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Sharp Fronts for the Surface Quasi-Geostrophic Equation

Abstract

Piecewise-constant solutions of the surface quasi-geostrophic (SQG) equation support surface
waves. We study two types of such solutions, called the front solutions and the two-front solutions.
For fronts that are described as a graph, the formal contour dynamics equation does not converge.
Using three different methods, we derive a well-formulated meaningful contour dynamics equation
for the SQG fronts. This equation is nonlocal, quasi-linear, and has logarithmic dispersion relation.
When the fronts have small slopes, we derive a cubically nonlinear approximate equation. We
prove local well-posedness of the initial value problem for this approximate equation posed on
the circle. Numerical solutions of the approximate equation provide evidence of the formation
of finite-time singularities. We also prove that for sufficiently small and smooth initial data, the
full SQG front equation posed on the real line has unique global solutions. For the SQG two-front
solutions, the contour dynamics equations form a system with more complicated dispersion relations
and quadratic nonlinearities. We use the contour dynamics equations to determine the linearized
stability of the SQG shear flows that correspond to two flat fronts. We also prove local-in-time

existence and uniqueness for small, smooth solutions.
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CHAPTER 1

Introduction

By introducing you to yourself it enables you to discover for yourself the true
meaning of life and thus enrich every moment of it.

— Venkatesananda Saraswati

1.1. Surface quasi-geostrophic equation

The surface quasi-geostrophic (SQG) equation arises from the quasi-geostrophic (QG) equation
in atmosphere sciences. The QG equation describes stratified mid-to-high latitude synoptic scale
dynamics in oceanic or atmosphere flows. One of the major hypotheses of the flows in this altitude
range is that the long-scale dynamics of the fluids is governed by the near balance between the
Coriolis force and horizontal pressure gradients [Maj03]. The SQG equation is an approximate
equation for the QG equation confined near a surface [Lapl7], and can also be derived from the
3D Navier-Stokes equations coupled with temperature via Boussinesq approximation under the
smallness of Rossby and Ekman numbers as well as constant potential vorticity [HPGS95,Ped79,
Sal98]. A simpler explanation is that the SQG equation describes quasi-geostrophic flows with a
potential vorticity sheet [Bie, Lap17], as illustrate in Figure 1.1.

In mathematical literature, the (inviscid) SQG equation is usually written as

Oy +u-VO =0, (lla)

u=V+(—A)"2. (1.1b)

Here, 6(x,t) with x = (z,y) is an unknown scalar field, V+ = (-9, 9,), and the velocity
field u(x,t) is determined nonlocally from 6 by V+(—A)~1/2, which could be identified with a
perpendicular Riesz transform

u=-R"0.
1



FiGure 1.1. A quasi-geostrophic potential vorticity sheet with an SQG front on
the sheet.

The Riesz transform also has a potential representation [Ste70,Ste93]

(x—y)*

1
u(x) = R19(x) = — lim I

=5 lim e X=X O(x") dx’.
More generally, the Riesz transform can also be defined in terms of a Neumann-Dirichlet map for
the 3D Laplacian in the derivation of the 2D SQG equation from the 3D QG equation. See also
Section 2.1.

The analytical study of (1.1) traces back to [CMT94a,CMT94b]|, where strong mathematical
similarities between the SQG equation and the 3D Euler’s equations are shown. This makes the

SQG equation a useful 2D model for singularity formation in the 3D incompressible Euler equations.

Indeed, if we take the skew gradient V- of the equation (1.1a), we obtain
(V0); +u-V(V+0) = (V) - Vu.
In contrast, the vorticity-stream function formulation of the 3D Euler equation reads
wt+u-Vw=w-Vu,

where u = (u1,ug,us) is a 3D velocity field, and w = curlu is the vector vorticity of the fluid. This
resemblance suggests that the 2D vector field V16 in the SQG equation plays a similar role of w in

the 3D incompressible Euler equations. The SQG equation has global weak solutions in LP-spaces
2



(p > 4/3) [Mar08,Res95], and convex integration shows that low-regularity weak solutions need
not be unique [BSV19]. A class of nontrivial global smooth solutions is constructed in [CCGSar],
but — as for the 3D incompressible Euler equations — the question of whether general smooth
solutions of the SQG equation remain smooth for all time or form singularities in finite time is
open. See Table 1.1 for a summarization of some of the resemblance  BKM84,BSV19, CMT94a,
CMT94b, MB02,Shn97].

