet be A = {1,2,...,n
1,2,...,n} and let w, = 12---n which we can think of as the identity, then
I[wo] = on(n) = I(n) and so

I(n) € Lie, [A]

Now we will show that Z,) actually projects to Lie,[A]. Suppose p €
Lie,[A]. Then

Py = Y 0Ly uu
u€eA*

1)k@-1

LI‘ u)u
Z<pz k:(q) q> >

u€A* q<(n)
1)k(@)-1

= > Z (pouzg)u =Y (p,uafy,)u

u€A* g<(n) ucA*

since uz,* is a shuffle unless ¢ = (n )(or g = (m)), and (p,shuffle) =0
for a non-empty shuffle.

ueA* u€A*
= P
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In particular, Z(,y € Lie,[A] 50 Z(;)Z(n) = Z(») which means Z(, is an idempo-
tent. The above equations show Lie,[A]Z(,) = Lie,[A]. Since we already had a
realization of Lie,[A] C Q[A"], this shows that Lie,[A] C Q[A"]Z,). Further-
more, recall for w € Q[A™], wZ,y = I}, € Liey[A] so Q[A"]T(,) C Liey,[A].
Thus we have found an idempotent such that

Now we will break down Lie[A] further.
3.2 Lie"[A] and Lie™ [A]

Definition
Let Liet[A] = {p € Lie[A] : p = p}, Lie” [A] = {p € Lie[A] : p = —p}.

Claim Lie[A] = Lie*[A] ® Lie™ [A]
The proof of the claim is clear if we consider the map

VU : Lie[A] — Liet[A] @ Lie™ [A]

pos (PTF PP
2 72

0

It is clear that W respects the grading of Lie[A], that is to say, Lie,[A] =

Lie)[A] & Lie,, [A] where Lie}[A] = {p € Lie,[A] : p =D}, and Lie, [A] = {p €
Lie,[A] : p = —D}.

Let L L
T 0 Bt O N S 1) B L0
=" 3 =5
Then I(tl) + 1) = Z(n). Clearly I(tl) € Lie}[A] and I, € Lie, [A] and each

of these operators fixes those respective spaces. Since barring is an involution,
I(n)I(n) = I(n) and I(n)I(n) = I(,L)I(n) = I(n) Hence I(—;) and I(_n) are both
idempotents, and I(Z)I(_n) =0.

Let n = |w|. If u = wZ,) then wZ,) = u. So I(J;) projects into Lie} [A],
I(;L ) projects into Lie, [A]. These idempotents are orthogonal and their sum
projects to all of Lie,[A]. Hence it must be that

Q[A”]I(tl) = Lie}'[A] and Q[A”]I(_n) = Lie, [A].

For convenience, for € € {£1} let



L) +eZ,
€ (n) (n)
So I( =5 -

3.3 Defining /, and Finding an Expression in
Terms of z,

Definition Given p = n where k(p) = k, let ¢; = sgn(p;). Then we define

I, = > T lisa - 1isu
Sl+S2+“‘*;.5“);:j{1,2-,~-~ ,n}

Above we used the notation:
S1+ S+ 4+ Sk,=41,2,... ,n}

to mean {1,2,...,n} is the disjoint union of the S;’s. That is, Ule S; =
{1,...,n} and Vi,j S; # 0 and S; N S; = 0. Also, we always order S; as
S; = {il <ig <0 < ir}, so that by I[Sj] = SjI(\Sj\) we mean %1%s - - ~Z'7-I(T).

It turns out that I, is a linear combination of z,, and that the z, is a linear
combination of I,’s, from which we see that {I;} 4y is also a basis of QB,,. In
order to compute such an expression it is necessary to introduce special notation
to keep track of signs and bars. We will introduce the notation throughout the
body of the next claim, and will use it in subsequent computations.

Claim
_1k(r) k

L=y Y Z T(6(a), 0)r- (3.1)

¢:{1,..k}—{x1} rir<e(q
Notation: We will follow Garsia and Reutenauer’s notation [4] and call

k
k(r,q) = H k(ray)
i=1
where 7 = (r(1)7(2) - - - T(x)) concatenated together, and r(;) = |qi|. (k(r,q) says
we cut 7 as ¢ dictates and then count the sizes of the pieces).
For w € Q[A*] and ¢; € {£1}, we say

Wity = —

_ @i
Note that w = w, so that if ¢; = —1 then w = w. We will also make use of the
symbols ¢; which will generally denote the sign of some part of a composition,
where as ¢ usually denotes a map that distributes bars.
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We also introduce the following notation:

—1 if ¢; <0Oandg; <O
Ti 9 =
(¢,4) {1 otherwise
k(q)
and Y(¢,q) = [[ Ti(,q)

=1

Proof We will now compute I, in terms of x,’s using the fact that Z,, =
k(-1

D orir<(n) — Ry % Let ¢ = n where k(q) = k and €; = sgn(g;).
Iy = > IRyl I
Sit+8p={1,...,n}
[Sil=la;!
_ > g, Ztain + 12w ) S Zganh) + L (qnn)
2 2

