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Abstract

This dissertation contains three main results about discrete isometry groups I' of symmetric
spaces X of noncompact type. Two of these results are about the critical exponent, which is
a fundamental numerical invariant that one assigns to the action I' ~ X, which quantifies the
exponential growth of I'-orbits in X. One of these two results (Theorem 2.1.1) states that if X
is the complex-hyperbolic n-space and I' is a torsion-free, convex-cocompact isometry group of X
whose critical exponent lies below a certain optimal bound, then the quotient I'\X is a Stein
manifold. The other one (Theorem 2.2.8) states that, if X is any symmetric space of noncompact
type and I is a discrete group of isometries of X satisfying the Anosov condition (a higher rank
generalization of convex-cocompactness), then the (Finsler) critical exponent of I' is equal to the
Hausdorff dimension of the flag limit set of I, A(I'). Along the way, we also prove that A(T")
supports a [-invariant conformal density (called the Patterson-Sullivan density), and that the
density is ergodic and unique conformal density. These results generalize D. Sullivan’s classical
results on convex-cocompact Kleinian groups.

Our last result (Theorem 2.2.4, also see Theorem 5.3.1) gives a generalization of the classical
Klein combination theorem in the setting of discrete isometry groups satisfying the Anosov condi-
tion. The result states that if I'; and I's are two such groups, then under suitable conditions, the
isometry group that they generate is again of the same type, i.e., a discrete isometry group having

the Anosov property, and isomorphic to the free product I'y * I's.
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CHAPTER 1

Introduction

Symmetric spaces are the most beautiful examples of Riemannian manifolds with rich and
fascinating geometry. The simplest examples of such spaces, which are familiar to many of us, are
the euclidean plane, the sphere, and the hyperbolic plane. Each symmetric space has its unique
geometry; for example, the euclidean pane is flat, and the sphere and hyperbolic plane respectively
have constant positive and negative Gaussian curvature. There are many other (in fact, infinite
number of ) examples of symmetric spaces, and we will come across some of these in this thesis.

Symmetric spaces were introduced by Elie Cartan in 1926, who also, subsequently, classified all
of them. We do not discuss his precise classification here, but we can get some flavor of this by
putting all the irreducible! symmetric spaces into three broad categories: The first category is the
simplest; it consists of the euclidean spaces. Of course, the euclidean plane lives here. The second
category is called of compact type and consists of, well, the compact ones. The sphere belongs to
this category. The third category, called of noncompact type, contains the rest of them, and the
hyperbolic plane belongs here. The symmetric spaces which belong to the last category also have
a geometric characterization: Their curvature is nonpositive but not identically zero.

In this thesis, we only consider the symmetric spaces which belong to the third category,
i.e., we only discuss symmetric spaces of noncompact type. For convenience, we often drop the
words “of noncompact type.” More generally, one considers locally symmetric spaces®: These are
complete Riemannian manifolds whose local geometries are modeled on the geometry of a symmetric
space. These manifolds are also very special since many of them naturally arise, for instance, as
parameter spaces (also called moduli spaces) of many interesting objects in mathematics. Each

locally symmetric space M can be expressed as

M =T\X,

1A symmetric space (more generally, a simply-connected Riemannian manifold) X is called irreducible if X cannot be
written as a (Riemannian) product X; x X2 where both X; and X> have dimensions > 1. Note that, it is enough to
classify the irreducible symmetric spaces since any other symmetric space arises as products of the irreducible ones.
2To distinguish, the former ones are called globally symmetric spaces.
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where X, the universal cover of M, is a globally symmetric space and I' = 7 (M) is a discrete
group of isometries of X. The geometry of M strongly ties to the fundamental group, I'. Quite
often, the geometry of M is completely determined by I'; such phenomena are commonly termed
as ‘“rigidity.” A beautiful (and also the earliest) example of such is the Mostow rigidity theorem
(1968): If M is a closed hyperbolic manifold of dimension > 3 and N is another closed hyperbolic
manifold such that their fundamental groups are isomorphic, then M and N are the same, i.e.,
there exists a distance preserving bijection (an isometry) between M and N. Therefore, the study
of discrete isometry groups is very important (and fascinating in its own right), which is the main
objective of this thesis.

This thesis contains three results on discrete isometry groups. In Chapter 2, we give precise
formulations of these results (see Theorems 2.1.1, 2.2.4, and 2.2.8). The rest is divided as follows:
In Chapter 3, we prove Theorem 2.1.1. This chapter is also independent of the other chapters.
In Chapter 4, we discuss some preliminaries needed for the proofs of the other two theorems. We
prove Theorem 2.2.4 in Chapter 5, and Theorem 2.2.8 in Chapter 6. These final two chapters are

also mostly independent of each other and can be read in any order.



CHAPTER 2

Main results

In this chapter, we discuss our main results.

2.1. Discrete isometry groups of complex-hyperbolic spaces

The n-dimensional complex-hyperbolic space, Hf, is a complex analog of the n-dimensional
real-hyperbolic space, H". In the unit ball model, this geometry is described by a complete Kéahler
metric g, called the Bergman metric, on the unit ball B™ C C", which has constant negative
holomorphic sectional curvature. The real part of g defines a Riemannian metric on Hg which,
after normalization, has variable sectional curvature lying in [—4, —1]. See Section 3.1 for details.

Let T' be a discrete group of holomorphic isometries acting on Hf, i.e. ' is a discrete subgroup
of the Lie group Isomg(Hg) = PU(n,1). Fix a point € Hg. The critical exponent 6(I") of T is
defined by

() :=1infq s: Z ¢ St (Tm) o
~yel

This number is also equal to
) log N(R, x)
limsup —————

)
n—00 R

where N(R,z) counts the number of points in the orbit 'z lying in the closed ball of radius R
centered at z, i.e., N(R,z) = card{y € I'z : duz(7,y) < R}. In other words, the critical exponent
measures the rate of exponential growth of the I'-orbit I'z C H. It is a fact that the number §(I")
does not depend on x and, hence, is an invariant of the action I' ~ H. It is also a fact that 6(I")
equals the Hausdorff dimension of the conical limit set of T', see [Cor90] and [CI99].

Our result stated below demonstrates an interplay between the theory of discrete subgroups of
Isom (H) and the holomorphic function theory of complex-hyperbolic manifolds (manifolds of the
form I'\H). More precisely, we prove that if I' has critical exponent below a certain threshold,

then the complex manifold I"\H is rich in holomorphic functions.



THEOREM 2.1.1. Let I' < Isom (HE) be a convex-cocompact, torsion-free discrete subgroup such

that 6(I') < 2. Then My = I'\H{ is Stein.

This theorem appears in [DK20]. The proof of the theorem is presented in Chapter 3. The
meaning of the term convez-cocompact is that I' acts cocompactly (i.e., with compact quotient) on
a I'-invariant, nonempty, closed, convex subset of H or, equivalently, the core of Mt is a nonempty
compact set.

The condition on the critical exponent in the above theorem is sharp since, for a complex
Fuchsian subgroup I' < Isom (Hg), §(I') = 2, but M is non-Stein because the convex core of Mr is
a compact complex curve, see Example 3.1.2. On the other hand, if I is a torsion-free real Fuchsian
subgroup or a small deformation of such (i.e., real quasi-Fuchsian subgroups, see Example 3.1.1),
then I' satisfies the condition of the above theorem.

Theorem 2.1.1 has limited intersection with [BS76, Prop. 6.4]: It states that, if I' < Isom (Hf)
is a discrete subgroup that stabilizes a totally-real totally-geodesic subspace of dimension n in H
and acts on it cocompactly (in particular, 6(I') = n — 1), then Mr is a Stein manifold. More
generally, [Chel3, Prop. 1.6] claims that same result holds if one replaces the words “acts on it
cocompactly” by “injectivity radius of Mr is positive.”

Yue [Yue99| made several conjectures about convex-cocompact complex-hyperbolic Kleinian
groups I' < Isom (Hg). One such conjecture states that if 6(I') > n — 1, then Mt is not Stein.
Theorem 2.1.1 disproves this conjecture in dimension n = 2 since counter-examples are given by
real quasi-Fuchsian subgroups of Isom (H(%); in this case, §(I') > 1, but Mr is Stein. For n > 3, the
conjecture is unknown.

In Chapter 3, we also discuss a number of interesting conjectures related to Theorem 2.1.1.

2.2. Anosov subgroups of semisimple Lie groups

Convex-cocompact Kleinian groups form a rich class of discrete groups with nice geometrical,
topological, and dynamical properties. Recall from the previous section that a discrete subgroup
I' < Isom (H") = PO(n,1) is called convex-cocompact if I' acts cocompactly on a nonempty TI'-
invariant closed convex subset C' C H". In rank-one simple Lie groups, convex-cocompact subgroups

generalize uniform lattices'.

LA discrete subgroup I" of a Lie group G is called a lattice if I'\G supports a nontrivial G-invariant measure of finite
volume. Moreover, I is called a uniform lattice if T\G is compact.

4



Lattices in semisimple Lie groups G of moncompact type is a widely studied topic in mathe-
matics with rich structure theory. In contrast, infinite covolume discrete subgroups are still poorly
understood. A difficulty arose from the lack of the notion of a flexible class of discrete subgroups
of G that has nice geometrical and dynamical properties. In rank-one, such a class is offered by
convex-cocompact (or, more generally, geometrically finite) subgroups. But, in higher rank, a naive
generalization of “convex-cocompactness” turned out to be too restrictive: Let X be a symmetric
space of noncompact type, rank(X) > 2, and G = Isom (X)) be the isometry group of X. Assume
that X has no rank-one de Rham factor (e.g., X cannot be written as a Riemannian product
X1 x H"). If a discrete subgroup I' < G acts cocompactly on a I'-invariant, nonempty, closed,
convex subset C' C X, then either I' acts cocompactly on X or I' preserves a proper symmetric
subspace of X [KLO06|. Equivalently, such I" can only arise as a representation of a uniform lattice
into G. In particular, I' cannot be isomorphic to, for instance, a free group F,.

The class of Anosov subgroups of G gives a different higher rank generalization of convex-
cocompact Kleinian groups that is flexible enough to include a wide range of discrete subgroups of
G (e.g., free groups, surface groups, etc.). This notion was introduced by Labourie [Lab06] using

Anosov flows in his study of the Hitchin component of the character variety
Rep(m (X), G) := Hom(m (%), G)/G,

where G = PSL(n,R), n > 2, and X is a compact surface of negative Euler characteristic. He proved
that the Hitchin component consists entirely of discrete and faithful (Anosov) representations?
7m1(2) — G. Guichard and Weinhard [GW12] extended Labourie’s class to include representations
of word-hyperbolic groups. Later Kapovich, Leeb, and Porti [KLP14, KLP18a] gave several
geometrical and dynamical characterizations of Anosov subgroups. Many different characterizations
of Anosov subgroups are now known, e.g., see  GGKW17, KLP18b,KL18b,BPS19]. In Chapter
4, we review some of these characterizations.

For the time being, we give the following definition of Anosov subgroups of G = SL(n,R).

Every element g € G has a singular value decomposition. The singular values of g,

o1(g) = -+ = onlg) > 0, (2.1)

2Components of a character variety consisting of discrete and faithful representations are called (higher) Teichmdiiller
spaces, see [Wiel8|.



can be geometrically interpreted as the lengths of the semiaxes of the ellipsoid g(B"™), where

g : R™ — R™ is the linear map and B"™ C R" is the closed unit ball.

DEFINITION 2.2.1 (Anosov subgroups). Let I' be a finitely generated group and |-|g : I' — NU{0}
be the word-length function with respect to a finite generating set S. A representation p: ' = G
is called Py-Anosov (k=1,...,n — 1) if there exists constants L > 1, A > 0, such that

ok (p(7)) RN
log < (p(’y))) > L y|ls—A, Vyel. (2.2)

The image p(I') is called a Py-Anosov subgroup of G.

REMARK. (1) The above definition® was introduced in [BPS19] where it was proved to
be equivalent to Labourie’s definition of Anosov representations. Note that (in contrast
with Labourie’s definition) I is not a priori assumed to be word-hyperbolic. In fact, the
word-hyperbolicity of I" is a consequence of [KLP18b, Thm. 4].

(2) It follows from (2.2) that, for a Py-Anosov representation p : I' — G, every element v € T
of sufficiently large word-length satisfies o (p(7)) > or+1(p(7)). As a consequence, p(7y) is
nontrivial. In particular, Anosov representations p have finite kernel and discrete image.

(3) When n = 2, i.e. G = SL(2,R), then G acts on the hyperbolic plane H? via fractional
linear transformations on the upper half-plane model of H2. The action is transitive with
point stabilizers being isomorphic to K = SO(2,R), i.e. H? can be identified with G/K.

The function

-1
g

di(g1 K, g2 K) := log (1(91_1“(]2)
o2(91 " 92)

> . 91,92 €G,
is the distance function of a G-invariant Riemannian metric (the hyperbolic metric) on
H? = G/K. Let T' < G be a Pi-Anosov subgroup. Then, the inequality (2.2) means that
' is undistorted, i.e. the map I' — H?, v — ~K, is a quasiisometric embedding. This
is equivalent to I' being convex-cocompact. In general, Anosov property in rank-one is
equivalent to convex-cocompactness.
(4) For n >3, k€ {1,...,n — 1}, the function
(91 ' 92)
di(1 K, g2 K) = log (_1) , 91,92 € G =SL(n,R),
or+1(91 92)

3This definition is a special case of URU subgroups (Definition 4.4.11).
6



also defines a G-invariant (asymmetric) distance function on G/K. However, d is the
distance function of a Finsler (which is not a Riemannian) metric. These metrics play

central role in Chapter 6.

The theory (as well as the results below) of Anosov subgroups extends to other semisimple Lie
groups of noncompact type with mild restrictions. In the sequel, G denotes a connected semisimple
Lie group of noncompact type, X denotes the symmetric space of G, and P denotes a parabolic
subgroup of G which is conjugate to its opposite. For such P we have the class of P-Anosov

subgroups. See Chapter 4 for details.

A combination theorem. The combination theorems in geometric group theory provide tools
to construct new groups with “nice” geometric properties out of old ones. The classical combination
theorem of Klein [Kle83] states that under certain assumptions, the group (I'1, I's) generated by two
Kleinian groups I'1 and I's is again Kleinian, and is naturally isomorphic to the free product I'y *'s.
In a series of articles [Mas65, Mas68, Mas71,Mas93|, Maskit generalized the Klein combination
theorem to amalgamated free products and HNN extensions. See Maskit’s book [Mas88] for a
detailed account of these results.

These so called “Klein-Maskit combination theorems” have been generalized to the geometri-
cally finite groups by several mathematicians. For instance, in [BCO08|, Baker and Cooper proved

the following

THEOREM 2.2.2 (Virtual amalgam theorem, [BCO08|). If 'y and I'y are two geometrically finite
subgroups of Isom (H™) which have compatible parabolic subgroups, and if H = T'yNT'y is separable in
I'y and T, then there exist finite index subgroups I'} and Ty, of T'y and Ty, respectively, containing
H such that the group (I'},T%) generated by T} and T is geometrically finite, and is naturally

isomorphic to the amalgam T =g T,

When I'; and 'y intersect trivially, the “compatibility condition” in the above theorem simply
means that the limit sets of I'; and I's in J,H"™ are disjoint. Since this case is the most relevant

to us, we state it separately.

COROLLARY 2.2.3. IfT'1 and 'y are two geometrically finite subgroups of Isom (H™) with disjoint

limit sets in OxoH™, then there exist finite index subgroups I’y and Ty of T’y and Ty, respectively, such
7



that the group (I'|,T'%) generated by T’y and T is geometrically finite and is naturally isomorphic
I« T%.

The following theorem presents an analogue of this result in the setting of Anosov subgroups.
Recall our convention that G is a semisimple Lie group of noncompact type and P is a parabolic

subgroup.

THEOREM 2.2.4 (Combination theorem). Let Ty, ... T, be pairwise antipodal, residually finite*
P-Anosov subgroups of G. Then, there exist finite index subgroups T'; of T';, for i = 1,...,n,
such that the subgroup (I'},...,T7) generated by I'|,.... T, in G is P-Anosov, and is naturally

isomorphic to the free product T % --- % T .

This result and its proof appears in [DKL19]. We present this proof in Chapter 5. The
undefined term “antipodal” in the statement will be made precise later in Definition 5.2.20: This
condition replaces the disjointness of the limit sets in Corollary 2.2.3. Moreover, the geometric
finiteness in Corollary 2.2.3 is replaced by the Anosov condition.

Kapovich, Leeb, and Porti [KLP14] used the local-to-global principle for Morse quasigeodesics

to construct (free) Morse-Schottky subgroups of semisimple Lie groups (cf. also [Ben97]):

THEOREM 2.2.5 (Morse-Schottky subgroups, [KLP14, Theorem 7.40]). Suppose that g1, ..., gn
are hyperbolic isometries of a symmetric space X = G/K of noncompact type, whose repelling/
attracting points in the flag-manifold G /P are pairwise antipodal. Then for all sufficiently large N,

the subgroup of G generated by g{v, ey gN is P-Anosov and free of rank n.

While Theorem 2.2.4 contains this result as a special case when the subgroups I'y,...,I'), are
cyclic, our proof of the theorem involves extending their methods that work with arbitrary Anosov
subgroups.

We note that the traditional statements of the Klein-Maskit combination theorems are sharper
in the sense that under suitable assumption one does not need to pass to finite index subgroups.
Therefore, it is natural to expect that Theorem 2.2.4 should have a version that is more aligned
with the original form of the Klein-Maskit combination theorems. The following is a reasonable

combination conjecture in the setting of Anosov subgroups:

41t suffices to assume that each T’ i has trivial intersection with the center of G.

8



CONJECTURE 2.2.6 ( [DKL19, Conj. 5.3]). Let Ay, ..., A,, C G/ P be nonempty disjoint compact
subsets such that any two distinct elements of A :=J;"; A; are antipodal. Suppose that T'y,...,T'p
are P-Anosov subgroups of G such that for alli =1,...,n and all y € T'; — {1} we have y(A—A;) C
int (4;). Then the subgroup T' of G generated by T'y,...,Ty, is P-Anosov.

Note that under the above assumptions, I' is naturally isomorphic to the free product I'y *- - -*',,

see, e.g., [Tit72].

Patterson-Sullivan theory. Let I' < Isom (H") be a Kleinian group. Recall the notion of
the critical exponent 6(I') from Section 2.1. This is a fundamental numerical invariant associated
with I' that measures the asymptotic growth rate of I'-orbits in H".

In an influential paper [Sul79], extending pioneering work by Patterson [Pat76] on Fuchsian
groups, Sullivan proved the following relation between the Hausdorff dimension of the limit set

A(T) of T and its critical exponent.

THEOREM 2.2.7 (Sullivan [Sul79, Thm. 8|). Let I' be a convex-cocompact subgroup of the

isometry group of H™. Then the critical exponent §(I") equals to the Hausdorff dimension of A(T).

Many generalizations of this result in different directions followed afterwards. For instance,
Sullivan generalized this theorem for geometrically finite Kleinian groups [Sul84]. An important
ingredient of Sullivan’s proof of this theorem is the existence of a probability measure on A(T")
that changes conformally under the I'-action. The construction of such measure goes back to
Patterson’s original idea in [Pat76]. Measures of this type (resp. a family of “well-behaved”
measures) are commonly referred as Patterson—Sullivan measures (resp. densities). We refer to
Nicholls’ book [Nic89] for a self-contained exposition on these results.

Moreover, Corlette [Cor90] and Corlette-Tozzi [CI99] extended Theorem 2.2.7 for geometrically
finite groups of isometries of rank-one symmetric spaces, and Bishop-Jones [BJ97] extended these
results to arbitrary discrete isometry groups of rank-one symmetric spaces. Yue [Yue96] and
Ledrappier [Led95] studied the case of Hadamard spaces of negative curvature.

In higher rank, there has been a considerable amount of work done by various people, starting
with the early works of Bishop-Steger [BS93] and Burger [Bur93] on products of hyperbolic spaces.
Later, Albuquerque [A1b99], Quint [Qui02a,Qui02b], and Link [Lin04,Lin06] studied Patterson-
Sullivan measures associated with discrete isometry groups of general higher rank symmetric spaces.

However, most of these works were limited to the case of Zariski-dense discrete subgroups.

9



In Chapter 6, we develop a Patterson-Sullivan theory for Anosov subgroups (not necessarily
Zariski-dense). Using the classical construction of Patterson, we define and study a notion of
Patterson-Sullivan measures in the setting of Anosov subgroups, and extend several results of
[Sul79] in this setting. This work appears in [DK19]. Below we summarize these results.

Following [KL18b, Sec. 5], we consider an appropriate polyhedral Finsler pseudometric dy on
X = G/K (see Section 6.1 for details). Let op(I") denote the Finsler critical exponent of T, i.e.

Op(I") :=1inf ¢ s: Ze_s‘dF(x’W) <o, weX.
~yel'

As before, this number is independent of z € X.

THEOREM 2.2.8. Let T' be a nonelementary P-Anosov subgroup of G. Then the Patterson—
Sullivan density i on the flag limit set® A(T') C G/P is the unique (up to rescaling) T-invariant

conformal density. Moreover,

(i) The density p is non-atomic and dp(T')-dimensional.
(ii) The support of u is A(T') and T" acts on A(T") ergodically with respect to p.
(iii) The critical exponent op(I") is positive and finite.
(iv) The Poincaré series of I' diverges at op(I"). Equivalently, I’ has Finsler divergence type.
(v) The ér(T')-dimensional Hausdorff measure on A(T") with respect to a Gromov premetric is

a member of a I'-invariant conformal density. In particular, the Hausdorff dimension of

A(D) is (D).

The notions of conformal density and its dimension, divergence type, and Gromov premetric are
defined in Chapter 6 (see “Organization of this chapter” in the introduction of Chapter 6). Note
that Theorem 2.2.8(v) generalizes Theorem 2.2.7. In Section 6.9, we also give some applications of

our theorem.

5See Definition 4.4.2.
10



CHAPTER 3

Stein property of complex hyperbolic manifolds

This chapter is based on [DK20]. The goal of this chapter is to give a proof of

THEOREM 2.1.1. Let I < Isom (HE) be a convex-cocompact, torsion-free discrete subgroup such

that §(T") < 2. Then My =T'\B" is Stein.

The main ingredients in the proof of Theorem 2.1.1 are Proposition 3.2.7 and Theorem 3.3.3.
The condition “convex-cocompact” is only used in Proposition 3.2.7, whereas Theorem 3.3.3 holds

for any torsion-free discrete subgroup I' < Isom (Hg) satisfying 6(I") < 2.
CONJECTURE 3.0.1. Theorem 2.1.1 holds if we omit the “convex-cocompact” assumption on I'.

In section 3.4 we discuss other conjectural generalizations of Theorem 2.1.1 and supporting

results.

3.1. Preliminaries of complex-hyperbolic spaces

Here we recall some definitions and basic facts about the n-dimensional complex hyperbolic
space, we refer to [Gol99] for details. See also [Kap19).
Consider the n-dimensional complex vector space C"*! equipped with the pseudo-hermitian

bilinear form

(z,w) = =200 + Y 240 (3.1)
k=1

and define the quadratic form ¢(z) of signature (n, 1) by ¢q(z) := (z, z). Then ¢ defines the negative
light cone V_ := {z : q(z) < 0} € C"!. The projection of V_ in the projectivization of C**1, P",
is an open ball which we denote by B™.

The tangent space 17,)P" is naturally identified with 21, the orthogonal complement of Cz in
V, taken with respect to (-,-). If z € V_, then the restriction of q to z* is positive-definite, hence,
(-,+) project to a hermitian metric h (also denoted (-,-)) on B™. The complex hyperbolic n-space
HZ is B™ equipped with the hermitian metric h. The boundary 0B" of B™ in P" gives a natural

compactification of B™.
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In this chapter, we usually denote the complex hyperbolic n-space by B™. The real part of
the hermitian metric h defines a Riemannian metric g on B"™. The sectional curvature of g varies

between —4 and —1. We denote the distance function on B™ by d. The distance function satisfies

cosh2(d(0, 2)) = 1_1|Z|2 (3.2)

In the above formula, we are writing points in B™ in affine coordinates, i.e., a point [(1,2)] € B"
is written as z.

A real linear subspace W C C"*! is said to be totally real with respect to the form (3.1) if for
any two vectors z,w € W, (z,w) € R. Such a subspace is automatically totally real in the usual
sense: JW NW = {0}, where J is the almost complex structure on V. (Real) geodesics in B™ are
projections of totally real indefinite (with respect to ¢) 2-planes in C"*! (intersected with V_). For
instance, geodesics through the origin 0 € B™ are Euclidean line segments in B™. More generally,
totally-geodesic real subspaces in B™ are projections of totally real indefinite subspaces in C"*!
(intersected with V_). They are isometric to the real hyperbolic space H of constant sectional
curvature —1.

Complex geodesics in B™ are projections of indefinite complex 2-planes. Complex geodesics are

isometric to the unit disk with the hermitian metric

dzdz
(1—1[z2)*
which has constant sectional curvature —4. More generally, k-dimensional complex hyperbolic
subspaces H(’E in B™ are projections of indefinite complex (k+ 1)-dimensional subspaces (intersected
with V_).

All complete totally-geodesic submanifolds in Hf are either real or complex hyperbolic sub-
spaces.

The group U(n,1) = U(q) of (complex) automorphisms of the form ¢ projects to the group
Aut(B") = PU(n,1) of complex (biholomorphic, isometric) automorphisms of B™. The group
Aut(B") is linear, its matrix representation is given, for instance, by the adjoint representation,
which is faithful since Aut(B") has trivial center.

A discrete subgroup I" of Aut(B") is called a complex-hyperbolic Kleinian group. The accumula-

tion set of an(y) orbit I'z in 0B™ is called the limit set of I and denoted by A(I"). The complement
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of A(T') in OB™ is called the domain of discontinuity of T and denoted by Q(T"). The group I' acts
properly discontinuously on B™ U Q(T).

For a (torsion-free) complex-hyperbolic Kleinian group I', the quotient I'\ B" is a Riemannian
orbifold (manifold) equipped with push-forward of the Riemannian metric of B". We reserve the

notation Mt to denote this quotient. The convex core of Mr is defined by
core(M) :=T\C,

where C' C B" is the smallest I'-invariant, closed, convex subset. Here the word “smallest” means
“intersection of all nonempty”; we allow C to be the empty set. The subgroup I' is called convez-
cocompact if the convex core of Mp is a nonempty compact subset. Equivalently (see [Bow95]),
Mrp =T\(B"UQ(I)) is compact, provided that |I'| = oo.

Below are two interesting examples of convex-cocompact complex-hyperbolic Kleinian groups

which will also serve as illustrations our results.

ExAMPLE 3.1.1 (Real Fuchsian subgroups). Let H3Z C B"™ be a totally real-hyperbolic plane.
This inclusion is induced by an embedding p : Isom(H2) = PSL(2,R) — Aut(B") whose image
preserves H%. Let I" < Isom(H3) be a cocompact subgroup. Then I' = p(I") preserves HZ and
acts on it cocompactly. Such subgroups I' < Aut(B") will be called real Fuchsian subgroups. The
compact surface-orbifold 3 = I'\HZ is the convex core, core(Mr). The critical exponent §(T) is 1.

Let 'y, t > 0, be a continuous family of deformations of I'g = I" in Aut(B") such that I';’s, for
t > 0, are convex-cocompact but not real Fuchsian. Such deformation exist as long as I'; is, say,
torsion-free, see e.g. [Wei64]. The groups I'y, t > 0, are called real quasi-Fuchsian subgroups. The

critical exponents of such subgroups are strictly greater than 1.