3D Euler 2D SQG
w=Vxu VL0 = (-9,0,0,9)
dw+u-Vw =w- (Vu) O(V4L0) +u - V(VEE) = (V1) - (Vu)
Viw=V-u=0 V- (V) =V-u=0
(%) = [ Ka()wlx =) dx | u(x) = [ Ka(x)V40(x — %) dx
vortex lines move with the fluid level sets of 8 move with the fluid
[a(®)llz2 = [a(0)] 2 la(®)ll > = [1a(0)] .2
local existence in H* local existence in H*
BKM [ ][z~ ds — o Jo 1940 1 ds 755 00
Nonuniqueness of weak solutions Nonuniqueness of weak solutions

TABLE 1.1. Comparison between 3D Euler equations and 2D SQG equation. o
and K3 are the Green’s function of (generalized) Biot-Savart law in two-dimension
and three-dimension, respectively.

It is also remarkable to compare the SQG equation with the 2D incompressible Euler equation
in the vorticity-stream function formulation [MT96]. These two equations both fall into a family

of active scalar equations

9t +u- VG = 0,
(1.2)
u=V(—A)"*/?,
where a € (0, 2] is a parameter. If o« = 1, (1.2) is the SQG equation, while if & = 2, (1.2) corresponds
to the Euler equation. When « takes other values, (1.2) is referred to as the generalized surface

quasi-geostrophic (GSQG) equation, and they are a natural generalization of the other two cases.

There are other values of « of interest [KRara, KRarb], but we do not mention them here. The

3



operator (—A)~*/2 is the Fourier multiplier operator with symbol |k|~%:

(—A)_O‘/z f(k7€)€ikx+i€y dk d¢ = / (k2 + £2)—a/2f(k’£>eikx+i6y dk de,
R2 R2

and the relation between u and 6 is sometimes referred to as the (generalized) Biot-Savart law
_ i
u(x) = ga V-G %6,

where G is the Green’s function for (—A)*/2? (Riesz potential if 0 < o < 2 [MZ97, Ste93]) or the

two-dimensional Newtonian kernel if « = 2 [MBO02]

—loglz| ifa=2, 1 if @ =2,
G(z) = Yo = r(1-g) . (1.3)
||~ () if0<a<2, —y ifo<a<2
20m(§)

The endpoint case (Euler equation, av = 2) is mostly studied, and the scalar § = V1 - u is
the scalar vorticity. It has long been established that the 2D Euler equation has global smooth
solutions [H33, Wol33]. Further results on the 2D Euler equation can be found in [MB02, MP94]
and the references therein.

As for the other cases in the family, with 0 < o < 1 or 1 < a < 2, local existence of smooth
solutions of these equations is proved in [CCC*12], but the global existence of smooth solutions

with general initial data is not known for any 0 < a < 2.

1.2. Piecewise constant solutions

We first review a notion of a weak solution of the GSQG equation [Res95].

Definition 1.2.1 (Weak solutions of the GSQG equation). A bounded function 6 is a weak solution
of the GSQG equation if for any ¢ € C$°(R? x (0,T)), we have

/ [0(x,t)pe(x,t) + 0(x, t)u(x,t) - Vo(x,t)] dxdt = 0.
R2x(0,T)
Equation (1.2) has a class of piecewise constant solutions of the form

N
0(x,t) = > Opllo, (1) (x), (1.4)
k=1

4



where N > 2 is a positive integer, 01,...,0x € R are constants, and Q1(t),...,Qxn(t) C R? are

disjoint domains such that

N
U Qk(t) = R2a
k=1

and their boundaries 09 (t),9Qa(t),...,00QxN(t) are smooth curves, whose components either co-
incide or are a positive distance apart. In (1.4), 1q, ) denotes the indicator function of Q4(t). The
transport equation (1.2) preserves the form of these weak solutions, at least locally in time, and to
study their evolution, we only need to understand the dynamics of the boundaries 9€(t) of the
regions Q(t).

Depending on the number of regions and the boundedness of each region, we distinguish the
following three different types of solutions (see Figure 1.2). In this dissertation, we will be mainly
concerned with the second and the third types, which we call front and two-front solutions, for the
SQG equation (1.1), but in this chapter, we review also some of the results on GSQG equations

(1.2).

1.2.1. Patches. Equation (1.4) is a patch solution if it satisfies the following assumptions:
(1) N >2;
(2) Oy =0, but 0, € R\ {0} foreach 1 <k < N —1;
(3) for each 1 < k < N —1, the region Q(t) is bounded, and its boundary 0$(¢) is a smooth,
simple, closed curve that is diffeomorphic to the circle T;

(4) the region Qy(t) is unbounded.