S1+4-+Sp={1,... ,n}
[Sil1=l4;l

k _1]6(’)”(1))71

Z 1

= - ,

S+t S,=lnlISil=la;] < i=1 k(ra)
T(i)ir(i)ﬁ(\‘hﬂ)

51(Ir(1) + €1TT(1)) e Sk(mr(k) + kar(k))

Above, we used the notation [n] = {1,2,... ,n} for brevity—well, actually,
to make the equation fit on the page. We will make further use of this notation
where necessary. Later, we will pull the S;’s out to the left of the expression,
understanding that z; ,, acts only on that piece of 5153 - - - Si. Note that 7, = 25
so that we can get rid of the bars over the z,.’s in the above expression. For
example T (15391) = Z(73027). Now we can simplify the product of terms that look
like z,, + €;z7; by using the ¢ on top notation we introduced above. Let ¢ be
a map

¢:{1,2,.. .k} — {£1}

and let ¢; denote ¢(i). From each of the k factors in the former product, we
have a choice of whether to choose Ty, OF Zrgy; each series of choices corre-

sponds to some ¢, of which there are a total of 2¥. Hence Hle (Trgy + Try) =

Z¢x¢1 Loy =Ty -
T T(2) T'(k)

Of course, we still have to deal with the factor of ¢; that is multiplied by
T~ This is negative only if ¢, = —1 (i.e. ¢; < 0) and we actually chose the
barred term out of the product, i.e. if ¢; = —1 as well. To be more specific,
what is really important is whether ?m is barred (since later on we will have
¢ acting on signed compositions, not just positive ones). This information is
encoded in the symbol defined in the beginning of this section Y;(¢, q), because
this is negative when both ¢; and ¢; are. The product of these signs is (¢, q).
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Now something really nice happens. The S;’s disappear, so to speak.
>S5t S SkTry  Trgy = 1200 & ry) = T Why s this?  Well, . )
mixes up S; but doesn’t touch the other S;. So we end up getting something
that has the descent structure of ., on the S; piece, and may or may not
have descents leading in or out of this #** chunk. As we sum over all such
S1+ -+ S, ={1,...,n}, we certainly get all rearrangements of 12---n that
have this descent shape, i.e. the descent shape of r = (r(1y---r()). The com-
position we call r is made by concatenating the ;) < (|g;|), so we get that r is
a finer composition than (g1]-- - |gx|)-

By an even further abuse of the ¢ notation, we can call the composition

we obtain by barring ?21)%2) e ?sz) in that manner ¢(r). Also, instead of con-
sidering functions of ¢(r) where r < ¢, we can consider functions of r where
r < ¢(q). Now we are ready to further simplify the equations above using this
new notation.

L= X >

12 k(ray)—1)
—=— X(#,4)S1 - Sks, 4,

S14--+Sp=[n] T(’i)zr(i)S(‘qi\) Hk(?ﬁ(z)) (1) T (k)
[Sil=la;| ¢i{1,...k}—{+1}
1 _1k‘(7")—k
= % 2 oo 2 @0
2 TET(1) T (k) k(r,q) ¢

T(3) T (4) <(lg; )

k() =k
- 2% > > le T(o(q), q)

bl e (21} rr <ot P09

Note in the above expression, because we’ve changed the order of summation,
we don’t care about the sign of ¢; itself but about the sign of ¢(q);, where ¢(q)
is the composition obtained from ¢ adding and deleting bars according to ¢. So
we care about the sign of Y;(¢(q),q), which is negative only when both ¢(q);
and g; are.

O

3.4 The Action of B,, on a Product of Signed Lie
Polynomials

Now we would like to find out what I,,z; and I,I, are. In order to do that, we
first study the more general action of z,.

For Q € Lie[A] we say @ is a homogeneous Lie polynomial if for some j,
Q € Lie;[A] and we call j = deg(Q) the degree of (). For example, the degree
of ©,, is n. Given a collection of homogeneous Lie polynomials Q1,Qs, ... ,Qm
and S = {i; <iy < - <ir} C{1,2,...,m} we will call Qs = Q;,Qi, - - Q...
By deg(Qs) we mean (deg(Q;,) deg(Q;,) - --deg(Q;,)) which is a composition
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of the sum of degrees of the Q;,. Furthermore, if Q; € Lie“[A], we can say
sgn(Q;) = ¢;. If this happens, we can call Q; a signed Lie polynomial.

Lemma Let @; be homogeneous signed Lie polynomials for which €; = sgn(Q;)
and Y ;" deg(Q;) = n. Let p = n where k(p) = k and ¢; = sgn(p;). Then

Q1Q2++ Qmp = > T(p, sgn(Qs))Qs, Qs -+ Qs,

S1+So+ - +Sp={1,2,... ,m}
deg(Qs,)Elp;l

Proof

Q1Qa2 Qmzy = Y (Q1Q2+ - Qmap, u)u

ucA*
= > (@2 Quuzy)u
ucA*
b1 P
= > (@ Qm,urw - wug)u
WP, up € AR
lugl=lpiliuy-up=u

Now remember our friend A. We can define an analogue of it A¥=!: Q[A*] —
®,Q[A*], that sends for a € A, AF 1 :g—a®1®---®1+1®a®---® 1+
—_—

k
4+ 1®---®1®a. Also analogously to equation 2.4,

Ak_l(f)z Z <f,U1UJ"'LUUk>U1®"'®uk~

UL yen U EA*

So (Q - ~~Qm,311 w o waZ) is actually the coefficient of 311 Q- ® 3’; in
ARHQu - Q).

