BULLETIN (New Series) OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 34, Number 3, July 1997, Pages 251-292
S 0273-0979(97)00727-1

LECTURES ON AFFINE HECKE ALGEBRAS AND
MACDONALD’S CONJECTURES

ALEXANDER A. KIRILLOV, JR.

ABSTRACT. This paper gives a review of Cherednik’s results on the
representation-theoretic approach to Macdonald polynomials and related spe-
cial functions. Macdonald polynomials are a remarkable 2-parameter family
of polynomials which can be associated to every root system. As special cases,
they include the Schur functions, the ¢g-Jacobi polynomials, and certain spher-
ical functions on real and p-adic symmetric spaces. They have a number of
elegant combinatorial properties, which, however, are extremely difficult to
prove. In this paper we show that a natural setup for studying these polyno-
mials is provided by the representation theory of Hecke algebras and show how
this can be used to prove some of the combinatorial identities for Macdonald
polynomials.

INTRODUCTION

This paper is based on a series of lectures delivered by the author at Harvard Uni-
versity in the Fall of 1994. The aim of these lectures was to give a self-contained
exposition of the recent result of Cherednik ([C6]), who proved Macdonald’s in-
ner product identities (see [M2]) for arbitrary root systems, using the algebraic
structure he called “double affine Hecke algebra”. These identities, conjectured by
Macdonald, give a very elegant formula for the norms of Macdonald polynomials —
a remarkable two-parameter family of orthogonal polynomials associated with root
systems. Macdonald polynomials have been the object of intensive study since their
introduction in 1988, and a lot of special cases of the inner product identities have
been proved; however, no uniform proof which would work for all root systems was
known. The major discovery of Cherednik was that Macdonald polynomials natu-
rally appear in the representation theory of affine Hecke algebras, which provided
him with the tools for proving the inner product identities.

These lectures were intended for non-specialists; for this reason all the neces-
sary definitions (including that of Macdonald polynomials and Hecke algebras) and
motivations are included in the course. Some technical details of the proofs are
omitted; an experienced reader can always fill in the gaps. However, it is assumed
that the reader is familiar with finite-dimensional and affine root systems and Weyl
groups. A short introduction to these notions can be found in [Hul, Chapter IIIJ;
for more detailed expositions we refer the reader to [B], [Hu2]. See also a recent
survey of Koornwinder [Kol] for a discussion of the relation between the geometry
of root systems and the theory of orthogonal polynomials.
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These lectures are of an expository nature and do not contain any new results. I
include the references to the original papers in each lecture. Also, I must stress that
these lectures were written under the strong influence of the (unpublished) courses
of Ivan Cherednik (Yale, Fall 1991) and Howard Garland (Yale, Spring 1993) and a
series of talks by Tan Macdonald (Yale, October 1993, and Leiden University, May
1994). A large part of my lectures (most of Lectures 2-4,6,7) follow Macdonald’s
exposition, so all credits for these lectures belong to him; of course, I am completely
responsible for any errors that could be found in these notes.
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Note added in proof. After this paper was submitted for publication, the author
received a copy of a review by Macdonald [M7], which serves the same purpose as
our paper. However, our exposition is somewhat different from Macdonald’s, so we
suggest that the reader look at both papers to get a better perspective.

LECTURE 0: HISTORY AND MOTIVATIONS

These lectures are devoted to the study of a remarkable family of symmetric
polynomials — Macdonald polynomials, and in particular, to the proof of Macdon-
ald’s inner product identities. We give here a brief introduction to these notions and
try to explain their importance. Formal definitions will be given later on; therefore,
readers who are not interested in motivations can skip this lecture.

Let us start with the algebra C[x] = C[z1,...,2,]. For brevity, for a multi-
index A = (A\1,...,\,) € Z"7 we denote x* = ...z, The symmetric group
Sp naturally acts on C[x], and therefore we can define the subspace of symmetric
polynomials A,, C C[x]. Note that we are treating A,, as a vector space, not as an
algebra.

The space A,, plays an important role in combinatorics and has been thoroughly
studied. We refer the reader to the excellent monograph by Macdonald [M6] for
detailed information. We will be interested in only a small part of the theory: we
will construct certain bases in A.

The simplest basis is given by the monomial functions m), which are defined
as follows. Denote by P™ the set of partitions of length n, i.e. the set of A =
(A1,...,An) € ZT} satisfying the condition

(0.1) A= Ao = A, 20,
We define the monomial functions my by

(0.2) my = Z x, AeP”
HESn(N)
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where S, () is the orbit of A under the action of the symmetric group, i.e. the set
of all 4 € Z% that can be obtained from A by a permutation of components. For
example, if A = (r,0,...,0), then my = > | 2F. The elements my form a basis
in A, which follows from the obvious fact that every S,-orbit in Z" contains a
unique partition.

Another important basis in the space of symmetric polynomials is given by the
Schur functions, which are defined by

> wes, sgn(w)x®A+e)

[Lic;(zi —z))
where sgn(w) is the sign of w, and p = (n —1,n —2,...,0) € Z. Even though
formula (0.3) is written as a fraction, Schur functions are in fact polynomials, since
every antisymmetric polynomial is divisible by [], j (i — x;). It is easy to show
that the matrix, expressing sy in terms of my, is triangular:

(0.3) sy = . Aepn

sx = my + linear combination of m,, with pu < A,

where < is the lexicographic order on partitions: p < A if YA = > p; and
B1 = ALy fl—1 = Ap—1, tk < A for some k.

The Schur functions have a number of remarkable properties (see [M6]); for
example, they naturally appear as the characters of irreducible representations of
the group GL,(C).

Both the monomial functions and the Schur functions can also be defined by
certain orthogonality properties. Let us consider elements of the space C[x] as
complex-valued functions on the n-dimensional real vector space R™ = {(¢1,...,tn)}.
This can be done by assigning to the variable xy, the function zk(¢1,...,t,) = e2mitk
and then extending it by multiplicativity and linearity. Note that T = x,;l. These
functions are well-defined on the torus 7' = R"/Z", and

/;v’\dt: L, )\:0’,
T 0 otherwise.

The monomial basis can be uniquely characterized by the following two condi-
tions:
(i) The triangularity condition:

(0.4) my = x> + lower terms,

where “lower terms” means a linear combination of x* with p < A.
(ii) The orthogonality condition:

(0.5) / mxm, dt =0 for A # p.
T

The Schur functions sy can be defined in a similar manner. Using the explicit
formula (0.3), it is not hard to show that s are uniquely defined by the triangularity
condition similar to (0.4) and the following orthogonality condition:

(0.6) / H |z; — 2?5258, dt =0 for X\ # p.
Ty
Having noticed this, it is natural to ask what happens if we consider a more
general orthogonality condition. Let us fix k € Z and define J¥ € A,, by the same
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triangularity condition (0.4) together with the following orthogonality condition:

(0.7) /H|xl—x3|2kJAJkdt—O for A # p.
1<J

1

Note that since z; — x; = z; !, the kernel [] |z; — x;|?* can be rewritten as

follows:

k
lz; — 2 *F = (1—&) .

As before, it can be shown that these conditions uniquely define the polynomials
J¥. They are called the Jack polynomials (see [J], [St]). For k = 0,1 the Jack
polynomials coincide with the monomial functions and with the Schur functions,
respectively. For k = 1/2 these polynomials can be interpreted as zonal spherical
functions on certain symmetric spaces (see [St]).

Of course, we could have replaced the kernel [ |z; — z;|** by almost any sym-
metric function and used it to define a family of orthogonal polynomials. However,
the Jack polynomials have a number of interesting properties which single them
out. Here is one of them: these polynomials (after some simple renormalization)
are the eigenfunctions of the following second order differential operator:

1

©8) - 5w oz TR =) ; 2sin®(“54)
In the physical language, this is the Schrodinger operator for a quantum-mechanical
system of n points on a circle with the potential of pairwise interaction proportional
to 1/72, where r is the distance between the points. This system was studied by
Sutherland([Su]) and Calogero, Ragnisco and Marchioro ([CRM]), who proved that
it is completely integrable: there are n algebraically independent symmetric differ-
ential operators which commute with each other and with Ls. These differential
operators play the same role the first integrals, or conservation laws, play in classical
mechanics.

It should be noted that completely integrable systems occupy a very special
place in quantum mechanics. In a certain sense, they are the only systems allowing
complete analysis. However, very few examples of completely integrable systems
are known.

Another striking property of Jack polynomials is related with the calculation of
the norms

1 -
51 = = [ Tles = ;P40 @ e

In the cases k = 0, 1, which correspond to the monomial basis m) and the Schur
functions sy respectively, this is easy to do. The answer is |my|? = 1/|Wy|, |sa]? =
1, where W) is the stabilizer of A in the symmetric group S,,.

In general, however, computing these norms is a very difficult combinatorial
problem. One might expect to get a very complicated formula. However, by some
miracle, the answer is given by a very simple product (see [M6]):

©09) 5P = HHA_iiZ e

i<j m=0
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This formula is non-trivial even for A = 0. In this case, J§ = 1 and therefore
the calculationk of the norm reduces to the calculation of the constant term of

ILiw; (1 —22) . It is an instructive exercise to check that for A = 0, formula (0.9)
i#£] T

can be rewritten as follows:

k
x; (nk)!
(0.10) Constant term g(l - E) = GG

This is a special case of Dyson formula, conjectured by Dyson ([Dy]) in 1962 and
proved in [Gu], [W] (see also [Go]).

Both the relation with integrable systems and the combinatorial formulas like
(0.10) show that the Jack polynomials are indeed a very special family of symmetric
polynomials. But it turns out that it is just the beginning. The Jack polynomials
can be generalized in at least two ways. First, one can replace the symmetric
group S,, by an arbitrary Weyl group (or even more general Coxeter group), acting
on the appropriate analogue of the space of polynomials. The definition of the
Jack polynomials can be generalized to this case, which was done by Heckman and
Opdam in [HO]J; they called these new polynomials “Jacobi polynomials associated
with root systems”.

Second, one can introduce a g-analogue of these polynomials by replacing the
product (z; —z;)* by [[5=y (#; — ¢*'x;), and similarly for other root systems. This
gives a family of polynomials depending on g. The obtained polynomials are called
the Macdonald polynomials (see [M1], [M2]). As special cases, these polynomials not
only include the Jack polynomials, but also Hall polynomials and certain spherical
functions on p-adic groups, which shows that it is a truly remarkable family of
polynomials.

A question that naturally arises is, do the Macdonald polynomials have the
same nice properties as the Jack polynomials. For example, can they be described
as eigenfunctions of a commuting family of differential (or difference) operators?
Are there analogues of the constant term identity (0.10), and, more generally, of
the inner product identity (0.9)? Can one describe what are the denominators of
the coeflicients of these polynomials?

These and many other questions were studied by many mathematicians, starting
with Macdonald himself, who proved the inner product identity for the group S,
and conjectured an analogue of formula (0.9) for arbitrary Weyl group (see Theo-
rem 2.4 below). Many other special cases were proved case-by-case (see references in
Lecture 2). However, all the attempts to find a uniform proof within the framework
of combinatorics or the theory of special functions failed.

The breakthrough was achieved by Cherednik, who used representation-theoretic
methods. Roughly speaking, the main idea of these methods can be formulated as
follows: if we show that the Macdonald polynomials naturally appear in the repre-
sentation theory of some algebraic structure, such as a group or an algebra, then we
can translate known properties of this structure into statements about Macdonald
polynomials. For example, the Jack polynomials with k = %, as was mentioned
above, appear as zonal spherical functions on certain symmetric spaces for SL,,,
and the differential operator Lo, given by (0.8), is nothing but the second order
Laplace-Beltrami operator. Thus, in this case we can construct other differential
operators commuting with Lo using higher Laplace operators, i.e. the elements of
the center of the universal enveloping algebra of the corresponding Lie algebra.




256 ALEXANDER A. KIRILLOV, JR.

In his paper [C6], Cherednik found a representation-theoretic interpretation of
Macdonald polynomials for arbitrary Weyl group (and arbitrary values of k,q),
using some generalization of Hecke algebras. This allowed him to give a very elegant
construction of the large family of commuting difference operators, for which the
Macdonald polynomials are the eigenfunctions. As an application of his technique,
he gave an elegant uniform proof of Macdonald’s inner product conjectures.