ExaMPLE 3.1.2 (Complex Fuchsian subgroups). Let IV be a cocompact subgroup of SU(1, 1),
the identity component isometry group of the real-hyperbolic plane (modulo Zs3) and let SU(1,1) —
SU(n, 1) be any embedding. Note that SU(n, 1) modulo center (isomorphic to Z,1) is isomorphic
to PU(n, 1). By taking compositions, we get a representation p : I' — PU(n, 1). Then I := p(I")
leaves a complex geodesic invariant in B™. Such subgroups I'" will be called complex Fuchsian
subgroups. In this case, core(Mr) = I'\H} is a compact complex curve in My where H} is the

I-invariant complex geodesic. The critical exponent §(I") is 2.
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3.2. Generalities on complex manifolds

By a complex manifold with boundary M, we mean a smooth manifold with (possibly empty)
boundary OM such that int(M) is equipped with a complex structure and that there exists a
smooth embedding f : M — X to an equidimensional complex manifold X, biholomorphic on
int(M). A holomorphic function on M is a smooth function which admits a holomorphic extension
to a neighborhood of M in X.

Let X be a complex manifold and Y C X is a codimension 0 smooth submanifold with boundary
in X. The submanifold Y is said to be strictly Levi-convex if every boundary point of ¥ admits a

neighborhood U in X such that the submanifold with boundary Y N U can be written as

{o <0},

for some smooth submersion ¢ : U — R satisfying Hess(¢) > 0, where Hess(¢) is the holomorphic

9%

DEFINITION 3.2.1. A strongly pseudoconver manifold M is a complex manifold with bound-

Hessian:

ary which admits a strictly Levi-convex holomorphic embedding in an equidimensional complex

manifold.

DEFINITION 3.2.2. An open complex manifold Z is called holomorphically convex if for every

discrete closed subset A C Z there exists a holomorphic function Z — C which is proper on A.

Alternatively,! one can define holomorphically convex manifolds as follows: For a compact K

in a complex manifold M, the holomorphic convex hull I?M of K in M is
Ko = {2 € M:|f(2)] < sup |f(w)], Vf € On}.
we

See [H6r90, Sec. 5.1]. In the above, Oy denotes the ring of holomorphic functions on M. Then

M is holomorphically convex iff for every compact K C M, the hull Ky is also compact.

THEOREM 3.2.3 (Grauert [Grab8|). The interior of every compact strongly pseudoconver man-

ifold M is holomorphically conver.

Land this is the standard definition
14



DEFINITION 3.2.4 (Stein manifolds). A complex manifold M is called Stein if it admits a proper

holomorphic embedding in C” for some n.

Equivalently, M is Stein iff it is holomorphically convex and holomorphically separable: That
is, for every distinct points x,y € M, there exists a holomorphic function f : M — C such that
f(z) # f(y). See [H6r90, Def. 5.1.3] for this definition and [H6r90, Thm. 5.1.3] for one direction?
of the equivalence.

We will use:

THEOREM 3.2.5 (Rossi [Ros69], Corollary on page 20). If a compact complex manifold M is
strongly pseudoconvexr and contains no compact complex subvarieties of positive dimension, then

int(M) is Stein.

We now discuss strong pseudoconvexity and Stein property in the context of complex-hyperbolic
manifolds. A classical example of a complex submanifold with Levi-convex boundary is a closed
round ball B" in C". Suppose that T’ < Aut(B") is a discrete torsion-free subgroup of the group
of holomorphic automorphisms of B"™ with (nonempty) domain of discontinuity 2 = Q(I") C 0B™.
The quotient

Mr =T\(B"UQ)

is a smooth manifold with boundary.
LEMMA 3.2.6. Mt is strongly pseudoconvexz.

ProOOF. We let T\ denote the union of all projective hyperplanes in P tangent to 0B" at
points of A, the limit set of I". Let Q denote the connected component of P — Ty containing B".
It is clear that B"USQ C () is strictly Levi-convex. By the construction, I' preserves Q. It is proven
in [CNS13, Thm. 7.5.3] that the action of I" on Qis properly discontinuous. Hence, X := F\ﬁ is

a complex manifold containing M as a strictly Levi-convex submanifold with boundary. ([l
Specializing to the case when M is compact, i.e. ' is convex-cocompact, we obtain:

PROPOSITION 3.2.7. Suppose that T is torsion-free, convex-cocompact and n > 1. Then:

(i) OMr is connected.

2The other direction follows easily from the definitions.
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(ii) If int(Mr) = Mr contains no compact complex subvarieties of positive dimension, then

Mr is Stein.

For example, as it was observed in [BS76], the quotient-manifold I'\ B? of a torsion-free real-
Fuchsian subgroup I' < Aut(B?) is Stein while the quotient-manifold of a complex-Fuchsian sub-

group I' < Aut(B?) is non-Stein.

3.3. Proof of Theorem 2.1.1

In this section, we construct certain plurisubharmonic functions on Mr, for each finitely gener-
ated, discrete subgroup I' < Aut(B") satisfying 6(I") < 2. We use these functions to show that Mp
has no compact subvarieties of positive dimension. At the end of this section, we prove Theorem
2.1.1.

Let X be a complex manifold. Recall that a continuous function f : X — R is called plurisub-
harmonic® if for any homomorphic map ¢ : V(C C) — X, the composition f o ¢ is subharmonic.
Plurisubharmonic functions f satisfy the maximum principle; in particular, if f restricts to a non-
constant function on a connected complex subvariety Y C X, then Y is noncompact.

Now we turn to our construction of plurisubharmonic functions. Let I' < Aut(B") be a discrete

subgroup. Consider the Poincaré series

Y (=), =€B" (3.3)

vyerl’

LEMMA 3.3.1. Suppose that 6(I') < 2. Then (3.3) uniformly converges on compact sets.

PrOOF. Since §(I') < 2, the Poincaré series

3 - 20a(:)

yel’

uniformly converges on compact subsets in B". By (3.2), we get
e 207G < (1 — |y(2)[?) < 4e= 240D, (3.4)

Then, the result follows from the upper inequality. O

3There is a more general notion of plurisubharmonic functions; for our purpose, we only consider this restrictive
definition.
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REMARK. Note that when 6(I') > 2, or when I" is of divergent type (e.g., convex-cocompact)

and 6(I') = 2, then (3.3) does not converge. This follows from the lower inequality of (3.4).
Assume that §(I") < 2. Define F': B" — R,
F(z) = (In(=) = 1).
~yel'

Since F' is I'-invariant, i.e., F'(yz) = F(z), for all v € I" and all z € B", F descends to a function
f:Mpr—R.
LEMMA 3.3.2. The function f: Mp — R is plurisubharmonic.

PROOF. Enumerate I" as I' = {71, 72, ... }. Consider the sequence of partial sums of the series
F,
Sk(z) =Y _((2)I> = 1)

J<k
Since each summand in the above is plurisubharmonic* S is plurisubharmonic for each k > 1.
Moreover, the sequence of functions Sy is monotonically decreasing. Thus, the limit F' = limg_.oo Sk

is also plurisubharmonic, and hence so is f. O

Note, however, that at this point we do not yet know that the function f is nonconstant.
Now we prove the main result of this section.

THEOREM 3.3.3. Let I be a torsion-free discrete subgroup of Aut(B™). If 6(I') < 2, then Mp

contains no compact complex subvarieties of positive dimension.

PROOF. Suppose that Y is a compact connected subvariety of positive dimension in Mp. Since
m1(Y) is finitely generated, so is its image IV in I’ = 71 (Mr). Since 6(I) < §(T"), by passing to the
subgroup IV we can (and will) assume that the group I is finitely generated.

We construct a sequence of functions Fy, : B" — R as follows. For k € N, let ¥, ¢ T' — {1}
denote the subset consisting of v € I" satisfying d(0,~v(0)) < k. Since I is a finitely generated linear

group, it is residually finite and, hence, there exists a finite index subgroup I'y < I' disjoint from

4This follows from the fact that the function |z|? is plurisubharmonic.
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Y. For each k € N, define F}, : B" — R as the sum

Fi(z)= ) (=) - 1).

Y€l

Since

m Iy = {1},

keN

the sequence of functions F}, converges to (|z|> — 1) uniformly on compact subsets of B". As before,
each F}, is plurisubharmonic (cf. Lemmata 3.3.1, 3.3.2).

Let Y be a connected component of the preimage of Y under the projection map B"™ — M.
Since Y is a closed, noncompact subset of B”, the function (]z|? — 1) is nonconstant on Y. As the
sequence (F}) converges to (|z|?> — 1) uniformly on compacts, there exists k¥ € N such that F is
nonconstant on Y. Let fr : My = Mr, — R denote the function obtained by projecting Fj to Mj,
and Yz be the image of Y under the projection map B" — Mj. Since M}, is a finite covering of
My, the subvariety Y, C M}, is compact. Moreover, fi is a nonconstant plurisubharmonic function

on Y}, since Fj is such a function on Y. This contradicts the maximum principle. U

REMARK. Regarding Remark 3.3: The failure of convergence of the series (3.3) as pointed out
in Remark 3.3 is not so surprising. In fact, if I' is a complex Fuchsian group, then §(I') = 2 and
the convex core of Mr is a compact Riemann surface, see Example 3.1.2. Thus, our construction

of F' must fail in this case.

We conclude this section with a

PrROOF OF THEOREM 2.1.1. By Theorem 3.3.3, Mt does not have compact complex subvari-

eties of positive dimensions. Then, by the second part of Proposition 3.2.7, Mr is Stein. U

3.4. Further remarks

In relation to Theorem 2.1.1, it is also interesting to understand the case when 6(I") = 2, that
is: For which convex-cocompact, torsion-free subgroups I' of Aut(B") satisfying §(I") = 2, is the
manifold Mt Stein? It has been pointed out before that a complex Fuchsian subgroup I' < Aut(B")
satisfies §(I") = 2, but the manifold Mt is not Stein. In fact, the convex core of M is a complex
curve, see Remark 3.3. We conjecture that complex Fuchsian subgroups are the only such non-Stein

examples.
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CONJECTURE 3.4.1. Let T' < Aut(B™) be a convex-cocompact, torsion-free subgroup such that

0(T') = 2. Then, Mt is non-Stein if and only if T is a complex Fuchsian subgroup.

We illustrate this conjecture in the following very special case: Let ¢ : m1(X) — Aut(B") be a
faithful convex-cocompact representation where ¥ is a compact Riemann surface of genus g > 2.

Then ¢ induces a (unique) equivariant harmonic map
F:¥— B"
which descends to a harmonic map f : ¥ — Mrp. In the above, 3 denotes the universal cover of 3.

PROPOSITION 3.4.2. Suppose that F' is a holomorphic immersion. Then I' = ¢(m1 (X)) satisfies
O(T) > 2. Moreover, if §(T') = 2, then T preserves a complex line. In particular, T' is a complex

Fuchsian subgroup of Aut(B").

ProOF. Noting that Mp contains a compact complex curve, namely f(3), the first part follows
directly from Theorem 2.1.1.

For the second part, we let Y denote the surface 5 equipped with the Riemannian metric
obtained via pull-back of the Riemannian metric g on B™. The entropy® h(Y) of Y is bounded
above by 4(T'), i.e.

hY) < 2. (3.5)

This can be seen as follows: The distance function dy on Y satisfies

dY(ylayQ) > d(F(yl)vF(yQ))

Therefore, the exponential growth-rate dy of 71(X)-orbits in Y satisfies dy < §(I"). On the other
hand, the quantity dy = h(Y") since m(X) acts cocompactly on Y.
Assume that ¥ is endowed with a conformal Riemannian metric of constant —4 sectional cur-

vature. Since 3 is a symmetric space, we have

h2(Y)Area(T'\Y) > h%(S)Area(D),

5The volume entropy of a simply connected Riemannian manifold (X,g) is defined as lim,_, o log Vol(B(r, z))/r,
where z € X is a chosen base-point and B(r,z) denotes the ball of radius r centered at xz. This limit exists and is
independent of z, see [Man79].
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see [BCGY96, p. 624]. The inequality (3.5) together with the above implies that Area(I'\Y) >
Area(Y).

On the other hand, since f : I'\Y — M is holomorphic, 4 - Area(I'\Y') equals to the Toledo
invariant c(¢) (see [Tol89]) of the representation ¢. Since ¢(¢) < 4m(g — 1), the inequality
Area(T'\Y) > Area(X) = m(g — 1) shows that

Area(T'\Y) =7w(g — 1)

or, equivalently, c(¢) = 47(g — 1). By the main result of [Tol89], I" preserves a complex-hyperbolic
line in B™. O

REMARK. The assumption that F' is an immersion can be eliminated: Instead of working with

a Riemannian metric, one can work with a Riemannian metric with finitely many singularities.
Motivated by Theorem 3.3.3, we also make the following conjecture.

CONJECTURE 3.4.3. IfI" < Aut(B") is discrete, torsion-free, and 6(I') < 2k, then Mr does not

contain compact complex subvarieties of dimension > k.
We conclude this section with a verification of this conjecture under a stronger hypothesis.

PROPOSITION 3.4.4. IfT" < Aut(B") is discrete, torsion-free, and §(I') < 2k — 1, then My does

not contain compact complex subvarieties of dimension > k.

PRrROOF. Note that if " is elementary (i.e., virtually abelian), then 6(I') = 0. In this case, the
result follows from Theorem 3.3.3. For the rest, we assume that I' is nonelementary.

By [BCGO8, Sec. 4], there is a natural map f : Mp — Mp homotopic to the identity map
Idas © My — Mr and satisfying

Jac, (f)] < <5(F;f1>p 2<p< o,

where Jacy(f) denotes the p-Jacobian of f. When §(I') < 2k — 1, we have |Jac,(f)| < 1, for
p € [2k,2n]. This means that f strictly contracts the volume form on each p-dimensional tangent
space at every point € Mr, for p € [2k, 2n].

Let Y C Mr be a compact complex subvariety of dimension > k (real dimension > 2k). Then,

Y is also a volume minimizer in its homology class. Since f strictly contracts volume on Y, f(Y')
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has volume strictly lesser than that of Y. However, f being homotopic to Ids., f(Y) belongs to
the homology class of Y. This is a contradiction to the fact that ¥ minimizes volume its homology

class. ]

REMARK. Note that Proposition 3.4.4 gives an alternative proof of Theorem 3.3.3 (hence The-
orem 2.1.1) under a stronger hypothesis, namely §(I") € (0,1). However, this method fails to verify
Theorem 3.3.3 in the case when §(I") € [1,2).

21



CHAPTER 4

Anosov subgroups

In this chapter, we present the necessary background needed for the next two chapters. Special
emphasis will be put on the definition of Anosov subgroups and other characterizations of this class
of subgroups given by Kapovich, Leeb, and Porti [KLP18b, KL18b]. Along the way, we also set

up our notations and conventions.

4.1. Symmetric spaces

For a thorough treatment of most the material in this and the next two sections, we refer to

Eberlein’s book [Ebe96].

Semisimple Lie groups. Let G be a Lie group and g be its Lie algebra. Throughout this
chapter, G is always assumed to be a connected real Lie group. Each Y € g defines an adjoint
endomorphism adY : g — g, (adY)(Z) = [V, Z]. The Killing form of g is a symmetric bilinear
form B : g x g — R defined by

B(Y,Z)=tr(adY oadZ).

DEFINITION 4.1.1. A real Lie algebra g is called semisimple if the Killing form B of g is
nondegenerate, i.e., if B(Y,Z) = 0 for some Y € g and all Z € g, then Y = 0. A connected real
Lie group is called semisimple if its Lie algebra is semisimple. G or g is called simple if g has no

nontrivial proper ideals and dim(g) > 2.

Each semisimple Lie algebra g orthogonally decomposes into a direct sum of simple ideals,
g=01D - Do (4.1)

This decomposition is unique up to the order of the summands.
The center of a semisimple Lie algebra 3(g) is trivial. Consequently, the center Z(G) of a

semisimple Lie group G is a discrete subgroup. From now on, we always assume that Z(G) is finite.
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DEFINITION 4.1.2 (Noncompact type). A semisimple Lie group G is called of compact type if
its Lie algebra g is of compact type, i.e., the Killing form of g is negative definite!. G is called of

noncompact type if none of g;’s in the direct sum decomposition (4.1) is of compact type.

Maximal compact subgroups. Let G be a semisimple Lie group of noncompact type. It is
known that G’ admits a maximal compact subgroup K. Note that? Z(G) < K. On the coset space
X = G/K, one defines a G-invariant Riemannian metric g by averaging a left-invariant Riemannian
metric on G by K. As a Riemannian manifold, X has nonpositive sectional curvature, and G acts

I a conjugate of K

on the left by isometries. Note that the stabilizer of a point gK € X is gKg~
and, hence, a maximal compact subgroup of G. In fact, by Cartan’s fized-point theorem, maximal

compact subgroups of GG represent a single conjugacy class.

Symmetric spaces. The Riemannian manifolds X arising from the above description has the

following geometric characterization.

DEFINITION 4.1.3 (Symmetric spaces of noncompact type). A simply-connected, complete Rie-
mannian manifold X is called a symmetric space if every point x € X defines an isometric geodesic
symmetry: An isometry s, : X — X that fixes x such that ds;|, = —Idp, x. A symmetric space
is called of noncompact type if X has nonpositive sectional curvature and X cannot be written as
a Riemannian product E*¥ x X; (k > 1) where E* is the k-dimensional euclidean space with flat

metric.

We denote the isometry group of X by Isom (X); it is a Lie group. In fact, the identity
component G of Isom (X) is a semisimple Lie group of noncompact type with trivial center so that

X can be written as
X=G/K
where K = G, is the stabilizer of a point z € X that is also a maximal compact subgroup of G.
In the sequel, we fix the following notations and conventions: X denotes a symmetric space of
noncompact type, G denotes a semisimple Lie group that acts on X by isometries such that

(i) Elements of G do not swap factors in the de Rham decomposition of X,

X=X, x... X (4.2)

IThis is equivalent to G being compact.
2Recall our assumption that G has finite center.
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(ii) G is commensurable with Isom (X), i.e., the homomorphism G — Isom (X) has finite

kernel and cokernel.

Under the second assumption, X is a homogeneous G-space. For simplicity, in the rest of this section
we take G to be the identity component of Isom (X ). However, the discussion easily generalizes to
the above general setting.

Let x € X be any point. We keep this choice fixed throughout this chapter. Since X is a

Hadamard manifold®, the Cartan-Hadamard theorem asserts that the exponential map
exp: T, X — X (4.3)

is a diffeomorphism. In other words, X is diffeomorphic to R,

Cartan decomposition. The choice of z € X determines a natural decomposition of the
Lie algebra g of G in the following way: The corresponding geodesic symmetry s, : X — X
determines an involution G — G, g > $;gS;, whose differential ¢ : g — g is an involutive Lie
algebra automorphism. This produces a decomposition of g, called the Cartan decomposition (with
respect to x),

=t+p (4.4)

where ¢ and p are respectively the +1-eigenspaces of i. By definition, [¢,€] C €, [¢,p] C p, and
[p,p] C p. In fact, € is tangent to K = G, and p maps isomorphically onto 7, X via the differential
of the projection map 7 : G — X = G/G;. We identify p with 7, X under dr. The Killing form B
restricts to a positive (resp. negative) definite form on p (resp. ).

The Riemannian metric of X is actually ‘determined’ by the Killing form of g: Since [€, p] C p,
the adjoint action of K on g leaves p invariant. Hence, we may write p as an orthogonal (wrt. B)

direct sum of irreducible components,

p=p1B--- Dy,

This decomposition relates to the de Rham decomposition (4.2) of X via the exponential map (4.3).
Then,

gz = ClB|131 + e +CT‘B|Pr7

3A Hadamard manifold is by definition a complete, simply-connected, nonpositively curved Riemannian manifold.
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for some constants c¢i,...,¢, > 0. Therefore, we can (and will) assume that the isomorphism
dr :p — T, X is isometric where p (resp. T, X) is equipped with the Killing form (resp. Riemannian

metric).

Maximal flats, Weyl groups, and Weyl chambers. The rank of G is the dimension of
a maximal abelian subalgebra a of p. The maximal abelian subalgebras of p constitute a single
K-orbit for the adjoint action of K on p. Let K, < K be the stabilizer of a. Then the action
of Ky on a factors through a finite group W of automorphisms of a called the Weyl group. The
group W is generated by reflections along (a finite number of) hyperplanes in a. The complement
of these reflecting hyperplanes in a decomposes into connected components, the closures? of these
components are called Weyl chambers. Each Weyl chamber is a fundamental domain for the action
W ~ a. K acts transitively on the set of Weyl chambers in p. We pick a model maximal abelian
subalgebra a4 of p and a model Weyl chamber a;;od C Omod-

The algebraic description in the previous paragraph fits into the following geometric description:
Using the exponential map (4.3), exp : p — X, each maximal abelian subalgebra a C p isometrically
maps onto a mazimal flat’ in X passing through z. The rank of X is the the dimension of a maximal
flat passing through x (this definition is independent of a choice of x € X). The isotropy group K
acts transitively on the set of all maximal flats passing through z. We call Fp,0q := exp(amoq) the
model flat and A := exp(a;;od) the model chamber. We often think of F,,q as the flat euclidean

E2k(X) with z being the origin and A as a closed convex cone. The isometric action

space
Kp_ . ™ Fpoq of the stabilizer K of Fjq in K (modulo the kernel of the action) is identified
with the Weyl group action discussed above.

Since X is a homogeneous G-space, G acts transitively on the set of all (pointed) maximal flats
in X: For a given maximal flat F/ C X and a point 2’ € F’, choose g € G such that g(z) = 2.
Then F” = g(Fnoq) passes through 2/. Finally, we find a suitable element k € K,/ such that
E(F") = F'. In fact, if F/ = Fy,04, then one can find an element g € G that preserves F,,q and

translates (in the euclidean sense) x to 2’. Consequently, the the action of stabilizer group of Fyoq

in G on Foq factors through the group R™K(X) 5 W of affine isometries.

4Note that the standard definition of Weyl chambers does not involve taking closures.
5A submanifold F C X is called a flat if F' is the image of an totally geodesic, isometric embedding of a euclidean
space. A flat F is called mazimal if it is not properly contained in another flat.
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A-valued distances. Using the above description, one can define a vector-valued distance
function on X in the following way: Every pair of points (2/,2”) of X lies in a maximal flat
F' C X. Find g € G that maps F’ to Fpoq, 2’ to x, and z” into A. The image g(z”) in A is

uniquely determined and is called the A-valued distance between z’ and 2"
da(2,2") = g(z") € A ¢ Erank(X),

Note that, tautologically,

d(a',2") = ||da(a’, 2",

where d is the Riemannian distance function on X and || - || denotes the euclidean norm inherited
from the Riemannian metric of X. It is clear that da is a G-invariant pairing, and, in fact, da is a
complete G-congruence invariant for oriented pairs: For pairs of points (z/,2”) and (y/,4”) in X,
there exists g € G such that g(2’) =y’ and g(2”) = y" iff da(2/,2") = da (v, y").

The A-valued distance function behaves much like an ordinary distance function. Apart from
the properties above, da satisfies the following generalization of the triangle inequality for ordinary

distance functions:

THEOREM 4.1.4 (Triangle inequality for A-valued distances, [KLMO9]). For all triples y,y',y" €
X,

lda(y,y") —daly/,y")|| < d(y,y").

The A-valued distances naturally relate to the Cartan decomposition of GG: Consider the K-
invariant map

pr: X — A, 2/~ da(z,2).

This gives an identification K\G/K = K\X = A = exp(al ;) = G = Kexp(a/ ,K. The

mod

+

Cartan projection for the choice of z € X is the induced map G' — a_ ;.

4.2. Boundary at infinity

Visual boundary. Since X is a Hadamard manifold, there is a notion of the visual boundary

O X of X: As a set,

OsoX = {c:[0,00) = X : ¢ is a unit-speed geodesic ray}/ ~
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where the equivalence relation ~ is defined by

c1 ~ cg <= limsupd(ci(t),ca(t)) < o0.
t—00

In words, two geodesic rays represent the same boundary point iff they are asymptotic. Equivalently,
two geodesic rays represent the same boundary point iff they are within finite Hausdorff distance®
from each other.

The exponential map (4.3) identifies O X with the unit tangent sphere S, X C T, X by sending

v € S5z X to the equivalence class of the geodesic ray exp(tv), t > 0,

S X = 0x0 X. (4.5)

Under this identification, -, X gets the topology of a sphere SHmX)—1,

An invariant version of the identification (4.5) is useful: For y € Y, v, € §,X, and v, € S, X,
the vectors v,, v, represent same point at the visual boundary iff the geodesic rays starting at x
and y with initial velocity vectors v, and vy, respectively, have finite Hausdorff distance from each
other iff the geodesic flow ¢; on SX keeps v, v, within bounded distance for all times ¢ > 0.

Here and below, SX denotes the unit tangent bundle of X. The action of G on SX defines a
(topological) action G ™ 05X . For y € X, the induced action of the maximal compact subgroup
Gy < G on 05X can be understood as the natural isometric action G, ~ S, X (since G preserves
SyX C SX). In particular, 05X has a K(:= G)-invariant Riemannian metric inherited from
Sz X. Using the identification 7, X = p from the previous section, a fundamental domain for the
action K ~ p can be identified with the the set of unit vectors in ﬁilo 4+ We denote this fundamental

domain by op0q.This defines a K-invariant map
0 : 0o X — Omod (4.6)

called the type map. In fact, oyoq can also be regarded as a fundamental domain for G ~ SX and,

hence, for G ~ 05 X. In particular, the type map 0 is also G-invariant.

Tits building. The isometric actions Gy, ~ Sy X = 00X, y € X, from the previous paragraph

can be used to define a spherical building structure on 0, X, called the Tits building OrisX of G:

SFor sets A, B C X, the Hausdorff distance between A and B is duaus (A, B) := inf{C > 0: A C N¢(B) and B C
Nc(A)}.
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The apartments are a = a, NSy X, for y € Y and each maximal abelian subalgebra a, C py7. The
apartment amoq (= a N S, X is called the model apartment. The apartments are isometric copies
of the (rank(X) — 1)-dimensional sphere and they cover d,,X. For each apartment a C 0xX,
W(a) := G,/{kernel of the action} = W and the pair (a,W(a)) is a Coxeter complex. Under
these notations, oyed C @mod is & fundamental domain for the action W(amod) ™ amod. Moreover,
the Coxeter complex structures of the apartments are compatible, i.e., the intersection of every
two apartments is simplicial and the simplicial structures on these intersections agree. Therefore,
all the apartments and their Coxeter complex structures can be put together to define a single
large simplicial complex; the Tits boundary Oty X is this simplicial complex with its simplicial
topology®. A maximal simplex is given by oy0d, and all other maximal cells are naturally identified
with 0,04 by the type map (4.6). These maximal cells are called (spherical) Weyl chambers. We
reserve the notation 7,,q to denote faces of op0q. A simplex 7 in the building Oy X is called of
type Tmod if the type map sends 7 onto Tiod-

For a simplex 7 in Orjs X, the star st (1) of 7 is the union of all chambers in Orjs X containing
7. The open star ost (1) of 7 is the union of all the open simplices whose closures contains 6. For
a face Tmod Of Omod (viewed as a complex itself), define the open star ost (7y0q) similarly. The

boundary 0st(Tmed) is the complement of 0st (Tied) I Tmod-

Parabolic subgroups and generalized flag manifolds. Point stabilizers of the action G ~
000X are called parabolic subgroups of G. If an element g € G fixes a point £ in the interior of a
Weyl chamber o, then g fixes o point-wise (since the type of points must be preserved). Hence
G¢ also fixes o point-wise. The parabolic subgroups P fixing interior points of Weyl chambers are
called minimal parabolic subgroups®. Tt is clear that the minimal parabolic subgroups of G form a

single conjugacy class, i.e. every minimal parabolic subgroup is conjugate to P, the stabilizer

mod?

of omoq in G. The quotient space

aFuX = G/PU

mod

equipped with the quotient topology is a G-homogeneous space which is called the (general) full
flag manifold or the Fursternberg boundary of X. This is the space of all simplices of type omoq in

the Tits building.

