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Nonconvex Matrix Completion: From Geometric Analysis to Algorithmic Analysis

Abstract

Techniques of matrix completion aim to impute a large portion of missing entries in a data
matrix through a small portion of observed ones, with broad machine learning applications including
collaborative filtering, system identification, global positioning, etc. This dissertation aims to
analyze the nonconvex matrix problem from geometric and algorithmic perspectives.

The first part of the dissertation, i.e., Chapter 2 and 3, focuses on analyzing the nonconvex
matrix completion problem from the geometric perspective. Geometric analysis has been conducted
on various low-rank recovery problems including phase retrieval, matrix factorization and matrix
completion in recent few years. Taking matrix completion as an example, with assumptions on the
underlying matrix and the sampling rate, all the local minima of the nonconvex objective function
were shown to be global minima, i.e., nonconvex optimization can recover the underlying matrix
exactly. In Chapter 2, we propose a model-free framework for nonconvex matrix completion: We
characterize how well local-minimum based low-rank factorization approximates the underlying
matrix without any assumption on it. As an implication, a corollary of our main theorem improves
the state-of-the-art sampling rate required for nonconvex matrix completion to rule out spurious
local minima.

In practice, additional structures are usually employed in order to improve the accuracy of
matrix completion. Examples include subspace constraints formed by side information in collabo-
rative filtering, and skew symmetry in pairwise ranking. Chapter 3 performs a unified geometric
analysis of nonconvex matrix completion with linearly parameterized factorization, which covers
the aforementioned examples as special cases. Uniform upper bounds for estimation errors are
established for all local minima, provided assumptions on the sampling rate and the underlying
matrix are satisfied.

The second part of the dissertation (Chapter 4) focuses on algorithmic analysis of nonconvex
matrix completion. Row-wise projection/regularization has become a widely adapted assumption
due to its convenience for analysis, though it was observed to be unnecessary in numerical simula-

tions. Recently the gap between theory and practice has been overcome for positive semidefinite

v



matrix completion via so called leave-one-out analysis. In Chapter 4, we extend the leave-one-out
analysis to the rectangular case, and more significantly, improve the required sampling rate for

convergence guarantee.
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CHAPTER 1

Introduction

Matrix completion techniques aim to predict missing entries in a data matrix from observed
ones. Applications include collaborative filtering [RS05, CR09], in which unobserved user-item
ratings are predicted with the available ones; Global positioning in sensor networks [SY07,Sin08,
OMK10,JM13|, in which some of the distances between sensors are unknown due to limitations
such as power restrictions of the sensors; And system identification [LV10,LHV13], etc.

In most high-dimensional problems, low-complexity structures have to be imposed in order
to perform non-trivial learning. In matrix completion algorithms, the low-complexity structure
is the low-rankness of the ground truth. By imposing nuclear norm regularization in order to
recover low-rank structures [RFP10], convex optimization methods have been widely used in the
literature of matrix completion. By solving a nuclear norm minimization problem, [CR09| showed
that exact recovery is possible for matrix completion. [CT10] gave a lower bound of number of
entries required for exactly recovering the underlying matrix by any method. By improving the
required sampling complexity from quadratic dependence on the rank of underlying matrix to
linear dependence, [CT10] matched the aforementioned information theoretic lower bound on the
dependence of rank. By adapting technologies including a recursive process designed in [GLF10]
(referred as “golfing scheme” in [Grol1l]) to the matrix completion problem, [Recl1] presented a
much simplified proof comparing to prior works. Almost at the same time, by using golfing scheme,
[Groll] showed that exact recovery of Hermitian matrix can be achieved for any given matrix
basis. Instead of incoherence conditions introduced in [CRO09], [NW12] considered the matrix
completion problem based on the measure of spikiness and low-rankness of matrices. [MHT10]
considered a reformulated nuclear norm minimization problem in Lagrange form. Nuclear norm
penalized estimator was also studied in [KLT11], and elastic penalty was considered in [SZ12].
Nuclear norm regularization has also been studied for robust principle component analysis, e.g.,

[CLMW11,HKZ11], etc.



Though convex optimization methods could have near-optimal theoretical guarantees for ma-
trix completion with assumptions on incoherence conditions, they are in general unscalable to large
data matrices whose dimensions are as high as hundreds of thousands. In contrast, nonconvex
optimization methods have been proposed and analyzed in the literature due to computational
convenience. Nonconvex optimization methods [RS05] based on low-rank factorization can reduce
memory and computation costs and avoid iterative singular value decompositions, thereby much
more scalable to large datasets than convex optimization. In [KMO10a, KMO10b], a nonconvex
optimization has been proposed, in which the constraint is the Cartesian product of two Grassmann
manifolds. With assumptions on the sampling complexity in comparison with the rank, incoher-
ence and condition number of the matrix to complete, a method of alternating gradient descent
with initialization is proven to converge to the global minimum and recover the low rank matrix
accurately. Singular value projections (SVP) was employed in [JMD10] to recover the underlying
low-rank matrix. Alternating minimization via the low-rank factorization M ~ XY ' was ana-
lyzed in [JNS13| provided independent samples are used to update X and Y in each step of the
iteration. Their theoretical results were later improved and extended in [Har14 HW14,ZWL15].

Matrix completion algorithms with brand new samples in each iteration may be impractical
given the observed entries are usually highly limited. Instead, gradient descent for a row-wise
regularized nonconvex optimization was shown in [SL16] to converge to the global minimum and
thereby recover the low-rank matrix, provided there hold assumptions on the sampling complexity
and the low-rank matrix. In [CW15,ZL16, YPCC16], instead of introducing row-wise penalty
within the nonconvex objective function, row-wise projection was employed for each iteration of
gradient descent. With spectral initialization, projected gradient descent was guaranteed to con-
verge to the global minimum geometrically. The row-wise regularization or projection has become a
standard assumption for nonconvex matrix completion ever since, given they can explicitly control
the /3 o norms of X and Y, i.e., max; || X;.||2 and max; ||Y;.||2, which is crucial in the theoretical
analysis. Here X;. denotes the i-th row of X. However, it has been observed that row-wise reg-

ularization is numerically inactive in general, see, for example, [Sun15]. The gap between theory



and practice was first overcame in [MWCC18], in which the matrix to complete is assumed to be
positive semidefinite’.

In summary, aforementioned theoretical analysis [SL16,CW15,ZL16, YPCC16, MWCC18]
follow a two-step argument: First, with spectral initialization, the initial value can be shown to be
located within a region close to the global minimum; Second, by analyzing the local geometry near
global minimum, iterative methods such as gradient descent can be shown to converge geometrically.

Besides algorithmic analysis for nonconvex matrix completion, [GLM16, GJZ17] have been
dedicated to the geometric analysis: Instead of consider local geometry near the global minimum,
they analyzed the global geometry of the nonconvex objective function. With assumptions on
the underlying low-rank matrix and sampling rate, [GLM16,GJZ17] showed that the regularized
nonconvex objective function has no spurious local minima. That is, any local minimum is the
global minimum, and thereby nonconvex methods recover the underlying low-rank matrix. Given
the fact that under mild assumption, gradient descent can avoid strict saddle points almost surely
[LSJR16,LPP*17, PP17,JGN 17|, the no-spurious-local-minima result ensures that gradient
descent with random initialization can converge to the global minimum.

It is also noteworthy that besides matrix completion, algorithmic and geometric nonconvex
analyses have also been conducted for other low-rank recovery problems, such as phase retrieval
[CLS15,SQW18,CLM16, CCFM19]|, matrix sensing [ZL15, TBS*15, LMZ18]|, blind deconvo-
lution [LLSW19], etc.

1.1. Global geometry of nonconvex matrix completion, a model-free framework

To put it in the mathematical terms, the (positive semidefinite) matrix completion problem can
be stated as follows: Let M be a n X n positive semidefinite matrix, and we would like to estimate
the whole matrix from a small proportion of observed entries. To be specific, let  C [n] x [n]
be the index set that supports all observed entries, where [n| := {1,2,...,n}. The observation
is represented by Pqo(M), where the operator Pq(-) preserves the entries on 2 while changes the
entries on ¢ into zeros.

1Throughout this dissertation, in order to avoid confusion, positive semidefinite matrix is always assumed to be
symmetric (or Hermitian in complex setup).



Note that any rank-r positive semidefinite matrix can be parameterized through the factor-
ization X X ', where X has r columns. With this parameterization, the regularized least squares

fitting proposed and further analyzed in [GLM16,GJZ17] is

(L1) fosa(X) :—211,\\7>Q<XxT ~ M|+ AGa(X),
where
(1.2) Ga(X) = 3 11 X5 2 — )]

=1

Here X is an n-by-r matrix, X;. denotes i-th row of X, and X and « are two tuning parameters..
The sampling rate p is usually unknown but is almost identical to its empirical version |Q|/n?.
Given (1.2) has been used in [GLM16, GJZ17], the reason why we introduced a fourth order
penalty (1.2) here mainly consists of two parts: First, the fourth order penalty is twice continuously
differentiable, which makes it possible for us to analyze the second order optimality condition of
the objective function. Second, comparing to prior work [GLM16, GJZ17], technically speaking,
the fourth term plays a crucial rule in our analysis, which we will see later in Chapter 2.

This optimization is obviously nonconvex, so standard optimization methods, such as gradient
descents, may be attracted to local minima. A series of works in the literature, such as [GLM16,
GJZ17], aimed to understand the nonconvex geometry of (1.1). In particular, people are interested
in figuring out the conditions on the ground-truth low rank matrix M as well as the sampling rate
of €, under which any local minimum X of (1.1) leads to an accurate estimate of M through
M =XX". For example, [GLM16,GJZ17] showed that any local minimum X of (1.1) yields
M=XX"' , as long as M is exactly rank-r, the condition number of M is well-bounded, the
incoherence parameter of the eigenspace of M is well-bounded, and the sampling rate is greater
than a function of aforementioned quantities. However, in real applications, the aforementioned
assumptions may not be satisfied. For example, it is not realistic to estimate the exact rank of

underlying M; the condition number and incoherence parameter can be extremely large due to

small perturbations to M and rank mismatching caused by inaccurate estimation of rank, etc.



In order to address the aforementioned problems, our paper [CL19], which reduced to first three
sections of Chapter 2, studied the theoretical properties of XX T with no assumptions on M. Due
to the fact that we do not assume M is exactly rank-r, there are actually two questions of interest:
how close X X | is from M , and how close XX is from M., the best rank-r approximation
of M by spectral truncation. In comparison to [GLM16, GJZ17], our main contributions to be

introduced in the next chapter include the following:

e Without assumptions imposed on M regarding its rank, eigenvalues and eigenvectors, our
main result Theorem 2.1.2 are able to characterize how well any local-minimum based
rank-r factorization X X | approximates M or M,. The sampling rate is only required
to satisfy p > C'logn/n for some absolute constant C. Therefore, for matrix completion
applications, our framework provides more suitable guidelines than [GLM16,GJZ17]. In
fact, the condition number and incoherence parameter of the matrix to complete may not
satisfy the strong assumptions in [GLM16, GJZ17].

e When M is assumed to be exactly low-rank as in [GLM16, GJZ17], Corollary 2.1.3
improves the state-of-the-art no-spurious-local-minima results in [GLM16, GJZ17] for
exact nonconvex matrix completion in terms of sampling rates. To be specific, assuming
both condition numbers and incoherence parameters are both on the order of O(1), our
result improves the result in [GJZ17] from O(r*/n) to O(r?/n). Here O(-) indicates that
we ignore the logarithms.

e Theorem 2.1.2 also implies the conditions under which the nonconvex optimization (1.1)

yields good low-rank approximation of M in the cases of large condition numbers, high

incoherence parameters, or rank-mismatching.

On the other hand, [CL19] benefits from [GLM16, GJZ17] in various aspects. In order to
characterize the properties of any local minimum X , we follow the idea in [GJZ17] to combine
the first and second order conditions of local minima linearly to construct an auxiliary function,
denoted as K (X)) in this dissertation. If M is exactly rank-r and its eigenvalues and eigenvectors
are well-bounded, [GJZ17] showed that K(X) < 0 for all X as long as the sampling rate is large

enough. This argument can be employed to prove that there are no spurious local minima.
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However, K(X) < 0 can be shown to hold for all X only if strong assumptions are imposed on
M. Therefore, we instead focus on analyzing the inequality K (5(\ ) = 0 directly in the model-free
manner, noting that X denotes a local minimum. Among a few novel technical ideas, the success of
such model-free analysis relies crucially on the deterministic inequality (Lemma 2.3.5) that controls
the difference between the function K(X) and its population version E[K (X)] for any fixed X.

Though most of the nonconvex matrix completion literature focus on the uniform sampling
model, the model-free framework introduced in [CL19] enables us to derive an uniform approxi-
mation result: For any fixed sampling pattern €2, Theorem 2.4.1 characterizes how well any local-
minimum based rank-r factorization approximates the ground-truth. As an interesting byproduct,
in Section 2.4, we find that minimizing (1.1) can still recover the ground-truth M very well when
the uniformness of 2 is slightly violated. Furthermore, as a natural extention of model-free frame-

work in [CL19], in Section 2.5, a model-free local minima analysis is conducted on nonconvex

rectangular matrix completion with the following objective function,
1 T 2 LT Ty (2
(1.3)  freat( X, ¥) =g lIP(XY T = M)l + 2]l XX =¥ Y[+ AGalX) + GalY)),

where X € RM*X"Y € R"2*",

In summary, the theoretical analysis within [CL19] follows the framework of local minimum
analysis for nonconvex optimization in the literature. For example, [BH89] has described the
nonconvex landscape of the quadratic loss for PCA. [LW15] studied the local minima of regu-
larized M-estimators. [SQW18] studied the global geometry of the phase retrieval problem. The
conditions for no spurious local minima have been investigated in [BNS16] and [GLM16] for non-
convex matrix sensing and completion, respectively. The global geometry of nonconvex objective
functions with underlying symmetric structures, including low-rank symmetric matrix factorization
and sensing, has been studied in [LWL"16]. Global geometry of rectangular matrix factorization
and sensing has been studied in [ZLTW17], where the issues of under-parameterization and over-
parameterization have been investigated. Similar analysis has been extended to general low-rank op-
timization problems in [LZT17]. Matrix factorization has been further studied in [JGNT17] with
a novel geometric characterization of saddle points, and this idea was later extended in [GJZ17],
where a unified geometric analysis framework is proposed to study the landscapes of nonconvex

6



matrix sensing, matrix completion and robust PCA. More recently, [LLZ"20] analyzed the global

geometry of low-rank (rectangular) matrix recovery without regularization.

1.1.1. Applications in memory-efficient kernel PCA. Kernel PCA [SSM98] is a widely
used nonlinear dimension reduction technique in machine learning for the purpose of redundancy
removal and preprocessing before prediction, classification or clustering. The method is imple-
mented by finding a low-rank approximation of the kernel-based Gram matrix determined by the
data sample. To be concrete, let z1,..., 2, be a data sample of size n and dimension d, and let
M be the n x n positive semidefinite kernel matrix determined by a predetermined kernel function
K(x,y) in that M; ; = K(z;, 2;). Non-centered kernel PCA with 7 principal components amounts
to finding the best rank-r approximation of M.

However, when the sample size is large, the storage of the kernel matrix itself becomes chal-
lenging. Consider the example when the dimension d is in thousands while the sample size n is in
millions. The memory cost for the data matrix is d x n and thus in billions, while the memory cost
for the kernel matrix M is in trillions! On the other hand, if not storing M, the implementation
of standard iterative algorithms of SVD will involve one pass of computing all entries of M in each
iteration, usually with formidable computational cost O(n2d). Therefore, a natural question arises:
How to find low-rank approximations of M memory-efficiently?

The following two are among the most well-known memory-efficient kernel PCA methods in the
literature. One is Nystrém method [WS01], which amounts to generating random partial columns
of the kernel matrix, then finding a low-rank approximation based on generated columns. In order to
generate random partial columns, uniform sampling without replacement was employed in [WS01],
and different sampling strategies were proposed later, e.g., [DMO05]. The method is convenient in
implementation and efficient in both memory and computation, but relatively unstable in terms of
approximation errors as will be shown in Section 2.2.

Another popular approach is stochastic approximation, e.g., Kernel Hebbian Algorithm (KHA)
[KFSO05], which is memory-efficient and approaches the exact principal component solution as the
number of iterations goes to infinity with appropriately chosen learning rate [KFS05]. However,
based on our experience, the method usually requires careful tuning of learning rates even for very

slow convergence.



It is also worth mentioning that the randomized one-pass algorithm discussed in, e.g., [HMT11],
where the theoretical properties of a random-projection based low-rank approximation method were
fully analyzed. However, although the one-pass algorithm does not require the storage of the whole
matrix M, in kernel PCA one still needs to compute every entry of M, which typically requires
O(n?d) computational complexity for kernel matrix.

As a result, we aim at finding a memory-efficient method as an alternative to the aforemen-
tioned approaches. In particular, we are interested in a method with desirable empirical properties:
memory-efficient, no requirement on one or multiple passes to compute the complete kernel matrix,
no requirement to tune the parameters carefully, and yielding stable results. To this end, we pro-
pose the following method based on entries sampling and nonconvex optimization: In the first step,
Q) is generated to follow an Erdés-Rényi random graph with parameter p later specified in Model
2.1.1, and then a partial kernel matrix Po(M) is generated in that M; ; = K(z;, z;) for (i, ) € €.
In the second step, the nonconvex optimization is implemented through gradient descent. Any local
minimum of (1.1), X , is a solution of approximate kernel PCA in that M = XXT.

To store the index set 2 and the sampled entries of M on €2, the memory cost in the first
step is O(|€?|), which is comparable to the memory cost O(nr + |€2|) in the second step. As to the
computational complexity, besides the generation of €2, the computational cost in the first step is
typically O(|Q2|d), e.g., when the radial kernels or polynomial kernels are employed. This could be
dominating the per-iteration computational complexity O(|€2|r) in the second step when the target
rank r is much smaller than the original dimension d.

Partial entries sampling plus nonconvex optimization has been proposed in the literature for
scalable robust PCA and matrix completion [YPCC16]|. However, to the best of our knowledge,
[CL19] is the first to apply such an idea to memory-efficient kernel PCA. Moreover, the underlying
signal matrix is assumed to be exactly low-rank in [YPCC16] while we make no assumptions on
the positive semidefinite kernel matrix M. Entry-sampling has been proposed in [AMS02, AMO07]
for scalable low-rank approximation. In particular, it is used to speed up kernel PCA in [AMSO02],
but spectral methods are subsequently employed after entries sampling as opposed to nonconvex
optimization. It is also noteworthy that matrix completion techniques have been applied to certain

kernel matrices when it is costly to generate each single entry [Gra02,PC10], wherein the proposed



methods are not memory-efficient. In contrast, our method is memory-efficient in order to serve a

different purpose.

1.2. Global geometry of nonconvex parameterized linear models

In practice, additional structures beyond low-rankness have been employed to improve efficiency
and to reduce sample complexity for matrix completion. In collaborative filtering, for instance, side
information about items and individuals has been used in the literature as subspace constraints for
the matrix to complete [XJZ13,YZJ"13,Chel5, EYW18,JD13,SCH"16]|. Another example
is pairwise ranking, where skew-symmetric structures are imposed in the implementation of matrix
completion [JLYY11], see, also, [GL11,Chal5].

Interestingly, in [CLM20], which builds the main body of Chapter 3 in this dissertation, we
observe that both examples, i.e., low-rank matrices with subspace constraints and skew-symmetric
low-rank matrices, can be represented in the form M = X (§)Y (€)T, where both factors X and Y
are linear and homogeneous in parameters &€ € R?. The details underlying the foregoing observations

are as follows.

e Suppose M € R™*"2 is known to be constrained in some pre-specified column and row
spaces, with dimensions s; and so, respectively. Let ﬁ(and ‘7) be a ny x s1(and ng x
s2) matrix whose columns form an orthogonal basis for the given column(or row) space
constraint for M. Given the rank of M, we know there must exist some (not necessarily

unique) E4 € R*1*" and Ep € R%2*" such that
- - T
M= (UEA) (VEB> .

Denote by 8 = vec(®4,0p) a (s1 + sa)r-dimensional vector that contains all entries in

®4 and Op (e.g., in the lexicographic order), and define the two linear mappings:
(1.4) X(0)=U®, cR"*" and Y(0)=VOpecR™"".
Then the above parameterized factorization becomes M = X (€)Y (¢)" with

& =vec(Ez, Ep).
9



o If M is a n x n rank-r skew-symmetric matrix (which implies that r is even), by the Youla

decomposition [You61], it can be represented (not necessarily uniquely) as

M =

[
[

=T =T
A=pB — —=Bw=ig,

r

where E4,2p € R" 2. Again, denote by 6 = vec(®4,0p) a (nr)-dimensional vector

that contains all entries in @4 and ®p, and define the linear and homogeneous mappings
(1.5) X(0)=[04,—-0Op] eR™" and Y (0)=[Op,04] cR"".

We also have the factorization M = X (€)Y (&) with &€ = vec(E4, Ep).

We are interested in recovering M = X (§)Y (€)" through the noisy observation Pqo(M + N)
via a nonconvex optimization similar to (1.3):

(16) min [Po(X ()Y (6)" — M — N)|[} +pen(6).

where pen(0) is a penalty function that will be specified in (3.2). This optimization problem is
nonconvex in @. So it is natural to ask whether we can study the nonconvex geometry for (1.6)
as [GLM16,GJZ17,CL19] did for the vanilla matrix completion problem (1.3).

As an initial step for this general question, in [CLM20], two key assumptions have been made on
the parameterization (X (0),Y (0)) and the ground truth M. The first assumption is that X (0)
and Y (0) are linear and homogeneous in 6 as we required previously. The second assumption,
referred to as correlated parametric factorization, is not easy to explain in non-mathematical terms,
and its formal definition will be introduced in Section 3.1.2. This rather sophisticated assumption
holds for various examples of parameterized low-rank factorization including low-rank matrices
with subspace constraints (1.4) and low-rank skew-symmetric matrices (1.5). The verifications of
the correlated parametric factorization assumption in these two examples will be given in Sections
3.3.1 and 3.4.1, respectively.

Under these assumptions, we will show in Section 3.1.3 that we can indeed analyze the non-
convex geometry for (1.6) in a comparable way to [GLM16, GJZ17, CL19] did for (1.3). To
be specific, uniformly for all low-rank recovery M=X (é)Y(é)T with any local minimum € of

the nonconvex optimization (1.6), unified upper bounds are established for the estimation error

10



|M — M]||%, as long as the sampling rate satisfies conditions that depends on rank, condition
number, and eigenspace incoherence parameter of M. Moreover, as corollaries, our main result
implies local-minimum based estimation error bounds for the problems of subspace-constrained and

skew-symmetric matrix completion.

1.3. Nonconvex Rectangular Matrix Completion via Gradient Descent without /3

Regularization

As aforementioned, the {3 -norm regularization or projection has become a standard as-
sumption for nonconvex matrix completion. Consider [ZL16] as an example. By assuming that
rank(M) = r is known and that Q satisfies i.i.d. Bernoulli model with parameter p, i.e., Model
2.5.1, the nonconvex optimization

1 T S T+
(1.7) min FX,Y) = HPQ (xv7 - M)H + = HX X-Y YH
X ERM X7 Y cRP2XT 2p F 8 F

was proposed there to recover M through XYT. In order to show that (1.7) is able to recover
M exactly, a projected gradient descent algorithm was proposed in [ZL16] where the projection
depending on unknown parameters is intended to control the {3 o, norms of the updates of X
and Y. It was shown that with spectral initialization, projected gradient decent is guaranteed
to converge to the global minimum and recover M exactly, provided the sampling rate satisfies
p = Cur?k? max(u, log(ny Vng))/(n1 Ang) [ZL16]. Here u is the incoherence parameter introduced
in [CRO9], k is the condition number of the rank-r matrix M, i.e., the ratio between the largest
and smallest nonzero singular values of M, and C' is an absolute constant. On the other hand, it
has also been pointed out in [ZL16] that the vanilla gradient descent without ¢ o-norm projection
is observed to recover M exactly in simulations.

Similar ¢ --norm regularizations have also been used in other related works, see, e.g., [CW15,
YPCC16, WZG17], and a crucial question is how to control the ¢ o-norms of the updates of X
and Y without explicit regularization that involves extra tuning parameters. This issue has been

initiatively addressed in [MWCC18], in which the matrix to complete is assumed to be positive
11



semidefinite, and the nonconvex optimization (1.7) is thereby reduced to

1
1.8 i —
(1.8) X o

o (xx7 - a1}

F
[MWCC18| is focused on analyzing the convergence of vanilla gradient descent for (1.8). In
particular, the leave-one-out technique well known in the regression analysis [EKBB'13] is em-
ployed in order to control the f3 -norms of the updates of X in each step of iteration without
explicit regularization or projection. [MWCC18] shows that vanilla gradient descent is guaranteed
to recover M, provided the sampling rate satisfies p > C poly(x)u3r3 log®n /m, which is somehow
inferior to that in [ZL16]. This naturally raises several questions: Can we improve the required
sampling rate from O(poly(u, x,1logn)r3/n) to O(poly(u, k,logn)r?/n) for vanilla gradient descent
without £ oo-norm regularization? Or is explicit {2 o-norm regularization/projection avoidable for
achieving the O(poly(u, k,logn)r?/n) sampling rate? Also, can we extend the nonconvex analysis
in [MWCC18] to the rectangular case discussed in [ZL16]7 Our work [CLL19] was intended to
answer these questions. The materials included in [CLL19] reduce to Chapter 4 in this dissertation.
As mentioned before, [CLL19] aimed to establish the assumptions on the sampling complexity

and the low-rank matrix M, under which M can be recovered by the nonconvex optimization (1.7)

via vanilla gradient descent. Roughly speaking, our main result states that as long as
p = Cop®r?klog(ng V ng)/(n1 Ang)

with absolute constant Cg, vanilla gradient descent for (1.7) with spectral initialization is guaran-
teed to recover M accurately. Compared to [MWCC18|, we have made several technical contri-

butions including the following:

e By assuming the incoherence parameter y = O(1) and the condition number k = O(1),
regardless of the logarithms, the sampling rate O(r3/n) in [MWCC18] is improved to
O(r?/(n1 Ang)), which is consistent with the result in [ZL16] where 03 oo-norm projected
gradient descent is employed;

e The leave-one-out analysis for positive semidefinite matrix completion in [MWCC18] is

extended to the rectangular case in [CLL19];
12



e In the case p = O(1), Kk = O(1) and r = O(1), the sampling rate O(log®n/n) in
[MWCC18] is improved to O(log(ni V n2)/(n1 A ng2)) in our work, which is consistent

with the result in [ZL16] where {3 ,-norm projected gradient descent is used.

To achieve these theoretical improvements and extensions, we need to make a series of mod-
ifications for the proof framework in [MWCC18|. The following technical novelties are worth
highlighting, and the details are deferred to Chapter 4:

e In order to reduce the sampling rate O(r3/n) in [MWCC18] to O(r?/n) (assuming p =
0O(1), Kk = O(1)), a series of technical novelties are required. First, in the analysis of the
spectral initialization for the gradient descent sequences and those for the leave-one-out
sequences, ||%PQ(M ) — M| is bounded in [MWCC18] basically based on Lemma 39
therein. Instead, we give tighter bounds by applying [Chel5, Lemma 2] (Lemma 4.2.3 in
this dissertation), and the difference is a factor of y/r. Second, two pillar lemmas, Lemma
37 in [MWCC18] (restated as Lemma 4.3.1 in this dissertation) and a result in [Mat93|
(restated as Lemma 4.3.3 in this dissertation), are repeatedly used in the leave-one-out
analysis of [MWCC18]. We find that applying a concentration result introduced in
[BJ14] and [LLR16] (restated as Lemma 2.3.6 in this dissertation) to verify the conditions
in these lemmas could lead to sharper error bounds for the leave-one-out sequences. Third,
also in the leave-one-out analysis, we need to modify the application of matrix Bernstein
inequality in [MWCC18] in order to achieve sharper error bounds.

e In order to improve the orders of logarithms, we must improve the Hessian analysis in
[MWCC18], i.e., Lemma 7 therein, and it turns out that Lemma 4.4 from [CL19] (Lemma
2.3.5 in this dissertation) and Lemma 9 from [ZL16] (Lemma C.1.1 in this dissertation)
are effective to achieve this goal. These two lemmas are also effective in simplifying the

proof in the Hessian analysis.

Leave-one-out analysis has been employed in [EKBB™'13] to establish the asymptotic sampling
distribution for robust estimators in high/moderate dimensional regression. This technique has
also been utilized in [AFWZ17] to control /o, estimation errors for eigenvectors in stochastic
spectral problems, with applications in exact spectral clustering in community detection without

cleaning or regularization. As aforementioned, in [MWCC18|, the authors have employed the
13



leave-one-out technique to control f3 o, estimation errors for the updates of low-rank factors in
each step of gradient descent that solves (1.8). Besides matrix completion, they also show that
similar techniques can be utilized to show the convergence of vanilla gradient descent in other low-
rank recovery problems such as phase retrieval and blind deconvolution. Leave-one-out analysis
has also been successfully employed in the study of Singular Value Projection (SVP) for matrix
completion [DC20] and gradient descent with random initialization for phase retrieval [CCFM19].

Implicit regularization for gradient descent has also been studied in matrix sensing with over-
parameterization. When the sampling matrices commute, it has been shown in [GWBT17] that
gradient descent algorithm with near-origin starting point is guaranteed to recover the underlying
low-rank matrix even under over-parameterized factorization. The result was later extended to the
case in which the sensing operators satisfy certain RIP properties [LIMZ18]. More recently, the
balancing regularizer | X ' X — Y TY||2 has been shown to be unnecessary for rectangular matrix

sensing [MLC19].

1.4. Notations

Throughout this dissertation, bold uppercase/lowercase characters denote matrices/vectors,
respectively. For a given matrix A, its (i, 7)-th entry, i-th row, and j-th column are denoted as
A;j, A;., and A.;, respectively. Its spectral, Frobenius, and £ o norms are denoted as | A[|, | Al »
and ||A|l2,00 == max;||A;.||3, respectively. Denote by colspan(A)/colspan(A) the column/row
space of A. Deonte by P4 the Euclidean projector onto colspan(A). Denote A = 0 if A is a
symmetric or Hermitian positive semidefinite matrix. For any two matrices A and B of the same
dimensions, their matrix inner product is denoted as (A, B) = trace(A"B) = >, > ;AijBij, and
their Hadamard /entrywise product is denoted as A o B with entries [A o B]; j = A; ;B; ;. For any
two matrices A and B, vec(A, B) denotes a vector consisting of all entries in A and B in some
fixed order. Denote by Jp,xn, (or J when the dimensions are clear in the context) the n; x ng
matrix with all entries equal to one. Denote by O(r) the set of r x r orthogonal matrices. Let
Nmin = min{ni,na} and npax = max{ni,na}. Finally, denote by C1,Cs,... and C,,C,, ... fixed
positive absolute constants. Furthermore, for notation convenience, in discussions we also use C' to

denote positive absolute constants which may vary line by line.
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CHAPTER 2

Global Geometry of Nonconvex Matrix Completion, a Model-Free

Framework

2.1. Model-free local minima analysis of nonconvex PSD matrix completion

Let M be an n x n positive semidefinite (PSD) matrix and let » < n be a fixed integer.
It is well known that a rank-r approximation of M can be obtained by truncating the spectral
decomposition of M. To be specific, let M = > | oiuiu: be the spectral decomposition with
01 = ... =2 op, = 0. Then, the best rank-r approximation of M is M, = 22:1 Jiuiug—. If we
denote U, = [\/o1u1, ..., \/o,u,], then the best rank-r approximation of M can be written as
M ~ U,U,. By the well-known Eckart-Young-Mirsky Theorem [GVL12], U, is actually the
global minimum (up to rotation) to the following nonconvex optimization:

min | XX — M|3%.
XeRnXT‘

This factorization for low-rank approximation has been well-known in the literature, see, e.g.,
[BMO3].

In this chapter, we are interested in the problem that how to find a rank-r approximation of
M in the case that only partial entries are observed. Let Q C [n] x [n] be a symmetric index set,
and we assume that M is only observed on the entries in €2. For convenience of discussion, this
subsampling is represented as Po(M) in that Po(M); ; = M;; if (4,5) € Q and Po(M);; = 0 if
(i,7) ¢ Q. We are interested in the following question,

How to find a rank-r approzimation of M in a scalable manner only through Po(M)?

We propose to find such a low-rank approximation through the following nonconvex opti-
mization, which has been exactly proposed in [GLM16, GJZ17] for matrix completion. Denote
X =[x1,...,2,] " € R"*". A rank-r approximation of M can be found through minimizing (1.1).

Following the framework of nonconvex optimization without initialization in [GLM16, GJZ17],

15



our local-minimum based approximation for M is M = bo.dl

(1.1).

Let’s briefly discuss the memory and computational complexity to solve (1.1) via gradient

where X is any local minimum of

descent. If 2 is symmetric and does not contain the diagonal entries as later specified in Model

2.1.1, the updating rule of gradient decent
(2.1) Xt — xO _ pOgrx®)

is equivalent to

xr

(t+1) — a:(-t) . 77(t)

4\ 3
> (@) - M) 2+ —5— (e~ a) 10,20 |
(t) {llz; " l2>a}
5:(i.4)€Q e[|

[N

where the memory cost is dominated by storing X®, X+ and M on Q, which is generally
O(nr + |€2|). It is also obvious that the computational cost in each iteration is O(|Q|r).