In these lectures we will give an exposition of Cherednik’s method. The empha-
sis will not be on the proof of Macdonald’s inner product identities themselves, but
rather on the understanding of the algebraic structure hidden behind these polyno-
mials. Once we understand this structure, the proof of the inner product identities
is not too difficult. Moreover, the same technique can be used to prove some other
properties of these polynomials, such as various symmetry and integrality proper-
ties, but this will not be covered in these lectures.

Finally, we note that there is also another representation-theoretic interpreta-
tions of Macdonald polynomials, which also gives a natural proof of many of their
properties. This approach was developed in a series of papers of Pavel Etingof and
the author (see [EK1], [EK2], [EFK]). It is based on the representation theory
of the Lie algebra sl,,, or the corresponding quantum group. However, this ap-
proach works only for the polynomials associated with the symmetric group and
fails for other Weyl groups. The relation between this construction and Cherednik’s
approach is still unknown.

LECTURE 1: COMMUTING FAMILIES OF DIFFERENTIAL OPERATORS, JACOBI
POLYNOMIALS AND HECKE ALGEBRAS

This lecture is of an introductory nature. Here we will illustrate the main idea of
this course: for certain families of special functions (Jacobi polynomials, Macdonald
polynomials), there exist algebraic structures hidden behind them which give a nat-
ural explanation of many interesting properties of these polynomials. An example
of such properties is the eigenfunctions of a large family of commuting differential
(difference) operators. For simplicity, we start with the classical (differential) case,
which is more geometrical. In fact, complete proofs for the differential case are
more difficult than for the difference one, but since we are not giving proofs in this
lecture, the differential case is quite transparent.

We start with a brief survey of the theory of Jacobi polynomials following the
papers of Heckman and Opdam [HO], [H1], [O1], [02]. We do not give any proofs;
unless otherwise stated, all the proofs can be found in the above mentioned papers
of Heckman and Opdam (though some of the results had been known before). Let
V be a vector space over C, and let R C V be a (reduced, irreducible) root system of
rank n = dim V. We denote by S[V] the symmetric algebra of V, i.e. the algebra of
polynomial functions on V*. For every p € S[V] we denote by 9, the corresponding
differential operator with constant coefficients on V. We use the standard notations
(,), R, a;,Q,P,W ... for the inner product in V, positive roots, basis of simple
roots, root lattice, weight lattice, Weyl group, etc. A reader who does not feel quite
comfortable with the root systems can always assume that we are working only with
the root system A,_1, in which case all the notions above can be described very
explicitly as follows:

V={veC'v+- - +uv,=0}

inner product: (a,b) = >_ a;b;
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root system: R = {e; —¢;}izj, where g; = (0,...,1,0,...,0) (1 in the ith place),
RT ={e;i —¢€j}icj

simple roots: a; =¢; —€;41,t=1,...,n—1

Weyl group: W = S, acts on V' by permutation of components; simple reflections
s; are transpositions (4,7 + 1).

root lattice @ = {\ € Z"| >, A\; =0}

weight lattice: P ~7Z"/7Z(1,...,1)

dominant weights: P = {\ € Z"|\;y > --- > N\, }/Z(1,...,1)

We write A < p if p— A € Q4. Let C[P] be the group algebra of the weight
lattice; it is spanned by the formal exponentials e*, A € P. We can interpret them
as functions on V by e*(v) = eM¥). Again, for the root system A, _; the algebra
C[P]V can be identified with the algebra Clzi?!,... zE]/(x1 ...z, = 1), and thus
we essentially recover the classical theory of symmetric polynomials discussed in
Lecture 0.

We will denote by C[P](e* — 1)~! the ring of functions on V which have the
form f/g, where f,g € C[P] and g is a product of factors of the form e* — 1, € R.

Let us fix for every o € R a number k, € Z4 such that k) = ko for every w €
W, and define the following W-invariant differential operator in V' (the Calogero-
Sutherland-Olshanetsky-Perelomov operator):

(1.1) Ly=A= Y kalka - 1>%7

a€ERT

where A is the Laplace operator. For the root system A,,_; this operator coincides
with the Schrédinger operator (0.8), considered in [Su]. The generalization above
was suggested by Olshanetsky and Perelomov (see [OP] and references therein).

It was shown in [CRM] that in the A,, case the operator Ly defines a completely
integrable system, i.e. there are n algebraically independent differential operators
commuting with Lo and with each other. The following theorem generalizes the
complete integrability to arbitrary root systems.

Theorem 1.1 (Heckman, Opdam). Let D be the ring of differential operators on
V with coefficients from the ring C[P](e*—1)"1. LetD = {0 € D|0 is W -invariant,
[0, Ly] = 0}. Then there exists “Harish-Chandra isomorphism” ~v : D ~ (S[V])W
such that for a homogeneous p, v~ (p) = 8,+ lower order operators. In particular,
v(La) = > v2,v; being an orthonormal basis in V.

Moreover, for most root systems (in particular, for A,, B,, D, with n > 4)
it is shown in [OOS] that under suitable restrictions the Sutherland operator, its
rational and elliptic analogues (with —— replaced by - and p(z), respectively),
and their modifications are the only differential operators of the form A + V(h)
which satisfy this complete integrability property.

Remark. 1t is relatively easy to construct v and show that it is injective (and thus,
D c (S[V])"); the difficult part is to prove that v is surjective.

This theorem naturally gives rise to the following questions:

1. What are the eigenfunctions of 9 € D and what are their properties?
2. Why is it that D ~ (S[V])"W'? Is there any natural explanation for this fact
that leads to a construction of y~1?
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3. Is it possible to extend v~! from symmetric to all polynomials, that is, to
construct for every v € V a differential operator D, such that (1) D, commute
and (2) wD,w™! = Dy, for every w € W in such a way that y~1(v) = D,?

We will try to answer these questions. Let us start with the last one. Here the

answer is obviously “no”. It is so even in the case of the root system of type A; (sly

case), where Ly = j—; +C s—lr, which obviously is not a square of any first-order

inh® z
differential operator.

This is analogous to the definition of the Dirac operator in physics. Recall
that the Dirac operator was introduced as an attempt to find a square root of the
Laplace operator. Such a square root does not exist in the class of scalar-valued
differential operators. However, if one considers differential operators with values
in the Clifford algebra, then such a square root does exist, and it is called the Dirac
operator.

Similar construction is possible here, and the corresponding algebraic structure
— parallel to that of Clifford algebra — is a degenerate affine Hecke algebra. Before
describing it, let us slightly reformulate the problem.

Let
(Sk — H (ea/Z _ e—a/2)ka’
a +
(1.2) T
PE = 3 Z koo
a€Rt
Now, define
(1.3) My =67"(La — (pi. pr))6".
Proposition 1.2.
1+e”
a€Rt

Proposition 1.3. 1. My preserves the space C[P]" of Weyl group invariant
polynomials, and so do all the operators from 6~ *D&*.
2. Let my =3 cyy €, A € Py be the basis of orbit-sums in C[P]™'. Then the
action of Ms is triangular in this basis:

Momy = (M A+ 2pk)my + Z CapMy-
pn<A

Thus, we can restrict ourselves to considering only the action of My on C[P]W
and study only symmetric polynomial eigenfunctions.

Definition. Jacobi polynomials Jy € C[P]",\ € P, are defined by the following
conditions:

1. Jyx = my + lower order terms.
2. MyJy = (/\,)\ + 2pk)J)\.

It is easy to show that these conditions define J) uniquely. These polynomials
have a number of interesting properties; for example, they are orthogonal with
respect to a certain inner product which will be discussed in the next lecture.
For special values of k, these polynomials can be interpreted as zonal spherical
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functions on certain Riemannian symmetric spaces for the Lie group G associated
with the root system R (see [H1]). In the case of the root system of type A,,
the polynomials Jy are known under the name “Jack polynomials” and can be
interpreted as vector-valued zonal spherical functions for arbitrary k € Zy (see

Let us return to questions 2 and 3 above: is it possible to introduce commuting
operators D,,v € V such that wD,w™! = Dy, for any w € W, and My = > D?H +
const,v; an orthonormal basis in V7 As we have seen before, if D, are differential
operators acting on scalar functions, then the answer is “no”. Therefore, it is
natural to try solving this problem using some larger class of operators. This can
be done in two ways; in fact, they are closely related and can be considered as
special cases of a general approach (see [C3], [C5]), but we will not go into details
here.

1. We can let D be matrix-valued differential operators: it is possible to intro-
duce D, which act on functions with values in some vector space F, and a
linear map E — C such that any matrix-valued differential operator which is
obtained as a symmetric polynomial of D,, can be pushed forward to some
scalar differential operator. In this way one can get the commuting family
of differential operators discussed above from the symmetric polynomials in
D,,. This approach was studied in detail by Matsuo ([Ma]), who considered
E = C[W]. This construction will not be used in these lectures.

2. We can let D be scalar valued operators involving not only differentiation
but also the action of the Weyl group (which acts on functions by permuting
arguments). These operators are not local; however, it is possible to choose
them in such a way that symmetric polynomials of D,,, preserve the subspace
C[P]"™ of Weyl group invariant polynomials, and their restrictions to C[P]"

coincide with certain differential operators. In particular, ( > D2 ||cipjw =
M.

We will be most interested in this last approach. In the next lectures we will
use it in the difference case to get a difference analogue of this commuting family
of differential operators, study their polynomial eigenfunctions (Macdonald poly-
nomials), and prove Macdonald’s inner product identities. In this lecture we will
illustrate the ideas with a “baby example”. Namely, let us consider the rational
degeneration of the above differential operators. Introduce a rescaling operator Ay
by (A:f)(v) = f(tv). Consider Lo(t) = t=2A; Ly A;. Then it is easy to see that as
t — 0, Lo(t) has a limit, which we will call L5%*:

(1.5) L) = A= 3 kalka — 1) (2, 0)

a€Rt ()4,11)2'

—~

Similarly, we can get the rational degeneration of Ms:

(1.6) M)y =A= Y ko

a€Rt

1
(@)

Consider the sl, case, that is, the root system of type A,_;. Then V C C",
and we can identify functions on V with functions on C" which are invariant with
respect to the translations (z1,...,2zy,) — (x1 +¢, ..., 2, + ¢). In this case all k,
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are equal: k, = k and M3 takes the form

1
(1.7) Myt = "0F +2kY (8; — 8;),
1<j

‘X — Ty

where 81 = Dy
We will show how one can obtain an expression for M of the form M5t =
3" D? using so-called differential-difference operators introduced by Dunkl (see

H2|). Let b;; be the following operator:
[ 3 g op

siif = f
1.8 b f =22l =L
(19) o = 2
where s;; acts on functions of x1,...,x, by permutation of arguments: z; < x;.
Note that b;; preserves the space Clz1, ... ,x,], since z"y™ — 2™y is divisible by

x —y. Also, it is easy to see that wb;jw™! = bu(iyw(y) for any w € S,.
Define the rational Dunkl operators by

(1.9) Di=0i—kY by
J#i
(sometimes they are also called local Dunkl operators, as opposed to the operators
with trigonometric coefficients which are called global).
Theorem 1.4. 1. wDyw™! = D) for any w € Sy.
2. [D;,D;]=0.

Proof. (1) is trivial. Let us prove (2). Obviously, [D;, D;] contains only terms linear
in k and quadratic in k. Since [0;, b;,] = 0 if @ # [, m, the term linear in k is equal
to —k([&, bji] — [8j, bl]]) Since bij = —bji, this equals k[@z + 8j, bl]] =0.

Standard arguments show that in order for the term quadratic in k to vanish it
is necessary and sufficient that b;; satisfy the classical Yang-Baxter equation:

[b12, b13] + [b12, baz] + [b13, bas] = 0.