"Here py refers to the summand in the Cartan decomposition with respect to y, g = €, + py, cf. (4.4).
8This topology is strictly finer than the topology of 0sc X.

9Isince they do not properly contain any other parabolic subgroups
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A similar discussion is true for general parabolic subgroups of G. If P stabilizes a boundary
point & € o, then P also point-wise fixes the minimal face 7 of ¢ containing . Clearly, P is

conjugate to P,

mod

where Tinoq C 0mod denotes the type of 7. The quotient space

Flag (Tmod) = G/PT

mod

equipped with the quotient topology is called the (partial) flag manifold. These manifolds are
compact, smooth, G-homogeneous manifolds. As in the previous paragraph, Flag (mn0q) is the

space of all simplices of type Tioq in the Tits building, drisX. Note that Flag (oymed) = OpuX.

Opposition involution. The Cartan involution |, : p — p induces an involutive action (called

opposition involution) on Jxx X,
L 0o X = 00X, 2= Idg, x,

which preserves the building structure. The opposition involution also induces an involution on
Omod by

§— 9("(5))7 § € Omod-

We also denote this involution by ¢ : 0yoq — Omod. For every subset © C op04, ¢(0) denotes the
image of © under ¢ : 0mod — Tmod-

Two parabolic subgroups P and P’ are called oppositeif P (resp. P’) is conjugate to Py, _, (resp.
P, ). In the sequel, we only consider faces Tmod C Omod that are (-invariant, i.e., tTmod = Tmod-

In other words, the parabolic subgroups P _, that we consider are conjugate to their opposite.

Examples. We describe the Tits buildings in the following two explicit examples. We will

come back to further discussion of these examples in Chapter 6.

EXAMPLE 4.2.1 (Product of rank-one symmetric spaces). Let X be a product of k rank-one
symmetric spaces,

X=Xy x-xXp.

The rank of X is k. Let G be a semisimple Lie group commensurable with the isometry group of
X. For example, we may take G = Isom (X;) x --- x Isom (Xj).
The model maximal flat Fj,,q (see Figure 4.1 below) can be viewed as the product of some

chosen geodesic lines (coordinate axes), one for each de Rham factor of X. The Weyl group W
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FIGURE 4.1. The model maximal flat Fi,oq C X, where X = X7 x X5,
product of two rank-one symmetric spaces. It is spanned by two
geodesic lines [; C X;, ¢ = 1,2. The Weyl group W is generated by
two elements, reflections w; along [;, i = 1,2. The positive quadrant
(shaded) is the model Weyl chamber A.

is generated by reflections along the coordinate hyperplanes and the longest element in it is the
reflection about the origin. The model Weyl chamber A can be realized as the nonnegative orthant.
The opposition involution ¢ acts on it trivially.

The Tits boundary of a product of two symmetric spaces is the simplicial join of their individual
Tits buildings and, for rank-one symmetric spaces, the Tits boundary is discrete. These two facts
imply that the (p — 1)-simplices in the Tits building of X for 1 < p < k can be parametrized by

p-tuples (&ry,...,&r,) € 0o Xy X -+ X 0 Xy, 1 <1y < -oo <1y <F,

(&risens&r,) &= 7 =span{&, ..., & )

We say that such a simplex 7 has type Tmod = (71, ...,7p). The incidence structure can be under-
stood as follows: Two simplices have a common ¢-face if and only if they have ¢ equal coordinates.
The star st (1) of 7 = (&§,...,&,) is the minimal subcomplex of the Tits building containing
all chambers ((1, ..., () satisfying ¢, = &, for all i € {1,...,p}.
Since the opposition involution ¢ fixes each chamber point-wise, every face Tnoq of 0meq and
every type is t-invariant. Every two chambers (resp. faces of the same type) in Orjs X are antipodal

to each other unless they have a common face (resp. subface).
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EXAMPLE 4.2.2 (X = SL(k+1,R)/SO(k+1,R)). We take G = SL(k+1,R), K = SL(k+1,R);
the symmetric space X = G/K is identified with the set of all positive definite, symmetric matrices
in SL(k 4+ 1,R). In this case rank(X) = k and X is irreducible. The standard choice of a model
flat Fi0q is the subset of all diagonal matrices a = diag(aq, ..., ax+1) € SL(k + 1,R) with positive

diagonal entries. We identify the model flat with a via the logarithm map
log : a = diag(ay,...,ax+1) — (logay,...,logaks1)

where a is viewed as the hyperplane in R¥*! consisting of all points with zero sum of coordinates.

The Weyl group W = Sym,,,; acts on a by permuting the coordinates. The standard choice for
the model Weyl chamber A = a, consists of all the points in a with decreasing coordinate entries.
The Cartan projection'® p : SL(k+1,R) — a, can be written as g — log a where a is associated to
g via the singular value decomposition g = uav, u,v € SO(k+ 1,R). The logarithm of i-th singular

value of g, ;(g) (see (2.1)), will be denoted by u;(g),

1i(g) = logoi(g).

The opposition involution ¢ sends (g1, ..., tg+1) € 04 t0 (— gy, ..y —1)-
I3
l2
wa
3 A
w1
I
w3

FIGURE 4.2. The model maximal flat in X = SL(3,R)/SO(3,R)
(rank(X) = 2). The Weyl group W is generated by three reflections,
w1, wo,ws. A chosen model Weyl chamber A is shaded.

100y the A-valued distance in the sense that da (z, gz) = p(g).
31



The Tits building of X can be identified with the incidence geometry of flags in R¥*1. The

Fursternberg boundary consists of full flags
ViCoo C Vi =RFFL dim(V;) =i
The partial flags are

Vi Viy Cooe OV, C V= REL dim(V) =1,

p+1

1 <7 <--<rp<rpp1 = k+1, which are elements of Flag(7mod) where Toa = (71,...,7p).
The opposition involution sends Tyed t0 (Timod = (K + 1 —17p, ..., k+ 1 —1r1). It follows that 7,04
is t-invariant if and only if r; + rpy1—; = k + 1, for each ¢ = 1,...,p. The partial flag manifold
Flag(Tmod) consisting of all partial flags V' of type Tmoa = (r1,...,7p) naturally embeds into the
product of Grassmanians Gr,, (RFt1) x -+ x Gr,, (RFF1).

Suppose that Tmod = (r1,...,7p) is t-invariant. A pair V¥ € Flag(mneq) is antipodal (see

definition in page 33) if and only if V,F +V,~  =RF! for each i =1,...,p.

Tp+1—i
4.3. Parallel sets, cones, and diamonds

In this section, we describe certain convex subsets of X that generalize geodesics in the hyper-

bolic spaces in a meaningful way.

Regularity. Let I C R be a an interval containing zero. Recall that each (unit-speed para-
metrized) geodesic ¢ : I — X satisfying ¢(0) = y and ¢/(0) = v € S, X can be written as ¢(t) =
exp, (tv) where exp, : T,X — X is the exponential map. We often identify a geodesic ¢ with its
image and write it as yz where y is the initial point and z is the final point. One or both of the
endpoints y, z may lie in 0, X: If y, 2z € X, then we call yz a (geodesic) segment. If y € X and
z € 05X, then we call yz a (geodesic) ray starting at y and asymptotic to z. If y,z € J5 X, then
we call yz a (geodesic) line forward (resp. backward) asymptotic to z (resp. y). We use the word
“geodesic” to mean any of these. It is a fact that geodesics in a Hadamard manifolds are uniquely
determined (up to reparameterizations) by their end points.

Let ¢ be a geodesic in X and v(t) = ¢/(t) € Sc»yX. Under the identifications S X = 0o X

from the previous section, for all times ¢, v(t) represent the same boundary point!! &, in 0, X.

L This follows since for any time ¢1,t2, the geodesic flow moves v(t1) and v(t2) along the same orbit keeping the
distance fixed.
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We say that ¢ is forward asymptotic to £4. Similarly, we say that c is backward asymptotic to £_ if

&_ is represented by ¢/(—t), for any t. It is easy to see that ¢ C £_&; and

0(&+) = 0(¢-)

where 0 is the type map defined in the previous section.

Let Tmod € 0mod be a face. We recall our convention that 7,04 is t-invariant.

DEFINITION 4.3.1 (Regularity). A geodesic ¢ C X is called Tyoq-regular if 0(€4) € 08t (Tmod)
where £ € 0, X is the point such that ¢ is forward asymptotic to . Equivalently, ¢ is Tioq-
regular if £ € ost (Tmoq) Where £ € 05, X is the point such that ¢ is backward asymptotic to &_.

A pair of points (y, z) in X is called Tyy0q-regular if the segment yz is yoq-regular.

Parallel sets. Two points 7+ € Flag (7i04q) are called antipodal if there exists a Tyoq-regular
line ¢ C X such that ¢ is forward (resp. backward) asymptotic to 74+ (resp. 7_): lLe., there
exist {4 € st (74) such that c¢ is forward asymptotic to £ and backward asymptotic to £_. In

t12

general, any two points 71 € Flag (70q) are not = always antipodal. Given 7 € Flag (Timod), the set

C(1) = {7— € Flag (Tmod) : 7— is antipodal to 7} is an open Schubert stratum in the flag variety

Flag (Tmod) = G/PT

mod *

DEFINITION 4.3.2 (Parallel sets). Given antipodal points 7o+ € Flag(mmoq), the parallel set
P(r_,74) is the union of all lines ¢ C X such that ¢ is forward asymptotic to 7 and backward

asymptotic to 7_.

Parallel sets are totally geodesic (in particular, convex) submanifolds of X. For antipodal points

o+ € Flag (0moa), P(o_,04) is a maximal flat in X.

Cones and diamonds. The following convex sets were introduced in [KLP17].

DEFINITION 4.3.3 (Cones). Given y € X and 7 € Flag(mnod), the cone V(y, st (7)) is the union

of all rays starting at y and forward asymptotic to .

DEFINITION 4.3.4 (Diamonds). Let (y, 2) be a Tyeg-regular pair in X. The diamond $+,_,(y, 2)
is the set V(y,st (74)) NV (z,st (7—)) where 71 € Flag(mpoa) are the (unique) points such that yz
is forward (resp. backward) asymptotic to 74 (resp. 7_).

12p6p instance, if 7+ share a common face, then they are not antipodal.
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Cones and (hence) diamonds are closed, convex subsets of X. In fact, each lives in a unique'?

parallel set. The convexity property implies that cones are nested: V(z,st (7)) C V(y,st (7)) for

every z € V(y,st (1)).

st (7_) y Crmod (¥52) z st (11)

V(z,st(1_)) V (y,st(T4))

FI1GURE 4.3. Two opposite cones intersecting on a diamond.

Quantified regularity. The following more regular version of the above definitions will be
frequently used: Let Tyoq C 0mod be a face and let © C ost (Tmodq) be a nonempty t-invariant,
compact, Tmod- Weyl convez* subset. A geodesic ¢ C X is called O-regular if 0(¢,) € © (or,
equivalently, 6({_) € ©) where £+ € 0 X are the points such that ¢ is forward and backward
asymptotic to £&£. A pair of points (y,z) in X is called O-regular if the segment yz is ©-regular.
Given y € X and 7 € Flag(7imoq), the ©-cone V(y,sto(7)) is the union of all O-regular rays in
X starting at y and forward asymptotic to 7. Given a ©-regular pair (y, z) in X, the ©-diamond
Qoly, z) is the set V(y,ste(74)) NV (z,ste(7—)) where 74+ € Flag(7moq) are the (unique) points
such that yz is forward and backward asymptotic to 7. The ©-cones/diamonds are closed, convex
subset of X.

As a final remark, we note that parallel sets, cones, and diamonds in a rank-one symmetric

space are precisely the lines, rays, and segments, respectively.

Bsame type Tmod is understood

147 subset © of ost (Tmoa) is called Tmoa- Weyl convez if its symmetrization W, __,© is convex in amoq. Here W-,
is the stabilizer of Tmoda in W for W ™ @mod. This condition is needed for the desired convexity of ©@-cones/diamonds
defined next, see [KLP17, Prop. 2.10].

mod
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4.4. Definition and different characterizations of Anosov subgroups

In this section, we describe the notion of Anosov subgroups in detail. First, we recall Labourie’s
original definition. Although we never use this formulation in our thesis, we include this definition

as a historical motivation.

Original definition. In [Lab06], Labourie introduced the notion of Anosov representations
in terms of certain contraction/expansion properties of a flow.

A flow on a manifold NV is a continuous action of R on N by homeomorphisms, t — ¢; : N — N,
such that @9 = Idy and sy = @spy for all s,¢ € R. In other words, t — ¢ is a continuous
homomorphism from R to the group of homeomorphisms of N. A C* flow ¢; on a smooth
Riemannian manifold N is called Anosov if the following conditions are satisfied: The flow ¢; does

not have a fixed point in IV, and there is a p;-invariant splitting of TN,
TN =E°*® E*® E°,

where EY is is spanned by the vector field on N defined by the flow, and constants A, B > 0 such
that

(i) E® is uniformly contracting (stable subbundle): For any v € Ey, t € R,
e (v)]| < Ae™ o]

(ii) E* is uniformly expanding (unstable subbundle): For any v € E,, t € R,
ldpe(0)| > AP o).

By a celebrated theorem of Anosov, if N is a closed, negatively-curved manifold, then the
geodesic flow ¢; : SN — SN is a topologically transitive Anosov flow. In fact, among closed,
(locally) symmetric spaces M, the geodesic flow is Anosov iff rank(M) = 1 [Ebe73]. It is noted
that if N is compact, the Riemannian metric plays no special role in the Anosov condition, i.e., one
may replace the Riemannian metric with any continuous family of norms on T'N and the above
contraction/expansion properties are still satisfied with respect to these norms. In particular, the
Anosov property of the geodesic flow is a property for the flow itself.

In higher rank, one needs to replace the unit tangent bundle with an appropriate bundle to

define the notion of Anosov flow. This was Labourie’s original viewpoint. Let I' = 71 (N) where
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N is a closed, negatively-curved Riemannian manifold, and let p : I' = G be a representation. Let
M = SN and ¢; denotes the geodesic flow on M. The fundamental group I' of N acts on the
universal cover N by Deck transformations which lifts to an action I' ~ M := SN. Now, fix a
pair P; of opposite parabolic!® subgroups of G. With these data, we define an associated bundle
as follows:

Let F* := G/Py, and G ~ Ft x F~ be the action by left multiplication. This action has a
unique open G-orbit X C F™ x F~ which can be identified with G /(PN P-) (the space of opposite

flags). The associated bundle we are considering is
X, :=T\(M x X) — M,

where the action I' ~ M x X is understood as the diagonal action such that I' acts on M by Deck

transformations and I' acts on X via the representation p : I' = G. Moreover, the projection map
MxX— M

gives &), a structure of a flat bundle over M with fibers X’

Next, we discuss the Anosov condition: The geodesic flow ¢; on M lifts to a geodesic flow
p¢ on M which commutes with the action T' ~ M. From this, we obtain a flow 1[% on M x X ,
@t(m, x) := (¢¢(m), x). Using I'-invariance, vy induces a flow ¥, on X, and (X, 1) is a replacement
for the geodesic flow. Now, using the local product structure of X', T X splits as a pair of I'-invariant

subbundles, TX = ET & E~. Therefore, &, comes equipped with two distributions,
£ = x,
which are preserved by the flow ;.

DEFINITION 4.4.1 (Anosov representations). The representation p : I' — G is called a (P4, P_)-
Anosov representation if the bundle X, — M admits a section o : M — &), which is flat along the

+

flow lines of ¢; such that the (lifted) action of ¢; on ¢*E* is uniformly expanding/contracting.

A section 0 : M — &, is completely determined by a p-equivariant map o : M — X. The

flatness condition in the definition then simply means that 6(¢im) = 6(m), for all m € M and

I5For the moment, we do not impose the parabolic subgroups to be conjugate to its opposite.
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t € R. This, in fact, gives us I'-equivariant topological embedding
PN 2R\N — X C Ft x F~,

where 8(%)]:7 is 800]V X (%ON minus the diagonal. The contraction of the flow on the bundle c*&™
implies that the projection map &@N — FT factors through the projection &@N — 05N onto
the first factor. Similar is also true for the expanding bundle ¢*£~. This determines a pair of

I-equivariant Holder maps (boundary embedding)
£ : 0N — F*¥ = G/Py. (4.7)

Moreover, the uniform expansion/contraction in the above is measured with respect to a chosen
continuous family of norms on the fibers of the bundles ¢*£*. Again, since N is compact, this
choice plays no role.

In [GW12], Guichard and Weinhard extended Definition 4.4.1 for representation of any word-
hyperbolic group into G. In this setting, one needs to replace the geodesic flow (M, ¢;) in a suitable
way, and such a replacement is offered by the Gromov geodesic flow T of T'. See [GW12, Sec. 2] for
details. Apart from many other things discussed in this paper, they proved that Anosov condition
is an open condition: I.e., a small perturbation of an Anosov representation p : I' — G is again
Anosov.

P-Anosov representations. In Definition 4.4.1, when both Py and P_ are conjugate to P < G,
then we call a (P, P_)-Anosov representation simply by a P-Anosov representation. It turns
out that every (P4, P_)-Anosov representation is a P-Anosov representation for an appropria‘ce16
parabolic subgroup P < G which is conjugate to its opposite. Compare with [GW12, Lem. 3.18].
Moreover, if p : I' = G is a P-Anosov representation (where P is conjugate to its opposite), then
the boundary embeddings ¢* : 9,I' — G/P are equal'?, i.e., &t = ¢~. Hence, we obtain a single
map

€:0-I' = G/P.

16por instance, one can take P = P;
P_ is conjugate to P,

oa N Por 4 where Tmoa C 0mod is a face such that Py is conjugate to P, and
Tmoq- O€e Section 4.2.

1Ty fact, a stronger result holds for Zariski-dense Anosov representations, see [KLP17, Thm. 5.14].
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DEFINITION 4.4.2 (Limit set). For a P-Anosov subgroup I' < G, the (flag) limit set A(T") is the
image of &,

A(D) := £(8:T)  G/P.

The notion of “flag limit set” makes sense for more general class of discrete subgroups of G.
See Definition 4.4.5 below.

From now on, we abandon the discussion of Anosov subgroups a la Labourie since this will play
no role in the next two chapters. Instead, we use the following characterizations due to Kapovich,

Leeb, and Porti [KLP17, KLP18a,KL18b]. See [KL18a]| for a survey.

Morse subgroups. The Morse property in higher rank was introduced by Kapovich-Leeb-
Porti [KLP14]. Recall that a quasigeodesic in X is a quasiisometric embedding ¢ : I — X of an
interval I C R. We say that ¢ is mnoq-reqular quasigeodesic if for all sufficiently separated points
ti,to € I, the segment ¢(t1)d(t2) is Tmod-regular. We say that ¢ is a Tyeq-Morse quasigeodesic if it
is Tmoq-regular and for all sufficiently separated points t1,ts € I, the image ¢([t1,t2]) is uniformly
close to ¢r (P(t1), P(t2)).

Let Z be a geodesic Gromov-hyperbolic metric space'®. A quasiisometric map ¢ : Z — X is
called a Ty oq-Morse embedding if the image of every geodesic in Z is a Tyhoq-Morse quasigeodesic
with uniformly controlled coarse-geometric quantifiers: There exists a constant D > 0 and a ¢-
invariant, compact, Tym0q-Weyl convex subset © C o0st(T0q) such that if 2329 is a geodesic segment
in Z of length > D, then ¢(z1)¢(22) is a O-regular geodesic in X and the image ¢(z122) is D-close

to Or g (0(21), #(22)). See Footnote 14 in page 34 for the definition of 7,0q-Weyl convexity.

DEFINITION 4.4.3 (Timoq-Morse subgroups). Let I' < G be a discrete, finitely-generated subgroup
equipped with a word metric. Then, I' is called Ty,0q-Morse subgroup if ' is word-hyperbolic and,

for an(y) = € X, the orbit map I' — I'z is a 70q-Morse embedding.

RCA subgroups. We first define the notion of regular sequences in X. Let 704 be an ¢~
invariant face of opoq. Let V(0,0st(7Timod)) denote the union of all rays in A emanating from 0
asymptotic to points £ € 9st(Tmod). A sequence (z,,) on X diverging to infinity is 7y,0q-regular if for
all z € X, the sequence (da(z,%n)),cy in A diverges away from V'(0, dst(Tmoa)). A sequence (gn)
in G is Tyeg-regular if for some (equivalently, every) z € X, the sequence (g, (x)) is Tmoq-regular.

18966 Definition 6.3.2.
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DEFINITION 4.4.4 (Tyeq-regular subgroups). A discrete subgroup I' < G is Tyq-regular if for
some (equivalently, all) x € X and all sequences of distinct elements (7,,) in I', the sequence (vy,z)

iS Tmog-regular.

For every mpoq-regular subgroup I' < G, one can define the notion of flag limit set in the

following way: For x € X and A C X, define the shadow of A on Flag(mmod) from x as
S(x: A) = {7 € Flag(Tmoa) | ANV (z,st(1)) # 0}. (4.8)

Let (gn) be a Toq-regular sequence in G. A sequence (7,,) in Flag(mpoq) is called a shadow sequence
for (gn) if there exists x € X such that, for every n € N, 7, = S(x : {gnz}). A Tmoq-regular
sequence (gp) is said to be Tyod-flag-convergent to T € Flag(mmed) if a(ny) shadow sequence (7,) of

(gn) converges to 7.

DEFINITION 4.4.5 (Limit set). Let T' be a myoq-regular subgroup of G. The myoq-flag limit set
of I" denoted by A,__,(I') is the subset of Flag(7mod) which consists of all limit points of 7,0q-flag-

convergent sequences on I'.

The flag limit set A, _, is I'-invariant, closed subset of Flag(mmoq). Moreover, it provides a
compactification of the orbit I'v C X, i.e., Tz UA,__ (') is compact in the shadow topology. More
generally, one defines 7y,04-flag limit sets of a subset Z C X as the accumulation set in Flag(7imod)

of Tmog-regular sequences in Z with respect to the topology of flag-convergence.

DEFINITION 4.4.6 (Tymod-RA subgroups). A Tyoq-regular subgroup T is Teq-RAY if its limit

set A.__ (') is antipodal: Every two distinct elements of A, __ (') are antipodal to each other.

For Tinod-RA subgroups I, the action I' ~ A (T') is a convergence action (see [KLP14, Prop.
5.38]). A Tmod-RA subgroup I' is called nonelementary if A, _ (') consists of at least three (hence
infinitely many) points; otherwise I' is called elementary. If T' is nonelementary then the action
' ~ A, () is minimal: Every orbit of T is dense, and A,__,(T) is perfect.?’

We note that when rank(G) is one, then the above condition of being 7,04-RA is vacuously

satisfied by all discrete subgroups of G.

19R A stands for regular and antipodal
20This follows from a general result for convergence actions by Gehring-Martin [GM87] and Tukia [Tuk94]. See
also [KLP14, Subsec. 3.2] or [KLP17, Subsec. 3.3].
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Finally, we define the notion of conicality: For a myoq-regular subgroup I', a limit point 7 €
A . (I') is a conical limit point if there exists x € X, ¢ > 0 and a sequence (7, of pairwise distinct
elements of I' such that

d(ypz, V(z,st(1))) < e

The set of all conical limit points is denoted by A" (I).

DEFINITION 4.4.7 (Tmod-RC subgroups). A 7,04-regular subgroup I' < G is called 7,0q-RC? if

Aroa (D) = AR (T), ie., every limit point of I is a conical limit point.

When G has rank one, then the conicality condition is precisely satisfied by the convex-
cocompact subgroups of G.

Finally,

DEFINITION 4.4.8 (Timoq-RCA subgroups). A discrete subgroup I' < G is called 7y,0q-RCA if T’
iS Tmod-RA and 71,04-RC.

URU subgroups. A 1y0q-regular sequence () is called uniformly mmeq-regular if the follow-
ing holds: Consider the sequence (da(x,n)),cy in A. Then, the sequence (z,) is called uniformly
Tmod-Tegular if (da(z,zy)), ey diverges away from V(0, 0st(7u0q)) With a linear rate, i.e.,

L inf TE (da(x, x2), V(0,85t(Timod)))

> 0.
n—00 d(0,da(z,xy))

In the above, di denotes the euclidean distance on A. Accordingly, a sequence (g,,) in G is uniformly

Tmod-regular if for some (equivalently, every) x € X, the sequence (g, (x)) is uniformly 7y,04-regular.

DEFINITION 4.4.9 (Uniformly 7,0q-regular subgroups). A discrete subgroup I' < G is uniformly
Tmod -Tegular if for some (equivalently, all) x € X and all sequences of distinct elements () in T,

the sequence (7y,x) is uniformly 7,0q-regular.

We note that again when rank(G) is one, then the above definition is vacuously satisfied by all

discrete subgroups of G.

DEFINITION 4.4.10 (Undistorted). A finitely generated subgroup I' < G (equipped with the
word metric) is said to be undistorted if one (equivalently, every) orbit map I' — 'z C X is a
quasiisometric embedding.

2IRC stands for regular and conical
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Again, when rank(G) is one, then the discrete subgroups which are undistorted are precisely
the convex-cocompact subgroups of G.

Finally,

DEFINITION 4.4.11 (7Ty04-URU subgroups). A subgroup I' < G is said to be Ty,04-URU if it is

both 70q-uniformly regular and undistorted.

Equivalent characterizations of Anosov subgroups. Let 7,09 be a t-invariant face of

Omod and let P be a parabolic subgroup of G conjugate to P, _,.

EQUIVALENCE THEOREM 4.4.12 (Kapovich-Leeb-Porti [KLP17, Thm. 1.1]). The following

classes of nonelementary discrete subgroups of G are equal:

(i) P-Anosov, () Tmoa-Morse,
(i) Tmod-RCA, (iv) Tmoa-URU.

As a final remark, we note that, for an Anosov subgroup I', the two definitions of limit sets

(Definitions 4.4.2 & 4.4.5) agree with each other.

Examples. We discuss some examples of Anosov subgroups in the higher rank. Note that, few
rank-one examples were discussed in Chapter 3.
The following are two interesting classes of examples of Anosov subgroups; both of these arise

as representations of surface groups I' into some Lie groups G:

(1) Hitchin representations: In his seminal paper [Hit92], Hitchin studied the character vari-
ety
Rep(T', PSL(n,R)) := Hom(I', PSL(n,R))/PSL(n,R), n > 2,

where ¥, is a surface of genus g > 2. Using Higgs bundle techniques, he proved that a
distinguished component (or two isomorphic ones, when n is even) of Rep(I', PSL(n,R))
is homeomorphic to the euclidean space of dimension (2g — 2)(n? — 1). Labourie [Lab06]
introduced the term Hitchin component for this special component. He proved that each
element of this component is Pin-Anosov, where Py, is a minimal parabolic subgroup of
PSL(n,R).

(2) Mazimal representations: These representations were introduced in [BIW10]. Let G be

a semisimple Lie group of Hermitian type, i.e., the symmetric space X = G/K admits a
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G-invariant complex structure. In Chapter 3, we encountered such examples, namely, the
complex-hyperbolic n-space, the symmetric space of SU(n,1). Some other examples are
given by symmetric spaces of G = SU(p, q), Sp(2n,R), and the products of such spaces,
etc.