Following the proof of Proposition 1, we also have that Q € Lie[A] if and
only if A*"1(Q) = Q®---®@1+---+1®---®Q. Since A*~! extends algebraically,
AR QL Q) = ZSl+»--+Sk:[m] Rs, ® -+ ® Qg,. This has a coefficient on

311 - ®?ﬂ of H<QS“3¢> =[[{Q@s;,u;) when ZZ occurs in Qg,, so in particular,
deg(Qs,) = |ui|.- Hence the coefficient

1 Pk

@ @
Q- Quihvw - wil) = Y (@sywm) - (@, )
S1+---+SE=[m]
deg(QsiH:lwl

= > <8sl"'3sk,u1-~-Uk>

S1+4--+Sp=[m]
deg(Qg, ) F=lugl
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So, to continue:

P11 P2 ol
QlQQ"'mep = Z Z <QS1Q52 "'QSkau>u

UEA* Si+---+Skp={1,...,m}
deg(Qg; ) =Ipil

P11 P2 Pk
= > QRs,Qs; - Qs

S1+-+SEp={1,... ,m}
deg(Qg, ) =Ip;l

= > T(p, san(Qs))Qs, Qs - - Qs

S1+So+--+SE={1,2,... ,m}
deg(Qg,)=lpil
because Q; = €;Q;. Notice Qg, is signed (its sign is HjESi €;). Hence, each time
we remove a bar from atop a @Q)g,, it contributes a negative sign exactly when
sgn(Q@s,) < 0. But it’s only actually barred when ¢; = sgn(p;) < 0. As i varies
from 1 to k, this information is encoded in Y (p, sgn(Qs)).

O

Using this lemma, we will be able to compute Iz, and I,I,. In order to
do this, we require some identities involving Y (¢, ¢). Proving these identities
involves some lengthy computations. The reader may want to skip to the next
section.

3.5 Identities Involving Y (¢, q)

Claim Let ¢, :{1,2,...k(p)} — {£1}. Let p = n. Then ¢; # ¢; if and only
if

Ti(o(p), p)Yi(¥o(p), ¢(p)) = = Yi(v(p), p)Yi( (), ¥(p)) (3.2)

Proof Suppose ¢; # ;. Without loss of generality let ¢(p); < 0, hence
¥(p); > 0. Since ¢ and 1 differ on i, ¥(¢(p)); = —p;. Then what is Y;(p(p),p)-
Ti(vo(p), d(p)) 7 It is negative; we can think of it as T;(—1, p)Y;(v¥é(p), —1) =
Ti(=1,p)Yi(=p,—1) = —1. So the product on the left-hand side of equation
3.2 is negative, because p; is either positive or negative. On the other hand,
Ti(6(p), ) Ti(60(p), 0(p) = Ti(+1,p)Ti(¢t(p), +1) = +1 which is always
positive. So each time ¢ and 1 differ, the signs of the expressions in equation
3.2 are different.

Suppose ¢ and 1 agree at the i'" place. So ¥¢(p); = p;. Then
Ti(o(p), p)Li(¥d(p),6(p)) = Yi(o(p),p)Yi(p,;¢(p)) = +1 because the above
terms are the same—and (£1)? = +1. Likewise, Y;(¢(p),p)Y:i(év(p), v (p)) =
+1 when ¢ and 1 agree at the i*" place. So the signs of the expressions in
equation 3.2 are the same.

Hence Y;i(é(p),p)Yi(¥d(p), ¢(p)) = —Yi(v(p),p)Yi(d(p),(p)) exactly
when ¢ and 1 differ on i.
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Claim

27 2 TO), YT (0(0), 60)) o) = (33)

s

Proof Notice that ¢ and ¢ commute and s0 Zy¢(p) = Tpy(p)- First we will show
that T(6(p). p)T(6(p), 6(p)) = —T(H(p), p) T (616(p), $(p)) When ¢; # v for
an odd number of 4. This will simplify the above sum greatly.

Case 1: Suppose ¢ and 1 differ on an odd number of places. We can cancel
all the terms out of the products where they agree (recall Y is a product of T,;’s).
Then we are looking at two products of an odd number (2m + 1) of plus and
minus ones. Suppose the first cancelled product contains j negative signs. Then
by equation 3.2 the second cancelled product will contain 2m + 1 — j negative
signs. But these two numbers are of opposite parity, so the entire products are

of opposite sign, i.e. Y(¢(p),p)Y(Lo(p), ¢(p)) = =T (W (p), p)Y(dY(p), ¥ (p)).

