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Abstract

In this dissertation, we prove two main results about the discrete isometry subgroups of neg-
atively pinched Hadamard manifolds. The first one is to generalize Bonahon’s characterization of
geometrically infinite torsion-free discrete subgroups of PSL(2, C) to geometrically infinite discrete
isometry subgroups I' of negatively pinched Hadamard manifolds X. We also generalize a theorem
of Bishop to prove every discrete geometrically infinite isometry subgroup I' has a set of nonconical
limit points with the cardinality of the continuum.

The second main result is to prove a quantitative version of the Tits alternative for negatively
pinched Hadamard manifolds X. Precisely, we prove that a nonelementary discrete torsion-free
isometry subgroup of Isom(X ) generated by two non-elliptic isometries g, f contains a free subgroup
of rank 2 generated by isometries fV, h of uniformly bounded word length. Furthermore, we show

that this free subgroup is convex-cocompact when f is hyperbolic.
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CHAPTER 1

Introduction

A Hadamard manifold is a complete, simply connected Riemannian manifold of nonpositive
curvature. A negatively pinched Hadamard manifold is a Hadamard manifold such that all the
sectional curvatures lie between two negative constants. Hyperbolic spaces H" and rank 1 symmetric
spaces are examples of negatively pinched Hadamard manifolds. We study some algebraic properties
of discrete isometry groups of negatively pinched Hadamard manifolds, and use them to obtain

geometric properties of the manifolds in this dissertation.

1.1. Geometric finiteness

The notion of geometrically finite discrete groups was originally introduced by Ahlfors in [1],
for subgroups of isometries of the 3-dimensional hyperbolic space H? as the finiteness condition
for the number of faces of a convex fundamental polyhedron. In the same paper, Ahlfors proved
that the limit set of a geometrically finite subgroup of isometries of H? has either zero or full
Lebesgue measure in S2. The notion of geometric finiteness turned out to be quite fruitful in
the study of Kleinian groups. Alternative definitions of geometric finiteness were later given by
Marden [31], Beardon and Maskit [5], and Thurston [37]. These definitions were further extended
by Bowditch [11] and Ratcliffe [36] for isometry subgroups of higher dimensional hyperbolic spaces
and, a bit later, by Bowditch [12] to negatively pinched Hadamard manifolds. While the original
Ahlfors’ definition turned out to be too limited (when used beyond the hyperbolic 3-space), other
definitions of geometric finiteness were proven to be equivalent by Bowditch in [12].

Our work is motivated by the definition of geometric finiteness due to Beardon and Maskit [5]

who proved

THEOREM 1.1.1. A discrete isometry subgroup I' of H? is geometrically finite if and only if

every limit point of I' is either a conical limit point or a bounded parabolic fixed point.
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This theorem was improved by Bishop in [7]:

THEOREM 1.1.2. A discrete subgroup T' < Isom(H?®) is geometrically finite if and only if every
point of A(T') is either a conical limit point or a parabolic fived point. Furthermore, if T < Isom(H?®)
is geometrically infinite, A(T') contains a set of nonconical limit points with the cardinality of the

continuum.
The key ingredient in Bishop’s proof of Theorem 1.1.2 is Bonahon’s theorem® [10]:

THEOREM 1.1.3. A discrete torsion-free subgroup T' < Isom(H?) is geometrically infinite if and
only if there exists a sequence of closed geodesics \; in the manifold M = H3/T which “escapes

every compact subset of M,” i.e., for every compact subset K C M,
card ({i: s N K # 0}) < oc.

According to Bishop, Bonahon’s theorem also holds for groups with torsion. We extend Bona-
hon’s proof and prove that Bonahon’s theorem holds for discrete isometry subgroups of negatively

pinched Hadamard manifolds X.

Bowditch generalized the notion of geometric finiteness to discrete subgroups of isometries of
negatively pinched Hadamard manifolds [12]. From now on, we use X to denote an n-dimensional
negatively pinched Hadamard manifold, 0., X its visual (ideal) boundary, X the visual compact-
ification X U 05X, I' a discrete subgroup of isometries of X, A = A(T") the limit set of I". The
convex core Core(M) of M = X/T" is defined as the I'-quotient of the closed convex hull of A(T")
in X. Recall also that a point £ € 05X is a conical limit point® of T if for every z € X and every
geodesic ray [ in X asymptotic to £, there exists a positive constant A such that the set Tz N N 4(1)
accumulates to £, where N4(l) denotes the A-neighborhood of [ in X. A parabolic fixed point

€ € 050X (i.e. a fixed point of a parabolic element of T") is called bounded if

(A(T) = {€})/T¢

IBonahon uses this result to prove his famous theorem about tameness of hyperbolic 3-manifolds.
2 Another way is to describe conical limit points of I' as points £ € 0 X such that one, equivalently, every, geodesic
ray Ry — X asymptotic to £ projects to a non-proper map Ry — M.



is compact. Here I'¢ is the stabilizer of £ in I

Bowditch [12], gave four equivalent definitions of geometric finiteness for I':

THEOREM 1.1.4. The followings are equivalent for discrete subgroups I' < Isom(X):

(1) The quotient space M(T') = (X — A)/T" has finitely many topological ends each of which is
a “cusp”.

(2) The limit set A(T') of I' consists entirely of conical limit points and bounded parabolic fized
POINts.

(3) The noncuspidal part of the convex core Core(M) of M = X/T is compact.

(4) For some § > 0, the uniform §-neighbourhood of the convex core, Ns(Core(M)), has finite

volume and there is a bound on the orders of finite subgroups of I.

If one of these equivalent conditions holds, the subgroup I' < Isom(X) is said to be geometrically
finite; otherwise, I' is said to be geometrically infinite.

We prove the main result in [29]:

THEOREM 1.1.5. Suppose that I' < Isom(X) is a discrete subgroup. Then the followings are

equivalent:

(1) T is geometrically infinite.
(2) There exists a sequence of closed geodesics \y C M = X/I' which escapes every compact
subset of M.

(3) The set of nonconical limit points of T’ has the cardinality of the continuum.

COROLLARY 1.1.6. If T’ < Isom(X) is a discrete subgroup then T' is geometrically finite if and

only if every limit point of I is either a conical limit point or a parabolic fixed point.

These results can be sharpened as follows. We refer the reader to Section 5.4 for the precise
definitions of ends e of the orbifolds Y = Core(M) and noncusp,(Y'), of their neighborhoods C C'Y
and of their end-limit sets A(C), A(e), which are certain subsets of the set of non-conical limit

points of T'.



In [22, Section 4], Falk, Matsuzaki and Stratmann conjectured the end-limit set of an end e
of Y is countable if and only if A(e) is the I'-orbit of a (bounded) parabolic fixed point. A slight

modification of the proof of Theorem 1.1.5 proves this conjecture [29]:
COROLLARY 1.1.7. A(e) is countable if and only if the end e of Y is a cusp.
Furthermore:

COROLLARY 1.1.8. Let C C Y be an unbounded complementary component of a compact subset
K CY. The A(C) is countable if and only if C is Hausdorff-close to a finite union of cuspidal

neighborhoods of cusps in Y.

By Theorem 1.1.5, the set of nonconical limit points of a discrete isometry subgroup I' has the

cardinality of the continuum if I" is geometrically infinite. It is natural to ask:

QUESTION 1.1.9. What is the Hausdorff dimension of the set of nonconical limit points of I'?

Here, the Hausdorff dimension is defined with respect to any of the visual metrics on 0, X, see [35].

Partial results have been obtained by Fernandez and Melidn [23] in the case of Fuchsian sub-
groups of the 1st kind, I' < Isom(H?) and by Bishop and Jones [8] in the case of finitely generated
discrete torsion-free subgroups I' < Isom(H?) of the 2nd kind, such that the manifold H?/T has
injectivity radius bounded below. In both cases, the Hausdorff dimension of the set of nonconical

limit points equals the Hausdorff dimension of the entire limit set.

Below is an outline of the proof of Theorem 1.1.5. Our proof of the implication (1)=-(2) mostly
follows Bonahon’s argument with the following exception: At some point of the proof Bonahon
has to show that certain elements of I' are loxodromic. For this he uses a calculation with 2 x 2
parabolic matrices: If g, h are parabolic elements of Isom(H?) generating a nonelementary subgroup
then either gh or hg is non-parabolic. This argument is no longer valid for isometries of higher
dimensional hyperbolic spaces, let alone Hadamard manifolds. We replace this computation with
a more difficult argument showing that there exists a number ¢ = ¢(n, k) such that for every n-
dimensional Hadamard manifold X with sectional curvatures pinched between —x? and —1 and for

any pair of parabolic isometries g, h € Isom(X) generating a nonelementary discrete subgroup, a



certain word w = w(g, h) of length < ¢ is loxodromic (Theorem 4.2.5). We later found a stronger
result by Breuillard and Fujiwara [14] that there exists a loxodromic element of uniformly bounded
word length in the discrete nonelementary subgroup generated by any isometry subset (Corollary
4.2.11), which can be used to deal with nonelementary groups generated by elliptic isometries.
Our proof of the implication (2)=-(3) is similar to Bishop’s but is more coarse-geometric in
nature. Given a sequence of closed geodesics \; in M escaping compact subsets, we define a family
of proper piecewise geodesic paths v, in M consisting of alternating geodesic arcs u;, v;, such that
w; connects A; to A;+1 and is orthogonal to both, while the image of v; is contained in the loop
;. If the lengths of v; are sufficiently long, then the path ~; lifts to a uniform quasigeodesic 7, in
X, which, therefore, is uniformly close to a geodesic 7;. Projecting the latter to M, we obtain a
geodesic v} uniformly close to ,, which implies that the ideal point 4}(c0) € 05X is a nonconical
limit point of I'. Different choices of the arcs v; yield distinct limit points, which, in turn implies
that A(T") contains a set of nonconical limit points with the cardinality of the continuum. The

direction (3)=-(1) is a direct corollary of Theorem 1.1.4.

1.2. Quantitative version of the Tits alternative

In geometric group theory, the Tits alternative is an important theorem about the structure
of finitely generated linear groups [38]. It is an important ingredient in the proof of Gromov’s
theorem on groups of polynomial growth [24]. A group G is said to satisfy the Tits alternative if
for every subgroup H of G, either H is virtually solvable or H contains a nonabelian free subgroup.
This was originally proved for matrix group in [38].

In this dissertation, we discuss quantitative version of the Tits alternative. If G satisfies the
Tits alternative, and H < G is generated by ¢1,--- , gk, then there exist words u(gy,--- ,gx) and
v(g1,--+,gr) which generate a free rank 2 subgroup of H, unless H is virtually solvable. The
quantitative version of the Tits alternative estimates the lengths of the words u,v and describes
the shapes of u,v.

Let X be an n-dimensional negatively curved Hadamard manifold, with sectional curvature
ranging between —x? and —1, for some £ > 1. Discrete isometry subgroups of Isom(X) satisfy

the Tits alternative [6]. Our second main result [19] is the following quantitative version of the



Tits alternative for X, which answers a question asked by Filippo Cerocchi during the Oberwolfach

Workshop “Differentialgeometrie im Grossen”, 2017, see also [16]:

THEOREM 1.2.1. There ezists a function L = L(n,k) such that the following holds: Let f,g
be non-elliptic isometries of X generating a nonelementary torsion-free discrete subgroup I' of
Isom(X). Then there exists an element h € T' whose word length (with respect to the generators
f,g) is < L and a number N < L such that the subgroup of T' generated by fN,h is free of rank

two.

For other forms of the quantitative Tits alternative for discrete isometry groups of X, we refer
to [6,13,14,15].

After replacing g with the element ¢/ := gfg~!

, and noticing that the subgroup generated by
f, ¢ is still discrete, torsion-free and nonelementary, we reduce the problem to the case when the

isometries f and g are conjugate in Isom(X) which we will assume from now on.

The proof of Theorem 1.2.1 breaks into two cases which are handled by different arguments:

Case 1. f (and, hence, g) has translation length bounded below by some positive number .
We discuss this case in Section 4.4.1.

Case 2. f has translation length bounded above by some positive number A\. We discuss this

case in Section 4.4.2.

REMARK 1.2.2. 1. For the constant A we will take (n, k)/10, where e(n, k) is a positive lower
bound for the Margulis constant of X.

2. We need to use a power of f only in Case 1, while in Case 2 we can take N = 1.

We also note that if f is loxodromic, the free group (fV, h) constructed in our proof is convex-
cocompact. See Proposition 4.3.3 and Corollary 4.4.5. One can also show that this subgroup is

geometrically finite if f is parabolic but we will not prove it.

1.3. Notation

In a metric space (Y, d), we will use the notation B(a,r) to denote the open r-ball centered at

a inY. For a subset A C Y and a point y € Y, we will denote by d(y, A) the minimal distance



from y to A, i.e.

d(y,A) ;= inf{d(y,a) | a € A}.

Similarly, for two subsets A, B C Y define their minimal distance as
d(A, B) = inf{d(a,b) | a € A, b€ B}.

We will use the notation I(p) or length(p) for the length of a rectifiable path p in a metric space.
We use the notation N,.(A) for the closed r-neighborhood of A in Y

N (A)={yeY :d(y,A) <r}.

The Hausdorff distance hd(Q1,Q2) between two closed subsets @1 and Q2 of (Y,d) is the
infimum of 7 € [0, o0) such that Q1 C N,.(Q2) and Q2 C N,(Q1).

A metric space Y is called a proper metric space if closed balls are compact subsets. Moreover,
Y is geodesic if for any pair of points x,y in Y, there is a geodesic segment xy connecting them.
Let z,y,z € Y. A geodesic triangle with vertices x,y, z is the union of three geodesic segments
xy,yz,zx. If for any point m € zy and, there is a point in yz U zz at distance less than § of m,
and similarly for other points on the other edges, and § > 0, then the triangle is §-slim. A geodesic
metric space Y is a d-hyperbolic space if all geodesic triangles are §-slim.

For a triangle [xyz] in a geodesic metric space (Y, d), let 2/,y/, 2’ be 3 points in the 2-dimensional
Euclidean space (E2,d’) such that d(z,y) = d'(2,y'),d(y,2) = d'(y,2') and d(z,z) = d'(¢',2'). A
geodesic space (Y, d) is a CAT(0) space if for any x,y,z € Y and any p belonging to some geodesic

segment between z and y, then
d(z,p) < d'(<,p)

where p’ is the unique point in E? such that d(z,p) = d'(2,p’) and d(y,p) = d'(v',p').
Let (Y, d) be a geodesic d-hyperbolic metric space or a CAT(0) space, and let v,~" : [0,00) = Y
be two geodesic rays. We say that v and +/ are asymptotic if there exists K > 0 such that

d(y(t),7'(t)) < K for any t € [0,00). In this case, we write v ~ +" and we define

OsoY := {7 geodesic ray in Y}/ ~ .



We call 0,,Y the visual boundary of Y, and we write Y := Y U0, Y. If Y is proper then Y is a
compactification of Y.

For general §-hyperbolic spaces a geodesic segment xy connecting x and y is not unique, but,
since any two such segments are within distance  from each other, this abuse of notation is harmless.
We let |xy| = d(x,y) denote the length of xy. Similarly, if y € Y, & € 05 Y, then y& will denote a

geodesic ray emanating from y and asymptotic to &.

Throughout the thesis, X will denote an n-dimensional negatively pinched Hadamard manifold,
unless otherwise stated; we assume that all sectional curvatures of X lie between —x? and —1, where
k > 0. We let d denote the Riemannian distance function on X and let Isom(X') denote the isometry
group of X.

For a Hadamard manifold X, the exponential map is a diffeomorphism, in particular, X is
diffeomorphic to R™. Then X can be compactified by adjoining the ideal boundary sphere 0xoX.
The space X is homeomorphic to the closed n-dimensional ball [12].

In this dissertation, geodesics will be always parameterized by their arc-length; we will conflate

geodesics in X with their images.

Given a closed subset A C X and x € X, we write
Proj(z) = {y € A| d(z,y) = d(z, A)}

for the nearest-point projection of  to A. It consists of all points in A which are closest to x. If
A is convex, then Proj(z) is a singleton.

Given points Py, Py, -+, Py, € X we let [P1 P -+ P,,] denote the geodesic polygon in X which
is the union of geodesic segments P;P; 1, ¢ taken modulo m. Given a sequence of paths v, -+, V&,
assume that the end point of ~; is the same as the the start point of v;41 where 1 <i <k —1. We
let 1 % - - - x 7 denote the concatenation of paths ~y1,--- , V.