Now, let p : I' — G be a representation, where I' is again the fundamental group of a
compact surface ¥.. When G = SU(n, 1), Toledo [Tol89] assigned a number ¢(p) to p which
is an invariant, meaning, that it does not change under continuous deformations of p. In
fact, we also briefly encountered this number in Chapter 3 (see Proposition 3.4.2). The
paper [BIW10] generalized the notion of Toledo invariant for representations p : I' = G
into arbitrary Lie groups G of Hermitian type. They proved that |c(p)| < |x(2)] - rank(G).
A representation p : I' = G is called mazimal if it has the maximal value for the Toledo
invariant, i.e., |c(p)| = |x(¥)| - rank(G). The authors further gave a characterization of
maximal representations in terms of equivariant boundary maps.

In [BILWO05], it was proven that, when G = Sp(2n,R), then maximal representations

p: ' — G are P-Anosov for a specific maximal parabolic subgroup P < G.

Another interesting class of examples of Anosov subgroups are given by Morse-Schottky sub-
groups, see Theorem 2.2.5. Furthermore, in Section 6.9, we discuss other examples of Anosov
subgroup of G = PSL(2,R) x PSL(2,R).

In fact, one obtains many examples of Anosov representations from the known ones: For exam-
ple, if G has rank-one and ¢ : G — G’ is a monomorphism induced by a totally geodesic embedding
of symmetric spaces X — X', where X' is the symmetric space of G’, and I' < G is an Anosov
subgroup of G, then (") is a P’-Anosov subgroup of G, for a suitable parabolic subgroup P’ < G'.
Our combination theorem (Theorem 2.2.4) provides another way to construct Anosov subgroups

using known ones.
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CHAPTER 5

A combination theorem for Anosov subgroups

This chapter is based on [DKL19]. We continue with the terminology introduced in Section
2.2.

The goal of this chapter is to prove

THEOREM 2.2.4 (Combination theorem). LetI'y,..., T, be pairwise antipodal, residually finite!
P-Anosov subgroups of G. Then there exist finite index subgroups I'; of T';, for i = 1,...,n,
such that the subgroup (I'},...,T) generated by I'},... T}

n in G is P-Anosov, and is naturally

isomorphic to the free product T % -« T'.

Although we have stated this theorem in the language of Anosov representations, we do not use

it in our proof. Instead, we use the language of Morse subgroups to prove the following statement.

THEOREM 5.0.1. Let I'y,..., 'y be pairwise antipodal, residually finite Tmoq-Morse subgroups
of G. Then, there exist finite index subgroups I'; < T';, for i =1,...,n, such that (I',...,T.) is

Tmod-Morse, and is naturally isomorphic to T} % -+ x ',

Organization of this chapter. In Section 5.1, we prove several estimates on {-angles which
will provide crucial ingredients for construction of Morse embeddings in the proof of Theorem
5.0.1. In Section 5.2, we discuss more about the Morse condition. In this section, we introduce the
replacement lemma (Theorem 5.2.11 and a generalized version Theorem 5.2.13) which is another
important ingredient in the proof of our main result. Finally, in Section 5.3, we prove Theorem

5.0.1.

5.1. Visual angle estimates

The key result in this section is Proposition 5.1.9 which will be used in the proof of Theorem
5.0.1 to construct Morse quasigeodesics (see Definition 5.2.3). In the first section, we first obtain
some weaker results which would lead to the estimates in Proposition 5.1.9 in the later section.

11t suffices to assume that each T'; has trivial intersection with the center of G. See also the remark following Theorem
5.0.1.
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In what follows, we always denote by Tyoq an t-invariant face of the model chamber op,0q.
The sets denoted by ©,0' etc. will always be t-invariant, compact, Toq-Weyl convex subset of

08t (Tmod)- BY &mod We denote an t-invariant point in the interior of 7p,04.

Small visual angles I. Define the space of antipodal simplices

X = (Flag (Tmod) X Flag (Tmoa))™® C Flag (Tmod) X Flag (Timod)

open

which consists of all pairs of antipodal simplices of Flag (7i,04). This space has a transitive G-action
which makes it a homogeneous G-space. The point stabilizer H of this action is the intersection of
two opposite parabolic subgroups of G.

Throughout in this section = will be a fixed point of X. For a point w = (74,7-) € X, let P(w)

denote the parallel set P(7;,7_). We define a function d3’ : X — Rx¢ by
dgP? (w) = d (z, P(w)) -

PROPOSITION 5.1.1. The function dg* is continuous.

PROOF. The proof is the same as of Lemma 2.21 of [KLP17]. Fix a point wg € X. From the

fiber bundle theory, we have a fibration
eV
H—G—— X,

where H denotes the point stabilizer of the transitive G action, and ev,, denotes the evaluation
map evy,(g) = g - wo. See [Ste99, Sections 7.4, 7.5]. For any w € X, there exists a neighborhood

U such that ev,,, has a local section o over U,
o:U—=G, evyoo=Idy.

It suffices to show that dg"® is continuous on such neighborhoods U.
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Define a function d’ : X x X — R>¢ by d'(z,w) = d3""(w). Note that the action of G on X x X
given by g(z,w) = (g, gw) leaves d’ invariant. Therefore, on U,
AP (w) = d'(z,w)
=d(z,0(w)wy) = d'(c(w) Lz, w)
— @ (@) = (o), Plan)),

where the last function is continuous on U. Therefore, do’® is continuous on U. O

DEFINITION 5.1.2 (Antipodal subsets). A pair of subsets A1, Ag of Flag (Tmod) is called antipo-

dal, if any simplex 71 € A; is antipodal® to any simplex 7 € Ay and vice versa.

Let A; and Ag be a pair of compact, antipodal subsets of Flag (Ty0q4). Then, A; x Ay is a
compact subset of X.

Proposition 5.1.1 implies:

COROLLARY 5.1.3. Let Ay and Ay be compact, antipodal subsets of Flag (Tmod). If A1 and Asg

are antipodal, then, for any point x € X, there is a number D = D(Ay, Ao, z) such that
d(z,P(Tl,Tz)) <D, Vr €A,V € As.

PROPOSITION 5.1.4. Let A1,Ay C Flag (1mod) be compact, antipodal subsets. There exists a
function f = f(A1,A9,z) : [0,00) — [0,7] satisfying f(R) — 0 as R — oo such that for any

T1 € A1, T2 € Ao, and for any z1 € x&.,, 22 € x&., satisfying d(z1,x),d(z2,x) > R, we have
aq :Zzl(xsz) Sf(R)’ a2 :ZZQ(xvzl) Sf(R)

NOTATION. Throughout, we use the following notation for angles: For z € X and y,z €

X U0 X,
Z.(y, z) := angle formed at x between the geodesics zy and xz € [0, 7].

Moreover, when 1, ( € 05X, then the Tits angle is defined by

lTitS(na g) -= Sup 41(777 C) (51)
zeX

2See Section 4.3 for the definition of antipodal simplices.
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PROOF OF PROPOSITION 5.1.4. Let € P(11,72) be the point closest to x. Recall that we
denote the Cartan involution about a point y € X by s,. Note that sz preserves P(r1,72). Since
71 and 75 are antipodal, sz(71) = 7o. Hence /5(1,m) = T, i.e. s3(&r) = &ry. Let ¢ (—00,00) —
P(71,72), ¢(0) = Z, be the biinfinite geodesic passing through z and asymptotic to ¢(+o0) = &, and
c(—o0) =&, For i =1,2, let ¢; : [0,00) — X be the geodesic ray z&;, (see Figure 5.1(a)). Since
the functions d(c(t),c1(t)) and d(c(—t), c2(t)) are bounded convex functions, they are decreasing

with maximum at ¢ = 0. Therefore,
d(C(t), Cl(t)) < D) d(C(—t), 62(t)) < D> vVt € [07 OO), (52)

where D > 0 is a number as in Corollary 5.1.3.

FiGuRrE 5.1

For R > 0, let ¢i1(t1) = 21 € z&;, and ca(ta) = 22 € x&, be any points satisfying t; =
d(z1,z) > R and t9 = d(z2,z) > R. By (5.2), the Hausdorff distance between the segments z;z2

and c¢(t1)c(—t2) is bounded above by D. Combining with d(z,Z) < D we obtain
d(x,z122) < 2D. (5.3)

Let 2/ be the point on 2129 nearest to x. When R > 2D + 1, 2/ is in the interior of z1zs.
Consider geodesic triangles A1 = A(z,2,21) and Ay = A(z, 2, 29); the angle of Ay and Ag at
the vertex 2’ is /2. Let oy = £, (z,2') = £, (2, 22) and ag = Z,,(x,2") = Z,,(z, z1) (see Figure
5.1(b)). Let A1 and A, be the Euclidean comparison triangles of A; and As, respectively; we

denote the corresponding vertices of A and As by the same symbols. In the triangles A1, Ao,
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since the angles at the vertex z’ are at least 7/2, we have

/ 2D
&; < sin~! <m > < sin~1 <> . i=1,2,
Tz R

where &; denotes the angle corresponding to «;. The second inequality in above comes from (5.3).

Since the triangles /A1 and Ay are thinner than the triangles A; and Ag, respectively, we have

a; < @&;. Therefore, when R > 2D + 1, f(R) can be given by the following formula:
2D
R)=sin"! | = ).
f(R) =sin ( 7 )

The domain of f can be extended to R < 2D + 1 continuously. However, the continuity of f is

irrelevant; we can simply set f(R) = for R < 2D + 1. O

For the next result, we first need to review the notion of £-angles. Let Tyoq be a t-invariant
face of oy,0q4. For every such face we pick one and for all a fixed point £ = &,,04 of ¢ in the interior

of Tmod. Then, for every simplex 7 in Orys X of type Tmod, we define a point &, € 7 by

{gT} = 9_1(£mod) nr.

For a type (face) Tiod of omoq and a point z € X, we define the {-angle between two simplices

71 and 7o of type Tmoq With respect to x by

4:55(7—17 7—2) = 4:}0(57‘1757’2)'

Given Tyeg-regular segments xy, xy2 in X, we define the £-angle

28 (y1, ) 1= 25(11, ),

where y; € V(z,st (;)),i = 1,2.

Now we give a &-angle version of the proposition above which will be useful in the next section.

PROPOSITION 5.1.5. Let A1,Ay C Flag(Tmoa) be compact antipodal subsets. Given © C
08t (Tmod) containing &moa in its interior, there exists Ry = Ro(x, A1, A2, ©,&) such that for any
T1 € A1, 2 € Ao, and for any z1 € x&.,, 22 € &y, salisfying d(z1,x),d(z2,x) > Ry, the segment
z129 1s O-reqular.

Moreover, there ezists a function fo = fo(x,A1,A2,§) : [0,00) — [0,7] satisfying fo(R) — 0

as R — oo such that for any 71 € Ay, 70 € Ag, and for any z1 € &, 22 € x&., satisfying
47



d(z1,2),d(z2,2) > R > Ry, we have
4§1(x,zz),4§2(m,zl) < fo(R).

PROOF. Let a@ = min{Zyts(§,¢) : ¢ € 90} > 0. Here Zpjs denotes the Tits angle, see (5.1).

Using the triangle inequality for the A-valued distances (Theorem 4.1.4), we get
lda(z, 21) = da(z1, z1) || < d(z,21),
for any point x; € X. Specializing to 1 = 2/, the point on z129 closest to x, we obtain
|da(z,z1) — da(2’,z1)|| < 2D.

Then z'2; is O-regular when xz1 has length > 2D/ sin . Therefore, the constant Ry can be given

by

(5.4)

This proves first part of the proposition.
For the second part, let (), be a nested sequence of t-invariant, compact, Tmeq-Weyl convex
subsets of ost (Tmod) such that & is an interior point of each Oy, and (7~ O, = {{}. Let a,, be

the Tits-distance from £ to the boundary of ©,,
an = min {Zits(€,¢) : ¢ € 90, } > 0.

Clearly, (o), ey is a strictly decreasing sequence converging to zero. This implies that Ro(©y)
is strictly increasing which diverges to infinity, where Ry is as in (5.4). If Ro(©,) < d(z,z1) <

Ry(©,41), then the first part of the proposition implies that 2921 is ©,,-regular, which then implies

28 (2, 21) < ZLay(x,21) + Zo(€, da (22, 21))
< f(R) + oy,

where the function f is as in Proposition 5.1.4. Therefore, when Ry(©,) < R < Ry(©p+1), we may
define

fo(R) = f(R) + an.

As in the case of f in Proposition 5.1.4, continuity of fj is irrelevant. O
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Small visual angles II. The ©-cones (over a fixed simplex 7 € Flag (Tmod)) vary continuously
with their tips. Here, the topology on the set of ©-cones over a fixed simplex 7 is given by their

Hausdorff distances. Precisely, we have,

THEOREM 5.1.6 (Uniform continuity of O-cones, [KLP14]). The Hausdorff distance between

two O©-cones over a fized T € Flag (Tmod) s bounded by the distance between their tips,
dHaus (V(.%’, sto (7—))1 V(j> ste (T))) < d(.%', f)

Moreover, for diamonds, one also has the following form of uniform continuity. This will be

useful here, especially in the discussion of replacements in Section 5.2.

THEOREM 5.1.7 (Uniform continuity of diamonds). Given any ©' with int (©') D O, and any
d > 0, there exists ¢ = ¢(©,0',0) such that for all ©-reqular segments xy and x'y’ with d(x,z") <6,
d(y,y") <0, we have
Qo (x,y) C Ne (Qeor (2/,9)) .

PrOOF. We will prove this theorem as a corollary of [KLP18b, Theorem 5.16]: For every
(0, B)-regular (L, A)-quasigeodesic ¢ : [a—,ay] — X and points 24+ € X within distance < B from

¢(a+), the image of ¢ is contained in the D(L, A, ©, B)-neighborhood of the diamond $~,_, (z—,z4).

REMARK. Using the hard theorem [KLP18b, Theorem 5.16] in order to prove Theorem 5.1.7
is an overkill, but it is quicker than a direct argument. We refer the reader to Section 5.2 for the

definition of (0, B)-regular quasigeodesics.

By appealing to the triangle inequality for the A-valued distances (Theorem 4.1.4), one gets a
slightly more precise statement, namely, there exists D(L, A, ©,©’, B) such that the image of q is
contained in the D(L, A, ©,©’, B)-neighborhood of the diamond $gr (z—,z4).

We observe that for every point z € $g (z,y) the broken geodesic segment

Tz * 2y
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is (L, 0)-quasigeodesic for some L = L(0©), and is (0, 0)-regular. Hence, according to the above
sharpening of [KLP18b, Theorem 5.16], the point z belongs to the ¢ = D(L,0,0,©’, §)-neighbor-
hood of the diamond ¢ (2',y), provided that

d(z,z") < 6,d(y,y') < 0.

Thus,
Oe (z,y) C Ne (Cor (¢,9)) - O

The following lemma will be useful.

LEMMA 5.1.8. Let ©,0" C ost (Tmod) be compact subsets such that © is contained in the in-
terior of ©', and let zy C X be a O-reqular geodesic. Also, let x',y € X points which satisfy
d(z,z"),d(y,y") < D for some D > 0. If d(z,y) > 2D/ sin«, where a = Zris(0,00") < w/2, then

'y’ is ©'-regular.

PROOF. Let xy C x€ where £ is a ©-regular ideal point. Let y” be a point on 2’€ which satisfies
d(z,y) = d(2',y"). Then, d(y,y") < d(xz,z') < D, where the first inequality comes from the fact
that d(z(t),2'(t)) is a non-increasing function, x(t),2’(t) being unit speed parameterizations of
x&, '€, respectively. Hence, d(y',y") < d(y,y) + d(y,y") < 2D.

The triangle inequality for the A-valued distances (Theorem 4.1.4) implies
lda(z’,y") —da(z’,y")|| < d(y',y") < 2D.
Since da(2',y") is ©-regular, da(2',y’) is ©'-regular whenever
Z(da(a,y),dale’,y") < a

which happens whenever d(z’,y") > 2D/ sin . O

Now we turn to the main estimate in this section.

PROPOSITION 5.1.9 (Uniformly small visual angles). Let A1, Ay C Flag (7mod) be compact, an-
tipodal sets, and let ©' be a subset of ost (Tymoed) containing © in its interior. Let y1 € V(z,stg (11))
and yy € V(z,ste (12)) be any points, where 71 € A1 and 7o € Aoy are any simplices. Then,

(1) There exists a constant Ry = Ry(xz, A1, A2, ©',0) such that y1ys is ©'-regular if d(x,y;) >

Ry.
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(2) There exists a function fi = fi(z,A1,A2,0',0,&) : [0,00) — [0, 7] satisfying

R—o0

such that if d(x,y;) > R > Ry, then

451(1:7?/2)’Z§2($7y1) S fl(R) (55)

PRrROOF. For part 1, we take an approach similar to the one given in the proof of Proposition
5.1.5. Let & be the nearest point projection of x into the parallel set P(71,72), and for each
i = 1,2 let y; denote the nearest point projection of y; into V(Z,ste (7;)) C P(71,72). Let a =
Lrits(0,00) > 0, and o = Lris(0, 9st (Timod)) > «. Finally, let D = D(Aq, Ag, z) be the constant
given by Corollary 5.1.3.

Since d(x,Z) < D, we combine this with Theorem 5.1.6 to get
Then, using the triangle inequality for A-valued distances (Theorem 4.1.4), we deduce

llda(y1, y2) — da(y1, 52) || < |[da(yi,y2) — da(y, y2)|| + [|[da(G1,y2) — da(y1, y2)|]
<d(y1,y1) + d(y2,92) < 2D.

Since 7172 is O-regular, y1y, is ©’-regular whenever y;y2 has length > 2D/ sin . See Lemma 5.1.8.

Moreover,
d(y1,y2) > d(y1,92) — 2D
> d(;, z) sina’ — 2D
> (d(y;,x) —2D)sina — 2D
= d(yi, ) sina — 2D(1 + sin @),

where the second inequality comes from triangle comparisons (note that Zz(71,92) > o because
U1, U2 are in different ©-cones with tip Z), and the third inequality follows from (5.6), d(z,z) < D,

m/2 > o' > « and the polygon inequality. Using (5.7), we obtain: d(y1,y2) > 2D/ sin o whenever
/ polyg quality. g : Y1,y
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d(x,y1) or d(z,y2) is greater than 2D(1/sin® a + 1/sina + 1). We may set

1 1
R1—2D<1+, + 5 >

sina  sin“«

This proves part 1.
To prove part 2 we need the following lemmas.

Recall that s, : X — X denotes the Cartan involution of X fixing x.

LEMMA 5.1.10. Let 7,7 € Flag (tmod) be a pair of simplices, let x € X be any point, and let
y € V(z,sto (sg7)) be a point satisfying d(x,y) > 1. For sufficiently small €, € < €9(&mod), we have:
If Z8(7,7') <€, then
45(7’, ) < €(0,1)

with €(©,1) = 0 as | — oo.

PROOF. Let & €7, & € 5,7, & € 7/ be &nog-regular points. Then
L(rr)<e = L(&,8) <e = L6 &) >m—c

Using [KLP14, Lemma 2.44(ii)], there exists a function €'(©, 1) satisfying lim;_, € (0,1) = 0 such
that
Zy(é—afl) > 6,(97 l)

Then,
L5(m, 1) = Ly(€4,8) =7 — £y(6-,€) < €(0,1). O

In the following, ©” will denote an auxiliary subset of ost (Tmod) such that int (") D ©. Let
o = /11O, 06").

LEMMA 5.1.11. Let 7 € Flag (mmod) be any simplezr, and y € V(x,ste (7)) be any point. If

z € z&; 1s any point such that d(z,y)sina” > d(z, 2), then
Yy S V(Z,St@)// (7’))

PROOF. Let F be a maximal flat asymptotic to 7 containing z and y, and let 3/ be the nearest

point projection of y into x&,. Since & € Tyoq, the Tits distance from £ to any point in © is bounded
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above by 7/2 — ¢(0) where €(©) > 0. Then, the distance from z to 3’ is comparable to d(z,y), i.e.
d(z,y) cos(0) = d(z,y'), 0= Za(y,y) <7/2—€(O).

Notice that 0 < o’ < 0+ o” < 7/2 — ¢(©"). For any point 2’ € xy/, y € V(2/,ster (7)) whenever
d(y,y’) < d(Z,y') tan( + ).
Let 2’ € zy’ be a point which satisfies d(y,y’) = d(z,y') tan(d + o). In that case,

d(xv z/) = d(.’L‘, y/) - d('z/a y/)
=d(z,y) cosf — d(y,y) cot(8 + ')

= d(z,y) cos — d(x,y)sin 0 cot(d + o)

sin '

— d(z.y)—
() sin(6 + o)

> d(z,y)sina”.

Moreover, if z € x&; is the point satisfying d(z,z) = d(x,y)sina”, then 2’ € V(z,stgr (7)), and

from convexity of cones, y € V(z,stgr (7)). g

LEMMA 5.1.12. There exists a function f{(z,A1,A2,0,§) :[0,00) — [0, 7] satisfying fi(R) — 0
as R — oo such that the following holds: For 71 € Ay, let y1 € V(x,ste (11)) be any point. If
d(%?/l) > R; then

max 25, (¢,73) < f{(R).

PROOF. Let o = Z1iyts(©,00") as defined above, where ©” is some auxiliary subset of

08t (Tmod ). Using Lemma 5.1.11, if z; € x&;, satisfies d(z,z1) = d(z,y;)sina”, then we have

y1 € V(z1,ster (11)). See Figure 5.2. Letting d(z, z2) — oo in Proposition 5.1.5, we get

28 (so(1),72) = £8, (2, m) < fo(Rsina”), VYr € Ao.

When R is sufficiently large, R > Ra(z, A1, A2, &), then fo(Rsina) < €y(&mod), Where €g(Emod)

is as in Lemma 5.1.10. Moreover, since d(y1, 21) > R(1 — sina”), Lemma 5.1.10 implies that

43511 (r,12) = Lgl(sx(ﬁ), ) < €(0",R(1 —sind”)), Vr € As.
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So, we may define
(0" R(1 —sina” if R> Ry
I ) | .

m, otherwise

Now we are ready to prove the estimate (5.5). We first observe that the only property of the
point x € X we have used to estimate the functions f in Proposition 5.1.4, Ry and fj in Proposition

5.1.5 and subsequently f] in Lemma 5.1.12 is that
d(w,P(Tl,Tz))SD, VT1€A1,VTQEA2.

All these estimates for x work for any other point z; satisfying this inequality with the same number
D. Moreover, all these estimates work if we replace A1 or As by their proper subsets. In particular,
we may replace Ay by any of its singleton subsets {72}, or replace x by a point y2 € V(x, stg (12)).

Here we use the fact that for a fixed 7 and a point yo in V(z,ste (72)),
d(ya, P(11,72)) < d(x, P(m1,72)) < D, V11 € Aj.

Therefore, the same estimate fi(x, A1, Ag,§) works when = and Ag (elsewhere) in Lemma 5.1.12

are replaced by ys and {72}, respectively. Precisely, whenever y;ys is a ©’-regular,

25 (y2,72) < f1(d(y1,12)), (5.8)

where fi = fi(x,A1,A2,0',¢). ©'-regularity of y1y2 is also guaranteed whenever, for i = 1,2,
d(mv yl) > R1($a Al) A2a @,a 6)
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Therefore, if R > Ri(x,A1,A2,0',0) and d(z,y1),d(z,y2) > R, we can use Lemma 5.1.12,
(5.7) and (5.8) to get

4?51 (377312) < 451 (3;77-2) + 451 (y277'2)
< fl(R) + f{(Rsina — 2D(1 + sin))

< 2f](Rsina —4D),

where a = Zmy45(0, 00').

This completes the proof of part 2. O

5.2. Morse condition

In this section, we discuss Morse quasigeodesics, Morse embeddings and Morse subgroups and
their various properties in more detail (cf. page 38). These notions were introduced in [KLP14],
and it was proved that the notions of Morse subgroups and Anosov subgroups are equivalent
(Equivalence Theorem 4.4.12).

The main technical result in this section is the replacement lemma (see Theorems 5.2.11 and

5.2.13). This will be an important ingredient in the proof of Theorem 5.0.1.

Stability of quasigeodesics. Recall that a quasigeodesic in a metric space (Y, dy) is a quasi-
isometric embedding of an interval I C R into Y. Quantitively speaking, an (L, A)-quasigeodesic

in Y is a map, not necessarily continuous, v : I — Y which satisfies
L7a — bl — A < dy (+(a),7(b)) < Lla—b] + 4,

where dy is the metric of Y. When Y is assumed to be a geodesic d-hyperbolic space, the Morse
lemma, proven for these spaces by Gromov [Gro87, Proposition 7.2.A], establishes stability of
quasigeodesics. Precisely, an (L, A)-quasigeodesic in a d-hyperbolic space stays within a uniform
neighborhood of a geodesic; the radius H of this neighborhood solely depends on the given param-
eters, namely L, A and §,

H = L?(A1 A+ Ay)),

where A; and Ay are universal constants, see [Shc13,GS19]. The stability of quasigeodesics can
also be stated without referring to geodesics: An (L, A)-quasigeodesic path is stable if the image of

any (L', A’)-quasigeodesic with the same endpoints is uniformly close to the original path. Thus,
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any uniform quasigeodesic in a §-hyperbolic space is stable. Morse lemma is a vital ingredient to
prove the invariance of hyperbolicity under quasiisometries, see [DK18, Corollary 11.43].

One of the major differences between the coarse geometric nature of CAT(0) (or non-positively
curved) and d-hyperbolic spaces is that the quasigeodesics in CAT(0) spaces can be unstable, and
thus the most naive generalization of the Morse lemma fails in the CAT(0) settings, already for
the Euclidean plane. Some versions of the Morse lemma are known for CAT(0) spaces; in [Sull4]
it has been shown that a quasigeodesic is stable if and only if it is strongly contracting. However,
this class of quasigeodesics is too restrictive in the context of symmetric spaces.

Nevertheless, according to the main theorem of [KLP18b], an analogue of the Morse lemma
holds for Tyeg-regular quasigeodesics, with diamonds (or, cones, or parallel sets) replacing geodesic
segments (rays, complete geodesics).

The letters B, D which appear bellow are non-negative numbers.

DEFINITION 5.2.1 (Regular quasigeodesics). A pair of points in X is called ©-regular if the
geodesic segment connecting them is ©-regular. An (L, A)-quasigeodesic v : I — X is called

(©, B)-regular if for all ty,ty € I, |t; — ta] > B implies that (y(¢1),v(t2)) is ©-regular.

In [KLP18b, Theorem 5.17], it is shown that (finite) regular quasigeodesics are special in the
sense that they live close to the diamonds. This gives a higher rank generalization of the Morse

lemma for hyperbolic spaces. We state this result in the next theorem.

MORSE LEMMA 5.2.2. [Kapovich-Leeb-Porti [KLP18b]] Let v : [a,b] — X be a (©, B)-regular
(L, A)-quasigeodesic. There exists a constant D = D(L, A,©,0', B, X) > 0 such that the image of
v is contained in the D-neighborhood of a diamond {er(x1, x2) with tips satisfying d(y(a),z1) < D,
d(y(b),z2) < D.

Now we review the notion of Morse quasigeodesics.

DEFINITION 5.2.3 (Morse quasigeodesics, [KLP14]). A (finite, semiinfinite, or biinfinite) (L, A)-
quasigeodesic v : [ — X is called a (L, A, 0, D)-Morse quasigeodesic if for all t1,ty € I, the image
~v([t1,t2]) is D-close to a ©-diamond {$g(x1,x2) with tips satisfying d(z;,v(t;)) < D, for i = 1,2.