Hence the coefficient of x4y, is negative that of z,4(,), and equation 3.3 is
reduced to ﬁ Z¢ Z ¥ that differ from ¢ T(d)(p),p)T(’L/)gf)(p), ¢(p))$w¢(p).

on an even number of places

Case 2: Suppose ¢ and v differ on an even number of places. Now instead
of cancelling the () term with the 4y, term, we construct ¢’ and ¢’ to do
the job. Assume ¢ # 1. Let j be the first place that ¢ and v differ on. Choose
¢ to differ from ¢ only on j. So ¢'(p); = —¢(p); and for all ¢ # j, ¢'(p): = ¢(p);.
Let 1) differ from 1 only in j as well. Note that ¢’ and ¢’ differ from each other
in an even number of places, so they occur in our slightly simplified sum above.

Also, ¢'(¢'(p)) = ¢P(p), SO Ty (g (p)) = Tps(p)» Pt

T(o(p),p) Y (Vé(p), d(p)) = =T (¢ (p), p) T (V&' (p), ¢’ ())-

Why is this? Well, the products are exactly the same except for the jt*
term by the way ¢’ and ¢’ were constructed. So all we have to do is com-
pare 1, (6(p). p) L5 (6(p), 6(p)) to T;('(p),p)T;(¥/6(p), &' (p)). Now, since
w(p); = -pj Yi(op).p)Ti(We(p). o) = Ti(o),p)Y;i(—p.o(p))
= sgn(d(p);)-

And T;(¢'(p),p)Y;(W'¢'(p), ' (p)) = Yi(=o(p),p)Y;(Wo(p), —d(p)) =
Ti(—o(p).p)Y;i(—p, —¢p(p)) = sgn(—¢(p),;) = —sgn(¢(p),). Since we constructed
¢' and ¢’ in a well-defined manner (i.e. we would use ¢ and ¥ to cancel them
out as well), every term in the above sum cancels except when ¢ = 1. This
obviously happens 2¥(?) times, once for each ¢. To sum up:

ﬁ ST TGP, )T (W6 (p), (D)) Tpesir)

)

23



1
= ) > Y (6(p), ) Y(66(p), (1) To0(p)
¢:{Lk(p)} {21}

= S > T(o(p),p)Y(p, (p))2p
G {1 k(p)}— {1}

1
= Zm > (£1)%z
$:{Lk(p)} = {£1}
= .iL'p.
O

Claim Let p,q = n, k(p) = k(q) = k. Pick 0 € &. Let p-o be the composition
obtained from permuting the parts of p according to . Then

2% if Vi, sgn(p,,) = sgn(q;)
T(¢(q),9)Y(¢(q),p - 0) :{ o
% q):4 9),p 0 otherwise. (3.4)

Proof Suppose there exists a j for which sgn(p,;) = —sgn(g;). As we sum over
all ¢, half of the time ¢(q); is negative and hence Y;(¢(q),q)Y;(6(q),p- o) =
T,;(—1,¢9)Y;(—1,—q) = —1. The other half the time, ¢(q); is positive which
means T;(¢(q),q)Y;(¢(q),p- o) = +1. Thus

S T(é(q), )Y (6(q),p- o)
ol
= > (), 0)Y;((q).p o) [] Tid(a).))Yi(d(q),p- o)

¢:6(q);>0 [RE]
+ > Ti(8(a),9)Y;(6().p-0) [ Yi(d(a).9)Yi(é(q).p-0)
¢:6(q) ;<0 (R

S () ] Tile(a). @) Yi(e(a),p - o)

Gb(q);>0  iiA]
+ > (=) ] Ti6le). ) Yi(e(q),p - 0)
$:¢(q); <0 (R
= 0
because for each ¢ there exists a unique ¢’ agreeing with ¢ on all i # j and
differing exactly on j.
Now suppose sgn(p,,) = sgn(g;) for all i. Then Y;(é(q),p- o) = Ti(d(q), q)
for all 7. Hence
D Y(é(q), )Y (B(a),p-0) =D T((a), )Y (bg),q) = Y (£1)* = 2",
[ ] [
O

Equations 3.3 and 3.4 are really quite remarkable. Who would have thought
all those awful signs would drop out so nicely?
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3.6 Expressing 1z, in Terms of ],

We will put the work of section 3.5 to use in the following claim. Recall that, in
keeping with the notation of Garsia and Reutenauer [4], by k(g, p) we mean the
product of how many parts of ¢ (which is finer than p) match up to the parts

of p. That is, ¢ is a concatenation of q(;) = p; and k(q,p) = [],= k(p) L k(qiy). B
k(q,p) we mean k!(q,p) = [T/ k(qq))!