In this section, the following sampling scheme is employed:

MopEL 2.1.1 (Off-diagonal symmetric independent Ber(p) model). Assume the index set 2 con-
sists only of off-diagonal entries that are sampled symmetrically and independently with probability
P, i.e.,

(1) (i,i) ¢ Q foralli=1,...,n;
(2) For alli < j, sample (i,j) €  independently with probability p;
(8) For alli > j, (i,7) € Q if and only if (j,i) € Q.

Here we assume all diagonal entries are not in € for the generality of the formulation, although
they are likely to be obtained in practice. For instance, all diagonal entries of the radial kernel
matrix are ones. For any index set {2 C [n] x [n], define the associated 0-1 matrix Q € {0, 1}"*"
such that €; ; = 1 if and only if (i,j) € Q. Then we can write Po(X) = X o Q where o denotes
the Hadamard product.

Assume that the underlying positive semidefinite matrix M has the spectral decomposition

r n
(22) M = Zaluzu;r + Z azuzu;r =M, + M,,,
=1 i=r+1
16



where 01 > 09 = -+ = 0, > 0 are the spectrum, u; € R" are unit and mutually perpendicular
eigenvectors. The matrix M, ==, aiuiul—-r is the best rank-r approximation of M and M, =
) o;uu; denotes the residual part. In the case of multiple eigenvalues, the order in the
eigenvalue decomposition (2.2) may not be unique. In this case, we consider the problem for any

fixed order in (2.2) with the fixed M.

THEOREM 2.1.2. Let M € R™ ™ be a positive semidefinite matriz with the spectral decomposi-

logn
n

tion (2.2). Let Q be sampled according to the off-diagonal symmetric Ber(p) model with p > C,
for some absolute constant C,,. Then in an event Ey with probability P[E1] > 1 —2n=3, as long as

the tuning parameters o and A satisfy 100/|| My|l¢, < a < 2004/||M;|le,, and 100% <A<

2007“9;)’7‘]”, any local minimum X € RPXT of (1.1) satisfies

2
P 2 " n logn
HXXT - M| <G > { {02 <\/>+ & ) M, eo, + Coo2r1-i — Ui:| }
(2.3) =1 P ¥
nr|| M, ||?
oM,
and
2 r 1 2
HXXT — MH <Oy Z { {Cg <\/ﬁ+ Ogn> | M., + Cooopi1—i — O'i:| }
(2.4) " i=1 por +
nr|| M, ||7
+ O —— e || MR

with C1, Coy absolute constants defined in the proof.

Model-free low-rank approximation from partial entries has been studied for spectral estimators
in the literature. For example, under the settings of Theorem 2.1.2, the spectral low-rank approxi-

mation (denoted as Mpprox) discussed in [KMO10b, Theorem 1.1] is guaranteed to satisfy

nrIME, | rlPa(M)I?
uMapprox—Mru%sc{ PR

with high probability. However, this cannot imply exact recovery even when M is of low rank and
the sampling rate p satisfies the conditions specified in [GJZ17]. Similarly, the SVD-based USVT

estimator introduced in [Chal5] does not imply exact recovery. In contrast, as will be discussed in

17



the next subsection, Theorem 2.1.2 implies that any local minimum of (1.1) yields exact recovery

of M with high probability under milder conditions than those in [GJZ17].

2.1.1. Implications in exact matrix completion. Assume in this subsection that the pos-

itive semidefinite matrix M is exactly rank-r, i.e.,

(2.5) M =M, = Zalul = U, U’

=1
where U, = [\/o1u1, ..., \/oru,]. Furthermore, we assume its condition number k, = g—: and
eigen-space incoherence parameter [CR0O9] p, = » max; Zgzl ul%j are well-bounded. This is a

standard setup in the literature of nonconvex matrix completion, e.g., [KMO10a,SL16, CW15,
ZL16,GLM16,YPCC16,GJZ17].

Notice that [GLM16] introduces a slightly different version of incoherence

_ [l M e,
U || F trace(M,.)

(2.6) Ly =

as a measure of spikiness. Note that this is different from the spikiness defined in [NW12]. By
the fact that || M|, = ||U,=H§7OO = max; y_;_; Uju%’ ;» the following relationship between p and p

is straightforward

t M, M, M, t M -
Koy ro1 roy ro, ro,

Using ||M||¢,, < -o1ptr, Theorem 2.1.2 implies the following exact low-rank recovery results:

COROLLARY 2.1.3. Under the assumptions of Theorem 2.1.2, if we further assume rank(M) = r

(i.e., M = M, ) and

p = 4Cs max prrrie logn iy sy
- n " n

or

p>4C’2maX{ rmrlogn pirr s 2}
n b

then in the event Ey with probability P[E1] > 1 — 2n=3, any local minimum X € RvxT of objective

—

function f(X) defined in (1.1) satisfies XX =M.
18



Notice that our results are better than the state-of-the-art results for no spurious local min-
imum in [GJZ17], where the required sampling rate is p > %ugr‘lmﬁ logn (which also implies

p = %ﬁ?r‘l/ﬁz logn by (2.7)).

2.1.2. Examples. Besides improving the state-of-the-art no-spurious-local-minima results in
nonconvex matrix completion, Theorem 2.1.2 is also capable of explaining some nontrivial phenom-
ena in low-rank matrix completion in the presence of large condition numbers, high incoherence
parameter, or mismatching between the selected and true ranks.

2.1.2.1. Nonconvexr matrix completion with large condition numbers and high eigen-space inco-
herence parameters. Assume here M is exactly rank-r and its spectral decomposition is denoted as
in (2.5). However, we assume that y, and &, can be extremely large, while the condition number and

r—1 9

a _ n
L and p,—1 = ;7 max; Ej:l U ;s

Or—1

incoherence parameter for M, _1 = Z::_ll Jiuiuj, ie., Kp_1 =
are well-bounded. We are interested in figuring out when the local minimum based rank-r factor-
ization X X | approximates the original M well.

By [|[M, ¢, = max; Z;zl O'juij, we have

)
1My < 0101+ o |2

Then by Theorem 2.1.2, if

or

e K| 8

pr—1kr—1(r — 1) + n 2 Hungo] logn [Mr—wr—l("’ —1)+n
p > C'max )
n n

with some absolute constant C, in an event E with probability P[E] > 1 — 2n~3, for any local

minimum X € R™" of (1.1), ||3(\3(\r — M|% < 3502, holds. In other words, the relative

IXXT-M|p 1
(1M F = 10vr—1°
Or Kr—1

Notice that |lu, |2, < Zp, and 52— = —=*, so the above sampling rate requirement is satisfied

approximation error satisfies

as long as %: < Cpp—q and

2 2 2
_1Kq—17logn 1 RE_qT
p}Cmax{'ur L rnl & ,NT lnr 1 }
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2.1.2.2. Rank mismatching. In this subsection, M is assumed to be exactly rank-R, i.e.,

R
M = MR = Zaluzu: = IJRU—I—{r
=1

where U = [\/o1u1 ... Jorupr|. However, we consider the case that the selected rank r is
not the same as the true rank R, i.e., rank mismatching. As with Section 2.1.1, we assume the
condition number kK = g—; and eigen-space incoherence parameter yugr = % max; Zle Uju?’j are
well-bounded. As with (2.7), there holds | M ||, < Zoypup.

Case 1: R < r. Theorem 2.1.2 implies that if

prkrRlogn %K% R
n n

p = C'max { ,
for some absolute constant C, then in an event E with probability P[E] > 1 — 2n~3, any local
minimum X € R"™<" of (1.1) yields ||3(\X — M ||% < 155(r — R)o%,. This further yields the relative
—
approximation error bound % < %0 T}R.

Case 2: R > r. Recall that || M,||¢,, < ;o014 Moreover,

R R
2 2 prR
| Myile,, = max Z ojus; < Opil mZaXZum = TUTH.
j=r+1 Jj=1
Theorem 2.1.2 implies that if
reylogn p2r2k? u%R3
p}CmaX{'ur r 108 7”7‘ r’)uR
n n n

for some absolute constant C, then with high probability, any local minimum X € R™T of (1.1)
yields
IXX" = M|} < Clofyy + ... +03,),

which implies that the relative error is well-controlled as long as 62, + ... 4+ 0% accounts for a
small proportion in o + ... + a%%.
If we assume that 2C20,.41 < o, where Cy is specified in Theorem 2.1.2, under the same

sampling rate requirement as above, Theorem 2.1.2 implies a much sharper result:

1

v T
[ XX — Mr”% < magﬂa

20



which yields the following (perhaps surprising) relative approximation error bound

IXXT-Mp _ L[ ofy 1
| M, r S 10\ of+ ...+ 02 T 107

2.2. Simulations and applications in memory-efficient kernel PCA

In the following simulations, we solve the following nonconvex optimization which is slightly
different from (1.1):

, 1
min  f(X) = Z||Po(X X" — M)||% + A\Go(X).
X cRnXr 2

The initialization X (©) is constructed randomly with i.i.d. normal entries with mean 0 and variance
1. The step size n®) for the gradient descent (2.1) is determined by Armijo’s rule [Arm66).
The gradient descent algorithm is implemented with sparse matrix storage in Section 2.2.2 for
the purpose of memory-efficient KPCA, while with full matrix storage in Section 2.2.1 to test
the performance of general low-rank approximations from missing data. In each experiment, the
iterations will be terminated when ||V £(X®)||r < 1072 or |V f(X )|z < 10710 or the number
of iterations surpasses 103. All methods are implemented in MATLAB. The experiments are running
on a virtual computer with Linux KVM, with 12 cores of 2.00GHz Intel Xeon E5 processor and 16

GB memory.

2.2.1. Numerical simulations. In this section, we conduct numerical tests on a nonconvex
optimization under different settings of spectrum for the 500 x 500 positive semidefinite matrix
M, whose eigenvectors are the same as the left singular vectors of a random 500 x 500 matrix
with i.i.d. standard normal entries. The generation of eigenvalues for M will be further specified
in each test. For each generated M, the nonconvex optimization is implemented for 50 times
with independent {2’s generated under the off-diagonal symmetric independent Ber(p) model. To
implement the gradient descent algorithm (2.1), set o = 100||M||g,, and A = 100||Q2 — pJ|| (the
performances of our method are empirically not sensitive to the choices of the tuning parameters).
In each single numerical experiment, we also conduct spectral method proposed in [AMSO02] to

obtain an approximate low-rank approximation of M for the purpose of comparison.
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2.2.1.1. Full rank case. Here M is assumed to have full rank, i.e., rank(M) = 500. To be
specific, let 01 = -+ =04 = 10, 06 = -+ = 0500 = 1, and o5 = 10,9,8,...,2,1. The selected
rank used in the nonconvex optimization is set as r = 5, and the sampling rate is set as p =
0.2. With different values of o5, the results of our implementations of the gradient descent are
plotted in Figure 2.1. One can observe that the relative errors for our nonconvex method are well-
bounded for different o5’s, and much smaller than those for spectral low-rank approximation. The
results indicate that our approach is able to approximate the “true” best rank-r approximation M,
accurately in the presence of heavy spectral tail and possibly large condition number o; /05, even

with only 20% observed entries.
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FIGURE 2.1. Relative errors for full rank case.

2.2.1.2. Low-rank matrix with large condition numbers. Here M is assumed to be of exactly

10

low rank with different condition numbers. Let 01 = --- = 04 = 10, 05 = o and og = -+ = 0500 =
0. Here the condition number takes on values x = 10, 20, 30, 40, 50, 100, 200, co, which implies
rank(M) =5 if k < oo while rank(M) = 4 if kK = co. The selected rank is always assumed to be
r = 5, while the sampling rate is always p = 0.2.

The performance of our nonconvex approach with various choices of x is demonstrated in Figure
2.2. One can observe that our nononvex optimization approach yields exact recovery of M when
k = 10, while yields accurate low-rank approximation for M with relative errors almost always

smaller than 0.3 when x > 20. This fact is consistent with the example we discussed in Section
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for low-rank matrix with extreme condi-

2.1.2.1, where we have shown that under certain incoherence conditions, the relative approximation
error can be well-bounded even when k, = co.

2.2.1.3. Rank mismatching. In this section, we consider rank mismatching, i.e., the rank of M
is low but different from the selected rank r. In particular, we consider two settings for simulation:
First, we fix M with rank(M) = 10, while the nonconvex optimization is implemented with selected
rank r = 5,7,9,10,11,13,15; Second, the matrix M is randomly generated with rank from 1 to
15, while the selected rank is always r = 5. The sampling rate is fixed as p = 0.2. We perform
the simulation on two sets of spectrums: For the first one, all the nonzero eigenvalues are 10;
And the second one has decreasing eigenvalues: o1 = 20,00 = 18,--- ,019 = 2 for the case of
fixed rank(M), o1 = 30, , Orank(vr) = 32 — 2 X rank(M) for the case of fixed selected rank r.
Numerical results for the case of fixed rank(M) are demonstrated in Figure 2.3 (constant nonzero
eigenvalues) and Figure 2.5 (decreasing nonzero eigenvalues), while the case of fixed selected rank
in Figure 2.4 (constant nonzero eigenvalues) and Figure 2.6 (decreasing nonzero eigenvalues). One
can observe from these figures that if the selected rank r is less than the actual rank rank(M), for
the approximation of M, our nonconvex approach performs almost as well as the complete-data
based best low-rank approximation M,. Another interesting phenomenon is that our nonconvex
method outperforms simple spectral methods in the approximation of either M or M, significantly

if the selected rank is greater than or equal to the true rank.
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2.2.2. Empirical performance of memory-efficient kernel PCA. In order to study the
empirical performance of our memory-efficient kernel PCA approach, we apply it to the synthetic
data set in [Wan12|. The data set is an i.i.d. sample with sample size n = 10,000 and dimension
d = 3, and the data points are partitioned into two classes independently with equal probabilities.
Points in the first class are first generated uniformly at random on the three-dimensional sphere
{z : ||z|]2 = 0.3}, while points in the second class are first generated uniformly at random on

llz|l2 = 1}. Every point is then perturbed independently by
24

the three-dimensional sphere {z :



[N
[N
1

© nonconvex method °© nonconvex method
0.9 ° spectral method 0.9} = spectral method
——median of nonconvex method best rank r approximation
- - median of spectral method L —median of nonconvex method
0.8 0.8 - - median of spectral method
0.7 -4 0.7r 4
50.6 I 5061 I
o At ° sosk- i o
go5 - 8 gos5 \\“i"'" 8
g i i’ - . c g o o
o4 - 8 ©

4
w

o
N

0.1r

‘ 0 N
5 6 7 8 9 10 11 12 13 14 15 5 6 7 8 9 10 11 12 13 14 15

selected rank selected rank

IMapprox— M- || r

BT | Mapprox —M || ¢
[[ M|l 7

(a) Relative error M=

(b) Relative error

FIGURE 2.5. Relative errors for rank mismatching for a fixed M with rank(M) = 10.

0.71 12r
© nonconvex method © nonconvex method
i = spectral method o spectral method
0.6} ' —median of nonconvex method best rank r approximation
\ - - median of spectral method 1r ——median of nonconvex method
\\ - - median of spectral method
05 i : .
l . i s o i ! 0.8-
5 - i EHH 4 s
S04 i\\\i’/,iw.g»» H 5 1 T e ek Bl
2 2060 ¥
< <
° 0.3 . o <
i— 0.4
0.2
o1l 0.2r
0 8§ S S R 0 . S S R
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
actual rank actual rank

HMapprox—MrHF
[RZ8

[ Mapprox—M || r

(a) Relative error 1M -

(b) Relative error

FIGURE 2.6. Relative errors for rank mismatching, fixed selected rank.

N (0, WIOIg) noise. We aim to implement memory-efficient uncentered kernel PCA with » = 2 on
this dataset with the radial kernel exp(—||z — y||3) in order to cluster the data points.

To implement the Nystrom method [WS01], 50 columns (and corresponding rows) are selected
uniformly at random without replacement, then a rank-2 approximation of the kernel matrix M

can be efficiently constructed with a smaller scale factorization. The effective sampling rate for

2x50n—502
2

Nystrom method is pnys = "

~ 0.01. In contrast, in addition to recording the selected
entry values, our nonconvex optimization method also requires to record the row and column

indices for each selected entry. By using sparse matrix storage schemes like compressed sparse row
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(CSR) format [Saa03], it needs 2n?pycyx +n + 1 entries to store the sparse matrix. Therefore,

if pyovx = %, the nonconvex approach requires at most 2.5 times as much memory as Nystrém

PNys
2.5

method for the same sampling complexity. Therefore, we choose the sampling rate pncvx =
in the implementation of the nonconvex optimization such that the memory consumption is less
costly than the Nystrom method.

Fixing such a synthetic data set, we apply both the Nystrém method and our approach (with
a = 100[|M ¢, = 100 and A = 500 /npNcvx) for 100 times. Denote by M the ground truth
of the kernel matrix, by My the ground truth of the best rank-2 approximation of M, and by
M pprox the memory efficient rank-2 approximation obtained by Nystrom method or our nonconvex
optimization. The left and right panels of Figure 2.7 compare the two methods in approximating
M, and M respectively based on the distributions of relative errors throughout the 100 Monte
Carlo simulations. One can see that our approach is comparable with the Nystrém method in terms
of median performance, but much more stable.

Both Nystrom method and our nonconvex optimization give approximation in the form of
M~ XX' , so clustering analysis can be directly implemented based on X. We implement
k-means on the rows of X with 20 repetitions, and Figure 2.8 compares the two methods in
the distribution of clustering accuracies. It clearly shows that our nonconvex optimization yields
accurate clustering throughout the 100 tests while the Nystrom method results in poor clustering
occasionally.

Moreover, during the iterations of the nonconvex method, the regularization term never activate
throughout the 100 simulations. Therefore, empirically speaking, the performances of our numerical

tests will remain the same if we simply set A = 0.

2.3. Proof of Theorem 2.1.2

In this section, we give a proof for Theorem 2.1.2. In Section 2.3.1, we will present some useful
supporting lemmas; in Section 2.3.2, we present a proof for our main result Theorem 2.1.2; we leave
proof of lemmas used in former subsections to the appendix. Our proof ideas benefit from those

in [GJZ17] as well as [ZLTW17], [JGNT17].
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2.3.1. Supporting lemmas. In this section, we give some useful supporting lemmas. The

following lemma is well known in the literature, see, e.g., [Vul8] and [BVH16].

LEMMA 2.3.1. There is a constant C, > 0 such that the following holds. If Q0 is sampled

logn
n

according to the off-diagonal symmetric Ber(p) model with p > C, , then in an event E, with

probability P[E,] > 1 —n~3,

1€2 = pJ|| < Coy/np.
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The following eigen-space incoherence parameter has been proposed in [CR09].

DEFINITION 2.3.2 ( [CRO9]). For any subspace U of R™ of dimension r, denote Py : R™ — R™

as the orthogonal projection onto U. Define

_n 112
(2.8) pU) = max |[Pyeil,
where ey, ..., e, represents the standard orthogonal basis of R™.

As with Theorem 4.1 in [CRO09], for the off-diagonal symmetric Ber(p) model, we also have:

LEMMA 2.3.3. Let Q be sampled according to the off-diagonal symmetric Ber(p) model. Define
T={M eR"" | (I - Py)M(I— Py) =0, M symmetric},

where U is a fized subspace of R™. Let Py be the Euclidean projection on to T : For any symmetric
matric M € R"*™,

PT(M) =PyM + MPy — PyMPy.

Then there is an absolute constant Ccyg, if p > CC“M with w(U) defined in (2.8), in an

event Ec, with probability P[Ec,) > 1 —n~3, we have
p~HIPrPaPr — pPr| <1077,

In [Grol1] and [GN10], similar results are given for symmetric uniform sampling with/without
replacement. The proof of Lemma 2.3.3 is very similar to that in [Rec11].

The first and second order optimally conditions of f(X) satisfy the following properties:

LEMMA 2.3.4 ( [GLM16, Proposition 4.1]). The first order optimality condition of objective
function (1.1) is
VF(X)=2Po(XX" — M)X +A\VG4(X) =0,
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and the second order optimality condition requires that for any H € R™* " we have
vec(H) V2 f(X) vec(H)
=[Po(HX " + XH")|% +2(Po(XX T — M), Po(HH")) 4+ Avec(H)" V2G4 (X) vec(H)
>0.

In the sequel, we are going to present our key lemma which will be used multiple times through-
out this section. For any matrix My, My € R™*"2 any set 0y € [n1] X [n2] and any real number

t € R, we introduce following notation for simplicity of notations:
(2.9) Doy (M1, M) := (Pa, (M), Poy(Ma)) — t(M, My).

More specifically, sometimes we use D(M;, M>) as a shortcut of Dq ,(M;i, M3). Our key lemma

is given as follows:

LEMMA 2.3.5. Let Qg be any index set in [n1] X [na], and Qo € R™*"2 be defined correspondingly
as in Section 2.1. For any A € R">*" B e R™M*"2 C € R™*" D € R™*"™2 gnd any t € R, there
holds

ni na
(2.10) |Dog(ACT, BD )| <[[Q0 =t | > 14k [ Br,-13,| D IICk. 131 D113
k=1 k=1

We will use this result for Qo = Q,¢ = p for multiple times later. Note that here we do not
make any assumptions on €2y and this is a deterministic result. The proof of this lemma is deferred

to Section A.1.0.1. This result extends the following lemma given in [BJ14] and [LLR16]:

LEMMA 2.3.6 ( [BJ14,LLR16]). Suppose matrix M € R™*"2 can be decomposed as M =

BD', let Qo C [n1] X [na] be any index set. Then for any t € R, we have

[Py (M) — tM| < [[Q0 — tJ ||| B

2,00[| Dll2,00-

Lemma 2.3.5 is applied in our proof of Lemma 2.3.9 in replace of Theorem D.1 in [GLM16]
to derive tighter control of perturbation terms, i.e., Ko(X), K3(X) and K4(X) defined in (2.14).

Their result is given here for the purpose of comparison.
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LEMMA 2.3.7 ( [GLM16, Theorem D.1]). With high probability over the choice of 2, for any

two rank-r matrices W, Z € R™™ ™, we have

[(Pa(W), Pa(Z)) — p(W, Z)|
(2.11)

=0 (IWlle.c | Z e log n + /o W [ Z e W Z]lr log )

In [SL16], [CW15] and [ZL16], upper bounds are given to |[Po(HH")||% for any H. To be

more precise, they assume €2 is sampled according to the i.i.d. Bernoulli model with probability p.

Ifp> C’lofl ™ for some sufficient large absolute constant C, there holds

(2.12) 1Po(HH)||F - plH|F < Cvap Y | Hi 3
i=1

with high probability. In contrast, by combining Lemma 2.3.1 and Lemma 2.3.5, there holds

4
2

n
(2.13) I1P(HH "I}~ p| HH |7 < Cyap Y | ||H,,
i=1

with high probability. This is tighter than (2.12) in that |HH'||p < |[H||%. Moreover, com-
paring to (2.12), our result (2.13) directly measures the difference between ||Po(HH ")||% and its

expectation p||HH "||%, which makes the model-free analysis possible.

2.3.2. A proof of Theorem 2.1.2. This section aims to prove Theorem 2.1.2. The proof is
basically divided into two parts: In Section 2.3.2.1, we discuss the landscape of objective function
f(X) and then define the auxiliary function K(X). We show that the span of local minima of
f(X) can be controlled by the superlevel set of K(X): {X € R™" | K(X) > 0}. In Section
2.3.2.2, we give a uniform upper bound of K(X) in order to control the above superlevel set.

2.3.2.1. Landscape of objective function f and auxiliary function K. Denote U, as U, =
[Vorur ... Joyu,]. For a given X € R™ ", suppose that X'U, has SVD X'U, = ADBT,
and let Rx y, == BAT € O(r) and U = U, Rx v, , where O(r) denotes the set of r x r orthogonal
matrices {R € R"™" | RTR=RR" =1I}. Then X 'U = ADA" is a positive semidefinite matrix.

Then also holds U, U,) =UU .
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Denote A := X — U, and define the following auxiliary function introduced in [JGN117]

and [GJZ17]:
K(X) = vec(A)TV2f(X)vec(A) — 4(Vf(X),A).

—

The first and second order optimality conditions for any local minimum X imply that K(X) > 0.

In other words, we have
{All local minima of f(X)} C {X € R™" | K(X) > 0}.

Figure 2.9 illustrates the relationship between local minima of f and the superlevel set of K(X).

K(X)

span of
local minima

of f(X)

——span of {X € R | K(X) > 0}—

FIGURE 2.9. Landscape of —f(X), K(X) and U,.

To study the properties of the local minima of f(X), we can consider the superlevel set of K (X):
{X e R | K(X) > 0} instead. In order to get a clear representation of K (X)), one can plug in
the formulas of gradient and Hessian in Lemma 2.3.4. By repacking terms in [GJZ17, Lemma 7],
and given (UAT, M,,) = 0, due to the definition of U and M, , K(X) can be decomposed as

follows:

LEMMA 2.3.8 ( [GJZ17, Lemma 7]). Uniformly for all X € R™*", as well as corresponding U

and A defined above, we have
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K(X) = (|aaT|} - 31X X" - UU " |})

Ki1(X)

1
+ ];DQJ,(AAT, AAT) - j;DQJ[,(XXT ~UU",XX"-UU")

Ko(X
(2.14) 20

+A (vec(A)TVQGa(X) vec(A) — 4(VG,(X), A))

K3(X)

6 8
+ ];Dg,p<AAT, M, )+ ];Dg,prT, M,y)+6(AAT, M,,),

Ky(X)

where Dq p(-,-) is defined in (2.9).

Notice that in Theorem 2.1.2, we are only concerned about the difference between X X T and
M, (or M), which remains the same by replacing X with X = XR, for any R € O(r). On the
other hand, by the definition of Rx r,, we have Rxru, = Rx,u, R for any R € O(r), which
implies U =UR and A = AR. Now we have

XX ' =xX",UU" =UUT,AAT = AAT.UAT =UAT,
which means Kl(f) = K;(X) for i =1,2,4. As for K3, by [GJZ17, Lemma 18], we have

vec(A)T V2G4 (X) vec(A) — 4(VGo(X), A)

n X 21 A 12 — (X, A)2 i (X AG)?
=4 E [(HXLHQ _a)+]3 : HX2 H3 + 12 E [(”Xl,HQ —Oé)+]2 HX H2
=1 2,112 i=1 25112

. (X, A;.)
—16 ) [(I1Xi, [l — ) ]*2—=E
; 1 X |2

Since R € O(r), we have || X;. |2 = || Xi.ll2, |A.ll2 = [|Ai ]2 and (X5, A;.) = (Xi., Ay, so we

have K3(X) = K3(X). Putting things together, we have K(X) = K(X).
Therefore, if we want to show that any X with K(X) > 0 satisfies (2.3) and (2.4) with high
probability, without loss of generality, we can assume that X satisfies the property that X 'U, is

a positive semidefinite matrix, i.e., U = U,..
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2.3.2.2. Proof of Theorem 2.1.2. In order to prove our main result, we first give a uniform upper
bound of K(X). Then for any local minimum X, K (5(\ ) = 0, the property enables us to solve for

the range of possible X.

LEMMA 2.3.9. Assume that tuning parameters a, X satisfy 100/ || M, ||, < o < 200+/|| M, |s..,

100“‘1%‘7” <AL QOOHQ%J”, and p > C, 10571 with absolute constant C,, defined in Lemma 2.5.1.

Then, in an event By with probability P[Ey] > 1 — 2n=3, uniformly for all X € R™" and corre-
sponding A defined as before, we have

4
(2.15) > K(X) <107 [JATAR + [UAT[}] + v,
=2

where

2
- M, |?
(216) ¢ =0 g { [02 <\/ﬁ+ logn> | M, ||e.. + Coo2py1-i — 0'2':| } + C3M
P p N p

=1

and Co, Cs are absolute constants defined within the proof.

Note in our proof of Theorem 2.1.2, we only use probabilistic tools in the above lemma to control
perturbation terms, i.e., Ko(X), K3(X), K4(X). The rest part of the proof is purely deterministic.
Recall by the way we define A,

IXXT -UU"|% =|lUAT + AU + AAT||%
(2.17)
=|AATIZ +2AU |2 +2(AU ", UAT) + 4(AAT, UAT).

Now denote a = [|[ATA|r = [|[AAT|F,b = |ATU||r. Putting Lemma 2.3.8 and Lemma

2.3.9 together, and using (2.17), we have
K(X)<1.001|AAT|% = 3| XXT —UU |2 + 103 |UAT|% + o
(2.18) =1.001a%> - 3 [||AAT |2+ 2|AU T |2 + 2(AU ", UAT) + 4(AAT, UAT)

+107° | UAT|E + 9,
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By the definition of matrix inner product, we have

IUAT||Z =(UAT,UAT) = trace(AU "UAT) = trace(U ' UATA)

(2.19)
—(U'U,ATA),
and
(2.20) (AAT, UAT) = trace(AATUAT) = trace(ATAATU) = (ATA, ATU).

Here we use the fact that trace(AB) = trace(BA) for any matrix A and B with suitable size.
Moreover, since we choose U such that U " X is positive semidefinite, UT A = ATU and U T (A +

U) = 0. Therefore, we also have

(AUT UAT) =trace(UATUAT) = trace(AU " AU ") = trace(U" AU " A)

(2.21)

=AU, UTA)=(ATU,ATU) = |ATU|}
and
(2.22) (ATAUU+ATU)=(ATA,(U+A)TU) >0.

Here (2.22) also uses the fact that inner product of two positive semidefinite matrices is non-
negative.

By putting (2.18), (2.19), (2.20), (2.21) together,
K(X) <1.001a® — 3[|AAT||Z —6||AU " |2 - 6(AU T, UAT) —12(AAT UAT)
+107? | UAT [} + ¢
(2.23) =—-1.999a> - 6(U'U,ATA) —6|ATU|% - 12(ATA,ATU)
+103UTU,ATA) + ¢
= —1.999a%> — (ATA, 599U U + 12ATU) — 61> + ¢.
Therefore, combining with (2.22),

K(X) < —1.999a2 — 6.00L{ATA, ATU) — 60> + ¢
(2.24)
< —1.999a% + 6.001ab — 6b* + 1)
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holds for all X € R™ ", For the last line, we apply Cauchy-Schwarz inequality for matrices, i.e.,
(ATA ATU)| < |ATA|F|ATU|F = ab.

Note that for any local minimum X, we have K(X\) > 0. Replacing X with X in (2.24), there
holds
—1.999a% + 6.001ab — 6b> + ¢ > 0,

which further implies
(2.25) 0<a<2v/w,  0<b< V.
From (2.23), we have
K(X) < —1.999a% — (ATA,5.999U U + 12ATU) — 662 + .
Recall from (2.19), [UAT|2 = (UTU,ATA), and K(X\) > 0. Therefore, combining with (2.25),

5.999|UAT|% < —1.999¢% — (ATA, 12ATU) — 66 + o

< —1.999¢ + 12| ATA|p|ATU|| p — 6% + 4
(2.26)
< —1.999a% + 12ab — 6b% + 1

<259.
From (2.18),
K(X) < 1.001|AAT|2 - 3| XX —UUT |2+ 103 |UAT||% + v.
Using the fact that K (5(\ ) = 0 again, we have
XX —UU"|% <1.001|AAT |2 + 103 |[UAT|% +

Combining with (2.25), (2.26), we futher have

(2.27) 3|XX T —UUT|% <1.001a2 + 0.005¢ + ¢ < 6eb.

35



Therefore, (2.3) is directly implied by (2.27) via choosing C; = 2C5. Notice that
IXXT = M} = |XXT - UUT |}~ 2AXX ", Myy) + [ My [7 < [ XX = UUT |7+ | Moy |3
where the inequality holds since X X | = 0 and M, = 0. Therefore, (2.4) is implied by (2.3).

2.4. Other sampling models, a uniform approximation theorem

Most of the matrix completion literature concentrates on the uniform sampling model as defined
in Model 2.1.1, and limited literature talks about other models. [BJ14] considered sampling from
a d-regular graph satisfies certain assumption, and [LLR16] considered weighted low-rank matrix
completion, just to name a few.

In the existing nonconvex matrix completion literature, theoretical analysis of uniform sampling
model relies heavily on the uniform randomness, and many useful tools will fail if the uniform
randomness is violated. For example, [CG18] considered a semi-random sampling model: After
the uniform sampling, additional entries are allowed to reveal. Intuitively speaking, since we are
given more information than before, we would expect a better approximation. However, it is
still open what is the best way to use those extra information. In [CG18], exact recovery is not
guaranteed even if we are given more information than what is needed under uniform model.

Given the fact that deterministic inequality Lemma 2.3.5 does not make any assumption on
the sampling model, it becomes possible to extend the model-free framework to other sampling
models introduced in [BJ14, LLR16,CG18|. Actually, given Lemma 2.3.5, we are able to derive

a uniform approximation control of any fixed sampling pattern:

THEOREM 2.4.1 (Uniform approximation). Let M € R™ ™ be a positive semidefinite matrix with

the spectral decomposition (2.2). Let ) be any fixed sampling pattern. For any fized t € (0,00), let

_le-tg)

o(t) =+

Then as long as the tuning parameters a and X\ satisfy 100\/||My|le, < o < 2004/||M,||¢,, and
100¢() < A < 2006(t), any local minimum X € R™" of

1
57 [Pa(X X" = M)[[7 + AGa(X)
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satisfies

HX\X\T _ M, 2

2 T
- SO ; {[Cop(t)[| My |l¢o, + Ca0r41-i — 0], }

+ C1¢* ()| Mot |7, + 20() 1M e, D o
i=1

and

|XXT - ||| <Cu S {IC26(0) 1M + Coomrir s — 01}
i=1

+ C1&* (DI My 17, + 20(0) | My lle. Y oi + | Mo [

=1

Where constants C1,Cy are defined in Theorem 2.1.2.