Under these assumptions, 6 has compact support and contour dynamics equations for the motion
of the patches are straightforward to derive, as was first done in [ZHRT79] for the vortex-patch
solutions of the Euler equation. The 2D Euler equation has global weak solutions with vorticity
in LY(R?) N L*°(R?) [MBO02,Jud63], and smooth vortex patch boundaries remain smooth and
non-self-intersecting for all times [BC93, Che93, Che98,Ser94|. Some special types of nontrivial
global-in-time smooth vortex patch solutions are constructed in [Bur82,CCGS16b,dIHHMV16,
HM16, HM17, HMV13|, mostly using a Crandall-Rabinowitz bifurcation theorem [CR71].

By use of a reparametrization-by-arclength technique, local well-posedness of the contour dy-
namics equations for SQG and GSQG patches is proved in [CCC'12, CCG18, Gan08, GPar].
The question of whether finite-time singularities can form in smooth boundaries of SQG or GSQG

patches remains open, but it is proved in [GS14] that splash singularities cannot form. To be more

5
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(a) Patch problem with N = 2. (b) Spatially periodic front problem.
“y \y
Q)
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9 -

\/\/\/ y = hi+ ¢(z,t)

v J\/v\

y = ho+ Y(x,t)

(¢) Non-periodic front problem. (d) Two-front problem.

FiGure 1.2. Different types of problems.

specific, the boundary of an SQG patch cannot self-intersect in finite time as long as the bound-
ary stays smooth. In [CCGS16a,dIHHH16,GS19, HH15 HM17|, some particular classes of
nontrivial global solutions for SQG and GSQG patches have been shown to exist. These solutions
have some symmetries and are either rotating in time (time-periodic) or steady (the shape of the
boundary do not change in time). See also [GSPSYar].

The local existence and the formation of finite-time singularities of smooth GSQG patches in
the presence of a rigid boundary is shown in [GPar,KYZ17] for o € (5/3,2). By contrast, vortex
patches in this setting (with o = 2) have global regularity [KRYZ16].

Numerical solutions for vortex patches show that they form extraordinarily thin, high-curvature

filaments [Dri88,DM90], although their boundaries remain smooth globally in time. On the other
6



hand, numerical solutions for SQG patches suggest that complex, self-similar singularities can form
in the boundary of a single patch [SD14,SD19| and provide evidence that two separated SQG
patches can touch in finite time [CFMRO5].

1.2.2. Fronts. Equation (1.4) is a front solution if it satisfies the following assumptions:

(1) N =2
(2) 01,05 € R are distinct constants;
(3) both Q4(¢) and Q2(¢) are unbounded and they share a boundary which is a simple, smooth

curve diffeomorphic to R.

When 1 < a < 2, the kernel of the (generalized) Biot-Savart law, which recovers the velocity
field u from the scalar 6, decays too slowly at infinity for the formal front equations to converge.
This differentiates the patch problems and the front problems, since there are no convergence issues
at infinity in the case of patches with compactly supported 6. One goal of this dissertation is to
present several methods deriving meaningful contour dynamics equations for the SQG fronts used
in [HS18] and [HSZara)|.

The front problem for vorticity discontinuities in the Euler equation is studied in [Ray96], where
it is shown that vorticity discontinuity is linearly stable, and that the surfaces waves propagate
along discontinuity, but decay exponentially into the interior. It is also shown that the location of
discontinuity can be described by the Burgers-Hilbert equation using asymptotic analysis [BH10,
HMVSZ|. Local existence and uniqueness for spatially periodic SQG fronts is proved for C'*°
solutions in [Rod05] using a Nash—Moser iteration, and analytic solutions in [FR11] using a
Cauchy-Kowalevski theorem. Spatially periodic almost SQG sharp fronts are studied in [CFRO04,
FLR12,FR12,FR15]|. Smooth C* solutions for spatially periodic GSQG fronts with 1 < a < 2
also exist locally in time [CFMROS5].

In the non-periodic setting, smooth solutions to the GSQG front equations on R with 0 <
a < 1 are shown to exist globally in time for small initial data in [CGSI19]. When 1 < o < 2,
a regularization procedure is needed in the derivation of the front equations to account for the
divergence of the naive contour dynamics equations at infinity [HS18], and smooth solutions also
exist globally when 1 < av < 2 [HSZarb]. In this dissertation, we will also prove local and global
well-posedness of an initial-value problem for the full SQG front equation for small, smooth initial

data [HSZarc]. See also a review article [Shu20].
7



In this dissertation, without loss of generality and for simplicity, we write ;. = 67 and 6_ = 6,

normalize the jump 6, — 0_ to 27, and consider only fronts that are a graph, located at

y = o(z,t),

where ¢(-,t): R — R is a smooth, bounded function. To be more specific, the transported scalar 0
has following profile
27 if y > p(z,t),
O(x,y,t) = (1.5)
0 if y < p(z,t).
1.2.3. Two-fronts. Equation (1.4) is a two-front solution if it satisfies the following assump-

tions:

(1) N=3;

(2) 61,65,605 € R with 6 # 6 and 6y # 0s;

(3) there is a diffeomorphism W,;: R? — R?, satisfying ¥; (Q1(t)) = R x (1,00), ¥; (Qa(t)) =
R x (=1,1), and ¥; (Q3(t)) = R x (—o0, —1).