REMARK. (1) Inlight of this definition, the Morse lemma 5.2.2 is equivalent to saying that
the uniformly reqular uniform quasigeodesics are uniformly Morse. Conversely, uniformly

Morse quasigeodesics are also uniformly regular.
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(2) Note that it is not in general true that for an (L, A, ©, D)-Morse quasigeodesic v, the
segment y(t1)7y(t2) iS Tmod-regular. However, when ty — ¢ is uniformly large, ~v(¢1)v(t2)
becomes uniformly 7,0q-regular, and in this case one can say that ~y([t1,t2]) lies in a
uniform neighborhood of $egr (v(t1),v(t2)) for any subset ©" C ost (Tmoq) containing © in

its interior (cf. Theorem 5.1.7).

Straight sequences. We review some important tools for constructing Morse quasigeodesics.

Let ©, ©' be t-invariant, compact, T,0q-Weyl convex subsets of ost (7i0q) such that
int (9/) D 6.

DEFINITION 5.2.4 (Straight-spaced sequences, [KLP14]). Let ¢ > 0 be a number. A (finite,
infinite, or biinfinite) sequence (z,,) is called (O, €)-straight if, for each n, the segments ,x,+ are
O-regular and

28 (Tp—1,Tpy1) > T — €

Tn

Moreover, (x,,) is called I-spaced if d(xy, xn1) > 1 for all n.

DEFINITION 5.2.5 (Morse sequence). A sequence (z,) is called (O, D)-Morse if the piecewise
geodesic path formed by connecting consecutive points by geodesic segments is a (©, D)-Morse

quasigeodesic.

THEOREM 5.2.6 (Morse lemma for straight spaced sequences, [KLP14]). For ©,0', D, there
exists l,e such that any (©,€)-straight l-spaced sequence (x,) in X is D-close to a parallel set

P(14,7-) of type Tmod. Moreover, the nearest point projection Ty, of x, on P(Ty,T_) satisfies
Tptm € V(i‘n,st@/ (Ti)), VYm € N.

Furthermore, the sequence (x,,) is a uniform Morse sequence with parameters depending only on

the given data ©,0’, D.

Replacements. Here we define an alternative notion of stability of quasigeodesics, namely
that the Morse property is stable under replacements. See Theorem 5.2.11, and its generalized
version Theorem 5.2.13.

We first develop an important tool which will be needed in the proof of these results.
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DEFINITION 5.2.7 (Longitudinal segments). Let y1, y2 be any points in P(7_,74). The (ori-
ented) segment y1ys is called ©-longitudinal if yo € V(y1,ste (74+)). Moreover, y1ys is called

(Tmod - )longitudinal if yo € V(yy, 08t (14))
Convexity of ©-cones implies:

LEMMA 5.2.8 (Concatenation of longitudinal segments). Let x1,x9,x3 € P(7_,74+) be points

such that x1xo and xoxs are O-longitudinal. Then x1x3 is also O-longitudinal.

PropoOsSITION 5.2.9 (Nearby diamonds). Let v : [a,b] — X be an (L, A,©,D)-Morse qu-
saigeodesic, and let 6 > 0 be any number. Let P(17_,7+) be a parallel set such that the image
of v is contained in Ng(P(1—,74)). Denote the nearest point projection of v(t) into P(7—,74)
by 5(t). Suppose that F(a)¥(b) is longitudinal. Then, there exist R = R/(L,A,0,0' D,J),
D' = D'(L,A,0,0',D,§) such that the following holds: For any ty,ts € |a,b], if (to —t;) > R/,

then 3(t1)7(t2) is ©'-longitudinal and y([t1,t2]) C Npr (Ger (Y(t1), ¥(t2)))-

PROOF. Let ©",0" C mpoq be auxiliary subsets such that int (') D ©”, int (0"”) D> 0",
and int (©”) D ©. Note that when (b — a) is sufficiently large, the triangle inequality for the A-
valued distances (Theorem 4.1.4) asserts that 7(a)y(b) is ©”-regular, which in turn makes 5(a)¥(b)

©”-longitudinal. Therefore, it follows that

Y([a; b)) C Neys (G (7(a),7(0)) € News (V (7(a), ster (14)))

where ¢ = ¢(0",0"”, D + §) is the constant as in Theorem 5.1.7.
Let t € [a,b] be any point. From above, we get d(%(t),V (7(a),sten (14))) < ¢+ d. Using
the triangle inequality for the A-valued distances (Theorem 4.1.4) again, we obtain that when

t—a>R> L(c+0), then
A(t) € V (3(a), ster (1)) ,
i.e. Y(a)y(t) is ©'-longitudinal. By reversing the direction of ~, we also get that when b —t > R,
then 4(¢)¥(b) is ©'-longitudinal.
For arbitrary t1,ty € [a,b], we let t = (t3 — t1)/2. The same argument applied to the paths
v([a,t]), v([t,b]) implies that when ¢ — t; > R, and to —t > R, then (¢t1)73(t) and 5(¢)7(t2) are
©’-longitudinal segments. Using Lemma 5.2.8, we get that J(¢1)%(t2) is ©'-longitudinal.

Therefore, J(t1)¥(t2) is ©'-longitudinal whenever t, — t; > 2R.
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After enlarging ©’; the second part follows from Theorem 5.1.7. g

We now turn to the discussion of replacements.

DEFINITION 5.2.10 (Morse quasigeodesic replacements). Let v : I — X be an (L, A, O, D)-
Morse quasigeodesic, and let [t1,t3] be a subinterval of I. Let ' : [t1,t2] — X be another
(L', A", ©', D')-Morse quasigeodesic s.t. [, 1,3 = V'l{t 1) (see Figure 5.3). An (L', A',©', D')-

Morse quasigeodesic replacement of ’Y’[tth] is the concatenation of ’y\[_(thtz) with ’Y"[tl,tQ]'

F1GUuRE 5.3. Replacement: The original path v is depicted as a solid line, and
the path 7/ is depicted as a dashed line.

THEOREM 5.2.11 (Replacement lemma). Uniform Morse quasigeodesic replacements are uni-

formly Morse.

PROOF. Suppose that I = [a,b] is some interval. Let v : I — X be an (L, A, O, D)-Morse
quasigeodesic, and let p : I — X be obtained by replacing 7|y, +, by a (L', A’,©', D')-Morse
quasigeodesic v : [t1,t2] — X. Let ©” be subset of ost (Tynoq) which contains © and ©'. Replacing
the parameters (L, A,©, D) and (L', A’,0', D) by (L", A”,©", D"), where L” = max{L,L'}, A" =
max{A, A’}, D" = max{D,D’}, and some ©” D © U ©', we may assume that (L, A,0,D) =
(L', A',0', D) to begin with.

By definition, there exists a diamond {g (x1,x2) with d(z1,v(a)) < D, d(z2,7v(b)) < D such
that v([a,b]) C Np ($e (x1,22)). Without loss of generality, we may assume that z1 # x2. The
diamond {g (x1,z2) spans a unique parallel set P(7_, 74 ) such that x9 € V (21, 8t0(Tmod)) 7. We
denote the nearest point projections of v(t) and 7/(t) to P(7—,74) by 7(t) and 7'(t), respectively.

By the triangle inequality for the A-valued distances (Theorem 4.1.4) we get that when (b —a)
is sufficiently large, (b —a) > C(©,0’, D), then 5(a)¥(b) is ©'-longitudinal®. Using Proposition

3the nearest point projection might not send ~v(a) (resp. (b)) to z1 (resp. x2), but sends into a D-neighborhood of
x1 (resp. x2).
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5.2.9, when (t2 — t1) > R/, then 3(t1)3(t2) = 7/'(t1)7 (t2) is also ©'-longitudinal. From Theorem
5.1.7 we get a constant D’ such that +'([t1,t2]) C Np/ (P(7—,74)).

We prove that any subpath p|[,, ., is uniformly close to a diamond. From above, if (ra—71) > R/,
for 71,79 € I, then J(r2) € V(5(r1), ster (74)). This also holds for 4/ and 71,79 € [t1, to] for a bigger
R’ because v/([t1,t1]) is D’-close to P(7—, 7+), and 4/(t1)7/(t2) is longitudinal. Also, note that in this
case, possibly after enlarging ©’, v, ., and /[, ,,] become uniformly close to $er (3(r1),7(r2))
and Qo (7/(r1),7 (r2)), respectively (Theorem 5.1.7).

Clearly, when both ri, 72 belong to one of the sets [a,t1], [t1, 2], [t2,b], then p([r1,72]) is uni-

formly close to a diamond. Therefore, the following are the only nontrivial cases.

CASE 1. r e [a,tl] and Ty € [tl,tg].

In this case, if (t; —r1) > R  and (ro — t1) > R/, then from the discussion above we get

Y(t1) € V(3(r1),ster (74)), 7'(r2) € V(3(t1),ster (14)).

From convexity of cones, it follows that
¥ (r2) € V(3(r1),ster (1+)).

Since $er ((r1),7(t1)) and Ger (V' (1), 7 (r2)) are subsets of Ger (Y(r1),5'(72)), lgr, o) is uniformly
close to Qe (7(r1),7 (12))-
Now we prove the quasiisometric inequality for p(r1) and p(r2). Since the points J(r;) and

7'(r2) belong to two opposite cones with tip (t1) = 7' (1),

sy (3(r), 7 (r2)) >

where o = Zris(©’, 08t (Tmod)). Comparing the geodesic triangle A (F(r1),5(t1),7 (r2)) with a

Euclidean one, we get

sin o/

d (Y(r1),7'(r2)) 2 —5— (A (7(r1),3(82)) +d (7'(01), 7 (r2))) -
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This, together with standard polygon inequality, implies

Ap(r1). pr2) = 4 (30).7/(72)) 2 "2 (4 (3(r4), 4(02)) + d (3 (12),7 (1)) — 2D'(1 +-sin )
= Si;;/h“l - 7“2| — (4D/—|—A) .

In the last inequality, we are using the quasigeodesic data for the paths v and 7.
CASE 2. r; € [t1,t2] and 7o € [t2,b].
This case is settled by reversing the direction of v in the case 1.
CASE 3. r1 € [a,t1] and 3 € [t2, b].

The quasiisometric inequality for p(r1) and p(ra) is clear, since

d(p(r1), p(r2)) = d (v(r1),7(r2)) = m;m' — A

It remains only to show that the image p([r1, r2]) is uniformly close to a ©'-diamond.

We know that ~y([r1,72]) is D-close to a diamond g (21, x2) satisfying d(z;,v(r;)) < D, and
that 7/([t1,te]) is D-close to a diamond $e (y1,y2) satisfying d(y;,+'(t;)) < D, for i = 1,2. Since
v(t;) = +'(t;), it follows that the points y; and yo are 2D-close to (g (21, x2). Let P(7—,74+) be the

unique parallel set spanned by e (x1,z2) satisfying x2 € V (21, 8t0(Tmod)) 7+. Then,

y1y2 C Nop (P(1—,74)) .

Let 91, 92 denote the projections of y1, y2, respectively, in P(7_, 7). Note that the points y1, y2
are D-close to y([r1,72]). Using Proposition 5.2.9, it follows that when d(y1,y2), or equivalently
(ta—t1), is sufficiently large, then ;72 is ©’-longitudinal. In addition, note that the points 7, g, are
4D-close to the cones V(x1,stg (0+)), V(x2,ste (0-)), respectively. Using the triangle inequality for
the A-valued distances (Theorem 4.1.4) it follows that when d(x1,71) and d(x2,¥2), or equivalently

(t1 —r1) and (rg — t2), are large enough, then x17; and gaxe are ©'-longitudinal. Therefore,
12 C Qeor (w1, 72) -
Using Theorem 5.1.7, there is a constant ¢ which depends only on D, ©’, ©®” such that

Qor (y1,92) C Ne (Qor (F1,92)) C Ne (Qer (21, 22)) -
61



Therefore, p([ri,r2]) is (¢ + D)-close to $er (21, 22). O

REMARK. The replacement lemma is false if we relax the Morse condition. It is not generally
true that a uniform quasigeodesic replacement of an (ordinary) quasigeodesic in a CAT(k) space,
k > 0, is a uniform quasigeodesic. See the example below. However, if k < 0, then the ordinary
quasigeodesics are Morse quasigeodesics, so the replacement lemma for ordinary quasigeodesics

holds.

EXAMPLE 5.2.12. Let Y = R?, v be the z-axis. For r > 0, define a constant speed piecewise
path 7/ : [-r,7] — R? with endpoints at (—r,0) and (r,0) as in Figure 5.4 (red path). An easy
calculation shows that 7/ is a (4, 0)-quasigeodesic. Let p, denote the replacements, for » > 0. Then
pr(2r) = p.(r — k), for some number k, > 0 (observe the point (2r,0)). However, if p, is an

(1, a)-quasigeodesic, then d(p,(2r), pr(r — k)) > r/l — a, which is false for large r’s.

AY

(=2r,r) (2r,r)

(—2r,0) (—r,0) (r,0) (2r,0) T

FIiGURE 5.4

We can also replace a Morse quasigeodesic at multiple segments.

THEOREM 5.2.13 (Generalized replacement lemma). Let~y : [a,b] — X be an (L, A, ©, D)-Morse
quasigeodesic, and let a =tg <t; < -+ <tpo_1 <tp, =b. Forr=1,...,r9, let v, : [tr—1,t;] = X
be an (L', A’,©', D")-Morse quasigeodesic with v;|¢. ., +.3 = V|t _1t,}- Then the concatenation of
v s is an (L", A", 0", D")-Morse quasigeodesic where (L, A", ©" D") depends only on (L, A,©, D)
and (L', A’,0', D).

The proof of this theorem closely follows the proof of the previous one and, we are omitting the

details.
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Residual finiteness. An important feature shared by many finitely generated subgroups of
G is the residual finiteness property which enables us to obtain finite index subgroups which avoid

a given finite set of elements.

DEFINITION 5.2.14 (Residual finiteness). A group H is called residually finite (RF) if it satisfies
one of the following equivalent conditions: (1) Given a finite subset S C H \ {1z}, there exists a
finite index subgroup F' < H such that F NS = (. (2) Given an element h € H \ {1y}, there exits
a finite group ® and a homomorphism ¢ : H — & such that ¢(h) # 1s. (3) The intersection of

finite index subgroups of H is trivial.

Residual finiteness of Morse subgroups is a corollary to the following celebrated theorem.
Let R be a commutative ring with unity, and let GL(N, R) denote the group (with multiplica-

tion) of non-singular N x N matrices with entries in R. Then,

THEOREM 5.2.15 (A. I. Mal’cev, [Mal40]). Finitely generated subgroups of GL(N, R) are RF.

As an application to this theorem, one obtains,

COROLLARY 5.2.16. Fach finitely generated subgroup I' < G which intersects the center of G
trivially s RF.

PROOF. Under our assumptions, the adjoint representation I' — GL(g) is faithful. O

For a subgroup I' < GG, we define the norm of I with respect to x € X as

Tl = inf{d(z,vx) : Ir #~ € T'}.

Note that when [[I'||; > 0, I" is discrete. Residual finiteness implies the following useful lemma

which we use to obtain subgroups whose nontrivial elements send z arbitrarily far:

LEMMA 5.2.17. Let ' be a RF discrete subgroup of G. For any R € R, there exist a finite index
subgroup T" < T' such that ||I']|z > R.

PRrROOF. Since I' is discrete, the set & = {7 : d(x,vyx) < R} is finite. The assertion follows from

the residual finiteness property. O
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Morse subgroups. Now we briefly turn to the discussion of Morse subgroups before proving
our main theorem in the next section.

Recall the notion of Morse subgroups (Definition 4.4.3). By the Equivalence Theorem 4.4.12,
Tmod-Morse subgroups are uniformly 7,0q-regular and, hence, the accumulation set in 0, X of
any orbit I'z contains only points whose types are elements of O, for some ¢-invariant, compact,

Tmod-Weyl convex subset © C ost (Tynoq). The smallest such © will be denoted by Or.

PROPOSITION 5.2.18. Let T be a Tymoq-Morse subgroup, let A’ be any compact set in Flag (Timod)
whose interior contains A = A (T), the flag limit set of T (see Definition 4.4.5), and let ©’
be any t-invariant, compact, Tmoq- Weyl convex subset of ost (Tmoq) containing © = Or(z) in its
interior. There exists a number S > 0 such that any v € T’ satisfying d(z,vx) > S also satisfies

yr €V (x,ste (7)), for some T € A'.

PROOF. We first prove that there exists S’ > 0 such that d(z,yx) > S’ implies that (z,~yx) is
©'-regular. Suppose that S’ does not exist; then, there is an unbounded sequence (7;);en in I' such
that (x,v;z) is not ©'-regular for all i. Then, (y;x);en subconverges to an ideal point whose type
¢ int (©’). This can not happen because the interior of ©’ contains ©.

Next we prove that S exists. Assuming that it does not exist, we get an unbounded sequence
(7))ien in T' such that vjz & V (z,ste(7)), for all i € N and 7 € A’. After extraction we may
assume that (z,7/z) is ©'-regular, for all . But then, (y/z);en does not accumulate in any simplex

in the interior of A’ i.e. " has a limit simplex outside A, but this gives a contradiction. ]

Combining Lemma 5.2.17 and Proposition 5.2.18, we get the following;:

COROLLARY 5.2.19. Let I' < G be a RF Tyea-Morse subgroup, let A’ be any compact set in
Flag (Tmod) whose interior contains A = A, (I'), and let © be any compact set containing © = Or
in its interior. There exists S1 > 0 such that for any S > Sy there exists a finite index subgroup I
of T satisfying ||I'||z > S which also satisfies the following: For any~' € " exists T € A’ for which
Y eV (z,ster(T)).

DEFINITION 5.2.20 (Antipodal Morse subgroups). A pair of 7,04-Morse subgroups I'1, 'y < G

is called antipodal if their flag limit sets in Flag (70q) are antipodal.

PRrOPOSITION 5.2.21. Let 'y, ...,y be pairwise antipodal, RF Tyoq-Morse subgroups of G. Let

© C ost (Tmod) be a subset which contains the sets Or,, fori=1,...,n, in its interior. Then, there
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exists a collection {A], ..., Al,} of pairwise antipodal, compact subsets of Flag (Tmod), and a number
Sa > 0 such that for any S > Sy there exists a collection of finite index subgroups T'y,..., T} of
Iy,..., Ty, respectively, satisfying |||l > S,..., |ITh|lz > S which also satisfies the following: For

eachi=1,...,n, and for each ~y; € T, there exists 7; € A} such that
viz € V(x,ste (13)).

PROOF. Once we show that there exists a collection {A),...,Al,} such that, for each 4, the
interior of A} contains the flag limit set A; of I';, the first part of the proposition follows from the

Corollary 5.2.19. We may construct Af,..., A, as follows:

LEMMA 5.2.22. Let {Ay,...,An} be a set of pairwise antipodal, compact subsets of Flag (Tmod)-
Then, there exists a set {A},..., AL} of pairwise antipodal, compact subsets of Flag (Tmod) such that

each A; is contained in the interior of Al.

PROOF. The case n = 2 can be proved as follows. Let A1, Ao be a pair of antipodal, compact

subsets of Flag (Tyy0q). Then,

A1 x Ay C  (Flag (Tmod) X Flag (Tmod))"" C Flag (Tmod) X Flag (Tmod) -

compact open

There is a open neighborhood of Ay x Ay in (Flag (Tmoq) X Flag (Tmoed))F? of the form Uy x Us. In
particular, the subsets U; and U, are antipodal. Then any pair of compact subsets A} and A} of
Uy and Us, respectively, containing Ay and As in their respective interiors, does the job.

We consider now the general case n > 3 and let {A1,...,A,} be a collection of subsets as in
proposition. For A1, using the lemma, we find a compact neighborhood A} of A; which is antipodal
to the compact .

U Ag.

k=2
Then, {A},Aa,...,A,} is new collection pairwise antipodal, compact subsets of Flag (7y04). The
same argument yields a compact neighborhood A/, of As antipodal to A}, As, ..., Ax. We continue

inductively. O

This completes the proof of the proposition. U
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5.3. Proof of Theorem 5.0.1

In this section, we prove

THEOREM 5.0.1. Let I'y,...,I'; be pairwise antipodal, RF Tyoq-Morse subgroups of G. Then,
there exist finite index subgroups I, < T, for i = 1,...,n, such that (I'},...,T]) is Tmoa-Morse,

and is naturally isomorphic to T} * -+ % T',

PROOF. We first fix our notations. We denote the 7y,0q-flag limit sets of I', ..., I’y by A, ..., Ay,
respectively. Let © C ost (Tmoa), let {A],..., AL} be a collection of compact, pairwise antipodal
subsets in Flag (704), and let S > 0 be as in Proposition 5.2.21. As always, the point = will
be treated as a fixed base point in X. Finally, © C ©' C ©” are (-invariant, compact, Tmoq-Weyl

convex subsets of ost (Tm0q) such that
int (@'/) >0, int (9/) D 0O.

By Proposition 5.2.21, for each S > Sy there exist finite index subgroups I'}, ..., I, of I';, ..., 'y,

respectively, of norms [|T||; > S, such that for each i = 1,...,n, and each ~; € I},
vix € V(z,ste (13)), (5.9)
for some 7; € A]. Let A; be a finite generating set of I}, for each ¢ = 1,...,n. This choice endows

each T, with a word metric, and thus yields a ©-Morse embedding of, : Cay (T}, 4;) — X induced
by the orbit map I, — I';x. We take the standard generating set A = A; U---U A, of the abstract
free product IV = I"} *- - -*I"},. We obtain a natural homomorphism ¢ : I — G. When S sufficiently
large we prove that o, : Cay (I", A) — X is a ©’-Morse embedding, i.e. we prove that the geodesics
of Cay (I", A) are mapped to uniform Morse quasigeodesics in X. This not only will prove that
¢ is injective, but also will show that the subgroup (I'},...,I'}) of G generated by I'},... I} is

Tmod-Morse.

CLAM. There exists Sg > 0 such that if S > Sp, then the map o, : Cay (I',A) — X sends

(finite) geodesics to uniform Morse quasigeodesics.

PROOF. Given any v € I, there is a natural embedding of Cay (I"}) into Cay (I') given by the
right multiplication map ; — ;7. Any geodesic in Cay (I'") is a concatenation of paths which are

images of the geodesics under the maps above. By equivariance, it suffices to study the geodesics
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in IV starting at 1pv. Any geodesic ¢ with starting point 1 in Cay (I'V) can be written as

1/} : 1F’> Yk1s Yk Vkis- -+ (510)

where the path joining vk, Ve, ---Vk and Yg._, ...k in Cay (IV) is the image of a geodesic
segment in Cay (I'}) connecting the identity to 7, under the map (-) — (-)(Y%,_; - - - V&, ), assuming
that i, € I',. We group together 7, ’s in above to avoid two consecutive ones coming from same
Iy’s.

The (finite) sequence (5.10) is mapped to &, Vg, T, VkyVk, L, ... under the map oy; to avoid
cumbersome notations, we denote vy, Yk, , ...V, by gr, denote i, Vg, , ... Ve, by pr and assume

that the index r of this sequence varies between 0 and rg. Using these notations, we have

9r = Vk.9r—1, GrL = Pr. (5.11)

Let m1 = po, my, = pry, and, for 2 < r < ry — 1, let m, denote the midpoint of p,_; and p, (see
Figure 5.5).

It follows from (5.9) that all the segments p,_1p, in X are O-regular and have length at least S.
Moreover, it follows from (5.11) that, for any 1 < r < ry— 1, precomposing the right multiplication
action g-! ~ I with o, maps the hinge p,_1p,p,41 to (Vk_rlx)(az)(ykmlx) which is of the form
(viz)(x) (), for some v; € I}, v; € I'}, i # j. From (5.9), we get that v,z € V(x,ste (7)) and
vz € V(x,ste (15)), for some 7; € Aj and 7; € A}. To simplify our notation, the corresponding

images of m;, and m,+1 are denoted by m; and m/;, respectively.

p3
p2 P4

Prg—1
P1

Vi% V®
Prg
Ppo

FIGURE 5.5. Morse embedding of quasigeodesics. The points represent the
midpoint sequence (m;).
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Let D = max{D(A},A},z) : 1 < i < j < n}, where D(A}, A}, x) is the constant given by
Corollary 5.1.3. Moreover, let Ry(x, A, A;, ©',0) and fi(z, AL, A;, ©’,0,¢) be the quantities as in
Proposition 5.1.9. Define

By = max {Ri(z, A}, N, 0',0)},
4,0, VF)

and

fl = maX‘{fl(x,Aé,Ag,G/,@,f)} .

0,J, 1]

Note that d(x,m;),d(z,m}) > S/2. Using part 1 of Proposition 5.1.9, when /2 > Ry, then m;m/

is ©'-regular. Using part 2 of the same proposition we get
28, m), 25, (e, ml) < F1(S/2).

Moreover, using and (5.7), we obtain

Coml) > S'sina 4D,
where o = Z745(0,00'). Therefore, when S > 2Ry, the sequence (m,) is (0',2f1(S5/2))-straight
and ((Ssina)/2 — 4D)-spaced.

For any ¢’ > 0, Theorem 5.2.6 applied to ©’, ©” and ¢’ concludes that there exists Sy > Ry
such that when S > Sy, then the sequence (m,.) is ¢’-close to a parallel set P(7_, 74 ) such that the
nearest point projection map sends m,m,1 to a ©”-longitudinal segment. This proves that the
piecewise geodesic path popi ... pr, is a uniform Morse quasigeodesic for sufficiently small §'.

Finally, we prove that o, o ¢ is uniformly Morse. By invoking the Morse property of I'}’s, we
get that each segment of 0, o 1) connecting a consecutive pair p, and p,4; is a uniform Morse
quasigeodesic. Therefore, 0, 0 1 is obtained by replacing the geodesic segments p,p,+1 of the path
PoP1 - - - Pry by uniform Morse quasigeodesics. From the generalized replacement lemma (Theorem

5.2.13), it follows that o, o % is also a uniform Morse quasigeodesic. ([l

This completes the proof of the theorem. O

REMARK. The RF condition in the above theorem can be relaxed by integrating the content of
Corollary 5.2.16 into the hypothesis. Precisely, instead of requiring I';’s to be RF one may require
that I';’s intersect the center of G trivially. When G = Isomg (X), this happens automatically,

because Isomg (X)) is centerless.
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Below is a more general form of Theorem 5.0.1 which does not involve passing to finite index

subgroups, but instead requires “sufficient antipodality and sparseness” of the subgroups I';. Let

(Flag (Tmod) X ... x Flag (Tmod))°PP

n times

denote the subset of (Flag (7moq))™ consisting of n tuples of pairwise antipodal flags. For a subset

A C (Flag (Tmoq) X -.. X Flag (Tmoq)) PP

n times

and for x € X define the subset Oy, C X" consisting of n-tuples (1, ..., ) such that for some

(T1y .0y ™) € A, we have z; € V(z,st (13)), i =1,...,n.
THEOREM 5.3.1. For each compact

A C (Flag (Tmod) X ... X Flag (Tmoa))°*P,

n times

and © C 0st (Tmod), there exists a constant S = S(A,O,x) such that the following holds. Let
I'y, ...,y be P-Anosov subgroups of G such that:

a. |Tillz >S5, i=1,...,n.

b. For each ~; € I';,i = 1,...,n, the segment xv;(x) is O-regular.

c. For each n-tuple of nontrivial elements ~v; € T'; — {1}, i = 1,...,n, we have

(71 (l’), ) Wn(x)) € OA,:c-

Then the subgroup of G gemerated by I'y, ...,y is P-Anosov, and is naturally isomorphic to the

free product T'y % ... x I',.