Claim .
@q<p ¢:{1,... (@)} = {1}
Proof
a:a<p ¢:{1,.. k(q)}ﬂ{il} Y i
1 _1k r)—k(q
q;p k' q p w:[k(g)wlzi({i))l} 2}‘3(‘1) k(T’, q)
rir<i((q

the above expression plugs in equation 3.1 and takes into account
that k(q) = kz((b( ))- Below we switch the order of summation:

—1k(M—k(9)
= 2k D Z Mg o(q),q) Z TT(%ZJMQ),MQ))%(T)
qq<p rr<é(q) ’
P
1 _1k(r) k(q)
= 5@ Z Zk;' ) Y ((q), )Y (Vd(q), (0) Typo(r)
qq<p [oR 1}
1 —1k(r)—k(q)
= S Z k, TR > T (¢(q), )Y (W(a), (0)) Ty
o e
1 —1k(r)—k(q)
- 2@ z_: k' (a.p) k)
qrrzlq<p
by equation 3.3.

Note, the last step of the proof comes from [4]. According to Garsia and

1 —1k—k@
Reutenauer Zq:rﬁqﬁp k'gq,p)  k(r,q)

sum is clearly 1. Also note that the above claim along with equation 3.1 show
that {I,},, is a basis of QB,,.

= 0 unless » = p, in which case the

O
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3.7 Computing 1,1,

Claim Iz, = 0 if k(p) < k(q). If k(p) = k(g), then

Ipg = > >, Tlap-o)g 0 Igr ] (35)

Si+--4SE={1,...,n} cES,
[Si1=1Ip;| \z>a7;\:\qi\

Proof Let m = k(p), ¢; = sgn(p;) and k = k(q), ¢; = sgn(q;), and let Q; = I[eé]
By the lemma of Section 3.4, then

La, = 3 I I, I
pTq [S1]7[S2] [Sm]
S1+So+ - +Sm={1,2,... ,n}
[Sil=Ip;l
= g QlQQ e meq
S1+S2+ - +Sm={1,2,... ,n}
IS5 1=p;
= E E T(qa Sgn(QT))QT1 QTz e QTk
S1+-+Sm={1,... ,n} T+ -+Tp={1,...,m}
1S;1=p; deg(Qr; ) =lasl
= 0ifm<k.

When m < k there is no way to find T; such that Ty +--- + T} = {1,2,... ,m},
so the sum is empty and hence 0. But what if m = k7 Then the only way to find
T; # () such that Ty +To +--- + T = {1,2,... ,k} is to have |T;| = 1. So each

of these set decompositions corresponds to some permutation of {1,2,... &k},
i.e. to some o € Gj. Hence
Ipzq = Z Z T(Qa sgn(QU))le Qaz T Qak
S1+4-+Sp={1,...,n} TES),
15;1=Ip;| deg(Qo;)=4;1

resubstitute for the @;’s and recall deg([el ) = |Si]

= > Y g sen(Ifg )g! Ik

S14-+Sp={1,....n} cES
1S 1=1p;] IS0 1= 1451

Recall sgn([fgﬂ]) =€, = sgn(p- o).
_ 3 Y. Yap-o)g TGk ifk(g) = k(p).

S1+-+Sp={1,... ,n} cES
1S;1=Ip;] IPo; =144l

Definition Given a signed composition p = n, define the symbol A(p) to be
the composition obtained from p by rearranging p’s positive parts in decreasing
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order then p’s negative parts in decreasing order of absolute value. We can think
of A(p) = (AT, A7) as a signed partition of n.

Example \(13221) = (32121)
Notice there is a permutation o € &y, that acts on p to obtain A(p). We can
talk about Stab p being those permutations that fix p. Note that |Stab p| =

|Stab A(p)| because they are in the same orbit of this action.
Now we will finally compute what I,I, is for certain p, g.

Lemma If A(p) = A(¢) = A then
1,1, = |Stab N1, (3.6)

Proof Let k = k(q) = k(p). The first line of the next string of equations is a
consequence of equation 3.1, and the next two lines come from equation 3.5.

1

1,1, = I, Z Q—kT(qS(q) q)Ty(q) + coefficients - T compositions.
¢:[k]—{£1}

= 9k ZT I pTg(q)

= @ZT(qﬁ(qu) > ST )[S REREY sy
[ Si+-+8g=[n] oES

[Si1=Ip;| IPo; =14l
1 @

= o XY I Y @), ) (60 o)

e T e ¢

Recalling the remarkable equation 3. 4

= > > I 5o ] akl

S+ +S,={1,....n} oS}
1S 1=lp;| Po; =i
We emphasized that the €; denote the sign of pl by superscripting with a p,
because we want to make the substitution €2, = €] (which comes from equation
3.4: sgn(ps,) = sgn(g;) for all 7).

How many such o € &, are there such that p- o = ¢? Since ¢ lies in the
orbit of p under the action of &y, it is clear there are |Stab p| = |Stab A| such
0. Additionally, summing over the S; is the same as if we relabel and sum over
Se;. And the condition |S;| = |p;| is equivalent to |S,,| = |[ps,| which happens
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to be equal to |g;|. Now we can complete our computation.