This case is mainly studied in [HSZard], and in this dissertation, we present the derivation of
the SQG two-front system and prove well-posedness results for the resulting system. For notational
simplification, we write Q4 (t) = Qq(t), Qo(t) = Qa(t), Q_(t) = Q3(¢), with the same subscript
changes applying to 61, 6y, 6_. We also define the jumps in € across the fronts, scaled by a

convenient factor g, given in (1.3), by
O+ = ga(f+ — o), O- = ga(to — 0-). (1.6)

Numerical solutions of the contour dynamics equations for spatially-periodic two-front solutions
of the Euler equation and a study of the approximation of vortex sheets by a thin vortex layer are
given in [BS90]. The two-front problem for the GSQG (0 < a < 2) is studied in [HSZard).

In this dissertation, we only consider two-front solutions whose fronts are graphs located at

y:h++(10($at)7 y:h7+¢(:pat>,



where @,1: R x Ry — R denote the perturbations from the flat fronts y = hy, h = h_, and

hy > h_. To be more precise, the transported scalar § admits following profile

9+ iny (h++g0(113,t),00),
0(x,y,t) = 1 6 if y € (he +0(x,t), hy + o(x,1)), (1.7)
0_ if y € (—oo,h— +9(x,1)).

1.3. Chapter summaries

The results in this dissertation are presented into five chapters, containing essentially selected
results of papers [HS18, HSZ18, HSZara, HSZarc, HSZard]. This dissertation is organized as
follows. In Chapter 2, we collect some fundamental facts and results that we will use throughout the
whole dissertation. In Chapter 3, we present three methods to derive the contour dynamics equation
for the SQG front equation — the regularization method proposed in [HS18], the decomposition
method, and the modified Green’s function method presented in [HSZara|, and two methods to
derive the contour dynamics system for the two-front SQG problem [HSZard]|. In Chapter 4,
we study an approximate equations for the SQG fronts. We present a weak local well-posedness
result for a dispersionless version of the approximate equation posed on circle T, in which solutions
may lose Sobolev derivatives over time [HS18]. This analysis is of independent interest as it is an
adaption of proofs for Gevrey-class solutions to the Sobolev solutions. We also prove a stronger
short-time well-posedness result for the approximate SGQ equation posed on T using Weyl para-
differential calculus [HSZ18], and present some numerical simulations for the approximate SQG
front. In Chapter 5, we prove that the full SQG front equation admits global-in-time solutions
for small and smooth initial data [HSZarc|. We finish the main part the of this dissertation by
Chapter 6, where we first present the derivation of two-front SQG contour dynamics systems —
the regularization method and the decomposition method, and then prove local well-posedness of
the initial value problem for the system with small and smooth data [HSZard]. In appendices,
we present an alternative formulation for the SQG front equation in Appendix A and prove some

algebraic inequalities in Appendix B.



CHAPTER 2

Preliminaries

The beginner ... should not be discouraged if ... he finds that he does not have
the prerequisites for reading the prerequisites.

— Paul Halmos

The goal of this chapter is devoted to summarize a number of theories and facts, as well as
fix some notations that we will need to use throughout the dissertation. In Section 2.1, we state
definitions and some properties of the Riesz transform, which relates L°° space and the BMO space.
In Section 2.2, Fourier transform, Fourier multipliers, Sobolev spaces, and Weyl para-products are
defined. We also prove some basic commutator estimates. In Section 2.3, we state some lemmas
regarding a frequency cut-off Fourier multipliers and a multilinear estimate, which are widely used
in Chapter 5. Finally, in Section 2.4, we review the definitions and some basic properties for the

modified Bessel’s functions.

2.1. Riesz transform, BMO space, and Dirichlet-Neumann maps

2.1.1. Riesz transform and BMO space. In this subsection, we recall some definitions and
properties of the Riesz transform and the space of bounded mean oscillations (BMO). For more
details, see [Duo01,FS72,Ste70,Ste93].