When 2 follows the uniform sampling as in Model 2.1.1, by taking ¢t = p and using Lemma
2.3.1 on ¢(p), with high probability, the approximation upper bounds in Theorem 2.4.1 match the
bounds in Theorem 2.1.2, except an extra 2¢(p)|| M, |¢. > ;_, i term.

Moreover, when rank(M) = r, for any fixed 2, when Q # [n] x [n], i.e., there are missing
entries, the extra term 2¢(t)||M;|l¢., > .i_, 0i prohibits the nonconvex approach to achieve exact
recovery. This is actually not a big surprise due to the fact that universal exact recovery does not
exist even for rank-two (incoherent) matrices given n?/4 observed entries [BJ14, Claim 5.2].

From Theorem 2.4.1, one can observe that ¢(t) plays a special role in the approximation error
upper bound. This matches the simulations in universal recovery literature, for example, [BJ14].

As an interesting byproduct of Theorem 2.4.1, we are able to analyze the following semi-random

model:

MODEL 2.4.2. Indices of revealed entries are first sampled uniformly with probability p, as
described in Model 2.1.1. The revealed index set is denoted as Qyp;p. After that, an adversary is
allowed to see the ground truth matriz and Qyn. The adversary is allowed to reveal extra indices
or even cover/drop revealed entries in Qynip. The set of affected indices is denoted as Qqq,. And

the final set of revealed indices is denoted as 2. For motation simplicity, we define three matrices
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Qunif, Lado,  as following. For any i, j,

1 Zf(Za]) S Qum'f

0 otherwise,

[Qum ]i,j =

1 Zf (l,j) ¢ Qunif and (l,]) S Qadv
[Qaalij =19 —1 if(i,7) € Quni and (i, 5) € Qv

0 otherwise,

s — 1 if(i,j) € Q

0 otherwise.

Therefore, we have Q = Qypif + Lado-

More discussion about the semi-random model can be found in [CG18] and references therein.

Given the above defined semi-random model, we are able to conclude the following result.

COROLLARY 2.4.3. Let M € R™™ be a rank-r positive semidefinite matriz. Let Q be sampled

according to the semi-random model defined in Model 2./.2. For any e € (0,1), if

Cy

g2 n n

2,22 2,222
p}max{élchgurﬁ ’1601);17“5 logn}

and |Qqay| < np. Then as long as the tuning parameters a and X satisfy 100+/|| My, < a <
200/|| M, ||¢,. and 100% <A< 200%, in an event Egemi with probability P[Esem,] >

1 —n73, any local minimum X € RxT of (1.1) satisfies
¥
IXX" — M|} <e|M|E.

The above result still holds if [Q.4y| = O(np). Therefore, the above corollary reveals the fact
that in the semi-random model, if the adversary does not change the uniform revealed index set too
much, i.e., |Q.qv| = O(np), we can still recover M quite well using the original objective function
(1.1). Comparing to [CG18, Theorem 1.2], we have a lower sampling complexity requirement (in
terms of i, r and k) and do not need an extra pre-processing. On the other hand side, our corollary
can only handle the situation when |Q,4y| is small, while [CG18, Theorem 1.2] can cover a wider

range of semi-random models.
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PROOF OF COROLLARY 2.4.3. The above corollary is a simple implication of our uniform ap-

proximation theorem Theorem 2.4.1. By taking ¢ = p, we can see that

— HQ —pJH _ Hﬂunif+ Qadv —pJH < ||Qunif_pJ|| + HQadVH

¢(p)
p p p p
From Lemma 2.3.1 we see M < Cv\/%, and by the fact that ||9;dv|| < Hﬂa;vHF =V K;)adV' <
o, we can see o(p) < 20, \/%. Plugging it back to Theorem 2.4.1 finishes the proof. O

2.5. Rectangular case

In Section 2.1, a model-free framework of local minima analysis is proposed for PSD matrix

completion with following objective function:
1
Jfosa(X) = %HPQ(XXT — M)} + AGa(X).

On the other hand side, the global geometry of nonconvex rectangular matrix completion is analysed

in [GJZ17] with following objective function:
1 1
Jreat( X, Y) = IPa(XY T = M|l + I XX =YYl £+ A(Gal(X) + Ga(Y)).

Therefore, one natural question arise: Can we extend the model-free framework to the rectangular
case? The answer is yes.

First of all, suppose the index set €2 satisfies following model:

MODEL 2.5.1. For rectangular matriz completion, the index set Q) is assumed to follow the

independent Ber(p) model, i.e., each entry is sampled independently with probability p.

Moreover, suppose that matrix M € R™*™2 has following singular value decomposition:

T ni1Ang
(2.28) M = Zaiuiv; + Z Jiuiv;— =M, + M,,,
i=1 i=r+1
where 01 > 09 > -+ > 0, > 0 are the spectrum. w; € R™ are unit and mutually perpendicular

singular vectors, and so are v; € R"2. Similar to what we have in Section 2.1, the matrix M, :=

>i_y oiugu] is the best rank-r approximation of M and M,; = > . o;u;u; denotes the
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residual part. Similar to what we did in the PSD case, let

Ur = [ﬁula"'aﬁur]a ‘/'r:: [ﬁvlv"'aﬁvr]

and

Then we have the following result:

THEOREM 2.5.2. Let M € R™*™2 be an ny-by-na matrix with the spectral decomposition (2.28).
Let Q2 be sampled according to the Ber(p) model with p > Cv% for some absolute constant C,,.
Then in an event Ey with probability P[Es] > 1 — 2(ny + n2) ™3, as long as the tuning parameters
a and X satisfy 100||W, 200 < a < 200||W, 2,00 and 100% < A< QOOHQ%J”, any local

minimum (X, Y) € RMXT 5 R™%7 of (1.3) satisfies

2 . [ni V 1 v 2
<Oy Z { {Cz < myn og(m n2)> W3 o + Cooori1i — Uz'] }
E i=1 p p 7 +

(n1 V no)r|| My |7

p

H)??T _ M,

+Cq

and

ST 2 . ny Vng log(ni Vmng) 9 ?
HXY - MHF <1y | PR IW 13 o + C202p41-1 — 0
i=1 +

(n1 V ng)r|| M, |7
p

e +[|My || B

with C1,Cs absolute constants defined in Theorem 2.1.2.

The proof of Theorem 2.5.2 is basically a mimic of proof of Theorem 2.1.2. Therefore, we leave
the sketch of the proof to the appendix.

By following the proof techniques introduced in Section 2.4, we are also able to achieve a uniform
approximation result under rectangular setup analogs to Theorem 2.4.1.

By letting eigen-space incoherence parameter for rectangular matrix as

T T
= max me 2 @mx 2
for = AXAQ 7 ?E:“z‘mr ?EZ%‘ ’
j=1

j=1
40



we can also derive an exact recovery result from Theorem 2.5.2.

COROLLARY 2.5.3. Under the assumptions of Theorem 2.5.2, if we further assume rank(M) = r

(i.e., M = M, ) and

> 40, max prrkelog(ng Vng) p2rik?
Z =2 n1 A na "ny Ansg

—~ o~

then in the event Eo with probability P[Fs] > 1 — 2(ny + n2) ™2, any local minimum (X,Y) €
R™ X" x R"2%" of objective function fret(X,Y) defined in (1.3) satisfies XY =M.

This result improves the sampling complexity required for no spurious local minimum analysis

[GJZ17], which is p > Culrbx8log(ny V na)/(n1 A na).
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CHAPTER 3

Global Geometry of Nonconvex Parameterized Linear Models

Similar to the discussions in Chapter 1 and Chapter 2, the vanilla noisy matrix completion
problem can be stated as follows: Let M be an nq X ny matrix, and we would like to estimate the
whole matrix from a small proportion of noisy observed entries. To be specific, let Q C [n;] X [ng]
be the index set that supports all observed entries. The observation is represented by Po(M + N),
where N is a matrix that represents noise or perturbation. Given selected rank r, the following

regularized least squares fitting is proposed and further analyzed in [GJZ17]
1 1
(1) frecr(X,¥) =g [Pa(XY T =M = N+ | X' X =Y Y[} + A(Ga(X) + CGa(Y),

where X € RM*X"Y € R"2*",

In Section 2.5, the global geometry is analyzed in the noiseless case where IN = 0. If we further
assume M is a rank-r well-conditioned matrix, its eigenspace incoherence parameter [CRO9] is
well-bounded, and the sampling rate satisfies p > (r?log(n1 V na))/(n1 A ng), any local minimum
of (3.1) gives XY = M., i.e., there is no spurious local minimum.

In this Chapter, we are devoted to study the nonconvex geometry for (1.6) as [GLM16,GJZ17,

CL19] did for the vanilla matrix completion problem (3.1).

3.1. Main Results

3.1.1. Method. We first give the specific form of (1.6). Plugging the parametric form X =

X (0) and Y = Y (0) into the nonconvex optimization (3.1), we have the following optimization:

f(e) ::frect(X(e)a Y(e))
(32) — [Pa(XO)Y (6)" — M~ N} + {[1X(6) X(6) - Y (6) Y (6)]}

+ MG (X(0)) + G, (Y (0))).
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Prior to investigating the theoretical properties of (3.2), let us first specialize it to the completion
of subspace-constrained and skew-symmetric low-rank matrices, where the parameterization takes

the forms (1.4) and (1.5), respectively.

e In the case of matrix completion with subspace constraints, denote 8 = vec(® 4, @), and
the linear mappings X (6) and Y (0) are defined as in (1.4). Without loss of generality,
assume that both U and V consist of orthonormal basis, i.e., U'U = I, and Vv = I,,.

Then the parameterization (1.4) implies the following

X(0)Y(0) =U8,0LVT,

X(0)'X(0)=0U'U0,=0)0,,

Y(0)TY(0)=OLV VOs =005

Substituting them into (3.2), we have the objective function:

1 ~ ~ 1
fsubspace (@4, OB) :=%HPQ(U®A®EVT — M - N)|%+ gIIGZGA — 05057
(3.3)
+ MGo(UB L) + Go(VOR)).

e In the case of skew-symmetric matrix completion, again, denote 8 = vec(® 4,0®p), and
the linear mappings X (@) and Y () are defined as in (1.5). Straightforward calculation

gives

X0)Y(©0) =040, -050],

G)TG)A —G)TGB
xXO)x0)=| A7
~©.0, ©)0p

005 0,0,
YO TY®) =]| " b
©0; 010,
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Substituting them into (3.2), we have the objective function

1 1
fokew(©4, ©p) :%HPQ(@A@E ~ 050, - M - N)[i+ 10,04 - 0;05]}
(3.4)
1
+ 710105+ 0504} + 2)Ga([©5,©.4]).

Here we use the fact Go([@p5,04]) = Go([@4, —O5)).

For any local minimum of (3.2), namely, é , we are interested in analyzing the estimation error
| M — X(é)Y(é)TH% To this end, given f(8) is smooth, it is natural to study the stationarity and
optimality conditions, i.e., V2f (0) = 04xq and V f (@) = 0. How to employ these two conditions in
order to control any local minimum is the key to deriving our main result presented later in this

section.

3.1.2. Assumptions. In order to study the estimation error | M — X(é)Y(é)THfT where £ is
any local minimum of the nonconvex program (3.2), we start with some assumptions on the matrix
M, the parametrization (X (0),Y (0)), and the support of the observed entries .

In this chapter, we assume M is of rank r, and it has reduced singular value decomposition as
T
M = Z O'Z"U,Z"U;r
i=1

where 01 > 09 > -+ > 0, > 0. The condition number is denoted as k = k, := o1/0,. Moreover,

the incoherence parameter [CRO09] p = p, for M is denoted as

p = max {u(colspan([uq, ..., u,])), u(colspan([vy, ..., v.]))},

where () is defined in (2.8).

Next, we assume both X (0) and Y (@) to be linear mappings.

AssumpPTION 3.1.1 (Homogeneity and linearity). Both X (6) € R™*" and Y (0) € R"2*" are
homogeneous linear functions in 0, i.e., X (t01) = tX(01), Y (t01) = tY(01), X (61 + 02) =
X(gl) + X(ag) and Y(01 + 02) = Y(Ol) + Y(HQ) for all 61,05 € R and t € R.

As mentioned in the previous section, the next assumption, referred to as the Correlated Para-

metric Factorization, is the key assumption in analyzing the theoretical properties of the local
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minima of (3.2). It will be verified for low-rank factorization with subspace constraints (1.4) in

Section 3.3.1, and for skew-symmetric low-rank factorization (1.5) in Section 3.4.1, respectively.

ASsuMPTION 3.1.2 (Correlated Parametric Factorization of M). The rank-r matriz M and the
parameterization (X (0),Y (0)) are said to satisfy the correlated parameterized factorization, if for

any 0 € RY, there exits € € R? (not necessarily unique), such that

M=X(@Y ()",
(3.5) X(©)'X(€)=Y(©)'Y(©®)

XO)TX(E)+Y(0)Y(E) = o0.

Recall that the support of the observed entries is 2 C [n;] X [ng]. For generality, we consider
here two scenarios where the entries are observed independently with certain probability p. For
rectangular matrix completion, the index set € is assumed to follow the independent Ber(p) model
(Model 2.5.1). For square matrix completion (n; = ng := n), the index set 2 is assumed to follow

the off-diagonal symmetric independent Ber(p) model (Model 2.1.1)

3.1.3. Theoretical results. Our main theorem is the following.

THEOREM 3.1.3. Let M € R™*"2 pe a rank-r matriz. The parameters p and k are defined in
Section 3.1.2. Suppose that M, X (0) and Y (0) satisfy Assumptions 3.1.1 and 3.1.2, and that €2,
the support of observed entries, satisfies either Model 2.1.1 or 2.5.1. Moreover, let the sampling
rate p and the tuning parameters o and X\ in (3.1) satisfy the following inequalities:

(
1
p > Cymax { A M log(ny V ng), (72%?22)2 ,u2r2/£2} ,

(3.6) Cs [P0 <\ < 1005, /7202,
kCEM / 771’?;\0712 < (6% < 1005 7757;\0712 .
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Then, in an event B3 with probability P[Es] > 1 — 2(ny + n) ™3, any local minimum € of (3.2)

satisfies
T2 067' 2
p
where
(3.7) ¢ = max | Px@,)Pa(N)Py@,)l-

01,02¢ Rd

Here Cy,C5, Cg are fixed absolute constants.
In particular, if there is no noise, i.e., N = 0, then with high probability any local minimum é

leads to M = M. In other words, there is no spuritous local minimum.

As a simple application, existing results of the landscape analysis for nonconvex positive semi-
definite (PSD) matrix completion can be viewed as corollaries of Theorem 3.1.3. In fact, consider
the example of low-rank PSD matrix completion, we have ny = no = n, and the ground truth can
be decomposed as M = EE, for some g € R™*". For any ® € R"™", denote 8 := vec(®), and
define the linear mappings X (6) = Y (6) = ©. This parameterization implies M = X (£0)Y (&) "
for &y == vec(Zp). Assumption 3.1.1 is obviously satisfied. Assumption 3.1.2 can be straightly ver-
ified by taking the SVD of @ T2y = USV " and letting & = E(VU '; see, e.g., [CW15, Lemma
1].

The factorization now becomes X ()Y (8)" = ©®®T, so the nonconvex parametric matrix

completion (3.2) thereby takes the following form:
2
ford(©) == - HPQ (007 - M - N)|| +2)Ca(O),

which is the nonconvex program that has been used in [GLM16,GJZ17,CL19] for PSD matrix
completion. Since Assumptions 3.1.1 and 3.1.2 are verified, as a corollary of Theorem 3.1.3, there
are no spurious local minima for the above objective function as long as the tuning parameters are
suitably chosen, and the sampling rate satisfies p > % max { urlogn, u2r2/£2}, which is exactly the
same as the no-spurious result introduced in Chapter 2. Furthermore, consider the special noisy case
in which the entries of noise matrix IN are i.i.d. Gaussian random variables with mean 0 and variance

o2. Then ||Pq(IN)||? = O((np + log? n)o?) (see, e.g., [CW15, Lemma 11]). Theorem 3.1.3 implies
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that estimation error bound ||M — é(:)THQF =0((F + “‘;#)02), which matches the state-of-the-
art results in the literature of noisy matrix completion; see, e.g., [KMO10b,CW15 MWCC18].
In the next two subsections, we explain how to apply Theorem 3.1.3 to studying the theoret-

ical properties of nonconvex optimizations for subspace-constrained and skew-symmetric matrix

completions; that is, (3.3) and (3.4).

3.1.4. Nonconvex subspace constrained matrix completion. In the case of matrix com-
pletion with subspace constraints, clearly, the linear mappings X (6) and Y (0) defined in (1.4) sat-
isfy Assumption 3.1.1. The verification of Assumption 3.1.2 is summarized as the following lemma,

the proof of which is given later in Section 3.3.1.

LEMMA 3.1.4. Let M € R™*"™2 pe aq rank-r matriz whose column space and row space are

constrained in colspan(U) and colspan(V'). Then the parameterization X (0) and Y (0) defined in
(1.4) as well as M € R™*"2 satisfy Assumption 3.1.2.

With the assumptions verified, Theorem 3.1.3 implies the following corollary for nonconvex

matrix completion with subspace constraints, i.e., (3.3).

COROLLARY 3.1.5. Let M € R™*"™2 be q rank-r matriz. The parameters p and k are defined
in Section 3.1.2. Assume that the columns of U € RM*st constitute an orthonormal basis of the
column space constraint for M, while the columns of V € R"%52 constitute an orthonormal basis
of the row space constraint. The support of observation, €2, is assumed to follow from Model 2.5.1,
and that the entries of the noise matric N are i.i.d. centered sub-exponential random variables
satisfying the Bernstein condition [Wail9, (2.15)] with parameter b and variance v*.

If the sampling rate p and the tuning parameters a, A satisfy (3.6). Then, uniformly in an

event Esypspace With probability P[Esupspace] = 1 — 3(n1 + n2) ™3, any local minimum (éA,éB) of

fsubspace(@ 4, Op) in (3.3) satisfies:

(3.8) T I 75152

<—5 (V2 1
5 <I/ p(s1 + s2)log(ny + ng2) o

10g2(n1 + n2)> )

Here g = Z—;Hﬁ”%oo, Wi = Z—;H‘N/H%oo, and C7 is some fized positive absolute constant.
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To the best of our knowledge, existing theoretical works on matrix completion with subspace
constraints are majorly focused on the noiseless case [YZJT13,XJZ13,Chel5,JD13, EYW18],
while statistical convergence rates under the noisy case have not been studied in detail in the
literature. Consider again the case that N consists of i.i.d. N'(0,02) entries. This gives b = o
and variance v? = ¢2. For simplicity of discussion, also assume s; = sy = s, n; = ng = n,
p=0(1), ug = O(1), py = O(1) and & = O(1). Then Corollary 3.1.5 implies that as long as
p 2 Lmax{rlogn,r?}, there holds HﬁéAEEV/T — M||% < o%sr(logn)/p. We have explained in
the previous subsection that the error rates for matrix completion without subspace constraints
are O(o?nr/p). Therefore, Corollary 3.1.5 indicates that the estimation error can be significantly

reduced if the dimensions of the subspace constraints are much lower than the ambient dimensions.

In the noiseless case, we should admit that the sampling rates requirement
1 2
p 2 — max {rlogn,r }
n

is possibly suboptimal, since it is worse than the state-of-the-art sampling rates requirement if
convex optimization is employed; see, e.g., [Chel5]. This gap is not technically easy to fill, and
narrowing it seems beyond the scope of the current paper since Corollary 3.1.5 serves as an example
to showcase the usefulness of our main result Theorem 3.1.3. We are interested in narrowing this

gap in some future work.

3.1.5. Nonconvex Skew-symmetric Matrix Completion. In the case of rank-r skew-
symmetric matrix completion, linear mappings X (6) and Y (0) defined in (1.5) evidently satisfies
the linearity and homogeneity. Assumption 3.1.2 is verified through the following result with the

proof deferred to Section 3.4.1.

LEMMA 3.1.6. Let M be a rank-r skew-symmetric matriz. Then, the parameterization X (0),

Y (0) defined in (1.5) as well as M satisfy Assumption 3.1.2.

Given Assumption 3.1.2 is justified for the parametric form (1.5), our main result Theorem
3.1.3 implies the following estimation upper bound result for nonconvex skew-symmetric matrix

completion (3.4).
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THEOREM 3.1.7. Let M € R™™ be a rank-r skew-symmetric matriz. The parameters p and
k are defined in Section 3.1.2. The support of the observed entries ) is assumed to follow Model
2.1.1. Assume that the noise matriz IN is a skew-symmetric matrix, whose upper triangular part
of N consists of i.i.d. centered sub-exponential random variables satisfying the Bernstein condition
with parameter b and variance v?. Suppose that the sampling rate p and the tuning parameters o
and \ satisfy (3.6). Then, uniformly in an event Ege, with probability P|Ege,) = 1 — 3n73, any

local minimum (Ba,Z5) of foen(@a, Op) defined in (3.4) satisfies

Cg?“

IEAEL — B2 — M||F < o (v*prlogn + b*log?n) .

Where Cg is a fized positive absolute constant.

As with the discussion in Section 3.1.4, if the upper triangular part of noise matrix IN consists
of i.i.d. Gaussian random variables with mean 0 and variance o2, and the sampling rate satisfis p >
L max {rlogn,r?}, then the estimation error satisfies ||§.A§Eg - égég —M||% = O(c*nr(logn)/p),
which is comparable to the aforementioned state-of-the-art result O(a?nr/p) up to a logarithmic

factor.

3.2. Experiments

In this section, we conduct numerical experiments to test the performance of the proposed
nonconvex optimization for parametric matrix completion (3.2). As leading examples, we consider
both (3.3) for matrix completion with subspace constraints and (3.4) for skew-symmetric matrix
completion.

Notice that in order to implement (3.2), we need the knowledge of p, and to choose o and A
properly. In all simulations, we replaced p in (3.2) with the estimated value p := %, and set the
parameters as A = 100\/m and a = 100. We solved the nonconvex optimization by gradient
descent, and initialized at @y with i.i.d. standard normal entries. At each step of the gradient
descent, the step size was selected through line search. To be specific, at each update of 5, the step
size was set to be max{27% 1071°} for k := min{t | t = 0,1,2,3,---, (0 —27'Vf(8)) < f(0)}.

The gradient descent iteration was terminated either after 500 iterations or as soon as the update

on 0 satisfied ||V f(8))]|? < 10710,
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In the following subsections, more implementation details of (3.3) and (3.4) are explained,

respectively.

3.2.1. Nonconvex matrix completion with subspace constraints. In all implementa-
tions of (3.3), we set n; = ng = 500 and 7 = 2. We generated wu1,...,us9 € R as 40 left
singular vectors of a 500 x 500 random matrix with i.i.d. standard normal entries, and generated
v1,...,v4 € R similarly from another random matrix with the same distribution. The ground
truth was fixed at M = wjv] + ugvy (so |M]/% = 2). The dimensions of subspace constraints
were fixed at s; = sy = s = 10, 20, 30, 40, and we let U = [ui,...,us] and V= [v1,...,0s].

2

In the noisy case, IN consisted of i.i.d. Gaussian entries with mean 0 and variance ¢* = and

1
5002
so E[|IN||% = 1. The sampling rate was chosen as p = 1 x 0.005,2 x 0.005, ... ,20 x 0.005. For each
fixed pair of (p, s), gradient descent was implemented to solve (3.3) with the input Po(M + N),
and the reported relative error was averaged over 10 independent generations of the support of
observations ) and the noise IN. Figure 3.1 indicates a positive dependency between the the
dimension of constraints s and the average estimation error as expected in light of the theoretical
result (3.8).

In the noiseless case, an experiment is considered a success if and only if H]\//I —M|r/|M|F <
103, The sampling rate is chosen as p = 1 x 107%,2 x 107%,...,20 x 10~%. Figure 3.2 illustrates
a positive dependency between the dimension s and required sample size for consistent successes.
As noted before, this dependency has not been explained in our theoretical results, although this
phenomenon should be expected in light of the theoretical results for convex approaches [YZJ 13,

XJZ13,Chel5] as well as alternating minimization [JD13]. We plan to study this dependency

for nonconvex landscape analysis in the future.

3.2.2. Nonconvex skew-symmetric matrix completion. If the ground-truth low rank
matrix M is known to be skew-symmetric, we have two nonconvex optimization programs to use
in order to recover M from Pq(M): nonconvex skew-symmetric matrix completion (3.4) and the
original rectangular matrix completion (3.1). In fact, it has been shown in [GL11, Theorem 3]
that if the initial input is skew-symmetric, some rectangular matrix completion algorithms, such

as singular value projection (SVP) [JMD10], will also lead to a skew-symmetric result. This thus
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FIGURE 3.1. Logarithm of relative estimation error log10(||ﬁ — M|%/|M|2%) of
nonconvex subspace constrained matrix completion. Here we set the dimension of
ground truth M € R™*™ as ny = ny = 500, rank of M as r = 2, dimension of the
column /row subspace constraint as s = sy = s and noise level as 0?2 = nllm = 50102.
Each dot in the plot represents one trail of the numerical experiment, and the curves

represent the mean of 10 independent trials for given s.

raises a natural question: Is there any advantage to use (3.4) over the vanilla approach (3.1)? We
make this comparison here empirically by simulations. For the ease of comparison, we focus on the
noiseless case.

For all simulations, the matrix size was fixed at n = 500 while the rank was fixed at r = 4, 10, 20.
For each r, we generated r orthonormal vectors wi, ..., %, 2, v1,...,0,/2 € R590 from left singular
vectors of a 500 x 500 random matrix with i.i.d. standard normal entries. The ground truth was
then constructed as

T T T T
M =ujv; —viu, o U2V s — Uy

The sampling rate was fixed at p = 1 x 1072,2 x 1072, ..., 20 x 10~2. For each fixed pair (r, p), we
generated 10 independent copies of © € [500] x [500] from Model 2.1.1. For each simulated data set,
we implement both (3.4) and (3.1) with gradient descents. Figure 3.3 plots the relative estimation

errors as well as the corresponding medians in logarithmic scale by implementing (3.4) and (3.1),
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FiGURE 3.2. Rates of success for noiseless nonconvex subspace constrained matrix
completion. Here we set the dimension of ground truth M € R™*"2 ag ny = no =
500, rank of M as r = 2, dimension of the column/row subspace constraint as
S§1 = S92 = S.
respectively. The comparison indicates that (3.4) and (3.1) are essentially equally successful when

the rank of the skew-symmetric matrix is 4 or 10, but (3.4) seems slightly more successful than

(3.1) in terms of the empirically required sample sizes in the settings we considered.

3.3. Analysis of nonconvex subspace constrained matrix completion

This section mainly consists of two parts: First we give a proof of Lemma 3.1.4. Then we give

a proof of Corollary 3.1.5.
3.3.1. Proof of Lemma 3.1.4.

PRrOOF. The homogeneous linearity (i.e., Assumption 3.1.1) of (X (0),Y (0)) is directly from
the definition (1.4).

In order to show the parameterization satisfies Assumption 3.1.2, we want to show that for any
0 = vec([@],0F]T) € R751752) there exits a & € R"(*1+52) that satisfies (3.5).

In order to do so, let S := UTMV. Then S € R*1%52, Recall that U consists of an orthonormal

basis of the column space constraint, and V consists of an orthonormal basis of the column row
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FIGURE 3.3. Logarithm of relative estimation error 10g10(||M\ - M|%/||M|%). In
this plot, skew-symmetric matrix completion and regular rectangular matrix comple-
tion are used to complete noiseless skew-symmetric matrices with rank r» = 4, 10, 20.
Here we set the dimension of ground truth M € R™*™ as n = 500. Each dot in the
plot represents one trail of the numerical experiment, and the curves represent the
median of 10 independent trials.

constraint of M. Therefore, Py = U ﬁ—‘r7 Py = VVT and M can be represented as M = UsvT.
Since M is of rank r, by the orthogonality of U and V, rank(S) = r. Let the reduced SVD of S
be

(3.9) S = SLASy,

where S, € R\" Sp € R2X" S§TS; = I, S} Sk = I, and A = diag(o,...,0,) isar xr
diagonal matrix with o1 > 09 > ... > g,. Moreover, by letting U* := US; € RMXT V* = VSg e
R™*" we can verify that M = U*AV*" is a reduced SVD of M.
Define
Y = S A2 e RO BY = SpAY? e R2XT
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For any ®4 € R***" and ,@p € R*2*", by considering the SVD of (@ &% + O &%), we know

there exits an r x r orthogonal matrix T' € O(r) [CW15, Lemma 1], such that
(@5 + OLE5)T = 0.
Let &€ = vec([(B4T)T,(E5T)T]T), then
X(&)=UBYT e R"*" and Y (&) =VELT € R™2*".

Keeping in mind that both U and V are orthonormal basis matrices, the conditions in (3.5) can

be verified one by one:
XY () =UBNT(VELT) =UENEL 'V =US ASLV ' =
The last equality is by (3.9).

X&) X&) =(UBNT) UEN\T =T"8, ' BA\T =T "AYV2S] S AY?>T = TTAT

= T2 B5T = (VERT) VELT =Y (€)Y (¢).
Here we use the fact SESL = SIESR = I,.. Moreover,

X0)' X&) +Y(0)Y(¢)
—(U®O)UBAT + (VOp) ' VELT
=(@ 1B + OpER)T

=0.

Therefore, the parameterization (X (6),Y (0)) satisfies Assumption 3.1.2. O

3.3.2. Proof of Corollary 3.1.5. Since the assumptions of Theorem 3.1.3 are satisfied, there-

fore, in the event E3 defined in Theorem 3.1.3,

C()T
M — M”F 802
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Therefore, it suffices to show that

(3.10) 0?2 < ¢

~11~518
—07 <p(31 + s9)log(ny + ng)u2 + b27'uUMV 172 logz(nl + n2)> .
6

ning
By (B.6) and (1.4), we have for any 6 € R?,

colspan(X (0)) C colspan(U), colspan(Y (0)) C colspan(V').
Therefore, for any 01,05 € R,
1Px (6,)Pa(IN) Py (g, | = | Px (6,)PgPa(IN) Pyy Py (6,)|| < || Py Pa(IN) Py ||.

So we have

¢ < || PgPa(N)Py|.
Therefore, (3.10) can be proved by the following lemma.
LEMMA 3.3.1. Assume that the support of observation 2 follows from Model 2.5.1. We assume

that the entries of the noise matrix N are i.i.d. centered sub-exponential random variables satisfying

the Bernstein condition with parameter b and variance V2. U and V are defined in Chapter 1. Then

in an event Egypspace.n With probability P[Esupspacen] = 1 — (n1 + n2) ™3, we have
Ky 8152
| PgPa(N) Py < Cy (Jp(ﬁ + s9) log(ny + na)v + b % log(n1 + n2)> :

for some absolute constant Cy, defined in the proof.

The proof of Lemma 3.3.1 is mainly following the discussion in [Wail9, Example 6.18] as well
as [Wail9, Example 6.14] and is deferred to appendix.

Letting Egupspace = £3 N Egubspace N, and C7 = 206030 finishes the proof.
3.4. Analysis of nonconvex skew-symmetric matrix completion

In this section, we first give a proof of Lemma 3.1.6. Then we give a proof of Theorem 3.1.7.

3.4.1. Proof of Lemma 3.1.6.
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PROOF. The homogeneous linearity of (X (0),Y (0)) follows directly from the definition (1.5).
Therefore, the only thing remains to be verified is that for any 8 = vec([@),©}]") € R, there
exits an & € R™ that satisfies (3.5).

Recall that M is a rank-r skew-symmetric matrix, where r is even. Then its Youla decompo-

sition [You61] can be written as

M = X1p] — M) + Aogarhy — Aahapy + ...+ Ar/2¢r/2¢;/2 - )‘r/2¢r/2¢7T/27

where A\1 2 Ay = ... 2 A g > 0 and @1,..., @2, %1, ..., 4, /o are unit vectors in R". Moreover,
¢;’s and 1;’s are pairwise perpendicular to each other, i.e., for any i, j € [r/2], q’);—'(bj =0, d)iTzﬁj =0
if i # j, and 1, ; = 0 if i # j.

Let

E; = [V Mo, ..y, \/ >\T/2¢7’/2] € Rnx% and ‘E‘E = [\/ A, \/ )‘r/2¢7’/2] € Rnx%‘
It is straightforward to verify that
M =z35" — 554

Recall the fact that for any i,j € [r/2], ¢, ; = 0; ¢/ p; = 0if i # j and @ ¢; = 1 if i = j;
q/)iTq,bj =0if i #j and @b;—'tpj =1 if ¢ = j. Therefore,

T T

(3.11)

[
[1]
[1]
[
[

2 %:Oand 2 :1: *BTE%:diag(Al,...,/\r/Q).

For any 6 = Vec([@l, @g]T) with ©® 4,05 € R™ 2, consider the singular value decomposition
of the complex matrix (@4 + v—10p)7 (2% + vV—1E%) (A is conjugate transpose of complex
matrix A), (@4 +v—10p)"(E* +/—1E%) = ADB* where A, B € Cz*% are complex unitary
matrices and D € R2*2 is a real diagonal matrix. Therefore, BA is also a complex unitary

matrix, decompose it as BA” = R, + /—1R5 with R, R € R3%3. Therefore,

(©4+vV—-10p)4 (B} + V-1E%)(R, + V—1Ry) = ADBY”BA" = ADA" - 0,
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that is, it is a Hermitian positive semidefinite matrix. Let

[

A= Equl — E%RQ and Eg = E:ZRQ + E%Rl.
Then there holds (% 4+ vV—1E%)(R1 + vV—1Ry) = E4 + /—1Ep, and
(©4+V—-10p)1 (B4 4+ V-1Ep) = 0,

which is equivalent to the following r-by-r real matrix is positive semidefinite:

O\EA+OLEp OLE4L - O)Ep

-
4 = 0.

