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Definition of the algebra R(v)

Associated to graph I' consider braid-like diagrams with dots whose
strands are labelled by the vertices i € / of the graph I".

Let v = > v - o for vy =
0,1,2,...

v keeps track of how many strands
of each color occur in a diagram

Form an abelian group by taking Z-linear (or k-linear) combinations of

diagrams:

v
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Multiplication is given by stacking diagrams on top of each other when
the colors match:

%<>§<o

Definition

Given v € N[/] = QT define the ring R(v) as the set of planar
diagrams colored by v, modulo planar braid-like isotopies and the
following local relations:
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There are induction and restriction functors corresponding to
inclusions R(v) @ R(v') c R(v + /')

'”dZD”/: R(v) ® R(v') — mod — R(v + v/)—mod

Res! !/ : R(v ++/)—mod — R(v) ® R(v')—mod
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Shuffles

Induction
We saw yesterday afternoon that to generate

R((m+n)ai)
IndR(ma,')®aR(na,') MX N

we need the minimal length (left) coset representatives

Sm+n/8m X Sn

Example: Ind3 ,
12w34 =
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u=uand1,;,v=yv,then

Ifue M,v € N are such that 1; ; iy

iR7]
1,'1,'2,'3,'4U® V=UuQV.

Y1Y1iU @ V =192 i, U V
/‘3/'1 s V12U @ V
= 3152 1)¢1¢2U® v

So Y1 = 1yw@yvs where w(ir - im) = (ly-1(1) *** lw—1(m))-

Recall the grading

deg = —(oi, o)
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quantum shuffle

itip W glly =

i 2 i3 Iy i3 iy i34 o Iy
0 _(aiga 0513) _(al1 + aiz) alg)
i i s iy iy g o iy iy
—(Oé,'1 ) aig)
——(CX&, (yk + CM&) — __(Clﬁ _F'Cl&’ (M@ _F'(XM)

(avy, iy + vjy)
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quantum shuffle

ik w qij =qCikij + g~ Diikj
+ g~ (@rtenajikj 4 g (et jikj
i q—(aiaai)‘(o‘/’o"'"'ak)iijk + q—(ai+a/-,a,'+ak)ijik
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Characters

gdimL(i™) = [m];!
chM =) " gdim(1;M)(i)

chL(i™) = [m]\(ii - - - i) = [m];1i™
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chMo N =chInd MX N = chM w 4 chN

chind L(I) & - - & L(7) = g 2 [m]!

Recall

Yo aPM=(gt+a P+ 1)@ 2+ 1))
weSs
_qt-1gt-1g?%-1
S g?-1g2-1g2-1
39 -9°¢-qg%q-q"
9-q7' 9-q ' qg-q"
= q G m).

=q
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E; and ¢;

Just as E; descends to the Grothendieck ring, we can define it on
characters. E; [yq q-1= id.

) ) (i1 imet) fim=]
E(iy---im) =
(7 - im) {O else.

EjchM = chE;M =~ gdim(1;M)E;(i)
i
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* .
£ and ¢,

ef(i1 ---im) = k if kis maximal suchthat iy = b =--- =iy =
gj(iy - im) = K if k is maximal such that im = im 1 = -+ = ip_(k—1) = J
For M simple

£/ (M) = max{<} (i) | 1;M # 0} = max{k > 0 | (E})*M + 0}

e/(M) = max{e;(i) | 1;M # 0} = max{k > 0| EfM # 0}

Example
gi(L(iM)) = m = &7 (L(i))
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Computations on the whiteboard J
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Functors

Let M be a simple R(v)-module and i € /. We set

fiM := cosoc Ind’ ' MR L(J),
e;M := soc EjM where
EiM := Res”_ o Res’_;; M.

i v—i,i

Likewise we can define &;" where e} := Res)” ' oRes},_; M.

iv—i

é;M and &;" M are simple or zero.
Their characters are hard to find.
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fi(L(™)) = L(™"){k}
For cyclotomic quotients, the fact x"L(i™) = 0 but x"~'L(i™) # 0

yields that simple modules M are R"-modules iff (M) < (h;, A).

Jump
Set jump;(M) = (M) + <} (M) + (h;, —v) if M is a simple R(~)-module.
@ jump;(M) >0
@ If jump;(M) # 0 then jump,-(?,-M) = jump;(M) — 1
® jump;(M) = O iff M =IndMX L(i) = Ind L(/) X M is irreducible. In
this case chiM = chM w 4.

v
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Computations on the whiteboard J
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Crystal Graphs

A crystal is a set B together with maps
@ wt: B— P,

@ g, B— ZU{cc} foriel,
®¢&,f:B— BLU{0} foriel,
satisfying certain properties, such as:

pi(b) = €i(b) + (hi, wi(b)) forany /.
When e;b # 0, wt(eb) = wt(b) + «;
ei(€ib) = ¢i(b) — 1, pi(éb) = pi(b) +1.
a = e;bif and only if F,-a = b, and in this case we draw

alb
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Example (B; (i € 1))

Lbl-1] S b0] Sb] SbE] S

wt Q;j 0 —q; —2q;
€ —1 0 1 2
©0; 1 0 —1 -2

gj(biln]) = »j(bi[n]) = —oo if j # .

Example

Set wt(M) = —v if M is an R(v)-module. Then the set of simple
R(v)-modules, up to grading shift and isomorphism, for all v € N[/]
with data wt, €;, f;, ¢;, p; = €; + (h;, wt) forms a crystal graph B.

Theorem (Lauda-V)
B ~ B(c0)

v

Monica Vazirani (UC Davis ) Categorifying quantum groups April 22,2012 18/22



quantum Serre relations
a+1
S (-11EIEEM —o
n=0

where a = aj := —(hj, qj) = —2812”;

Monica Vazirani (UC Davis ) Categorifying quantum groups



Some of B(c0)
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[4]viiii
Tdaiiiij
[3]1iii AL

1= (i} e /\13]!/'/////{8

a=3 (247 [2)'[2]Yii ] ii
' \‘[Z]UI/ —Lgp)1ii j i—L—-[3]iii i
i
e /\~ ij s iji —Lg2ij i3l i
’ (2121 i
T~ i —Lwp2] i L) iii—L4] i
[3]'/////
ei=0 gi=1 = g =3 gi=4
ef=0 =0 ef=0 ef=0 ef =1
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Local Relation (reminder)

S
i i i i

i J
( 0 if i=j
if i-j=0
if i-j#0
' J
b Iflo—o
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