This can be proved by direct calculation, which is rather boring. We will show
another way to prove it later. O

For every operator of the form D =} s, Dww, where D, is a differential
operator with rational coefficients, define the associated differential operator by

(1.10) Res(>  Dyw) = > Dy

Note that if D preserves the space of symmetric polynomials, then so does Res D,
and D|C[p]w = Res D|(C[p]w.
Theorem 1.5. Y D? is S,,-invariant, preserves Clz1,... ,7,]°" and Res (Z Df)
= MJ5at,

Proof. Invariance of (3. D?) and the fact that it preserves C[z;]** follow from the
previous theorem. To calculate Res(>. D?), write

Y D=1 07— k> (0ibij +biy0) + 4K bisbi
i J#i 37e
14



LECTURES ON AFFINE HECKE ALGEBRAS AND MACDONALD’S CONJECTURES 261

Since bjjlc(z)s» = 0 (this is the crucial step!), we have
ResX:D2 Res( Z (07 — kwaa
J#i
It is easy to check that

bij0; = (w5 —xj) " (sij — 1) = (xi — x5) " (9515 — 0)

and thus
Res(> D7) => (07— k> (wi—x;)"1(0; — 0;) | = M5™.
% Ve
|
Corollary. M5% can be included in a commutative family of symmetric dif-
ferential operators M7 = S"0;, M5t ... M with coefficients from
Clx1, ... xn)(z; — xj)_l.
Proof. Take M = Res_ Dr. O

Thus, we have proved in this baby example an analogue of the complete in-
tegrability of Theorem 1.1 and given an explicit construction of these differential
operators. However, even in this case there remain some questions:

1. How did we get the expressions for D; and b;;7 Is there a way to guess them?
2. Why do b;; satisfy the Yang-Baxter equation?
The answer to these questions is that there exists a simple algebraic construction

which allows us to get the expressions for b;; as well as their properties without
any calculation. This is the degenerate affine Hecke algebra.

Definition. The degenerate affine Hecke algebra for the root system A, _; is the
algebra H/ over C spanned by its two subalgebras C[S,] and C[z1,... ,z,] with
the relations
(1.11) Tiy18; — Sit; = si.xiti-l @S = h,

xis; = sy ifi#g,5+1,
where h € C is a fixed constant, and s; = s;41,7 = 1...n — 1 are the standard
generators of S,,.

For h = 0 this algebra coincides with the semidirect product C[S,] x C[z] (for
brevity, we write Clz] for C[z1,...,2,]). Therefore, we can consider H] as a
deformation of C[S,] x C[z].

Theorem 1.6. H, = C[S,] - C[z] = C[z] - C[S,]; that is, every g € H), can be
uniquely written in either of the following forms:

(1.12) g= Z P (T)w = Z wgy (),
weESy WESH
where pu,, ¢ € Clz].
We refer the reader to [C5] and references therein for the proof. Note that it

is obvious that every element can be written in either of the forms in (1.12); the
difficult part is to prove the uniqueness.
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Remark. Of course, a degenerate affine Hecke algebra can be defined for any root
system, and the analogue of Theorem 1.6 is also true; see [C5].

Now, let E be any module over S,,. Define the induced module E= Indg[”,lsn] E.
It follows from the theorem above that as a vector space (and, moreover, as a C[z]-
module), E~E® C[z]. In particular, let us take E = C with the trivial action of
S,.. Then E ~ Clz], and we get the following proposition:

Proposition 1.7. There exists a unique action of H/, on C[z] such that
1. p € Clz] C H), acts by multiplication by p.
2. §;1 =1, where § denotes the action of an element s € S,, C H] on C[z].

Proposition 1.8. In the above defined representation,
(1.13) 5; = 8; + hb; 11,

where s; is the usual action of S, on C[z| (by permutation of x;), and b;j is defined
by (1.8).

Proof. Tt is easy to see that the conditions §;1 = 1 and the commutation relations
(1.11) uniquely define the operators §; on Clz]. But the §; defined by formula (1.13)
satisfy both §;1 = 1 (obvious) and (1.11), which can be shown by a rather short
explicit calculation. O

Thus, we see that the operators b;; which we defined before have a very natural
interpretation in terms of the degenerate affine Hecke algebra: they describe the
action of H/ in the induced representation. This allows us to prove easily the
classical Yang-Baxter equation for b;;. Indeed, it follows from Propositions 1.7 and
1.8 that the §; defined by (1.13) satisfy the braid relations:

518251 = 5951 59.
Let us define R12 = 81§1, R23 = SQ§2, and R13 = 51R2351 = 52R12SQ (check this

last identity!). A simple calculation shows that the braid relation for §; implies the
quantum Yang-Baxter equation for R;;:

Ri2R13R23 = Ra3Ri3Rya.

Since R;; = 1+ hb;;, it is a standard fact that the quantum Yang-Baxter equation
for R;; implies the classical Yang-Baxter equation for b;;.

Thus, we have shown that using the notion of the degenerate affine Hecke algebra
along with the “Poincare-Birkhoff-Witt theorem”, 1.6, we can easily and naturally
derive formula (1.9) for D; and prove all the required properties. This is the main
idea of this course. In the next lectures we will explain in detail how a similar
approach works in the difference case.

Note that the proof of Theorem 1.6 is rather difficult and requires about as
many calculations as a straightforward proof of the Yang-Baxter equations, so use
of affine Hecke algebras does not allow us to avoid the calculations. The advantage
of this approach is that it allows us to organize the calculations in a much clearer
way.

Remark. If we want to apply the construction above to the trigonometric case —
that is, to the original operator Lo rather than to its rational degeneration — than we
need to make certain changes. Namely, in this case we cannot construct D, which
commute and satisfy the relation wDyw™! = D,,. However, we can construct
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something very close to it: we can construct D, such that they commute and their
commutation relations with S,, are given by formula (1.11); in other words, they
satisfy the relations of a degenerate affine Hecke algebra. This still allows us to get
a commuting family of differential operators, since it is known that C[z]° is the
center of H}.

LECTURE 2: MACDONALD POLYNOMIALS AND DIFFERENCE OPERATORS

In this lecture we start a systematic study of the difference case. We will not
refer to the first lecture (except as a motivation).

In this lecture we define the g-analogue of the Jacobi polynomials discussed in
Lecture 1. Unless otherwise stated, the results in this lecture are due to Macdonald
([M1], [M2]; see also the exposition in [M6, Chapter VI]).

We begin by fixing the notation. Let V' be a finite-dimensional vector space
over R with a positive definite, symmetric, bilinear form (-,-), and let R C V be
a reduced, irreducible root system. We fix a decomposition of R into positive and

negative roots: R = RT LU R~ and denote by ai, ... ,a, the basis of simple roots
in RT. For every root a define its dual root a¥ = ((30;). Let Q = @ Za; be

the root lattice, Q4 = @ Zia;, P = {\ € V|(\, o)) € Z} the weight lattice,
and Py = {\ € V|(\,a)) € Z4} the cone of dominant integral weights. P has
a natural basis of fundamental weights w; : (wi, ) = 6;;. In a similar way, let

= @ Zoy be the coroot lattice, QY = P Ziay, PY ={X € V|(A\, ;) € Z} the
coweight lattice, PY = {\ € V|(A\,o;) € Z4} the dominant coweights, and b; the
fundamental coweights: (b;, ;) = 6;5. As usual, we define the highest root § € R
by the condition § — a € Q4 for all & € R. Let p = 33" a; then (p, o)) =1,
sop€P.

For every a € R, let s, be the corresponding reflection, and let W be the Weyl
group generated by the s,. Then W acts on P and thus on the group algebra C[P].
We denote the subspace of W-invariants in C[P] by C[P]"; elements of C[P]" will
be called “symmetric polynomials”.

An example of a basis in C[P]" is given by the orbit-sums: my = Dpewr e AE
P,. This basis is orthogonal with respect to the following inner product on C[P]:
(f,9)0 = ‘—VL'[fg]o, where the bar involution is defined by e* = e, and [ ]y is the

aER

constant term: [>" axe*o = ao.

This basis admits the following generalization. Assigned to every a € R we have
a variable ¢, subject to the conditions ¢, = t,,(4) (thus, we have at most 2 different
t’s). Let ¢ be another independent variable and let C,; = C(g,t,) be the field of
rational functions in ¢, ¢. Define the inner product on C,.[P] by

(2.1) <fag>qt |W|[f9Aq7 ]

where the bar involution is extended by C, ; linearity, and
1 — g%
— + AT
(22) qt— HHl_tQ Zzea_A Aqt’
acR =0

where
oo

(23) A;_t = H H 1_t;] 2iga’

a€Rt =0
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Both A and AT should be considered as Laurent series in ¢, t, with coefficients
from C[P]; then the inner product also takes values in the Laurent series. It is easy
to see that this inner product is non-degenerate and W-invariant. If ¢, = 1 for all
«, then this inner product coincides with previously defined (-, -)o.

Theorem 2.1(Macdonald). There exists a unique family of symmetric polynomials
Py € Cy4[P1VV, X € Py satisfying the following conditions:

1. P\ =my + E;K)\ axpMy,
2. (P, Pu)gt = 0 if A # .

These polynomials are called Macdonald polynomials (see [M1], [M2]), and form
a basis in C,[P]". Note that the theorem above is not trivial: since < is not a
complete order, one cannot get P\ by orthogonalization of m).

Remark. Our notation differs slightly from the original notation of Macdonald:
what we denote by ¢, t, in his notations would be ¢'/2, t:‘)/Q.

Examples. 1. If t, = 1, then Py, = m) does not depend on gq.

2. If t,, = q for all a, then Py = x) are the Weyl characters.

3. If ¢,t — 1 in such a way that t, = ¢**, ko € Z, fixed, then Py — Jy, where
J) are the Jacobi polynomials defined in the previous lecture as eigenfunctions
of some differential operator M,. Indeed, we have AT, — 6%, and it suffices

to check that Ms is self-adjoint with respect to the inner product (f,g) =

Wll[fg(ég)k]o = (fé*, g6%)o. This is equivalent to the fact that Lo is self-

adjoint with respect to (, )o, which is obvious.

4. If ¢ = 0, t2 = 1/p, where p is prime, then Py can be interpreted as zonal
spherical functions on certain symmetric spaces for p-adic groups.

5. For the root system A; Macdonald polynomials coincide with the so-called
g-ultraspherical polynomials ([Al]), which are a special case of Askey-Wilson
polynomials ([AW]). More generally, Macdonald polynomials for the non-
reduced root system BC] are precisely continuous g-Jacobi polynomials, which
are again a special case of Askey-Wilson polynomials.

For simplicity, we only consider in these lectures the case where t, = g¢*= for
some k, € Zy. It is not an important restriction: all the results we prove can
be generalized to the case where ¢, t are independent variables. However, the case
where t,, = g is easier from the technical point of view; for example, formula (2.2)
takes the form

ka—1

Age = H H (1- q%ea)a

acR =0

thus allowing us to avoid infinite products. We will use the notations (, )x, Ag
for (, )q,t, Agyt, etc. Also, it will be convenient to denote pr = £ 3", p+ kac. We
always consider ¢ as a formal variable; the results also hold if g is a complex number
provided that it is not a root of unity.

As in the differential case, for some special values of k& the Macdonald polyno-
mials can be interpreted as zonal spherical functions on certain g-symmetric spaces
associated with the group G (see [N]).

Sketch of proof of Theorem 2.1. To prove the theorem, it suffices to find an oper-
ator D : C,[P]" — C,[P]" such that
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1. Dmy = Y cxpmy.
nePy
H<A

2. ¢y are distinct.
3. D is self-adjoint with respect to the inner product (, )q.¢.

Let us construct such an operator.

Definition. A weight A € PT is called minuscule if 0 < (A, oY) < 1 for every
a € RT.

It is easy to see that a weight A # 0 can be minuscule only if A is one of the
fundamental weights. Indeed, let ¢ be the highest root for the root system RY;
then ¢ = > n;a),n; > 0. Thus, (\,¢) < 1 implies that A = 0 or A\ = w, for some
r such that n, = 1. The following lemma describes the set of minuscule weights.

Lemma 2.2. (see [B], [V]) The set of all minuscule weights is a system of repre-
sentatives for P/Q: every A € P can be uniquely written in the form A = b+ « for
some minuscule weight b and o € Q.

This implies that there are no non-zero minuscule weights for the root systems
Es, Fy, G5 and that the number of minuscule weights is always less than or equal
to the rank of the root system with equality only for A,,.