Given two distinct points xz,y € X, and a point ¢ € xy, we define the normal hypersurface

Ng(x,y), i.e. the image of the normal exponential map to the segment zy at the point ¢:

Aq(,y) = expy(T; (xy)),



where TqL(a:y) C T, X is the orthogonal complement in the tangent space at ¢ to the segment zy. In
the special case when ¢ is the midpoint of xzy, 4;(z,y) is the perpendicular bisector of the segment
xy, and we will denote it Bis(z,y). Similarly, we define the normal hypersurface .4;(§,n) for any
point ¢ in the biinfinite geodesic £n.

Given a pair of points p,q in X we let H(p,q) denote the closed half-space in X given by
H(p,q) ={z € X :d(z,p) < d(z,q)}.

Then Bis(p, q) = Bis(q, p) = H(p,q) N H(q, p).

Note that if X is a real-hyperbolic space, then Bis(z,y) is totally geodesic and equals the set
of points equidistant from x and y. For general Hadamard spaces, this is not the case. However, if
X is d-hyperbolic, then each A4, (x,y) is -quasiconvex, see Definition 2.3.1.

We let § denote the hyperbolicity constant of X; hence, § < cosh_l(\/?). We will use the
notation Hull(A) for the closed conver hull of a subset A C X, i.e. the intersection of all closed
convex subsets of X containing A. The notion of the closed convex hull extends to the closed
subsets of Juo X as follows. Given a closed subset A C 05X, we denote by Hull(A) the smallest
closed convex subset of X whose accumulation set in X equals A. (Note that Hull(A) is nonempty
as long as A contains more than one point.)

For a subset A C X the quasiconver hull QHull(A) of A in X is defined as the union of all
geodesics connecting points of A. Similarly, for a closed subset A C 05X, the quasiconvex hull
QHull(A) is the union of all biinfinite geodesics asymptotic to points of A. Then QHull(A4) C
Hull(A).

We will use the notation I' for a discrete subgroup of isometries of X. We let A = A(T") C Joc X
denote the limit set of I, i.e. the accumulation set in J,, X of one (equivalently, any) I'-orbit in X.
The group I acts properly discontinuously on X \ A, [12, Proposition 3.2.6]. We obtain an orbifold
with boundary

N = (X\ A)T.

If T is torsion-free, then M is a partial compactification of the quotient manifold M = X/T. We

let m: X — M denote the covering projection.



CHAPTER 2

Review of negatively pinched Hadamard manifolds

Much of theory of Hadamard manifold can be simplified when the sectional curvature is bounded
away from 0. In this case, we assume that all sectional curvatures at most —1 by scaling the metric.

This is the assumption in our dissertation.

2.1. Some CAT(—1) computations

In this section, we use X to denote an n-dimensional Hadamard manifold with curvature at
most —1. Then X is a d-hyperbolic space with § = cosh™(1/2) [12, Proposition 1.1.6].
For any triangle [ABC] in (X, d), we define a comparison triangle [A’ B'C’] for [ABC] in (H2, d")

as follows.

DEFINITION 2.1.1. For a triangle [ABC] in (X,d), let A’, B’,C’ be 3 points in the hyperbolic
plane (H?,d’) satisfying that d'(4’, B') = d(A, B),d'(B’,C") = d(B,C) and d'(C’, A") = d(C, A).
Then [A'B'C’] is called a comparison triangle for [ABC].

In general, for any geodesic polygon [P1Ps--- Pp] in (X,d), we define a comparison polygon

[P{P;---Py,] for [Pr--- Pp] in (H?,d).

DEFINITION 2.1.2. For any geodesic polygon [P Py - -- Pp,] in X, we pick points Py, -+, P in

H? such that [P{P/P!,,] is a comparison triangle for [P P;P;;1] and the triangles [P{P/_, P!] and

1
[P P{ P/ ] lic on different sides of P|P; for each 2 <i < m —1. The geodesic polygon [P{P;--- P}, ]
is called a comparison polygon for [Py Py - - - Py,].

REMARK 2.1.3. Such a comparison polygon [P{Pj--- P! ] is not necessarily convex and em-
bedded?. In the rest of the section, we have additional assumptions for the polygons [P Py - - - Py,].
e. the natural map S' — H? defined by tracing the oriented edges of the polygon in the cyclic order need not be
injective.

10



Under these assumptions, their comparison polygons in H? are embedded and convex, see Corollary

2.1.8.

One important property of Hadamard manifolds X with curvature bounded away from 0 is the

following angle comparison theorem; cf. [17].

PROPOSITION 2.1.4. [12, Proposition 1.1.2] For a triangle [ABC] in (X, d), let [A’B'C’] denote
a comparison triangle for [ABC|. Then LABC < LA'B'C',/BCA < /B'C'A’ and LCAB <
/C'A'B’.

ya

FiGure 2.1

Proposition 2.1.4 implies some useful geometric inequalities in X:

COROLLARY 2.1.5. [29] Consider a triangle in X with vertices ABC' such that the angles at
A,B,C are o, 3, and the sides opposite to A, B,C have lengths a,b, c, respectively. If v > 7/2,
then

coshasinff < 1.

PROOF. Let [A’B’C’'] be a comparison triangle for [ABC] in (H?,d'). Let o/, 3,7 denote the
angles at A’, B', C' respectively as in Figure 2.1. By Proposition 2.1.4, d'(A’, B") = ¢,d'(A',C") =
b,d(B',C") =aand 8 > 8,y >~ > n/2. Take the point C" € A’B’ such that ZB'C'C" = = /2.
In the right triangle [B’C’'C"] in H?, we have cosh asin 3/ = cos(£ZC'C" B'), see [4, Theorem 7.11.3].

So we obtain the inequality:

coshasin 3 < coshasinfg' <1. O



REMARK 2.1.6. If A € 0,,X, we use a sequence of triangles in X to approximate the triangle

[ABC] and prove that coshasin 8 < 1 still holds by continuity.

COROLLARY 2.1.7. [19] Let [A1A3C] be a triangle in X such that ZA1CAs > /2. Then
d(Al, AQ) > d(Al, C) + d(AQ, C) — 20.

PROOF. Let D € A1 As be the point closest to C'. Then at least one of the angles ZA;CD,i =
1,2 is > 7 /4. By Corollary 2.1.5

cosh(d(C, D)) sin(%) <1,

d(C, D) < cosh™1(v/2) = .

The rest follows from the triangle inequalities. O

COROLLARY 2.1. [19] Suppose that x,xy,3,x, are points in X which lie on a common

geodesic and appear on this geodesic in the given order. Assume that
d(&4,2)) > d(z,xy) + 2 cosh™1(v2).

Then H(z4,%4) C H(z,2,).

PROOF. We observe that the CAT(—1) condition implies that for each z equidistant from z, &

we have

Lzrydy <w/2, Lziixg <m/2.

Hence,

Lxxyz > 7)2, Amﬁr;%Jrz > /2.

Then the lemma and the triangle inequality implies that
d(z,z) < d(z ).

and, thus,

Bis(zy,&4) C H(z,2!,).



Since every geodesic connecting w € H(x4,&4) to 2/ passes through some point z € Bis(z4,Z4),
it follows that

d(z, w) < d(w,z’)). O

COROLLARY 2.1.8. [29] Let [ABC D] denote a quadrilateral in X such that ZABC > 7 /2, /BCD >
w/2 and ZCDA > m/2 as in Figure 2.2. Then:

(1) sinh(d(B,C))sinh(d(C, D)) < 1.
(2) Suppose that ZBAD > o > 0. If cosh(d(A, B))sina > 1, then

cosh(d(C, D)) > cosh(d(A, B))sina > 1.

PROOF. Let [A’B'C’'D’] be a comparison quadrilateral for [ABC D] in (H2, d’) such that [A’B'C’]
is a comparison triangle for [ABC] and [A’C’D’] is a comparison triangle for [AC'D]. By Proposition
214, LZAB'C' > 7w/2, ZA'D'C' > 7/2 and

/B'C'D' = /B'C'A" + ZAC'D' > /BCD > 7/2.

Thus, 0 < ZB’A'D' < 7/2 and [A'B'C'D’] is an embedded convex quadrilateral.

We first prove that sinhd(B,C)sinh(d(C, D)) < 1. In Figure 2.2, take the point H € A’'B’
such that ZHC'D' = /2 and take the point G € A’H such that ZGD'C’ = w/2. We claim that
ZC'"HA' > /2. Observe that

/C'HB' + /HB'C'+ /B'C'H <«

L/O'HA 4+ ZC'HB' = 7.
Thus ZC'HA' > ZC'B'"H > 7/2. We also have d'(C', H) > d'(C’, B') since

sinh(d'(C', H))  sinh(d'(C’,B'))
sin(/C’B'H) ~ sin(ZC'HB')

Take the point H € GD’ such that ZC'"HH' = 7 /2. In the quadrilateral [C'HH'D'], cos(/HH'D’) =
sinh(d'(H,C")) sinh(d'(C’", D")), [4, Theorem 7.17.1]. Thus, we have



sinh(d(C, D)) sinh(d(B, C)) = sinh(d’'(C’, D") sinh(d'(B’, C"))

< sinh(d'(C’, D')) sinh(d'(C’, H))

<1
H? /
X y !
A
H
B/
B
C’ _D C, D/
FIGURE 2.2

Next, we prove that if cosh(d(A, B))sina > 1, then cosh(d(C, D)) > cosh(d(A, B))sina. In
Figure 2.2, take the C” € C'D’ such that ZA’B'C" = 7/2. Observe that C” cannot be on A’D’.
Otherwise in the right triangle [A’B’C”], we have

cosh(d(A, B))sina < cosh(d' (A", B"))sin(£4B'A'D") <1,

which is a contradiction. Let EF denote the geodesic segment which is orthogonal to B’E and
A'F. In the quadrilateral [A’B'EF], cosh(d' (E,F)) = cosh(d' (A’, B")) sin(£/B’A’'F) by hyperbolic

trigonometry [4, Theorem 7.17.1]. Thus,
cosh(d(C, D)) > cosh(d'(C”, D")) > cosh(d'(E, F)) > cosh(d(A, B))sina. 0O

REMARK 2.1.9. If A € 0,X and /BAD = 0, we use quadrilaterals in X to approximate the
quadrilateral [ABC D] and prove that sinh(d(B,C))sinh(d(C, D)) < 1 by continuity.

For each pair of points A, B € H? and each circle S C H? passing through these points, we let
ABS denote the (hyperbolic) length of the shorter arc into which A, B divide the circle S.



LEMMA 2.1.10. [19] If d(A, B) < D, then, for every circle S as above, the length { of ABS

satisfies the inequality:
2w tanh(D /4
d(A,B) < (< 220 g /4
1 — tanh*(D/4)

PRrROOF. The first inequality is clear, so we verify the second. We want to maximize the length
of ABS among all circles S passing through A, B. We claim that the maximum is achieved on the
circle S, whose center o is the midpoint of AB. This follows from the fact that given any other
circle S, we have the radial projection from ABSo to ABS (with the center of the projection at
0). Since this radial projection is distance-decreasing (by convexity), the claim follows. The rest
of the proof amounts to a computation of the length of the hyperbolic half-circle with the given

diameter. 0

LEMMA 2.1.11. [19] There exists a function c¢(D) so that the following holds. Consider an
isosceles triangle ABC in X with d(A,C) = d(B,C), d(A,B) < D, and an isosceles subtriangle
A'B'C with A’ € AC,B" € BC, d(A,A") =d(B,B") = 7. Then

d(A',B") < c¢(D)e .

PROOF. In view of the CAT(—1) assumption, it suffices to consider the case when X = H2.
We will work with the unit disk model of the hyperbolic plane where C' is the center of the disk
as in Figure 2.3. Let a denote the angle ZACB. Set T := d(C,A) = d(C,B). For points
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A, € CA,B; € CB such that d(C,A;) = d(C,B;) = t we let [, denote the hyperbolic length of



the (shorter) circular arc A;By = Ay B,®t of the angular measure «, centered at C' and connecting
Ay to By. (Here S; is the circle centered at C' and of the hyperbolic radius ¢.) Let R; denote the

Euclidean distance between C' and A; (same for B;). Then

I, = 20éRt
t—l_Rt27

R, = tanh(t/2).

Thus, for 7 =T —t,

zl_&1—3%<1—R%<21—RT
lr  Rr1-R}~ 1-R} " "1-R

1 —tanh(T/2) _e'+1 e T4e

= = <4e 7.
1—tanh(t/2) el +1 ~eT41 = ¢
In other words,
d(At, Bt) S lt S 4€7TZT.
Combining this inequality with Lemma 2.1.10, we obtain
_, 2wtanh(d(A, B)/4) _, 2mtanh(D/4)
ly < 4e 5 < 4e 5 .
1 — tanh?(d(A, B)/4) 1 — tanh®(D/4)
Lastly, setting A’ = Ay, B = B;, A = Ar, B = B, we get:
2w tanh(D /4
d(A',B") <4 m tanh(D/4) e " =c¢(D)e . O

~ 1 —tanh?®(D/4)

Given a point £ € 05X, for any point y € X, we use a map py : R — X to parametrize
the geodesic y¢ by its arc-length. The following lemma is deduced from the CAT(—1) inequality,
see [12]:

LEMMA 2.1.12. [12, Proposition 1.1.11]

(1) Given any y,z € X, the function d(py(t), p.(t)) is monotonically decreasing in t.
(2) For each r, there exists a constant R = R(r), such that if y,z € X lie in the same
horosphere about & and d(y,z) <, then d(py(t), p.(t)) < Re™" for all t.



2.2. Volume inequalities

In this section, we assume that all sectional curvatures of X are at least —x? for some x > 1.
This lower bound of the sectional curvatures gives an upper bound on the volume of uniforms balls.

Let V(r,n) denote the volume of the r-ball in H". Then, for a positive constant ¢, depending
only on n,

V(r’")zc"/ sinh™ 1 (£)dt < —— =T = @ (= Dr
0

—2nl(n—1)
see e.g. [34, Sect. 1.5].

Volumes of metric balls B(x,r) C X satisfy the inequalities
(2.2) V(r,n) < VolB(z,r) < V(kr,n)/k",

see e.g. Proposition 1.1.12 and Proposition 1.2.4 in [12], or [9, Sect. 11.10]. As a corollary of these

volume inequalities we obtain the following packing inequality:

LEMMA 2.2.1. Suppose that Z C X is a subset such that the minimal distance between distinct

points of Z is at least 2r. Then for every x € X, R > 0, we have

V(H(R + 7"), Tl) < Ch em(n—l)(R—i—r).

card (B(z,R)NZ) < k"V(r,n) = k"V(r,n)

In particular, if

C
A n k(n—1)(R+r)
card (Z) > V(T,n)e

then for any z € Z there exists 2’ € Z such that d(z,2") > R.

2.3. Convexity and quasi-convexity

In this section, we assume that X is a negatively pinched Hadamard manifold such that all

sectional curvatures lie between —1 and —k? for some x > 1.

DEFINITION 2.3.1. A subset A C X is convex if xy C A for all z,y € A. A closed subset A C X

is A\-quasiconver if xy C Ny (A) for all z,y € A. Convex closed subsets are 0-quasiconvex.
REMARK 2.3.2. If A is a A-quasiconvex set, then QHull(A) C Ny (A).

DEFINITION 2.3.3. A closed subset Q C X is starlike about x € X if zy C Q for all y € Q.



LEMMA 2.34. [12,19] Starlike subsets in a 0-hyperbolic space X are §-quasiconvez.

PROOF. We prove this for subsets A C X starlike with respect to a € A; the proof in the case
of starlike subsets with respect to £ € 0, X is similar and is left to the reader. Take zq, 29 € A.

Then, by the §-hyperbolicity,
2129 C Ny (az1 Uaze) C Ns (A). O
PROPOSITION 2.3.5. [12, Lemma 2.2.1] For any m + 1 points xg, x1, -+ ,Tm € X we have
20Tm C Ny(zoz1 Uz122 U~ - U Zpyy 120

where X = Ag[logy m], \g = cosh™1(v/2).

PROOF. Without loss of generality, we assume that n = 2" for some r € N. Let m = n/2 = 2"~ 1.

By the d-hyperbolicity of X, we have
10Ty C NCOSh—l(\/E) (x0T U Tmaxy).

The result follows by induction on r.

O

REMARK 2.3.6. For any set Q C X where any two points can be joined by a piecewise geodesic

path with a uniformly bounded number of segments if quasi-convex.