O Ep-0OLE, O E,+0OLEp

Also, since Ry + v/—1R5 is unitary, we have

R -R,
R = € 0(r).
R, R

Let &€ = vec([E},E5]"). Then we have

and similarly
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It is then straightforward to verify that

T

=k |k = T

which is guaranteed by &% =3 = 0 and &% =% = E} =% as was shown in (3.11).

Finally, straightforward calculation gives

X0)"X()+Y(0)Y (&) =[04,—-035]" [Ea,~Ep] + [0p,0.4]" [Ep, 24

T T T T
©,E,+0OzEp OzE, -0 ,Ep

|
Y
=]

OlEp-0OLE, O E,+0OLEp
O
3.4.2. Proof of Theorem 3.1.7. Following the lines in Section 3.3.2, it suffices to show that

C
0 < 62 (pn log nv? 4 b? log? n) .

Recall the fact that ¢ < ||Pq(IN)||, then the proof can be done by employing the following Lemma.

LEMMA 3.4.1. Let the support of the observed entries Q) satisfy Model 2.1.1. We assume that
the noise matriz N is a skew-symmetric matriz, and upper triangular part of N consists of i.i.d.

centered sub-exponential random variables satisfying the Bernstein condition with parameter b and

2

variance v*. Then in an event Egey n with probability P[Esgew n] = 1 — n~3, we have

|Pa(N)|| < Cyp <\/pn10gm/+ blogn) :
for some absolute constant Cy .

The proof is almost exactly the same with proof of Lemma 3.3.1. Therefore, we omit the proof

here. We can finish the proof of Theorem 3.1.7 by letting Egew = F3 N Egkew.n and Cg = 20603},.
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CHAPTER 4

Nonconvex Rectangular Matrix Completion via Gradient Descent

without /3 .. Regularization

4.1. Algorithm and Main Results

In this Chapter, the following nonconvex optimization is considered.

: 1 T SR | v
(4.1) min _fXY) = |Pa (XYT - M) 4| XTX-YTY
XER"lXT,YER"QXT 2p F 8 F

Our setup for the above nonconvex optimization (4.1) is the same as that in former chapters:
the matrix M is of rank-r; the sampling scheme (2 satisfies the i.i.d. Bernoulli model with parameter
p, i.e., Model 2.5.1. In Section 4.1.1, we give the formula of the gradient descent. And in Section

4.1.2, we present the main result.

4.1.1. Gradient descent and spectral initialization. We consider the initialization through

a simple singular value decomposition: Let
1 — ~
(4.2) M .= —Po(M) ~ X'20(y?)T
p

be the top-r partial singular value decomposition of M?. In other words, the columns of X0 g Rruxr
consist of the leading r left singular vectors of M?Y; the diagonal entries of the diagonal matrix
30 ¢ R™*" consist of the corresponding leading r singular values; and the columns of YO e Rr2xr

consist of the corresponding leading r right singular vectors. Let
(4.3) X" =X0=012, vy =y0(x02

We choose (X, YY) as the initialization for the gradient descent.
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The nonconvex optimization (4.1) yields the following formula for gradients:

Vxf(X,Y) Z;PQ (XYT — M) Y + %X (XTX . YTY> ,

Vy f(X,Y) :; [PQ (XYT - M)]T X + %Y (YTY - XTX) .

Then the gradient descent algorithm solving (4.1) with some fixed step size 1 can be explicitly

stated as follows:

Xt —xt _ gpg (Xt (Yt)T o M) vyt _ gXt <(Xt)T Xt _ (Yt)T Yt> )

(4.4)

Yy —yt - g Po (X1 (") - M) Txto v (vt (x)" x1).

For any m, we obtain an estimate of M after m iterations as Mm™=X (Y™ T. We aim to study
how close the estimate M™ is from the ground truth M under certain assumptions of the sampling

complexity.

4.1.2. Main results. In this section, we specify the conditions for M and ) to guarantee the
convergence of the vanilla gradient descent (4.4) with the spectral initialization (4.3). To begin with,
we list some necessary assumptions and notations as follows: First, rank(M) = r is assumed to be
known and thereby used in the nonconvex optimization (4.1). The singular value decomposition of

Mis M=UXVT =UV" where
U=UX)"?eR™*", and V=V (E)/? R

Second, denote by p the subspace incoherence parameter of the rank-r matrix M as in [CRO09],
ie.,

p = max(u(colspan(U)), p(colspan(V')))

just like in former chapters. Recall for any r-dimensional subspace U of R™, its incoherence pa-

rameter is defined as pu(U) = 2 max ||Pye;||3 with ey, ..., e, being the standard orthogonal basis.

T 1<i<n

Third, denote the condition number of M as k = o1(M)/o,(M), where o1(M) and o,(M) are
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the first and the r-th singular value of M. Finally, assume that there is some absolute constant
Cho = 1 such that 1/Cio < n1/n2 < Cyp. With these assumptions and notations, our main result

is stated as follows:

THEOREM 4.1.1. Let  be sampled according to the i.i.d. Bernoulli model with the parameter

2,2,.14
p. If p > Cgtr Hml(/)\i(;lvm) for some absolute constant Cg, then, as long as the gradient descent

or(M)

step size n in (4.4) satisfies n < 20007 (M)

, in an event E with probability P[E] > 1 — (n1 4+ na) 3,
the gradient descent iteration (4.4) starting from the spectral initialization (4.3) converges linearly
for at least the first (n1 + na)> steps:
X! U .
min R — < p'y o (M),

ReO(r) Y Vv
F

0 <t < (n1+n2)®. Here O(r) denotes the set of r xr orthogonal matrices, and p :== 1—0.05n0, (M)

satisfies 0 < p < 1. If additionally assume n > ﬁ%, the above inequality implies
1
xT U
min R - < e~ (m+n2)*/Cr or(M)
ReO(r) YT Vv
F

for T = (n1 +n2)? and an absolute constant Cr > 0.

4.2. The Leave-one-out Sequences and the Roadmap of the Proof

The proof framework of Theorem 4.1.1 relies crucially on extending the leave-one-out sequences
in [MWCCI18] from positive definite matrix completion to rectangular matrix completion (4.1).
Roughly speaking, the proof consists of three major parts: some local properties for the Hessian
of the nonconvex objective function f(X,Y’) defined in (4.1), error bounds for the initialization
(X9, Y?) and those of the leave-one-out sequences (X% Y%U) error bounds for the gradient
sequence (X! Y") and the leave-one-out sequences (X (1) Yt’(l)). We first give the definition of

the leave-one-out sequences rigorously.

4.2.1. Leave-one-out sequences. Let’s start with the following notations:

e Denote by Q_;. == {(k,l) € Q: k # i} the subset of  where entries in the i-th row are

removed;
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e Denote by Q. _; == {(k,1) € Q : | # j} the subset of 2 where entries in the j-th column
are removed;

e Denote by Q;. = {(i, k) € Q} the subset of 2 where only entries in the i-th row are kept;

e Denote by Q. ; == {(k,j) € Q} the subset of 2 where only entries in the j-th column are
kept;

e The definitions of the projectors Pa_,., Pa._;, Pa,. and Pq_; are similar to that of Pq;

e Denote by P;.(-)/P.;(-) : R™M*"2 — R™*"2 the orthogonal projector that transforms a
matrix by keeping its i-th row/j-th column and setting all other entries into zeros:

My, ifk=i My, ifl=j
(Pi, . (M))r,; = s (Pj(M))gs =

0 otherwise, 0 otherwise.
These notations facilitate the leave-one-out analysis in rectangular matrix completion, in which
each row/column is associated with a separate “leave-one-out” sequence. The initialization for
the “leave-one-out” sequences are defined similarly to the initialization (X Y°) for the gradient

descent flow. To be concrete, for the i-th row, define
. 1
MO — 5739_1_“(]\4) +P;. (M),

i.e., the i-th row of ]%”PQ(M) is replaced with the complete i-th row of M. Similarly, for the j-th

column, define

a1
MO (mtd) 5739.,7]- (M) +P.;(M),

i.e., the j-th column of %PQ(M) is replaced with the complete j-th column of M. In short, we

write

(tPa, +P.) (M) 1<l<m

(4.5) MO0 =
(%'PQ"?(FM) + 73.71_”1) (M) nt+1<1I<ny+ no.

N ~ T
For 1 <1 < ni+ns, as with the spectral initialization for gradient descent, let X0.0%0,0) <Y07(1)>

be top-r partial singular value decomposition of M%(®). Further, as with the definition of (X, Y0)
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in (4.3), we define the initialization for the [-th leave-one-out sequence as

1/2 1/2

(4.6) x0.(0) — x0.0) (gom) . Y00 — yo (go,a)) .

It is clear that if 1 < I < ng, (X%, Y%0) is the initialization for the leave-one-out sequence
associated with the I-th row, while if nq +1 <1 < nq + na, (XO’(I), YO’(Z)) is associated with the

(I = n1)-th column.

Starting with (X 0,() YD’(Z)), we define the [-th leave-one-out sequence by considering the cor-
responding modification of the nonconvex optimization (4.1). For 1 < I < nj, the nonconvex
optimization (4.1) is modified as

min (X, Y) =t H(PQ_Z P (XYT - M) H2 + 1 HXTX _ YTYH2 .
2p ' F 8 F

XeR™1 Xr
Y eR"2 Xr

The leave-one-out sequence associated with the [-th row is defined as the corresponding gradient

descent sequence with the same step size 7:

XL —xt(0) _ gpﬂ—l (Xt,(l)(Yt,(l))T _ M) yt0) _ WP (Xt,(l)(Yt,(l))T _ M) yt0)

)

(4.7)
_ gXt,(l) ((Xt,(l))TXt,(l) _ (Yt,(l))TYt,(l)>
and
yt+L0 —y 0 _ 1 [779 l (Xt,(l)(Yt,(l))T B M)]T x40
» "y
-
(4.8) —n [le ()(t,(l)(ytﬁ(l))"r _ M)} x 0
_ th,(l) ((Yt,(l))Tyt,(l) _ (Xt,(l))TXt,(l))

Similarly, for ny + 1 <1 < ny + no, consider the nonconvex optimization

N f(X,Y) = H(P + P ) (XYT M)H2 41 HXTX YTYH2
min e e _ - _ )
X eRn1xr ’ 2p Q. —=ny) TPl F 8 »
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Subsequently, the leave-one-out sequence associated with the (I — np)-th column is defined as the

sequence:
t+1,(1) _ yt,( n t,(l t,(O\T t,(l
xt+1L0) —x <>_5pQ"_(l_nl> (X O (yt0) _M>Y 0
(4.9) — Pty ( xtO(ytOT _ M) yt0
_ gXt,(l) ((Xt,(l))TXt,(l) _ (Yt,(l))TYt,(l)>
and
t+1,() _ vyt n t,(l t,(ONT T t,(l
yt+L0) —y <>_5 ['pﬂ"i(linl) (X O (yt0) _M)] x 60
(4.10) . [p . ( X0y tOyT _ Mﬂ T xt)

_ th,(z) ((Yt,(l))TYt,(l) _ (Xt,(l))TXu(l)) '

These n1 +ngo leave-one-out sequences will be employed to prove the convergence of vanilla gradient

descent (4.4) as with [MWCC18] as will be detailed in next few sections.

4.2.2. Local properties of the Hessian. As with [MWCC18, Lemma 7|, we characterize

some local properties of the Hessian of the objective function f(X,Y):

LEMMA 4.2.1. If the sampling rate satisfies

1 \%
0> ot og(n1 V na)
ni N\ n2
for some absolute constant Csy, then on an event Ey with probability P[Ey] > 1 — 3(ny + ng) ™11,
we have
T 2
D D 1 D
(4.11) vec X V2f(X,Y)vec X 250T(M) x
Dy DY DY r
and
(4.12) IV (X, Y| < 501(M),
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uniformly for all X € R™M*"Y € R"2*" satisfying

X-U < 1
Y _V = 500ky/ny + 1g

2,00

(4.13) o1 (M)

Dx
and all Dx € R™M*" Dy € R"*" gych that s in the set

Dy
(4.14)
X, | - X X, - U M) X X
! R — ? : ? < M,R:: argmin ! R - ?
Yi Y, Y, -V 500 Reo() ||| W Y,

F
The proof is similar to MWCC18, Lemma 7], but as mentioned in Chapter 1, we apply Lemma
4.4 from [CL19] and Lemma 9 from [ZL16] to improve the order of logarithms. The details are

relegated to Section C.1.

4.2.3. Analysis of the initializations for the Leave-one-out sequences. As with Lemma
13 in [MWCC18], we now specify how close the spectral initialization (X% YY) in (4.3) and its
leave-one-out counterparts (X%, Y%()) in (4.6) are from the ground truth (U, V) (recall that
M =UVT). To begin with, we list some convenient notations for several orthogonal matrices that

relate (X°,Y?), (X%, Y21y and (U, V):

X0 U
R" := argmin R - )
ReO(r) Y? |4
F
x0.0 U
RO = argmin R—
ReO(r) Y o.() \%4
F
and
X0 XO,(Z)
(4.15) 700 .= argmin R - R
ReO(r) Y?© Yo
F

LEMMA 4.2.2. If

2,26
r°k° log(ni V ng
pZCszu ( )

n1 A\ ns
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then on an event Ein;y C Eg (defined in Lemma 4.2.1) with probability P[Eipi] > 1 — (n1 +ng) ™10,

there hold the following inequalities

X0 U 61
(4.16) RO - <Oy et los(m Ving) s
y 0 Vv (n1 Ang)p
x0,(D) 0. U w2r2k7log(ny V na)
(4.17) R>(® _ <100C; - o1(M),
YO,(Z) \ %4 (n1 A ’I’Lg) D
lv' 2
X0 x0,(0) 242,10
(4.18) R - 00| <oy, [P og(m Ving) s
y0 Yy 0.(0) (n1 Ang)?p
Forl=1,2,--- ,n1 +no. Here Cr and Cgo are two fized absolute constants.

The detailed proof of Lemma 4.2.2 is deferred to Appendix C.2, while we here highlight some key
ideas in the proof. First, in order to transform the problem of rectangular matrix completion into
symmetric matrix completion, the trick of “symmetric dilation” introduced in [Pau02, AFWZ17]
is employed. Moreover, a major technical novelty in our proof is to replace  MWCC18, Lemma
39] with [Chel5, Lemma 2] to obtain sharper error bounds as shown in (4.16), (4.17) and (4.18).

We restate that lemma here:

LEMMA 4.2.3 (Modification of [Chel5, Lemma 2|). Let A be any fized nq X ng matriz, and let
the index set ) € [n1] X [ne] satisfy the i.i.d. Bernoulli model with parameter p. Denote
_ 0 A
A
AT 0

Q= {(Za]) ‘1 <) Sm +n27(i7j _nl) €Qor (]al _nl) = Q}

There is an absolute constant C14 and an event Ecy with probability P[Ecy] > 1 — (ng + ng) ™1,

such that for all 1 <1 < ny+ ne, there holds

2P @)+ mia) - 3] < | 2o - 4
(4.19)

log(ni Vno) , — log(ny Vno), —
<Cu (WnAnew n W\Auzm) -
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Here

Pﬁ—l(z) = Ai,jeie;-r,

Pl (Z) = Z Zi,jeie;,

(3,4) €[n1+n2] X [n1+na],i=l or j=I

and ey, . ..€en, 1n, are the standard basis of R 172,

The second inequality in (4.19) is directly implied by [Chel5]. In fact, [Chel5] yields the
bound for H%PQ(A) - AH On the other hand, the equalities

H;%(A) - AH _ (;%(AO) g ;,PQ@? A
piad|

as well as || Al,., = || Al and ||A 9,005 || AT [|2,00} translate the bound in [Chel5]

2,00 = max{[| Al
to our result. As to the first inequality in (4.19), it holds due simply to the fact that %Pﬁ,l(z) +
Py(A) — A is essentially a submatrix of %Pg(]) — A (the I-th column and I-th row are changed to

Z€eros. )

4.2.4. Analysis for the leave-one-out sequences. In this section we are about to introduce
the lemma that guarantees the convergence of the gradient descent for the nonconvex optimization
(4.1) with the leave-one-out technique. To be concrete, we are going to control certain distances
between the gradient descent sequence (X*,Y*) in (4.4), the leave-one-out sequences (X4®) Y1)

in (4.7), (4.8), (4.9) and (4.10), and the low-rank factors (U, V'). Again, we denote some orthogonal
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matrices that relate (X!, Y*), (X*®,Y40) and (U, V) for 1 <1< ny + na:

[ Xt U
R' := argmin R — )
ReO(r) Y? Vv
L F
[ X0 U
(4.20) R*®) .= argmin R - ,
Reo(r) ||| Yt(® \%
L F
[ Xt x ) ]
T = argmin R' — R
RecO(r) Yyt vyt
L . F

LEMMA 4.2.4. Suppose that the the step size satisfies

or(M)
N s
20002 (M)

and that the sampling rate satisfies

2,2,.14
wror " log(ny V neo
p = Css ( )

ni N\ nz

for some absolute constant Cgs.

For any fizred t > 0, if on an event E;d C Epy (defined in Lemma J.2.1) there hold

X! U 6]
(4.21) R' - <Oyt [ loalm Vi)
vyt \ %4 (n1 VAN ng)p
xt0) U 2,.2,.10
(4.22) RO — <1000ty [0 log(nlz\/ng) o1 (M),
vyt vV (n1 Ang)?p
L 2
Xt . Xt e . [ p2r2k10log(ny V ng)
(4.23) R' - Wl <Crp - o1(M),
vyt vyt (nl A n2) b
F
Xt U 2,.2,.12
(4.24) R' - <1100ty |28 1og(n12vm) o1(M),
vt v (n1 Ang)?p
2,00
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for all 1 < 1 < ny + ne, where Cy is the absolute constant defined in Lemma 4.2.2 and p =
1 —0.05n0,(M), then on an event E;;rl C Etd satisfying P[ ;d\E;lrl] < (n1 +n2)7 1Y, the above
inequalities (4.21), (4.22), (4.23) and (4.24) also hold for t + 1.

If we translate the inequalities (70) in [MWCC18] in terms of y/o1(M), a straightforward
comparison shows that our bounds are O(4/r) tighter. Our key technical novelty for this improve-
ment has been summarized in Chapter 1 and is thereby omitted here. The detailed proof is deferred

to Section 4.3.

4.2.5. Proof of the main theorem. We are now ready to give a proof for the main theorem

based upon the above lemmas:

PROOF OF THEOREM 4.1.1. We choose Cs = Cgo + Cg3 + 2C? where Cs2, Cg3 and Cf are
defined in Lemma 4.2.2 and 4.2.4. Then the requirements on the sampling rate p in both Lemma
4.2.2 and 4.2.4 are satisfied. By Lemma 4.2.2, the inequalities (4.16), (4.17) and (4.18) hold on the
event Fj,; defined there, which implies that the inequalities (4.21), (4.22) and (4.23) hold for ¢t = 0
on Eip;t. Moreover, (4.24) can be straightforwardly implied by (4.21), (4.22) and (4.23) (the proof
is deferred to Section 4.3.5), and thereby also holds for ¢ = 0. Let Egd = Finit- By applying Lemma
4.2.4 iteratively for t = 1,2,. .., (n1+n2)?, we know on an event F := E;Zl+n2)3 C---C Egd = Einit

there holds

t
X R U <O urkblog(ng V ng) o1 (M)
Y! vl (n1 Ang)p

for all ¢ satisfying 0 < ¢ < (n1 +n2)® and p = 1 — 0.05n0,.(M). This further implies that

<V2r R' —
1% Y! 1%

U Xt U
F

(4.25)

61 \Y,
g\/ﬂclpt\/ur& Og(nl n2) O'l(M)

(n1 Ang)p
<pt V JT(M)?
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where the last inequality is due to our assumption

e ur?k" log(ny Vv ng)'

ni N\ nz

Lemma 4.2.4 also implies that
3
PES™) 21— (14 (n1 +n2)?) (m1 +n2) 710 > 1= (ng + )%,

which gives the proof of the first part of Theorem 4.1.1. If we assume additionally that n >

WJ%\?)M)’ which directly gives 0 < p < 1 —5 x 107°. This implies that
p"1+12” Cexp(log(1 =5 x 107°)(ny + n2)®) < exp(—(n1 +n2)*/Cr).
for some absolute constant Cg. ]

4.3. Proof of Lemma 4.2.4

In this section, we give the proof of Lemma 4.2.4. Within the proof, we will mainly follow the
proof structure introduced in [MWCC18], and useful lemmas from [MWCC18| such as Lemma
4.3.1 and Lemma 4.3.3 are intensively used. Moreover, we use Lemma 2.3.6 throughout this section
to simplify the proof, and we also conduct a more meticulous application of the matrix Bernstein

inequality. These efforts result an O(4/r) tighter on our error bounds.

4.3.1. Key Lemmas. In this subsection, we list some useful lemmas which will be used to
prove Lemma 4.2.4.

First, we need a lemma from [MWCC18]|:

LEMMA 4.3.1 (  MWCC18, Lemma 37]). Suppose X, X1, Xo € R™™" are matrices such that

0'2(X0) 0'2(X0>
R X - Xl Xl < TR

(4.26) | X1 — Xolll| Xoll <

Denote
R; = argmin [| X1 R — Xo||F,
ReO(r)

Ry := argmin | XoR — Xo||r.
ReO(r)
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Then the following two inequalities hold true:

o?(Xo)
X1R, — XoRs|| <5-L X, - X
| X1 Ry 2 R | 502(X0)|| 1 2[5
a?(Xo)
X - X <51 X, — Xsllp.
| X 1R 2 Ro||p 502(X0)H 1 2|l F

In order to proceed, we also need a control of ||€2 — pJ ||, right here, in order to incorporate the

assumption that 1/C1p < n1/n2 < Cho, we have a slightly modified version of Lemma A.4.6:

log(niVn2)
ni1Ang

LEMMA 4.3.2. There is a constant Cis > 0 such that if p > Ci3 , then on an event Eg

with probability P[Eg] > 1 — (n1 + n2) ™%, we have
12 = pJ|| < Cr3v/(n1 Ang)p.

Here we use the assumption that 1/Ch9 < ni/ne < Cyp and Ci3 is dependent on Cyg.

Finally, we need a lemma to control the norm of sgn(C + E) — sgn(C) by the norm of E:

LEMMA 4.3.3 ( [Mat93, MWCC18]). Let C € R™" be a nonsingular matriz. Then for any

matriz E € R™" with | E| < 0,(C) and any unitarily invariant norm || - I, one have

llsgn(C + E) — sgn(C)ll < NE.

or-1(C) + 0+(C)

4.3.2. Proof of (4.21). For the spectral norm, first consider the auxiliary iterates defined as

following:
Xt = X'R - gPQ (x*(¥) -ovT)v
_ gU(Rt)T ((Xt)T Xt _ (Yt)T Yt) R
(4.27) g
i+l .yttt t (vt T T
Y —Y'R p[PQ(X (v -ovi)| v
_ gV(Rt)T ((Yt)T yi— (x1)7 Xt> R
Denote

T

EX" =X'R =y (X' () -0V ) V- Ju®)" (x) x' - (v) Y') R
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and

BV =y R -y (X' (v!) - UVT>T U-Jve)((v) v - (x") X') R,

Then by triangle inequality, we have the following decomposition:

t+1 [ i1 t+1 Tt+l
b'e i | U . X UL X | X
yt+l 1% yt+l 1% ytt+l yt+l
[ Ext+l X+l X+l U
< s —| - + -
(4.28) I EYtJrl Yt+1 EytJrl 174
(o5} Q2
t+1 i+l
+ [ X Rt+1 ‘i(
Yt+1 Yt+1
a3
4.3.2.1. Analysis of ay. First for aq, since
EXt+1 b GE
Eyt+! B yit+l
. JPa (XY —uvhv | (xXt(yH"—-uvvhv
Lipg (X(YH)T —UvT)] U (xty)T-ov)'u |
A
and using the facts < ||A|l + | B]| and ||U|| = ||V ||, we have
(LPo (XH(Y)T —OVT) - (XYY —UVT)) V
a1 =1 T
(P (X'(Y)T —UVT) - (XI(Y)T -UVT)) U
1
<2|U]] | P (Xt(Yt)T - UVT) - <Xt(Yt)T - UVT)
1 1
<2V [T Pa(asVT) - AV 2] | 1o (Uiay)T) - Uiay)T

1
+ U] | 7o (Ak(a4)T) - Ak(ay)
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Ak

Here we denote Al = X'R' —U,A}, =Y'R'— V, and A! =
Ay

. The last inequality
uses the fact that
xt(yH)T —uvT =X'R(RHT(Y)T —UV'
(4.29) =(Ax +U) Ay + V)T —UVT
=AL VT L UAY)T + AL AL,

Using Lemma 2.3.6, we can show that

aj ||U||||Q pI[([A% 12,001V l1200 + 1T [l2,00 | AY [l2,00 + | A

v ll2.00)-

From (4.24), if
c? prsttlog(ny V ng)
n1 A\ no

p > 1102

then

TR
1A 2,00 < 4| 2\

ny A ng

Here we also use the fact that p < 1. Recall that [|Ul[2.00, [Vl2,00 < /707505 V01(M), and by
(4.24),

(nl A n2 ny A\ ng

2 2121 Vi
n\/aliHﬂ pJH><3<11001p\/“7"” Ognl nz\/— R \/7>

Moreover, using Lemma 4.3.2, if in addition

p2r?k9 log(ny V no)

> (Ch3 + 16 x 6602
p ( 13+ x ) n1 A\ no
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then on the event E;d C EFyxg C Eg, we have

oq §2;7\/0'1(M)\/(nl /\n2)p

2,.2,.12]
x 3 (1100,pt\/“ rinlog(m Ving) o KR \/al(M)>

(n1 A ng)?p niy A no

(4 30) 33,137 ( )
¢ [pPTeR2 log(ng V ng 3
= M
660nCrp \/ (i A1) 22 o1(M)

prkblog(ng V ng)
(n1 Ana2)p

<0.25n0, (M )Czpt\/ o1(M).

4.3.2.2. Analysis of ap. Since Aly = X'R' — U and Al, = Y*R! — V', we have
®)T[(x) X - (v) Y| R
= (Ax +U) " (A +U) - (Ay + V)" (A} +V)
(4.31) —(AY) A+ (Ay) U+UTAY +UTU
~[(ay) " ab + (AY) VA VT (AL + VTV

—(A%) Ak + (A%) U+UTAk - (A}) " Ay — (AY) v —vTAL.
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Therefore, for aw,

[ EXt+! U
EY+! 1%
X'Rt — n (Xt(Yt)T B UVT) Vv
i YIR! — n (Xt(Yt)T . UVT)T U

T

_|_

SIS TS

U®)T((x) X - (v) YR U
V(RYT ((Yt)—r Yt — (}(75)—r X\R -V
(4.32) | Ak AR VTV U Ay TV -

Ay =V (AY) U —nALUTU -3

UAy)TU
V(Ay)TvV

+

—3UU A + JU(AY) 'V + UV T AL + 1€
“IVVTAL + V(AL TU + IVUT Al + 1€,
Al AR VTV = qUUT A + JUUT A
AL, —nALUU —nVVTAL +2VVTAL

| AUV Ay - 3UAY) TV - 3U(AY) U + €,
SVUTAY — JV(AY)'U - JV(AY) 'V +nés
Here
1 1
(4.33) £1=— AK(A4)TV — JU(AY) Ak + JUAY) Ay,
1 1

denote terms with at least two A’ ’s and Al ’s. By the way we define R’ in (4.20),

T
Xth U

Yth A%
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is positive semidefinite. Therefore,

-
X'R'—-U U

YR -V Vv

= (A%)'U+(Ay)'V

is symmetric. Plugging this fact back to (4.32) we have
i Eft+1 U

Ef/t—o—l \V4

Al —nAL VTV —qUUT AL + 1€
| AL - nALUTU —gVVT Ay 1 1€,

1| Al 1 uu’ o Al
= X (I =2qUTU) + 5 (I -2n . X +E,
Ay 0 VvV Al
&1
where € = . Here the last equality uses the fact that U'U = VT V. Recall that we define
)

U by USY? and V by VEY2, UUT and VVT share the same eigenvalues. And |[UU || =
|[VV || = o1(M). Therefore, we have

Eft+l U
a9 = o —
Eyt—H \V4
1 T S uu’ o
<G = 20U " U||[| A" + S [|A™] [T = 2n +nl€]

<(1 = nor (M) | A"[| +nl €]l

or(M)

20002(M) " By the definition of &,

The last inequality uses the fact that n <
IEII < 41 AU

holds. From (4.21) and since
ny VvV 712)

8]
p > 1600021108
ni N\ nz
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t
on the event Egd,

urk8log(ny V ng)
] <4 x cmt\/ OB 0, (1) A1) < 016, (M)A

holds. Therefore, we have

(4.35) s < (1 —0.9n0,(M))||AY.

4.3.2.3. Analysis of ag. Now we can start to control ag. Rewrite ag as

[ i1 Yttl
as = X Rt+1 _ X
yt+l fzt-s-l
[ t1 ] [ i1
— X Rt (Rt)TRt+1 X
yt+l f/—t+1

We want to apply Lemma 4.3.1 with

U xt+1 X+l
(4.36) Xy = , X1 = R' and X5 = | _

v yi+l Yyitl
By the way we define U and V', we have 01(Xy) = 1/201(M), 02(Xo) = \/202(M), ---, 0,(Xp) =
V20,(M), and 01(Xg)/0,(Xo) = v/k. In order to proceed, we first assume we can apply Lemma
4.3.1 here:

CrLAaM 4.3.4. Under the setup of Lemma 4.2.4, on the event Eéd C Ey C Eg, the requirement
of Lemma 4.3.1 to apply here is satisfied with Xy, X1 and Xs defined as in (4.36). Moreover, by
applying Lemma 4.3.1, we have

X+l X+l
(4.37) as=|| _ - R < 0.500,(M)||AY.
yt+l yt+l
7



Now by putting the estimations of g, g, ag, (4.30), (4.35), (4.37) together,

Xt+1
Yt+1

<ag +ag + a3

urkblog(ny V ng)
(n1 Ana)p

(4.38)

<(1 = 0.970,(M))| A" + 0-25770r(M)CIpt\/ o1(M)

+ 0.5n0, (M) ||AY||

<Oyt urkblog(ng V ng) o1 (M)
(n1 Ana)p

holds on the event E;d C Eg C Eg, where the last inequality uses (4.21) and p = 1 — 0.05n0,.(M).

PROOF OF CLAIM 4.3.4. By the definition of R in (4.20), we can verify that
R1 — (Rt)TRt+1.

Recall R, is defined in Lemma 4.3.1. Now we want to show that R, = I. In other words, we want

to show
-

U ftJrl

> 0.
VvV f/t—i-l

First, from (4.27),

T —
U Xt+1

\Y4 }N/'t-i-l
—U'X'R! - ZUTPQ ()cf(w)T - UVT) 7 gUTU(Rt)T ((Xf)TXt - (Yt)TYt) R
T
+VTY'R! - gvT [PQ (Xt(Yt)T . UVTH U - gVTV(Rt)T ((Yt)TYt - (Xt)TXt> R

UTX'R 4+ VYR — gUTPQ <Xt(Yt)T _ UVT) Vv _ gVT |:PQ <Xt(Yt)T _ UVT)}T U,
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where the last equation holds since U U = V' V. By the definition of RY, UT X'R'+V TY*R! is

T
U j)ft—i—l
positive semidefinite, therefore symmetric. Therefore, _ is symmetric. Moreover,
Vv Yt+1
we have
Tr T
U Xt+1 U U Xt+1 U
1% v | | v 1% yi+! 1%
o 1 ) (a1 + az),

where the last inequality holds by triangle inequality and the definition of a; and ag in (4.28).
From (4.30) and (4.35),

6] \Y
o+ ag <(1— 0.970,(M))[| AL + 0250, (M)Cypty | HEE108M Vn2) /oo
(n1 Ana)p
holds on the event E; 4 Therefore, from (4.21), and the fact that
p> 16021 ®log(n1 V ny)
ni1 A\ no
and
or(M)
TS 50002(M)
we have
N T
U b an U U
14 Y+
i U ] ftJrl U
< —
VvV f/t+1
6
prkblog(ny V ng)
<2 M)(1 = 0.65n0,(M))Crp* M
1 (MT)(1 — 06500, (M))Crp \/ B /o ()

<0.50,.(M) < 0.502%(X)
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U U
on the event Eéd. By the fact that =U'U+V'V =2U"U, we have
Vv |4
T
U U
Ar = 20,(M).
\% Vv
T —_—
U Xt+1
By the construction of ~ , 1t is an r X7 symmetric matrix. By the Weyl’s inequality,
Vv Yt+1
for alli=1,--- ,r, any two symmetric matrices A, B € R™*" satisfies
[Ai(A) = Xi(B)| < [|[A - BJ.
Therefore, we have
-
U ftJrl
Ar _ > 1.50,.(M),
VvV Yt+1
T —
U Xttt
and _ >~ 0. Therefore, we have
\V4 Yt+l
X+l U
I = Ry = argmin B R—
ReO(r) Yyttt | %

F

Now we want to verify condition (4.26) of Lemma 4.3.1 is valid here. Since we have already shown

Xt+1 U
< 0.50%(Xy),

Yt+1 \V4
the first inequality is verified. Moreover, by the definition of X**! and Y*t!,
Xt+1Rt :Xth . QPQ(Xt(Yt)T . UvT)Yth
p

_ g(Xth)(Rt)T((Xt)TXt _ (Yt)TYt)Rt,
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T
Yt-‘rlRt :Yth _ Q PQ(Xt(Yt)T _ UVT) Xth
p

-yt R)R) (Y)Y - (X TXR

Hence,
(4.39)
[ X t+1 X+l )
i}t—l—l B yitt+l R
- | %PQ (X'(YHT —UuvT) Al TAL(RYT (XHTX!— (Y)TY!) R
I % [PQ (Xt(Yt)T _ UVT)]T AtX_ %Aty(Rt)T ((Yt)TYt _ (Xt)TXt) Rt
< _ 0 sPo (XH(YH)T —UVT) Aly
7N
Lo (MY —UVT)]T 0 Al
TUAK] + Ay || (X)X - ¥)Y') ’|

(H P Xt( HT UVT)

T (T - Ty ) .