Let m € PY be a minuscule coweight: 0 < (7,a) <1 for all & € RT. Define T :
Cy[P] — C,[P] by Ty(e*) = ¢?*™eX (this requires adding appropriate fractional
powers of ¢ to Cy). Let D, be defined by

+ 2ka L
en 0= o FE) - ¥ o T L ).
weW weWw acRt
(a,m)=1

Let us prove that D, f € C,[P]V for every f € C,[P]. It is obvious from (2.4)
that D, f is a W-invariant rational function with poles only at e — 1 = 0 and all
the poles are simple. Thus, 6D, f (where § = [],cp+(e*/? — e7%/2) is the Weyl
denominator) is a W-anti-invariant element of C,[P]. It is well known that this
implies that D, f € C,[P]".

The triangularity condition (1) above can be easily verified by direct calculation,
which also shows that cyy = ¢2(™r) > wew 2w +er) (to show this one needs
the identity pr — w(px) = > ko). Tt is also easy to deduce from (2.4)

aERTNwW—1R—
and the definition of the inner product that D, is self-adjoint.

Finally, one can check that for all root systems having non-zero minuscule
coweights, with the exception of D,, there exists a minuscule coweight 7 such
that the corresponding eigenvalues ¢y are distinct. For D,, it is not so, but there
exists a linear combination of operators D, corresponding to minuscule coweights
such that the eigenvalues are distinct. This proves the theorem for all cases where
non-zero minuscule coweights exist, that is, for all cases except Eg, Fy, Go. O

The above proof used the fact that 7 is a minuscule coweight: otherwise, D f
could have products of the form (1 — e®)(1 — ¢%¢®)... in the denominator. Thus,
this proof fails for the root systems Fg, Fy, G2. This, however, can be fixed, but this
requires a certain ingenuity; we refer the reader to the original papers of Macdonald.

The operators D, have some interesting properties. Here is one of them:

Proposition 2.3. If m,m are minuscule coweights, then Dy, , D, commute.
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The proof of this proposition is straightforward.

Example. Let R C V be of type A, _1; we identify V' with a subspace in R™ given
by the condition SA; = 0. Then e* + z' ...z}, where A = (\j,...,\,) €

V C R", gives an isomorphism of C,[P] with the space of homogeneous polynomi-
als in 2! of degree zero. In this case all the fundamental weights (=coweights)

w1, ... ,wn—1 are minuscule, and the corresponding operators take the form
(2.5)
po=Su([] o mm ) =rnm Y [0 |
= w =rl(n—r)! ,
I ] T — x5 1...r J T — I
w i, Ic{l..n} \ i€l
i<r<j |I|=r J¢I

where T7 = [[,c; T5, (Ti f)(z1, ..., 2n) = f(21,. .. STy X))

In this example, we have constructed a commuting family of difference opera-
tors, and the number of independent operators is equal to the rank of the root
system. This family is the natural quantum analogue of the commuting families of
differential operators considered in Lecture 1. However, this analogy fails for other
root systems since the number of difference operators we get from the minuscule
coweights is in general less than the rank of the root system.

This discrepancy can be resolved as follows: for any root system there exists a
commuting family of difference operators, and the number of independent operators
is equal to the rank of the root system, but not all of them can be obtained from
minuscule coweights. One of the main goals of the subsequent lectures will be
construction of these difference operators based on the representation theory of
affine Hecke algebras. In general, explicit expressions for these operators are rather
complicated, which makes them impossible to guess; the fact that the operators
corresponding to the minuscule coweights can be written by such a simple formula
as in (2.4) is a lucky exception. Van Diejen ([D]) also found explicit formulas for
these operators for the non-reduced root system BC,, and, even more generally, for
the 5-parameter family of Koornwinder polynomials ([Ko2]), which generalize both
Macdonald polynomials for BC,, and Askey-Wilson polynomials; however, these
formulas are rather complicated.

Now we can formulate Macdonald’s inner product identity.

Theorem 2.4. (Macdonald’s inner product identity)

ka—1 1_ q2(av,)\+Pk)+2i

<P)\,P)\>k = H H 1_q2(av7>\+9k)—2i

aceRt i=1
(2.6) .
_ H i—[ (¥, A+ pr) +1]
AL =
where [n] = 11__qq2:

This formula was conjectured by Macdonald, who proved it for the root systems
of type A (see [M6, Chapter VI, Example 1]). Also, it was proven for the root
system BC1 (see [AW]). The first proof for an arbitrary root system was given by
Cherednik; we will give this proof in the following lectures.
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Examples. 1. Let k, = 1. Then P\ = x) are the Weyl characters, and (2.6)
reduces to {xx, xa)1 = 1, which is well-known.
2. Let A =0. Then P, =1, and (2.6) reduces to

(27) e = 1 H ono)td,

a€ERtT i=1

which is known as constant term identities. These identities were first con-
jectured by Macdonald ([M3]), though some special cases had been known
before. The classical (¢ = 1) case of these identities was proven by Opdam
([03]), who used the technique of shift operators, which we will discuss later.
In the general case, these identities had been proven case-by-case for most
root systems, with the exception of the E series (see [BZ], [GG], [Ha], [K]).

In the case where all k, coincide: k, = k, (2.7) can be rewritten in the
following form:

@) I T -] ~T1['7]

aeRt =0 0

where [§] = % is the g-binomial coefficient, and d; are the exponents
of the Weyl group W, or the degrees of the free generators of (S[V])". This
reformulation is not trivial: it involves some identities for the Poincaré series
of W, which can be found in [M4]. In particular, for A,,_; the exponents are

2,3,...,n, and formula (2.7’) becomes
x; [nk]!
(2.8) < ) (1 - q2l+2—3> = .

It is also worth noting that if we let k& — oo in (2.7’), then the formula
we get is closely related with the denominator identity for the corresponding
affine root system, which is also due to Macdonald.

LECTURE 3: AFFINE HECKE ALGEBRAS AND INDUCED REPRESENTATIONS

In this lecture we define and study the affine Hecke algebras. Most of the results
we give in this lecture are due to Lusztig ([L]); some special cases of these results
were first proven by Bernstein and Zelevinsky (unpublished).

We start with the definition of an affine Weyl group. In the notation of the
previous sections, let V=ve Ré; we will interpret elements of V as functions on
V by (v+ ké)(v') = (v,v') + k. Define the affine root system R = R x Z§ and
the positive affine roots Rt = {a + kéla € R,k > Oor @ € RT,k > 0}. The
basis of simple roots in Rt is given by ag = —0 + 6,1, ... ,a,. Equivalently,
R* = {@ € R|@ is non-negative on C}, where C' = {v € V|a;(v) > 0,i =0...n} is
the positive affine Weyl chamber.

For every @ € R we define the reflection sz : V — V by

o~ ~

(3.1) sa: A= A —(\aY)a,
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where \ = A+mé, a = a+kod. Note that this action preserves R. The dual action of
sg on V' is just the reflection of V' with respect to the (affine) hyperplane a(v) = 0:

(3.2) sgivv—alv)a.

We will use the notation sg...s, for sq, ... Sa,. Let the affine Weyl group W*
be the group generated by s5. Then the following facts are well-known:

Theorem 3.1. 1. W = W x 7(QY), where the action of ¥ € QV on V is
given by

(3.3) (@) : A= A= (aY, \)6.

(Respectively, the dual action on V is given by 7(aV) :v — v+ aV.)
In particular, so = 7(60Y)sg = sg7(—0").
2. W is generated by so,...,sn with the relations s? = 1 and the Coxeter
relations: for i # j

(3.4) 8i8j8; ... = 8;8iSj ... M;; terms on each side,

where m;; are defined in the standard way from the corresponding affine
Dynkin diagram. (For the root system Ay there are no Cozeter relations,
which is sometimes formally expressed by letting m;; = 00.)

3. For every w € W9, its length l(w) with respect to the generators sg, ... , Sy is
equal to

(3.5) l(w) = [RT nw 'R|.

4. Let w = s;, ...8;, be a reduced expression. Define the associated sequence of
affine roots by

(3.6) oM =a;, 0 =s; (,),..., 0V =s;, . sy (i)
Then
{a, oW} =RtNnw 'R".
5. C is a fundamental domain for the action of W® on V.

Define the extended affine Weyl group W as the semidirect product W=Wx
7(PV), where the action of 7(PV) is given by the same formulas as we had before
for 7(Q"). Note that the action of the extended Weyl group on V preserves R. It
is easy to see that W is a normal subgroup in W and that W/W“ ~ PV/QV is
a finite abelian group, whose elements are in one-to-one correspondence with the
minuscule coweights (see Lemma 2.2).

Let us define the length {(w) of an arbitrary @ € W by formula (3.5). In general,

W is not a Coxeter group, and (W) cannot be interpreted as the length of a reduced
decomposition. Moreover, there are elements of length 0. Define

Q= {w e W|l(®) =0} = {w € W|i(C) = C}.
Obviously, 2 is a subgroup, and it follows from Theorem 3.1(5) that W = Qx we,

hence, Q ~ PY/QV. This means that every element of Q has the form 7, = 7(b;)w,
for some minuscule coweight b, and w, € We. It is also useful to note that m,. acts
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on the simple roots ag...a, by some permutation; in particular, m.(co) = .
Thus, we get the following description of W:
W=0Qx we,
with the relation 7s;7 ™' = s; if 7(;) = a;.
We will need some properties of the length function [().
Lemma 3.2. 1. [(7w) =1(w), 7€
(@) +1, @(a;) e R*
9 I(is) = 4 @)+ 1 dlai) € R
l(w)—1, w(ew) e R™
3. Ifwe W,\e PV, then
(3.7) (wr(N) = Y (A a) + x(wa),
a€Rt
where x(a) =0 if a« € R and x(a) =1 ifa € R™.
Proof. (1) is obvious from the definition; (2) follows from (1) and the standard

results about affine Weyl groups; (3) can be derived straightforwardly from the
definition of length. O

Corollary 3.3. 1. IfA € PV, thenl(1()\)) = 2(\T, p), where A is the dominant
coweight lying in the W-orbit of .
2. If X € Py, then l(wr (X)) = l(w) + 1(T(N)).
3. If (N, ;) = 0 for somei € {1,...,n}, thenl(t(N)s;) = I(s;7(N)) = I(7(N)+1.
4. If (A, o) = —1, then I(s;7(X) = 1(r(N)) — 1.

Now we can define the braid group.

Definition 3.4. The braid group B is the group generated by the elements Tz, W €

W subject to the following relations:
(3.8) TyTw =Ty if l(vw) =1(v) +1(w), v,weE w.

In particular, this implies that the elements T, 7 € € form a subgroup in B
which is isomorphic to 2; abusing the language, we will use the same notation 7
for T. Also, we will write T; for T,,i =0...n.

Lemma 3.5. Tys, = Tu1; if ws; is a reduced expression, and Tgs, = T@Ti_l
otherwise.

Proof. Immediately follows from Lemma 3.2(2). O
Theorem 3.6.

BZQIXB(T(),Tl,... ,Tn),

where B(Ty, ... ,T,) is the group with generators To,... T, and relations (3.4)
(Cozeter relations), and the action of Q onT; is given by nTym ' = Tj if m(ow) = « ;.

Proof. This theorem immediately follows from the previous results and the following
well-known result, due to Iwahori and Matsumoto: for any two reduced expressions
for an element w € W one can be obtained from another by a sequence of Coxeter
relations (3.4) without using the relations s? = 1. O

Now we can do one of the most crucial steps. Define elements Y* € B for A € PV
thus:
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1. If A € PY, then Y =T, (,).
2. If A = p— v, with p,v € PY, then Y = Y#(Y")~1,

Theorem 3.7. 1. Y is well-defined for all \, and Y Y* = Y 1,

2. Let T(\) = 7,54, ...5i, be a reduced expression, and let oM, ... o) be the
associated sequence of affine roots (see (3.6)). Then Y* = mT;' ... T;",
where £; = 1 if the corresponding o™ has the form o) = a + ké,a € RT,
and €; = —1 otherwise. In particular, if X\ € PY, then all ¢; = 1; and if

A€ PY, then all e; = —1.

Proof. (1) It follows from Corollary 3.3(1) that Tr a1,y = Tr)Tr( if A, € PY.
This implies (1).

As for (2), the proof consists of several steps which we briefly outline. Let us
call an affine root & R-positive if & = a + kb, € RT.