PROOF. The proof is very similar to the one of Theorem 5.0.1. The conclusion of Proposition
5.2.21 now becomes a hypothesis on the subgroups I';, so no passage to finite index subgroups is

required. Hence, the rest of the proof of Theorem 5.0.1 goes through. g

REMARK. We should note that this theorem is in the spirit of the “quantitative ping-pong

lemma” of Breuillard and Gelander, see [BGO08, Lemma 2.3].
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CHAPTER 6

Patterson-Sullivan theory for Anosov subgroups

This chapter is based on [DK19]. We continue with the notations from Section 2.2.

In this chapter, we prove the following

THEOREM 2.2.8. Let I' be a nonelementary P-Anosov subgroup of G. Then the Patterson—
Sullivan density p on the flag limit set A(I') C G/P is the unique (up to rescaling) I'-invariant

conformal density. Moreover,

(i) The density p is non-atomic and ép(I")-dimensional.
(ii) The support of p is A(T') and I acts on A(T") ergodically with respect to p.
(iii) The critical exponent op(I") is positive and finite.
(iv) The Poincaré series of I' diverges at ép(I"). Equivalently, T' has Finsler divergence type.
(v) The ér(I')-dimensional Hausdorff measure on A(I') with respect to a Gromov premetric is

a member of a I'-invariant conformal density. In particular, the Hausdorff dimension of

A(T) is 8p(T).

Proofs of different parts of this theorem can be found at different places in this chapter. Along
the way, we introduce definitions of various notions appearing in the statement, such as conformal
density and its dimension, divergence type, Gromov premetric, etc.

The uniqueness of conformal density in Theorem 2.2.8 is proven in Corollary 6.7.4. The main
ingredients in the proof are a generalization of Sullivan’s shadow lemma proven in Theorem 6.5.1,
and an ergodicity argument (see Theorem 6.7.1) due to Sullivan. The proof of part (i) of the
theorem is given in Corollaries 6.5.2 and 6.6.5. The second half of part (ii) follows from Theorem
6.7.3 while the first half follows from the facts that the support of u is a closed I'-invariant subset of
A(T") and the action I' ~ A(T") is minimal. The part (iii) is proven in Propositions 6.1.3 and 6.2.1.
This also implies that the Riemannian critical exponent og(I") positive, see the remarks following
Propositions 6.1.3 and 6.2.1. The part (iv) follows from Corollary 6.5.5. The Hausdorff density

in part (v) is studied in Section 6.8 (cf. Theorem 6.8.3). The background Gromov (pre)metric is
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introduced in Section 6.4 where we also prove that the action I' ~ A(I") with respect to this metric

is conformal (see Corollary 6.4.6).

Organization of this chapter. In Section 6.1, we introduce the Finsler metric dp on X which
plays a central role in what follows. Also, the notions of critical exponent, convergence/divergence
type are defined in this section. In Section 6.2, we introduce the notion of conformal densities and
the Patterson-Sullivan density on the limit set of I'. In Section 6.4, we define Gromov premetric
on the limit set which is used as a background metric to compute the Hausdorff dimension of the
limit set. We also show that this is an actual metric under a suitable assumption that is enough
for our purpose. In Section 6.5, we generalize Sullivan’s shadow lemma to our setting. This lemma
plays a vital role in the proof several parts of Theorem 2.2.8 such as in the proof of ergodicity of
the action I' ~ A(T") with respect to any conformal density in Section 6.7. In Sections 6.6 and 6.7,
we prove that the Patterson-Sullivan density is the unique conformal density. In Section 6.8, we
introduce the Hausdorff density and prove that it is a conformal density. As a corollary, we obtain

Theorem 2.2.8(v). Finally, in Section 6.9, we give some applications of Theorem 2.2.8.

6.1. Critical exponent

On the symmetric space X = G/K, we consider two natural (pseudo-)metrics. Let dg(-,-)
denote the distance function on X of the (fixed) G-invariant Riemannian metric on X. Furthermore,
for a fixed t-invariant face Tmeq Of Omoq and a fixed t-invariant type € in the interior of Tmeq, we let

dr denote the polyhedral Finsler (pseudo-)metric on X:

(cf. [KL18b, Subsec. 5.1]). The inner product above is the euclidean inner product on Fy,q coming

from the Riemannian metric on X. These two metrics are related by the inequality

dr(z,y) < dr(2,9). (6.2)

Since the Finsler metric dp inherently depends on the choice of Toq and 8, from now on we fix
6 and use the notation dp to denote the corresponding Finslder metric.
The metric space (X, dg) is a complete Riemannian manifold and, in particular, it is geodesic,

i.e., any two points in X can be connected by a geodesic segment. The (pseudo-)metric space (X, dp
, Ay p Yy a g g p p )
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is also a geodesic space. The geodesics in (X, dr) are called Finsler geodesics. All the Riemannian
geodesics are also Finsler, however, there are other Finsler geodesics when rank(X) > 2. The
precise description of all Finsler geodesics is given in [KL18b, Subsec. 5.1.3]. We merely use this

description as a definition of Finsler geodesics.

DEFINITION 6.1.1 (Finsler geodesics). Let I C R be an interval. A path ¢: 1 — X is called a
Finsler geodesic if there exists a pair of antipodal flags 7+ € Flag(7moq) such that ¢(I) C P(14,7-)
and

Uts) € V(E(t), st(14)), Vi1 < to.

Moreover, given an (-invariant, compact, Tmed- Weyl convex subset © C 0st(7od), a Finsler geodesic
¢: I — X is called a ©-Finsler geodesic if, in addition to the above, it satisfies the following stronger

condition:

Utg) € V(U(t1),ste(Ty)), Vit <ta.

REMARK. Finsler geodesics give alternative description of diamonds, namely, ¢ (z,y) (resp.
Qo(x,y)) is the union of all Finsler (resp. ©-Finsler) geodesics connecting the endpoints x and y

(cf. Figure 6.1). See [KL18b, Subsec. 5.1.3].

Qe(z,y)

O rnoa (T Y)

FIGURE 6.1. Finsler (solid) and ©-Finsler (dashed) geodesics.

NOTATION. In this chapter, we use the notation Ty to denote the Riemannian geodesic segment
connecting a pair of points z,y € X. To denote a Finsler geodesic segment connecting x and y, we

use the notation .
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Below we let % be either R or F. Let I' < G be a subgroup, and x,x¢ € X. Define the orbital

counting function N, (r,z,xo) : [0,00) — [0, 0],
N.(r) = Nu(r,z,20) = card{y € I : di(z,yz0) < 1}.

Using N, (r), following [A1b99] and [QuiO2b], we define the critical exponent é, of T' by

log N, (r)

Jx = limsup € [0, o0]. (6.3)

7—00

The critical exponents ér and dg will be called the Finsler critical exponent and Riemannian critical

exponent, respectively.

REMARK. The discussion in [A1b99] and [Qui02b] is mostly limited to the case when @ is

regular, i.e., belongs to the interior of oy,0q.
We note that the critical exponent is independent of the chosen points x and xg. This can be
proved as follows: Consider the Poincaré series

gs(z,x0) = Z exp(—sdy(z,yxo)). (6.4)
~yel'

It is a standard fact that ¢ (z,xo) converges if s > d.(x, o) and diverges if s < d.(x, ) where

dx(z, o) denotes the right side of (6.3). Using the triangle inequality, we obtain

exp (—sdi(, 0)) g5 (20, T0) < g5 (2, 20) < exp (sdi(,20)) g (20, To)-

Hence, convergence or divergence of g¥(x,z¢) is independent of the choice of z and so is 0. (x, zg).

For a similar reason, it is also independent of the choice of xy.

DEFINITION 6.1.2. A discrete subgroup I' of G is of (Finsler) convergence type if the Poincaré
series g (z,70) converges at the critical exponent ép. Otherwise, we say that T has (Finsler)

divergence type.

Since the action I' ~ X is properly discontinuous, dr is bounded above by the volume entropy

of X which is finite.! For the Finsler critical exponent, (6.2) implies the following lower bound,

Sr < OF. (6.5)

IFiniteness of the volume entropy of a symmetric space follows, for instance, from the fact that X has curvature
bounded below combined with the Bishop-Giinter volume comparison theorem, see e.g. [BCO1, Sec. 11.10, Cor. 4].
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Finiteness of dr is more subtle because, in general, dg is only a pseudo-metric and therefore, the
orbital counting function Ng may take infinity as a value. However, if the angular radius of the
model Weyl chamber o,,,q with respect to 6 is < 7/2, then dp is a metric equivalent to dg and,
consequently, dp is finite in this case. In particular, when G is simple, then diameter of op,0q is
< m/2 and therefore, dp is finite.

The following finiteness result holds in the general pseudo-metric case.

PROPOSITION 6.1.3. For a uniformly tmoq-regular subgroup I' < G, the Finsler critical exponent

Op 1s finite.

PrROOF. When T' is uniformly 70q-regular, the Riemannian and Finsler (pseudo-)metrics re-
stricted to an orbit 'z are coarsely equivalent: There exist L > 1,A > 0 such that, for all
r1,x0 € 'z,

L_ldR(.%'l,.%'g) — A S dF(.%'l,xg) S dR(l'l, xg). (6.6)

The right side of this inequality comes from (6.2). From this we get g < dp < Lg. Since Jg is

finite, o is also finite. O

REMARK. (1) It is clear from the proof of Proposition 6.1.3 that when I' is uniformly
Tmod-Tegular, then ép is positive if and only if g is positive.
(2) As Anosov subgroups are uniformly regular (see Equivalence Theorem 4.4.12), the above

proposition applies to the class of Anosov subgroups.
Before closing this section, we compute Finsler metrics in two examples.

EXAMPLE 6.1.4 (Product of rank-one symmetric spaces). We continue with the discussion from
Example 4.2.1. The Finsler metric can be described as follows. Let Tynoq = (71,...,7p) be a face of
the model chamber, let § = (1/y/p,-..,1/\/p) be its barycenter, and let dr be the corresponding

metric on X. Given x = (z1,...,2), ¥y = (y1,...,yx) € X, the A-valued distance is
da(z,y) = (dx, (z1,91), - - -, dx, (Tk, Yr))
where dx, denotes the Riemannian distance function on X;. Then

dp(z,y) = \}5 S dx, (- (6.7)
j=1
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EXAMPLE 6.1.5 (X = SL(k+1,R)/SO(k+1,R)). We continue with the discussion from Example
4.2.2. The Riemannian metric on X is given by the restriction of the Killing form B of g =
sl(k+ 1,R) to p,

B(P,Q) =2(k+ 1) tr(PQT), P,Qcg. (6.8)

Note that the inner product B on a (which we identify with Fl,,q4) can be written as

k+1
(s )| (s i) = 20k + 1)) pagts. (6.9)
=1
Let Tmod = (71,...,7p) be an t-invariant face of the model chamber 01,04 and let A, . be the
corresponding face of the model euclidean Weyl chamber A,
ATmOd = {/LE ay T p = (,ulu"’?ula”'u Mgy ooy g 7"'7:U’p+1"'a/"’p+l)}'
—_—— —_——— —————
r1-times (r;—ri—1)-times (k4+1—rp)-times

For notational convenience we denote p in the above expression simply by the (p + 1)-vector
(1, -+, pp+1) (by identifying the repeated entries). With this convention, the opposition involution

acts by
L1y s fpr1) = (S fptty oo —H1)-

We identify 7,04 with the unit sphere (w.r.t. the metric in (6.9)) in A centered at the origin,

Tmod
i.e., Tmod comsists of all elements (1, .., pp+1) € A, satisfying 2(k + 1) Zf;rll (r; —rim)p? = 1.
An element § = (u1, ..., lpt1) € Tmod lies in the interior of Tyeq if and only if g > -++ > ppi1.
Moreover, @ is -invariant if and only if u; + ppt2—; =0 foralli=1,...,p+1.

The Finsler metric corresponding to 8 can be calculated explicitly in terms of the above formulas.

In the special case when Tyoq = (1, k) and § = (1/2v/k + 1,0, —1/2vk + 1), for all g € SL(k+1,R),
dp(z, 9z) = Vk +1(n1(9) — pr+1(9)) (6.10)

where x € X is the point whose stabilizer is SO(k + 1, R).

6.2. Conformal densities

Recall that the Busemann functions define the notion of “distance from infinity.” For 7 &

Flag(Tmod), let b, : X — R denote the Busemann function based at the ideal point 0(7) € 90X
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normalized at zg (i.e., br(z0) is set to be zero). Using Busemann functions, one defines the horo-

spherical signed distance functions as
4 (2, y) = br(2) = br(y). (6.11)

(Note that these functions can take negative values. However, their absolute values |d2"(z,v)|
satisfy the triangle inequality and, hence, are pseudo-metrics on X.) These functions are related

by Finsler distance functions by

drr(z,y) = lim (dp(z, 2zn) — dp(y, 2n)) (6.12)

n—oo

whenever (z,) is a sequence in X flag-converging to 7, cf. [KL18b, Prop. 5.43].

We define conformal densities on Flag(7mnoq) using these horospherical distance functions.

For a topological space S, we let M, (S) be the set of positive, totally finite, regular Borel
measures on S. Recall that a group H of self-homeomorphisms of S acts on M, (S) by pull-back:
For every B € B(S), h€ H,

e W, B p(B) = p(h = (B)).

NoTATION. For a topological space S, we use the notation B(S) to denote the o-algebra of

Borel sets of S.

Let I' < G be a discrete subgroup and let A C X be a nonempty I'-invariant subset. By a
[-invariant conformal A-density p of dimension B > 0 (or “conformal A-density” in short) on

Flag(Tmod), we mean a continuous I'-equivariant map
p:A— MT(Flag(Tmod)), @ fa,

satisfying the following properties:
(i) For each a € A, supp(pq) C A7, ().
(ii) (Invariance) p is I-invariant, i.e., ¥*pq = fiyq for each v € I and each a € A.
(iii) (Conformality) For every pair a,b € A, u, < pp, i.e., pg is absolutely continuous with

respect to pp, and the Radon Nikodym derivative du,/dp, can be expressed as

dig
dpp

(1) = exp (—5dﬁor(a, b)) . V7 € Flag(Tmod)- (6.13)
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REMARK. Though we define conformal densities for general discrete subgroups of G, for our

purpose, we restrict the discussion only to Ty0q-regular subgroups.

A conformal X-density p is simply called a conformal density. Note that conformal X-densities

and conformal A-densities are in a one-to-one correspondence:
{conformal X-densities} <— {conformal A-densities}. (6.14)

From an X-density, define an A-density by restricting the family. On the other hand, given an

A-density p, extend it to an X-density {ps fzex by

(B = [ exp (<82 (2,)) dpo(r). B € B(Plag(rina)

where i, is a density in the family u. Note that this extension is unique because p, and p, are

absolutely continuous with respect to each other. To check I'-invariance, note that

Ve (B) = /713 ;lzz (T)dpe () = /Bexp (—ﬁd’};‘irlq_(g:,a» d,ua(,yflq-)

= /B exp (_Bdgor(w,m))dm(f): /B ZZ: (1) dpiya(7) = piye(B),

for every B € B(Flag(Tmod)). The other two defining properties are also satisfied.

Next we construct a conformal density using the Patterson—Sullivan construction. This defini-
tion is standard and already appeared in the work of Albuquerque and Quint, although only in the
setting of Zariski dense subgroups I' < G and regular vectors 0; we present it here for the sake of
completeness. We let I' < G be a myoq-regular subgroup and let Z denote the I'-orbit of a point
zo € X. The union

Z=ZUA, (T)C Xmmod,

Tmod

equipped with the topology of flag-convergence, is a compactification of Z.

For s > dp we define a family of positive measures 15 = {fz.s }zex on Z by

1
TS = T —— exp (—sdp(x,vxg)) D(vx0), 6.15
= Sy St D6 o

where D(vyx() denotes the Dirac point mass of weight one at yxg. Note that i, s is a probability

measure when z € Z. Also, note that A, (I') is a null set for these measures. For v € I' a
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straightforward computation shows that

’Y*,Ua:,s = Myz,s- (6.16)

Moreover, it is easy to see that the measures in the family p, are absolutely continuous with respect

to each other. Using (6.15) we compute the Radon-Nikodym derivatives djiz s/dpiz, s,

d xr,S
s(2) = ﬁ@, (6.17)

where for s > 0,
Vs(2) = exp (—s (dr(2,2) — dr(2,20))) -

The formula for s above only makes sense when z € Z. Since A,__ (') is a null set, we extend s

continuously to A,__ (') by setting

Ys(T) = exp (—Sdﬁor(m,mo)> )

The continuity of this function can be verified using properties of Finsler distances (e.g., see
[KL18b, Sec. 5.1.2] and (6.12)).

Next we prove that 15 — s, uniformly as s — dp. For S > 5,8’ > ép and z € Z,

‘ws’(z) - %(2)’
= |exp (=5 (dr(z,z) — dr(2,20))) — exp (—s (dr (2, z) — dp(z, 20))) |
=exp (—s (dp(z,z) — dp(z,20))) | exp ((s — ) (dp(z,7) — dp(z, 130))) — 1]

< exp (Sdgr(z,x0)) | exp ((s —8') (dp(z,x) — dF(z,:co))) —1].

Switching s and s’ in the above, we also get

lthe (2) — Ys(2)| < exp (Sdr(x,20)) |exp ((s" — s) (dp(z,2) — dr(z,x0))) — 1].

Combining the above two inequalities, we get

|s (2) — s(2)| < exp (Sdr(zx,x0)) (exp (]s’ — 8|+ |dp(z,z) — dp(z,x0)|) — 1)

< exp (Sdr(z,20)) (exp (|s' — s|dr(z,20)) — 1) .
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Since Z is dense in Z, the above yields

|s — Ys||oo < exp (Sdr(zx, o)) (exp (\s' — s]dR(x,xo)) — 1)

Therefore, s — 15, uniformly as s — Jp.

Now we construct a conformal density as a limit of the family of densities {fs}s>s.. We first
assume that I' has divergence type.2 Then, as s decreases to o, the family p, = {lta,s e x weakly
accumulates to a density p supported on some subset of A, _ ().

By (6.16) we have the I'-invariance of p, namely, for v € T,

Ve = Py (6.18)

Any such limit density is called a Patterson—Sullivan density.
Since i, is obtained as a weak limit of the measures p, s and the derivatives s = dpig s/dpiz, s
converge uniformly to s, it follows that the Radon-Nikodym derivative du, /dp,, exists and equals

to the limit

dﬂ:p s
1 =~ =
s R Vsps
or more explicitly,
d
dﬂw (1) =exp (—5Fd20r($,9€0)> : (6.19)
Mo

Note that in general weak limits are not unique. In Corollary 6.7.4 we will prove that for Anosov
subgroups I' we get a unique density in this limiting process.
When T has convergence type, we change weights of the Dirac masses by a small amount (as

in [Nic89, Sec. 3.1]) in the definition (6.15) to force the Poincaré series to diverge. Define

o = s 3 exp (—sdi(, y20)) h (de (2, 720)) D(70)
er

B g.g(x()vx(]) y

where h : Ry — R, is a subexponential function such that the following modified Poincaré series
g5 (z,w0) = Y exp (—sdp(x,y20)) h (dr (y2, 20))
vyel

diverges at the critical exponent s = dp. In this case also, limit density p has the properties (6.18)

and (6.19).

2This will be the case for Anosov subgroups. See Corollary 6.5.5.
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The existence of a conformal density implies that the Finsler critical exponent of I' is positive.

PROPOSITION 6.2.1. Suppose that I' is a nonelementary Tmoq-regular antipodal subgroup. Then,

the critical exponent o is positive.

PROOF. Suppose to the contrary that dp = 0. Let i be a Patterson—Sullivan density constructed

above. It follows from the I'-invariance and conformality that for all v € T,

pz(VA) = py-1,(A) = pa(A), VA€ B(A, (). (6.20)

Note that this implies that p is atom-free. Forif 7 € A, (') were an atom, then, by the minimality

of the action I' ~ A, _,(I") and (6.20), A, _,(I') would have infinite y,-mass,

Tmod

Let (v,) be a sequence on I' such that y;-t — 7. € A, (T"). Let (Uy), U, C Flag(Tmoq), be a

contraction sequence® for (7,). By the definition,

(i) (Un) ezxhausts Flag(mmod) in the sense that every compact set antipodal to 7_ is contained
in U, for all sufficiently large n.

(ii) The sequence ~,U,, Hausdorff-converges to 7.

Let A C A,__,(T') — {74} be a compact set of positive mass (this exists because 71 has zero

Tmod

mass). Therefore, by property (1), there exists ng € N such that u,(U,) > pz(A) > 0, for all

n > ng, and together with property (2) above, we get

po(74) = lm pig(yaUn) 2 pa(A) >0
n—oo
Hence 7 is an atom which gives a contradiction. g

REMARK. As a corollary to the above proposition, the Riemannian critical exponent dg of a
nonelementary uniformly 7,.4-regular antipodal subgroup is also positive. See the remark after

Proposition 6.1.3.
6.3. Hyperbolicity of the Morse image

In this section we prove that the image of a Morse map is Gromov-hyperbolic with respect to
the Finsler pseudo-metric dp. As a corollary, we prove that each orbit of an Anosov subgroup is
also Gromov-hyperbolic with respect to the Finsler metric.

We first recall two notions of hyperbolicity.

3See [KLP14, Def. 5.9, Prop. 5.14] or [KLP17, Defn. 4.1, Prop. 4.13].
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DEFINITION 6.3.1 (Rips hyperbolic). Let (Z,d) be a geodesic metric space. Then, (Z,d) is
called §(> 0)-hyperbolic in the sense of Rips (or Rips hyperbolic) if every geodesic triangle A is

d-thin, i.e., each side of A lies in the d-neighborhood of the union of the other two sides.

DEFINITION 6.3.2 (Gromov hyperbolic). Let (Z,d) be a metric space. For any three points

z,21,29 € Z, the Gromov product is defined as
1
(21|22), = §[d(z, 21) + d(z, 29) — d(z1, 22)].

Then (Z, d) is called §(> 0)-hyperbolic in the sense of Gromov (or Gromov hyperbolic) if the Gromov

product satisfies the following ultrametric inequality: For all z, z1, 20, 23 € Z,

(2122)> 2 min{(z1]23), (22]23):} — 0.

It should be noted that Gromov’s definition applies to all metric spaces whereas Rips’ definition
works only for geodesic metric spaces. Moreover, Gromov hyperbolicity is not quasiisometric invari-
ant whereas Rips hyperbolicity is (as a consequence of Morse lemma, cf. [DK18, Cor. 11.43])). For
geodesic metric spaces, these two notions of hyperbolicity are equivalent (e.g., see [DK18, Lemma
11.27]).

Let (Z',d’) be Rips hyperbolic and f : (Z',d’) — (X, dgr) be a Tmoq-Morse map. We denote the
image f(Z') by Z. Recall that the Finsler metric is coarsely equivalent to the Riemannian metric on
Z.* Therefore, since f is a quasiisometric embedding with respect to dg, it is also a quasiisometric
embedding with respect to dp. Moreover, the image of a geodesic (of length bounded below by a
constant) in Z’ stays within a uniformly bounded Riemannian distance, say Ao > 0, from a Tyoq-
regular Finsler geodesic connecting the images of the endpoints. This is a consequence of the Morse
property [KLP18b, Thm. 1.1], see also [KL18b, Prop. 12.2]. A consequence of this is that Z is
Ao-quasiconvex in X with respect to the Finsler metric (or Finsler quasiconver).

For A > A, let Y =Y, be the Riemannian A-neighborhood of Z in X. From the discussion
above, it is clear that any two points 21, 2o € Z (with dg(z1, 22) sufficiently large) can be connected

by a Finsler geodesic z122 in Y.

4This is also true for any finite Riemannian tubular neighborhood of Z.
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PROPOSITION 6.3.3. Let ¢ and ¢’ be two Finsler geodesics in' Y connecting two points z1, z3.
Then they are uniformly Hausdorff close. Here the Hausdorff distance is induced by either of

Riemannian or Finsler metric.

PROOF. Since Riemannian and Finsler metrics are comparable on Y, it is enough to prove the
proposition for the Riemannian metric.

Let ¢ and @ be the respective nearest point projections of ¢ and ¢’ to Z. Applying the coarse
inverse of f, ¢ and & map to uniform quasigeodesics ¢ and ¢, respectively, in Z’. Since Z’ is Rips
hyperbolic, ¢ and ¢ are uniformly close. Applying f to ¢ and &, we see that ¢ and & are uniformly

close. Hence ¢ and ¢ are also uniformly close. g

Next we observe that geodesic triangles in (Y, dr) with vertices on Z are uniformly thin.

PROPOSITION 6.3.4. There exists § > 0 such that all Finsler geodesic triangles A\ = /A\(z1, 22, 23)

mY is §-thin both in Riemannian and Finsler sense.

PRrOOF. Since Z’ is Rips hyperbolic, geodesic triangles in Z’ are ¢’-thin, for some ¢ > 0. We
map A to a uniformly quasigeodesic triangle A’ C Z’ via the coarse inverse map Y — Z’ of the map
f. Since Z’ is Rips-hyperbolic, the Morse quasigeodesic triangle A’ is uniformly thin. Therefore,

A is also uniformly thin as well. O
Imitating the proof of [DK18, Lem. 11.27], we prove that (Z,dr) is Gromov-hyperbolic

THEOREM 6.3.5 (Hyperbolicity of Morse maps). Let Z C X be the image of a Tmoq-Morse map
f:(Z,d)— (X,dr). Then (Z,dy) is Gromouv-hyperbolic.

PRrROOF. Let § be as in Proposition 6.3.4. Then the following holds.

LEMMA 6.3.6. Let z,21,29 € Z, and let z125 be any Finsler geodesic in'Y connecting z1 and 2.
Then,

(z1]22), < dp(z, z122) < (z1]22), + 24.

PROOF. The proof is exactly same as [DK18, Lem. 11.22]. Note that the proof uses d-thinness

of a triangle with vertices z, z1, 2. ]

Let z, 21, 29, 23 be any four points in Z, and let A be a Finsler geodesic triangle in Y with the

vertices z1, 22, 23. Let m be a point on the side z1z3 nearest to z. By Proposition 6.3.4, since A is

82



d-thin, dp(m, 2223 U Z123) < §. Without loss of generality, assume that there is a point n on z3z3

which is d§-close to m. Then, using the above lemma, we get
(22]23). < dp(z,2223) < dp(z, 2122) + 0,

and
dr(z, 2122) < (21]22). + 26.

The theorem follows from this. OJ

Quasiisometry of hyperbolic metric spaces extends to a homeomorphism of their Gromov bound-

aries. At the same time, it is proven in [KLP18b] that each 7,0,4-Morse map
[ 2 -Z=fZ)cX
extends continuously (with respect to the topology of flag-convergence) to a homeomorphism
Osof : 0s0Z' — A C Flag(Tmod)-
Thus, we obtain

COROLLARY 6.3.7. The Gromov boundary O0scZ of (Z,dr) is naturally identified with the flag-
limit set A C Flag(mmod) of Z: A sequence (z,) in Z converges to a point in 0xZ if and only if

(zn) flag-converges to some T € A.

For a 7,0q4-Anosov subgroup I' we know that the orbit map I' — TI'zq is a Tipoq-Morse embedding.

Then, using Theorem 6.3.5 we obtain:

COROLLARY 6.3.8 (Hyperbolicity of Anosov orbits). For zg € X, let Z = T'xy where T" is a
Tmod-Anosov subgroup. Then (Z,dy) is Gromov hyperbolic. The Gromov boundary of (Z,dr) is

naturally identified with the Tmeq-limit set A, (T).