In order to bound H%PQ (XtyH —ouv') H Recalling (4.29) and combining with Lemma 2.3.6

we have
1 t T T
7779 X YY" — UV )
1
H Po(AKVT) — AV T+ [|A%V T + HPPQ (U(AtY)T) Uy’
1
(140 o)+ ro (akap)T) - akiay) | + HA&(A@)TH
Q—pJ
LRI At Vs + 1A% )
+ AV + AV U] + Ak A5
And in addition , from (4.31),
H(Rt)T ((Xt)TXt _ (Yt)TYt> RtH
(441) =[[oT Ak + (ak) U+ (A% Ak - VTAL - (A5)TV - (a%)TAY |

<2[Uak] +2IVIAY ]+ [|AK ]+ [|Ay [
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Combining the estimations (4.40) and (4.41) together and plugging back into (4.39) we have

Xt+1 Xt+1
- Rt
Yt+1 Yt+1
Q —pJ|
aay <l ay, el Ul + 1AY SN

+n (A% [V + AV U] + Ak Ay ]) A
+n QU [AK] + 2 VIIAY |+ [|AK]* + 1A () [| A

From (4.21), (4.24) and
prkttlog(ng V no)

> 110%C*?
p I n1 A\ no

we have

(n1 Ang2)p

re8log(ny Vn
1A <Cmt\/M Bl Vng) SN < o (M

and

(n1 A ng)? ny Ang

2r2x12 Jog( n1 V n2) TK
1A 5,00 <110Cmt\/ & 2 Vol R /o

Therefore, by applying Lemma 4.3.2 and given

),u1'5r1'5/<;10 log(ni V ng)

p > (6600CT + 32400C%
ni A\ no

I

we have
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00)

|2 —pJ
=20 bl [V e+

+AX VI + AV U]+ Ak Ay [+ 2lU A%+ 2[VI[Ay ] + Ak + Ay

<3 ny A na UTK 1100, wr2k12log(ny vV ng)a (M)
= ny A na (n1 Ang)?p !

6] \%
+ 90t urklog(ng n2)01(M)
(n1 Ang)p

33,13 Vi 6] Vi
<33001pt\/lu - Og(nl n2)01(M) + gclpt\/lulrﬂ Og(nl n2)01(M)

(n1 A ng)?p? (n1 A na)p
1 1
R < — .
\10HUT(M) < 201(M)

Therefore, by plugging back to (4.42),

X+l xt+1 ) 1 .
(4.43) S e B B BTN
and
ft—i—l Xt+1 U
_ — R! <77 o1(M)2+/o1(M ||AtH
Yt+1 Yt+1 Vv

3 rkblog(n, Vn
<ny/o1(M) Czpt\/ﬂ (mg/\(nlg)p : (M)

holds on the event E;d. Here the second inequality holds due to (4.21), and the third inequality

6
follows p > CI%(Z;VML and 7 < %‘
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Therefore, all the requirements in (4.26) of Lemma 4.3.1 is valid, and Lemma 4.3.1 can be

applied with X, X7 and X5 defined as in (4.36). By applying Lemma 4.3.1,

i+l t+1
ag = X o X Rt+1
yt+l yit+l
X+l X+l
<5k — R!
yt+l yt+l
Along with (4.43), there holds ag < 0.5n0,.(M)||AY|. O

4.3.3. Proof of (4.22). For the induction hypodissertation (4.22), without loss of generality,

we assume 1 < 1 < nj. From (4.7), we have the following decomposition:

1,(1
Xt+ ® Rt+1,(l) . U

yt+1,(0) %4 l

:(Xltj’lv(l))TRt-Fl,(l) _ UlT

)

:(Xlt:.(l))TRt+1,(l) _ UlT. —n ((Xlt:‘(l))T(Yt,(l))T _ UZTVT) y 0 Rt+1,0)

)

n (1
_ §(th,-( ))T ((Xt,(l))TXt,(l) _ (Yt,(l))TYt,(l)> RiHLO)

=a) + ag — as,

where
a1 =X, TR U ((Xii(l))T(Yt’(l))T - UJVT> yhORHD,

ay = (Xlt:.(l))TRt’(l) —n ((Xlt:_(l))T(Yt’(l))T _ U[TvT) Yt,(l)Rt,(l)i| [(Rt,(l))—lRt-i—L(l) _ Ii|

and

n (1
ag = §(th ( ))T ((Xt,(l)>TXt,(l) _ (Yt,(l))TYt,(l)> RITLO).

K
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First for a1, denote A;K(l) =XtORO U, Ai’,(l) =Y OR"D —V_ then by a decomposition
similar to (4.29),

a2
N N a a a (1
= (@KL = [(AENL@AF)T + AV +ULay) T @Ay + vy
_ At,(l) T At-,(l) VTV — Aty(l) T At,(l) Ty’ At-,(l) T yt.0 gt _ At,(l) TVTAt,(l)
=[[(Ax 7). —n(Ax").. n|(Ax").(Ay7) +U, (Ay7) n(Ax ). Y |,

T =gV TV(IAK) 2+ n(AED) e + 1T ) ALY SO 4+ nll(AKD) o[V AL,

From (4.21),

Xt U U 6]
Rt <204 prkSlog(ny vV n2)01(M)
vt vV vV (n1 Ang)p
<UT(M)
2

holds since

8
P> 1607 urk’ log(ny V 712).
ni A\ n2
Also from (4.23),
t,(0) t t,(1) t
X o [ X T RlP [ <]] X s | X o U
Yt y! 14 YO Y! ALV
p?r2k1i9log(ny V na)
<201 M
IpP \/ (TL1 /\n2)2p Ul( )
<z
4

where the last inequality holds since

P> 64072 w22k log(ng vV ng)'
ni A\ n2

Applying Lemma 4.3.1 with



a0
Xy = X 750,

vyt

since we define U by UXY/2 and V by VE/2 we have 01(Xg) = /201 (M), 02(Xo) = /202(M),
oy 00(Xo) = v/20,(M), and 01(Xy) /0, (Xo) = v/k. We have

(1) t
X Rt’(l) Rt
420, Ve
F
Xt,(l) Xt
<5k " R!
Yyt vyt
F
Therefore, by triangle inequality we have
t,(1
1Ay
) ] _
< X R0 U
y4® |4
[ vt ] [t ¢
< X RY0) X R'|| + R' - v
yt® Y'! Y'! 14
L i L F
(4.44)
t,(1) t t
<5k X TH 0 — Hl+ X e | Y
yt(® Y? V& 1%
F
2r2k101og(ny V ng) prkblog(ny V ng)
<5kCTpt pre Vo (M) +Crpt o1(M
1P \/ (n1 A ng)?p 1(M) . (n1 Ang)p 1(M)
6]
(n1 Ang)p
For the last inequality, we use the fact that
6
25urk <p<l
n1 A\ no
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Equipped with (4.44), and combining with the fact that [[Y5O| < [V + |AL" ], we have

a1 ll2

<(1 = no (M)A, 2

purkblog(ny V ng)
(n1 Ang)p

+ nII(At)}(l))z,.llﬂCmt\/ o1 (M)

(n1 Ang)p

6
UrK ; [HTK log(m \/ng)
+ 1/ o1 (M)2C o1(M
" ni N\ ne2 1( ) s \/ (m /\ng)p 1( )

X (x/al(M) + 2ijt\/ e log(m V ng) 01<M)> .

X (2\/ o1 (M) + QCIPt\/MMG log(m V nz) Ul(M)>

(n1 Ang)p
Given
0> 40 prk®log(ny V ng)
- I ni N\ ng ’
we have
6
prkblog(ni V ng
QCIPt\/ (m/\(ng)p >\/01(M)<\/01(M)-
Therefore,
a2
6
l ! reblog(ny Vn
(1= o (M) AK )l + (ALY 260t LBV TE) 5
(n1 Ang)p
+n UTK T (MDAC o urkblog(ng v n2)01(M)
ni A ne ! (n1 Ang)p ’
Given

8
> 57607 urk®log(ni V ng)

n1 A\ no
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t
on the event Egd,

a2

<(1 = o (M) [(AK)0, 12 + 0.25n0, (M) (AR ) 2

(4.45) w?r2k?log(ny V ng)

(n1 Anz2)?p

+ UUT(M)4C]pt\/ o1 (M)

—(1 - 0.7500, (M) (A5,

2r2k9log(ny V na)
M)pt |8 M
( )P\/ (71 A ma)2p o1 (M)

At the same time from (4.22) we have

2r2k1010g(ny V no)
<(1 = 0.75n0, (M) x 1000 pty |2 M
e <0~ 07510, (00 x 00yt 72020,
22 9log(n1 V ng)
dno, (M) Cppty | 8 M
+ 4no.(M)Crp \/ (1 A 1) o1 (M)
UTK
M
SWANLD) Ul( )
since
91
0> 10402,u7% og(ny V na)
ni N\ no
and
or(M)
TS 90002(M)
For as, note
|azll2
,(1 _
- H[ DYT gHO) _ <(th,.( )Ty tO)T _ UZTVT> Yt,(l)Rt,(l)] [(Rt,(l)) L RtrL0) _ I] H
(4.46)
<Ha1 +Ul,. 9 (Rt,(l))flRtJrl,(l) _IH
UTE o (M)
ny A ng MII( R0 1Rt+1’(l) —1I||.

Here we want to use Lemma 4.3.3 to control ||(RYM)~1R*1() — J||. In order to proceed, we first

assume the following claim is valid:

88



CLAM 4.3.5. Under the setup of Lemma 4.2.4, assume 1 <1 < nj. Lemma 4.5.3 can be applied

¢
and on the event E.q

(M)npt\//ﬂr%m log?(ny V ng)

2
4.47 L\ -1 pt+L(0) _ 7 <7291
(4.47) (RVO)'R I|| <76CF A

r(M)

holds.

The proof of this claim mainly relies on Lemma 4.3.3, and the verification of conditions required
by Lemma 4.3.3 is very similar to the way we handle aq, g, ag defined in (4.28). For the purpose
of self-containedness, we include the proof of the claim in Appendix C.3.

Plugging (4.47) back to (4.46) we have

laz]|2

2 202121502
UTK 907 (M) , | p2r2k12log®(ng V ng)
<2 Vo (M) x 76C
my A VO X TOCT e (n1 Ana)2p?

(4.48)

2(M 3r3k13 [oo2 vV
i )\//Mn og’(n1 Vna) s

<15202npt 2
e or(M) (n1 A ng)3p?

w?r2k10log(ny V ng)
(n1 Amg)?p

<25C[770'r(M)pt\/ o1(M),

where the last inequality uses the fact that

o urk’log(ny V ng)
Cy .

> 37
p ni N\ n2

Finally, for ag, note the fact that R and R“(® are all orthogonal matrices. And replacing

X and Y with X" and YO in (4.31),

|as||2

:g H(Xlt’,.(l)fr <(Xt,(l))TXt,(l) _ (Yt,(l))TYt,(l)> Rt+1,(z)H2

(4.49) :g H(Xlt’,‘(l))'r ((Xt,(l))TXt,(z) _ (Yt,(l))TYt,(l)> Rt,(z)H2

n (1
<§HX;,.( s H(Rn(l))'r <(Xt,(l))TXt,(l) _ (Yt,(l))Tyt,(l)> Rt,(l)H
n ,(1 ,(1 ,(1 ,(1 (1
<1l (a5 11+ 1AKY 12 + 20851V I+ 1a501)
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From (4.22), we have

l l
1%Vl <ULl + 11X 0) TR — U |

2,.2,.10
UTK w?r?k19log(ny V ng)
100C M
(4.50) g VO )+ P \/ (A 12)p o1 (M)
<2 /M Jo (M.
n1 A\ ns

The last line holds since

p> 1040% prk? log(ni Vv 77,2).

ni N\ n2

From (4.44) and given

e prkblog(ny V ng)

ny A\ ng

we have |AHD| < /o1 (M). Combining with (4.44), (4.49) and (4.50), we have

UTK ;| urkSlog(ny V ng)
< Vo (M) x 12C M
. llas|l2 <n Ao o1(M) x P \/ (A na)p o1(M)
w2r2k2log(ny V ng)
=12Cmo, (M) M).
Cmor(M)p \/ (n1 A na)2p o1 (M)

Putting the estimations on aj, as and as together, i.e., (4.45), (4.48) and (4.51), we have

Rt+1,(l) .

Xt+1 U
Yt+1 \V4

l" 2

<laill2 + llazll2 + [las]|2

p?r2k9log(ny V na)
(n1 Ang)?p

<(1 = 0750, (M) [ (AR )1 12 + 401?70r(M)pt\/ o1(M)

p?r2k19log(ny V na)
(n1 Ang)?p

+ 250]770T(M)pt\/ o1 (M)

p?r2k9log(ny V ng)
(n1 A m2)?p

—|—12C]770'T(M)pt\/ 0'1(M)

2,2,.10
v1 [E2r2R10 log(ny V ng)
<100C;p \/ A o1(M),
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with p = 1—0.05n0, (M) on the event E;;l, the last inequality uses (4.22). Notice this is the proof
for the case of [ satisfying 1 <[ < ny, the proof for [ satisfying n1 + 1 <1 < n1 + no is almost the

salme.

4.3.4. Proof of (4.23). For (4.23), by the choice of T*+1U) in (4.20), we have

+1 Tt-‘rl,(l) < Rt o Tt,(l)

yi+l yt+1,0) Vaas yt+L(0)

2 2
Xt X1 X+l X L)
F F

Without loss of generality, we first consider the case that [ satisfying 1 <1 < ny. First, by plugging

X+l X t+L(O)
in the definition of and , we have
yttl yit+1L0)
xt+1 xt+1.3) A,y
(4.52) R' — T =A) + 19 ,
yt+! yt+L(0) As
where
Xt xt(0)
Ay = v | nVHXLYY) | R - S | nV (X0 y Oy ) phO)

Ay =P (Xt,(l) (Yt’(l))T _ UVT) Yt’(l)Tt’(l) _ E,PQZ (Xt’(l) (Yt,(l))T _ UVT) Yt’(l)Tt’(l)
) » .
and
A3 = [Pl . (Xtv(l) (1/"57(“)—r _ UVT>] Xt (1 )Tt ()

.
B [;Pﬂz,- (Xt,(l)(Yt,(l))T B UVT)} Ot
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For Aq, we have

(4.53)
|AL|%
2
Xtv(l) Xt
_ Tt _ R| -y <Vf(Xt’(l)Tt’(l), Yt’(l)Tt7(l)) _Vf(X'R!, Yth)>
)220, Yt
F

2
Xt,(l)Tt,(l) — XtRt
vyt _ YIR!

2
Xt _ xtRt | ) ,
max [[V2£(+)

ytO7t(0) _ ytRt 0<7<1
AR

- (I - n/: VQf(*)dr> vec (

2

2

N

+n

xtOt() — XtRt
yiLOtd) _ YIR!

F
T —

VZf( ) Xt,(l)Tt,(l) _ XtRt
* ) vec )
vyttt _ ytRt

xtOt, ) _ XtR!
ytOt() _ ytRt

—2n OrgnTugl1 vec (
where the first equality uses the fact that Vf(X,Y) = Vf(XR,Y R) for any R € O(r), and here
V2f(x) = V2 f(r( X070 — X'RY + X'R!, 7(Y T — Y'R') + Y'R!).

From (4.23) and (4.24), if

k' log(ny V ng)

2..2
p = 2.42 x 101°0,02 "

ni1 A\ nz
we have
Xt Xt 1
50 — R < Vo (M
[ vyt Yyt 1000Kk+/11 + no Ul( )
2,00
and
Xt U 1
R' - < Vo1 (M).
Yyt } 7 1000k+/11 + N9 o1(M)
2,00
Therefore,
1
xtHOrtO _ XtRY + XtR! — Uljgeo <o M
||T( )+ ||2, 500/‘1\/’/’m Jl( )1
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1

Yy OTtO —YIRY)  YIR — Vg <o M
HT( )+ H27 500”\/m 01( )
for any 7 satisfying 0 < 7 < 1. And we also have
Xt U 1
R' — < Vo (M).
Yyt 74 500k

Therefore, Lemma 4.2.1 can be applied here. Noting E;d C Fy and

ny VvV ng)

rk lo
= C’S1M &l
n1 A\ no

we have (4.11) and (4.12) satisfied. Plugging (4.11) and (4.12) back to the estimation (4.53), we

have
0] ’
92 Xt Xt
|AE <(1 - snor(M) + 25n%01 (M) Tl — R
Yt,(l) Yt
F
2
xt®) Xt
<(1 - 0.2n0,(M)) Tt — RY| |
Yt,(l) Yt
F
where the last inequality holds since
or(M)
= 20007 (M)
Therefore,
xt() Xt
(4.54) |AL]|F <(1 = 0.1n0,(M)) 0 — R!
vyt Y
F
holds on the event E; g
For the second term ? in (4.52), by the definition of P;. and Paq, ., we can see that entries

A3
of

1
Pl (Xt,(l) (Yt,(l))T _ UVT> _ EPQZ“ (Xt,(l) (Yt,(l))T _ UvT)

)
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are all zero except on the [-th row. Using this fact, we have

and

Aj

0

a
555 (30 = 1) (XEO(YeO)T —uvT) (v )T

p

(361 — 1) (XEO(yt)T —UvT)

(5015 —

1) (XtO(ytO)T —gyT) (Xlt’.(l))T

(81, — 1) (XPO(YEO)T —UVT)
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Lj

I,na

e

Xlt:.( l) ) T

)

(1
(Xlt,~( ))T

Tt’(l)

T:0),



Therefore, by triangle inequality,

Ay

As h

<[|Azl|F + | A3l F

< Z(;éu - 1) (Xt’(”(Yl*(”)T - UVT) y

j b
(4.55) o 2
(301 = 1) (XA )T —uvT) |
N
[ oy v x0T —ovT) ]I,

(Lo, — 1) (XHOFHO)T —UVT)

-~

bo 2

lng

where the last inequality uses the fact that T e O(r).

For by, we can write by in the following form:

1
bl — Z(E(gl,j . 1) (Xt,(l) (Yt,(l))T . UVT) th(l)

R I
J
= E 81’]'.
J

lL,j

By the way we define X*®) and Y*® in (4.7), (4.8), (4.9) and (4.10), we can see that X&)
and YO are independent of 01,15+ ,01ny- Therefore, conditioned on Xt and YO, 81;'s are

independent and Es, s1,; = 0. Moreover, since
xtOytT gy’
(4.56) =xtOTtOrtO)TytO _ gy

:(Xt,(l)Tt,(l) . U)VT + U(Yt,(l)Tt,(l) o V)T + (Xt’(l)Tt7(l) o U)(yt,(l)Tt,(l) o V)T
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Therefore, for all j,

[s1,5ll2
gl HXt,(l)(Yt,(l))T o UVTH HY-?S,(l)H2 -
P los ’

1
<, (IXHOT0 U |V

200 + [YHOTHD — Voo |U

200 ) [ V0|20
1
+ —HXtv(l)Tt’(l) _ U||2,ooHYt’(l)Ttv(l) _ VH2,ooHYt’(l)H2,oo
b
7Dyt (1) ()
=Ly (x50 yt0)

holds. By matrix Bernstein inequality [Trol5, Theorem 6.1.1], we have

’ [llbllb > 100 ( Es, S llsn 3 log(n v na) + LO(X O, YHO) log(n, V””) | Xt’(”’Yt’(l)]
J

<(n1 —+ ’I”L2)715.

Therefore, we have

P |2 =100 | [Es > lls1ll3log(nt v ng) + LY (XD, Y4 O) log(ny v na)
J

=k

| 60yt
-E |:]l|b12>100(\/E6l74 > ||31,]-H%log(n1Vn2)+L<1l)(Xt,<l)7Yt,(l))log(n1Vn2)) | X Y ]]

<(ny +ng) ™.

In other words, on an event Eg(l)’l with probability P[Eg(l)’l] >1—(ny+n2)" %,

(57 lbafla <100 | [Es D sl log(n Vng) + LY (X0, ¥0) log(ny v ng)
J

holds.

On the event E; a0 if

1 log(nl V ng)
n1 A\ nz
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from (C.52), we have

xt0 U
Tt,(l) urK o1 (M),
Yt7(l) \% ni A )
(4.58) e
Xt
<2,/ Jo (M.
yt®) ni1 A\ ng
= 112,00

Therefore, from (C.52),

L(1l) (Xt,(l)7 Yt,(l))

Xt,(l) U e Xt )
Tt,(l) _ 1%

Yt’(l) \V4 \/ ni N\ neg \/7

333C; p?r2k12 log( n1 V ng) UTR
< o' Vo
P (n1 A ng)? ny /\ ng ny A no

414 log(m vV n2)
<6660t | E M)
1P \/ (n1 A n2)4p3 71 )

3

p

(4.59)

Moreover, for Eg >, 81,513, we have

Es, . Z Is1413
J

1
(4.60) =R, 30— 17 (X0t 0)T UVT) Y5013
J
1 2
< IV H (x0T —uvT)
p l7' 2
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From (4.21) and (4.23),

[ i
Xt —_ U
Yyt \%
[t %0) ¢
g X Rt - [ X Tt,(l) + Rt o |: U
t t,(1) t
(4.61) Y Y . Y 1%
2r251010g(ny V ng) prkblog(ng V ng)
N Vs [ MD ¢ M
\CIp \/ (nl A ,n2)2p 01( ) + CIp (nl A n2)p Ul( )

10
<20 purkt9log(ny V ng) o1 (M),
(n1 Ang)p

where the last inequality holds since

ur
n1 A\ no

<p<l.

=

By triangle inequality, and recall the decomposition (4.56),

H (Xt,(l) (YtO)T — UVT)

)

2
<luroro vy oo oy,
n H(Xt,(l)Tt,(l) —U)/ (YO0 V)TH ,
’ 2

U200 | YHOTHD = V|| | X OTHD — Ul | V|

+XAOTHY — U o |y HOTHO - V).
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Combining with (C.52) and (4.61) we have

(4.62)

H (Xt,(l) (YtO)T — UVT)

Lol

10] \/
<2 HUTR /01 (M)C[pt > \/,U,TFL Og(nl TLQ) o1 (M)

ny A ng (n1 Ang2)p

242,12
w?r?kl2log(ny V na)
111C;p" M
+ IP\/ (71 A na)2p o1(M)

22,12 10]
11yt [ IoB na) o [ og(n )
(n1 An2)?p (n1 Ang)p

2,212
<115(let\/“r“ og(mi vV na) . npy,

(n1 Ang)?p

where the last inequality use the fact that

and p < 1.

0og(ny V no)

TK
> 1112028
p I ni N\ ng

Putting (4.58), (4.60) and (4.62) together we have

(4.63)

3,.3,..13
112 a2 207K " 1og(n1 V ng)
Es,, Ejj ls1lly <2307 Crpm e e

o (M).
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So by (4.57), (4.59) and (4.63), on the event EE(Z)’I N E};, we have

(4.64)
[|b1]]2

373113 1pp2 404,14
pi3r3ktdlog®(ny V ng) prrirttlog(ng V na) 3
<100p" | 230C 666C 1 \% M
P I\/ (71 A )22 + 1\/ (71 Am2)ip? og(n1 V n2) o1 (M)

(n1 Ang)?p

« [ 230 prk3log(ng V ng) + 666 pulr2rt logQ(n; \2/n2)
(n1 Ang2)p (n1 Ang)?p

2,2,.10
—1OOC’Ipt\/'u rin’D log(n Ving) o1(M)o,(M)k

p?r2k19log(ny V na)
(n1 Ang)?p

<0.025JT(M)C’1pt\/ o1 (M),

where the last inequality holds since

5
p > 3.3856 x 101227 log(ny V ng).
n1 A\ nz

For by defined in (4.55), we can use almost the same argument. We can write by as
1
bo= e;(=6, — 1 (XW yhOyT - UVT> =3 sy,
> el = 1) (X00H) R

By the definition of X*@) and Y*()| we can see that X*() and Y*" are independent of 31, - - -,

01,ny- Therefore, conditioned on Xt and YO, 82,;'s are independent and Ej; s2; = 0. Note for

all j,
182,52
<& HXt,(l)(Yt,(l))T _ UVTH
p leo
1
(4.65) < (IXAOTO U Ve + ¥ OTO Ve[ U]

1
[ XOTH U [YOTHO — V3
p

=L (xt0 vyt 0),

100



By matrix Bernstein inequality [Tro1l5, Theorem 6.1.1], we have

boll2 =100 | [Es s2.]12log(ny V ne) + LY (XED YD) log(n, v ny) | | X540, ytO
L, )12 2
J

<(ny 4 ng) 710,

Using the same argument in by, we have that on an event Eg(l) 2 with probability P[E; gy0:2 =

1 — (ng +ng)~15,

(4.66) ||b2H2 <100 \/E(;l" Z HSQJH% log(m V ’I?Q) + L;l) (Xtv(l)’ th(l)) log(n1 V TLQ)
J

£.(0),2

holds. Note on the event £ Etd7 the estimation of [[s;[| and Es, >~ |52, |3 are in the same

fashion with the one we did on s1 ;: On the event E;d, from (C.52), (4.58) and (4.65),

Lgl) (Xt,(l)’ Yt,(l))

£,(1)
S X o |V R
D yt® \% ny Ang
2,00
1 w?r2k12 log( n1 V ng) UTK
<=333C1p' Vo1 Vo1
p ” \/ (n1 Ang)? ni A ng

303,13
vne [T log(ny v o)
=333C1p \/ (s A1) o1(M).

At the same time,

1 2
Ef;z,» Z HSQJH% :E61,4 Z(Eél,j — 1)2 <Xt’(l) (Yt»(l))T _ UVT>
J

. Lj
J

L H (Xt,(l)(Yt,(l))T _ UVT)
p

Lolg

12
22 o iPr?K2 log(ng Vng)
v (n1 A ng)?p? 71(M),
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where the last inequality follows from (4.62). Therefore, on the event E;d N Eg(l)’2,

(4.67)
A3l r

(1
=62 |2 X2

212512 1og? (ny V ng) u3r3kl3log(ny V ng)
<100 [ 1150t | B8 M) + 333C;pt M)l v
( P \/ (11 /A 12)22 o1 (M) + P (1 A2 )35 o1(M)log(ni V n2)

UTK

X 24— M
ny A %) 01( )
w?r2k10log(ng V na)
=100C;pt M)o, (M
1 \/ (n1 Ang)3p 1(M)or (M)~

o« 230 prk3log(ny V ng) + 666 p2r2k4log? (ny V ng)
(n1 A ng)p (n1 A ng)?p?
p?r2k101og(ng V na)
(n1 Ang)?p

<0.025UT(M)C[pt\/ o1 (M),

where the second inequality uses (4.58) and the last inequality holds since

1012 prk®log(ny V ng)

p = 3.3856 X
ni1 A\ nz

So in summary by (4.55), (4.64) and (4.67), on the event E;(l)’l N Eg(lm N E;d we have

As ;
(4.68) <0.050,(M)Crp
As

p?r2k19log(ny V na)
(n1 An2)?p

o1(M).

102



Combining the estimations (4.54) and (4.68) for A;, Az and Aj together, and using (4.52), we can

see that on the event E;’,(l)’l N E};’,(l)’2 NEL,

t+1 t41,(1)
X Rt . X Tt’(l)
yi+1 yt+1.(0)
F
2
<[ AillF+n
A3
F
Xt xt®)
<(1 = 0.1n0,(M)) R' — 0
Yt ytH®)
F
2r2k101og(ny V ng)
00500, (M)Crpty [ B8 M
=+ no ( ) Ip \/ (nl /\n2)2p 01( )

<Gy w?r2k10log(ny V ngy) o1 (M)
b (1 Ang)?p

holds for p =1 —0.05n0,(M) and fixed [ satisfying 1 < I < nj, and the last inequality uses (4.23).

The proof is all the same for [ satisfying ny + 1 <1 < ny + no. Let

M t,(1),1 M t,(1),2
1 ) ’ b ?
st = () w0 N () 02
=1 =1

SO E;gl C El;, and from union bound, we have P[E;d\E;lrl] < (ny +ng) 710,

4.3.5. Proof of (4.24). Finally, we want to show that (4.24) can be directly implied by (4.21),

(4.22) and (4.23). First, for any [ satisfies 1 <1 < ny + ng,

[ xt | o U
Y? 1%
L J L Lo
i Xt | i xt) xt) U
(4.69) < R' — R"Y + RHO —
Yyt Yt,(l) Yt’(l) VvV
- - - L, 2 L, 2
[t £,() t,(1)
< X Rt — X Rtv(l) + X Rt,(l)
Yt Yt,(l) Yt’(l) Vv
L F L-1l2




The second term of the last line is already controlled by (4.22), so our main goal is to control the

first term. In order to do so, we want to apply Lemma 4.3.1 with

U Xt x 60
Xo = , X1 = R, X, = Tt
\4 Y! vyt
Note by the definition of U and V', we have 01(Xo) = v/201(M), 02(Xo) = +/202(M), ---,

or(Xo) = v/20,(M), and 01(Xo)/0r(Xo) = /K. In order to apply the lemma, note from (4.21)

we have

Xt R U U <20,/ urxblog(ng vV n2)01(M)
N vV \%4 = (n1 A\ nz)p

And as long as
o purkdlog(ny V ng)

> 16C
P 1 ni1 N\ n2
we have }
Xt . U U 1 1,
R' - < 2on (M) < ~02(X0).
Y v 14 2 2
And also we have
[ vt ] [ ) |
X | Xl T
Y ytO 14
[t ] [t (1) ] i
D 2 B "0 I
Y! Yyt %
L J L J F J
w?r2k19%1og(ny V ng)
<201pt M
" \/ (n1 Ang)?p (M)
<oy (M)
\4UT
< o2(X)
\4Jr 0

Here second inequality we use (4.23) and third inequality holds because we have

2,2 12
p>64C%'u r°K log(nl\/ng).
n1 A\ nz
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Now by applying Lemma 4.3.1 we have

t t,(l
X Rt . ® Rt,(l)
Yt vyt
F
t t,(1)
(470) <5:"€ X Rt _ X Tt,(l)
Yt vyt
F
w?r2k10log(ny V ng)
<10Cp" M).
p HJ\/ (n1 Ana)2p o1 (M)

Plugging (4.22) and (4.70) into (4.69) we have (4.24).

Finally letting

Cs3 =3.3856 x 10'2 + 6600C + 32400C7 + C13 + 3332C%,
+2.42 x 10100100% + Cs1

finishes the whole proof of Lemma 4.2.4.
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CHAPTER 5

Conclusion

This dissertation focuses on analyzing the nonconvex matrix completion problem, both from
geometric perspective and algorithmic perspective. In Chapter 2, based upon the geometric analy-
sis framework introduced in [JGN'17,GJZ17], we propose a model-free framework to analyze the
nonconvex matrix completion problem. By introducing novel technologies including a powerful de-
terministic lemma (Lemma 2.3.5), we are able to characterize how close any local minimum is away
from global minimum without assumptions on the underlying matrix. In Chapter 3, we introduce
a unified framework analyzing nonconvex matrix completion problem with linear parameterized
structures. Finally in Chapter 4, based upon prior work [MWCC18]|, we show that /3 o-norm
regularization is not necessary for nonconvex rectangular matrix completion.

There is still much room for us to explore. For example, is that possible to extend our model-free
framework to other problems? In Chapter 3, in order to analyze parameterized matrix completion
problem, we made strong assumptions on the underlying matrix to estimate. It is not yet clear if
we could establish a model-free framework there, which should be investigated in the near future.
In Chapter 3, we consider matrices which can be linearly parameterized. One natural question to
consider is whether we could also analyze matrices with other special structures. Finally in Chapter
4, although we could show that the {3 ,.-norm regularization is not necessary for rectangular matrix
completion, the extra balancing penalization || XX — Y 'Y ||2 is still required for theoretical
analysis. It would be an interesting problem to see if we could remove it as in the case of matrix

sensing [MLC19].
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APPENDIX A

Supporting Proofs of Chapter 2

A.1. Proofs of supporting lemmas in Section 2.3

We present in this section the proofs of lemmas stated in Section 2.3.

A.1.0.1. A proof of Lemma 2.3.5.