PROPOSITION 2.3.7. [12, Proposition 2.5.4] There is a function t,, : Ry — Ry (depending also

on k) such that for every A-quasiconvex subset A C X, we have
Hull(4) € N, (x)(A).

REMARK 2.3.8. Note that, by the definition of the hyperbolicity constant § of X, the quasicon-
vex hull QHull(A) is 26-quasiconvex for every closed subset A C X. Thus, Hull(A) C N,.(QHull(A))

for some absolute constant r € [0, 00).

REMARK 2.3.9. For any closed subset A C 05X with more than one point, 0,cHull(4) = A.



COROLLARY 2.3.10. [12,19] For every starlike subset A in a Hadamard manifold X of nega-

tively pinched curvature, the closed conver hull Hull(A) is contained in the q = q(k, 0)-neighborhood
of A.

In what follows, we will suppress the dependence of q on k and § since these are fixed for our

space X.

LEMMA 2.3.11. [29] Assume that £,n are distinct points in 0o X and (z;), (y;) are sequences
in X converging to & and to 1 respectively. Then for every point p € én C X, p € Nog(xyy;) for all

sufficiently large .

PROOF. Since (z;) converges to £ and (y;) converges to 1, we have d(p, x;§) — oo and d(p, y;n) —

o0 as ¢ — 00. By the §-hyperbolicity of X,
p € Nog(aiyi U i€ Uym).
Since d(p, z;§) — oo and d(p,y;n) — 00, we obtain
p € Nos(wiy;)
for sufficiently large i. O

REMARK 2.3.12. This lemma holds for any §-hyperbolic geodesic metric space.



CHAPTER 3

Groups of isometries

In this section, X denotes the negatively pinched Hadamard manifold with sectional curvature

lying between —1 and —x2. We discuss the action of discrete isometry subgroup of Isom(X) on X.

3.1. Classification of isometries

Every isometry g of X extends to a homeomorphism (still denoted by g) of X. We let Fix(g)

denote the fixed point set of g : X — X. For a subgroup I' < Isom(X), we use the notation
Fix(T) := (1] Fix(g),
to denote the fixed point set of I' in X. Typically, this set is empty.

Isometries of X are classified as follows:

(1) g is parabolic if Fix(g) is a singleton {p} C 0-X. In this case, g preserves (setwise) every
horosphere centered at p.

(2) g is loxodromic if Fix(g) consists of two distinct points p,q € 0X. The loxodromic
isometry g preserves the geodesic pg C X and acts on it as a nontrivial translation. The
geodesic pq is called the azis A, of g.

(3) g is elliptic if it fixes a point in X. The fixed point set of an elliptic isometry is a totally-
geodesic subspace of X invariant under g. In particular, the identity map is an elliptic

isometry of X.

If g € Isom(X) is such that Fix(g) contains three distinct points &,7,( € 0-X, then g also
fixes pointwise the convex hull Hull({£,n,(}) and, hence, g is an elliptic isometry of X.

For each isometry g € Isom(X) we define the displacement function of g as follows:

dg(x) = d(x, gx).
20



The translation length 1(g) of g is defined as :

lg) = inf d(z,g(z)).

Isometries g € Isom(X) of X are also classified into these three types according to their trans-

lation lengths I(g), see [3,6].

1. An isometry g of X is lozodromic if I(g) > 0. Equivalently, the infimum is attained and is
positive. In this case, the infimum is attained on a g-invariant geodesic, called the azis of g, and

denoted by A,.

2. An isometry g of X is elliptic of I(g) = 0 and the infimum is attained; the set where the

infimum is attained is a totally geodesic submanifold of X fixed pointwise by g.

3. An isometry g of X is parabolic if the infimum is not attained. In this case, the infimum is

necessarily equal to zero.

Thus, only parabolic and elliptic isometries have zero translation lengths. For any g € Isom(X)

and m € Z we have
(3.1) I(g™) = Iml|l(g).

In terms of geometric groups theory, the following theorem provides an alternative characteri-

zation of types of isometries of X, see [18].

THEOREM 3.2. Suppose that g is an isometry of X. Then:

(1) g is lovodromic if and only if for some (equivalently, every) x € X the orbit map N — gNx
1s a quastisometric embedding 7. — X.

(2) g is elliptic if and only if for some (equivalently, every) x € X the orbit map N —
gNx, N € Z has bounded image.

(3) g is parabolic if and only if for some (equivalently, every) x € X the orbit map N —

gNx, N € Z is proper and

N—oo



LEMMA 3.1.1. If f, g are loxodromic isometries of X generating a discrete subgroup of Isom(X),

then either the ideal boundaries of the axes Ay, Ay are disjoint or Ay = A,.

PROOF. Suppose that the ideal boundaries of Ay and A, have exactly one common point
P € 0o X. Without loss of generality, we assume that p is the attracting fixed point of f and g.
Then the sequence (fig'f~%) of elements of (f,g) tends to the identity, which contradicts to our

discreteness assumption. ]

For an isometry g € Isom(X), we define the rotation of g at x € X as:

ro(®) = 5 200 Pyt © 9es)

Here g, : T X — Ty X is the differential and Py) . : Tgu)X — T X is the parallel transport
along the unique geodesic from g(z) to x. Following [3], given a > 8 we define the norm of g at z

as ng(x) = max(ry(z),a - dy(x)) where dy(x) = d(z, g(x)).

PROPOSITION 3.1.2.  [19] There exists a function t(e) such that for any lozodromic isometry
h € Isom(X) with translation length
I(h) =1<¢/10,

if A€ X satisfies d(A, h(A)) = €, then there exists B € X such that d(B,h(B)) =¢/3, d(A,B) <

vt =t(e) and B lies on the shortest geodesic segment connecting A to the axis Ay of h.

ProOOF. Let C' € Ay, be the closest point to A in Ap. By the convexity of the distance function,
there exists a point B € AC such that d(B, h(B)) = ¢/3. Suppose that d(A, B) = d(h(A),h(B)) =t
and d(A,C) = d(h(A),h(C))) = T as shown in Figure 3.1. Then d(C,h(A)) < T +1 < T + ¢/10.
There exist points D, E in the segment h(A)C such that d(C,D) =d(C,B) =T —t,d(h(A),E) =t
and d(A',C) =d(A,C)=T.

Then d(A, A") < e+41<11¢/10. By Lemma 2.1.11, ¢(11¢/10) (defined in that lemma) satisfies

d(B, D) < c(d(A, A"))e " < c(11/10)e".



Similarly, by taking the point A” € h(A)C satistying d(A”, h(A)) =T, d(h(C), A”) < 21, consider-
ing the isosceles triangle Ah(C)A”h(A) and its subtriangle Ah(B)Eh(A), we obtain:

d(h(B),E) < c¢(20)etT.

Since [ < ¢/10 and d(B, h(B)) = /3, convexity of the distance function implies that T'— ¢ > ¢.
Thus,

£/3 =d(B,h(B)) <d(B,D)+d(D,E) +d(E,h(B))

< ¢(11e/10)e™t 4+ 1+ ¢(2D)e!™T < ¢(11e/10)et + Ly c(e/5)e™,

10
which simplifies to
3—705 < (ce(11€/10) + c(e/5)) e ?,
and consequently
(A, B) = t < t(¢) = log <[c(115/10) + 0(5/5)]37()g—1> | 0

FiGure 3.1



3.2. Elementary groups of isometries

A discrete subgroup G of isometries of X is called elementary if either Fix(G) # 0 or if G
preserves set-wise some bi-infinite geodesic in X. (In the latter case, G' contains an index 2 subgroup
G’ such that Fix(G’) # (.) Based on the fixed point set, elementary groups are divided into the
following three classes [12]:

(1) F(G) is a nonempty subspace of X.
(2) F(G) consists of a single point of 0s X .

(3) G has no fixed point in X, and G preserves setwise a unique bi-infinite geodesic in X.

REMARK 3.2.1. If G < Isom(X) is discrete and in the first class, then G is finite by discreteness
and consists of elliptic isometries. If G is discrete and in the second class, it is called parabolic,
and it contains a parabolic isometry [12, Proposition 4.2]. Discrete groups G in the third class will

be called elementary loxodromic groups.

LEMMA 3.2.2. [29] If G < Isom(X) is a discrete elementary subgroup consisting entirely of

elliptic elements, then G 1is finite.

ProoOF. By Remark 3.2.1, GG is either finite or loxodromic. Suppose that G is loxodromic and
preserves a geodesic | C X setwise. Let p : G — Isom(l) denote the restriction homomorphism.
Since G is loxodromic, the subgroup p(G) has no fixed point in [. Hence, there exist two elements
g,h € G such that p(g),p(h) are distinct involutions. Their product p(g)p(h) is a nontrivial
translation of [. Hence, gh is a loxodromic isometry of X, contradicting our assumption. Hence, G

is finite. O

COROLLARY 3.2.3. [29] Every discrete elementary loxodromic group contains a loxodromic

1sometry.

Consider a subgroup I' of isometries of X. Given any subset Q@ C X, let

stabr(Q) ={y €T | v(Q) = Q}

denote the setwise stabilizer of @) in I'.



DEFINITION 3.2.4. A point p € 05X is called a parabolic fized point of a subgroup I' < Isom(X)

if stabr(p) is parabolic.

REMARK 3.2.5. If p € 05X is a parabolic fixed point of a discrete subgroup I' < Isom(X),
then stabr(p) is a maximal parabolic subgroup of I', see [12, Proposition 3.2.1]. Thus, we have a
bijective correspondence between the I'-orbits of parabolic fixed points of I' and the I'-conjugacy

classes of maximal parabolic subgroups of I'.

Consider an elementary loxodromic subgroup G < I'" with the axis 8. Then stabp(f) is a

maximal loxodromic subgroup of T', see [12, Proposition 3.2.1].

3.3. The Thick-Thin decomposition

For an isometry g € Isom(X), define the Margulis region Mar(g,¢) of g as:
Mar(g,e) = {x € X | d(z,g(z)) <&}

Of primary importance are subset Mar(g,e) for € < £(n, k). For any two isometries g, h of X, we
have

Mar(hgh™t,e) = h(Mar(g,e)).

In particular, if g, h commute, then h preserves Mar(g,e). By the convexity of the distance function,
Mar(g,€) is convex.

For parabolic isometries g of X define the set

T(9) = Uien (s Mar(g', €).

This subset is (g)-invariant.
Suppose that g is a loxodromic isometry of X. Define my to be the (unique) positive integer

such that

(3.3) I(g™s) < e/10, (g™t > /10,



and the set

Te(g) :== U Mar(g',e) C X.

1<i<my
If i(g) > /10, then T2(g) = 0.

Since the subgroup (g) is abelian, we obtain:
LEMMA 3.3.1. The subgroup (g) preserves T.(g) and, hence, also preserves Hull(T:(g)).

By convexity of the distance function, 72(g) is a starlike region with respect to any fixed point
p € X of g for general g, and with respect to any point on the axis of ¢ if ¢ is loxodromic. As a

corollary to Lemma 2.3.4, one obtains,
COROLLARY 3.3.2. For every isometry g € Isom(X), the set Tz(g) is d-quasiconvex.

Given x € X and a discrete subgroup I' < Isom(X), let F.(z) = {y € T' | d(z,vyz) < e} denote
the set of isometries in I' which move z a distance at most €. Let I'.(z) denote the subgroup
generated by F.(x). We use €(n, k) to denote the Margulis constant of X. Then, by the Margulis

Lemma, I'.(x) is virtually nilpotent whenever 0 < £ < e(n, k). More precisely,

PROPOSITION 3.3.3. [8, Theorem 9.5] Given 0 < € < e(n, k) and x € X, the group N generated
by the set {y € T'.(z) | ny(z) < 0.49} is a nilpotent subgroup of I'-(z) of a uniformly bounded index
(where the bound depends only on k and n). Moreover, each coset YN C T'c(x) can be represented
by an element v of word length < m(n, k) in the generating set Fe(x) of I's(z). Here m(n,k) is a

constant depending only on k and n.
REMARK 3.3.4. I'.(z) is always finitely generated.
We will use the following important property of nilpotent groups in Section 4.2:

THEOREM 3.3.5. [21,30] Let G be a nilpotent group. The set of all finite order elements of
G forms a characteristic subgroup of G. This subgroup is called the torsion subgroup of G and

denoted by Tor(G).

Given 0 < € < g(n, k) and a discrete subgroup I' < Isom(X), define the set

T.(I') = {p € X | T'<(p) is infinite}.



Below we establish some properties of T.(I') where I' < Isom(X) are discrete subgroups.

Applying Lemma 2.2.1 to the subset Z = G - x C X we obtain:

LEMMA 3.3.6. [29] Suppose that G = (g) is a (discrete) infinite cyclic subgroup and x ¢
int(7.(G)), i.e. d(z,g'(x)) > € for all i # 0. Then for every D there exists i,

Cnen(n—l)e/Q .

ZnT_ e (n—1)D
K"V (g/2,n)

0<i< N(gn,k,D):=1+
such that d(z, g'z) > D.

LEMMA 3.3.7. [29] Suppose that G < Isom(X) is a discrete parabolic subgroup and e > 0. For
any z € T, /3(G), we have B(z,¢/3) C T(G).

Proor. The set F,/3(2) = {7y € G|d(2,7(2)) < €/3} generates an infinite subgroup of G since

z € T,/3(G). For any element v € F,/3(z) and 2’ € B(z,¢/3), we have
d(2',7(2)) < d(z,2) +d(z,7(2)) + d(v(2),7(z) <e/3+¢e/3+¢e/3=¢.

Therefore, F.(2') = {y € G|d(Z,v(2')) < €} also generates an infinite subgroup. Thus 2’ € T.(G};)
and B(z,¢/3) C T.(G).
]

PROPOSITION 3.3.8. [12, Proposition 3.5.2] Suppose G < Isom(X) is a discrete parabolic
subgroup with the fixed point p € 0o X, and € > 0. Then T.(G) U {p} is starlike about p, i.e. for

each x € X \ {p}, the intersection xp N T:(G) is a ray asymptotic to p.

COROLLARY 3.3.9. Suppose that G < Isom(X) is a discrete parabolic subgroup with the fized

point p € 0 X. For every e >0, T.(G) is a 0-quasiconvex subset of X .

PRrROOF. By Proposition 3.3.8, T.(G)U{p} is starlike about p. Every starlike set is J-quasiconvex,
[12, Corollary 1.1.6]. Thus T.(G) is d-quasiconvex for every discrete parabolic subgroup G <
Isom(X). O

REMARK 3.3.10. According to Proposition 2.3.7, there exists r = v,(d) € [0,00) such that
Hull(T:(G)) € N,(T-(G)) for any € > 0.



LemMmA 3.3.11. [29] If G < Isom(X) is a discrete parabolic subgroup with the fized point
D € 0 X, then 0T:(G) = {p}.

PRrROOF. By Lemma 2.1.12(2), for any p’ € 0,X \ {p}, both p'pNT.(G) and X N(p'p\T:(G)) are
nonempty [12, Proposition 3.5.2]. If p’ € 0,T-(G), there exists a sequence of points (z;) C T-(G)
which converges to p’. By Proposition 3.3.8, z;p C T:(G). Since T.(G) is closed in X, then

p'p C T.(G), which is a contradiction.
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PROPOSITION 3.3.12. [29] Suppose that G < Isom(X) is a discrete parabolic subgroup with the
fized point p € 0o X. Given r > 0 and v € X with d(x, Hull(T.(G))) = r, if (x;) is a sequence of
points on the boundary of N,(Hull(T.(G))) and d(x,x;) — 0o, then there exists z; € wx; such that

the sequence (z;) converges to p and for every e > 0, z; € Ns5(T-(G)) for all sufficiently large i.

PROOF. By the d-hyperbolicity of X, there exists a point z; € zz; such that d(z;,px) < §
and d(z;,pr;) < §. Let w; € px; and v; € px be the points closest to z;, see Figure 3.2. Then
d(zi,w;) <0, d(z,v;) < 0 and, hence, d(w;,v;) < 20.

According to Lemma 3.3.11, the sequence (x;) converges to the point p. Hence, any sequence

of points on x;p converges to p as well; in particular, (w;) converges to p. As d(w;, z;) < 6§, we also



obtain

lim z; = p.
1—+00

Since d(zi,v;) < 0, it suffices to show that v; € T.(G) for all sufficiently large i. This follows

from the fact that d(x,v;) — oo and that zp N T.(G) is a geodesic ray asymptotic to p.