When 1 < p < oo, the Riesz transform R: LP(R"™) — LP(R™;R™) is the bounded singular

integral operator defined pointwise a.e. for f € LP(R™) by [Duo01]

x —x

/
: X— X
= Ca el—l>%l+ |x — x/|n+1
R™\Be(x)

1 n+1
Cn = 7r(n+1)/2F < 92 > )

where B,(x) is the ball of radius € centered at x. One can also write R = —V(—=A)~/2,

10
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For f € L*>(R™), the principal value integral on the right-hand side of (2.1) does not define
R f, unless it happens to converges absolutely at infinity. However, the Riesz transform can be
extended to a bounded linear map R: L>®(R") — BMO(R"; R"), where BMO denotes the Banach
space of functions of bounded mean oscillation.

The BMO-norm of f: R® — R is defined by

’f‘BMO:;ggn]éf_]éfv ]faleél/Bf’

where B ranges over all balls and f f denotes the average of f over B. The BMO-norm of a

constant is equal to zero, and functions that differ by a constant are regarded as equivalent in
BMO. The space BMO consists of equivalence classes of locally integrable functions with finite
BMO-norms.

The Riesz transform of f € L*(R™) can be defined by [Duo01]

R/(x) = RIfL5](x) + C, x-x ___x-X

/ /
R\ ria e L (2:2)

where xg € R™ is a fixed point, B is a ball that contains x and xg, 1 p is the characteristic function
of B, and R[f1p] is defined as in (2.1). The integral on the right-hand side of (2.2) converges
absolutely since the integrand is O(|x/|~(*1) as |x/| — oco. Different choices of xq and B lead
to functions that differ by a constant, so they are equivalent in BMO, and it can be shown that
Rf € BMO for f € L*°. In particular, R1 = 0 in BMO. If the support E of f € L*(R") is a

proper subset of R"” and xg ¢ E, then we can also define

x—x xg — X’

Rf() = o [ |20 = 20 ) ax. (23)

since this expression agrees with (2.2) up to a constant.

2.2. Fourier transform, Sobolev space, and Weyl para-differential calculus

In this section, we first fix some notations for Fourier transforms, Fourier series, Sobolev spaces,
and Weyl para-differential calculus, and then state several lemmas for the Fourier multiplier oper-

ators

L=log|d,, D=—idy, |DI*=|0, (2.4)

11



with symbols Az (&), &, and |£]°, respectively, where

log |¢] if € € Zy,
L(§) =
0 if£€=0,

where Z, = Z \ {0} is the set of nonzero integers.

For f: T — C, we denote the Fourier series of f by Ff = f: T—C
R ] R 1 —ifx
f@) = S HOe fe) = o [ rae e da.
ez TJT

We denote the Hilbert space of zero-mean, periodic functions with square-integrable weak deriva-

tives of the order s € R by

15(T) = { £: T = RIF(0) = 0, flljrzy < o0}

) 1/2 (2.5)
1 oy = | D LEP*IFOF

EE€ELx

Respectively, for f: R — C, by an abuse of notation concerning Fourier transforms and Fourier

series, we denote the Fourier transform of f by f : R — C, where f = F [ is given by

f(z) = /]R fleesae  fe) = o /R F(e)e da.

For s € R, we denote by H*(R) the space of Schwartz distributions f with || f||zs®) < oo, where

A 1/2
ey = [ | @riepy e dg} .

In this dissertation, we sometimes omit the space T or R when it is clear in the context. For
p € [1,00], we denote by LP the Lebesgue space of measurable functions satisfying || f||zr < oo

where

1A (/’f(“f)'pdl’)p s p<oo
Lr —

sup | f(z)] if p=ooc.
x
In addition, if o € N, we denote by WP the Sobolev space function measurable function satisfying

| fllwer < 0o where

1Fllwer =D 105 fIle.
k=0

12



Throughout this dissertation, we use A < B to mean there is a constant C' such that A < CB,
and A 2 B to mean there is a constant C' such that A > CB. We use A ~ B to mean that A < B

and B < A. The notation O(f) denotes a term satisfying

NO(as < I1.f |l

whenever there exists s € R such that f € H*. We also use O(f) to denote a term satisfying
O(f)| S |1 pointwise.