L, = Y DR

€6 Soy+-+80, ={1,...,n}

Po;=di IS0, 1=la;]
b €0y o
= |Stab| > 5oy isa,)
Syt +Sey={1,...,n}
150, 1=14;1

relabelling S,, by T; and substituting e} = el yields:

— |Stab)| > Iy Iy,
Ty+-+T={1,... ,n}
IT;1=l4;|
= |Stab)A|l,

O

Hence we have generated more idempotents, namely mlp. Remark: The
argument that keeps track of the signs in Section 3.5 shows that 1,1, = 0 if there
exists no such o € &y such that for all ¢, p,, = ¢;, but there is a ¢ such that
|p0'i| = |Qi|'

The next idempotents we will construct from the above ones form a complete
family of minimal orthogonal idempotents. They are really the crux of the paper,
because they are elements of Q)B,, and they decompose Q[B,,] as completely as
possible in a nice way.
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Chapter 4

A Complete Family of
Minimal Orthogonal
Idempotents

Definition Let A\ by a signed partition of n. Then we define

1
Ey= 1 oI,
p:A(p)=A

The goal of this chapter is to prove the following theorem. (see [4])

Theorem 1 {E\}xrn are a complete family of minimal orthogonal idempotents.

Claim FE) is an idempotent.

Proof It is quite easy to show the E\’s are idempotents using equation 3.6.

1 1 1
E\Ex = 5 > Iy > Iy =t > Ll

T pA(p)=X I P:A(p)=X

a:A(q)=X
1
T pia(p)=A
qa:A(q)=X

How many p are there such that A(p) = A? As many as there are
in the orbit of A under the action of &, which we denote |OrbA|.
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1 1
= > |OrbA||StabA| Iy = > I8k,

e (@)=A e (@)=A
1
= 4 Z I,
a:A(@)=X
= FE\
O
While were at it, notice if A(q) = A then Exly = 1 2= Il =
T Lpa(p)=r [StabA| Iy = 17|OrbA||StabA| I, = Iy, so
Exgly =1, (4.1)

41 D BEr=1d

In order to show that the E\ are a complete family of idempotents, we need the
following lemma.

Lemma

Z Ey,=1d

A:AFn

Proof We need to return to our work with 1 +D =3 . w ® w = exp(®)
from Section 3.1.

= exp ( Z w®I[w}>

weA*

k
= Z (ZweA* w ®I[’w])

k!
k>0

1
= ZE Z g wugw - WU @ Ly L) - Liuy)
k>0 Ul,...up EA*

CEh T S en

E>0 T wuyp,..up€A* weEA*

= Z% Zw® Z <w,u1w...wuk>I[ul]...I[uk]

k>0 T weA* U,y Up EA*

Let n = |w|. Then w occurs in uy w - - - wuy only if |ug [+ - - Jug| = n and each ;
is a subword of w. In other words wg, = u; and S1 + Sa + -+ Sk, = {1,...n},
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where |S;| = |u;|. As we sum over all such set decompositions and all such
possible subwords, we generate exactly those shuffles that w occurs in. So we
can rewrite the sum

1
Zw@)w:ZHZw@ Z Z Ti) Ly

wEA* k>0 weAx UL,.. U EA* S1+So++S={1,...n}
wg, =ug
Since wg, = u;, we can view Zp, 1+ Z,] as w acted upon by Zjg,) -+ - Z[g,). S0
the expression becomes

1
> T Y we > > wlisy) - Iisy)

k>0 weA* uy,...up EA* sl+sz+‘-s~l+s‘k=l{1,.,.n}
Now our sum doesn’t really involve any wu;’s anymore, because as we sum over
Si’s they tell us that the u;’s must be of the form wg,’s. The only thing we care
about are the varying possible lengths of the u;’s. But all the different lengths
of the uy, ... ,u; correspond to all the different positive compositions of n = |w)|
with k parts. Continuing:

1
= ZE Z w & w Z I[Sl]"'I[Sk]

k>0 wEA* pipl=n, positive,k(p)=k
S1+-+Sp={1,...n}:[S;|=p;

1 B B
= D 2 wew > (s, + Tsy) - U sy + Ig,)

k>0 weA* p:p<(n),k(p)=k
S+ +SE=[n]:|S;|=p;

]. € €
= D gD weuw > > Iy

k>0 weEA* p:p<(n),k(p)=k e{l,...,k}—{£1}
S+ +Sp={1,...n}:|S;|=p;

1
— il i 12
P DILLLIDY > Iy Ty
k>0 weA* p:pl=n,signed Sy+---4+S={1,...n}
k(p)=k 1S;1=1Ip;l

where ¢; is now sgn(p;) since we encorporated the signs
into the positive compositions
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.S w@wz% S,

weA* k>0 " pipn
k(P) k
- TweeL ¥ 5 ¥ g,
weA* k>0 >\ *F" p Al(p)=A
= E w ®w g g E»
WwEA* AiAbFn
= k(>\) k
= E w R w ( E EA>
weA* A:AkFn

All of the above implies that w = w3, |, £ and hence

Z E\ = Id,

A:AFn

the identity of QB,,.