Lemma. For any (not necessarily reduced) expression 7(\) = m,8;, ... 8;, denote
YA = Tt Ti!, where the signs ; are determined as in the statement of the

theorem. Then Y does not depend on the choice of the expression for T(\).

Proof. First, show that if 7(\) = zs?y = zy,x,y € W are two expressions for
7(A), then the corresponding expressions for Y* are equal. Indeed, the sequence of
roots associated with the first expression differs from the second one by insertion
of the pair a(®) = y~la;, aFtD) = =1 (—q;). Since precisely one of these roots is
R-positive, we have T, *"' TF* = 1.

Similarly, if 7(X) = z(s;s;)™9y = 2y, x,y € W, where m;; is as in (3.4), are two
expressions for 7(\), then the sequence of roots associated with the first expression
differs from the second one by insertion of the set of roots {y_lﬁk}ﬁkeR<a7;,aj>7
where R < a;,a; > is the root system of rank two spanned by «;, ;. Moreover,
these roots appear in their natural cyclic order: one can choose an orientation in
Rea; @ Ra; such that the roots B, appear in the counterclockwise order. Both of
these facts can be easily checked case-by-case, since one has to consider only root
systems of rank 2. Since the condition of being an R-positive root specifies a half-
space, we see that among the roots y =13 precisely half (i.e. m;;) are R-positive,
and they are grouped together. Thus, the corresponding part of the expression for
Y has the form

—1p—1

DO TN T

—_— —

p “+” signs mg; “—7 signs Mij—P “+” signs

or

—1p—1p—-1 —1p—1
TN LT T
—_——

p “—" signs maj “+7 signsm,;—p “—” signs

for some p. In both cases, this product is equal to 1, which completes the proof of
the lemma. |

Now it is relatively easy to prove (2). Indeed, let A € PY, and let 7(\) =
T8, ... 8, be a reduced expression. Then {a™),... oW} = {@ € Rtlr(\a €
ﬁ_}, and explicit calculation shows that all of them are R-positive, and therefore
Y* =T, ... T;, = Y. The previous lemma and the fact that & is R-positive iff

1
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7(\)a is R-positive imply that YAY# = Y 4, Thus, Y* = Y for all A € PV,
which concludes the proof of (2). O

Thus, the subgroup generated by Y is isomorphic to the coweight lattice PV.

Lemma 3.8. 1. The elements YA\ € PV, Ti,...,T, generate B as a group.
2. If (\,a;) = 0 for some i,1 < i <n, then T;}Y* = Y*T;.
3. If (\,a;) = 1 for some i,1 < i <n, then Y* = T;Y*T;. (Note: This is not
a misprint: there are two T;’s and no Ti_1 in the formula.)

Proof. 1. Since every @ € W can be written as @ = 7(by)w for some minuscule
(and thus, dominant) weight b, and w € W*, it follows from Lemma 3.5 that
YA Ty, Ty, ... T, generate B. Similarly, it follows from sq = 7(6")sg that Tp
can be written in terms of Y?  and Ty, ...,T,.

2. If X € PY, then (2) follows immediately from Corollary 3.3(3). For general A
this statement follows from the fact that every A can be written in the form
A=p—vwith p,v e PY, (p, o) = (v,04) = 0.

3. Suppose A € PY. Introduce m = A + s;(A) = 2\ — «; then 7 € PY. If
I(t(N) = 2(\, p) = p, then I(7(7)) = 2p—2, and it follows from Lemma 3.2(2)
that I(T7(N\)s;) = p — 1. Thus, if we write s;7(w) = (7(A)s;)(7(N\)) (it is easy
to see that it is in fact an identity in W), then both left-hand and right-
hand sides are reduced expressions, and thus ;Y™ = T% A)SiY)‘ = Y)‘Ti_ly)‘7
which is equivalent to the desired equality.

If A ¢ PY, then it can be written as A = p — v, with p,v € PY, (u, ;) =
1, (v, ;) =0, and thus the statement follows from the previous arguments.
O

Now we can give a definition of an affine Hecke algebra. Suppose that for every
o € R we have a variable t,, such that ¢, = Lw(a) for every w € W (thus, there are
at most two different ¢’s). Let C; = C(t,,) be the field of rational functions in t,.

Definition. The affine Hecke algebra H is the quotient of the group algebra C;[B]
by the ideal generated by the following relations:

(3.9) (T; —t)(T; + ;1) =0, i=0,...,n,
where t; = to, (in particular, tg = to, = tg).

Note that these relations imply that 7, ' = T; + (t; ' — t;).

In a similar way, we can define H® as a subalgebra of H generated by Ty, ..., T,
and the non-affine Hecke algebra H as a subalgebra generated by Ti,..., T, so

HcC H*C H (which is a complete analogue of W C W* C W). We will also use
the notation C;[Y] for the commutative subalgebra in H generated by Y.

Theorem 3.9. H = Qx H®, where the action of Q on T; is the same as in Theorem

3.6.

Lemma 3.10. One has the following relations in H:

qu;()\) _ Y>\
Y-l —1°

(from now on, expressions of the form % stand for B™YA, though in this case the

order is not important).

(3.10) YN YT = (¢, —t71) i=1,...,n
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Remark. Tt is easy to see that the right-hand side is in fact a polynomial, i.e. lies
in (Ct [Y]

Proof. First, simple calculation shows that if this relation is true for Y* and Y*,
then it is also true for YA*# and Y~*. Thus, it suffices to prove (3.10) when
(A a;) =0or (\a;) = 1. If (\,a;) =0, (3.10) reduces to TY)‘ YAT;, which is
Lemma 3.8(2). Similarly, if (A, a;) = 1, then Y5 = YA~ and (3.10) reduces
to Y —YysiIT, = (t; — t;l)Y)‘, which is an immediate corollary of Lemma 3.8
and the identity T; = T, + (t; — t; ). O

Theorem 3.11. 1. H=H- Ci[Y], where the commutation relations of H and
Y are given by (3.10).
2. Every element of H can be uniquely written in either of the following forms:

(3.11) h=Y pu(V)Tw="> Tuqu(¥)

weWw weWw

3. The subalgebra in H generated by Y™ is isomorphic to the group algebra of
the coweight lattice: C;[Y] = C4[PV].

Proof. One direction is rather easy. First, it follows from Lemma 3.8 that the
elements T),,w € W and Y*, X\ € PV generate H as an algebra. Now relations
(3.10) imply that every element h can be written in the form h = > Twqu(Y),
which proves the existence part of the theorem.

To prove uniqueness, we must show that these elements are linearly independent.
This is more difficult, and we do not give the proof here, referring the reader to [L,
Lemma 3.4]. |

Theorem 3. 12 The center of H coincides with the subspace of W -invariants in
Gi[Y] C H: Z(H) = C[Y]V

Proof. Tt is easy to check, using (3.10), that C,[Y]" c Z(H). On the other hand,
in the specialization t; = 1 we have Z(H) = C[Y]", which is easy to prove; thus,
the same must be true for generic ;. O

We will also need some information about the representations of H. The general
theory of representations of H is rather complicated (see [L]); however, we will
use only representations of some special form. Namely, let E be an arbitrary
representation of H; it is known that for generic values of ¢; the finite-dimensional
Hecke algebra H is isomorphic to the group algcbra Ci[W], and thus has the same
representations. Define a representation E of H as the induced representatlon E=
IndgE. It follows from Theorem 3.11 that as a vector space, £ = Ci[Y]® E, and
C:[Y] acts by left multiplication. In particular, let us take the trivial representation
of H; that is, let £ = C;,T; — t;,i=1,... ,n. Then we get an action of H on the
space C;[Y].

Theorem 3.13. The above defined action offAI on C[Y] is given by

YA -y
(3.12) 51
y-o' -1’
where s; stands for the usual action of W on C;[Y]: s, Y = Y5V,

TthiSi—F(ti—ti_l) i1=1,....,n
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Proof. Immediately follows from Lemma 3.10. O
Proposition 3.14. The above defined representation ofﬁ is faithful.

Remark. The degenerate affine Hecke algebra which we defined in Lecture 1 (for
the root system A,,_1) can be obtained as the following degeneration of the affine
Hecke algebra H: write (formally) Y* = ¢¥»/? Then as t — 1 the relations for
yx, 1; become the relations of the degenerate affine Hecke algebra.

LECTURE 4: DOUBLE AFFINE HECKE ALGEBRAS AND COMMUTING DIFFERENCE
OPERATORS

In this lecture, we will start applying the results about the affine Hecke algebras,
which we discussed before, to the Macdonald’s theory. Unless otherwise stated, all
constructions and results in this lecture are due to Cherednik. N

Recall that for any root system we have defined the affine Hecke algebra H which
has two descriptions:

1. His generated by elements Tp, ..., T, and by 7 €  with relations

Coxeter relations for T;,7 =0,... ,n
(4.1) (T, —t:)(T; +t;)=0,i=0,...,n
aTim = T; if (o) = a.

2. H=H-C, [Y], where H is the Hecke algebra generated by T1,... ,7T, with
the relations above, C;[Y] is the algebra generated by Y*, A € PV such that
YAMH = YAYH (thus, C4[Y] ~ C4[P"]), and the commutation relations be-
tween T;, Y are

TY =YT; if (\,a;) =0
Tiy)\ _ YSI()\)T; _ (tz _ t,L_l)Y)\ if ()\’ ai) =1.

Our goal is to use this algebra (along with its action on C;[Y] defined in Theo-
rem 3.13) to construct a commuting family of difference operators, similar to the
construction in Lecture 1 where the degenerate affine Hecke algebra was used to
construct a commuting family of differential operators.

Note, however, that in Lecture 1 both the operators 9; = B%i and the degenerate
affine Hecke algebra were used to construct commuting differential operators; one
can say that we have used the algebra generated by 0;,x; and §;. It turns out
that in order to construct a commuting family of difference operators, one needs a
g-analogue of this larger algebra. Such an analogue was constructed by Cherednik,
who called it “the double affine Hecke algebra”. This is an algebra generated by
three sets of variables:

1. T;,i=1...n

2. YA e PV

3. X*,ueP

Here Y, T; satisfy the relations of the affine Hecke algebra above. Since W is
the Weyl group for RV as well as for R, we can define the relations between X*
and T; to be the relations of the affine Hecke algebra for the root system RV, i.e.
the same relations as above with Y replaced by X*, u € P and «; replaced by « .

However, in this realization it is rather difficult to describe the relations between
Y, X*. For this reason, let us replace the generators Y, T; with 7 € Q, Ty, ..., Ty
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which generate the same affine Hecke algebra HY. Thus, instead of describing the
relations between Y* and X* we will write the relations between Tp, 7 and X*.

Let us consider the affine weight lattice P = {u+ké|u € P,k € 17} c V, where
m € Z, is the smallest integer such that m(\, u) € Z for every A € PV, u € P.
Then we have a natural action of the extended affine Weyl group W = W x 7(PV)
on P and thus on the group algebra C[P] spanned by X*. Let ¢ be an independent
variable, and C, the field of rational functions in ¢"/™. Define the embedding
C[P] C C,[P] by X® = ¢=2. The action of W on C[P] can be extended by Cq-
linearity to C,[P]; in particular,

T(A\)XH = qQ(A,u)Xu
so XM = XH(X %)~ o),

Definition 4.1. Let C,; be the field of rational functions in ¢, t,. Then the double
affine Hecke algebra H is an algebra over C,; which is generated by the elements
me Ty, ..., Ty, X*, u € P subject to the following relations:

1. The relations (a)—(c) of the affine Hecke algebra between T}, ..
9. Xwtv — xpxv X0 =1,
3.

T X" = XPT,  if (p,af) =0

4.2
(42) TXH — X5WT = (t; —t7HXPif (u,e)) = 1.

Here i =0...n, and o = —0".

4, rXrr—l = X7,

Note that relation (4.2) for i = 0 reads ToX* — X*H0¢2Ty = (to — ty 1) X if
(1, 07) = —1.