Let x: R — R be a smooth function supported in the interval {£ € R | |{] < 1/10} and equal
tolon {{ €R||{ <3/40}. If f is a Schwartz distribution on R and a: R x R — C is a symbol,
then we define the Weyl para-product T, f by

Ffl© = [x (S0 a0 50 i an (26)

where a(&,n) denotes the partial Fourier transform of a(x,n) with respect to z. For r1,re € Ny, we

define a normed symbol space by

My = {a: RXR = C: [allug, .., < 0},

T1,72)

T1 T2

lall, = s SO>S nlP|ofocata, n)|

(zmeR? | v—05—=0

If a € Mgy and f € LP, with 1 <p < oo, then T, f € LP and

ITafllze < llallroll £l

In particular, if a € Mg o) is real-valued, then T}, is a self-adjoint, bounded linear operator on L2

Weyl para-products admit the following decomposition

fa="Trg+Trg+ R(f,9). (2.7)

This decomposition is well-defined if, for example, f € W?* and g € H® with s+ ¢ > 0, and then

IR D msve S N llweeellgl s (2.8)

13



We can also define Weyl para-products on periodic functions, and above statements still hold.

Further discussion of the Weyl calculus and para-products can be found in [BCD11, Che98,H07,

Tay00].

Next, we prove some commutator estimates.

Lemma 2.2.1. Suppose that f € H*(R), a € M1y, and b,zb € Mg). Then

L Tal fllms < Nlallaag o) LF o=, (2.9)
Iz, To] fllms < (Hb”M(o.o) + beHM(o,o))”fHHsv (2.10)
N Dflge S Wl 521 (2.11)

Proof. 1. We shall prove that
LT,v = TyLv 4 Tpa D™ v + O(Tp2, D" %0).

Indeed, by the definition of Weyl para-product, we have for £ # 0 that

Ftal©) =gl [ x (552 )a(e -0 50 owan

- €+ (212
— 0y - URPS
= 10g€—77+77x< >a<£—n,)vn d.
Joeste = (e AL
If (¢,n) belongs to the support of x(|¢ —n|/|€ +n|), then
— 2
'H‘ <z (2.13)
i 9
To prove this claim, we use the fact that
1
€=l < I+ (2.14)

— 10
on the support of x(|¢ —n|/|£ + n|) and consider two cases.
o TE €+ 1] < [, then € — 5] < [5]/10, 5o
'f—’?' <1, 2
n |~ 10 9
e If |£ 4+ n| > |n|, then &n > 0, so |£ —n| = ||¢] — |n||, and can we rewrite (2.14) as

el — ball < €l + I,

14



which implies that

9 11

and (2.13) follows in this case also.

Using the Taylor expansion

log | — 1+ n| = log |n| + log

14_5_77‘
n

_ 2
n n
in (2.12), we get that

Flutal © = [ g+ oS [ (5 a (60 S5 sty an

n € 4 n) 2
=F [T.Lv + TpoD ™ 'v 4+ O(Tp2a D~ %0)] (€),

and (2.9) follows directly from the assumption on a

2. To prove (2.10), we compute that

‘F[:E’Tb]f

N A= R

€+ 2 )anf(ﬁ)dﬁ

:_Z/X<:§+ZD [(5 n,i)}f +ag[ <‘§ n”@(&—mw)}ﬂn)dn

2 1€ + 1] 2
& — 1 £+77
*4*(m+n0 (6=m g )ionfna

We rewrite the first integral above as

(Eﬂ) n S
(i

(951—1—852 & +77‘> §2+77 }f(ﬁ)dn f1mtamt
26£1+8 <:§1+ |> §2+n ]f(n)dn §1=€2=¢
:/R”&{X(F?MD (6-n557)] &:&:gﬂ")*{X(EIZ)B@‘" o

15



Therefore

f(n)dn

Flz, T)f = _7:/R28§1 [X (Kl ~ m) (;({1 ' 62;77)] &1=E2=¢

€2 + 1)

. [sen(€—n) /<!§1—77!>~6 Lty
N QZ/R IR (51 Ty )f(’7>

€ —n - S+
ex () oile - 557)

and (2.10) follows.
3. Taking Fourier transforms, we get that

F(lw, L1f ) = ~idellog|€|f(€)] ~ log |¢] (~i0ef (€)) = —2F(©),

and (2.11) follows. O

Finally, we give an expansion of |D| acting on para-products (cf. [Lil9]).
Lemma 2.2.2. If a(x,§) € M3y, f € H*(R) and s € R, then

s(s—1)
2

IDITaf = TulDI*f + sTpa|DI*2Df + Tippsal DI + O(Tippsal DI £),

where Da means that the differential operator D acts on the function x — a(x,§) for fized £, and

similarly for |D|?a and |D|3a.