PRrROOF. First of all, by using the definition of matrix inner product and Hadamard product,

we have

|{Pay(ACT), Pay(BD")) — t{AC",BD")| =[(Q — tJ,(ACT o BD"))|
(A.1)
<[ — tJ[(ACT o BD )|,
The inequality holds by matrix Holder’s inequality. So the only thing left over is to give a bound

of [(ACT o BDT)||.. Notice one can decompose the matrix into sum of rank one matrices as

following
1 T2 L T2
ACToBD' = (Z A.7kc}> o (Z B.,kD.Tk> > > (AioB )(C oD ).
k=1 k=1 =1 m=1

Recall M. j = (M ;, Ms, ... ,Mn,j)T denotes the j-th column of any matrix M € R®*™,
Therefore, one can upper bound the nuclear norm via

T1 T2

I(ACT o BDT). <3 S (A g0 B.u)(Cio D) |l
=1 m=1
1 T2

=> > A0 BulallC.ioD.nll2

=1 m=1

T1 T2

=>.> ZA2 Bf chfl b

=1 m=1 k=1
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where the first line is by the triangle inequality and we can replace nuclear norm by vector £s
norms in second line since the summands are all rank one matrices. By applying the Cauchy-

Schwarz inequality for twice, we can obtain

T1 ro N1 1 T2 N2
((ACT o BDT)| <, |33 S 42,82, | > > > g0,
=1 m=1k=1 =1 m=1k=1

(A.2)

2
5

ni n2
= 2 14w, BB 13| D ICk [13]| D,
k=1 k=1

Combining (A.1) and (A.2) together, we have

’<Pﬂo (ACT)v Pay, (BDT)> - t<ACT7 BDTH

2
34D ICk.
k=1

ni
<[Q0 =T, | > | Ax. 2| Dy...|I2

k=1

A.1.0.2. A proof of Lemma 2.3.9.

PrOOF. The proof of Lemma 2.3.9 can be divided into the controls of K3(X), K3(X) and
K,4(X) separately. In order to combine the controls of Ko(X), K3(X) and K4(X) together, von
Neumann’s trace inequality is employed.

For K5(X), we have

LEMMA A.1.1. In an event Ecq1 with probability P[Ecq1] = 1—n"3, uniformly for all X € R™"
and corresponding A defined as before, we have

T

n
19 (1413 + 18 My lle | AlF + 9 M e, D o
=1 1=s+1

+3x 107 TAT|,

Q0 —
Ko(x) < 1227
p

where s is defined by

M, 1
(A.3) § = max {s <r, 05> CCGHHKOOOgn}

p

| Mrleog logm

with Coqa an absolute constant defined in Lemma 2.3.3. Set s =0 if 01 < Ceq .
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For K3(X), we use a modified version of [GJZ17, Lemma 11]:

LEMMA A.1.2 ( [GJZ17, Lemma 11]). If a > 100+/||M;||¢.., then uniformly for all X € R™*"
and corresponding A defined as before, we have
n
Ky(X) < 200007 A3~ 033D A [
i=1
The main modification we have made is that we keep the extra negative term.

For K4(X), we have

LEMMA A.1.3. Uniformly for all X € R™™" and corresponding A defined as before, we have

M,,) — pM; |

Ki(X) <5 x 10| AAT [ + 2 x 10~ [UAT |2 + 1077178 i
p

+ 6<AAT7 MT+>'

We can apply Lemma 2.3.1 together with Lemma 2.3.6 to bound ||Pqo(M,+) — pM,| and

logn

=, we have

|2 — pJ|| (similar result can also be found in [KMO10a]): As long as p > C,

(A.4) Po(M;y) — pM, || < Cv\/anMr+”foo
and
(A.5) 12 — pJ|| < Cyy/np

hold in an event E,; with probability P[E,] > 1 —n~3.

By putting Lemma A.1.1, Lemma A.1.2 and Lemma A.1.3 together, we have

T

12 — pJ|| - _
S5 19 1A 13+ 18 Mylle [ AIF + 9 M e, D o3 +3x 107 UAT|
=1 i=s+1

n
+ 200002 A7 — 030 " [|A; [lI3+5 x 107 AAT|3
=1
r||Pa(M:+) — pMi+ |

2 +6(AAT, M, ).

+2x 107 UAT|% +10°
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Replacing «, A by the assumption 1004/|| M, |, < a < 200+/|| M, as well as 100% <A<

200“9%‘]”, we further have

19 " [[A I3+ 18I M [l [ AF + O Mlle, > oi| +3x 107 HUAT|Z
=1 1=s+1

_le—pJ|

Q—pJ Q—pJ|| < _
s 16 10004 SE T A 30l IL S A g5 < 10 aaT
=1
r[Po(M..) — pM.
p2

+2x 1074 UAT||% + 10° +6(AAT, M,,).

Combining with (A.4) and (A.5), and applying union bound,

12 — pJ||

Q-pJ| <
<9 - 302 IUS ™ a1+ 1816 10704 NF

=1

Q- pJ|| —
Fopaa 2P S 3y < 0 maT):

(A.6) p i=s+1
M, ) —pM,|?
+5x10*4|1AAT\|%+105T”P9( +p)2 pM,| +6(AAT, M,,)
_ nr
<5 x 107 [|ATAJR + [UATIE] +10°C3 My 7

r
n n
Lox mf’cvﬁnMTuequu%+9oy\/;qu||ew S o4 6(AAT.M,,).
1=s+1

holds in an event E; := Ec, N Ey1 with probability P[E] > 1 — 2n73.
For |ATA|%, we have

(A7) IATAIZ = (ATA ATA) = Y oA

(2
i=1
where 0;(A) denotes i-th largest singular value of A.

In order to proceed, we need the following von Neumann’s trace inequality:
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LEMMA A.1.4 ( [Bhal3, Problem II1.6.14]). Let A, B € R™ "™ be two symmetric matrices,
AM(A) = X(A) = - = M(A) and \(B) = X2(B) = -+ > M\ (B) are eigenvalues of A and B.
Then the following holds:

Z)\i(A)/\nH—i(B) <(A,B) < Z)\i(A))\i(B)'

This result can also be derived from Schur-Horn theorem (see, e.g., [MOA11, Theorem 9.B.1,
Theorem 9.B.2]) together with Abel’s summation formula.

From Lemma A.1.4, we have

UAT||Z =trace(AU ' UAT) = (U'U,ATA
F

(A.8) r
>N A (UTON(ATA) = Za o1 (U),
i=1
and
(A.9) (AAT, Myy) <> A(AAT)A( Za oi(M,).
=1

Here we use the fact that \;(UTU) = a2(U), \i(ATA) = 02(A), \i(M,1) = 0i(M,,) and
o

nAaahH) =<4 7

0 i=r+1,---,n

Putting (A.7), (A.8) and (A.9) together we have

n
~5x 107 [|ATAE + [UATI}] +2 % 1ogcv\/;|rMTmooHAH% +6(AAT, M)
T n T
<-5x107" [Zaé‘( +Zo 071-i(U) | +2 X 10901}\/;HMTIIZOO > ol (A)
=1 =1
T
+6) 07 (A)oi(M,)
i=1

<5 x1074) {—af( [4 x 1012C, \/>]M e — 021 (U) +1.2 x 10402-(MT+)] af(A)} :
i=1

For the last line, the summands are a series of quadratic functions of 02(A). Noticing the fact that

for a quadratic function g(z) = —2% + bx, given the constraint z > 0, the maximum is taken at
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& = $[b]4, and the maximum value is ${[b]; }?. Therefore, we have

_ n
~ 55107 [|AT A+ [UATE] + 2% 10°C,. [ SIM e | Al + (AT M)

i=1

r 2
<Z x1074) { [4 X 10120,,\/?”%”500 — o2, ,[U)+1.2x 104ai(MT+)} }
+
(A.10) r 2
=1.25x107*) " { [4 X 1012Cv\/Z\\MTHgOO —o?(U) +1.2 % 104ar+1_j(MT+)] }
j=1 +

r 2
=1.25 x 1074 { [4 X 101200\/E\|M,ﬂ|u00 +1.2 x 10%09,41-j — aj] } .
: p

In the second last line, we let j = r 4+ 1 —¢. In the last line, we use the fact that
Ort1—j(Mry) = 0riri1— (M) = 0211

and

JJZ(U) =0,;(UU") =0j(M,) =0;(M) = 0.

Finally putting (A.6) and (A.10) together we have

_ nr
<10 x 107 [|AT AR + [UAT[E| + 10°C3 | M7,

. n
=5 107 [|ATAR+ [UAT|E] +2x 1090v\/;”MrHeoo||AH%

,
n
(A.11) +90U\/;HMTHEDO 3 0+ 6(AAT, M)
1=s+1

nr
p

r 2
+1.25x 1074 ) { [4 X 101200\/Z]\MT||500 +1.2 x 10095 41—; — ai] }
+

=1

.
n
+ QC’U\/;HMTH@W 3

i=s+1

<107 (AT AR+ [UATI}] + 10722 My |7,
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Recall by the definition of s in (A.3), for any i > s, we have 0; < C’CGHMT”ZW

. Therefore, we

have for any i > s,

n logn
2 (\f +E0 IM - o
p
n logn
:2CCa <\/7—|— g > ||MTHZ00 —20'7;—{—0'2'
p p
1 M. 1
>20c, (\/ﬁ n Og”> 1M, o, — 20, IMellilogm |
D p
n
>2Oca\/;qu\em +o;
>0.

Therefore, for all ¢ > s,

2
n logn
[l (522 )
p P N
m 2
> [2cca\mMrugm n ai]

n
>4oca\/;|Mr||ewai.

Combining with (A.11), we have

4
> Ki(X) <107 [|ATAJL + [UAT|] +10°C2 My
=2

r 2
+125x 107" { {4 X 1012Cv\/%||M,,uoo +1.2 X 10%09, 41— — 02} }
p +

i=1

2
9C, — n logn) ]

+ 2C a — 4+ Mr o — O .
iCe, Z{[ en (45 + ") 10l }

By letting

(A.12) Cy = max{4 x 10'2C,, 1.2 x 10%,2C¢,}
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and

9C,

(A.13) C3 = max{10°C2,1.25 x 107* + }
4CCa

we are able to finish the proof.

A.1.0.3. A proof of Lemma A.1.1.

PROOF. Recall that we define A as A == X —U, D (XX ~UU",XX" —UU") can be
decomposed as following
Do,(XX'"-UU",XX'"-UU")
(410 =Do,(UAT + AU + AAT, UAT + AU + AAT)
| =Do,(UAT + AU, UAT + AU ")+ Dq,(AAT,AAT) +4Dq ,(UAT, AAT).

@ ©) ®

Here we use the fact that € is symmetric. Our strategy here is using Lemma 2.3.3 to give a tight

bound to as many as possible terms, for those terms that Lemma 2.3.3 cannot handle, we use
Lemma 2.3.5 to give a bound. To be more precise, for @ and @, as Lemma 2.3.3 cannot apply
here, we use Lemma 2.3.5 to give a bound. For @, we need to split it into two parts, the good
part we can use Lemma 2.3.3 to control, and the rest part we use Lemma 2.3.5 to give a bound.

First for @ and @, by applying Lemma 2.3.5,
(A.15) (@) = D (AAT, AAT) < Q=T | Y | A3
i=1

and

(3| = 4D, (UAT, AAT)| <4 — pJ||, | S IU 131813, D A 113
(A.16) =1 =1

n
<2 —pJ|IM e AT + 2012 = pT || A3,
i=1

where for the second inequality we use the fact that 2zy < z2 + y2.
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Finally for @, if U is good enough such that the incoherence p(U) is well-bounded, then we
can apply Lemma 2.3.3 directly and get a tight bound. If u(U) is not good enough, we want to
split U into two parts and hope first few columns have good incoherence. To be more precise, recall
that we assume U = U, = [\/o1u1 ... \/o,u,], similar to (2.7), for the incoherence of the first &

columns, we have

p (colspan([y/o1uy ... Jorugl))

A17
(A-17) _ My

k
n 2
:fmaxg us ; < —— maxg oiu maxg oiu \7
ki — " k‘Uk i J ’] k‘O‘k ) J ’j O'k ’
‘7:

where () is defined in (2.8).

For fixed s defined as in (A.3), denote first s columns of U as U?, and remaining part as UZ.
Decompose U as U = [U! U?], and A can also be decomposed as A = [A! A?] correspondingly.
Note by our assumption that U = U,., we have (U")TU? = 0. So we can further decompose the
first term of (A.14) as

(1) =Da,(UAT + AUT, UAT + AU ")
~Dq, ([Ul U2[Al AT 1 (A A2[U U2, U UY[Al AT
Al AU UQ]T>

:DQ,p (UI(AI)T +A1(U1)T,U1(A1)T —l—Al(Ul)T)
(A.18)

Ay

+4Dq,, (UN(AY)T,U%(AY)T) +2Dq, (UA(AY) T, U*(AY)T)

A2 AS

+2Dq, (UX(AY)T, AXU)T) +4Dq, (U'(AY)T, A2UY)T).

-~ -~

Ayg As
Now we can apply tight approximation Lemma 2.3.3 to the first term of (A.18). By the way we

choose s, combining with (A.17),

| Mo, logn [ M|l logn  p (colspan(U")) sos 1 (colspan(U1)) slogn
e 20 > Crg = Crq .
o os nl| M|l n

p>CCa
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Therefore, Lemma 2.3.3 ensures that
|A1‘ — ‘Dﬂ,p <U1(A1)T + AI(UI)T,Ul(Al)T + Al(Ul)T>‘

<107pllUt (AT + AU T
(A.19)

<2 x 10 7%p(|UH A T[F + 1AN U T7)

<107'p|UATIE
hold in an event Ecq; with probability P[Ecq1] = 1 — n~3, where the second inequality uses the
fact that (x + y)? < 222 + 2y?, and last inequality uses the fact that (U)TU? = 0.

For the rest terms in (A.18), by applying Lemma 2.3.5 we have

|A2| =4| Do, (U (AN, U(A%)T))

n
<4l —pJl, | D IULIEIUZ
=1

(A.20) 23 1AL 3IAz 3
=1

4
2

n
<2102 —pI | [IM e U2 + S 1A
=1

for the second term in (A.18), where the second inequality use the fact that HU}H% <UL I3 <

1Mo (1A < (1A 13, [[AT

2 < ||A;i |3 and 22y < 2% + y%. For the third term, applying

Lemma 2.3.5 again we have

43| =2| Do, (U*(A%) T, U(A%) 1))

n n
<2/ — pJ U? |4 A2 |4
(A.21) 12 — pJ| ;H s ;H 3

n
<R = pd | (IMelle IOUP1E+ D Al |
1=1
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where for the second inequality we also use the properties used in bounding second term. For the

fourth and last term in (A.18), applying Lemma 2.3.5 and properties listed above, we have
| A =2|Da,,(U(A%) T, A2(U*)T)]

(A.22) <2l —pJ| Y IUZI31AT13
i=1

<2)|2 = pJ ||| M |e.. || Al

and
45| =4| Do, (U (AN T, A%(U) )]
<4l —pJdl, | D IULIBIAZIZ, | > IUZIBIALI
(A.23) i=1 i=1

<2/ = pJ || M|l [AYIE + 2] = p || M| | A1

=2]| — pJ||[| M [le.. | Al

oo ’

Now putting estimations of terms in (A.18) listed above together, i.e., (A.19), (A.20), (A.21),
(A.22) and (A.23), we have

(D) =|Da,(UAT + AUT,UAT + AU )

<|A1| + |As| + |Az| 4 |Ag| + |As5]

<107*p|UAT|E +2(192 - pJ||

n
1Ml U7+ HAi,-Hé‘]
=1
(A.24) n
1Mo [UPF + D 1A 13
=1

+ 92 —pJ] +2(|9Q = pJ ||| My |le | AlIE

+2(192 = pJ[[[IM; ]le.. | A7

<2 = pJ || |IMe e U E 43D A5+ 4 M e | Al

i=1

+107p|UAT|%.
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Plugging estimations (A.15), (A.16) and (A.24) back to (A.14), we have
Do, (XX —UU", XX -UU")|
<@+ 1@+ )

n
BIIM; e U1 +3 D 1 A3 + 4l M e, | A7
i=1

<[22 — pJ|| +107'p|UAT |

12 = pd Y Al + 2012 = pT [ Ml JANE + 2192 = pT || Y A3
=1 i=1

BIM; e [UP(1E + 6D 1A2 + 6] M e | AE | + 10~ p|UAT .

i=1

=2 = pJ|

Therefore, combining with (A.15), we have

1
Ky(X) gf\DQ,p(AAT, AAT)| + §11997,3()(XT ~UU", XX" -UU")

2= p] - pJ
<SPS g+ s i, eI +6 3" A3 + 610 AT

=1

+3x10074UAT|%

T

19 || A5 + 18I Mo | AF + 9 Mlle. D 03 +3x 107 HUAT|F.

Q—pJ
< | pJ||
P i=1 i=s+1

The last line uses the fact that |U?[|% =327, ., o3.
U

A.1.0.4. Proof of Lemma A.1.2. Here we present a proof of Lemma A.1.2. This proof is exactly
the proof in [GJZ17] except keeping the extra negative term. We include the proof in [GJZ17]

here for completeness.
PRrROOF. By [GJZ17, Lemma 18], we have

vec(A)T V2G40 (X) vec(A) — 4(VGo(X), A)

S (1 — )P I e A I~ (X A )

(4.25) ||XZ-,.\|%

i 2 (X, A2 (X, AL
+12) [(1Xi 12 — )4 ]? TIXE 162 (1 X Jl2 — o) P~ =—2- -
- 2 1y
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First of all, since we choose a > 1004/||M,|[s.. = 100||U||2,00, then for all X;. satisfying

| X2 = o, we have
(A26) (X, Ai) = (X, X —Us) > |1, 3= 1 X 21U Jl2 > (1-0.01)[1 X5, ][5 > 0.99]| X513,

which gives an lower bound of the inner product between X;. and A;.. At the same time, we can

also upper bound ||A; .||z by [| X[

(A.27) 1A ]2

<X fl2 + [1UG, l2 < 101X 2.

Plugging the above two estimations (A.26), (A.27) together with the fact that [(X;., A;.)|?
1 X |13 Ay ||3 into (A.25), we have

vec(A) V26 (X) vec(A) — 4VG4(X), A)

(A.28) n n
<—15.68) [(1 X ll2 — )21 X ll2 + 12> [(1 X [l2 — @)1 A5
i=1 =1

Moreover, for all X; . satisfies || X;.||2 > ba, we can also upper bound ||A; |2 by || X;

N |2:

(A.29) 1A;.]]2 <

and also lower bound || X .||2 — a by ||A;.||2:

A. X |2 — 1—= AL
(A.30 IXida = o> (1= 3) 160 > 5r1Aw L
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Plugging (A.29) and (A.30) back to (A.28), we have
vec(A) T V2@ (X) vec(A) — 4(VGo(X), A)

<120 ) [0 Xallz — @) Pla 3
i,||Xi,.||2<5a

200 1
12— 15.68 X —2 % —— X;.
* [ D08 X 21 1.002] 2. lax;

ivHXi,- H2>5a

2 — o)<’ A3

<1922)A03 -03 Y A

i,”Xi,‘ ||225a

<2000°(|AF =03 A I3,
i=1

where the last inequality uses the fact that ||A;.|l2 < || X,

2+ ||Ul7”2 and « > 100\/ HMT‘”ZOQ' ]

A.1.0.5. A proof of Lemma A.1.3.

PROOF. First, by matrix Holder’s inequality,

AA | Vr|Po(Myy) — pMy |
VT VP

Since AAT is at most rank-r, |AAT|, < /7[|AAT| . Therefore,

6AAT Pa(M,) — pM,.)| <6V7)

(Mr-i-) - er-‘r H
VP

<5 x 1071p[|AAT|Z 4 1.8 x

7| P,
6l(AAT Po(M,.) — pM,.)| <6yp|AAT Y P

1047"”739(Mr+) —pM,4|?

p
For the last inequality, we also use the fact that 2zy < wa? + %2 for all w > 0. Use the same
argument we also have

Lo TIP(M, ) = pM, 4 P

SUUAT, Po(My1) = pMy1)| < 2 x 10~ p|[UA || +8 »

)
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Therefore, by the way we define K4(X) in (2.14), we have
1 1
K4(X) <];|6<AAT7>Q(MT+)> —6p(AAT, M,1)| + ];|8<UAT,7>Q<MT+>> —8p(UAT, M,,)]

+ 6<AAT7 M7‘+>

ST“PQ(MH-) - er—l—H2

<5 x 1074 AAT|Z2 +2x 1074 UAT|Z + 10 5
p

+ 6<AAT7 MT+>'

A.2. Proof of Corollary 2.1.3

PROOF. The inequality (2.7) gives || M|, < %L, Therefore, in the case rank(M) = r, the

approximation error bound (2.4) becomes

2
— 2 - 1 ,
HXXT—MH §C1Z [Cg <\/ﬁ+ ogn)urgl_ai] .
F i=1 p p n +

> iCymue {7587, 1)

Therefore, if

n n

1
CQ <\/ﬁ+ Ogn) Mrro-lgo-ia Z:17 , T
p p n

In other words, XX =M.

we have

Similarly, by definition (2.6), in the case rank(M) = r, we have

12 trace( M) < f2roy

1Mo = <
n n

Therefore, the approximation error bound (2.4) becomes

2
— 2 r 1 2
HXX\T—MH <Clz |:CQ <\/ﬁ+ Ogn) MTTO'l—O'Z':| .
F i=1 p p " +

i2re,logn fir?k?
n " on ’

Therefore, if

p = 4Cy max{
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we have X\X\r:M OJ

A.3. Proof sketch of Theorem 2.4.1

Recall that the control of K3 and K4 in Lemma A.1.2 and Lemma A.1.3 will not be affected
except replacing p by ¢. For Ks, Lemma 2.3.3 is not able to used anymore, therefore, by directly

applying Lemma 2.3.5 to all the terms in (A.14), we have

Ka(X) < ¢(t) [HMrHemIIUH% 5 A3+ 4] M le. 1A
i=1

Therefore, we have

4 r
> K(X) <5 x 107 [|AT AR + [UAT ]+ 10°62 0| My |F, + 6 Ml Y 0
=2 1=1

+ (44 1.6 x 10°)$(6) [ My [lenc | A7 + 6(AAT, M)

Similar to what we did in Section A.1.0.2, we have

T
<107 [|AT AR+ [UATIF] +10°6 (1)l My 2, + ()Ml 30
=1

+5 x 10—42 {—a}(A) + [4 x 102¢(t) || M, |l¢.. — 0241_;(U) + 1.2 x 10%0;(M,1)] 0(A) }
=1

<107 [JAT AR+ UATIE] + 1006 0)r|Mo |7, +60) [ Moo S o
=1

.
2
+1.25x 107> { [4 % 1012¢(t) | M ||o, + 1.2 x 10%09, 11— — a,-]+}
=1

<107 [|AT AR+ [UATI}] + Cog? (| My |2, + 60IM o 0o
=1

+C3 Z {[C20(t)[| M ]| 0, + Co02p11-i — U’i]+}2 :
i=1

The last inequality uses the definition of Co,C3 in (A.12) and (A.13) as well as the fact that the

constant C, > 1. Replace ¢ in (2.16) finishes the proof.
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A.4. Proof sketch of Theorem 2.5.2

For any X € R™*" Y € R™*" let

Suppose Z'W, has SVD Z'W, = ADB'. Let W .= W,BA",U =U,BA",V = V,BA'T.
Then Z'TW = ADAT is a positive semidefinite matrix. It also holds that W, W, = WWT.

Similar to what we did in the PSD case, let

A
Az=| "X |l =z-w,
Ay

then we can consider the following auxiliary function:
K(X,Y) =vec(Az)"V2f(X,Y)vec(Az) —4VF(X,Y), Az).

From an elegant lemma developed in [GJZ17]|, we are able to upper bound the above defined

auxiliary function K. More precisely, we have

LEMMA A.4.1 ( [GJZ17, Lemma 16]). For any X € R™*X"Y € R"™*" et W, U,V , and
Az, Ax,Ay be defined as above. Then the auziliary function K(X,Y) can be upper bounded as

following:

K(XvY) <K1(X7Y) + K2(X7Y) +K3(XaY) + K4<X7Y)7
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where

Kl(X,Y) =

1 2 2
(=il -s]zz-ww ;).
4 F F

Ka(X,Y) = <; [Po (axa)|[} - |AXA}II%>

_ <2 HpQ (XYT - UVT) Hi _3xyT - UVT||2F> ,
K3(X,Y) =\ [vec(AX)TVQGa(X) vec(Ax) — 4(VGqa(X), Ax>]

+ A {vec(Ay)TVQGa(Y) vec(Ay) —4(VG,(Y), AY)] )

6 4
KX, Y) = (AxAL, Pa(M,)) + - (UA] + Ax VT, Pa(M.) ).

Similar to the arguments we had in PSD case, without loss of generality, we can assume that
W = W,. Given the strong similarities between K;(X,Y),..., K4(X,Y) and their counterparts,
upper bounds in PSD case, we can derive corresponding upper bounds as following;:

First, to get an upper bound of K9(X,Y’), we need the following lemma.

LEMMA A.4.2 ( [CR09, Theorem 4.1]). Let Q be sampled according to Ber(p) model as defined
wn Model 2.5.1. Define

T={M eR"*"™ | (I — Py)M(I — Py) = 0},

where U,V are fized subspaces of R™ and R™. Let Py be the Euclidean projection on to T : For
any matriz M € R™M*"2,
PT(M) =P/M+ MPy, — P,MPy.

[n@)Vu)][dim@)vdim(V)] log(n1Vna) , .1p) w@l), (V)

niAng

defined in (2.8), in an event Ec, with probability P[Ec,] = 1 — (n1 + ng) ™, we have

Then there is an absolute constant Cog, if p = Ceoq

p Y| PrPaPr — pPr| < 107°.

Equipped with Lemma A.4.2; and following the proof in controlling Ko(X), we get the following

lemma corresponding to Lemma A.1.1 in PSD case.
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LEMMA A.4.3. In an event Ecqa with probability P[Ecaa] = 1 — (nq1 + n2) ™3, uniformly for all

X e RM*TY € R™*" agnd corresponding Ax, Ay defined as before, we have

12— pJ| S S
Ko(X,Y) <= 195 [ 2_I(Ax)illz + 3 _(Av)iclly | + 18I Wrl3 e Az
=1 i=1
12— pJ| : .
I Wil oo > i+ 3x 107HIWALE,

i=s+1

where s is defined by

M, I \
S = max {5 <, 05> Coq | My ||e., log(na n2)}

p

with Ccq an absolute constant defined in Lemma 2.5.3. Set s =0 if 01 < Ceq I fleo l;g(nlvnQ).

For K3(X,Y’), we simply apply Lemma A.1.2 twice and have the following lemma.

LeEMMA A44. If a > 100||W, 2,00, then uniformly for all X € R™*")Y € R™*" and corre-

sponding Ax, Ay defined as before, we have

ni n2
K3(X,Y) <2000 (| Ax |7 + [|Ay|[7) — 0.3 (Z I(Ax)il3+ D I(Ay)i, 3) -
=1 =1

Finally, by replacing A with Az, we have the following control of K4(X,Y).

LEMMA A.4.5. Uniformly for all X € R™*")Y € R"™*" and corresponding Ax, Ay defined

as before, we have

|| Pa(M,) — pM,||?
Ki(X,Y) <5 % 10 Az AL 1% + 2 104w AL + 100 o) Zphe]

+6(Ax Ay, M,,).

Notice the fact that

1 _
(AxAy, M, )= §<AZA}7 M)

where

0 M,
M, = '
M 0
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Moreover, M, has following eigenvalue decomposition

I 1 Ur+ Ur+

UH- Ur+
Mr+ - 7
2 Vi, —

. 1
diag(or 41y -« OngAngs —Ort1s-- -, —Jnl/\nz)—\/§
- Vie —Viy

where
Ur+ = [UT+17 ceey unﬂ\ng]v ‘/;"-i- = [’UT-FI? SRR vnl/\ng]-

Therefore, by von Neumann’s trace inequality Lemma A.1.4,

1 — 1 <
(AxAy, M,,) = §(AZAT,MT+> <3 > o} (Ag)oryi
=1

Here we use the fact that A ZA; is a matrix with rank at most r. Therefore, with the following
rectangular version of spectral lemma, we are able to copy all the proofs in the PSD case, which

finishes the proof.

LEMMA A.4.6 ( [Vul8, BVHI16|). There is a constant C, > 0 such that the following holds.

log(n1Vn2)

ey YT then in an event E, with

If Q is sampled according to the Ber(p) model with p > C,
probability P[E,] > 1 — (nq + na) 73,

192 = pJ[| < Cor/(n1 V n2)p.

A.4.1. Proof of Lemma A.4.1.

PROOF. Lemma A.4.1 is essentially [GJZ17, Lemma 16]. Here we give a sketch of the proof
for the purpose of self-containedness.

First, denote feean(X,Y) as
1 1
Jetean (X, Y) Z%HPQ(XYT - M)+ §||XTX -Y'Y|}
£ A(Gal(X) + Ga(Y)).

Comparing with (3.2), We can see

FXY) = fuean(X,Y) — ;<7>Q<XYT _ M), Pa(M,)) + 21p||7>Q(Mr+>H%-
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Therefore,

(VI(X,Y),[A%, AY]") =(Vfaean(X, Y ), [Ax, Ay]T) — ;UDQ(AXYT + XAY), Po(M,+))
and
vec([Ax, Ay]T) TV (X, Y) vee([Ak, Ay]T)
= Vec([AT ) A;]T)Tv2fclean(xv Y) Vec([AT ) AI’]T) - ;UDQ(AXA}T")a PQ(MT-I—»'

Therefore, we only need to concern about feean(X,Y') now, which has already been discussed
in [GJZ17]. Interested readers can refer to [GJZ17] for the detail.
By [GJZ17, Lemma 16], we have

vee([Ax, Ay]T) TV farean(X, Y) vee([A X, Ay]T) = 4V faean(X, Y ), [A %, AY]T)
<Hlazat]l —s|zzm-ww [ 1+ (Lo (axal) [} - 1axadiz)

_ <2 HPQ (XYT - UVT) Hi _3xYyT - UVT||%>

+ A [VGC(Ax)TVQGa(X) vec(Ax) —4 (VG (X), AX>}

+A [vec(AY)TVZGa(Y) vec(Ay) — 4(VGa(Y), AY>] .
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Therefore,

vee([Ax, Ay]") V2 (X, Y)vee([Ak, Ay]") —4Vf(X,Y),[Ak, Ay]")

=vec([Ax, Ay]") V2 fotean (X, Y) vec([A x, Ay]T) — Z(PQ(AXA;)>PQ(MT+)>

4
- 4<vfclean(X7 Y)a [A}—(7 A;]T> + 5<,PQ(AXYT + XA;F’)?IPQ(MT—F»

6
(Po(Ax VT +UAY), Po(M,+)) + Z;U’Q(AXA;),PQ(MH»

VAN
SEEUS

(
2 T T 2
{AZA}H —3HZZ —WW H }
F F
L Pa (axal)| - laxal
P F
3
p

2
Po (XY —UVT)| —3|XY —UV'|2
F

.
X

[Vec (Ax) V2G4 (X) vec(Ax) —4<VG,1(X),AX>}
+A [vec(Ay)TVZGa(Y) vec(Ay) — 4(VGa(Y), Ay)} .

Combining with Lemma B.1.1 finishes the proof.
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APPENDIX B

Supporting Proofs of Chapter 3

B.1. Proof of Theorem 3.1.3

B.1.1. Auxiliary function. In order to study the properties of local minima of f(6) as
defined in (3.2), similar to what we did in Chapter 2, the first step in our proof of Theorem 3.1.3
is to derive the auxiliary function associated to f (0). Again, given the smoothness of f (0), any
of its local minima € satisfies Vf(é) =0 and sz(é) > 0. For any @ € R?, suppose £ € R? be a
vector satisfying (3.1.2) (Recall that there may be multiple vectors satisfying (3.1.2)). Choose &g

as 09 = 0 — £. Therefore, we are now able to define the auxiliary function associated with f as

(B.1) K(0) = 66V [(8)d9 — 454 V f(6).

For any local minimum £ of f, there also holds K f(é) > 0.
Furthermore, due to the homogeneity and linearity of the parameterization (X (6),Y (8)), there

is a strong connection between K J;(O) and the corresponding K of fiect defined in Chapter 2.

LEMMA B.1.1. For any @ € R? and its corresponding &g, there holds

) K7(6) =vec((X(86) ", Y (89) T]T) V2 frect( X (8), Y (8)) vee([X (66) T, Y (86) '] )

— 4V frea( X (0), Y (), [X (30) ", ¥ (d0) ']").
PROOF. Assumption 3.1.1 implies that both X (0) and Y (@) are homogeneous linear functions,

SO

(B3) f(a + 69) = frect(X(e + 59)7 Y(a + 59)) = frect(X(e) + X(59)7 Y(G) + Y(69))
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Due to the linear homogeneity of X (68) and Y (8) once more, also by considering the Taylor ex-

pansions of both sides in (B.3) at 0, we get

(B4) 89 V.[(6) = vee([X (80) ", Y (89) '1T) "V frect (X (6), Y (8))

and

(B.5) 09 V()00 = vec((X(d6) ", Y (86)"]") " V> frect(X(8), Y (8)) vec([X (09) ' ¥ (36) ']T)

The equality (B.2) is obtained through combining (B.4) and (B.5). O

For notation simplicity, we introduce the following abbreviations:

X = X(0) e Rmxr
U =X(£) e RmxT
Ax = X(6g) = X — U € Rm>"
(B.6)
Y =Y (6) € Rr2x"

V =Y (&) € Rm2XT

Ay =Y () =Y -V € R"2*",
In the remaining part of the proof, X, U, Ax,Y,V, Ay will refer to the matrices defined in (B.6)
if not specified. Then (in)equalities in (3.5) are thus abbreviated into

(B.7) M=UV', U'U=V'V, and X'U+Y'V = 0.