FiGure 3.3

PROPOSITION 3.3.13. [29] Let (g) < Isom(X) be the cyclic group generated by a lozodromic
isometry g. Let v denote the simple closed geodesic Ay/(g) in M = X/(g9). If w C M is a

piecewise-geodesic loop freely homotopic to v which consists of v geodesic segments, then
d(w,yU (Mar(g,€)/{g))) < cosh™ (v2)[logy ] + sinh ™" (2/e).

PROOF. Let x € w be one of the vertices. Connect this point to itself by a geodesic segment «
in M which is homotopic to w (rel {z}). The loop w * o~ lifts to a polygonal loop 3 C X with
consecutive vertices xg, x1, - - - , x, such that the geodesic segment & := xgz, covers a. Let w denote
the union of edges of g distinct from &. By Proposition 2.3.5, & is contained in the A-neighborhood
of the piecewise geodesic path 1w where A = cosh™!(v/2)[log, 7]. It follows that a C Ny (w).

Suppose that Mar(g,e) # 0. It is closed and convex. Let h = d(&, Mar(g,e)). Choose
points A € &, B € Mar(g,¢) such that d(A, B) = h realizes the minimal distance between & and
Mar(g,€). Let F' = Projpjap(g,e)(#r). Then we obtain a quadrilateral [ABFz,| with ZABF =



/BFx, = /BAx, > 7/2. By Corollary 2.1.8,
d(B, F) < sinh(d(B, F)) < 1/sinh(h).

Take the point D € Mar(g, €) which is closest to zg. By a similar argument, we have d(B, D) <
1/sinh(h). Thus, d(F, D) < 2/sinh(h). The projection Proja, is (g)-equivariant, thus F, D are

identified by the isometry g. Hence
e=d(D,g(D)) =d(D,F) <2/sinh(h)

and h < sinh™1(2/e).
If Mar(g,e) = 0, then the translation length I(g) > €. Let h = d(&, Ag). Replacing Mar(g,€)

by Ay, we use a similar argument to obtain that
d(Ag, &) < sinh™*(2/e).

Hence,

d(w,y U (Mar(g,€)/{g))) < cosh™ (v/2)[logy ] + sinh~*(2/¢).

COROLLARY 3.3.14. [29] Under the conditions in Proposition 3.3.13, if the translation length
of g satisfies that l(g) > € > 0, then v is contained in the C-neighborhood of the loop w where
C = cosh™(v/2)[logy 7] + sinh™1(2/¢) + 26.

PRrROOF. We use the same notations as in proof of Proposition 3.3.13. Let E € A, be the
nearest point to g(A) as in Figure 3.3. Then 7n(BE) in M = X/(g) is the geodesic loop 7 where
7 is the covering projection. By §-hyperbolicity of X, BE is within the (h + 24)-neighborhood
of the lifts of a as in Figure 3.3. Thus v is within the (sinh~'(2/€) 4+ 28)-neighborhood of a.
Since « is contained in the (cosh™(v/2)[log, 7])-neighborhood of w, the loop « is contained in the
(cosh™1(v/2)[log, ] + sinh™1(2/€) + 26)-neighborhood of w.



Given 0 < ¢ < g(n, k) and a discrete subgroup T, the set T.(I') is a disjoint union of the
subsets of the form T.(G), where G ranges over all maximal infinite elementary subgroups of
I', [12, Proposition 3.5.5]. If G < I' is a maximal parabolic subgroup, T.(G) is precisely invariant
and Stabr(7.(G)) = G, [12, Corollary 3.5.6]. In this case, by abuse of notation, we regard T.(G) /G
as a subset of M, and call it a Margulis cusp. Similarly, if G < I' is a maximal loxodromic subgroup,
T.(G)/G is called a Margulis tube.

For the quotient orbifold M = X/T, set

thin. (M) = T.(T')/T.

This closed subset is the thin part' of the quotient orbifold M. It is a disjoint union of its connected
components, and each such component has the form T.(G)/G, where G ranges over all maximal
infinite elementary subgroups of I'.

The closure of the complement M \ thin. (M) is the thick part of M, denoted by thick.(M). Let
cusp. (M) denote the union of all Margulis cusps of M; it is called the cuspidal part of M. The
closure of the complement M \ cusp,(M) is denoted by noncusp,(M); it is called the noncuspidal
part of M. Observe that cusp,(M) C thin. (M) and thick.(M) C noncusp,(M). If M is a manifold
(i.e., I is torsion-free), the e-thin part is also the collection of all points x € M where the injectivity

radius of M at z is no greater than £/2.

Imore precisely, e-thin part



CHAPTER 4

Tits alternative

4.1. Quasi-geodesics

In this section, X is a Hadamard manifold of sectional curvature < —1. We will prove that
certain concatenations of geodesics in X are uniform quasigeodesics, therefore, according to the

Morse Lemma, are uniformly close to geodesics.

DEFINITION 4.1.1. A map ¢ : I — X defined on an interval I C R is called a (), «)-quasigeodesic

(for A > 1 and o > 0) if
A s —t] —a < d(a(s).q(t) < Ms —t] +a
for all s,t € I.

PROPOSITION 4.1.2. [29][Piecewise-geodesic paths with long edges| Define the function

L(#) = 2cosh™! <sm(29/2)> + 1.

Suppose that v = 1 % - x v, C X is a piecewise geodesic path' from x to y where each ~; is a
geodesic of length > L = L(0) and the angles between adjacent arcs 7y; and ;11 are > 0 > 0. Then

v is a (2L, 4L + 1)-quasigeodesic.

PROOF. Recall that Bis(x;, z;+1) denotes the perpendicular bisector of v; = x;2;4+1 where x1 =

z and x,41 = y. We claim that the consecutive bisectors are at least unit distance apart:
(41) d(Blb(ﬂ?Z, 1‘1;1), BiS(.Ti, LEZ‘+1)) > 1.

If the closures in X of the bisectors Bis(z;, ;+1) and Bis(z;11, %i12) intersect each other, then

we have a quadrilateral [ABCD] with /DAB = /DCB = 7/2 as in Figure 4.1, where B € X.

1p:au"ameterized by its arc-length
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Connecting D, B by a geodesic segment (or a ray), we get two right triangles [ADB] and [BC D],
and one of the angles ZADB,ZCDB is > 6/2. Without loss of generality, we can assume that
ZADB > 6/2. By Corollary 2.1.5 and Remark 2.1.6, cosh(d(A, D))sin ZADB < 1. However, we
know that

cosh(d(A, D))sin(LADB) > cosh(L/2)sin(6/2) > 1,

which is a contradiction. Thus, the closures of Bis(x;, x;+1) and Bis(z;41, zi+2) are disjoint.

Li+3

FIiGURE 4.1

Let C € Bis(zj, xiy1),D € Bis(x;41,zit2) denote points (not necessarily unique) such that
d(C, D) is the minimal distance between these perpendicular bisectors. Since CB C Bis(z;, zi+1),
DE C Bis(xj41,%i+2), it follows that the segment C'D is orthogonal to both CB and DE. The
segment C'D lies on a unique (up to reparameterization) bi-infinite geodesic £n. Then A € Ap(€,n)
for some point P € &n. We claim that P € C'D. Otherwise, we obtain a triangle in X with two right
angles, which is a contradiction. Hence, the geodesic AP C Ap(C,D) and AP is orthogonal to
CD as in Figure 4.1. We get two quadrilaterals [ABCP] and [APDE)]. Without loss of generality,
assume that ZBAP > 6/2. By Corollary 2.1.8,

cosh(d(C, D)) > cosh(d(C, P)) > cosh(L/2)sin(0/2) > 2 > cosh(1).

Hence, d(C, D) > 1. This implies the inequality (4.1).



Lit1

FIGURE 4.2

We now prove that the path ~ is quasigeodesic. For each i, if d(x;, x;41) > 2L, take the point
yi1 € 7 such that d(z;,y;1) = L. If L < d(yi1,xi+1) < 2L, we stop. Otherwise, take the point
Yi2 € 7 such that d(y;1, yi2) = L. If d(yi2, zi41) > 2L, we continue the process until we get y;; such

that L < d(yij, zi+1) < 2L. Thus we get a new partition of the piecewise geodesic path ~:

Y= ke kY

such that for each i, L < length(v}) < 2L, and consecutive geodesic arcs 7, and 7} 41 meet either
at the angle 7 or, at least, at the angle > 6. See Figure 4.2.
In order to prove that v is (), €)-quasigeodesic, with A > 1 and € > 0, we need to verify the

inequality
Sength(2l, o) ¢ < d(a,) < A~ Length(1], ) + ¢
for all pairs of points a, b € -, where v(t,) = a and 7(¢,) = b. The upper bound (for arbitrary A > 1
and e > 0) follows from the triangle inequality and we only need to establish the lower bound.
The main case to consider is when a,b are both terminal endpoints of some geodesic pieces

v, 7§ of ; see Figure 4.2. The bisectors of the geodesic segments of v divide ab into several pieces,

and, by (4.1), each piece has length > 1. At the same time, each arc 7}, of v has length < 2L.



Thus, d(a,b) > |j — i|, while
2L|j —i|+ 2L > length(’yhta,tb]).

We obtain:
1
d(a,b) > ilength(’y][tmtb}) —1.

Lastly, general points a € 7/,b € 7} are within distance < 2L from the terminal endpoints a', b’ of

these segments. Hence,

1 1
d(a,b) > d(a',b') — 4L > ﬁlength(ﬁy\[twtb,}) —1—-4L > ilength(’y][ta,tb]) —1—-4L

1
= ﬁlength(’y\[tmtb}) — (4L +1).

Therefore, v is a (2L, 4L + 1)-quasigeodesic. O

PROPOSITION 4.1.3. [29][Piecewise-geodesic paths with long and short edges] Define the

function

2
_ 1 e“+1
L(6,e) = 2cosh <2 sin(a/2)> +1

where o = min{#, 7/2 — arcsin(1/ coshe)}.

Suppose that v =1 % --- x v, C X is a piecewise geodesic path from x to y such that:

(1) Each geodesic arc v; has length either at least € > 0 or at least L = L(6,¢).
(2) If v has length < L, then the adjacent geodesic arcs vj—1 and vj4+1 have lengths at least
L and ~; meets vj_1 and vj11 at angles > 7/2.

(3) Other adjacent geodesic arcs meet at an angle > 6.

Then ~ is a (2L, 4L+3)-quasigeodesic.

Proor. We call an arc «y; long if its length is > L and short otherwise. Notice that « contains
no consecutive short arcs. Unlike the proof of Proposition 4.1.2, we cannot claim that the bisectors
of consecutive arcs of v are unit distance apart (or even disjoint). Observe, however, that by the
same proof as in Proposition 4.1.2, the bisectors of every consecutive pair v;, 7,41 of long arcs are

at least unit distance apart.



Consider, therefore, short arcs. Suppose that v; = z;x;41 is a short arc. Then vj_1 = xj_17;
and 7,41 = Tj412;42 are long arcs. Consider the geodesic ;1241 and the triangle [x;_1z;2;41].

By Proposition 2.1.4, d(xj—1,;+1) > d(zj—1,2;) > L and by Corollary 2.1.5,
cosh € sin ZZCjIEjJrll’j,l < COSh(d(l‘j, :Ej+1)) sin Zl‘jl‘jq,ll‘j,l < 1.

Hence,

1
Zxixii1xi_1 < arcsin
IRl = coshe /’

and

Y S T . 1
Li—1Tj41T 5492 = — — arcsin .
J g% 2 cosh e

By a similar argument to the one of Proposition 4.1.2, the bisectors of the arcs z;_12;41 and

Tj+17;42 are at least distance 2 apart, see Figure 4.3.

FIGURE 4.3

We now prove that v is a (2L, 4L + 3)-quasigeodesic. By the same argument as in Proposition
4.1.2, we can assume that all long arcs of v are shorter than 2L (and short arcs, are, of course,
shorter than L).

As in the proof of Proposition 4.1.2, we first suppose that points a = (t,),b = () in 7 are
terminal points of arcs v;,7;, i < j. Consider bisectors of 17y for short arcs vy in v |y, 4]

and bisectors of the remaining long arcs except vp_1. They divide ab into several segments, each



of which has length at least 2. By adding these lengths together, we obtain the inequality
d(a,b) > j—i—2,
while
2(j — i+ 1)L > length(7 [jt, 4,])-

Putting these inequalities together, we obtain

1
d(a,b) > ﬁlength(y |[ta,tb]) — 3.

Lastly, for general points a, b in v, choosing a’, b’ as in the proof of Proposition 4.1.2, we get:

1 1
d(a,b) > d(a', V') — AL > ﬁlength('y\[ta“tb,}) —4L -3 > ﬁlength(fy][ta,tb}) —4L -3
1
= Elength(’y\[ta’tb}) — (4L + 3).
Thus, v is a (2L, 4L + 3)-quasigeodesic. O

REMARK 4.1.4. By the Morse Lemma, the Hausdorff distance between the quasigeodesic path
v and zy is at most C' = C'(L), [21, Lemma 9.38, Lemma 9.80].

4.2. Loxodromic products

In this section, we construct a loxodromic element with uniformly bounded word length in (f, g)
where f, g are two parabolic isometries generating a discrete nonelementary subgroup of Isom(X).
This is used in the proof of the generalized Bonahon’s theorem, see Section 5.2. To deal with the
case of general discrete subgroups, possibly containing elliptic elements, we also need to extend this

result to pairs of elliptic isometries g1, gs.

We first consider discrete subgroups generated by parabolic isometries. Our goal is to prove

Theorem 4.2.5. For the proof of this theorem we will need several technical results.

LEMMA 4.2.1. [33, Theorem %] Let F = {A1, Aa,--- , A} be a family of open subsets of an
n-dimensional topological space X. If for every subfamily F' of size j where 1 < j < n + 2, the

intersection NF’ is nonempty and contractible, then the intersection NE is nonempty.



PRrROOF. This lemma is a special case of the topological Helly theorem [33]. Here we give
another proof of the lemma. Suppose k is the smallest integer such that there exists a subfamily
F' = {A;q), Ay2), -+ » Aigry } of size k with empty intersection NF' = . By the assumption,
k> n+ 3. Then

U .= U Ai(j)

1<5<k
is homotopy equivalent to the nerve N(F’) [26, Corollary 4G.3], which, in turn, is homotopy
equivalent to S*~2. Then Hjy_o(S¥2) = H},_5(U) = Z, which is a contradiction since k —2 > n+1

and X has dimension n.

PROPOSITION 4.2.2. [29] Let X be a §-hyperbolic n-dimensional Hadamard space. Suppose
that By,--- , By are convex subsets of X such that B; N\ Bj # 0 for all i and j. Then there is a
point x € X such that d(x, B;) < nd for alli=1,... k.

Proor. For k =1, 2, the lemma is clearly true.

We first claim that for each 3 < k < n + 2, there exists a point € X such that d(z, B;) <
(k —2)d. We prove the claim by induction on k. When k = 3, pick points x;; € B; N Bj, i # j.
Then z;;x; C B; for all ¢,7,1. Since X is d-hyperbolic, there exists a point z € X within distance

< 0 from all three sides of the geodesic triangle [z12293231]. Hence,
d(z,B;) < 6,i=1,2,3

as well.

Assume that the claim holds for k—1. Set B! = Nj(B;) and C; = BN By wherei € {2,3,--- , k}.
By the convexity of the distance function on X, each Bj is still convex in X and, hence, is a
Hadamard space. Furthermore, each B] is again d-hyperbolic.

We claim that C; N C; # 0 for all 4,5 € {2,3,--- ,k}. By the nonemptyness assumption, there
exist points x1; € B1 N B; # 0, z1; € B1 N B; # ) and x;; € B; N B; # (). By 6-hyperbolicity of X,

there exists a point y € x1;x1; such that d(y, z1:xi5) <9, d(y, xoxi5) < 9.



Therefore, y € By N Ng(B;) N Ns(B;j) = C; N C;. By the induction hypothesis, there exists a
(k

N
point 2’ € X such that d(2/,C;) < (k — 3)d for each i € {2,3,--- ,k}. Thus,

d(z',B;) < (k—2)8,i€{1,2,--- ,k}

as required.

For k > n+2, set U; = N,5(B;). Then by the claim, we know that for any subfamily of {U;} of
size j where 1 < 5 < n + 2, its intersection is nonempty and the intersection is contractible since it
is convex. By Lemma 4.2.1, the intersection of the family {U;} is also nonempty. Let « be a point

in this intersection. Then d(z, B;) < nd for all i € {1,2,--- , k}.