4.2 Orthogonality

The E\ € QB, act on Q[A*]. Since the F) are complete idempotents, they
project onto subspaces of Q[A*], all of which sum to Q[A*] itself. In fact, we
will show that that sum is a direct one by examining the spaces that the E
project to more closely.

Definition Given Q; € Liey,[4], if deg(Q;) = |¢:| and bgn(Q ) = sgn(q;), we

say the Lie polynomial Q1Qs - - Qyy, is of type ¢ = (q1¢2 - - gm ). We call
Z QU1 : 'Qo’m
066

the symmetrized product of Q1 - - Q,, and we say it has shape X if A\(q) = A.

The Poincare-Birkhoff-Witt Theorem implies that the enveloping algebra on
Lie[A] is Q[A*] and hence that these symmetrized products span Q[A*]. (see
[3]) One important result of this is that knowing how QB,, acts on products of
signed Lie polynomials tells us how it acts on all of Q[A*].

Definition Given a signed partition A - n, let HS) be the subspace of Q[A*]
spanned by symmetrized products of shape A.

Recall we know Lie[A] = Liet[A] & Lie [A]. Hence we can find a basis of
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Lie[A] that looks like {P;t, Py, ...} U{P,Py,...}, where P{* are signed Lie
polynomials of sign ¢;. It follows from the Poincare-Birkhoff-Witt Theorem
that {symmetrized products of Pfll Pf;‘ . Pe”} where i1 > iy > -+ > iy, and if
i; =141 then €; > ¢;, is a basis of Q[A]. (see [3], [4]) So another result of the
Poincare-Birkhoff-Witt Theorem is Q[A*] = @H S), or more specifically that

Q[A"] = &xrnH S
Claim E) € HS)

Proof Let A - n,k = k()\). Recall that if A(p) = A then under the action of &y,
we can get from A to p.

1
Ex = 5 > b

T pA(p)=X
1 1
= — — T -
k! 2 |StabA|
eSSy,
S D DRI SD DI R
k! cEG |Stab/\| Sp4-4+Sg={1,... ,n} ! *
1S;1=120; |
11 . .
= —_——— 71 o Tk
= R [Stab)] Z@ . %%Zf{l ism sy
7eok TN 1So; |ilc\:a Vo
1 6
_ oy
© |Stab)| > kt 21 S0 L1,
S+ +Sp={1,...,n} cEG),
[Si1=IXx;1
1
= |Stab)\\ Z something symmetrized € HS)

S1+-+Sp={1,... ,n}
[Sil=IX;l

O

Hence E) € HS). Clearly the right action by F) symmetrizes, i.e. for
w € Q[A™],wE\ € HSy. So E) projects into HSy, i.e. Q[A"]E\ C HS). But
since we know they are complete, > ,,  Ex =12---n = Id, we know

QA" = Q[A"]Y Ex=> Q[A"]E\ = ©&x-nHS).
AFn AFn

This tells us that E)y projects to all of HS). In fact, this gives us that the F)
are orthogonal. Since they are projection maps, F) decomposes as

E\ = ZEAEH
pEn
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with ExFE, € HS,,. Since our sum above is a direct sum, this decomposition is
unique. We already know E\E) = E), so for p # A, ExE,, = 0. In other words,
(using the Kroenecker delta) we have proven the following lemma.

Lemma
E\E, =6\ uEx.

4.3 Minimality

Furthermore, these E) are a minimal family of complete orthogonal idempo-
tents.

Lemma The E) are minimal with respect to being complete and orthogonal.

Suppose they were not. Then we could find non-zero E’ and E” such that for
some \, B\ = E' + E" E'E" = 0, and E'E,, = E"E, = 0 for i # \. Then
the right ideal decomposes as E\QB, = E'QB, + E"QB,. But don’t forget,
we can also think of this as a vector space over Q, so we can write the sum
as V =V, @& V,. Since E’, E” are non-zero, Vi, Vs are also non-zero. Recall
that one basis for QB,, is {I,}p=n. S0 {ExIp}pn contains a basis for the ideal
E)QB,. Recall we showed in equation 4.1 that Ex\@)Ip = Ip. Hence

I, ifA(p) =

A
EAIP = E)\E)\(P)Ip = {0 if )\(p) 7é A

This gives us that a basis for our ideal/vector space V' is {1} xp)=x. For f €V},
we know we can write f = Z,\(p)z,\ cplp in terms of our basis for V. Pick an
f € Vi such that Z)\(p):)\ c¢p = ¢ # 0. We know such an f exists since such
linear combinations are in V. Without loss of generality, f € V4. Using this f,
we will show V; contains all of {I},}5(,)=» and hence is equal to V. Pick any ¢
such that A(¢) = A. Then

flo=Y_ elly= Y c|StabA|I; = [StabA|I, > ¢, = c|StabA|I,.
A(p)=A A(p)=X A(p)=X

Since V; is an ideal, fI, € Vi which implies I, € Vi. Thus Vi = V and hence
Vo = 0, which is a contradiction. Because we cannot break down the F) into
smaller orthogonal pieces, we say they are minimal.