Obviously, the subalgebra generated by m, Ty ... T, satisfies the relations of the
affine Hecke algebra H defined in the previous lecture (later we will prove that this
subalgebra is in fact isomorphic to H ). Thus, we can define the elements Y*, A € PY
in H. Similarly, the subalgebra generated by T7,...,T;, X* satisfies the relations
of affine Hecke algebra for the root system RY. We will denote these affine Hecke
subalgebras by HY and HX respectively. In fact, in the above definition X# and
Y? play a symmetric role: H could be just as well defined as the algebra generated
by YA T4, T, ..., To, 7 € QY (see details in [C7]). It is also worth noting that it
is rather difficult to write down explicitly the commutation relations between X*
and Y.

For the root system A, _; the algebra H can be described topologically: in this
case ‘H is a deformation of the algebra C[BT,]/(T; — t;)(T; +t; *) = 0, where BT,
is the braid group of n points on a torus. Under this isomorphism, X; corresponds
to the i-th point going around the z-cycle on the torus, Y; corresponds to the i-th
point going around the y-cycle on the torus, and T; corresponds to the transposition
of the i-th and ¢ + 1-th points (see [C1, Definition 4.1]).

Theorem 4.2. Every element h € H can be uniquely written in the form

A
E CL)\MMX”Y Tw, Aapw € (Cq7t.
AW
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Proof. The existence of such a representation is a standard exercise; the unique-
ness is highly non-trivial, and we postpone the proof until the next lecture (see

Corollary 5.8). |
Theorem 4.3. The following formulas give a representation of H in Cy[X]:
XH — X#
T XFes XTW o r e
S; — 1

Ty — tisi + (t; — ;1)

5 1=0,...,n.

X-oi — 1’
Proof. This theorem follows from the analogous statement for affine Hecke algebras
(Theorem 3.13). Indeed, all the identities we have to check involve at most two T;’s,
and every pair of vertices in an affine Dynkin diagram belongs to some subdiagram
of finite type (with the exception of the root system A;). The case of A; can be
easily checked by direct calculation. O

Example. In this representation, Ty acts as follows:

(¥ Ly (X)) 1
(43) TO . Xﬂ — <tO(X9q2) (H,e ) + (tO _ tO 1) X9q2 1 X'u.

It turns out that this representation is faithful (we will prove it later). We will
identify elements of H with the corresponding operators on C, ;[ X].
Let f € C[Y]V = Z(HY).

Lemma 4.4. The operators f € C[Y]V = Z(ﬁy) C H preserve the subspace
Cgt[X]V € Cq e[ X].

Proof. Note first that it immediately follows from the formulas in Theorem 4.3 that
p € Cy[X] is W-invariant if and only if T;p = t;p for all i = 1,... ,n. Now, let
p € Cyu[X]W. Then T;fp = fTip = tifp (since C[Y]W is the center of HY), and
thus fp € Cg [ X]W. O

It is clear from Theorem 4.3 that for every h € H the corresponding operator on
Cy,t[X] can be written in the form

(4.4) h= Z IrwT(A)w

AePY
wew

for some gy € Cgi[X](X* —1)71 (recall that 7(\) acts on C,4[X] by X* —
PP XH). In particular, the same is true for Y € HY C H. For every operator
of the form (4.4) define its restriction by

(4.5) Res (3 grwrw) = 3 grur().

This definition is chosen so that (1) Res D is a difference operator (that is, it only
involves the operators 7(\) and rational functions in X, not the action of W) and
(2) if D preserves Cy;[X]", then so does Res D, and (Res D)|c, ,(xjv = Dlc, ,[(x]w -

Then Lemma 4.4 immediately implies:

Theorem 4.5. The operators Ly = Res f,f € Cy4[Y]V commute and are W-
tnoariant.
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Proof. First, L¢lc, ,;xjw = fle, . xjw- Thus, LyLgp = Ly Lyp for every symmetric
polynomial p. Since both Lf, L, are difference operators (they do not contain
the action of the Weyl group), it is a well-known fact that this implies LyL, =
LyLy. |

Thus, we have constructed a commutative family of W-invariant difference oper-
ators on C, ;[ X], labeled by f € C,+[Y]". In the subsequent lectures we will discuss
the relation of these operators with the theory of Macdonald polynomials. In par-
ticular, we will show that this family includes the Macdonald’s difference operators
D,., constructed in Lecture 2 for minuscule coweights, and that the eigenfunctions
of L are Macdonald polynomials.

Example. Let R be of type A;. In this case there is only one positive root «,
and only one minuscule (co)weight p = «/2. The reduced expression for 7(p) is
7(p) = mps1, where m, = 7(p)s; is the element of zero length; it acts on simple
affine roots by permuting a; = a and a9 = —a + 6. Therefore, Y? = T, (,) =
w1, Y P =T, =, Ty = 7m,(To + (71 —1)).

In this case C,¢[X] is just the space of polynomials in X*+1/2 where X = X2,
and the action of the extended Weyl group is given by

T(0)X = ¢*X
T, X =q 2X 1,

so the action of the corresponding affine Hecke algebra is given by

s1—1 l—s
Y” =7, (tsl —i—(t—t_l)ﬁ) :T(p) <t+(t_t_1)X—jll) )

_ 1y So—1 _
YP=n,|(t t—t ) (¢t —¢
7Tp(50+( )q2X—1+( )>

=7(p)s1 <tT(O<)81 + (t— t—l)M)

?X -1
_ 1 T(—a) — X s
_ 1\ 7(=p) = X7 (p)s1
=tr(=p)+(t—-1t"") %=1 1 :
Thus,
ResY? = tr(p)
_, tX ¢t T |
ResY ™7 = “———r(=p) + (t =t ") —=7(p),
SO
tX —t~1 tX—t ¢t

ReS(Yp + Y_p) = X -1 T(p) + X_l 1 T(_p)a
which is nothing but the Macdonald’s difference operator D; for the root system

Ay (cf. formula (2.5)), multiplied by ¢~*.
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LECTURE 5: MACDONALD’S DIFFERENCE OPERATORS FROM DOUBLE AFFINE
HECKE ALGEBRAS

Let us recall some results from the last lecture. We have defined the double
affine Hecke algebra H which is generated by the elements T),,w € W,Y*, X €
PY,X# 1€ P. Also, we have defined its action on the space C,[X], where X*
acts by multiplication, and T;,2 = 0...n act by

S; — 1
X —1°
This allowed us to construct a large family of commuting difference operators on
Cq [ X1V

In this lecture we will establish a connection between this construction and Mac-
donald’s theory; the variables ¢, t, used in the definition of the double affine Hecke
algebra will be identified with the parameters ¢, t, of Macdonald polynomials. The
main result of this lecture is Theorem 5.9, which shows that the Macdonald’s op-
erators D, introduced in Lecture 2 are special cases of the operators L; obtained
from the double affine Hecke algebra.

All the results of this lecture are due to Cherednik ([C7]).

Let us rewrite the action of T; on C,[X] as follows:

T, — tis; + (ti — tl-_l)

Ti:siG(ai),
where
1- [e%
G(Q) = to + (ta — t21) o
(5.1) Xe—1
' —M—(t —t_l) S
o Xe—1 RO T

Then G(«) satisty
BG(a)i " = G(b(a)), o€ RdeW.
Using this, we can rewrite for arbitrary @ € W the action of Ty as follows
Ty = 0G(a®)...G(aW),
where a(?) are defined from a reduced expression for @ as in (3.6). Recall that
(5.2) {a®, ... 0D}y =Rgz:=Rt N 'R™.

We will also need the expressions for Y*. Recall (see Theorem 3.7(2)) that if
T(A) = msi, ... s;, is a reduced expression, then Y* = #T;' ... T;" for some choice
of signs ; € {£1}. Since T,"* = T; + (t;* — t;), this implies that

(5.3) Y =7(AN)GE (W) ... aF(aW)
for some choice of the signs 4+, where G () = G(a) and

o oy, teXe =ttt X%,
(5.4) G (a) =G(a) — (ta — ty )Sa = a1 (ta —tg )XO‘ —

These expressions for Ty, Y? are rather complicated because the formula for
G*(a) is a sum of two terms, one of which contains s,. We want to define some
notion of “leading term” of Ty in such a way that the terms with s, from (5.1),
(5.4) (or at least as many of them as possible) would not contribute to the leading
term, thus making it easy to compute.
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We start with the definition of a new order on PV.

Definition 5.1. Let A, u € PV. We write A < p if
1. AT < u*, where A* is the dominant coweight lying in the orbit of A, and
similarly for u*,
or
2. AT = p* and XA > p (note that we are reversing the inequality!).

Note that this is only a partial order: there exist A, 4 that cannot be compared
with respect to this order.

Proposition 5.2. Let & = r(N\w € W,w € W and @ = o + k6 € Ry (see
definition of Rg in (5.2)). Write wsg = 7(N)w',w’ € W. Then:

1. Ifa € R (i.e., if k=0), then N = .

2. Ifa ¢ R (ie, k>0), then N <.

This proposition can be easily proved by direct calculation.

Let us define the notion of the leading term. Let T" be an operator on C, ;[X] of
the form

(5.5) T= Y guwX)rNw,
AePY weW
where g ., are some rational functions in X.

Definition 5.3. Let T be an operator of the form (5.5). Assume that it can be
written in the following form:

T=> gnwX)rQow+ > grwX)T(Nw
w A< Ao, w
for some g and that at least one of gy, 7#0. Then we say that >~ gx,,w(X)7(Xo)w
is the leading term of 7" and denote it by (T').

Remark. Not every operator has a leading term. Also, it is not true that the leading
term of a product is the product of the leading terms.

Example 5.4. Consider Y*, A € PY. Then it is easy to see that R:(y) contains
only roots & = a + k6 with & > 0. Also, by Theorem 3.7(2), all the signs in
expression (5.3) should be —1. Therefore, we have

YA =70)G (@) ...G7(aW).

Substituting in this formula expression (5.4) for G~ (a) and using Proposition
5.2 and some simple arguments from the theory of affine Weyl groups, we see that
the leading term of Y can be obtained by replacing each G~ (a) in the expression
above by

ta X —t 1
Xo—1 7
in other words, by throwing away the term containing s,. Thus,
ta X — "
Y)\ — @ a
=) I e
aER.,.(,\)
(5.6) )
toa X —t
= & A

aGT()\)RT(A)
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(note that this is a product of commuting expressions).

More generally, to find the leading term of T); we have to separate the affine and
non-affine roots in R;. Let us introduce the notations

Ry = RyN R ={@=a+ké € Rylk =0}

5.7
(5:7) RZ°={a=a+kéc Ryglk > 0}.

Lemma 5.5. For every w € W there exists a reduced expression W = TW,T €
W,w €W such that RS = R,,. (Thus, R;® = w™'R,.)

Idea of proof. Take all reduced expressions w = 7mw with w € W and choose the
one with minimal /(7); then use Lemma 3.2(2). O

Corollary. It is possible to choose a reduced expression for w in such a way that
its associated sequence of roots a¥) looks as follows:

a(l), R ,a(k),a(k_l), . ,04(1) .
RZ° RY,
Theorem 5.6. 1. Let w = ww be as in Lemma 5.5. Then
ta X* —t 1
a€WRZ°

2. Let A\ € PV. Then
Y=Y gu(X)r(Mw

for some rational functions g,,.

We could have made more precise statements about the leading term of Y, but
this is not necessary for our purposes.

Proof. (1) Write
Ty = wG(a®) ... G(a™)G(a*F V) . GlaM)
where oV, ... o) ¢ REO, akt=D oM e R?D (see the Corollary above). Then,

due to Proposition 5.2, we have

wXe —t:1
Ty = | [ tXa—_f“ Gla* D). GaW)
a€eRZ?

ta X —t;!
H Xo‘i—la WwG(Oé(k_l)) N G(O[(l))

a€wWRZ’

ta X —t;!
| i ol R

ac€wRZ’

(2) Follows from formula (5.3) for Y* and Proposition 5.2. O
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Theorem 5.7. The operators
X', € W
on Cy[Y] are linearly independent.