6.4. Gromov distance at infinity

The definition of horospherical signed distances given in (6.11) is free of choice of any particular

normalization for the Busemann functions. Note that

—dp(x1,20) < d (21, 20) < dp(z1,22).
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Furthermore, dﬁor satisfies the cocycle condition: For each triple x1,z9,23 € X,
d?or(.%'l, 1'2) + d&or(x% 1’3) = d&or(xl, .1‘3). (6.21)

For a pair of antipodal simplices 74+ € Flag(mmoq), the Gromov product with respect to a base

point & € X is defined as
1 or or
<T+|T—>l’ = 5 (dl‘;_;,_ (I‘,Z) + dg'l_ (.I‘,Z)) ) (622)

where z is some point on the parallel set P(71,7_) spanned by 7.
The following lemma proves that the Gromov products do not depend on the chosen z €

P(T+,T_>.
LEMMA 6.4.1. For z1, 2 € P(74,7_), one has by (21) + br_(21) = by (22) + br_(22).

PROOF. Let z be the midpoint of z7z3 and let s, : X — X be the point reflection about
z. Assuming that Busemann functions are normalized at z, s, transforms b., (21) + br_(21) into

br_(22) + by, (22). Hence the quantities are equal. O

Using the Gromov product, we define a premetric’ on Flag(Tyoq)-

DEFINITION 6.4.2 (Gromov premetric). Given fixed z € X, € > 0, define the Gromov premetric

d&© on Flag(Timod) as

e ) exp (—€(T1|m2)z), if 71,72 are antipodal,
dg (11, m2) =
0, otherwise.

Note that a pair of points 74 € Flag(Tmoa) is antipodal if and only if di“ (74, 7—) # 0.
LEMMA 6.4.3. d is a continuous function.

PROOF. The claim follows from [Bey, Lem. 3.8]. O

LEMMA 6.4.4. Let v € G and A C Flag(Tmod) be a y-invariant antipodal subset. Then the map

. . . T, €
v : A — A is conformal with respect to the premetric d;".

A premetric on X is a symmetric, continuous function d : X x X — [0, 0c) such that d(z,z) = 0 for all z € X.
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PROOF. Given distinct points 7+ € A,

dg (74, y7-) = exp (—e(yy [y 7-)2)
= exp (— (d:ﬁfr (x,2) + dgﬁr_ (x, z)>>
(5 (26 aq ) + (7 haq 1))

(@ (7 e, 2) + a2 (7, 0) ) ) d (e, 7o),

A Nl N ™

= e —_—
Xp( 2
where the last equality follows from the cocycle condition (6.21). Moreover, the continuity of

Busemann functions b, as a function of 7 implies that

: h -1 _ gh -1
T_lgg_+d78r(7 x?'%')_der(’y .%',:L').

Therefore,
i 60T g sy e (—eder (v, ) (6.23)
oo dG (T4, 7o) RANEZ p 7T : :
The lemma follows from this. O

The premetric d¢° is not a metric in general since:

(i) Pairs of distinct non-antipodal points have zero distance.
(ii) The triangle inequality may fail.
However, as we shall see below, dé’ﬁ defines a metric when restricted to “nice” antipodal subsets

A C Flag(Tmoq) for sufficiently small e > 0.

THEOREM 6.4.5. Let Z C X be the image of a Tmoq-Morse map f : (Z',d") — (X,d), and
A C Flag(mmoa) be the flag limit set of Z. There exists eg > 0 such that, for all 0 < e < €y and all
x € Z, the premetric dj restricts to a metric on A. Moreover, the topology induced by di° on A

coincides with the subspace topology of A C Flag(mmoed)-

PROOF. For the first part of the theorem we only need to check that d i satisfies the triangle
inequality for sufficiently small € > 0. The idea of the proof is due to Gromov [Gro87]: We show
that the Gromov product defined in (6.22) restricted to A satisfies an ultrametric inequality (see
(6.27)).

Let Y C X be a Riemannian A-neighborhood of Z. We assume that A here is so large such

that z € Y and the image of any complete geodesic [ in Z’ lies within distance A from the parallel
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set spanned by the images of the ideal endpoints of [ under f : 052’ — Flag(Tmoq). Note that A
satisfying the last condition exists as a consequence of the Morse property.

Observe that (Y, dp) is a Gromov d-hyperbolic metric space for some ¢ > 0. This follows from
the Gromov hyperbolicity of (Z,dp) (cf. Theorem 6.3.5) and the fact that Z and Y are (Hausdorff)
A-close to each other.

We recall from Viisald [VAi05, Sec. 5] that there are multiple ways to define Gromov products
on A viewed as the Gromov boundary of (Z, dr) and, hence, of (Y, dr). For a distinct pair 74 € A,
define using the Gromov product (-|-); on (Y, dr) the following two products:

(ry ) = in { it (7 o7 s - () C Yyt ri}

1,]—0Q

and

(ry|7-)3" = sup { limsup(y;*y; )z : () C Yoy — Ti}.
1,j—00
Then the difference of the above two quantities is uniformly bounded (see [V&i05, 5.7]), namely,

for all distinct pairs 7+ € A,

0 < (ry )3 = (ry ) < 2. (6.24)

Finally, <‘>;nf satisfies the ultrametric inequality (see [V&i05, 5.12]), i.e., for distinct triples
T1,T2, T3 € A,
(r1|72) " > min {<T1’T3>;nf, <72|73)ixnf} — 9. (6.25)

By (6.24), (-]-)5'" also satisfies the ultrametric inequality but with a different constant, 54.

Next we compare Viisild’s Gromov products with ours (see (6.22)). Let 7+ € A be a pair of
antipodal points and let P = P(74,7_). Note that our assumption on largeness of A implies that
there exist uniformly 7,,04-regular sequences (y;) and () on Y N P such that y= — 7+ as n — oc.

Let p € P(r4,7—). Then, the additivity of Finsler distances on 7yoq-cones (cf. [KL18b, Lem.

5.10]) yields, for large n, (y;'|y, ), = 0. By definition,
_ _ 1 _ _
(W [9n )2 = W vn )= + 5 [(de(yn s @) = dr(yn - p)) + (dr (Y, 2) = dr(y,,p))]
and for large n,

Wilyn e = 5 [(de (Yt ) — de(y,p)) + (de (Y, x) — dr(y, ,p))] -

| =
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The limit, as n — oo, of the right side of this equation equals (74 |7_); (cf. (6.12)). Therefore,
()™ < (7 e < (ralr ). (6.26)

Hence, by (6.24) and (6.25), (-|-), satisfies the ultrametric inequality with constant 50, i.e., for

distinct points 71,710,713 € A,
(T1]72), > min {(7(|3),, (T2|73), } — 5I. (6.27)

This completes the proof of the first part of the theorem.

For the second part, note that the inequality (6.26) implies that dé’e induces the standard
topology on A as the Gromov boundary of (Y,dr) (see [V&i05, 5.29]). Since, as we noted earlier,
this topology is the same as the subspace topology of the flag-manifold Flag(7yq), the second

claim of the theorem follows as well. O

COROLLARY 6.4.6 (Conformal metric on Anosov limit set). Let I be a Tinoq-Anosov subgroup,
x € X. Then there exists eg > 0 such that for all 0 < € < €g and all z € I'x, dé’6 is a metric on

Ao (D). Moreover, the action T ~ Ay, (') is conformal with respect to dg°.

PROOF. Since Anosov subgroups satisfy the Morse property, corollary follows from Theorem

6.4.5 combined with Lemma 6.4.4. O

EXAMPLE 6.4.7 (Product of rank-one symmetric spaces). We continue with Example 6.1.4.
Let 7 = (&y,...,&,) be a simplex in the Tits building of type 7yoa = (r1,...,7p) and 0 =
(1/\/Ds---,1/3/P) € Tmoa- We compute the horospherical distance, Gromov distance associated
with Tmoq and type .

Let x = (x1,...,2k), y = (y1,...,yk) € X. Then

4 () = Jim (dx (€(1),2) — 1)

where £(t) is a geodesic ray emanating from y and asymptotic to #(7). A direct computation yields

1 < 1\
dhor (z 7 Z (bgr ;) bfrj (?Jrj)) = % Z dlélfjr (@r;,ur,) -

7j=1 j=1
87



Hence the Gromov product can be written as

<7_+|7_* = Z f |£rj Tpjo (57’1’ cee afi) € Flag(Tmod)

and, finally the Gromov predistance is

p
x,1 Tr.,1/ .
i Vo () = [[de?” (5;57,5”) . (6.28)
j=1

EXAMPLE 6.4.8 (X = SL(k + 1,R)/SO(k + 1,R)). In this case the computations of Busemann
functions (see [Hat95]) and Gromov products (see [Bey]) are explicitly known, and therefore, the
Gromov distance can also be computed explicitly. We only give a formula for the Gromov distance
in the special case when 7,04 = (1, k) that corresponds to the partial flags {line C hyperplane} of

Rk—l—l

We continue with the notations from Example 6.1.5. The unique t-invariant type is
0=(1/2Vk+1,0,—-1/2Vk +1).

After equipping R¥*! with the inner product induced by the choice of z € X, the Gromov product

(with respect to & = I;41, the identity matrix) can be written as

vVk+1
2

<(ll, hl) ‘ (lg, hg))x = — log (sin Z(ll, hg) - sin Z(ZQ, hl))

where Z(I,h) denotes the angle between the line | and the hyperplane h. Thus, the Gromov

predistance can be written as

-sin Z(ly, hy)?. (6.29)

[N

A5V (1, ), (g, hg)) = sin Z(1y, ha)

6.5. Shadow lemma

In this section we prove a generalization Sullivan’s shadow lemma in higher rank. The proof
we present here is inspired by that of Albuquerque’s [A1b99, Thm. 3.3] who treated the case of
full flag manifold and Quint [QuiO2b] who treated general flag-manifolds but only in the case of

regular vectors 6.
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Recall the notion of shadow from (4.8). We mainly consider shadows of closed balls in X from a

fixed base point = € X (see Figure 6.2). The topology generated by these shadows is the topology

of flag convergence.

o

Flag(Tmod)

S(x:B(zo,r))

FIGURE 6.2. Shadow of a ball.

The main result in this section is the following.

THEOREM 6.5.1 (Shadow lemma). Let I' be a nonelementary Tmoq-RA subgroup, x € X, and

w be a I'-invariant conformal density of dimension 8. There exists ro > 0 such that for all r > r¢

and all v € T satisfying dg(x,vxo) > r,

O~ exp (—Bdr(x,720)) < pa(S(a: Blywo,r))) < Cexp (—fdr(z,v20))

for some constant C' > 1.
Before presenting the proof, we note two consequences of this theorem.

COROLLARY 6.5.2. Let ' be a nonelementary uniformly Tmeq-RA subgroup. Then any conformal

density p does not have conical limit points as atoms.

PROOF. Any conical limit point 7 € A, __ (T") lies in infinitely many shadows S(z, B(yxo, 1))

for sufficiently large > 0 (depending on 7). If 7 is an atom, then (by Theorem 6.5.1) the Poincaré

series
g5 (x,m0) =Y _ exp (—Bdr (x, y20)) (6.30)
yel’
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diverges for every 5 > 0. Hence dp must be infinite. But this contradicts Proposition 6.1.3. g

The second application of shadow lemma will be given for the following class of subgroups.

DEFINITION 6.5.3 (Uniform conicality). A 7y04-RA subgroup is called uniformly conical if for
a given pair of points xz, zg € X, there is a constant r > 0 such that for each conical limit point 7 €
A, (D), there exists a sequence (7;) on I' flag-converging to 7 satisfying dg (yxzo, V(z,st(7))) < r,
Vk € N.

We observe that Anosov subgroups satisfy the uniform conicality condition:
PROPOSITION 6.5.4. Anosov subgroups are uniformly conical.

Proor. This follows from the fact that the orbit map I' — I'zg C X is a Morse embedding.
Let 7 € A, ,(I") be any point and £ € 051" be the preimage of 7 under the boundary map. Let
(7%), 71 = 1r be a geodesic sequence in I' asymptotic to . Then the sequence (yxxz¢) is a Morse

quasigeodesic in X that is uniformly close to V(z,st(7)) (by definition of a Morse embedding). [

COROLLARY 6.5.5. Let I' be a nonelementary uniformly conical Tmoq-RA subgroup and pu be a
conformal density of dimension B. If the conical limit set AT (I') is non-null, then the Poincaré

series gg(x,azo) (see (6.30)) diverges.

PROOF. Writing the elements of I" in a sequence (7,,), define
Sy = Z exp(—pdr(nzo, x)).
n>N

Convergence of the series (6.30) asserts that limy_,oo Sy = 0. Since I' is uniformly conical, there

exists r > 0 such that for all N € N,
Ar (D) € | S(x: B(ynao, 7).
n>N
Applying Theorem 6.5.1, we get
o (Aros () < 37 112 (S(a : Blyao, ) < const - Sy
n>N

and, the bound above approaches to zero as N — oco. Hence we must have (A" (T)) =0. O

The proof of shadow lemma occupies the rest of the section.
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PROOF OF THEOREM 6.5.1. In this proof, we equip Flag(7i0q) with a G -invariant Riemann-
ian metric. We use the notation L(7) to denote the set of all 7/ € Flag(7y,0q) which are not antipodal
to 7. The complement of L(7) in Flag(mmed) is denoted by C(7). Note that L(7) is closed and
hence, compact. Moreover, if 7, — 79, then the sequence of sets (L(7,)) Hausdorff-converges to

L(1).

LEMMA 6.5.6. For every € > 0, there exists 6 > 0 such that, for every 19 € Flag(Tmoq) and
every T € B(1,9),
N, 2(L(7)) € Ne(L(7o))-

Proor. We equip the set
Y = {L(7) : 7 € Flag(Tmod) }

with the Hausdorff distance dpays (, ). Then, as we noted above, the function f : Flag(rmoq) — Y,
T + L(7), is continuous and, hence, uniformly continuous. Therefore, for every ¢ > 0, there
exists § > 0 such that d(7,79) < ¢ implies dpaus (L(7), L(79)) < €/2, which then implies L(7) C
N¢j2(L(0)). The lemma follows from this. O

Let m = pg (A, ,(I')) denote the total mass of y,, and [ = sup{p,(7) : 7 € A, (I')}. Since
e is a regular measure and A, (I") is compact, [ is realized, i.e., if y, has an atomic part, then
it has a largest atom. Moreover, since I' is nonelementary, supp(p,) is not singleton. In fact, if 7
is an atom, then the every point in the orbit I'7 (which has infinite number of points) is an atom.

In particular, [ < m.

LEMMA 6.5.7. Given [ < ¢ < m, there exists an €9 > 0 such that for all T € A, ,(T") and all

B € B(Flag(mmod)) contained in Ng,(L(7)), pz(B) < q.

PRrROOF. If this were false, then we would get a sequence (B,,) of Borel sets, a sequence (g,)
positive numbers converging to zero, and a sequence (7,,) on A (I') converging to a point 7y such
that for every n € N,

By C Ne, (L(70)),  pa(Bn) > g.

To get a contradiction, we will show that p,(79) > g. Let U be an open neighborhood of L(7).
As L(my) is compact, there exists ¢ > 0 such that N.(L(79)) C U. Let 6 > 0 be a number that

corresponds to this € as in Lemma 6.5.6. Choose n so large such that 7,, € B(7,d) and ¢, < /2.
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By Lemma 6.5.6, we get N, (L(7,)) C N:(L(m)) and, consequently, B,, C U. This shows that

every open set U containing L(79) has mass ug,(U) > q. Therefore, p,(L(10)) = pz(10) > q. O

LEMMA 6.5.8. Given € > 0 there exists r1 > 0 such that for all v > r1, the complement of

S(z : B(xg,r)) in Flag(Tmed) s contained in N¢(L(T)), for some T € S(xo : {x}).
PRrROOF. For r > 0 and 79 € Flag(mmod), 7 € C(70), consider
U(7o,20,7) = {7’ € Flag(moa) : P(10,7') N B(zo,7) # 0}.

This is an analogue of shadows (4.8) as viewed from the infinity (see Figure 6.3). It is easy to verify
that
U U(T(), o, 7") = C(Tg).

r>0

Moreover, for g € G, these shadows from infinity transform as gU (7o, zo,r) = U(g70, 920, 7).

70

Zo

Flag(Tmod)

U(710,20,7)

FIGURE 6.3. Shadow of a ball from infinity.

If k € K = Gy, the stabilizer of =g, then kU (79, x0,7) = U(k710,20,7). Since K is compact,
there exists M > 1 such that the action & ~ Flag(mmoq) is M-Lipschitz for all k£ € K. Let
r1 > 0 be such that U(ro,z0,71/2)¢ C Nejpar(L(70)). Here and below, for A C Flag(7iod), A° =

Flag(Tmod) — A. Then, for any 7 € Flag(7mod),

U(r,zo,7/2)¢ C No(L(7)), Vr >r. (6.31)
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For z € X, let 7 € Flag(Tmod) be a simplex such that x € V(zg,st(7)). Then there exists a

parameterized geodesic ray x; starting from ¢, passing through = and asymptotic to some £ € st(7).
CLAIM. For all T >0, S(z : B(zo,2r)) D U(T,x0,T).

PROOF OF crLAIM. Pick 7/ € U(r,x0,7) and let Ty € P(7,7’) denote the nearest point projec-
tion of zg. In addition to the ray x;, we define another parameterized geodesic ray z;, starting
at Tog and asymptotic to £&. Due to the convexity of the Riemannian distance function on X, the
distance dg (24, Z;) monotonically decreases with ¢. Moreover, the cones V (Z;,st(7')) are nested as

t decreases. Then,
dr (0, V (z¢,8t(7"))) < dr(xo, V(Zt, (7)) + dr (24, T¢)
< dgr(xo, V(fo,St(T/))) + 7 < dgr(zo,ZTo) + 17 < 2r.
Therefore, 7/ € S(z : B(xg,2r)). O

Using (6.31) it follows from the above claim that whenever r > ri, the complement of the

shadow S(z : B(zo,r)) is contained in N.(L(7)) for some 7 satisfying = € V (zo,st(7)). O
LEMMA 6.5.9. For allr >0 and all T € S(x : B(xo,1)),
|dp (2, 20) — d2" (x, z0)| < 2.
PROOF. We recall that the Finsler distance can alternatively be defined as

dr(y,2) = max d?or(y, z),
T€Flag(Tmod)

where the maximum above occurs at any point in S(y : {z}) (see [KL18b, Sec. 5.1.2]). Fix some

70 € S(x,{x0}). Then for any 7 € S(z : B(xzg,r)),

|dp (2, 20) — di¥ (2, 20)| = |bry (20) — br, (20)]
= [bry (0) = bry (k™ o)
< dR($0, k‘_ll‘g) = dR(/{:l‘o,LL’o),

where k € K, stabilizer of x, is some isometry satisfying 7 = k7p. In the above we chose the

normalizations of the Busemann functions at z.
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Let y € V(x,st(7)) N B(zg,r). Then y € V(z,0) for some chamber o in st(7). We identify
V(z,0) with the model Weyl chamber A. Let k; € K such that kyz € V(x,0). Then kizg =

da(z, o) via the identification above. Moreover, since the map
X = A, zeda(z,2)

is 1-Lipschitz (by the triangle inequality for A-valued distances, Theorem 4.1.4) and da(z,y) = v,
we obtain,

dR(y7 kl-r()) < d(ya .’L'()) <r

and, in particular, d(zo, k1zo) < 2r. d

Using the above lemmata, we now complete the proof of Theorem 6.5.1. We first fix some
auxiliary quantities. Let ¢ € (I,m) and g9 be corresponding constant as given in Lemma 6.5.7.
Let 0 be a constant given by Lemma 6.5.6 which corresponds to € = ¢p. By A we denote the

d-neighborhood of A and let

Tmod
V=] V(st(r) cX
TEA

Since I' is discrete, the elements of I' which send xy outside V form a finite set ®. Let
ro = max{ry, dg(z,yxo) : 7 € P}

where 71 is a constant that corresponds to €9/2 as in Lemma 6.5.8.
For every v € I satisfying dr (z,yxo) > r > rp, we assign an element 7, € S(x : {yxo}) N A (the
intersection is nonempty by above). Using Lemma 6.5.6, for every such 7, there exists 7o € A,

so that
Neoj2(L(7y)) C Neo(L(70))-

By Lemmata 6.5.7 and 6.5.8, u.(S(y~'x : B(xg,7))) > m — ¢ and by properties of conformal

pa(S(x : B(yzo,7))) = py-1,(S (v 2 B(xo, 7))

= / exp (—Bd}TlOr(v_lw,fv)) dpia
S(y~tz:B(zo,r))

=< exp (—fdr(x,vx0))
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where in the last step we have additionally used Lemma 6.5.9. This completes the proof. O

6.6. Dimension of a conformal density

In this section, we establish a lower bound for the dimension of a conformal density. For Anosov

subgroups, we prove that the dimension equals the Finsler critical exponent (see Corollary 6.6.5).

THEOREM 6.6.1. Suppose that ' is a nonelementary Tmeq-RA subgroup. Let p be a I'-invariant

conformal density of dimension 8. Then [ has the following lower bound:
B > 6p — 0. (6.32)

The proof of this theorem is given at the end of this section. The number 6% above quantifies
the maximal exponential growth rate of the orbit 'z in a conical direction. The precise definition

is given below.

DEFINITION 6.6.2 (Critical exponent in conical directions). Suppose that I' is a 7y,04-regular

subgroup. For 7 € A (I'), define
Ng(r,c,x, 29, 7) = card{~y € T : dp(z,yzo) < r, dr(yzo,V(2,st(7))) < ¢}

and

log N&
51% (F) = Sup < hm (11111 Sup Og F(T7 C; x, -%'0; T) >> '
D)

TeATmod( €700 r—0o0 r
Note that it is sufficient to take the supremum in the definition of 6% (I") over the conical limit
set AZ" (I'). For rank-one symmetric spaces, and, more generally, for o0q-regular subgroups, this
number is zero. Below we see that for 7y04-Anosov subgroups also, 65 (I') = 0. It should be noted

that, however, for general discrete subgroups, 65 could be oco.
PROPOSITION 6.6.3. Suppose that I' is a nonelementary Tmoq-Anosov subgroup. Then the func-
tion N(r) = N§(r, ¢, x,x0,T) grows linearly with r. In particular, 65(I') = 0.

PRrOOF. Without loss of generality, we can assume that = = x(.%

LEMMA 6.6.4. Fiz ¢ > 0. For any 7 € A, (T"), the set

{’Yl“o e S Fa dR(fny) V('Ia St(T))) < C}
6Note that the number 0% (") does not depend on = and z¢ as we have seen in the case of dr in Sec. 6.1.
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is within a uniformly bounded distance from a uniform Tmea-Morse quasiray o emanating from xg

and asymptotic to T.

ProoOF. Let 7 € A,__,(T") be arbitrary. Denote the preimage of 7 in dsI' under the boundary
homeomorphism O, I" — A, (I') by ¢. Since I' is discrete, we can arrange the elements of
{v €T :dr(yzo,V(z,st(r))) < c} in a sequence (7y,). The sequence x,, = y,xo converges conically
to 7. Let a: Z>9 — X be the image (under the orbit map I' — I'z) of a parametrized geodesic ray
Z>o — T starting at 1p and asymptotic to (. Then « is a uniform 7,,4-Morse quasiray starting
at zo and asymptotic to 7. Hence « is uniformly close to V(zg,st(7)). Since both sequence (x,)
and (a(n)) are uniformly close to V' (zg,st(7)), it is enough to understand the simpler case when
a(n), z, € V(xo,st(r)), for all n € N.

We claim that the sequence (zy,) is uniformly close to a. Otherwise, after extraction, (z,) would
diverge away from «. Since « is a Morse quasiray, « eventually enters each cone V(x,,st(7)), but
further and further away from the tip x,, as n grows. Since the separation between two successive
points on « (being a quasigeodesic) is uniformly bounded, we could find arbitrarily large m’s such
that a(m) is uniformly close to the boundary of a cone V(x,,, st(7)) and is arbitrarily far away from

its tip z,. But this would contradict the 7y,0q-regularity of the group I'. ]

We continue with the notations from the proof of the lemma. Since any 7,,q-Anosov subgroup
I' < G is uniformly 70g-regular (cf. Equivalence Theorem 4.4.12), we may work with the Rie-
mannian metric in place of the Finsler metric. Moreover, we may assume that the sequence (z,,)
is sufficiently spaced. Let Z, denote the nearest-point projection of x, to the image of a. The
above lemma implies that d(x,, Z,) is uniformly bounded. Since z,,’s are sufficiently spaced, Z,’s
are also sufficiently spaced which guarantees that dg(Z,,z¢) > const - n, for all large n, which in

turn implies that dg(xy,z¢) > const - n. The proposition follows from this. O

As a corollary of the above results, we obtain that any ['-invariant conformal density must have
dimension dg when I' is 7,0g-Anosov. The Patterson—Sullivan densities constructed in Section 6.2

also had this dimension.

COROLLARY 6.6.5. Suppose that I is a nonelementary Tmoq-Anosov subgroup. Let p be a T'-

invariant conformal density of dimension 5. Then B = Of.
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ProoF. By Corollary 6.5.5 we know that the Poincaré series gg (z,x0) diverges and, conse-
quently, 5 < dp. The reverse inequality is obtained in combination of Theorem 6.6.1 and Proposi-

tion 6.6.3. ]
To close this section, we prove Theorem 6.6.1.

PRrROOF OF THEOREM 6.6.1. We fix some r > rg where rg is given by Theorem 6.5.1. Assume
that the stabilizer of z¢ in I" is trivial in which case the function N(R) = Ng(R,z, ) counts the
number of orbit points (in I'zg) within the Finsler r-ball centered at x. The general case follows
immediately.

We place a Riemannian ball of radius r at each point in the orbit. In this proof, we reserve the
word ball to specify these balls. Let

= min {dr(zo, .
c ;;‘;%#WO Yxo)}

There exists a number N € N that depends only on r, ¢, and X such that any ball intersect at
most N other balls (including itself). Note that the shadows in Flag(mpq) (from z) of two distinct
balls are disjoint unless they intersect some common 7,,q-cone with tip at . Also note that, at
large distances from x, the balls do not intersect the boundaries of the 7,04-cones because of the
Tmod-Tegularity of the orbit.

Let nr denote the maximal number of balls in Bp(x, R) that intersect a particular 7y,04-cone

V(z,st(r)). It follows from the definition of §f(I") that

1
lim sup 0“’}%”3 < 5%(ID). (6.33)

R—o0

On the other hand, for each 7 € A,__,(T"), the maximal number of balls in Br(x, R) whose shadows
intersect 7 is np. Therefore,

NF(R7:1:7‘TO)

N -np s(R) < m = total mass of j, (6.34)

where s(R) is any lower bound for the measures of the shadows of balls in Br(x, R). We note that

the shadow lemma (Theorem 6.5.1) produces such a positive lower bound”, namely, we may take

"We may need to disregard a finite number of balls from the picture.
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s(R) = const - e %, Then (6.34) yields

mN -n
NF(R,I',JI()) < 7R€BR-
const

Together with (6.33), the above results in (6.32). O

6.7. Uniqueness of conformal density

Recall that an action of a group H on a measure space (S,0) is said to be ergodic if each
H-invariant measurable set B C S is either null or co-null. In [Sul79], Sullivan proved that for
a discrete group I' of Méobius transformations of the Poincare ball B3, a I'-invariant conformal
density u of non-zero dimension is unique (here and henceforth, by “unique” we mean unique up-to
a constant factor) in the class of all conformal densities of same dimension if and only if the action
I’ on the limit set A(T") is ergodic with respect to any p, € p. See also [Nic89, Thm. 4.2.1].
Generalizing this statement in our setting, we obtain the following result. The proof is essentially

same of Sullivan’s theorem, hence we omit the details.