By applying Lemma B.1.1, analogs to Lemma A.4.1, we are able to upper bound KJ;(O) as

following.

LEMMA B.1.2. For any 6 € RY, with 6 = 6 — & where & satisfies the conditions in (3.5), and

X .U, Ax,Y,V, Ay defined as in (B.6), denote

X U
Z = LW = ,and Ay = - Z-W.
Y 1% Ay
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Then the auxiliary function KJ;(O) defined in (B.1) can be upper bounded as following:

(B.8) K§(0) <Ki1(0) + K2(0) + K3(0) + Ka(0),

where

k0 = ([azaz], sz —ww[[).
K0) = (1 [[Po (axa?) [ - laxabiz )

9 (Gl (v oV [yt —wv),

K3(8) =) [vec(AX)TVQGa(X) vec(Ax) — 4(VGa(X), AX>}

+ A [vec(Ay)TVQGa(Y) vee(Ay) — 4 (VGa(Y), Ay>} ,

K4(6) ::2 (AxAL Po(N)) + j; (UAY +Ax VT, Po(N)).

Comparing to Lemma A.4.1, the only difference is replacing M, by IN. Therefore, the proof

is omitted here.

B.1.2. Controlling the auxiliary function. This section is meant to control K»(€) and

K3(0), which will further give a bound of right hand side of (B.8).

Before proceed, we here first collect some useful properties of U = X (&) and V = Y (€). The

proof is left to Section B.2.1.

PROPOSITION B.1.3. For any 0, the matrices U = X (€) and V =Y (§) defined in (B.6) satisfy

the following basic properties:

colspan(U) = colspan([uy, ..., u,|) and colspan(V') = colspan([vy,...,v,]);

The largest singular values of both U and V' are \/o1;
The r-th singular values of both U and V are \/o,.

U3 oo < E-01 and V|3, < B0

B.1.2.1. Control of K5(0). In this section, we give a control of K5(0). Comparing to upper

bounding K3(X,Y) as in Section 2.5, here we assume the sampling rate p is sufficiently large,

therefore, Lemma A.4.2 can be applied directly here.
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By the way we define Ax, Ay in (B.6),
XY' UV =(U+Ax)(V+Ay) —UVT
—AxV' +UAJ + AxAy.

Therefore,

P (XYT - UVT) Hi CIxXYT—UvT|2

2 2
P (AXVT YUAT + AXA;) HF - HAXVT YUAT + AXA;HF'

VA
"VI= "= QB

2 2
(v c0a)Laxv coaf]]

@

1 2
+3 e (axar)[ - 1axayi
©)

+ ]29 (Pa(axVT) . Po(axa}))—2(axVT, AXA;>‘

-~

®

+ ]2?<7>Q (UAI,) P (AXAI,)> - 2<UA,T,,AXA,T,>

@

By Proposition B.1.3, the matrix AxV T + UAiT, belongs to the subspace T defined in Lemma

A.4.2. Therefore, by Lemma A.4.2, in an event FEo,3 with probability P[Ecgs] = 1 — (n1 + ng) =3,
there holds

2 2 2
D <0.0001 [axVT +UAL| < 0.0002 (HAXVTHF + HUAstHF> :

By Lemma 2.3.5, we have

ni

k=1 k=1
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EZINES =
B <= (Z [C-SSIHERDS HVk,-H%H(AY)k,-”%> ,

p k=1 k=1

and

< ||Q _pJH = A 4 — U 2 A 2

@< —— (Y lAy)k 5+ D 10 BI(AX) 113 ) -
p k=1 k=1

By Proposition B.1.3, U3, < o1 and V3,00 < M o1. Then

Q—pJ
@< 222 (Z (Al + alnAynF)

and

|2 — pJ wr
@< 222 (Zu V)il + mmnAxn%).

Combining the above inequalities together, we have

KoL o (axaF) [ - taxaris

+ ’p HPQ (xyT-vvT) H; 3IxXYT —UVT|2
@+3(O+@+®+®)

2 2
<0.0006 <HAXVTHF + HUA}HF>

||Q _pJH S A 4 .- A 4
L & E I(AX)k N5 +5 > I(Ay)k, |13
= k=1

L 2 =pJj <
p

ol Ax|E + 3aluAqu)

B.1.2.2. Control of K3(8). For K3(8), when a > 100,/;57- > 100|W||2,c0, by applying

Lemma A.1.2 twice, we have

ni n2
K3(8) < 20000 (|| Ax |7 + [[Ay||F) — 0.3 (Z 1(AX)k, |2 (AY)k,-H%> ~
k=1 k=1
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B.1.2.3. Putting K2(0) and K3(0) together. Combining the above upper bounds of K»(6) and
K3(0) together, there holds

2 2
Ky + K3 <0.0006 (HAXVTHF + HUA}HF>

(i’w«flllQ —pJ||

200002 ) (|Ax|% + [[Ay |2
BRI 002 (1axl + A )

5HQ _pJH - A 4 S A 4
Al G =030 ) [ D IAX)R 3+ D (A3 |-
k=1 k=1

By Lemma A.4.6, when p > C,euVn2) iy an event B,y with probability P[Eys] > 1 — (n1 +

niAng

ng) 73, | — pJ|| < Cy+/(n1 V n2)p. Therefore, combining with assumptions on p, « and X in (3.6),

3 Q—pJ
pro1|| — pJ|| 200N
(n1 Ang)p
\S,ural(C’ \/\/ nl)\/ ng)p 4200 x 10305 Iny V ny m’/\al
niy An2)p p nyp An2
Burc1Cyy/(n1 V ng) 4200 x 103C3 n1V ny uroy
5
(n1 A 1o \/04 &1/1/7?22) 127252 C (:11/1/7;122)2/127«2;@2 niy A ng
3C, 2x10°C3
or.
<\/C4 en > "

And we also have

5019 - pJ byn1V v v
SR =pI gy < BV a0 MV (5 a0 1Y 0

D VP D P

Therefore, by choosing Cs = 20, Cy = (3C, + 1.6 x 10%)2/0.00042, we have

Ko + K3 <0.0006 (HAXVTH +HUA H )+00004ar(\|AXHF+|]Ay||F)

T (5—6), " ( 1A+ S (A, )
D kZZ:l X )k,-|l2 ; Y )k, |2

2 2
<0.0006 (HAXVTHF + HUA}HF> +0.00040, (| Ax|% + |Ay|2) .

By Proposition B.1.3, there holds

|vat| > 2@ laviz = oAy
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and

2
|vax|, =2y laxi = o lax]-

Therefore
2 2
(B.10) Ko + K3 <0.001 (HAXVTHFJr HUA,T,HF).

B.1.2.4. Upper bounding right hand side of (B.8). First of all, we rewrite K1(0) in terms of W
and Az. Recall

X U Ax
Z = LW = cand Ag = —Z-W.
Y 1% Ay

Therefore, we have
T T||?
227 -ww],

2
- HAZWT +WAL + AZA}H
(B.11) F

=[|AZAZ|F +2(|AZW (7 +2(AzW T, WAL) + 4AzW T AzAY)
—|AZAZ|F+2(AZA 2, WIW) +2(A;W, W T Ag) + 4A A7, AZW).

Here we use the fact that (A, B) = trace(A' B) and trace is invariant under cyclic permutations.

By recalling the definition of K1(8) in (B.9), (B.11) implies that

3

3¢
3

— (AW, . WIAz) —3(AzA87 AZzW).

1
K1(0) = — iHA;AzH% — (AZAZ WTW)

(B.12)

Condition (B.7) implies
(B.13) Z'w=X"U+vy'vi>o.

This further implies that WAz = W'Z — ZTZ is symmetric (this is a crucial step for the
analysis in [JGN'17] and [GJZ17]). This implies that

(B.14) (AZW W AZ) = AW ][5
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Combining (B.14) with (B.12) we have
K1(0) = ~05|AL A3 — 15(ALAZ WTW) — L5|ALW|2 - 3(ALAZ ALW).
Therefore, based on (B.10), we are able to upper bound the right hand side of (B.8) as following;:
K1(0) + K2(0) + K3(6) + K4(0)
<—05|AZAZ|} — 1L5(AZAZ, WIW) — 1L5[|AZW % - 3(A Az, AZW)
1112 1112
+0.001 <HAXV HF + HUAYHF> L K(0)].
Furthermore, there holds
2 2
(B.15)  (ALAZWTW) = trace(AZAzW W) = [WAL|3 > |ax V7| +|vay| .

Based on (B.15), we further have
K1(0) + K2(0) + K3(0) + K4(0)

(B.16) <—05[|ALAZ|Z — 1.499(A LA 7, WIW) — 1.5|A LW |2
—3(ALAZ, ALW) + |K4(0)].

The fact ZTW > 0 from (B.13) further implies that
(ALZAZ, WTIW) + (ALAZ, ALW) = (A;A7, Z'W) >0,

in which we use the fact that the inner product of two PSD matrices is nonnegative. Then
K1(0) + K2(0) + K3(0) + K4(0)
<~ 0.5]|ALAZ|% — 1.499 (<A}Az, WTW) + (ALAZ, A}W>)
(B.17) —15|ALW|% —1.501{A LAz, ALW) + |K4(0)]
<-05]|AZAz|F — 1L5|AZW |7 — 1L501(A Az, Az W) + |K4(6)]

<= 05|AZAZ|E — L5|AZW(E + 1501 Az Az P AZW|[F + |[Ki(6)].
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B.1.3. Completing the proof of Theorem 3.1.3. Recall that iff is a local minimum of f,
there holds Kf(é) > 0. By Lemma A.4.1, there holds

(B.18) K1(0)+K2(9)+K3(9)+K4(0) > 0.
Then (B.17) implies
0.5|AZAZ|E + L5|AZWI[E — L50L|AZAZ|r| AZW |[F < [EK4(8)],

which gives

(B.19) IAzAZlF = lAzAZ|F <3VIEK4(O), [AZW]F < 2V/K4(6)].
By (B.16) as well as (B.18), we have
1.499(A LAz, W W)
< - 05| AL AZ|E — L5 ALWIE - 3(ALAZ ALW) + [Ki(6)
<Az Azl FIIAZW F + [K4i(0)]
<19|K4(0)|.
Combining with (B.15) we have

2
(B.20) HAXVTHFJrHUA H < 13|K4(6

By (B.10) and (B.20), K2(0) + K3(0) + K4(0) < 2|K4(0)|. By (B.18) and the definition of K;(6)
n (B.9),

3 17
JzzT - ww i < *||AZA [+ K2(6) + K3(6) + Ka(0) < —[Ka(0)].

The last inequality also use (B.19). Therefore, we are able to upper bound [|ZZT — WW T |%

in terms of |K4(@)|. The only thing left over is to upper bound |K4(€)|. Recall the fact that
A

Az = X , then || Ax Ay ||r < ||AzA | F. Therefore, by (B.19) and (B.20), and the definition

Ay
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of K4(0) in (B.9), we have
[K4(0)|

6 4
<];HAXA1TrHFHPAX7’Q(N)PAY IF + ];HUA;HFHPUPQ(N)PAY 7

(B.21) A .
+§HAXV | 7| PaxPo(N)Py| F

100+/|K4(6
AOVIRAON )| Pay PalN) Pa, I, | PuPa(N)Pa, || || Pax Pal(N) Py ).

Due to the fact that U,Ax € R™*" and V,Ay € R™*" we can see that Pa,Pqo(IN)Pay,
PyPo(N)Pa, and Pa, Pqo(IN)Py are matrices with rank at most r. Therefore,
max{||PaxPo(N)Pay|r, |PuPo(N)Pay | r, | PaxPo(N) Py r}
<vVrmax{||PayPo(N)Pay |, [PuPa(N)Pay |, || PaxPa(N)Py||}
=Vre.
Where the last line follows from (B.6) and (3.7). Therefore, (B.21) gives

100 K4 9) T
Ky(0)] < “OVIEAO)r
p
Solve it we have

10%r
[K4(0)] < P 0.

This implies

M- MY = XY -0V < 227 - ww T < e < 0
Letting B3 = FEca3 N Ey3 and Cg = 6 x 10* finishes the proof.
B.2. Supporting proofs of Section B.1
B.2.1. Proof of Proposition B.1.3.
PRrROOF. First, since M has SVD M = Y""_ o;u;v,, we have
colspan([uy, ..., u,|) = colspan(M) and colspan([vy,...,v,]) = rowspan(M )
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as well as

dim(colspan(M)) = dim(rowspan(M)) = 7.
From (3.5), we also have
colspan(M) C colspan(U) and rowspan(M) C colspan(V').

By the way we define U and V', we have dim(colspan(U)) < r and dim(colspan(V')) < r. Therefore,
colspan(U) = colspan([u1, ..., u,|) and colspan(V') = colspan([vy, ..., v,]).

From second equation in (3.5), UTU = V' 'V, therefore,

oi(U) = NUTU) = Y NVTV) = 0i(V), i = 1,27,

Moreover, suppose U'U = V'V = BD?B" be a fixed eigenvalue decomposition of U U, with

B € O(r) and D € R™" diagonal matrix. Then the reduced SVD of U and V' can be written as
U=AyDB', V=AyDB'

with Ay € R™M*" Ay € R™*" gatisfying AEAU = I and A‘T,AV = I. Therefore, M =
v’ = AUD2A‘T,. It is a reduced SVD of M by the way we define Ayy, Ay and D. Therefore,
o (U) =01(V) = /o1, 0, (U) = 0,(V) = \ /o, and

U3 o = lAv DB |13 o, = | AvD

00 < 1AV I3 1D, = 01 Avll3 -

Moreover, there is Ry, Ry € O(r) such that Ay = [uy,...,u,|Ry, Ay = [vi,...,v;]Ry.

Therefore,

wr

1UI300 < 01l AU 300 = o1ll[wn, -, u ] RU 3 00 = o1ll[un, .- w0 ][5 00 < L

Similarly, we also have [|[V||3 ,, < Ho.
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B.3. Proof of Lemma 3.3.1

PROOF. Recall U and V are orthonormal basis matrices, Pg = U f]T, Py = vvT. Therefore,
|PyPa(N) Py = [T Po(N)VV | = [T Pa(N) V|
The last equality uses the fact that U and V are orthonormal basis matrices, therefore
[TA|l=|lA], |BVT|=|B|

for any A, B with suitable size.
Due to the fact that € follows from Model 2.5.1, entries of Po(IV) can be written as [Po(IN)]; ; =

0; ;N; j, where §; ;'s are i.i.d. Bernoulli random variables such that

1 with probability p
(Si j =

)

0 with probability 1 — p.

And N;;’s are i.i.d. centered sub-exponential random variables. Moreover, J;;’s and V;;’s are

mutually independent. Therefore,

1PgPa(N) Pyl =[U Pa(N)V|

= i—j—T ZémNi,jeie; ‘7

.3

1,J

Now let

o UV
Qij=0i;Nij | _ _ ’

Therefore,

| PgPa(N)Py | = [T Po(N)V | = |5 Qi
%,J

and E[Q; ;] = 0. By following the symmetrization argument in [Wail9, Example 6.14], without

. : : . d
loss of generality, we can assume that Nj; ;’s are symmetric random variable, i.e., N;; = —N; ;.
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Now we want to verify the Bernstein’s condition [Wail9, Definition 6.10] for Q; ;’s. For k > 3,
k _ k

E|Qf] =B [Nl | _ || = PRIV 7

Due to the symmetry of N ;, E[Ni]fj] = 0 when k£ > 3 is odd, therefore, E[ fj] = 0. For k > 2

even, we have

~ k ~ ~ ~ ~
0o UV _ (U, V[V, UM 0
‘E:'ﬁg 0 0 (‘27[7';[71,"73:”]6/2
=T 51V5 15 | o ]
1 vV
V.13 "2 "9

which is a positive semidefinite matrix. And due to the fact that N;;’s satisfy the Bernstein
condition, for k > 2,

1
E[N;5] < gkvbt2.

Therefore, for k > 3 even,

1 7T
——U,; .U, 0

k=2 077 1k (k| 106130

o202 T 51V | 1

N | =
-
l

k
ElQk] = _
L1 v.vT
V53 "0 "9

And we also have

V[Qi;] =E [Q7]

~~ 2
o U.V'
ZPE[NE,J'] ~ ~ g
Vjv'UZ:I—' 0
1 r T
_ . U, 0
~ ~ U, |2 1y g
=105 BV 15 | 1 Lo oo
V13 "7 "9
Therefore, for k > 3,
Lo bonm ko ke
E [Qfa} = 5’f!bk U521V 1572V Qi)
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Therefore, @, ; satisfies Bernstein condition with parameter b||U;.||2[|Vj.|l2 < b\/%. Fur-

thermore,
1 1 IV, 130;,.0;" 0
ning Z V[Ql’]] :nlnngQ 7 r7 2vs /T
(i,4)€ln1)x[nz] (i) Elrn) X [n2] 0 Ui 112V, V.
1 L[| IVIRUTT 0
= bv ~ o~
e 0 |U|zvv
< pV2(81 + s2).
ning

Where the last equality uses the fact that U'U=1I , VTV =I. Then by [Wail9, Theorem 6.17],

for all ¢t > 0,

1 n1n2t2

P ZQM- >t <2(n1+mn2)exp | —
ning i 2 (nllmpzﬁ(sl + s9) + b\/@o

Therefore, by choosing ¢ as

1 ~ 15818
t=Cyp— <\/p1/2(51 + s9)log(ny +n2) +b Hghys152 log(ny + n2)>
ning ning

with absolute constant C, sufficiently large, say C,, = 10, then

11515
P Z Qijll = Cuw \/pu2(51 + s2)log(ny + n2) + b Hghtys1s2 log(ny + n2)
i nina

<(n1 +ng) 2.

Using the fact that

1P5Po(N)Pyll = | Qiy
i

finishes the proof. O
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APPENDIX C

Supporting Proofs of Chapter 4

C.1. Proof of Lemma 4.2.1

For the proof, we mainly follow the technical framework introduced by [MWCC18] and extend
their result to the rectangular case. Within the proof, we employ Lemma 4.4 from [CL19] as well
as Lemma 9 from [ZL16]| (Lemma C.1.1 here) to simplify the proof, and get a weaker assumption

(4.13) (here) comparing to equation (63a) in [MWCC18, Lemma 7] by a factor of log(n; V na).

PROOF. For the Hessian, we can compute as [GLM16,GJZ17,ZLTW17] did and have

T

DX DX

vec V2f(X,Y)vec
Dy Dy

2 1 2
:5<PQ(XYT UV, Po(Dx DY) + ; HPQ(DXYT n XD;)HF

1 2
(X"X - YY,D{Dx - DyDy) +; HD}X + X' Dx - Y Dy - D;YHF.

N

_l’_

First we consider the population level, i.e.,

-
D D
E |vec X V2f(X,Y) vec X

DY DY
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Denoting Ax = X —U,Ay =Y — V, and using similar decomposition as in (4.29) and (4.31),
we have

T

D D
E |vec x V2f(X,Y) vec X
DY DY

2
—2(AxVT +UAJ + AxA},DxDy) + | DxVT + DxAy + UDy + AxDy |
(C.1)

+ %<UTAX +AYU +AxAx — A}V - VI'Ay -~ Ay Ay, Dy Dx — Dy Dy)
+ i HD}U +DYAx +U'Dx +AxDx -V Dy — A} Dy — D}V — D,T,AyHi
_ HDXVT + UD,T,H; + i HD}U +UDx -V Dy — D}VH? + &
Here we use the fact that U'U = V'V, and & contains terms with A x’s and Ay’s, i.e.,

&

—2(AxVT +UAy + AxAL,DxDJ) + HDXAI, + AXD,T,HZF

+2(AxDy + Dx Ay, DxV' +UDy)

- %<UTAX +AYU + AXAx —AyV —-VTAy — Ay Ay, Dy Dx — Dy Dy)
- %<D}AX +AY¥xDx — Ay Dy — DyAy,DxU +U'"'Dx — V' Dy — Dy V)

1 2
+4 HD}AX + AYDx — A} Dy — D,T,AYHF.
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Multiplying terms through we have
T

D
E |vec X V2f(X,Y) vec

DY DY
2 2 1 2
=[[pxv7], + Jupi], + 3 |Pxu]
H xV F+UYF+2 XUF
1 2 1
+5 HVTDYHF — (DXU.Dy V) +5(DXU,U  Dx)
1
+ 5<D;V, V'Dy)+ (DU, V'Dy)+&
=|oxv], + [upd|, + 5 |pxv - piv],
s F Yipg " 217X Yollp
1
+ §<UTDX +V Dy, DU+ DyV) +&,.

Now for the fourth term, we split U as U — Xy + X9, V as V — Y2 4+ Y5, and plug it back. Then

we have
T

DX DX

E |vec V2f(X,Y)vec
Dy Dy
= |pxvT+ [opi] + 5 [pkv - piv)
I F Yip T 2l7X Yolr
1
- 5<X2TDX +Y, Dy, Dy Xy + Dy Ys) + & + &,

where & contains terms with U — Xs’s and V' — Y5's, i.e.,

&

1
={U = X2) ' Dx +(V - Y3) Dy, Dx X5 + Dy Y3)

+ —(Xy Dx + Y, Dy, D3 (U — X5) + Dy (V - Y3))

N~ N

+ (U~ X3)"Dx + (V - Y2) Dy, Dx(U — X3) + Dy (V - Y2)).
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~ Xo Dx
By the way we define R in (4.14), is symmetric. Using this fact we have
Y, Dy
T — -
D D
E |vec X V2f(X,Y)vec X
(C.2) Dy | Dy |

2 2 1 2 1 2
:HDXVTmﬁﬂﬁuﬂwF+§HD}U—zﬁJﬂF+§HXJDX+Y;DyLﬁ4ﬁ+&.

For & + &, by the way we define them, we have the following bound:
|E1 + &
U = Xl + IV = Ya ) (| Xl + [ Y2])) + (IU - Xz|| + [V - Yal])?
+(lax]+ Ay DU+ IV + (lax] +[|Aay)?] x (IDx % + [ Dy ||F)-

From the assumption,

X2 -U 1
< Ul(M)a
}/‘2 -V 500k
X-U < 1 o0
<——F——0o ,
Y -V ; 500k+/n1 + N2 !
and
X-U X-U
<
Y-V Y-V
X-U
<vnp +no
Y-V
2,00
<o (M)
S500k VO
therefore we have
2
1 Dx
(03) ’51 + 52‘ < *O'T(M)
5 Dy ;
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Now we start to consider the difference between population level and empirical level, comparing

with (C.1):

.
D D
vec X V2f(X,Y)vec X
Dy Dy
T
D
—E |vec x V2f(X,Y)vec x
DY DY

~D+@+®+®,

where D(-,-) denotes the difference between population level and empirical level, i.e.,

(C.4) D(AC",BD") :=—(Po(AC"),Po(BD")) — (ACT,BD").

_1
p

And
(1) =2D(AxV",DxDy) +2D(UAY, DxDy) +2D(Ax Ay, Dx Dy)

+2D(Dx Ay, UDy) ++2D(DxV'" Ax Dy )2D(Dx Ay, Ax Dy),

(2)=D(DxV",DxV")+ D(UDy,, UDy,) +2D(DxV ', UDy),
(3) = D(DxAy,DxAy) + D(Ax Dy, AxDy),
(4)=2D(DxV",DxAy) +2D(UDy, Ax Dy).

Now for terms with different circled numbers, we deal with them with different bounds. First, for

@, we apply Lemma 2.3.5. Therefore,

©)

212 - pJ|

p

2,00/ V]

2,00 Dx || F||Dy||F + Ay

2,00[|U ll2,00| Dx || | Dy || 7

2|2 —pJ
PN

2,00 | Ay [|2,00 [ Dx || F[| Dy || F + |Ax

212 — nJ
'pp' 2ol V2 | Dx 1| Dy |1

Y200 U ll2,00| Dx || F[| Dy || F +

2[|2 — pJ
+ ‘pp”HA 2,00/| Ay [|2,00 [ Dx || F[| Dy || -

2||$2 — pJ||
lAx]
p
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Using Lemma 4.3.2 and using the fact that

x-v < M
v v S 500my/m 7 VO M)
2,00
if
rlog(ny Vn
0> Oy tr1o8(m Vin2)
n1 A\ no
we have
prk 1 2 2
C.5 <120 M)(|Dx|% + || D .
(C5) (@ < 12619y [ == et (M) (IDx[f + |1 Dy )
For @, we apply Lemma A.4.2. Therefore,
(@) =ID(DxV",DxVT)+ D(UDy,,UDY) +2D(DxV ", UDy)|
(C.6) =|D(DxV' +UDy,,DxV' +UDy)|
<0.1|DxV' +UDy|%
given
0> CoMr log(n1 V n2)
ni N\ n2

For @, we need the following lemma:

LeEmMA C.1.1 ( [ZL16, Lemma 9]). Ifp > 012% for some absolute constant C2, then on

an event Ez with probability P[Ez] > 1 — (n1 +n2) ™'Y, uniformly for all matrices A € R™*" B €

na Xr
R™2%7T

-1 T 2 : 2 2 2 2
7| Pa(aBT)| | <21 v ) min (| AIFIBI3 . Al | B}

holds.
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In order to apply Lemma C.1.1 in our case, note

IABT|% =) (Ai., Bj.)?

i,J

<D 1AL 3B, 13
i?j

<(n1 V no) min {||A|| 7| BIf3 oo, Al oo | Bl } -

Therefore, by triangle inequality,
ID(ABT, AB")| <3(n1 V n2) min { || A|[3]| BI[3 o, [|Al3,0 | BIlE} -
So we have

(3 <B(n1 Vv n2) | Dx [FlIAY |3 o0 + 3(n1 V n2) | Dy [ A x 3 -

Using the fact that

x-U <t M
v_ v S S0mym o v L M)
2,00
we further have
1
(C.7) (3)] <3(n1 V ny) x o1 (M) (|| Dx||% + | Dy |[3).

250000x2(nq + n2)
Finally, for @, by triangle inequality,
|ID(DxV",DxAy)|

=[p  (Pa(DxV"),Pa(DxAy)) — (DxV',DxAy)|

</ IPa(Dx V)2 [Pa(Dx A% + [(Dx VT, DxAT)).
Now by applying Lemma C.1.1 and Lemma A.4.2 we have

ID(DxV'",DxAy)|

<y/2(m v 1) DX [ A (3 0/ (L + 0D DX VT [+ V][ Ay | Dx [

<V/3(n1 Vo) | Ay |20 VIIIIDx |7 + VI Ay ||| Dx 13-

149



Similarly, we also have

ID(UDy, Ax Dy )| </3(n1 V n2) | Ax|l2,00[U || Dy |7 + U || Ax ||| Dy |I%-

Using the fact that

X-U 1
<
Y -V 500k

Vo1 (M).

Therefore,
@)
<2/3(m1 V o) | Ay |20 VI Dx I E + 2V [[| Ay ||| Dx I
(C.8) +2¢/3(n1 V 12) | Ax 2,00 U | Dy |7 + 2| U | | Ax | Dy ||

<2v/3(n1 V ng) x o1(M)(|Dx % + | Dy |I%)

1
500k+/n1 + no
(M)(|Dx % + || Dy || F)-

* 500+

Putting the estimation for @, @,@ and @ together, i.e., (C.5), (C.6), (C.7), (C.8), if

I V
p = (Cog+ Cr2 + 013)w

ni N\ n2
then
T T
D D D D
vec X V2f(X,Y)vec X1 —E |vee x V2f(X,Y) vec x
Dy Dy Dy Dy

UTK 1 ) , . .
<1203, /M Lo\ (M)(| D[} + Dy [3) + 01| Dx VT +UD
13\/7H\/m01( )| Dx || + |Dyll7) +0.1||Dx + T

1
2500002 (ny + ng)
1
500k+/M1 + no a1

+3(n1Vng) o (M) (| Dx|I% + | Dy [|7)

+2v/3(n1 V ng) (M)(|Dx [ + 1Dy |7) + 5501 (M)(IDx || + | Dy [|7)

2
500k

holds on an event Eg = Eg () Eca () Ez with probability P[Ey| = P[Es () Eca () Ez] = 1—3(n1 +

ng)~ . If in addition

UrK
> 14400C? ,
P 13 n1 A\ ns
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then

(C.9)
T T

(Lo ]) oo (2 ) ([ ]) e
vec V f(X,Y)vec —E |vec Vef(X,Y)vec

1 1
<o (M)(|IDx |7 + IDy[I7) + 2 (IDx V7 + |UDy |[7).

Dx

|

Dy

Now by putting (C.2), (C.3), (C.9) together, we have

T

D
vec X V2f(X,Y) vec

Dy Dy

Dx

>|oxvT|[ + |upg|] -2 M)(|Dx|% + | Dy
2 (|Dx p Y|, 507«( J(IDx||7 + | Dy %)

1
= o (M)(IDx |7 + [Dy[IF) = < (IDx V" |} + IlUDy [|7)

1
5
1
/gar XI|F YIF)s
>0,.(M)(|Dx|% + | Dy || %)

where the last inequality we use the fact that | Dx VT ||% > ¢2(V)|Dx|% = o,(M)||Dx|% and
also |[UDy||% > 0,(M)||/ Dy ||%. For the upper bound, we also have

T

DX DX

vec V2f(X,Y) vec
Dy Dy

2 2 1 2 1 2
<[[pxvT][ + oDy |, + 5 |[pxvU - Div] + 3 |x Dx + v Dy
H xV F+U YF+2 xU YVF+2 2 Dx + ¥ YF
1 1 1
+ 5ar(M)(HDxlI% + || Dy||E) + 5UT(M)(HDx|I% + || Dy|F) + g(HDxVTH% + |UDy %)

6
<z (M)(IDxIE + | Dy [[7) + I DxUllE + [ Dy ViE + [ Xy Dx |7+ [V Dy |7

2
+ on(M)(IDx |7 + | Dy IIF)

13

<T o (M)(|DxIF + 1Dy [7) + | Xl [ Dx 7 + [ Ya|* [ Dy |17

<Sor (M)(|Dx |7 + [ Dy %),
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where the last inequality we use the fact that

Xo—U 1
? < — /o (M).
}f2 -V 500k
Choosing Cg1 = Coq + C12 + Ci3 + 144000123 finishes the proof. O

C.2. Proof of Lemma 4.2.2

In this section we first summarize some useful lemmas from [MWCC18|. We then follow the
technical framework in [MWCC18] but replace MWCC18, Lemma 39] with [Chel5, Lemma 2]

(Lemma 4.2.3 here) to get a better initialization guarantee.

C.2.1. Useful lemmas. Here we summarize some useful lemmas in [AFWZ17] as well as
[MWCC18|. We relax the PSD assmptions on M; in Lemma C.2.2, Lemma C.2.3 and Lemma
C.2.4 to symmetric assumptions by following the proof framework introduced in [MWCC18|.
In fact, lemmas listed in this section can be derived from Davis-Kahan Sin® theorem [DKT70].
We summarize lemmas here since they are intensively used throughout the proof. Moreover,
for the simplicity of the expression, we made some additional assumptions on the eignevalues
of M, within the following lemmas (i.e., A\.(M7p) > 0, A\,(M7) > A\j1 (M), A\p1(M7) = 0 and
A1(My) = =X\, (My)), the results still hold (with a more complicated expression) without those
extra assumptions. Recall that here A\j(A) > A(A) > --- > A\, (A) stands for eigenvalues of
symmetric matrix A € R™*"™,

First, we need a specified version of [AFWZ17, Lemma 3]:

LeMMmA C.2.1 ( [AFWZ17, Lemma 3]). Let My, My € R™™"™ be two symmetric matrices with
top-r eigenvalue decomposition ﬁlAlﬁl—r and ﬁgAgﬁ; correspondingly. Then if \.(M;) > 0,
)\T(Ml) > )\r+1(M1) and

1
| My — M| < me()\r(Ml),Ar(Ml) — Ar1(My)),

we have

|My — M|?
min{ A, (M), A (M1) — A\py1 (M) }?
152

1T\ Ts — sgn(U Uy)|| <4




and

(@ T2) )| < 2.
And we also need some useful lemmas from [MWCC18|:

Lemma C.2.2 ( [MWCCI18, Lemma 45]). Let My, My € R™" be symmetric matrices with
top-r etgenvalue decomposition ﬁlAlfflT and ﬁgAgﬁzT correspondingly. Assume A\.(My) > 0,
Ar41(M1) =0 and || My — My|| < $A(M;y). Denote

Q = argmin |UsR — Uy | 5.
ReEO(r)
Then

_ 3
UQQ Uyl < ———
|U2Q — Ui || )\T(Ml)‘

|M; — Ms]|.

LEmMA C.2.3 ( [MWCCI18, Lemma 46]). Let My, My, M3 € R™™ be symmetric matrices
with top-r eigenvalue decomposition flelf]lT, ﬁQAQﬁQT and ﬁgAgﬁ; correspondingly. Assume
A (My) = =An(My), A\ (M) > 0, Arg1 (M) = 0 and |My — M|l < 3A(My), | My — M| <
1A (My). Denote

Q = argmin |UR — Us||p.

REO(r)
Then
IAY2Q - @AY < 152 M) g, gy
A (M)
and
A1(My)

1A°Q — QAY|r < 15 (M — M3)Us || .