Proof. Tt suffices to check that their leading terms are linearly independent. As for
them, if w = 7(\)w = 7w’ w,w’ € W then

taX* —t1
< XPTrw >=X" ] Xaifyﬁw’
ac€wRZ’ B
ta X —t 1 1
=X* H =2 7 Nww' Ty
acwRZ° Xe-1

Thus, it is easy to see that relation Z)\%w axuwX Tr(n)w = 0 is possible only
if Zu)w axuwX"Tr(nyw = 0. Since in the decomposition @ = 7(\)w = 7w, 7 de-
pends only on A, the linear independence of (X*T(y),) with fixed A follows from
the fact that T, are linearly independent over the field of rational functions of X,
which is based on the similar theorem for the affine Hecke algebra HX (Proposi-
tion 3.14). O

Corollary 5.8. 1. Elements X*Y Ty, A € PV, u € Pow € W, are linearly
independent in H.
2. Cy[X] is a faithful representation of H.
3. The subalgebra HY cH spanned by Y, T, is isomorphic to the affine Hecke
algebra H defined in Lecture 3, and similarly for HX.

Theorem 5.9. Let 7 € PV be a minuscule coweight. Define fr = > cw yw(m),
and L, = Res f, where Res is defined by (4.5). Then

(5.9) =Y | I X =t
' i Xo—1
weW aER
(a,m)=1

Proof. Let us calculate the leading term of L. It follows from the calculations
of the leading term for Y (Example 5.4 and Theorem 5.6(2)) that < L. > has
the form g(X)7(7~), where 7~ is the antidominant coweight lying in the orbit of
m ow~ € PY, 7= € Wr. It follows from Theorem 5.6(2) that 7(7~) can come

only from Y7 ; using the calculation of the leading term for antidominant weight
(Example 5.4), we see that the coefficient of 7(77) is equal to

ta X —tt
Wl H a1 T(77),
a€ER

(a,m7)=1

where W, is the stabilizer of = in W.

This gives us the leading term of L,. Since m is minuscule, it is known that
there are no dominant coweights A with A < 7, and thus A <7~ <= X € Wn.
Thus, L, contains only the terms of the form g, (X)7(w(m)), which can be easily
calculated, since we know one of them (with 7(77)) and L, is W-invariant. This
gives formula (5.9). |
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Comparing formula (5.9) with the expression for Macdonald’s difference operator
D, defined in Lecture 2, we see that they coincide up to a constant factor. Thus,
we see that the operators Ly, f € C[Y]" form a commutative algebra of difference
operators which includes the Macdonald’s difference operators — as was promised
in Lecture 2.

LECTURE 6: MACDONALD POLYNOMIALS REVISITED

As usual, we start with recollections of some results of the previous lectures.
Recall that we have defined the double affine Hecke algebra H which is generated
by X*,u € P,Y\ X\ € PV, T,,w € W. This algebra acts on the space C,[X].
Moreover, if f € C,:[Y]" C H, then the corresponding operator preserves the
subspace C, ;[ X]" and its restriction to this space coincides with some W-invariant
difference operator L¢. Also, we checked that the L;’s commute and that if 7 is
a minuscule coweight, f = > Y*(™) then up to a constant factor, Ly is the
Macdonald’s difference operator D, defined in Lecture 2.

In this lecture we will prove that Macdonald polynomials are eigenfunctions of
Ly for any f € C,4[Y]". For simplicity, from now on we assume that t, = ¢ for
some ko € Z; thus, the field C, ¢, considered in the previous lectures becomes C,.
As before, the results of this lecture are due to Cherednik ([C6]).

Let us start with proving that Ly are triangular in the basis of m.

Definition. Define a partial order on P as follows: A < p if AT < pt or AT = u*
and \ < p, where, as before, AT is the dominant weight lying in the orbit of .

Note that this order is similar to but not the same as the order < on PV which
we used in the previous lecture.

Lemma 6.1. Let A € PY. Then the action of C;[Y] C H on C4[X] has the follow-
ing triangularity property:
YAX# =) e XY

v=p
Also, if p € P, then ¢, = g2optor)
(Recall that p, = 33 gt kacr.)

Proof. Assume first that A € P. Then the statement of the Lemma follows from
the following two facts, which can be verified by direct calculation:

(1) Y = 7(N)G(aW)...G(aM) (see (5.3)), where a® run through the set
Ry = {a=a+kélae RT,0<k < (\a)}.

(2) If @ = o + ké is such that « € R, then

taXt 4+ . if (paV) >0

Ga)X" =
@) {t;lX“ +... if (pa¥) <0

where the dots stand for a linear combination of X with v < p.

If A is not dominant, we can write Y* = Y*(Y")™', u,v € PY. Since the
inverse of a triangular matrix is also triangular, the statement for A follows from
the statements for pu, v. |

Lemma 6.1 immediately gives the triangularity of L;. As before, let m, =
> vew, XY for p € P* be the basis of orbit-sums in C[X]". We do not consider
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m,, for non-dominant p, so whenever a formula contains m,, it is always assumed
that p € PT.

Theorem 6.2. Let f € C,[Y|W, u€ PT. Then

(61) Lfmp‘ = f(qz(u—‘rpk))m“ + Z My,
v<p

where, by definition, f(g") is the polynomial in q obtained by substituting g™ for
Y in the expression for f.

Thus, it makes sense to talk about the eigenfunctions of L. Since a dominant
weight g is uniquely determined by the values f(g*) for all f € C[Y]W, it is easy
to see that for every dominant p there exists a unique common eigenfunction of L
in C,[X]" with the highest term X#. Later we will show that these eigenfunctions
are nothing but Macdonald polynomials; this gives a new, uniform proof of the
existence of Macdonald polynomials.

To prove that the eigenfunctions are Macdonald polynomials, we must check
that they are orthogonal with respect to Macdonald’s inner product. Recall that
it was defined in Lecture 2 as follows: for f, g € Cy[X] we let

(62) e

where the g-linear bar involution is defined by X# = X ~* [ ]y is the constant term,
and
ka—1
(6.3) Ap= T IJ @-¢¥x9).
a€R i=0

This inner product is non-degenerate, ¢-linear, symmetric and W-invariant.

However, it turns out that we need to modify this inner product. Let us introduce
the following involution on C,: ¢* = ¢! and extend it to C,[X] by letting (X*)* =
X*#. Define the Cherednik’s inner product by

(6.4) (f, 90 = [£3" 1o,

where

ko
(6.5) we= [ I (@x*?-q'x2/?).

QER+ i=1—kq
This inner product is neither symmetric nor W-invariant; still, it is better suited
for our needs than Macdonald’s inner product. Note that the weight function p
defined by (6.5) is very close to Macdonald’s weight function Aj. More precisely,

(66) #k — (_1)2 kaq_Zka(ka_l)Ak%7
where as before,
o= [T (xer?—x/2),
a€ERT
and
r = H (qkaXO‘/2 _ (]_ko‘X_a/2),
a€RT

Note also that jir, = pj,.
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Proposition 6.3. Let f,g € C,[X]. Then

L (f,9)" = ({g, /))"-
2. If f,g € Co[X]W, then

(6.7) (f, g0 = (—1)ZFegm Xhalka=lg, (£ gty

where

dy, = g>="e Z q 2 Eaern ko
wew

Pro of. (1) is trivial in view of g}, = pr. To prove (2), note that [fg‘ulo =
7 2wl f g w(1)]o, and the result follows from the identity

W
(6.8) > wlen/8) = J[ ¢ =dw.
weWw w a€RT
where we take the sign “+” if w(a) € RT and “—” otherwise. This identity can be
proved in a standard way, by considering the highest term. O

Remark. Tt is known (see [M4]) that dj, can be written in the following form:

(O‘V7Pk)+ka — _((av7pk)+ka)
B q q
(6.9) dy = H q(av,pk) _ q—(avwk)

a€ERT

However, we will not use this formula.

Theorem 6.4. Let Py, \ € Py be the Macdonald polynomials (see Theorem 2.1).
Then

1. P = P.

2. (P\,P.)}, =0 if X p.
3. P\ ’s are uniquely defined by the triangularity condition Py = my+lower terms
and the orthogonality condition (2) above.

Proof. (1) Since A* = const - A, we see that [P{P:A]o = 0 for p # X, and thus P
satisfy the definition of Macdonald polynomials.

(2) follows from (1) and the previous proposition; (3) is obvious since the Chered-
nik’s inner product is non-degenerate. O

Let us now define the notion of an adjoint operator. Let h be an operator on
C4[X]; define the corresponding adjoint operator h* by the condition

<hf7 g>;€ = <f7 h*g>;€.
An effective way to calculate adjoints is as follows. Define a simpler involution
h— ht by
[h(£)3"To = [f hT(g) lo;

thus, AT is the adjoint to h with respect to the inner product (, ). This adjoint is
relatively easy to calculate; in particular,

p(X) € ColX] = pl =p'

wewW = ol =o!

(this last condition justifies the introduction of ¢ in the definition of the inner
product: otherwise it would not hold for 7(X)).
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On the other hand, the involutions * and | are related by a simple rule
h* = A,

which obviously follows from the definitions. In particular, this implies that p* = p*
for p € C4[X].

Theorem 6.5. 1. T =T, ".

2. (Y=Y~
Proof. (1) Since T; ' = T;+ (t;* —t;),tF = t; !, it suffices to prove that (T; —t;)* =
T; — t;. From the definition of the action of T; we get by direct calculation that

[ TIPS
(6.10) Li—ti=——x—a/m_xar2

(Si — 1)

Since
ti—loni/2 _ tiX—ozi/Q
1 X2 g Lx—a2"

st =p s =~y sipr =

we get
ti—loni/Q _ tiX—ozi/Z
XOM/Z _ X—Oéi/Q
ty X2 g X ei/?
= XoZ X ol (Sl — 1) =T, —t;.

(2) It suffices to prove this formula for A € PY, in which case it follows from
Theorem 3.7, the previous statement and 7* = 7~ !, 7 € Q, which again can be
proved by direct calculation.

(T, — t)" =(s; — 1)

|

*

This means that we can consider * as an involution on C,4[Y] which is defined by
(f(q)Y*)* = f*Y~*; in particular, this involution preserves C,[Y]".

Theorem 6.6. Macdonald polynomials are eigenfunctions of Ly, f € C,[YW:
LyPy = f(@**H))Py.

Proof. Since L f|«:q[ xw = f |Cq[ x)w , it suffices to prove that Macdonald polynomials
are eigenfunctions of f € C,[Y]". Since * preserves C,[Y]", Theorem 6.2 implies
that both f and f* are upper-triangular in the basis of Py. On the other hand, by
Theorem 6.4, Py\’s are orthogonal with respect to the Cherednik’s inner product.
This is only possible if f is diagonal. The eigenvalues are given by (6.1). O

Proposition 6.7. The operators L¢, f € C,[Y]W are self-adjoint with respect to
Macdonald’s inner product.

Proof. 1t suffices to prove that their restrictions to C,[X]" are self-adjoint, which
follows from the fact that they are diagonalized in the basis of Macdonald polyno-
mials. O

This completes a large part of this course: we have constructed a commuting
family of difference operators, whose eigenfunctions are the Macdonald polynomials.
In the next lecture we will use this construction to prove the inner product identities.



LECTURES ON AFFINE HECKE ALGEBRAS AND MACDONALD’S CONJECTURES 285

LECTURE 7: PROOF OF MACDONALD’S INNER PRODUCT IDENTITIES

Recall that we have defined an action of the double affine Hecke algebra H on the
space C4[X]. Also, we have defined Cherednik’s inner product (, );. on C4[X] such
that with respect to this inner product (Y*)* = Y~ and on symmetric functions
(, )} coincides up to a factor with Macdonald’s inner product (, ).

In this lecture we will use the action of H to prove Macdonald’s inner product
identities (see Theorem 2.4). From now on, we assume for simplicity that all k,’s
are equal: ko = k, so that all t, =t = ¢*. In fact, it is not much more difficult
to repeat all the arguments in the general case; later we will outline the necessary
changes.

The proof presented here is due to Cherednik. However, our exposition follows
that of Macdonald ([M5]), who simplified the original arguments of Cherednik. For
example, the operator G below was introduced by Macdonald.