Proof. By the definition of Weyl para-product

FDIT© =16t [ x ([0 ) a(e=n S5 7) Fnan

— _ s ’5—77|>~ _ m R
—/Rlé n+n\x<’§+n| a(§ 7 )f(n)dn,

where a denotes the partial Fourier transform of f in the first variable. On the support of

x (1€ —n|/|§ + n|) we have that

and, using the Taylor expansion

1_,_6;77
n

& —n+nl* =y

s _ _ _ 2 |3
— Il (1+8£nn+8(8 1) (€ 277) +O<|§ n3n| ))



in the expression for F[|D|*T, f], we get

F[IDI*T.f](€)
_ s E—n  s(s=1)(E=n) € —nl? E=nl\ (. E+n\;
_/Rm <1+8 n 2 " +O< UM )>X<I£+n|)a(§ "o )f(n)dn
= 7 [TlDI S + 5Toul DD 4+ 0 D21 4+ Ol D) ),

which proves the lemma. ]

We remark that a similar result holds also for functions defined on T and have zero mean.
Moreover, in the periodic case, we have following lemma, whose proofs we omit (see [HSZ18] for

details).

Lemma 2.2.3. Ifu,v € L?, then

1 1
L(uwv) = TyLu + Tp, D tu — 5TD%D—% + gTD:avD_?’u + O(Tpa, D)

1 1
+ Ty Lv + Tp,D v — 5TDzuD—% + gTDsuD_?’v + O(Tpa, D~ %) + LR(u,v),

where the remainder terms satisfy
lO(Tps, D~ )l < CllTpa, D™ ull gy |O(Tpa, D)l g < C|Tpay D™ 0]l
Moreover, if u, Lu € W for an integer o > 0, and v € H® with s + 0 > 0, then
ILR(u, v)[| prsvo < Cllullwece + [|Lullweee ) [[v]| g,

for some constant C > 0.

Setting u = v in Lemma 2.2.3, we have the following corollary for Lu?, which is of independent

interest.

Corollary 2.2.4. If u € L® N H® with Lu € L™ and s > 0, then there exists a constant C' > 0
such that

ILu® = 2uLul g < ClJullze + || Lulleo)lull ..
Proof. By Lemma 2.2.3, we have that

L(u?) = 2T, Lu + 2Tp, D™ u + O(Tp2, D)
17



and

2ulu = 2T, Lu + 2T, u + 2R(Lu, u).
Taking the difference of above two equations yields

| Lu? — 2uLul| 7, = 12Ty D™ u + O(Tp2, D"?u) — 2T u — 2R(Lu, )| 17,

< Clllullzee + [[Lullpoo)lull gs-

The following lemma gives an expansion of L(uvw) and an estimates of the remainder terms.

Lemma 2.2.5. If u,v,w € W3 N H3, with s > 0, then

1
L(uvw) = Y T,TwLu+ (TpyTw + TyTpw) D u — 5 T2 T+ Tp2, T + 2T p0Tpw] D™ 2u

UU,W

+ remainder,
where the summation is cyclic over u,v,w, and the remainder terms satisfy
. 2
[remainder| pose < C (Jullwsce + [[0llwsee + lwllwace)” (lull g« + vl s + llwll ),

for some constant C' > 0.

Proof. By Lemma 2.2.3, we have
L{u(vw)] =Ty L+ Tp(uwyD ™ 'u — %TDQ(W)D—% + O(Tps (yuy D~ %u)
+ T, L(vw) + Tpu D~ (vw) — %TD%JD_Q(’UU)) + O(Tps,, D73 (vw)) (2.15)
+ LR(u,vw),
with
ILR(u, vw)| grate < Cllullwzoe + [[Lullwzeo) [ow]l g,

where || Lulwz.cc < Cllullys.e and [fvw]| e < C ([vllzee Jwll s + [[wlzoe vl )

Using the fact that

[ Tow = ToTwll s grove < Clllvllwoee lwllzee + (o] Lo wl[weee),
18



and denoting the remainder terms by R;, we can expand each term in the above equation to get
Towlu =T, TyLu+ R,
Tp(wwy D™ u = (TpyTw + TyTpw) D™ u + Ra,
Tp2(uuwyD 2t = [Tp2,Tow + Tp2y, To + 2TpuTpw| D™ u + R,

DY vw) = DY Tyw + Tyv + R(v,w))
=T,D 'w — Tp,D*w + O(Tp2,D >w) (2.16)
+ TwD ' — TpywD v + O(Tp2,, D™ 30) + Ry,

D™ %(vw) = D™3(Tyw + Tyv + R(v,w))
= T,D*w — 2Tp,D 3w + O(Tp2, D~ *w)

+ T,D™ 20 — 2Ty D30 + O(Tp2,, D~ 40) + Rs,

with
IRillgata < Cllollws.o [wllwseellullgs,  fori=1,2,3,
IRall grorz < Cllvllwreellwll gs + llwllwreel[vll e
IRsll ov2 < Nlollpoo [l s + 1wl zoe 0]l 4o
Then the lemma is proved by substituting (2.16) into (2.15). O

2.3. Fourier multipliers

Let ¢: R — [0, 1] be a smooth function supported in [—8/5,8/5] and equal to 1 in [—5/4,5/4].