THEOREM 6.7.1. Suppose that ' is a nonelementary Tmoq-RA subgroup. A T-invariant confor-
mal density p of dimension B > 0 is unique in the class of all I'-invariant conformal densities of

dimension 3 if and only if the action I' ~ A,__ (I") is ergodic with respect to any jg € p.
It is then natural to ask

QUESTION 6.7.2. For which Tmoa-regular subgroups I', the action I' ~ A, (') is ergodic with

respect to a conformal measure?
In this section we prove that the Anosov property is a sufficient condition:

THEOREM 6.7.3 (Anosov implies ergodic). Suppose that T' is a nonelementary Tmoq-Anosov
subgroup and p be a T-invariant conformal density. Then the action T' ~ A (T') is ergodic with

respect to any g € W.

As a corollary, we obtain that when I' is 7,0g-Anosov, then, up to a constant factor, there is

exactly one I'-invariant conformal density, namely, the Patterson—Sullivan density.

COROLLARY 6.7.4 (Existence and uniqueness of conformal density). Suppose thatT' is a nonele-
mentary Tmod-Anosov subgroup. Then, up to a constant factor, there exists a unique I'-invariant

conformal density pu, namely, the Patterson—Sullivan density.
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PROOF. First of all, by Proposition 6.2.1, any such density must have a positive dimension.
Secondly, by Corollary 6.6.5 this dimension equals to the critical exponent dp. Then the uniqueness

follows from the combination of Theorems 6.7.1 and 6.7.3. O
Now we return to the proof of Theorem 6.7.3.

PROOF OF THEOREM 6.7.3. Let i be a I'-invariant conformal density. Note that the dimension
B of p must be positive (by Proposition 6.2.1 and Corollary 6.6.5).

Let B be a I'-invariant Borel subset of A;__,(I'). We need to prove that if B is not a null set,
then it is co-null. From now on, we assume that B is not a null set, i.e., uz(B) > 0.

We need the following lemmata.

LEMMA 6.7.5. There exists r1 > 0 such that for every r > r1 and every v € I, the shadow

S(x, B(vyxo,r)) intersects A, (T).

PROOF. The proof simply follows from the Morse property of the Anosov subgroup I'. O

We assume that the r; in the lemma also satisfies the “uniform conicality” property for I' (cf.

Proposition 6.5.4).

LEMMA 6.7.6. Let r > max{rg,r1} where o is as in Theorem 6.5.1. For pz-a.e. T € B and
every sequence (v,) on T, v, — 7, satisfying T € Sy, := S(x : B(ynxo,7)), we have

lim 7'%6(5” nB)

Jim ST = 1 (6.35)

Assuming this lemma for a moment, we complete the proof of the theorem. The proof of this
lemma is given at the end of this section. Note that, Lemma 6.7.5 is used to ensure that the ratios
in the above lemma are not degenerate.

Let 7 € B be a density point, i.e., T satisfies (6.35). Such point exist by Lemma 6.7.6 because
B has positive mass. Note that, I'-invariance of B and p implies that

pz(S (v, ' - B(wo,r)) N B) _ fyna(Sn N B) —1_ Hyna (S — B)
pa(S(ya = B(xo,7))) Hoynz (Sh) Hoynr(Sn)
 Js,—pexp (B (. x)) dpta

=1
s, exp (=Bdrr (v, x)) dps
2 1— const - M7
faz(Sn)
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where the inequality follows by Lemma 6.5.9. Together with (6.35), we get

lim pa (St s B(zo, 1)) N B) _ 1. (6.36)
n—00 ux(S(’Yr?1$ : B(zo,7)))

Note that by Corollary 6.5.2, i is atom-free. Therefore, for every € > 0 there exists r > r such
that
pa(S(y, tr s B(zo, 7)) > m — ¢,
for all large n, where m denotes the total mass of u,. The above follows from the combination of

Lemmata 6.5.7 and 6.5.8. Therefore, by (6.36),

pe(B) > lim . (S(y, 2 : B(zg,7)) N B) > m — ¢,

n—oo
which holds for every € > 0. Hence pi,(B) = m. This completes the proof of the theorem. O

Now we prove Lemma 6.7.6. The lemma would have followed from a generalization of the
Lebesgue density theorem (cf. [Fed69, Subsec. 2.9.11, 2.9.12]) if we knew that pu, is, e.g., a
doubling measure. Since this property is unclear, we adopt a more direct approach. The idea of

the proof follows [Rob03, Subsec. 1E] (see also [Lin06, Sec. 3]).

PROOF OF LEMMA 6.7.6. The proof requires a version of the Lebesgue differentiation theorem.

SUBLEMMA 6.7.7. For every bounded measurable function ® : Flag(Tmod) — R>o0,

1
d(7) = lim / Lalfis.
( ) n—00 ux(S(x : B("Yn51707 T))) S(x:B(ynzo,r))

for pg-a.e. T € Ay and all v, € T satisfying T € S(z : B(yn20,7)).

PRrROOF. For every bounded measurable function ¥ : Flag(7mod) — R>o, define a function ¥*

on Flag(Tmoq) which is zero outside A, _,(I') and on A, (T') it is defined by

1
U* (1) = lim sup / Vs, 0.37
™ Nooo Ma(S(z : B(vyzo,7))) S(z:B(vyzo,r)) ( )

Here and in the following the limit superior is taken over all v € I that satisfy dgr(x,yz9) > N and
T € S(z : B(yzo,T)).

Let & be a sequence of continuous functions converging to ® p,-almost surely such that

1
/ |<I>k—<I>|d,ux <=, VkeN.
Flag(Tmod) k
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Then for every 7 € Flag(mimoq) and v € I', we have

1
lim sup / Qdp, — (1)
N—oo ux(S(x : B(Pyx()? T))) S(z:B(vyzo,r))

<P — @p[*(7) + | Dk (7) — (7))

1
1z (S(z : B(yxo,7)))

+ lim sup

N—oo

/ Bydyn — Bi(r)| . (6.38)
S(z:B(yzo,r))

Since ®,, are continuous, the last quantity in the right side of the above vanishes. Moreover, the
limit of |®x(7) — ®(7)| as kK — oo vanishes at pg-a.e. 7 € Flag(7mod). Therefore, we only need
to control the first term of the right side of (6.38): We show that, for all bounded nonnegative

measurable functions ¥ on Flag(myoq) and all € > 0,

const

o ({7 > &}) < / Wiy, (6.39)
€ Flag(Tmod)

where the constant does not depend on € or ¥. The sublemma follows from this as follows: Setting
U = |® — §;| and taking limit as k — oo in (6.39), we see that |® — i |* py-a.s. converges to zero.
Hence left-hand side of (6.38) also converges to zero for pg-a.e. 7€ Ay .

Now we verify (6.39). Let £ > 0 be arbitrary. For d > 0, let 'y be the set of all elements v € T’

such that dp(z,vx9) > d and

€
/ Vdp, > i,ux(S(a: : B(vyxo,1))). (6.40)
S(x:B(yzo,r))

CLAM 1. The union of all shadows S(x : B(yxo,T)) over v € 'y covers {¥* > ¢}.

PROOF OF crLAIM. The proof is straightforward. O

We recursively construct a sequence of subsets, (I'g ), of I'q in the following way: Let 'y, =

{v€Ty:0<dp(x,vz0) < 1}, and, for N > 2, define

N — 1 <dp(z,vz9) < N and S(x : B(yxg,7))N
S(x : B(¢x0,r)) = @,ng) S Fd71 J---uJ Pd,N—l

Fgyn=q7€Tly

Set F; = UNEI Pd,N-
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CraM 2. There exists a constant R > r such that, for every d > 0,

{v*>¢e}c | S(: B(¢zo, R)).

pers

PROOF OF CLAIM. It is enough to prove the claim for very large d. In fact, we assume that d
is so large such that m is uniformly Ty0q-regular for all v € T'y.

Let 7 € {¥* > ¢} be arbitrary. Then there exists 7 € I'y such that 7 € S(z : B(yzo,r)).
Assume that v ¢ I'. By construction of I'}}, there exists ¢ € I'}; such that S(x : B(yxo,7)) N S(x :
B(¢zo,7)) # 0 and dp(z, ¢pxo) < dp(x,yx0).

By Lemma 6.6.4, both vx¢ and ¢z stay uniformly close to a Tyoq-uniform Morse quasigeodesic
a with one endpoint at . Since dp(z, ¢xo) < dp(x,vxo), we may assume that the other endpoint
of « is uniformly close to yzg. It follows that ¢xg is uniformly close to the diamond {$g(x,vxo),
since « is, for some t-invariant, compact, Tyeq-Weyl convex subset © C ost(Tmoq). Pick y €
B(yxo,r) N V(x,st(7)). Then, by uniform continuity of diamonds (cf. Theorem 5.1.7), for some
©" C ost(Tmodq) bigger than O, $eo(x,yxp) is contained in a uniform neighborhood of e/ (z,y).
Therefore, ¢z is uniformly close to $er(z,y) and, in particular, to V (z,st(7)). We may choose R

to be this upper bound. ]

In particular, we get
pe ({0* > e}) < 3 e (S(a: B(owo, R))). (6.41)
per,

Cramm 3. If S(z : B(yxo,r)) N S(x : B(pxo, 7)) # 0, for v,¢ € I, then dp(vyxo, dxo) is

uniformly bounded.

PROOF OF crLAIM. This follows from the Gromov hyperbolicity of (I'zg,dr) (see Corollary
6.3.8) and the fact that both vz and ¢z lie in an annulus {z/ € X : N — 1 < dp(2/,2) < N}
in the following way: Let 7 € S(z : B(vyxo,7)) N S(z : B(¢xo,7)). Let z € V(x,st(7)) be a point

uniformly close to I'zg. By d-hyperbolicity,

(yaoldxo)e + 6 > min {{yxo|2)z, (p20[2)2} - (6.42)
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Expanding the left side, we get

(veoldzole +8 = 5 (di (120, ) + de(6z0,) — di (a0, 670) + 9

1 1 (6.43)
< (dF(¢$0,$)'— 2dF(7$0,¢1b)> tot+s,
and expanding the right side, we get
3 (dF(’Y.CL’(), l’) + dF(.’E, Z) - dF(’Y‘,EOa 2)) 3
min {(yzo|z) s, (¢xo|2),} = min i
5 (dr(¢zo, 2) + dp(z, 2) — dp (w0, 2))
Taking z — 7 in the right side of the last one and using (6.12), we get
: 1 hor 1 hor
min | 5 <dp(*yxo,m) +d} (CL‘,’Y,CE(])) 5 (dF(gZ)xo,x) +d} (:L“,(;S$0)) )
which, by Lemma 6.5.9, is at least
min {dr(yxo, z), dp(¢zg, x)} — r > dp(yzro, ) — 1 — 1.
Combining this with (6.42) and (6.43), we get
dp (yxo, pxo) < 2r + 25 + 3. O

In particular, for each 7 € p, ({V* > €}), [{¢ € I} : 7 € S(x : B(¢xo,r))}| is uniformly bounded,
say, by D > 0. Therefore,

> 4 (S(z: B(gwo,r))) < Dy | | S(z 2 B(omo, 7)) | - (6.44)
el BeT™,

We would like to use the shadow lemma (Theorem 6.5.1). To this end, we have

s ({U*>¢e}) < Z pz (S(x : B(¢zo, R))) < C’ Z exp (—fBdp(x, pxo)) (6.45)

pel'y pel'y

where the first inequality is given by (6.41) and the last inequality is given by the shadow lemma
with 79 < r = R. Note that the necessary condition dg(z, ¢pxo) > R which we needed to apply the

shadow lemma in the above follows from the definition of I';. Moreover, applying shadow lemma
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again with 7o < r =r, we get another constant C' > 0 such that
c! Z exp (—fdr(x, pxo)) Z ta (S(x : B(¢zo,1))) . (6.46)
o€l oel'y,
Combined with (6.44), the inequalities in (6.45) and (6.46) give
pe ({U* > e}) < DC'Cpuy | | S(x: B(pao,r))
$€Ts,
Finally, the above and (6.40) yield

2DC'C / Wy
€ Flag(Tmod) v

This proves (6.39). O

pa ({UF > e}) <

The proof of the lemma follows from the sublemma by taking ® in the sublemma to be the

indicator function for B. O

6.8. Hausdorff density

In this section, we restrict our attention to Anosov subgroups. Usually, one defines Hausdorff
measures and Hausdorfl dimension for metric spaces. In Appendix A, we verify that the theory
goes through for premetrics as well. The reader who prefers to work with metrics can assume that
€ > 0 is chosen so that d;° defines a metric on A, _,(T") (cf. Corollary 6.4.6).

For 8> 0 we let H denote the 3-dimensional Hausdorff measure on (A _ (1), dE ) (defined
with respect to the premetric dé’e as in the appendix). The Hausdorff dimension of a Borel subset

B C A;_,(T) is then defined as
Hd(B) = inf{f : #J(B) = 0} = sup{§ : H;(B) = oc}.
Note that if for some 3 > 0, H5(B) € (0,00), then Hd(B) = 3.
PROPOSITION 6.8.1. Suppose that for some 5 > 0
HE (A, () € (0,00). (6.47)

Let Z =Tx. Then HP = {Hf}zez is a Pe-dimensional I'-invariant conformal Z-density.
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PROOF. Let y,z € Z. Define a function f: A, (') x A, (I') = R>¢ by

d?é’e(ﬁaﬁ)/dée(ﬁﬂ?), T # T2,

exXp (_ﬁdg'lor(yv Z)) ) 1T =T2=T.

f(Tlv TQ) -

By a calculation similar to the proof of Proposition 6.4.4, we obtain

d%‘:e(ﬁ? TQ)
Z,€

lim
G (7—15 7'2)

T1,T2—T d

o (e,

which shows that f is continuous. For 7 € A, (T') and small n > 0, let U,, be a neighborhood of

7in A, (T') such that Vi, 7 € U,

d&f(m1,m2) < (exp (—ed}jor(y, z)) + 77) dg (1, 72).

Hence the identity map Id : (A, ,(T),dg") = (Ar,.(T),d% ) on Uy is Le-Lipschitz, where L, =
exp (—ed™(y, z)) +n. In particular, the map Id is locally Lipschitz. Therefore, for any B € B(U),
7-[5(3) < Lng(B) This also shows that 7-[5 < H?. Taking limit as 7 — 0, we obtain

dH

() S e (—Bedr"(y,2))

and switching the role of y and z in the above we also obtain the reverse inequality. Hence

M)

() = e (—Bedﬁ"r(ya 2))

which proves conformality. Suppose that y = vz for some v € I'. Then for any B € B(A,__ (),

H(B) = [ exp (~Bedn(yz2)) art? = [ a(vnZ) =y Hd(m)

B B
and T'-invariance also follows. Therefore, H? is a conformal Z-density of dimension fe. O
REMARK. (1) Note that if such a family {H% : z € Z} exists, then it may be extended to

a full conformal density via the correspondence in (6.14).
(2) By the uniqueness of conformal density (Theorem 6.7.4), the number 5 in Proposition
6.8.1 equals to dp/e.
op /e
X

(3) In the following we shall see that, indeed, the dr/e-dimensional Hausdorff measure H

is finite and non-null (i.e., it satisfies (6.47)).
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Next we show that if 8 = dp/e, then the S-dimensional Hausdorff measure HY satisfies (6.47).
Let us first discuss the simpler case, namely, when the Finsler pseudo-metric dg is a metric. There
is an abundance of examples when this occurs, e.g., in the case when X = G/K is an irreducible
symmetric space.

Let (Y,d) be a proper, geodesic, Gromov hyperbolic metric space and I" be a nonelementary
discrete group of isometries acting properly discontinuously on Y. Let A be the limit set of T’
in 05 Y. Further, assume that I is quasiconvez-cocompact, i.e., the quasiconvex hull QCH(A) is
nonempty and the quotient I'\QCH(A) is compact. In [C0093|, Coornaert proved the following

result.

THEOREM 6.8.2 (Coornaert [Co093, Cor. 7.6]). Suppose that the critical exponent § of T' is
finite. Then the d-dimensional Hausdorff measure on A with respect to a Gromov metric d¢, is

finite and non-null.

To apply this theorem to our case, we need an appropriate setting. In Section 6.3, we proved
that the orbit Z = I'z is a Gromov hyperbolic space with respect to the Finsler metric (cf. Corollary
6.3.8) and it is also proper. But Z fails to be geodesic. This problem can be remedied by taking a
uniform neighborhood Y of Z in X such that Z is quasiconvex in Y, and then putting the intrinsic
path-metric d on Y induced by dp (this requires positivity of dp), and finally by completing Y
in this metric. Then (Y, d) is proper, geodesic and Gromov hyperbolic. Moreover, (Y,d) and the
isometrically embedded (Z,dp) are Hausdorff-close and, in particular, (Y,d) is quasiisometric to
(Z,dp) by a (1, A)-quasiisometry. This implies that there is a bi-Lipschitz homeomorphism from
OxY (equipped with the metric di, defined by d(&1,62) = dg (&1, &2)¢ where d; is a Gromov metric
on 95Y) to (A, ,(T),dd ). Note that the action I' ~ (Y, d) satisfies all the properties needed to
apply Theorem 6.8.2. Therefore, by this theorem the dp/e-dimensional Hausdorff measure on 05 Y
(and, consequently, also on A,__ (T")) is finite and non-null.

In the general case where the positivity of dr is unknown, the above argument still works after
some modifications. Let us go back to our construction in the above paragraph. Let Y be a uniform
Riemannian neighborhood of Z in which Z is Finsler quasiconvex. Define a new I'-invariant metric
dp on Y by

d_F(ya Z) = max{dp(y, Z)a €dR(y,2)}, Vy,z ey
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where ¢ > 0 is some number that is strictly lesser than L~! given in (6.6). Note that for y,z € Z,
if dp(y, 2) is sufficiently large, then dp(y, z) = dr(y, z). Moreover, for a given t-invariant, compact,
Tmod-Weyl convex subset © C ost(T0q) and a possibly smaller £ (depending on the choice of ©),
any ©-Finsler geodesic (see Definition 6.1.1) connecting these two points remains a geodesic in this
new metric. In other words, Z remains quasiconvex in Y with respect to dp.

Observe that the identity embedding (Z,dr) — (Y, dr) is a (1, A)-quasiisometric embedding for
some large enough A and the image is Hausdorff-close to Y. Therefore, in this case also we get a
natural identification of the Gromov boundaries of (Z,dr) and (Y,dr). Next, considering intrinsic
metrics, we complete Y as before to get a proper, geodesic, Gromov hyperbolic space (Y, d). The
rest of the argument works as before.

Using Proposition 6.8.1, we obtain the following result.

THEOREM 6.8.3. Suppose that T' is a nonelementary Tmoq-Anosov subgroup. If B = 0p/e,
then the [-dimensional Hausdorff density HP = {Hf}zepx is a D-invariant conformal density of

dimension dg. In particular, the Hausdorff dimension with respect to the metric dé’e satisfies
Hd(A, () = ¢ /e.
Moreover, H? equals to a non-zero multiple of the Patterson—Sullivan density.

We have mostly completed the proof of this theorem. The remaining “moreover” part follows

from the uniqueness of I'-invariant conformal densitiy (Theorem 6.7.4).

COROLLARY 6.8.4. With respect to the Gromov premetric df, = dé’l the Hausdorff dimension

satisfies

HA(Ay, 4 (T)) = b

6.9. Applications

6.9.1. Product of hyperbolic spaces. Let I'y, I'y be isomorphic discrete cocompact sub-
groups of PSL(2,R) where the isomorphism is given by ¢ : I'y — I's. We let f : S' — S! be the
equivariant homeomorphism of ideal boundaries of hyperbolic planes determined by ¢.

The discrete subgroup

L= {(y1,6m):m € T1} < G = PSL(2,R) x PSL(2,R)
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acts on X = H? x H? as a 0y,04-Anosov subgroup. (This follows, for instance, from the fact that T
is an URU subgroup of G.) The oy,0q-limit set of I' (in the full flag-manifold S x S') equals the
graph of the map f.

We denote d; (resp. d2) the distance functions of the constant —1 curvature Riemannian metrics
on the first (resp. second) factor of the product H? x HZ.

Unlike in section 6.4, we work with the Finsler metric on H? x H? given by

dr ((z1,72), (y1,92)) = (o 1) ;r da(T2,92) (6.48)

(We multiply the distance function (6.7), for p = 2, by a factor 1/1/2 in order to avoid cumbersome
radical constants.)
By the formula of the Gromov predistance (6.28), for ¢ = 1 and = = (z1, z2), dgé’l(TJr,T_) is

bi-Lipschitz equivalent to the product
VvV 102,

where 74 = (ff[, 5;) and «; is the angle between £, &, as measured from x;, i = 1,2.
By [BS93, Thm. 2 & 3] we note that the Finsler critical exponent dp of I" is at most 1. This
can also be obtained by comparing the Hausdorff dimensions as follows. Note that by the formula

of the Gromov predistance, the identity map
(8" x S',p) = (Flag(0moa), dg;)

is Lipschitz, where p is a Riemannian distance function on S x S' = 0,,H? x 0,,H?. Moreover, the
limit set of " in S x ST is the graph of a BV function, hence, is a rectifiable curve, and, thus, has
Hausdorff dimension 1 with respect to p. Consequently, with respect to dé’l, Hd(A,, ,(I)) < 1.
By Theorem 6.8.3, ép < 1 as well.

Moreover, by [BS93, Thm. 2|, ép = 1 if and only if ¢ is induced by an isometry of H?,
equivalently, f is a Mobius transformation.

We further note that one can use [Bur93] as an alternative argument for both inequality and

the equality case.

6.9.2. Projective Anosov representations. Recall that a representation p : I' — SL(k +
1,R), k > 2, is called projective Anosov if it is Tyeq-Anosov for mpeq = (1, k) (see Examples 4.2.2,

6.1.5, and 6.4.8 for notations). Equivalently, p is Pj-Anosov, see Definition 2.2.1. The Finsler
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critical exponent associated to the t-invariant type
0= (1/2vVk+1,0,-1/2Vk +1)

will be denoted by .
Let p : I' — SL(k + 1,R) be a projective Anosov representation. In [GMT19], the authors

defined the following two critical exponents of I', namely, the Hilbert critical exponent

1 d T: —
01 k41 = limsup og card{y € p1(y) — ps1(y) <7}

r—00 r

and the simple root critical exponent

1 I: -
510 = limsup 2 card{y € I': pu(v) = p2(7) <7}

r—00 r

A direct computation yields

VE + 16p = 61 41 < 012/2,

where the left equality follows from the formula for the Finsler metric given by (6.10) and the right
inequality follows from 2(u1 — p2) < p1 — pg+1. Also note that (by (6.29)) for a pair of partial flags
(llu h1)7 (l27 hz) S Flag(Tmod)y

A5V (1, b)), (o, he)) < sin Z(1y, 1)

where the right side equals the distance (with respect to the constant curvature Riemannian metric
on RP* determined by x € X) between the lines 1,15 in RP*. This together with Theorem 6.8.3
implies that

5111 = opVk +1=Hd(A,, (1)) < Hdr(£'(0s0)) (6.49)

where &' : 9T — RPF is the I'-equivariant embedding® of d,I' into RP¥ and Hdg denotes the
Hausdorff dimension with respect to the Riemannian metric. Together with a recently obtained
upper-bound for Hdg (£!(0xI)) (see [PSW19, Prop. 4.1] or [GMT19, Thm. 4.1]), we obtain the

following result.

8Composition of the I'-equivariant boundary embedding docI' — Flag(7mod) and the projection map Flag(Tmod) —
RP® = Gry (RFF1).
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THEOREM 6.9.1. Let I' — SL(k + 1,R) be a projective Anosov representation. Then
81 k1 < HAr (€' (0o0T)) < 81,2-

Also compare [GMT19, Cor. 1.2] where the authors obtain identical bounds for the Hausdorff

dimension of the flag limit set equipped with a certain Gromov metric.
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APPENDIX A

Hausdorff measures on premetric spaces

Let X be a metrizable topological space. Recall that an outer measure is a function p : P(X) —
[0, 00| that satisfies
(i) u(0) =0,
(ii) for all A, B € P(X) with A C B, u(A) < u(B), and
(iii) for all countable collection { Ay | k& € N} of subsets of X,

m (U Ak) <D p(Ap).

keN keN
A set A C X is called pu-measurable if for every E € P(X), u(A) = p(AN E) + p(AnN E°). By
Carathéodory’s theorem (cf. [Fol99, Thm. 1.11]), y-measurable sets form a o-algebra to which
restricts as a complete measure.

Assume now that X is compact. The outer measure p is called good if additionally,
(iv) for all A, B C X with AN B =0, u(AU B) = u(A) + u(B).

The next lemma asserts that, for outer measures p on compact metrizable spaces, the o-algebra

of Borel sets is a subalgebra of the o-algebra of u-measurable sets.

LEMMA A.0.1. Let X be a compact metrizable space. If u is a good outer measure on X, then

every Borel set B € B(X) is measurable.

PROOF. Let d be a metric on X. Then the condition (iv) above implies that
(iv’) for all A, B C X with d(A,B) >0, u(AU B) = u(A) + u(B).
Therefore, p is a metric outer measure on (X, d). By [Fol99, Prop. 11.16], Borel subsets of X are

measurable. OJ

DEFINITION A.0.2 (Premetric space). Let X be a topological space. A symmetric continuous
function d : X x X — [0,00] is called a premetric on X. A pair (X,d) consisting of a metrizable

topological space X and a premetric d on X is called a premetric space.
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In what follows, we consider only positive premetrics, i.e.,
dlz,y) >0 <= z#y, Vr,yelX

Let (X,d) be a compact positive premetric space. Then d satisfies the following separation
property:
d(A,B) >0 <= ANnB=0, VA BCX. (A1)

Let € > 0, 8> 0. For every A C X, define

HI(A) = igf {Z diamg(Uy,)? ’ U ={Uy | k € N} covers A, mesh(Uf) < 5} .
keN

In the above, mesh(lf) is the supremum of the d-diameters of the members of ¢/. Then
MY P(X) — [0, 0]

is an outer measure on X (cf. [Fol99, Prop. 1.10]). Define the S-dimensional Hausdorff measure
HP by
HP(A) = lim HP(A).

e—0

THEOREM A.0.3. The Hausdorff measure HP is a good outer measure.

PROOF. We need to check the properties (i)-(iv) above. Since, for all € > 0, #% is an outer
measure, taking limit ¢ — 0, properties (i)-(iii) are easily verified. Therefore, we only need to check
that H? satisfies property (iv).

Let A,B C X such that AN B = . By (A.1), d(A,B) = dy > 0. Let ¢ < dy be a positive
number and U be a countable open cover of AU B with mesh(U) < e. If such open cover does not
exist, then HZ (AU B) (and hence, H?(AU B)) is infinity. Otherwise, U can be written as a disjoint
union U4 LUUpB where U, consists of all open sets in I/ that intersect A and Up consists of the rest.

Clearly, U4 and Up are open covers of A and B, respectively. Therefore,

> diamg(E)’ = ) diamg(E)’ + Y diamg(E)’ > HE(A) + 1L (B).
EcuU Ecly FEeclup

Since the above holds for any cover U with mesh < e, we have

HZ(AUB) > HE(A) + HI(B).
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Taking limit ¢ — 0, we get H?(AU B) > HP(A) + HP(B). The reverse inequality follows from
property (iii). Therefore, H?(A U B) = H?(A) + H?(B). This completes the proof. O

By Lemma A.0.1 and the above theorem, we obtain the following result.
COROLLARY A.0.4. Every Borel subset of X is HP-measurable.

The Hausdorff dimension of a Borel subset B C (X, d) is then defined as

Hd(B) = inf{$ | #’(B) = 0} = sup{B | H’(B) = oo}.
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