FIGURE 4.4

PROPOSITION 4.2.3. [29] There exists a function € : Ry x Ry — N with the following property.
Let 91,92, , g be parabolic elements in a discrete subgroup I' < Isom(X). For each g; let G; < T
be the unique mazximal parabolic subgroup containing g;, i.e. G; = stabp(p;), where p; € 05X is
the fixed point of g;. Suppose that

T(Gi) NT-(G;) =0

for all i # j. Then, whenever k > €(D,¢€), there exists a pair of indices i,j with
A(T2(G1), T.(Gy)) > D.

PROOF. For each i, Hull(7.(G;)) is convex and by Remark 3.3.10, Hull(7-(G;)) € N,(T-(G5)),

for some uniform constant r = r (). Suppose that g1, g2, -, gr and D are such that for all ¢ and



Js

d(T=(Gi), T:(Gy)) < D.
Then d(Hull(7.(G;)), Hull(7.(G;))) < D. Our goal is to get a uniform upper bound on k. Consider
the D/2-neighborhoods Np o(Hull(T:(G;))). They are convex in X and have nonempty pairwise

intersections. Thus, by Proposition 4.2.2, there is a point x € X such that
D .
d(z,T:(G;)) < Ry :=nd + ) +ri=1,..k.

Then
T.(G;) N B(z, Ry) # 0,i=1,.., k.

Next, we claim that there exists Ro > 0, depending only on ¢, such that
T.(Gi) C Np,(T./3(Gi))-

Choose any point y € T.(G;) and let p; : [0,00) — X be the ray yp;. By Lemma 2.1.12, there
exists R = R(e) such that

d(pi(t), g(pi(t))) < Re™*

whenever g € G; is a parabolic (or elliptic) isometry such that

d(y,g(y)) <e.

Let t = max{In(3R/e),0}. Then d(p;(t),g(pi(t))) < /3 and, therefore,
To(Gi) C Ni(T.s5(Gy))

for all i. Let Ry = t. By the argument above, B(z, R1 + Ra) NT./3(G;) # 0 for all 4. Assume
that z; € B(x, R + Rg) NT,/3(G;). Then B(z;,¢/3) C B(w, R3) where R3 = Ry + Rz +¢/3. By
Lemma 3.3.7, B(z;,¢/3) C B(x, R3) NT:(G;). Since T.(G;) and T.(G;) are disjoint for all i # j,
the metric balls B(z;,¢/3) and B(z;,¢/3) are also disjoint. Recall that V' (r,n) denotes the volume
of the r-ball in H”. Then Lemma 2.2.1 implies that for every

Cnen(n—l)R3

Vie/am)

k>¢¥D,e):=



there exist ¢, j, 1 <1,j <k, such that d(T.(G;), T:(G;)) > D. O

PROPOSITION 4.2.4. [29] Suppose that g1, g2 are parabolic isometries of X. There exists a
constant L which only depends on € such that if d(Mar(g1,€), Mar(g2,€)) > L, then h = gag is

lozodromic.

9201 B>

919y 01" By 0B

FIiGURE 4.5

PRrOOF. Let B; = Mar(g;,€), so d(B1, Bz) > L. Consider the orbits of By and By under the
action of the cyclic group generated by g2g1 as in Figure 4.5. Let xg € B1,y9 € B2 denote points
such that d(xg,yo) minimizes the distance function between points of By and By. For positive

integers m > 0, we let

Tom—1 = (9291)™ 1 g2(x0),  Tam = (g2g1)™ (x0)

and

)m—l

Yom—1 = (G201 92(Y0),  Yom = (9291)™ (yo)-

Similarly, for negative integers m < 0, we let

Tomt1 = (9291)" g7 (@0),  Tam = (g2g1)"(20)

and

)m—i—l

Yom+1 = (9201 g7 (o) yam = (9291)™(vo).

We construct a sequence of piecewise geodesic paths {v,,} where

TYm = T—2mY—2m * Y—2mY—2m+1 " * LYo * YoY1 * Y121 - * T2amlY2m



for positive integers m. Observe that d(z;,v;) = d(B1, B2) > L and d(z2i—1,22;) = €, d(y2i, Y2i+1) =
¢ for any integer i. By convexity of B, By, the angle between any adjacent geodesic arcs in 7,
is at least m/2. Let v denote the limit of the sequence (v,,). By Proposition 4.1.3, there exists a
constant L > 0 such that the piecewise geodesic path v : R — X is unbounded and is a uniform
quasigeodesic invariant under the action of h. By the Morse Lemma [21, Lemma 9.38, Lemma
9.80], the Hausdorff distance between « and the complete geodesic which connects the endpoints
of ~ is bounded by a uniformly constant C'. Thus, gog; fixes the endpoints of v and acts on the

complete geodesic as a translation. We conclude that gog; is loxodromic. g

THEOREM 4.2.5. [29] Suppose that g1, g2 are two parabolic elements with different fixed points.
Then there ezists a word w € (g1, g2) such that |w| < 4¢(L,e) + 2 and w is lozodromic where |w|
denotes the length of the word and €(L,¢) is the function in Proposition 4.2.8, 0 < e < e(n,k) and

L is the constant in Proposition 4.2.4.

PRrROOF. Let p; € X denote the fixed point of the parabolic isometry g¢;, i = 1, 2.

Assume that every element in (g;, g2) of word length at most 2k(L, e)+1 is parabolic (otherwise,
there exists a loxodromic element w € (g1, g2) of word-length < 4¢(L,¢) + 2).

Consider the parabolic elements g4g195" € (g1, 92), 0 < i < ¢(L,¢). The fixed point (in G X)
of each géglggi is g4(p1). We claim that the points g4(p1) and g%(pﬁ are distinct for ¢ # j. If not,
gs(p1) = gg (p1) for some i > j. Then gé_j (p1) = p1, and, thus, g;_j has two distinct fixed points p;
and py. This is a contradiction since any parabolic element has only one fixed point. Thus, g4g oy :
are parabolic elements with distinct fixed points for all 0 < ¢ < k(L,e). Since 0 < ¢ < &(n, k),
T-({ghg195 ")), T5(<g§glgz_j)) are disjoint for any pair of indices 7, j [12]. By Proposition 4.2.3, there

exist 0 <4, j < ¥(L,¢) such that
d(Mar(ghg19; ", €), Mar(g3g19,” ,€)) > L.

By Proposition 4.2.4, the element g%glgé_j 9195 i e (g1, 92) is loxodromic, and its word length is
< 4¢(L,e) + 2. Thus we can find a word w € (g1,¢92) such that |w| < 4k(L,e) + 2 and w is

loxodromic. OJ



REMARK 4.2.6. According to Lemma 3.3.6, for every parabolic isometry g € Isom(X) and
x ¢ T.((g)), there exists i € (0,N(e,n,k,L)] such that d(x,g’(z)) > L. Therefore, using an
argument similar to the one in the proof of Proposition 4.2.4, we conclude that one of the products
glfl g]2€2 is loxodromic, where ki, ko > 0 are uniformly bounded from above. This provides an
alternative proof of the existence of loxodromic elements of uniformly bounded word length. We

are grateful to the referee for suggesting this alternative argument.

We now consider discrete subgroups generated by elliptic elements. In this setting, we will prove
that every infinite discrete elementary subgroup I' < Isom(X') contains an infinite order element of

uniformly bounded word-length (Lemma 4.2.7 and Proposition 4.2.8).

LEMMA 4.2.7. Suppose that the set T = {g1, 92, ,gm} C Isom(X) consists of elliptic elements,
and the group (T') is an elementary loxodromic group. Then there is a pair of indices 1 <i,57 <m

such that g;g; is loxodromic.

PROOF. Let [ denote the geodesic preserved setwise by (T"). We claim that there exists g; which
swaps the endpoints of {. Otherwise, [ is fixed pointwise by (T"), and (T) is a finite elementary
subgroup of Isom(X) which is a contradiction. Since g¢;(I) = [, there exists € [ such that
gi(z) = z. By the same argument as in Lemma 3.2.2, there exists g; such that g;(z) # x, and g;g;

is loxodromic. I

For discrete parabolic elementary subgroups generated by elliptic isometries, we have the fol-

lowing result.

PROPOSITION 4.2.8. [29] Given x € X,0 < e < &(n,k) and a discrete subgroup I' < Isom(X),
suppose that the set Fe(x) C T' consists of elliptic elements and the group T'c(x) < T' generated by
this set is a parabolic elementary subgroup. Then there is a parabolic element g € T'.(x) of word

length in Fe(z) uniformly bounded by a constant C(n, k).

PROOF. Let N be the subgroup of I'.(x) generated by the set {y € I'-(x) | n,(z) < 0.49}. By
Proposition 3.3.3, N is a nilpotent subgroup of I'c(z) = s1N U saN --- U sy N where the index I is
uniformly bounded and each s; has uniformly bounded word length < m(n, k) with respect to the

generating set F.(z) of I'z(x).



Let F' = Fs denote the free group on S = F.(z). Consider the projection map 7 : F' — I'.(z),
and the preimage 7 !1(N) < F. Let T denote a left Schreier transversal for 771(N) in F (i.e a
transverse for 77!(N) in F so that every initial segment of an element of T itself belongs to T').
By the construction, every element ¢t € T' in the Schreier transversal has the minimal word length
among all the elements in ¢t7—*(NN). Then the word length of ¢ is also bounded by m(n, ) since
tr~Y(N) = s;m (V) for some i. By the Reidemeister-Schreier Theorem, 771 (NN) is generated by
the set

Y = {tyis | t,s € T,v; € Fe(z), and s7 1 (N) = ty;n Y(N)}.

Since the word length of elements in a Schreier transversal is not greater than m(n, ), then the
word length of elements in the generating set Y is not greater than 2m(n, k) + 1.

Next, we claim that there exists a parabolic element in 7(Y). If not, then all the elements in
m(Y) are elliptic. By Theorem 3.3.5, all the torsion elements in N form a subgroup of N. Hence all
elements in N = (7(Y)) are elliptic. By Lemma 3.2.2, N is finite, which contradicts our assumption
that T'c(z) is infinite. Therefore, there exists a parabolic element in 7(Y) whose word length is
<2m(n,k)+ 1. We let C'(n,k) =2m(n, k) + 1.

O

REMARK 4.2.9. The virtually nilpotent group I'c(z) is uniformly finitely generated by at most
S(n, k) isometries « satisfying d(x,a(z)) < ¢, [3, Lemma 9.4]. Let F' be the free group on the set
A consisting of such elements a. Since the number of subgroups of F' with a given finite index is
uniformly bounded, and each subgroup has a finite free generating set it follows that 7~!(N) has a
generating set where each element has word length (with respect to A) uniformly bounded by some
constant C'(n, k). Hence there is a generating set of N where the word length of each element is
uniformly bounded by C(n, ). Similarly, there exists a parabolic element ¢ in this generating set
of word length bounded by C(n, k) in elements a. This argument provides an alternative proof of

the existence of a parabolic isometry of uniformly bounded word length in I'.(x).

The methods of the proof of the above results are insufficient for treating nonelementary discrete
subgroups generated by elliptic elements. After proving our results we learned about the recent

paper by Breuillard and Fujiwara which can handle this case. Their theorem also implies Theorem



4.2.5. We decided to keep the proof of our theorem since it presents independent interest and is
used in the proof of quantitative version of Tits alternative, see Section 4.3 and Section 4.4.

Given a finite subset A of isometries of a metric space X, we let A™ denote the subset of
Isom(X) consisting of products of < m elements of A. Furthermore, define

L(A) = inf maxd :
(4) = inf maxd(w, gz)

If X is a Hadamard space then L(A) satisfies the inequality
LA™ = YL (a4,

see [14, Proposition 3.6]. If, in addition, X is an n-dimensional Riemannian manifold of sectional
curvature bounded below by —x?2, and the subgroup (A) < Isom(X) is discrete and nonelementary,
then L(A) > e(n, k), the Margulis constant of X. We will need the following result proven in [14,
Theorem 13.1]:

THEOREM 4.2.10 (Breuillard and Fujiwara). There exists an absolute constant C' > 0 such that
for every d-hyperbolic space X and every subset A C Isom(X) generating a nonelementary subgroup
I" one of the following holds:

(i) L(A) < C§.

(ii) If m > C' then T' contains a loxodromic element of word-length < m.
This theorem implies:

COROLLARY 4.2.11 (Breuillard and Fujiwara). There exists a function N = N(n, k) satisfying
the following. Suppose that X is a negatively curved Hadamard manifold whose sectional curvature
belongs to the interval [—k?,—1]. Then for any subset A = A1 C Isom(X) generating a discrete

nonelementary subgroup I' < Isom(X), there exists a loxodromic element of word-length < N'.

PROOF. By the Margulis lemma, L(A) > e(n, k) = p. Moreover, § = cosh™!(1/2) and, as noted

above,

L(AF) > ZZL(A) > —p.

2 -2



Therefore, by Theorem 4.2.10, for

m = N(n, r) = {(C +1) <2C‘5ﬂ

"

the set A™ contains a loxodromic element. O

4.3. Ping-pong

This section is a generalization of Proposition 4.2.4, and it is used to prove the quantitative

version of the Tits alternative, see Section 4.4.

PROPOSITION 4.3.1. [19] Suppose that g,h € Isom(X) are parabolic/hyperbolic elements with

equal translation lengths < €/10, and
(4.2) d(Hull(7(g)), Hull(7:(f))) = L,

where L = L(£/10) is as in Proposition 4.1.3. Then ® := (g, h) < Isom(X) is a free subgroup of

rank 2.

ProOF. To simplify notation, for a non-elliptic element f € Isom(X), we denote Hull(72(f))

~

by T(f).

Using Lemma 3.3.1, we obtain

=

d(T-(g), 9" T-(h)) = d(T-(g), T=(h)) > L,k € Z.

Our goal is to show that every nonempty word w(g,h) represents a nontrivial element of

Isom(X). It suffices to consider cyclically reduced words w which are not powers of g, h.

We will consider a cyclically reduced word
(4.3) w=w(g,h) = gMRME-1gME-2p =3 [ gMm2 M

words with the last letter g are treated by relabeling. Since w is cyclically reduced and is not a

power of g, h, the number k is > 2 and all of the m;’s in this equation are nonzero.



For each N > 1 we define the r-suffiz of w" as the following subword of w!:

(4.4) . — gmrpMr-LgMr—2pMe=3  gM2pIM - even
‘ ' prr g ez gm2pm g odd

where, of course, m; = m; modulo N. Since w is reduced, each w, is reduced as well.
We will prove that the map
Z— X, Nw—uwVe
is a quasiisometric embedding. This will imply that w(g, h) is nontrivial. In fact, this will also

show that w(g, h) is hyperbolic, see Theorem 3.2.

Yo Y Y Yy Y, Ys

FIGURE 4.6

Let [ = yz be the unique shortest geodesic segment connecting points in ﬁ(g) and ﬁ(h), where
y € ﬁ(g) and z € ’i(h) For r» > 0, we denote w,l, w,y and w,z by l., y, and z,, respectively. In
particular, yo =y, 20 = z and lg = [.

Since [ is the shortest segment between 7z (g), 7-(h) and these are convex subsets of X, for every

~ ~

y' € T(g) (resp. 2’ € T2(h)),
(4.5) Ly'yz > 7)2, (resp. Lyzz' > m/2).

Since g and h have equal translation lengths, h is parabolic (resp. hyperbolic) if and only if g
is parabolic (resp. hyperbolic). When both of them are hyperbolic, since y and z are not in the
interior of T:(g) and Tz(h), respectively, d(y, g'y),d(z,h7z) > ¢, for all 1 < i < mgy, 1 < j < my,.
Also, when i > myg, j > my, it follows from (3.1) and (3.3) that

. i ; 9
min (d(y7g y),d(Z,h]Z)) Z E



Moreover, when both g and h are parabolic, d(y, g'y), d(z,h/z) > ¢, for all 1 <4, 1 < j. Therefore,
in the general case,

(4.6) min (d(y, g'y), d(z,h'2)) >

3
= > 1,Vj > 1.
= 197 Vi>1,Vj >

Let s, be the segment

YrYr+1, When r is odd
ZrZr4+1, When r is even
See the arrangement of the points and segments in Figure 4.6.

Let [N be the concatenation of the segments [,’s and s,’s as shown in Figure 4.6, 0 < r < kN.
According to (4.6), the length of each segment s, is at least £/10, while by the assumption, the
length of each I, is > L = L(¢/10). Moreover, according to (4.5), the angle between any two
consecutive segments in Iy is at least 7/2. Using Proposition 4.1.3, we conclude that Iy is a
(A, a)-quasigeodesic.