The idea of the proof is quite simple. First note that due to Proposition 6.3, the
calculation of (Py, Py)y, is equivalent to the calculation of (Py, Py)). Using the large
set of operators we have constructed, we want to prove the theorem by induction on
k. Let us write Pﬁk) to stress the dependence of Macdonald polynomials on k. We
want to construct some operator G : C4[X]W — C,[X]W (shift operator), which
would shift £ — k + 1. More precisely, we want:

(1) GP/EI_?’J = const - P/Ekﬂ) for some easily computable constant.
(2) (Gf, )1 = ([ @g>§~C for some operator G.
If we construct such an operator, then the calculation of (P)(\]Hl), PA(kH));g_H can

be reduced to the calculation of <P(k) aap® )5, or — if we know the diagonal

A+p? At+p
entries of GG — to the calculation of (Piljr)p,Pi]jr)pﬁ. Repeating the process, we

reduce the question to the calculation of <P)(\(-)i-)k o P)(\(j_)k p>I07 which is trivial.

In the differential (¢ = 1) case, the shift operators were introduced by Opdam
(see [03], [H3]). The construction for arbitrary ¢ described below is due to Chered-
nik ([C6]).

To define G, G , we need the following operators:

X=op =[] ("X =" X7

acERT

(7.1) Y=¢L )= [ @y 2 =gy /)
aERT

Y=o (V)= [] (¢Fv'2 - g Fy—="/2),
aeRt

It is easily seen from the previous results that X* = (—1)‘R+‘/? = g, X" =
(—1)IB I x and Y* = (-1)IBT 1y, Y* = (—1)IR"IY.
Now, define the shift operators by

(7.2) G=x"1'Yy, G=)x.
Theorem 7.1. G, G preserve C,[ XV

Proof. Recall that f € C4[X|W <= (T; —t)f = 0 for all i (this follows, for
example, from formula (6.10)). Define C,[X]~W = {f € C,[X]|(T; +t~1)f = 0}.
It is easy to see that as ¢ — 1, this definition becomes the usual definition of
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anti-invariant polynomials. Now, to prove the theoEem it suffices to prove that
X(Cy[X]") = Cl X7, V(Cy[X]™) € ColX]™W, V(Cy[X]™Y) € Cg[X]™. In
fact, once we prove that X (C,[X]") C C,[X]~W, the statement that this embed-
ding is an isomorphism can be easily proved by deformation arguments, since in
the limit ¢ — 1 this statement is well known. Thus, the theorem follows from the
lemma below.

Lemma.
t—lX—Oci/Q _ tXquy/Q
) -1 — o
(T 417X = s VT =)
t—ly—aiv/2 _ tYO‘iv/2
} -1 — -
(,I’l +1 )y - t—lYoc,L.V/Q _ tY_O‘iV/Q y(TZ t)
_ yal/r_tyalse
(T; =)y = V(T +t71).

tyol /2 _ -1y —ay/2
This lemma is proved by direct calculation, using the identity T; X ®/2 — X —«i/2T;

= (t—th)X/2 O
Now we can formulate the main property of the shift operators.

Theorem 7.2. Let f,g € C,[X]". Then

dy, ~
(73) (GF.9)hir = “EE(1. G,
where dy, is defined in Proposition 6.3.

Remark. Since g1 = Qry19—kfik, it is easy to see that (Gf, 9)j1 = (f, Vort19)%-
But this is of little use, since Ypr41 does not preserve C,[X]"; thus, to find,
say, (Px,Ypr+1m,);, we have to calculate the highest term of the projection of
YVorr1my, on Cy[X]W, which is very difficult.

Proof. The proof is based on the following simple idea, which we have already used
before. Let P = Wl‘ > wew w be the usual symmetrizer. Then for every f € C,[X]
we have [f]o = [Pflo. Thus, if Pf = Pg, then [f]o = [g]o- Also, we will need the
following proposition.

Proposition 7.3. Let P_ = ﬁzwew(—l)l(w)w be the usual antisymmetrizer.
Then for every f € C,[X]V we have
P_Yf=P_Yf.

The proof of this proposition is non-trivial and requires an introduction of a new
interesting operator — the g-antisymmetrizer. We will give this proof in the next
lecture.

Now let us prove the theorem. By definition,

(Gf,9) %1 = (GNF tet1]o = [(GF)FP(prs1)].

Since pk4+1 = Qk419—klk = Pr+1 Xk, and Xpy is antisymmetric (this is the
crucial step!), we have P(pry1) = P—(pp+1)Xur = HW'dkHéXuk (see formula

(6.8)).



LECTURES ON AFFINE HECKE ALGEBRAS AND MACDONALD’S CONJECTURES 287

Similarly, P(X?uy) = |—V%,‘dk62k'uk, and thus,

diy1
dy,

Ppr+1) = P(X2Hk)-
Substituting this in the expression for (G f, g). ., we get

d
(G gl ==X TI(N)g X o

:d];l_H[P(y(f)gLX“k)]O = d’;—“[P-<y<f>>wuk]o.
k k

Using Proposition 7.3, we can replace in the last formula )’ by 5)\, and thus

(GFrgVees =B X ()t il

dy,
dy. & dp &
==XV 9V = = (f, VX,
dk dk
which completes the proof of Theorem 7.2. O

This theorem immediately implies that the shift operators indeed shift the pa-
rameter k of Macdonald polynomials:

Theorem 7.4. 1. GP/{’_?,) = qk‘Rﬂck(x\)P)(\kH), where

(74) Ck()\) _ H (q—k-l-(av)\-‘r(k-i-l)p) _ qk—(ocv)wi-(k-i—l)p))7
a€Rt

and GPM =0 if x\—p ¢ Py.
2. For k>0, GP{ = ¢ M g, ) P, where
(7.5) () = H (qk+(av,)\+(k+l)P) _ q—k—(av,)\—!—(k-‘rl)p)).

a€ERT

Proof. First, it is easy to prove, using Lemma 6.1, that GPA(I—?p = qk‘Rﬂckm)\ +....
Thus, to prove (1) it suffices to check that (GP(k)

A+p?
to Theorem 7.2, this is equivalent to <P§l_?p,G77“Lﬂ>§C = 0. Since Gm,, is a linear
combination of m,, with v < p+p (this also follows from Lemma 6.1), the statement
follows from the definition of Macdonald polynomials. (2) is proved in a similar

way. O

M)y = 0 if p < A Due

Now we can prove Macdonald’s inner product identities. Let us introduce
k k
M) = (P PP

Proposition 7.5.

\&+] k1 Cr(A)

(7.6) M4 (3) = (1)

M (A + p).
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Proof. Using the previous theorem, we can write

My (V) =(ex(Nex (W) HGPE aP v
)

:dflzl (ex(N)er(A)) ,\+p,GGP/\+p>
c.(MNer(M)E d d s I
- ot - oo s

|

Corollary 7.6. Let My()\) = (P)(\k),Pf\k)ﬁc = d;l(—l)k‘R+|qk(k_1)‘R+‘M,’C(x\) (see
Proposition 6.3). Then

2(a¥ A+ (k+1)p)+2k

1—q
(7.7) My1(A) = H 1 — q2(@V At-(k+1)p)—2k Mi(A + p)-

a€Rt

Applying this corollary k — 1 times and using M7(\) =1 for all A € Py (this is
equivalent to saying that the Weyl characters are orthonormal), we get the Mac-
donald’s inner product identities, formulated in Lecture 2:

Theorem 7.7. (Macdonald’s inner product identities) If all ko = k, then

(Oc A+kp)+2i

(Prs P H H (¥ A kp)—

a€ERt i=1

To prove the inner product identities in the case where k, are not necessarily
equal (see Theorem 2.4), we have to introduce the shift operators separately for
the long and short roots. They are defined in precisely the same way as before, but
with the product in (7.1) taken only over long (respectively, short) roots. Repeating
the steps above with necessary changes, we can prove that the shift operators for
long roots (respectively, short roots) shift the corresponding k, by one. This gives
the proof of the general Macdonald’s inner product identities (2.6). We refer the
reader to [C6] for details.

LECTURE 8: ¢-SYMMETRIZERS

In this lecture we prove Proposition 7.3 and thus complete the proof of the
inner product identities. Recall that we want to prove P_Yf = P_Y f for every
f € C4[X]W, where P_ is the antisymmetrizer and Y, Y are defined by (7.1). Unfor-
tunately, the commutation relations between w € W and Y are very complicated,
making direct calculation impossible. However, there is a bypass, which involves
the introduction of the so-called “g-antisymmetrizer”. This does not seem to be
closely related with Macdonald’s theory, but it is interesting enough in itself, so we
spend some time discussing these new operators.

Let us start with describing the kernel of the antisymmetrizer.

Theorem 8.1. In any finite-dimensional representation V- of W we have

(8.1) KerP_ = Ker(l —s;).

Proof. Denote V; = Ker(1 —s;), V' = > V;.

Lemma. V' is W-invariant.
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Proof. Tt suffices to prove s;V; C Vi +V,. Let v € s;V}; then s;(s;v) = s;v.
Introduce v = & (v+s;v). Thenv = vi4v_, s;v = vy —v_, and thus s;(v; —v_) =
V4 —v_, s0 vy —v— € Vj. Since by definition vy € V;, we see that v € V; + V. O

Let us return to the proof of the theorem. Obviously, it suffices to prove this
theorem for an irreducible representation. In this case, V' can be either 0 or V.
But:

V=0 < allV; =0 «—

for all i, (1 —s;) is invertible <=
foralli, s;,=—-1inV «—
V' is the sign representation.

Thus, for an irreducible V' we have

v — 0, if V is the sign representation
|V otherwise.

This coincides with Ker P_. O

Note that (8.1) also holds for the representation of W in the space of polynomials
C,4[X], since this representation is a direct sum of finite-dimensional representations.

The main idea of the proof of Proposition 7.3 is to describe Ker P_ in C4[X]
using the action of the Hecke algebra H generated by T7,...,T, rather than the
action of W, and then use the commutation relations of H with Y.

Let us introduce the following element of H, which we will call the g-antisym-
metrizer:
(8.2) PL=d' Y (-t)7'T,,

weW

where d = Yy 2.

It is easy to see that as ¢ — 1 this element becomes the usual antisymmetrizer

P_.

Theorem 8.2. 1. For everyi=1,...,n, PL is divisible by T; — t both on the
left and on the right.
2. We have the following properties for the action of PL on C,[X]:

Ker P? = Ker P_
ImP? = Cy[X]W = {f € C,IX||(T; + 1) f =0},

3. P is a projector.

Proof. (1) Since w — ws; is an involution of the Weyl group, W is a union of pairs
w,ws; where w is such that {(ws;) = l(w) + 1. Thus,
Pl=d' Y ()T, —-t'T).
l(ws;)=l(w)+1

Divisibility on the left is proved similarly.

(2) It follows from (1) that KerP? D > Ker(T; — t) = Y Ker(s; — 1). On the
other hand, for ¢ = 1 this inclusion is an equality by Theorem 8.1. Since the rank of
an operator cannot increase under specialization, we see that Ker P? = Ker P_ =
Y Ker(1 — s;). Similarly, (1) implies that InP? C C,[X]~"; since the dimension
of C4[X]™" is independent of ¢, we see that ImP? = C,[X]~". (Of course, to
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make sense of these dimension arguments we must consider C,[X] as a filtered space
and note that both P_ and P? preserve this filtration.)

(3) is trivial: let v € C,[X]™". Then Tjv = —t~ v, so Tyv = (—t)~ Wy, and
Plv =w. O

Corollary. For f € Cy[X],P_f =0 < PLf=0.

Thus, to prove Proposition 7.3 it suffices to prove P () — JA)) f = 0 for every
f € C,[X]W. Using the fact that C,[X] is a faithful representation of H, it is easy
to prove that this last condition is equivalent to

(8.3) PLUY—Y)=> hi(Ti—t) for some h; € HY

as elements of HY .

Now, we can do the following trick. Since (8.3) is an identity in HY, it suffices
to prove it in any faithful representation of HY. Let us prove it in CulY] (see
Lecture 3). Now we can repeat the same chain of arguments in reverse order: (8.3)
— PUY -Y)f =0 for every f € C,[Y]V < P_(¥—Y)f = 0. But this
last condition is trivial: since ), ji\ act on C4[Y] by multiplication, and W acts by
w: Y 5 YO we have wo(Y) = (—1)E 1Y, wo(Y) = (=1)B1Y, where wy is the
longest element of the Weyl group. Since P_ is divisible by (1 + (—1)|R+‘w0), we
have P_(Y — )A)) = 0. This completes the proof of Proposition 7.3, and thus, the
proof of Macdonald’s inner product identities.
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