0

Thus we have completed the proof of Theorem 1, too.
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4.4 Conclusion

4.4.1 A Commutative Subalgebra

Finding the {Ex}rn is nice in and of itself, because they break down Q[A"]
(with A = {a1,a2,... ,af,@1,Q2,... ,ar}) into the smallest possible really "nice”
pieces. Because they are orthogonal, multiplication in span{ E } -, is quite easy
to compute. Clearly the span of {E)},-, forms a commutative subalgebra of
OB,. But we don’t have a very intuitive picture of what the FE)’s are. We
would like another basis of span{Ej}rn for which we do have a more intu-
itive feel. We might want to ask what is span{E)}r, in terms of shuffles (or
anti-shuffles)? One way to answer this question is to find an alternate basis for
span{ E }a-n that is a nicer expression in terms of z,’s. Or we could do this for
some subalgebra of span{Ej }-n.

For instance, analogous results have been found for Solomon’s descent alge-
bra, YA, 1 = span{z,},<@) C Q[&,] (since no bars are involved) in [1], [3],

and [4]. Consider spaun{y<}>:OO C YA\ _o where
V=D 1,
e v
v
SO
(Recall the definition of y, from Section 2.1.) These ) are expressible in terms

of the analogous E§ so multiplication in span{y<}>zoo is commutative and easy
to compute.

n \ \
E:(Z_Z+n)yf=§:( Yo=Y et

h=1 (=00 AF\, positive (=00 AR\
)= 1=«

The first equality comes from [1], [3], [4]. Why is the second equality true? In
[4], they defined for A - n a positive partition,

1
EY = o Z 7, where 7, = Z Lisyy - Lisy)-
. Alp)=X S1+--+SE=[n]
IS;l=p;
T _ é or _

Recall that Z(n) = I,y +1,,), 801y = D ik ()] —{£1} Zslﬂs.ﬁ:sgi:[nl Iy I =
Lolow:  Hence, 3 puce B = m X sk, Taw—r Lo ooy =
R 2 gt Day=r Ip = X poo=r Bx.

So, in fact, span{Y} C span{&y} and we do have a nice commutative
subalgebra of 2B,,. The J model particular shuffles of a deck of n cards. One
may want to know what happens when such a shuffle is iterated m times. This is
rather difficult to compute directly, but if we change basis to express the problem
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in terms of F,, finding an answer is quite easy. Of course, span{)&}}zoo C

YA\ _o C OBy, but we would hope to find a larger subalgebra of span{E\}rn
than this.

4.4.2 Conjecture

Although I was unable to prove it as yet, I propose that span{yf}}:Oo form a
commutative subalgebra of (2B,, as well, where

+ - _
V= X ot Y= X,
\/:H(\/)=< \/=H(\/)=<
\/oo>/ \/oo</

If one wanted to develop the study of QB,, further, this is one direction s/he
could take—it certainly warrants further research. Another avenue might be
to develop such idempotents for the other generalizations of Solomon’s algebra
that are discussed in [5].

4.4.3 A Word on the Radical

In [4] it is shown that for A an algebra of m x m matrices, the radical
VA={aeA: trace ax =0 for all z € A}. (4.2)

We can identify elements of 2B,, with their images under the left regular rep-
resentation of Q[B,]. Following steps taken in [4], (since 7o = o if and only if
T =1d, for 7,0 € B,,) for f € Q[B,],

trace f = Z (fo,o) =2"nl{f, Id)

oceB,

if we think of f € Q[B,] as words in an alphabet A = {1,... ,n,1,... ,m}. Note
that Id occurs exactly once in each z,, so trace z, = 2"n!. One nice result of
this is trace (z, — z4) = 0.
What is trace (z, — 1‘,\(,1))%«? (zg — Ik(q))x,« = ZM:TE%&T Ty(M)—
DN r=r Ty But A(g) = q - o for some 0 € Gy, If N = (ny),
“ce(N)=q
let N9 = (n,). Then if N is such that »(N) = r,c¢(N) = A(g), we see
r(N?) =r,e(N?) =q. So

trace (14 — Tx(q))Tr = Z trace (Zu(a) = Z,pr0-1)) = 0

Cr(M)=r
M: o(my=q

Now we can prove the following claim.
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Claim
VOB, = span{z; — Tx(q) fql=n

Proof Recall that by equation 4.1 it must follow that E\ ¢ +/QB,. Also by
equation 4.2, 7, — 1)() € V2B,. The E) are clearly independent, and so are
the z; — 75(q)- By a dimension argument our claim clearly follows.

O

Furthermore, we have also shown that

span{E,\}M_n = QBn/\/ QBn

so that span{FE)} is semi-simple and QB,, is not.

Recall that a major goal of this paper was to find the F)’s and exhibit their
properties. Not only have we used them to decompose Q[A*], but we have also
found some nice combinatorial results concerning their span. Our work with
the radical has shown another remarkable fact about the E\. All this serves
to justify (to the author at any rate) that it was a worthy undertaking to find
them in the course of this paper.
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