Consequently,

(4.7) dw™z, z) >

> =

kN—-1
kL
(Z |si|+NkL> —a> N o

=0

From this inequality it follows that the map Z — X, N — w™z is a quasiisometric embedding. [

REMARK 4.3.2. In fact, this proof also shows that every nontrivial element of the subgroup

¢ < Isom(X) is either conjugate to one of the generators or is hyperbolic.

For the next proposition and the subsequent remark, one needs the notion of convex-cocompact
subgroups of Isom(X). Convex-cocompact subgroups are geometric finite. Several equivalent def-
initions of geometric finiteness have been give in the Theorem 1.1.4. More precisely, a discrete
isometry subgroup I' is convex-cocompact if it acts cocompactly on the convex hull of the limit set
A(T), i.e Core(M) is compact. Given any finitely generated, discrete subgroup I' < Isom(X), I is
convex-cocompact if and and only if any orbit of I' is a quasiconvex subset of X. For our purpose,
it suffices to say that a subgroup I' in Isom(X) is convez-cocompact if it is finitely generated and
for some (equivalently, every) x € X, the orbit map I' - 'z C X is a quasiisometric embedding,

where T' is equipped with a word metric [20].



PROPOSITION 4.3.3. [19] Let g, h € Isom(X) be hyperbolic isometries satisfying the hypothesis

of Proposition 4.3.1. Then the subgroup ® = (g, h) < Isom(X) is convex-cocompact.

PROOF. We equip the free group Fy on two generators (denoted g, h) with the word metric
corresponding to this free generating set. Since g,h are hyperbolic, by (3.1) the lengths of the

segments s,’s in the proof of Proposition 4.3.1 are > 7|m,41|, where

Then, for N = 1, r = k, and a reduced but not necessarily cyclically reduced word w, the inequality

(4.7) becomes

k—1
1 T
=0

where |w| > |mq|+|ma|+- - -+|mg]| is the (word) length of w. Therefore, the orbit map Fy — &y C X

is a quasiisometric embedding. O

REMARK 4.3.4. One can also show that if g, h are parabolic then the subgroup @ is geometrically
finite. We will not prove it in this paper since a proof requires further geometric background material

on geometrically finite groups.

4.4. Quantitative Tits alternative
In this section, we prove Theorem 1.2.1.

4.4.1. Case 1: Displacement bounded below. In this section we consider discrete torsion-
free nonelementary subgroups of Isom(X) generated by two hyperbolic elements g, h whose trans-
lation lengths are equal to 7 > X. Our goal is to show that in this case the subgroup (gV,h")
is free of rank 2 provided that N is greater than some constant depending only on the Margulis
constant of X and on A. The strategy is to bound from above how ‘long’ the axes A4, A;, of g and
h can stay ‘close to each other’ in terms of the constant A\. Once we get such an estimate, we find
a uniform upper bound on N such that Dirichlet domains for (g’V), (k") (based at some points on
Ay, Ap) have disjoint complements. This implies that g~ kN generate a free subgroup of rank two

by a classical ping-pong argument.



Let «, 8 be complete geodesics in the Hadamard manifold X. These geodesics eventually will
be the axes of g and h, hence, we assume that these geodesics do not share ideal end-points. Let
x_xy denote the (nearest point) projection of 5 to o and let y_y, denote the projection of z_x 4
to 8. Let x,y denote the mid-points of z_xz, and y_y4 respectively.

Then

Lg:=d(y—,y+) < Lo :=d(z_,x4).

Fix some T' > 0, and let £_%4 and y_g¢; denote the subsegments of o and [ containing z_x

and y_y4 respectively, such that
(4.9) d(@s,24) =T, dys,9+) =T.

We let Uy and Vi denote the ‘half-spaces’ in X equal to H(Z4,z+) and H(§4,y+) respectively.

See Figure 4.7.

FIGURE 4.7

The following is proven in [6, Appendix]:

LEMMA 4.4.1. If T > 5 then the sets Uy, V4 are pairwise disjoint.

Suppose now that g, h are hyperbolic isometries of X with the axes «, 8 respectively, and equal

translation length 7(¢9) = 7(h) =7 > A > 0. We let I' = (g, h) < Isom(X) denote the, necessarily



nonelementary, torsion-free (but not necessarily discrete), subgroup of isometries of X generated
by g and h.

As an application of the above lemma, as in [6, Appendix], we obtain:

LEMMA 4.4.2. If N7 > Lo + 5+ 20 then the half-spaces H(g* Nz, x), H(h*Ny,y) are pairwise

disjoint.

PROOF. The inequality

N7 > Lo+5426> Lg+ 5+ 26.
implies that the quadruples

(.CI}, aj‘+,§;+,gN(aj‘)), (x,w,,x,,g_N(x)), (y,y+,ﬁ+, hN(Z/))? (yv Y—, 3)77 h_N(y))

satisfy the assumptions of Corollary 2.1 where Z4 and gy are given by taking 7' = 5 in (4.9).

Therefore, according to this corollary, we have
H(g*"(z),2) CU*,  H(hN(y),y) C V*.

Now, the assertion of the lemma follows from Lemma 4.4.1. ]

COROLLARY 4.10. If
(4.11) NTt>Lo,+5+26
then the subgroup I'n < T generated by gV, h"N is free with the basis g™, hV.

ProoFr. We have

g (H( Y (y)y) U HAN(y),y)) € H(g™Vz,2)

and

BEN (H(g™N (0),2) U H(g*N(@),2)) € Hy,p).

Thus, the conditions of the standard ping-pong lemma (see e.g. [21,25]) are satisfied and, hence,

I'y is free with the basis gV, h"V. U



Let n = d(a, 3) denote the minimal distance between «, and pick some 1y > 0 (we will
eventually take 79 = 0.01¢(n,k)). Let By = 2220 C B be the (possibly empty!) maximal closed

subinterval such that the distance from the end-points of By to « is < ng. Thus, By C Nno ().

REMARK 4.4.3. 5y = 0 if and only if 9y < 7.

FIGURE 4.8

Let a9 = x(lxgr denote the projection of By to «, let 2Ly denote the length of cg. Hence, the
intervals ag, B9 are within Hausdorff distance 7y from each other.
Furthermore, Z3(—00)222% > /2 and £3(—00)22Y > 7/2; see Figure 4.8. Hence, according

to [29, Corollary 3.7], for

1
L;i=sinh | —"
Lo (sinhwo))’

we have

d(x,,x(l) S Lla d($+7x3_) S Ll-

Thus, the interval x_z breaks into the union of two subintervals of length < L; = L1(n9) and the
interval ag of the length 2L¢. In other words, L, = 2(Lo + L1).

Most of our discussion below deals with the case when the interval 3y is nonempty.

Our goal is to bound from above L, in terms of A, 7y and the Margulis constant €(n, k) of X,

provided that ng = 0.01le(n, k) and T is discrete.



LEMMA 4.4.4. Let S C T be the subset consisting of elements of word-length < 4 with respect to
the generating set g, h. Let P_ P, C «ag be the middle subinterval of ag whose length is %Lo. Assume

that 7 < d(P—, Py). Then for each v € S the interval v(P-Py.) is contained in the 3ng-neighborhood

of .

PROOF. The proof is a straightforward application of the triangle inequalities taking into ac-

count the fact that the Hausdorff distance between g and By is < 1. O

Then, arguing as in the proof of [27, Theorem 10.24]%, we obtain that each of the commutators
[gil hil] [hil gil]
moves each point of P_ P, by at most
28 x 310 < 100n,.

Therefore, by applying the Margulis Lemma as in the proof of [27, Theorem 10.24], we obtain:

COROLLARY 4.12. IfT' is discrete and ng = 0.01e(n, k), then

2 1
> —Lo= (L, —2L7).
T_9 0 9( « 1)

COROLLARY 4.13. If T is discrete and 7 > X, then the subgroup (g™, hN) =Ty < T is free of
rank 2 whenever one of the following holds:

1. Fither Lo, < 3L1 and
S 5420+ 3L,

N
A

#. Or Lo, > 3L1 and

Ly

PRrROOF. In view of Corollary 4.10, it suffices to ensure that the inequality (4.11) holds.

2In fact, the argument there is a variation on a proof due to Culler-Shalen-Morgan and Bestvina, Paulin



i) Suppose first that L, < 3Ly, hence, Lg < 3L;. Then, in view of the inequality 7 > A > 0,
B

the inequality (4.11) will follow from

N> 5+25+3L1'

A
(ii) Suppose now that L, > 3L;. The function

9(t + 5+ 20)
t— 2L,

attains its maximum on the interval [3L;,00) at ¢ = 3L;. Therefore,

9(L 24 26
(La +5+20) ., 9(5+20)
Lo — 214 Ly
Thus, the inequality
> Ly — 2104
- 9
implies that for any
2
N Z 27 + M’
Ly
we have N7 > L, + 5+ 26. O
Consider now the remaining case when for 7y := ﬁe(n, k), the subinterval fy is empty, i.e.

n>n = 1—(1)05(71, k). Then, as above, the length L, of the segment x_x is at most 2L;. Therefore,
similarly to the case (i) of Corollary 4.13, in order for N to satisfy the inequality (4.11), it suffices
to get

N> 5+25+3L1.

A

To conclude:

THEOREM 4.14. [19] Suppose that g, h are hyperbolic isometries of X generating a discrete
torsion-free nonelementary subgroup, whose translation lengths are equal to some T > A > 0. Let

Ly be such that
. . 1
sinh(Lq ) sinh (1005) =1,



where € = e(n, k). Then for every

27 +

(4.15) N > max (5 + 25; 3L, 9(5;25)>

the group generated by g™, h is free of rank 2.

We note that proving that (some powers of) g and h generate a free subsemigroup, is easier,

see [6] and [14, section 11].

COROLLARY 4.4.5. [19] Given g,h as in Theorem 4.14, and any N satisfying (4.15), the free

group T'y = (g™V, AV is convex-cocompact.
Proor. Let U* = H(g™ Nz, z) and V¥ = H(h*Ny,y). Observe that
g XN\UT) cu*

and

REN(X \ VF) c VvE

We let D n, D)~ denote the closures in X of the domains
X\ (U uu"), X\ (v uvh

respectively and set
D= QQN Ny~
It is easy to see (cf. [32]) that this intersection is a fundamental domain for the action of 'y

on the complement X \ A to its limit set A. Therefore, (X \ A)/T'y is compact. Hence, I'y is

convex-cocompact (see [12]). O

REMARK 4.4.6. It is also not hard to see directly that the orbit maps I'y — I'yz C X are
quasiisometric embeddings by following the proofs in [29, section 7] and counting the number of

bisectors crossed by geodesics connecting points in I'z.

4.4.2. Case 2: Displacement bounded above. The strategy in this case is to find an

element ¢’ conjugate to g (by some uniformly bounded power of f) such that the Margulis regions



of g,¢" are sufficiently far apart, i.e. are at distance > L, where L is given by the local-to-global

principle for piecewise-geodesic paths in X, see Proposition 4.3.1.

PROPOSITION 4.4.7.  [19] There ezists a function
£:[0,00) x (0,e] = N

for 0 < e < e(n, k) with the following property: Let g1, -- , gr be nonelliptic isometries of the same

type (hyperbolic or parabolic) with translation lengths < €/10 and
k>¢L,e).

Suppose that (g;,g;) are nonelementary discrete torsion-free subgroup for all i # j. Then, there

exists a pair of indices i,j € {1,...,k}, 1 # j such that
d(Hull(7:(g:)), Hull(7:(g5))) > L-

PRroOOF. If all the isometries g; are parabolic, then the proposition is established in Proposition
4.2.3. Therefore, we only consider the case when all these isometries are hyperbolic. Our proof
follows closely the proof of Proposition 4.2.3.

Since for all ¢ # j the subgroup (g, g;) is a discrete and nonelementary, and € < e(n, k), we

have

Te(g:) N Te(g;) = 0.

Given L > 0, suppose that
d(Hull(7z(g:)), Hull(7e(g5))) < L, Vi, j €{1,...,k}

Our goal is to get a uniform upper bound of k.
Consider the L/2-neighborhoods Ny jo(Hull(72(g;))). They are convex in X, and have nonempty

pairwise intersections. Thus, by Proposition 4.2.2, there exists a point x € X such that

d(x,To(g;)) < Ri:=nd+L/2+q, i=1,....k,



where 9§ is the hyperbolicity constant of X and q is as in Proposition 2.3.10. Then
Te(g:) N Bz, Ry) # 0, i=1,...,k

For each i = 1,...,k take a point z; € T:(g;) N B(x, Ry) satisfying d(x;, g (z;)) = ¢ for some
0 < p; < myg,. Since the translation lengths of the elements ¢! are < £/10, by Proposition 3.1.2

there exist points y; € X such that

d(yi, 97" (yi)) = €/3,  d(wi,yi) < e(e).

Consider the ¢/3-balls B(y;,e/3). Then B(y;,e/3) C Tz(gi) since

d(z,97"(2)) < d(z,4:) + dyi, 7" (1) + d(g7" (i), 97" (2)) < €

for any point z € B(y;,e/3). Thus, the balls B(y;,c/3) are pairwise disjoint. Observe that
B(yi,e/3) C B(x, Ry) where Ry = Ry +t(e) +¢/3.

Let V(r,n) denote the volume of the r-ball in H". Then for each i, Vol(B(y;,¢/3)) is at least
V(e/3,n), see [12, Proposition 1.1.12]. Moreover, the volume of B(x, Rg) is at most V(kRa,n)/k",
see [12, Proposition 1.2.4]. Let

V(kR2,n) /K"
V(e/3,n)

Then k < ¢(L, ¢), because otherwise we would obtain

¢(L,e) = + 1.

k

i=1
where the union of the balls on the left side of this inequality is contained in B(x, Ry), which is a
contradiction.

Therefore, whenever k > €(L,¢), there exist a pair of indices 4, j such that
d (Hull(7:(g:)), Hull(7:(g;))) > L. O

REMARK 4.4.8. Proposition 4.4.7 also holds for isometries of mixed types (i.e. some g;’s are

parabolic and some are hyperbolic). The proof is similar to the one given above.



THEOREM 4.4.9. [19] For every nonelementary torsion-free discrete subgroup T' = (g,h) <

Isom (X)) with g, h nonelliptic isometries satisfying
7(g9) < €/10 < g(n, k)/10,

there exists i, 1 < i < £(L(¢/10),¢), such that {g,high™") is a free subgroup of rank 2, where € is

the function given by Proposition 4.4.7 and L(e/10) is the constant in Proposition 4.1.3.

PrOOF. Consider isometries g; := h'gh™, i > 1. We first claim that no pair g¢;,g;, i # 7,

generates an elementary subgroup of Isom(X ). There are two cases to consider:

(i) Suppose that g is parabolic with the fixed point p € 0, X. We claim that for all ¢ # j,
hi(p) # h?(p). Otherwise, h'~%(p) = p, and p would be a fixed point of . But this would imply

that I is elementary, contradicting our hypothesis.

(ii) The proof in the case when g is hyperbolic is similar. The axis of g; equals h'(4,). If
hyperbolic isometries g;, g;, ¢ # j, generate a discrete elementary subgroup of I', then they have
to share the axis, and we would obtain h'(A,) = h7(A,). Then hI=%(A,) = A,. Since hI~% is
nonelliptic, it cannot swap the fixed points of g, hence, it fixes both of these points. Therefore, g, h

have common axis, contradicting the hypothesis that I' is nonelementary.

All the isometries g; have equal translation lengths < £/10. Therefore, by Proposition 4.4.7,

there exists a pair of natural numbers 7, j < £(L(e/10),¢) such that
d(Hull(TZ(high™%)), Hull(TZ(h? gh™7))) > L(g/10)
where £(L(£/10),¢) is the function as in Proposition 4.4.7. It follows that
d(Hull(T:(h/ ™" gh'™7)), Hull(7z(g))) > L(e/10).

Setting f := hi~'gh"~7, and applying Proposition 4.3.1 to the isometries f, g, we conclude that the
subgroup (f, g) < I is free of rank 2. The word length of f is at most

205 — i] + 1 < 2¢(L(g/10),¢) + 1. 0



4.4.3. Conclusion. Now we are in a position to complete the proof of Theorem 1.2.1.

PROOF OF THEOREM 1.2.1. We set A := ¢/10, where € = £(n, k) is the Margulis constant. Let
g, h be non-elliptic isometries of X generating a discrete torsion-free nonelementary subgroup of
Isom(X), such that 7(g) = 7(h) = 7.