N ()
LEMMA C.2.4 ([MWCC18, Lemma 47]). Let My, My € R™*™ be symmetric matrices with top-
r eigenvalue decomposition fJ:lAlﬁlT and ﬁ?AQﬁ; correspondingly. Assume A\i(M7) = —\, (M),

)\T(Ml) > 0,)\7+1(M1) =0 and

iA§/2(M1)
3/2 :

40 )\1/ (M)

153

| My — M| <



Denote X1 = ﬁlAi/Q and Xy = lN/'gAé/2 and define

Q = argmin |UyR — Uy ||

ReO(r)
and
H = argmin | XoR — X ||F.
ReO(r)
Then 3o
~ AV (M,
16— H| <152 A g, |
A S (M)
holds.

C.2.2. Proof. In this subsection, we will follow the technical framework in [MWCC18|:
First we give an upper bound of H%PQ(M) — M ||, and then prove Lemma 4.2.2 by applying the
lemmas introduced in Section C.2.1. As claimed before, here we replace MWCC18, Lemma 39|
with [Chel5, Lemma 2| to give an upper bound of H%PQ(M) — M| and obtain a tighter error
bound of the initializations.

Define the symmetric matrix

_ 0 M

(C.10) M =
M" o

The SVD M =UXV " implies the following eigenvalue decomposition of M:

le]U > o |1 |U U©U
V2 | v v 0o -2 | V2|V v

From the eigenvalue decomposition, we can see \{(M) = o1(M), -+, \p(M) = 0,(M), \p31(M) =
0, s Aytng—r(M) = 0, Ay sng—ri1(M) = —0,.(M), -+, Apyiny(M) = —a1(M). At the same
time, we define
1 — 0 5 Pa(M)
p sPa(M)! 0
154



with

Q={(i,7) 1 <i,j <ni+ng (i, —n1) € Qor (j,i —n1) € Q}.
Applying Lemma 4.2.3 on M here, then
I
[s7a0 -7
p
log(ny + n9) = log(n1 + n2) ==
<Cu <g<;2)||M||ew v g(;”nan,m)

log(n1 + TLQ)

1U1l2,00[|V'[]2,00 + (juliv

log(n1 + no)
<Oy | ——=
(C.11) 14 ( »

2,00 V IIVHHUH2,oo)>

<2014 prklog(ng V ng) 4 [HrE log(ny V ng) o1 (M)
(n1 Ang)p (n1 Ang)p

1
<4Cyy urklog(ny Vv n2)01(M)
(n1 Ang)p

11

holds on an event E¢yp; with probability P[Ecpi] = 1 — (n1 + ng)™"'. The last inequality holds

given

o MR log(ny V n9)
> .
ni A\ nz

In addition if

o urkllog(ny V ng)
Cla

p > 25600
n1 A\ no
we have
(C.12) Hlp (M) MH < 1 (M) < 1 (M)
. ~Pa — < ——=0 < -0
p Y NG 47"

holds on an event E¢yp.

For the simplicity of notations, we denote M as

(C.13) M = ,
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and denote MO’(Z) as

(C.14) AOOT o

MO and M%® are defined in (4.2) and (4.5), correspondingly.

Again by Lemma 4.2.3, we can see on an event Eopq, for all 1 <1 < ny + no,

HHO,(I) B HH < 4Cyy prklog(ny Vv nz)al(M).
(n1 Ang)p

If

6]
P> 2560002, urk® log(ny V ng)

ny A ng

we also have

(C.15) HMO’(” M -

1
40\/E3 or(M) < ZO'T(M).

<

Now assume M? has SVD ADBT, then by construction, M have following eigendecomposi-

tion:
T

MolAA D 0 | 11 A A

V2! B -B|| 0o -D|V2|B -B
So if X0%0 (170)—r is the top-r singular value decomposition of MY, we can also have
T

1| X% 1| XO

V2 | yo V2 | yo

to be the top-r eigenvalue decomposition of M. So by Weyl’s inequality and (C.12), we have

(C.16) ZUT(M) < 00(29) < 01(50) < 201 (M),

)

Similarly, the same arguments also applies for MO’U . From Weyl’s inequality and (C.15), we have

(C.17) 2o, (M) < 0,(%V) < 01(20W) < 201 (M).
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Now let X0 == X0(£0)1/2 y0 .= yO(£0)1/2) X0 .= X0.)(x0.M0)1/2 and
YOO — yo.) x0.0)1/2,

where M%® has top-r singular value decomposition 3{0,(1)20,(1)(?0,(1))? Let

N 1 ﬁ_ 1 _U
W:[ W =— },

V2 | v | 2l v
%0 | [ -0
go- LX) o L]
V2 Yo V2 Yo
and also we can denote
0,(1) 0,(1)
(C.18) sow . L | X7 Zo0 . L X7
V2 Yoo V2 | yo.m
Moreover, define
Q" := argmin ’ZOR WH
ReO(r)
QO’U) = argmin ’ZO WR— WH

ReO(r)

C.2.2.1. Proof for (4.16). For spectral norm, by triangle inequality, we have

1Z2°R” - w||
(C.19) _ HZO(ZO)I/z(RO Q"+ 2° ((20)1/2620 _ Q021/2> 4 (ZOQO _ W) 21/2”
<E) R - Q) + (=)@ - @5V + =2 | 2°Q" - W||.

Now applying Lemma C.2.4 with My = M, My = M M’ , we have

3
0 oo VR

applying Lemma C.2.3 with M; = My = M, M3 = MO, we have

(C.21) 1(20)1/2Q° — QUSV2|| < 15— —— |[M — M|;
or(M)

157



finally, applying Lemma C.2.2 with M; = M, My = MO, we have
(C.22) HZOQO WH )HM M.

Plugging the estimations (C.20), (C.21) and (C.22) back to (C.19), and using (C.16) and (C.17),

U
=)= 17
=V2|Z°R" - W||
(C.23)
<30 < Zigﬁiﬂg + U:EM) + U(:(l%)> 1M — )|

61
<360C1 urkflog(ni V ng) o1 (M)
(n1 Ang)p

holds. For the last inequality we use the estimation (C.11).
C.2.2.2. Proof for (4.17). Now we start to consider the bound of

RO’() v |
YO <l> \%
L 1l2
By triangle inequality,
( 700 RO _ W)
Lolg
(C.24) — ( 7z ROW) _ 700 g0 - Z0.0Q0.() _ W)
bellg
0,(
< (ZO,(Z)QO,(l) _ W)z 4 H(Zlf( ))T(RO,(Z) _ Qo,(z))HZ_
2

First we give a bound of the first term. Note

W=WI2=Wsw' wx 12 =Mwx /2
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where the last equality holds since

MW

- — NNT .

1 | U U S 0 1 |U U 1 | U

V2 v v|lo = |V2|v v]| V2|V

- - _ a1 " " T "
1 | U 1 | U 1 | U 1 U 1 U 1 | U
==l 125 < Bl lTm] -1 Ds] | 5 -
iy | velv] v2lv| V2| v V2| v | Vel
—WEW W,

the last equality uses the fact that U'u=1=V'V. Similarly, we also have

Z70,() — Zo,(z)(zo,(n)uz _ Mov(l)ZO,(l)(20,(0)—1/2.

By the way we define M"Y and M in (C.14) and (C.10), M?,’_(l) = M, .. By triangle inequality

we have
(a0 w), |
_ (M&(l)zo,(z)(Eo,a))_Uon,(z) _ MWE—VQ)
Lelly
(C25) =|(@d71,.)T ( Z0W0 (50:0)=1/2Q00) _ W2—1/2> H2
=||(¢M; )T (Zov(’) [(207(1))71/2Q07(l) _ Q07(1>271/2] I [20,(1)620,(1) B W/} 24/2) H
7 2

_ ~ — 1
<[IMi, [l (H(EO’(”)”QQO’“) QIR 4| 20 Q" — WH> :

or(M)
By Lemma C.2.2 with My = M, My = M we have
- — 3 ==  ==0,(0)
2 zo0Q% —w|| < M—DM"
(C.26) 120" ~ Wil < ||
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By Lemma C.2.3 with M; = My = M, M, = MO’(Z), we have

H (20,(l)>—1/2Q0,(l) o QO,(l)E—l/Q H

= H(zo,(l))—m (Qo,(l)zm _ (20’“))1/26207(1)) 271/2”

(C.27)
<II(2°’(”)‘1/2II||2‘1/2||HQO’(”E”2 - (E00) /20

20 A0
< .
or(M) gr( )H |

The last inequality uses the fact that o,.(X%(1) > 30,(M).

Putting estimations (C.26) and (C.27) together and plugging back to (C.25) we have

H (200~ w)

)

7 23K 700
<My M — M|

Or

2
(C.28) 92C14K prklog(ny V ng)

\/U,ﬂ(M)3 (n1 Amg)p

20.2,.7
w?r?k" log(ny V ng)
<92C o1(M).
14\/ (m /\n2)2p 1< )

Smax([|U[[[V]|2,00, [V

) X

O'1(M)

In order to control the second term in (C.24), note from (C.28),
121

<IWills + H (2900 —w)

Lollg

<IW 0o + H (200Q"0 —w)

Ll

2,71
< [ urk L9201 \//LTIi ognl\/n2)> 1 (M),
niy A ng (n1 A ng)?

160



Then by Lemma C.2.4 with My, = M, M, = MO’(Z), we have

|z (R0 - o0y

0,(1
<12} 2| RO — @)

3
0,1 N
<12 V215 1 -3

or(M)
VR prelog(ng V ng) UreK w2r2k7log(ny V na)
<60C 92C M).
1A‘a,ﬂ(M) (n1 Ang)p ni A ne + 1 (n1 Ang)?p o1 (M)
So as long as we have
> 02202, prk®log(ny V ng)
ni A\ n2 ’
then
2r2K71log(ny V n2)
C.29 H 70O\ T (RO _ QoW H <120C HTER M.
(C.29) (Z,) ( Q™| 14 (s A o) o1(M)

Putting estimation (C.28) and (C.29) together we have

[ x0.0)
X Rov(l) _ U
Y07(l) 1%
L 1l2
(C.30) :\/5’ (Zo,(z)Ro,(z) _ W>z
2

2,2,.7] N
<212\f2014\/u : (,:z (/)\gT(lZ)lgp r2) o1 (M).
1

C.2.2.3. Proof for (4.18). Finally, we want to give a bound for

Tov(l)

X0,
Yo

F

Without loss of generality, assume that [ satisfies 1 <1 < ny. First denote

B = argmin | Z*WR — Z°|| .
ReO(r)
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From the choice of T0(") in (4.15), we have
(C.31) HZORO - ZU’(Z)T()’(”HF <12°0B - 2°p.

By triangle inequality,
1208 - Z°|
_ ZO,(Z)(ZO,(Z))l/ZB _ 20(20)1/2“
F

(C.32) _||z00 [(Eo,(l))lpB _ 3(20)1/2} i (Zo,(l)B _ ZO)(EO)I/ZHF

N

Z0,(0) [(20,(1))1/23 _ B(EO)l/Z} H 4 H(Zo,(l)B _ 20)(20)1/2”F

< (EO())1/2B B(x°) 1/2” +HZO(l)B ZOH (=0 1/2||
By Lemma C.2.3 with My = M, My = M, Mz = M°, we have

(C.33) H(Eo,(l))l/zB _ B<20)1/2HF <15 (MO —Mo’(l)> Zo,(l)HF

Nl
or(M)
Moreover, by Davis-Kahan Sin® theorem [DK70], we have

- 2], <1~ za) 2],
(C.34)

<ot (3730 ) 220

.

So putting the estimations (C.32), (C.33) and (C.34) together we have

1208 - 2°) ¢

(C.35) af H(M YA )Zo,(z)HF+4\/U\T/(EiM)H(Mo_Mo,(z)>
) )
an F

162

Zov(l)

I



By the way we define M° and MY i (C.13) and (C.14),

0
0
v ~0,(1
> (%514 - 1) Ml,n1+j(Zm(J3j,)T
0
(M" - 21"") 200 -
0

— =0,(1
(%51,1 - 1) Mn1+1,l(Z2.( ))T

— 50,(1
(%5@]‘ - 1) Mn1+j,l(Zl,.( T

v ~0,(1
(%517712 - 1) Mm-l—ng,l(zl ())T

)

Recall that here we assume 1 < [ < ny. Therefore by triangle inequality,
H (MO - MO’(1)> Z0.()

— =0,(1
(%51,1 = 1) Mm+1,l(Zl,.( ))T

1 Vi ~0,(1) -— ~0.(1
< Z <p5l,j - ]-> Ml7n1+jZn1+j7, + <%6l,j — 1) Mn1+j,l<Zl7?( ))T
/ 2 .

—_ ~ s l
(%557712 - 1) Mn1+n27l(ZlO,.( ))T

- 40p
(C.36)
(%5l,1 - 1) Mn1+1,l
! M 70, — ~0,(1
> (pél’j - 1) Moo+ @514 - 1) M4 1Z).
j .
aq 9
L (1176l,”2 - 1) Mnﬁ—ng,l ]
as 9
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Note by (C.18) and the fact that M%(") has top-r singular value decomposition
X0 50,0 (y0.0)T

700

. ,
ot 18 independent of §; ;’s. For aq,

1 — 50, (1

ar =3 (R 1) M 200 = S
J J

Conditioned on Z% s1,j's are independent, and Eg,_s1; = 0. We also have

n1+j1'7

|z

oo |2,00

1
1,512 <1;||M|!z

1 -
<2;HUHz,ooHVHz,ooHZO’(”H2,oo,
and
E5l,- Z SIjSLJ
J
1 2—2 0,(1)
—SE;, (pal,j - 1) i, 1200, 13
J
1. ~ _
<) 22013 1M 3
p
L = 2
<];HZO’(”H§,OOmaX(HUHHVHz,oo,HVHHUHmo) :
For Z]- E51,431,j31T,jH we have the same bound. Then by matrix Bernstein inequality [Trol5,

Theorem 6.1.1],

log(ni V n2) log(n1 V n2) = =
P {uauz > 100 ( — - max (WUV 2. [VIIUll2,00) + —=— U l2.00 [ V]2, 122,00 | 20

<(n1 +n2) "'
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Therefore,

log(n1 V n2)

log(ni Vn =
P [Ilallz > 100 ( %max(\lUHllVlla,m, IVIIUl2,00) + |U|2,oo||V||2,oc) |Z°’(”|g,m}

—E |E |1 —— o | 700
O, n n O, n n >
u«n»wo(d%max(nuuuvuz,w,uvuHU||2,OO)+%uunz,wuvuz,m)||z°’<l>n2,oo

<(n1+n2)" "

In other words, on an event E%’(l)’l with probability IP’[E%’(Z)J] >1— (n1 +n2)~ %, we have

a2

log(ny V ng)

<100 1Z°D 3,00 max (U V 2,00, VU l2,00)

(C.37) loa( )
log(n1 V ng) 2m”ZO,(l) 2,00

+ 100 U

2,00[| V|

2,00-

<100 [ ([#rrlos(m Ving) | prelog(m V)Y o o)
(n1 Amg)p (n1 Amg)p

For ay, we can decompose it as

(%5171 - 1) My, 414

a2 = (%65,j - 1) Mm-l—j,l

L (%5l,n2 - 1) MTL1+7Z2,Z 1
1 .
=y <5l,j - 1) M, 1j1€j
; p

=Y 525
j

Then we have Esg ; = 0,

pp— 1
I82,5ll2 < EHMHZOO < EHUHZOOHVHZOO
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and

+
||EZS2,jS2,jH SZEHS%‘H%
J J
1 2—2
=> E <p5m‘ - 1) M., i
J
1-—2
gZZ)Mnl""jvl
J

1
< max ([UV a0, IV 11U 2,00)° -

Therefore by matrix Bernstein inequality [Trol5, Theorem 6.1.1] again, on an event E%’Z with

probability ]P’[E%’ﬂ >1— (n1 +n2)~ 1% we have

purklog(ni Vna)  prklog(ni V na)
C.38 asl|2 <100 + o1(M).
(C.38) laz |2 (\/ (1 A 12)p (1 A 12)p 1(M)

So putting (C.36), (C.37) and (C.38) together we have
|(32° - 32°7) 220,

<laill2 + llaz )2l 22,00

<200 (\/umlog(m Vng) | prelog(n v nz)> o1 (M) 27O .00

(n1 An2)p (n1 An2)p

on an event E% = ( ;1:11%2 E’%’(l)’l) N E%’2. Moreover, by applying union bound we have P[E%] >

1— (n1 + ng)fll.

Now we need to bound || 2% ||2,00. We have the following claim:

Cramv C.2.5. Under the setup of Lemma 4.2.2, on an event Eciaim with probability P[Eciaim] =
1 — 3(n1 + n2) 1Y, the following inequality
127200 <(4+ 45+ 9C155%) W |2,00
(C.40) 9 1
<(84+9C15)k* ———
Vor(M)

holds with the absolute constant C15 defined in Lemma C.2.6.
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If the claim is true, from (C.31), (C.35), (C.39) and (C.40) and if

o MR log(n1 V ng)

ni N\ ng
then
0 0,(l
X 0_ 0 70.(0)
YO Yy 0.()
F
—2 HZORO 70,0, (1) H
(C.41) F

F

w?r?k19%log(ny V ng)
(n1 A ng)?p

<(64000v2 + 72000\/5015)\/ o1 (M)

holds for any [ satisfying 1 < [ < nj. For the case n; +1 < | < n1 + no, we can use the same
argument.

Note on an event

Einit = Eom () Ectaim [ \Eu [ ) ES
= Es(\Eca[ \Ez( ) Ecn () Ecnz( \Ea( ) ES:

(C.23), (C.30) and (C.41) hold. Choosing C; to be
Cr = 64000v2 + 212v/2C14 + 72000v/2C5

and Cgo to be
Cso = 256 + 25600C%, + C1s,

using union bound P[Ejn;] = 1 — 7(ny +n2) ™'t > 1 — (ng + n2) 1%, which finishes the proof.

(1),zero

ProoOF oF Cramvm C.2.5. Follow the way people did in [MWCC18], let M be the

matrix derived by zeroing out the [-th row and column of MO’(”, and Z0%(Dzero ¢ Rnitnz)xr
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(1),zero

containing the leading r eigenvectors of M . Notice

(C.42)
ZO,(Z),zero sgn ((ZO,(Z),zero)T W) . ZO,(l),zero(ZO,(l),zero)TﬁV/)’2

_ ZO,(Z),zero(20,([),zer0)'|"7‘7 ((ZO,(Z),zerO)TW/')_l . (Sgn ((20,(l),zer0)TW~1) . (ZO,(Z),zerO)TW)

2,00

N

ZO’(Z)’ZcrO(ZO’(Z)’ZCM))TWH H ((ZO,(Z),zcro)TvT/> -1 Hsgn ((ZO,(I),Zcro)Tﬁ//) _ (ZO,(Z),ZCI‘O)TW‘H )
2,00

By triangle inequality,

HMO,(Z),zero _ MH

0 M, 0
(C.43) 0.0) O
——=0,(l),zero -7 (l),zero JE— — —
< HM - M + My, - M, oo My g ,
L 0 MTLH-MJ 0 ]

(1),zer

where here we define M ® as M zeroing out the I-th row and column of M. The first part we

——=(1),zero

can again apply Lemma 4.2.3 on M to see

HMO,(l),zero _ M(l),zero

1 v
< 4Cyy prklog(ny n2)01(M)
(n1 Ana2)p
holds on an event Ecyo with probability P[Ecsa] = 1 — (n1 + ng) ™!, Therefore since

31 v
p210240124um og(n1 V na)

ny A\ ng

we have

M M

(C.44) H—o,(mzero | (D)zer0

1
< gO'qn(M)

Moreover, for the second part of the right hand side of (C.43), we have
168



(C.45)

As long as

M1 My, My 4ns
0 Mnl—i-ng,l 0
S| | Mgy - My oo+ Migign, ||| T

<M fl2 + (1M ]2

L2max{[|U[[[[Vl|2,00, IV[[[Ul2,00}

UTK

<2 O‘l(M).

ni N\ n2

plugging back to (C.45) we have

(C.46)

2561 <p<l,
ni1 A\ no
[ 0 My, 0 ]
M4 My, My
|0 JP 0 |

169
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Mn1+n2,l

N

—o,(M).




Combining the estimation (C.44) and (C.46) together we have

l),zero

— 1
(C.47) HM‘” - MH < on(M).
Applying Lemma C.2.1 here, we have

H ((20,(1),zem)Tﬁ;>*1 <2

and

Hsgn ((ZO,(Z),ZMO)TW) _ (ZO,(Z),ZMO)TWH < i

Therefore from (C.42) we have
HZO,(l),zero sgn ((ZO,(I),Zero)Tﬁ}) o ZO,(Z),zero(ZO,(Z),Zero)Tﬁ-}H <1 HZO,([),zero(20,(l),zer0)‘|’ﬁ7‘)
2,00 2 2,00

and

HZO,(Z),zero 9 oo

)

_ H 70,(1)zero sgn (( ZO,(Z),zerO)TW) H

2,00
< H20,(!),zero(ZO,(Z),zerO)TW/"
2,00
20,(l),zero ZO,(Z),zero Twr) _ ZO,(!),zero ZO,(Z),zero TNH
+ |20 s (200 ) ) (ZHOey W,

<2 HZo,(z),zem(zo,(z),zem)TWH2 R

In order to give a control of
HZO,(Z),zero(ZO,(I),zerO)TWH
2,00 ’

we need Lemma 4 and Lemma 14 in [AFWZ17]. For the purpose of simplicity we combine those

two lemmas together and only include those useful bounds in our case:

LEMMA C.2.6 ([AFWZ17, Lemma 4 and Lemma 14 rewrited]). Under our setup, there is some

w2r2k8 log(n1Vn2)

D) , then on an event E 4 with probability P[E 4] >
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absolute constant Cis, if p = Cis



1— (ng +n9)~ 1,

mlax HZO,(l),zem(20,(l),zem)TW . WHQ,OO <4I€HZO(20)TWH27OO + HWHQyOO

and

A W n1 Ang ||Mle, | M|,
HZO||2,oo < Crs (HHW||2,OO + [ M|l [[ M| 2,00

of (M)

r

holds.

By the lemma we have
||ZO,(Z),zeroH2 o <2 HZO,(Z),zero(ZQ(l),zero)Tﬁ}H
’ 2,00
AW |20 + 8] 2°(Z2°) "W 12,00
<A W 12,00 + 8[| Z°|2.00[1(Z°) T W |
<A W 2,00 + 85| Z°)|2.0

112726

< | 4+ 8C15K% +8V2C 54| ——— | [W]2,00-
(m A ng)p

The fourth inequality uses the fact that H(ZO)TWH < 1 since Z° and W both have orthonormal

columns, and the last inequality uses the fact that

[ M|]2,00 <max([|U[[[[V||2,00, VU |2,00)
<Vor (M)V2|W |26
<V201 (M)[|W 12,00
So as long as
2,22
p>128E "
ni N\ ng
we have
(C.48) 120075 o < (4 + 9C155%) W ]|2,00.
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Recall that in (C.47) and (C.15), we have already shown

’ ‘MO,(I) ,ZEro

| o
and
] < Lo

hold on the events Ecopo and Ecopp, respectively. Therefore, by the Davis-Kahan Sin® theorem

[DK70], we have

HZO’(D sgn ((Zov(l))TZO»(l),zem) _ 70.(D),zero

F

2\/§ 770 (D,zero  ==20,(1)\ 70,(1),z
o _ ,(1),zero
= or(M) H (M M ) Z

.

For i # [, we have

(Mov(l) _ MO,(Z),zero) T ZO,(Z),Zero
— !

,Zer ~0,(1),zero
(am) g0yt

=0.

The last equation holds since by construction we have Zl0 ’

the fact that by definition, entries on [-th row of MO Dzere

D:zero _ g n order to see this, note

are identical zeros, so if there is an
eigenvector v with v; # 0, the corresponding eigenvalue must be zero. Since Z0(Dzero ig the
- M|

the corresponding eigenvalues are all positive. Therefore we have ZZO f(l)’zero =0.

,Z€r0

collection of top-r eigenvectors. By Weyl’s inequality and HMO’(Z) < %O'T(M ) we have
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So we have

(MO,(Z),ZGTO Mov(l)) ZO,(Z),ZGI‘O
F
M

B (Mo,(z),zero B o,(l))Z Z0.(1) zero

2

_ Hl—l,— ZO,(Z),zero

2

<[[M|2,00
<o1 (M) max{||T]|2,00, [|V||2,00}

<V201 (M)[|W 2,00

Therefore,
HZO,(Z) sgn ((ZO,(I))TZO,(l),ZHO) o 20,(Z),zer0 .
4 —~
4 <——=0a1(M)||W]|2.00
(C.49) UT(M)UI( W2,
=4K[|W 2,00

Putting (C.48) and (C.49) together we have
|2
2,00
:HZO,(Z) sgn ((ZO,(Z))TZO,(I),ZGrO) ”2 -

gHZO,(l),zeronoo

4 HZO,(l) sen ((ZO,U))TZO,(I),zero) _ 70,(1)zero

F

<(4 + 4k + 9C156) | W || 2,00,

holds on an event Ecyaim = Ecni () Eonz () Ea, using union bound we have P[Egiqim] = 1 —3(n1 +

ng) 11, which proves the claim.
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C.3. Proof of Claim 4.3.5

PRrROOF. Similar to what we did in the control of spectral norm, define the auxiliary iteration

as

X0 —xtORh0 _p, (Xt’(l) () - UVT> v —iP, (Xt’m () - UVT> 1%
O

~TuRO) ((Xt,u))TXt,(o _ (Yw))T Yt,u)) RO,

T

.
yrrio —ytOge® 1 [Pg,l , (XW) (Y“”)T - UVT)} U -1 {'Pz,. (XW) (Y“”)T = UVT)} U
» ,

- gV(Rt’(l))T ((Yt,(l))T yt® _ (Xt,(l))T Xt,(l)) RO

Here we want apply Lemma 4.3.3 with

T
C Xt+1,(l) U
N yi+1L@1) A% ’
T
Xt-i—l,(l)Rt,(l) _ ft-i—l,(l) U
E =
yi+1L.0 gt.() _ yt+1,() Vv
By definition of R we have
(Rt,(l))—lRt—‘rl,(l)
XtJrl,(l)Rt,(l) U
= argmin R —
R yt+L(0) gt A%

F

=sgn(C + E).
If C is a positive definite matrix, then sgn(C) = I, and we have
H(Rt,(l))flRtJrl,(l) - IH
=[/sgn(C + E) — sgn(C)|

1 U XL gt() _ XL
or(P) vV y L0 gh() _ yr+1,0)
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The remaining part are devoted to verifying the required conditions of Lemma 4.3.3, C is a

positive definite matrix and upper bounding

U XtHLO gt() _ X t+L.(0)
Vv Yt+1,(l)Rt,(l) _ i}t—&—l,(l)
Tr <
U Xt+1,(l)
Let P := _ , we have
\%4 Yt+1,(l)

P :UTXt,(l)Rt,(l) _ ZUTPQ,” <Xt,(l) (Yt’(l))—l— _ UVT> Vv
T
— U TP, (Xt’(l) (YW)) - UVT> 1%
N Trr ph T tO) | wt@  (veO) T va0) ) ph()
2UU(R)<(X)X (Y)Y R
T T
+VTYytORt® _ Ty T [Pgl, (XW) (ye0) - UVT)] U
) ,
—l— T
. [Pl,. <Xt’(’) (v0) —UVTH U
T HONT O v (vt i@ ph)
2VV(R)((Y)Y (X)X R
:UTXt,(l)Rt,(l) o gUTpﬂil“ <Xt,(l) <Yt’(l))T o UVT) 174
U P, (XW) (YW))T - UVT) 1%
n T !
+VTytORt® _ Ty T [739[_ (XW) () - UVT>] U
) ,
.

VT [Pl, <Xt’(l) (YW))T - UVTH U,

here the last equality use the fact that UTU = VTV. By the choice of R“(®), we also have

U X ORD 4 vTytWRED is symmetric, therefore P is symmetric.
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Denote

and

E}t—&—l,(l)

=X"0ORND (XW) (Y’fﬂ))T —~ UVT) 1%

T T
o) (( xt0) " xt0 _ (yt) Yu(l)) RO,

EyttL(®)

-
=ytORLD _ (Xt,(l) (Yt,(l)>T — UVT> U

n T
_ 5‘/'(Rt,(l))—r <<Yt,(l)) Yt

W _ ( Xt,a))T Xt

,a)) RO

In order to see all the eigenvalues of P are positive, first by triangle inequality,

(C.50)

For the first term of the right hand side of (C.50), note

(C.51)

=1

[ xt+1L0) _
}N/t+1,(l) S Ve
i EX+L0 Xt+1 0
< _
Eyt+LO) yt+1,@0)

EXtHLO)
Byt |

X t+1,(0)
yt+L(0)

l

—P_,. (Xtﬂ) (Y'O) —UVT)V + 1Py
[P (xE0 (vr0) T —ovT)| UL [P, (X0 (vE0)T

Xt—i—l 1)
Yt-i-l )

U
|4

]

|

(th (ye0)" — UvT) 1%

—UVT)]TU

1 T T
<2lU]|1pa, (x40 (v ) —ovT) < (x40 (v10) o7

T T
<o Lo (x40 (v0) - ovT) - (x40 (v10) v )

.
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The last line uses the fact that
1 T T
“Pqo_, <Xt’(l) (YW)) - UVT> —P. <XW> (YW)) - UVT>
p " ’

is a matrix with [-th row all zero and

A
0

A
bT

N

for any matrix A and vector b with suitable shape. Using Lemma 2.3.6, we have
1 T T
HPQ <Xt,(l) <Yt,(l)) _ Uv'T) . <Xt,(l) (Yt,(l)> . UVT> ’
p

< H;Pﬂ ((Xt,(l)Tt,(l) - U) VT) _ (Xt,(l)Tt,(l) _ U) v

+ H;Pﬂ (U (yeOrt0 - V)T> ~U (yrort0) V)TH

N H;’PQ (( XHOTH _ g7 (YO - V>T> — (xHOTH0 _ g (YO - V>T

_le—pJ|

(HXWTW) ~U||, IVl + [Ulla [y O10 — v | )
P ,00 ,00

L2 =pJj HXt,(l)Tt,(l) B UH HYt,(l)Tt,(l) B VH .
b 2,00 2,00
Here we use the fact that

Xt (Yt,m)T _ ( Xt,mTt,m) (Yt,(Z)Tt,a))T_

On the event Egd, from (4.23) and (4.24), we have

[ (1
X0 700 _ U
Yyl |4
= 2,00
[ £
(C.52) < X! R _ x*0 0| 1 X! R _ U
Y! yt(® . Y! v,

2,212
<10yt [l Ving) | 2
(n1 A ng)?p
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From Lemma 4.3.2 and (C.52),

i e o) sy o)
p
ny A ng . [Pr2k2log(ny V ng)
< 111 M
(C.53) Vo Cre \/ (n1 A ma)2p o1(M)

UTEK . [Pr2k12log(ny V ng)
2 Vo (M 111C M)|.
% ( \ n1 A ng o1(M) + 1P \/ (n1 A ng)?p (M)

For the second term of the right hand side of (C.50), we deal with it very similar to the way we

deal with ao defined in (4.28): Note

U

[ Ext+L0)
vV

Eyt+LO)

Xt’(l)Rt’(l) —n (Xt,(l) (Yt,(l))T _ UVT) 1%
YEORND — (X0 (YE0)T — UVT)T U

U
v

gU(Rt,(l)>T <(Xt,(l))T xt0) _ (Yt,(l))T Yt,([)) RrRtMW
gV(Rt,(l)>T ((Yt,(z))T vyt _ (Xt,(z))T Xt,(t)) 2 20)

(1 (1 (1
AR = naROVTY —qu(ay)Tv
A v A Tu —nayuTu

U TU - ouTay 1 oAy
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where £1, €9 denote those terms with at least two At)’((l)’s and Ai’,(l)’s (the expression of £ and €9

one can refer to (4.33) and (4.34), replacing A% and A% by Af,’((l) and AI;’,(Z)). Again by the way
we define RH(),

At’(l) U l l
o || | er @y
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is symmetric. Plugging back we have
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where the last line we use the fact that U U = V'V, and € = { ! ] . Since UUT and VV' T
&
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Eyt+10)

+né&,

sharing the same eigenvalues, we have
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By the definition of £, we have
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From (4.44),
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holds. Combining (C C.51), (C.53) and (C.54) together, we have
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where the second inequality holds since
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and the last line holds since
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Therefore,
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By Weyl’s inequality, we see eigenvalues of P are all nonnegative. Combining with the fact that P is
symmetric, we can see P is positive definite. And also from Weyl’s inequality, o,(P) > 1.50,(M).

Moreover, by the definition of X*®) and Y+ as well as the assumption that 1 <1 < nq,
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with
A= — ;PQ_Z, <XW> (Y“”)T - UVT> —P,. (XW) (YW))T - UVT) .

First in order to give a bound of ||A||, we can first decompose A as
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From Lemma 2.3.6 and Lemma 4.3.2,
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holds on the event E;d C FEg.
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From (C.52) and (4.44),
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where the second inequality holds since
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Note by the definition of As, we have ||Az|| = [|(A2);, [|2, and note (Asz);. here is exactly by we
define in (4.55), therefore we directly use the result (4.66) and (4.67):
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holds on the event E;jgl, where the last inequality holds since
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By putting (C.58), (C.59) and (C.57) together we have
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Now from (C.56), (C.60), (C.61) and also (4.44) we can see that
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Therefore, we have
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where the second inequality uses the fact that o,(P) > 1.50,(M) and the third one uses (C.62).
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