If 7 > A, then by Theorem 4.14, the subgroup I'y < I' generated by ¢V, R is free of rank 2,

where

N i [ (2204300 o 95 420)\T
) Ly

Here 6 = cosh™!(1/2), and

1
Li=sinh™ ' —— ).
L= (sinh(e/lOO))
If 7 < A, then by Theorem 4.4.9 there exists i € [1,8(L()),¢)] such that (g, h’gh™) is free of

rank 2 where ¢(L(\),¢) is a constant as in Theorem 4.4.9. O



CHAPTER 5

Geometric finiteness

In this section, we prove Theorem 1.1.5, Corollary 1.1.6 and sharpen the result to ends of the

convex core of the oribfold Y = Core(M) and noncusp,(Y’) where M = X/T.

5.1. Escaping sequences of closed geodesics in negatively curved manifolds

In this section, X is a Hadamard manifold of negative curvature < —1 with the hyperbolicity
constant §, I' < Isom(X) is a discrete isometry subgroup and M = X/T is the quotient orbifold.
A sequence of subsets A; C M is said to escape every compact subset of M if for every compact
K C M, the subset

{ieN: A,NK #0}

is finite. Equivalently, for every x € M, d(xz, A;) — oo as i — oo.

LEMMA 5.1.1. [29] Suppose that (a;) is a sequence of closed geodesics in M = X/I' which
escapes every compact subset of M and x € M. Then, after passing to a subsequence in (a;), there
exist geodesic arcs b; connecting a;, a;+1 and orthogonal to these geodesics, such that the sequence

(b;) also escapes every compact subset of M.

ProoF. Consider a sequence of compact subsets K, := B(x, 76n) exhausting M. Without loss
of generality, we may assume that a; N K, = () for all 1 > n.

We first prove the following claim:

CrLAM. For each compact subset K C M and for each infinite subsequence (a;)icr, I C N, there
exists a further infinite subsequence, (a;)icy,J C I, such that for each pair of distinct elements
i,J € J, there exists a geodesic arc b;j connecting a; to aj and orthogonal to both, which is disjoint
from K.

60



PROOF. Given two closed geodesics a,a’ in M, we consider the set m1(M,a,a’) of relative
homotopy classes of paths in M connecting a and a’, where the relative homotopy is defined
through paths connecting a to a'.

In each class [b'] € m1 (M, a,d’), there exists a continuous path b which is the length minimizer
in the class. By minimality of its length, b is a geodesic arc orthogonal to a and a’ at its end-points.

For each compact subset K C M, there exists m € N such that for all ¢ € I,,, := I N [m, 00),
a; N K" = () where K’ = N75(K). For i € I, let ¢; denote a shortest arc between a; and K’; this
geodesic arc terminates a point z; € K’. By compactness of K’, the sequence (z;);cz,, contains a
convergent subsequence, (z;)ics,J C I, and, without loss of generality, we may assume that for
all 4,5 € J, d(z;,z;) <. Let z;x; denote a (not necessarily unique) geodesic in M of length < §

connecting x; to ;. For each pair of indices 7, j € J, consider the concatenation

I o -1
bij—cz*xzx]*cj ,

which defines a class [b};] € m1 (M, a;, a;). Let b;; € [b;;] be a length-minimizing geodesic arc in this

relative homotopy class. Then b;; is orthogonal to a; and a;. By the d-hyperbolicity of X,
bz'j C Nm(ai UegUcj U aj).

Hence, b;j N K = () for any pair of distinct indices i, j € J. This proves the claim. O

We now prove the lemma. Assume inductively (by induction on N) that we have constructed
an infinite subset Sy C N such that:

For the N-th element iy € Sy, for each j > iy,j € Sy, there exists a geodesic arc b; in M
connecting a;, to a; and orthogonal to both, which is disjoint from Ky _1.

Using the claim, we find an infinite subset Syy1 C Sy which contains the first N elements of
Sn, such that for all s,t > iy, s,t € Syy1, there exists a geodesic bs; in M connecting as to at,
orthogonal to both and disjoint from K.

The intersection

s::ﬂsN

NeN



equals {iy : N € N} and, hence, is infinite. We, therefore, obtain a subsequence (a;);cs such that
for all 7,7 € S,i < j, there exists a geodesic b;; in M connecting a; to a; and orthogonal to both,

which is disjoint from K;_ 1. O

REMARK 5.1.2. It is important to pass a subsequence of (a;), otherwise, the lemma is false.
A counter-example is given by a geometrically infinite manifold with two distinct ends Fq and Fs
where we have a sequence of closed geodesics a; (escaping every compact subset of M) contained
in 7 for odd ¢ and in Es for even ¢. Then b; will always intersect a compact subset separating the

two ends no matter what b; we take.

5.2. A generalized Bonahon’s theorem

In this section, we use the construction in Section 4.2 to generalize Bonahon’s theorem for any

discrete subgroup I' < Isom(X) where X is a negatively pinched Hadamard manifold.

LEMMA 5.2.1. [29] For every & € Hull(A(I")),
hd(QHull(T'F), QHull(A(I))) < oo

PROOF. By the assumption that & € Hull(A(T")) and Remark 2.3.8, there exists r; = t,4(20) €
[0, 00) such that
QHull(I'z) € Hull(A(T")) € N, (QHull(A(T)))
Next, we want to prove that there exists a constant 73 € [0, c0) such that QHull(A(T')) C N,.,(QHull(T'F)).
Pick any point p € QHull(A(T")). Then p lies on some geodesic {n where £, n € A(T') are distinct
points. Since £ and 7 are in the limit set, there exist sequences of elements (f;) and (g;) in I' such

that the sequence (f;(Z)) converges to & and the sequence (g;(Z)) converges to . By Lemma 2.3.11,

p € Nos(fi(%)g:(2)) for all sufficiently large i. Let r = max{ry,26}. Thus,
hd(QHull(T'z), QHull(A(T))) =7 < co. O

REMARK 5.2.2. Let v; = fi(Z)gi(Z). Then there exists a sequence of points p; € =;, which

converges to p.



If I' < Isom(X) is geometrically infinite, then
Core(M) Nnoncusp, (M)

is noncompact, [12]. By Lemma 5.2.1, (QHull(I'z)/T") N noncusp, (M) is unbounded.

We now generalize Bonahon’s theorem to geometrically infinite discrete subgroup I' < Isom(X).

Proof of the implication (1) = (2) in Theorem 1.1.5: If there exists a sequence of closed
geodesics 5; € M whose lengths tend to 0 as i — oo, the sequence (3;) escapes every compact
subset of M. From now on, we assume that there exists a constant ¢ > 0 which is a lower bound
on the lengths of closed geodesics 8 in M.

Consider Margulis cusps T (G)/G, where G < I' are maximal parabolic subgroups. There exists

a constant r € [0,00),r = t,(d) such that
Hull(7-(G)) € N.(T-(G))

for every maximal parabolic subgroup G. Let B(G) = No,45(Hull(7:(G))). Let M be the union
of all subsets B(G)/I" where G ranges over all maximal parabolic subgroups of I'. Further, we let
M¢€ denote the closure of Core(M) \ M°. Since I' is geometrically infinite, the noncuspidal part of

the convex core,

noncusp, (Core(M) = Core(M)) \ cusp, (M)

is unbounded by Theorem 1.1.4. Then M€ is also unbounded since
M C Nyyaya5(cusp.(M)),
Fix a point x € M¢ and a point & € 7~ !(z) C X. Let
Cn=B(z,nR)={y € M°|d(z,y) < nR},

where

R=r+24+45+me



and m = C(n, k) is the constant in Proposition 4.2.8. Let 6C,, denote the relative boundary
OCn \ OM_,s,

of (', where

M¢, s, = M° N Core(M).

cusp

By Lemma 5.2.1 (QHull(T'z)/I") N M€ is unbounded. For every C,, there exists a sequence
of geodesic loops (7;) connecting x to itself in Core(M) such that the Hausdorff distance hd(y; N
Me,C,) — o0 as i — oo. Let y; € v, N M€ be such that d(y;, Cy,) is maximal on ~; N M. We pick
a component «; of v; N M€ in the complement of C,, such that y; € a;. Consider the sequence of

geodesic arcs (o).

After passing to a subsequence in («;), one of the following three cases occurs:

Case (a): Each «; has both endpoints z} and z// on M

usp @8 in Figure 5.1. By the construction,

there exist y; and y/ in the cuspidal part such that d(z},y}) < r1,d(y},y!) < ri where ry = 24+45+r.
Let g} be a lift of y such that g, € T.(G’) for some maximal parabolic subgroup G’ < I'. By the

definition, the subgroup I'c(y}) generated by the set
Fe(@) ={v € G' | d(g;,7(%;)) < &}

is infinite.

We claim that there exists a parabolic element ¢’ € I'.(g.) such that d(g}, ¢'(7;)) < me. Assume
that 7-(7;) = {71,--- ,w}. If 7; is parabolic for some 1 < j < b, we have d(7},7;(9;)) < e. Now
assume that «y; are elliptic for all 1 < j < b. By Proposition 4.2.8, there is a parabolic element
g € T'o(g;) of word length (in the generating set F.(y;)) bounded by m. By the triangle inequality,
(5, 9'(57)) < me.

Then we find a nontrivial geodesic loop « contained M such that o connects y/ to itself and
has length /(a}) < me. Similarly, there exists a nontrivial geodesic loop o which connects y!' to

itself and has length I(o)) < me. Let

I 0 / !0 /
w' = wy; * o x Yy € Q(M, x;)



and

Vi /s 1 n_n —1 /
w' = xafy xaf xyjx) xa; € QM, xp),

where Q(M, z}) denotes the loop space of M. Observe that w' N Cy—1 =0 and w” N Cy—q = 0.

Let ¢/,¢” denote the elements of I' = 71 (M, x}) represented by w’ and w” respectively. By
the construction, ¢’ and ¢” are both parabolic. We claim that ¢’ and ¢” have different fixed
points in 0, X. Otherwise, g,¢9” € G’ where G’ < T' is some maximal parabolic subgroup. Then
vyl € T.(G")/T and 2}, 2! € B(G")/T. Since Hull(T.(G")) is convex, B(G’) = Noi4s(Hull(T-(G")))
is also convex by convexity of the distance function. Thus, ziz} C B(G’)/T. However, x}z! lies
outside of B(G’)/T" by construction, which is a contradiction.

By Theorem 4.2.5, there exists a loxordomic element w, € (¢’,¢") < I' = m (M, x}) with
the word length uniformly bounded by a constant K = (e, k) independent of n. Let w, be a
concatenation of w}, w! and their reverses which represents w,. Then the number of geodesic arcs
in w,, is uniformly bounded by 5K . The piecewise geodesic loop w,, is freely homotopic to a closed
geodesic wy, in M; hence, by Proposition 3.3.14, w;}, is contained in some D-neighborhood of the
loop w, where

D = cosh™(v/2)[logy 5K + sinh~(2/€) + 20.

Thus, d(z,w}) > (n —1)R — D.

cusp:(M)

M,

¢
cusp

OM,

cusp

FiGuRrE 5.1

Case (b): For each i, the geodesic arc a; connects x; € 6C), to zj € IM¢,,, as in Figure 5.1.

For each 2/, there exists a point y; € cusp.(M) such that d(z/,y) < r; and a short nontrivial



geodesic loop ! contained in M which connects y! to itself and has length (o) < me. Since
dC, is compact, after passing to a further subsequence in (), there exists & € N such that for all
i >k, d(z},z)) <1 and less than the injectivity radius of M at z}. Hence, there exists a unique
shortest geodesic x}«} in the manifold M. Let p; = 2! denote the geodesic arc homotopic to the
concatenation zjx} * xz rel. {x}, 2]}. Then, by the é-hyperbolicity of X, the geodesic p; = x}x”
is contained in the (1 4 §)-neighborhood of «;.
Let
wy, = ay * TRy x o x yray kot € Q(M, z),)
and

i

wi = i+ @y} o wyia) « ()t € QM xp)

for all 4 > k. By the construction, w, N Cy,—1 = 0 for each i > k.

Let g; denote the element of I' = 71 (M, x}.) represented by w}, i > k. Then each g; is parabolic.
We claim that there exists a pair of indices 4, j > k such that g; and g; have distinct fixed points.
Otherwise, assume that all parabolic elements g; have the same fixed point p. Then z/ € B(G")/T
for any i > k where G’ = Stabp(p).

Since p; U oy is in the (1 + §)-neighborhood of M€, by the d-hyperbolicity of X we have that
zyx! is in (1 4 29)-neighborhood of M¢ for every i > k. By the definition of M€, it follows that

xpz! N Ns(Hull(T.(G")))/T = 0.

By the construction, the length I(a;) — oo as i — oo. Hence, the length [(u;) — oo and the
length I(z]z]) — oo as i — oo. By Lemma 3.3.12, there exists points z; € x}z) such that

2 € N§(T-(G"))/T for sufficiently large i. Therefore,
xiz! N Ns(Hull(To(G")))/T # 0,

which is a contradiction.
We conclude that for some 4, j > k, the parabolic elements g;, g; of I' have distinct fixed points
and, hence, generate a nonelementary subgroup of Isom(X). By Theorem 4.2.5, there exists a

loxodromic element w,, € (g;, g;) with the word length uniformly bounded by a constant K. By the



same argument as in Case (a), we obtain a closed geodesic w}; (representing the conjugacy class of

wp) in M such that d(z,w}) > (n —1)R — D.

oM, Q

i xp=hi(x, ) oyl !

M*

Tk 2 o . hy( ;Er )

FIGURE 5.2

Case (c): We assume that for each 4, the geodesic arc «; connects z} € dC, to z/ € §C,,.
The argument is similar to the one in Case (b). Since dC,, is compact, after passing to a further
subsequence in (), there exists k € N such that for all i > k, d(«, z}) < 1, d(z}, z}) < 1 and there
are unique shortest geodesics zj.a} and z}z/. For each i > k we define a geodesic y; = zj2/ as in
Case (b), see Figure 5.2. Then, by the d-hyperbolicity of X, each y; is in the (§ + 1)-neighborhood
of a;. Let v; = ay x zflaf * (p;) 1 € Q(M, z},) for i > k. By the construction, v; N Cp,—1 = 0.

Let h; denote the element in I' = 71 (M, z},) represented by v;. If h; is loxodromic for some
i > k, there exists a closed geodesic w} contained in the D-neighborhood of v;, cf. Case (a). In
this situation, d(z,w}) > (n —1)R — D.

Assume, therefore, that h; are not loxodromic for all ¢ > k.

We first claim that h; is not the identity for all sufficiently large i. Let ;’; be a lift of z}, in

X. Pick points ;Z,;{’,:;;. and hz(/:z:\’;) in X such that ;J\ZS/L'\Z is a lift of ay, x%;{’ is a lift of =}z,
;ﬂ? is a lift of o; and '/I?zhl(;\/];) is a lift of xjx} as in Figure 5.2. If h; = 1, then hz(;jk) = ;:l and
d(x;,;//’) <24 d(;’;,;@ By construction, the length I(a;) — o0 as i — 00, so d(:gé,;{’) — 00.

i

Thus for sufficiently large 7, hl(;’;) + ;c\;;



Assume, therefore, that h; are not loxodromic and not the identity for all ¢ > k. Then h; could

be either parabolic or elliptic for 7 > k.

CLAIM. For every k, there exist i, j > k and a lozodromic element in (h;, h;) whose word length

18 bounded by a constant independent of k.

PROOF. Suppose there is a subsequence in (h;);~ consisting of parabolic elements. For sim-
plicity, we assume that h; are parabolic for all i > k' where k' > k is a sufficiently large number.
We claim that there exists a pair of indices 4, j > k¥’ such that h; and h; have distinct fixed points
in s X. Otherwise, all the parabolic elements h; have the same fixed point p for i > k’. By the
d-hyperbolicity of X, ;;hl(;/;) C N3sio (;‘\ZZ/L'\ZU;‘?JZ) Since oy, and «; lie outside of B(G’)/T" where
G’ = Stabr(p), the segment Echz(;cl) lies outside of Ns(Hull(7%(G"))). Let r3 = d(:,L'Z, Hull(T.(G"))).
Then d(hi(x,), Hull(To(G"))) = r3.

By the construction, the length [(c;) — 0o as i — o0o. Then the length l(;’;hl(;’;)) — 00 as
well. Observe that the points % and hz(;cz) lie on the boundary of N,.,(Hull(7.(G))) for all i > &'
By Lemma 3.3.12, there exist points z; € ;’;h,(;’;) such that z; € Ns(T.(G")) for sufficiently large
i, which is a contradiction. Hence, for some ¢ > k',j > k', parabolic isometries h; and h; have
distinct fixed points.

By Theorem 4.2.5, there exists a loxodromic element w,, € (h;, h;) of the word length bounded
by a uniform constant K.

Now assume that h; are elliptic for all ¢ > k.

If there exist i, j > k such that (h;, h;) is nonelementary, by Corollary 4.2.11, there exists a
loxodromic element w;, € (h;, hj) of word length uniformly bounded by a constant K. Now suppose
that (hs, hj) is elementary for any pair of indices 4,5 > k. If one of the elementary subgroups is
infinite and preserves a geodesic, by Lemma 4.2.7, h;h; is loxodromic.

Assume that all the elementary subgroups (h;, h;) are either finite or parabolic for all i,j > k.
Let B; denote the closure of Mar(h;,e) in X. If there exist 7,j such that B; and Bj are disjoint,
then (h;, hj) is nonelementary which contradicts our assumption. Thus for any pair of indices
i,j >k, B; N Bj # @&. There exists a uniform constant r’ such that N,»(B;) N N,v(B;j) # @ in X.

Hence, by Proposition 4.2.2, there exists Z € X such that for all i > k we have d(Z, N,»(B;)) < nd.



For any ¢ € N,./(B;), d(q, hi(q)) < 2r' + ¢ by the triangle inequality. Thus,
d(zZ,hi(2)) <2nd + 2" +¢
for all ¢ > k. Let 7}, denote a lift of ) in X, and | = d(Z,7}). Then
d(@), hi(T})) <204 2n6 4+ 2r' + ¢
for all ¢ > k. Note that d(z) , h;(Z),)) — oo as i — oo, which is a contradiction. O

Thus, for some pair of indices i,j > k, there exists a loxodromic element w, € (h;, h;) whose
word length is uniformly bounded by some constant K. By the same argument as in Case (a),
there exists a closed geodesic w}, such that d(z,w}) > (n —1)R — D.

Thus in all cases, for each n, the orbifold M contains a closed geodesic w}; such that d(z,w) >
(n —1)R — D. The sequence of closed geodesics {w};}, therefore, escapes every compact subset of

M. O

5.3. Continuum of nonconical limit points

In this section, using the generalized Bonahon theorem in Section 5.2, for each geometrically
infinite discrete subgroup I' < Isom(X') we find a set of nonconical limit points with the cardinality

of the continuum. This set of nonconical limit points is used to prove Theorem 1.1.5.

THEOREM 5.3.1. [29] If T < Isom(X) is a geometrically infinite discrete isometry subgroup,

then the set of nonconical limit points of I' has the cardinality of the continuum.

PRrROOF. The proof is inspired by Bishop’s construction of nonconical limit points of geomet-
rically infinite Kleinian groups in the 3-dimensional hyperbolic space H?; [7, Theorem 1.1]. Let
m: X — M = X/I' denote the covering projection. Pick a point & € X and set z := 7(z). If " is
geometrically infinite, by the generalized Bonahon theorem in Section 5.2, there exists a sequence
of oriented closed geodesics (\;) in M which escapes every compact subset of M, i.e.

lim d(z, \;) = 0.
1—00



Let L be the constant as in Proposition 4.1.2 when 6 = 7 /2. After passing to a subsequence if
necessary, we can assume that d(xz, \;) > L and the minimal distance between any consecutive pair
of geodesics A;, A\jy1 is at least L. For each i, let I; denote the length of the closed geodesic \; and
let m; be a positive integer such that m;l; > L.

We then pass to a subsequence in ()\;) as in Lemma 5.1.1 (retaining the notation ();) for
the subsequence), so that there exists a sequence of geodesic arcs p; := :L‘:rl‘;rl meeting A\;, A\j11
orthogonally at its end-points, for which

lim d(z, p;) = oo.

1— 00

Let D; denote the length of the shortest positively oriented arc of A; connecting x;” to xj We let

to denote the shortest geodesic in M connecting x to x7 .

FIGURE 5.3. Here A; denotes a geodesic in X covering the loop A;, i € N.

We next construct a family of piecewise geodesic paths 7, in M starting at x such that the
geodesic pieces of v, are the arcs p; above and arcs v; whose images are contained in A; and which
have the same orientation as A;: Each v; wraps around A; a certain number of times and connects
z; to mf More formally, we define a map &7 : N> — P(M) where N*° is the set of sequences of

positive integers and P(M) is the space of paths in M as follows:
DT = (o, ta, oo ytiy o) b Y = 0k VLK 1 K Vg ok g kK Uy ok [l ke
where the image of the geodesic arc v; is contained in A; and v; has length



Observe that for ¢ > 1, the arc p; connects A\; and A, and is orthogonal to both, with length
I(ui) > L and v; starts at x; and ends at z; with length I(v;) > L.

For each ~v;, we have a canonical lift 4, in X, which is a path starting at £. We will use the
notation fi;, ; for the lifts of the subarcs u;,v; respectively, see Figure 5.3. By the construction,

each v, has the following properties:

(1) Each geodesic piece of 4, has length at least L.
(2) Adjacent geodesic segments of 7, make the angle equal to /2 at their common endpoint.

(3) The path ~, : [0,00) — M is a proper map.

By Proposition 4.1.2, 4, is a (2L, 4L + 1)-quasigeodesic. Hence, there exists a limit

lim :Y’r(t) - :YT(OO) € 0x0 X,

t—o00

and the Hausdorff distance between 4, and x4, (cc) is bounded above by a uniform constant C,
depending only on L and k.

We claim that each 4;(oc0) is a nonconical limit point. Observe that 7,(c0) is a limit of lox-
odromic fixed points, so 4-(c0) € A(T'). Let 7 be the projection of x7,(co) under m. Then the
image of +* is uniformly close to 7,. Since ~; is a proper path in M, so is v*. Hence, 9,(c0) is a
nonconical limit point of I'.

We claim that the set of nonconical limit points 7, (c0), 7 € N*°, has the cardinality of the

continuum. It suffices to prove that the map
Poo i T+ Y (00)

is injective.

Let 7 = (t1,t2, -+ ,t;) and 7/ = (t},th, -+ ,t},--+) be two distinct sequences of positive integers.
Let m be the smallest positive integer such that t¢,, # t,,. Then the paths 7,,7,» can be written as
concatenations

Gr % Uy % By, Gip % Uy % B,

where &, is the common initial subpath

[lo * D1 * [4] * D % g %+« Uy 1 * yp—1.



The geodesic segments 7, I/, have the form

5 it
Uy = 2, T)
_ L~
v =, T,
Consider the bi-infinite piecewise geodesic path
_ a1l =+t 7
0= P *xx, x, *x B

in X. Each geodesic piece of the path has length at least L and adjacent geodesic segments of the
path are orthogonal to each other. By Proposition 4.1.2, ¢ is a complete (2L, 4L+ 1)-quasigeodesic
and, hence, it is backward /forward asymptotic to distinct points in s X . These points in 0, X are
respectively 7, (00) and 7, (c0). Hence, the map & is injective. We conclude that the endpoints of
the piecewise geodesic paths 7, yield a set of nonconical limit points of I' which has the cardinality

of the continuum. OJ

REMARK 5.3.2. This proof is a simplification of Bishop’s argument in [7], since, unlike [7], we

have orthogonality of the consecutive segments in each ;.

Proof of Theorem 1.1.5: The implication (1) = (2) (a generalization of Bonahon’s theorem)
is the main result of Section 5.2. The implication (2) = (3) is the content of Theorem 5.3.1. It
remains to prove that (3) = (1). If I' is geometrically finite, by Theorem 1.4 A(T") consists of
conical limit points and bounded parabolic fixed points. Since I is discrete, it is at most countable;
therefore, the set of fixed points of parabolic elements of I" is again at most countable. If A(T")
contains a subset of nonconical limit points of the cardinality of the continuum, we can find a point
in the limit set which is neither a conical limit point nor a parabolic fixed point. It follows that I’

is geometrically infinite. O

Proof of Corollary 1.1.6: If I' is geometrically finite, by Theorem 1.1.4, A(T') consists of
conical limit points and bounded parabolic fixed points. Now we prove that if A(T") consists of
conical limit points and parabolic fixed points, then I' is geometrically finite. Suppose that T’

is geometrically infinite. By Theorem 1.1.5, there is a set of nonconical limit points with the



cardinality of the continuum. Since the set of parabolic fixed points is at most countable, there
exists a limit point in A(I") which is neither a conical limit point nor a parabolic fixed point. This

contradicts to our assumption. Hence, I" is geometrically finite. ([l

5.4. Limit set of ends

We start by reviewing the notion of ends of locally path-connected, locally compact, Hausdorff
topological spaces Z. We refer to [21] for a more detailed treatment.

An end of Z is the equivalence class of a sequence of connected nonempty open sets
ClDCQDCz),D'”

of Z, where each Cj,i € N, is a component of K¢ = Z \ K;, and {K;};cn is an increasing family of

compact subsets exhausting Z with
K; C K; whenever ¢ < 7,

so that

Uki=2z

1€N
Here two sequences (C;), (C!) are equivalent if each C; contains some CJ’» and vice-versa. The sets
C; are called neighborhoods of e in Z. A proper continuous map (a ray) p : Ry — Z is said to be
asymptotic to the end e if for every neighborhood C; of e, the subset p~!(C;) C R, is unbounded.
In this paper we will be considering ends of two classes of topological spaces:
(1) Z =Y = Core(M), with M = X/T', where I is a discrete isometry group of a Hadamard
manifold X of pinched negative curvature.

(2) Z = noncusp,(Y) (with Y as above), where ¢ is less than the Margulis constant of X.

An end e of Y = Core(M) is called cuspidal or a cusp if it can be represented by a sequence C;
consisting of projections of Hull(A)NB;, where B;’s are nested horoballs in X. (As before, A C 050X
denotes the limit set of I'.) Equivalently, e can be represented by a sequence C; of components of
the g;-thin part thin. (Y) of Y, with lim; oo &; = 0. When ¢ is less than the Margulis constant of

X, components of thin.(Y') which are neighborhoods of e are called cuspidal neighborhoods of e.



In view of Theorem 1.1.4, the group I' is geometrically infinite if and only if Y has at least one
non-cuspidal end. Equivalently, I' is geometrically finite if and only if Z is compact, equivalently,

has no ends.

Consider a neighborhood C' of an end e of Z, where Z is either Y = Core(M) or is the
noncuspidal part of Y. The preimage 7~!(C) € Hull(A) under the quotient map 7 : X — M is a
countable union of components E;. Then C' is naturally isometric to the quotients E;/T'j, where

I'; = Stabr(F£}) is the stabilizer of E; in I. A point
rel|JAT;) cA
J
is an end-limit point of C if one (equivalently, every) geodesic ray 5 in Hull(A) asymptotic to A

projects to a proper ray in Y = Core(M) asymptotic to e. We let A(C) denote the set of end-limit

points of C' and let A(e), the end-limit set of e, denote the intersection
(A(C)

taken over all neighborhoods C; of e. (It suffices to take the intersection over a sequence (C;)
representing e.) Clearly, for every end e, A(e) is disjoint from the conical limit set of T'.

The main result of this section is

THEOREM 5.1. [29] For every end e of Z = noncusp.(Y), A(e) has the cardinality of contin-

uum.

PROOF. The end e is represented by a nested sequence (C;) of components of
K{ = noncusp,(Y) \ K;

where K; = B(x,iR) with x € noncusp,(Y) and R is the same constant as in proof of Theorem
1.1.5.
We first claim that there exists a sequence of closed geodesics ();) exiting e, i.e. A; C Cy, i € N.

We follow Bonahon’s proof in [10]. By Lemma 5.2.1, every intersection

(QHull(I'7)/T) N C;



is unbounded, where Z is a lift of x to X.

By the argument in the proof of Theorem 1.1.5, for every C),, there exists a sequence of geodesic
arcs (o) C C, such that the Hausdorff distance hd(a;, K,,) — oo as i — oo, and there exists
a sequence of piecewise geodesic loops w, C C, exiting e. These geodesic loops w, represent

loxodromic isometries w, € Isom(X). Up to a subsequence, there are two possible cases:

(1) I(wp) > € > 0 for some positive constant € and all n.

(2) l(wp) = 0 as n — oo.

For case (1), we use the same argument as in the proof of Theorem 1.1.5 to construct a sequence
of closed geodesics (\;) exiting e.

For case (2), let T C T" be the set consisting of elliptic isometries and the identity. For z € X,
we define

dp(z) = Jélri{lT d(vz, ).

For x € M, set
r(z) = dr(z)

where € X is a lift of . (If I' is torsion free, then r(z) is twice of the injectivity radius at x.)
It is clear that r is a continuous function on Y, hence, it is bounded away from zero on compact
subsets of Y.

Thus, 7 = mingeg, r(z) > 0. By passing to a subsequence, we assume that [(w,) < 71/2.

Then Mar(wy,r1/2) is nonempty and disjoint from K for all n. By Proposition 3.3.13,
d(wy, Mar(wp,r1/2)) < D,

where

D = cosh™1(v/2)[logy 5K + sinh™*(4/r1)

and K is the same constant as in the proof of Theorem 1.1.5. Thus, Mar(wy,r1/2) C C; for all
n. Inductively, we find a subsequence (w;, ) such that Mar(w;,,r,/2) C Ck. The closed geodesics
w; C Mar(wi,,r/2) are also contained in Cj. This is the required sequence of closed geodesics

(\i) exiting the end e.



We then continue to argue as in the proof of Theorem 5.3.1. Namely, we define a family of
proper piecewise-geodesic paths v, in Z. Since these rays are proper and the sequence (\;) exits the
end e, the paths 7, are asymptotic to the end e. Hence, the geodesic rays v} are also asymptotic
to e.

After choosing a lift of the starting point z of all piecewise geodesic paths ~; in Z, there is a
canonical choice of the lift 7, of 7,. We claim that all the endpoints 7,(co) belong to A(e). It
suffices to prove that ¥, (co0) € A(C;) for all ¢ > 1.

Since the sequence (C;) is nested, we can find a nested sequence (E;) of lifts of C; to X. Recall
that \; C C; for every i. Pick a complete geodesic A; C E; which is a lift of A;. Each loop
A; represents an element (unique up to conjugation) w; € I'. We choose w; € T' which preserves
the geodesic A;. Then w; preserves E; as well and, hence, the ideal fixed points of w; (the ideal
end-points of the geodesic A4;) are in the limit set of I'; = Stabp(E;). By the construction, 7, (o)
is the limit of the sequence of geodesics (A;). Hence, 4;(c0) is a limit point of I';. Since 7} is a
proper geodesic ray asymptotic to e, it follows that 4, (c0) € A(C;), as required. As in the proof of
Theorem 1.1.5, the rays v define continuum of distinct limit points of A(e). Hence, A(e) has the

cardinality of the continuum. O

Since A(e) is the intersection of the limit sets A(C) taken over all neighborhoods C C Z =

noncusp,(Y’), we obtain

COROLLARY 5.2. For every neighborhood C C Z of an end e of Z, the limit set A(C) has the

cardinality of continuum.

Proof of Corollary 1.1.8: If a complementary component C' of a compact subset of Y is
Hausdorff-close to a finite union of cuspidal neighborhoods of cusps in Y, then A(C) is a finite
union of orbits of the bounded parabolic fixed points corresponding to the cusps. Suppose, there-
fore, that C' is not Hausdorff-close to a finite union of cuspidal neighborhoods of cusps in Y. Thus,
C' is also a neighborhood of an end e of Y which is not a cusp. In particular, C' N noncusp,(Y)
contains an unbounded component C’. Since A(C') C A(C) and A(C’) has the cardinality of
continuum (Corollary 5.2), so does A(C). O



Proof of Corollary 1.1.7: If e is a cuspidal end of Y, then A(e) is the orbit of the bounded
parabolic fixed point corresponding to e under the group I'. Hence, A(e) is countable. Suppose,
therefore, that e is a non-cuspidal end. As we noted above, for every neighborhood C of e in Y, the
intersection C'N Z = noncusp,(Y) contains an unbounded component C’. Therefore, every nested
sequence (C};) representing e gives rise to a nested sequence (C]) in Z representing an end e’ of Z.
Since A(¢’) has the cardinality of continuum (Theorem 5.1) and, by the construction, A(e’) C A(e),

it follows that A(e) also has the cardinality of continuum. O
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