For any k € Z, we define

G(€) =<(§/2") —<(€/287Y), k(@) =<(€/2%),  wr(§) =1—c(¢/2" ),
Sk (§) = sk—1(§) + <k (§) + sk+1(8),

(2.17)

and denote by Py, P<i, P>y, and Py the Fourier multiplier operators with symbols ¢, <, s>k, and
&, respectively. Notice that ¢ (€) = 6o(£/2%), & (€) = &(€/2F).
It is easy to check that
lokllze & 22, il e ~ 2742, (2.18)
19



We will need the following interpolation lemma, whose proof can be found in [IP16].

Lemma 2.3.1. For any k € Z and f € L*(R), we have
1B S IPLFIR S 27H0 Lz (25006152 + 1 £l

We will also use an estimate for multilinear Fourier multipliers proved in [IP15]. Before stating
the estimate, we introduce some notation.

Define the class of symbols
5% :={k: R = C, & continuous and ||| g~ := ||F 1 (k)||1 < co}. (2.19)

Given k € 5%, we define a multilinear operator M, acting on Schwartz functions fi,..., f, €

S(R) by
M(frv . i) (@) = / Oy ) fil€1) - Fonl€m) A6 Ao,

Lemma 2.3.2. (i) If k1, ke € S, then K1k € S™.

1) Suppose that 1 < p1,...,pm < 00, 1 <p < oo, satis
Y

1 1 1 1
_t — 4 — = -
p1 D2 Pm p

If Kk € S, then
[ Myl Lot s xzom— o S ||| o0

(i1i) Assume p,q,r € [l,00] satisfy 1/p+ 1/q+ 1/r = 1, and m € S LS. Then, for any
feLP(R), g€ LY(R), and h € L"(R),

o STl

e[ fllzellgllLallhl| -

H/}R2 m(n1,m2, €) f ()G () (€ — m — n2) dipy dig

Remark 2.3.3. For a symbol m(n1,72) in C2°, by interpolation, we can estimate its S° norm as

1/4 1/2 1/4
Imlls= S lm]| 3 102,ml|}/2 (162, 82,ml| )",

(2.20)

1/4 1/2 1/4
Imlls= S lm| 3102 ml| 3\ (102, 02,ml|}".
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2.4. Modified Bessel function of the second kind

In this section, we summarize some definitions and properties of modified Bessel functions,
which can be found in [OLBC10, Wat95]. The modified Bessel function I, of the first kind is
defined for v € R by

o0

L= miT(m i v+ 1) <;;;>2m+”‘

m=0

The modified Bessel function K, of the second kind is defined for v ¢ Z by

mly(z) = 1,(z)

K =
,,(ac) 2 sin vm

and K, (x) = lim,_,, K, (x) for n € Z. When v > —1/2 and = > 0, we can also write K, as

L'(v+ @2z [ cos
Kyle) = —— /O o xQ;{/H 5 dy. (2.21)

In (2.21), and throughout this dissertation, I'(z) denotes the Gamma function.

The following lemma collects the properties of modified Bessel functions of the second kind that

we need. Properties (i)—(iv) can be found in [OLBC10].

Lemma 2.4.1. The modified Bessel functions of the second kind have following properties:

(i) For each v >0, K,(x) is a real-valued, analytic, strictly decreasing function on (0,00).
(i1) For each fized x,v >0, K,(v) = K_,(x).
(iii) If v > 0, then

(iv) If v > 0, then
K,(x)~ ] —e" as x — 0.
(v) Let m > 0 be an integer, and define fp,: R x (%,oo) — R by
fm(@,v) = 2| K, (|2]).

Then fm(-,v) attains its maximum, and if the mazimum is attained at some xoy € R, then

(m? + (2v — 1)m)m/2 F(V)'

|zo| < \/m2 + (2v —1)m, 0 < fin(zo,v) < Sl

(2.22)
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Proof of (v). Tt follows from (ii) that we only need to consider > 0. We use the identities
(see [OLBC10])

K (z) = _Ky_a(z) ‘2F Ku+1($),

Ky, (z) —2Ky—1(x) = 2vK, (x),

to obtain

0

S ) = (4 M) U (@) = 20 (K () 4 K ()

= 2" (K, (2) — 2K, 1 (z)).

When m = 0 and v > 1/2, we have 9, fo(z,v) < 0. Thus fj is decreasing in z, and its maximum

is attained at xo = 0 with
I'(v)
fO(O’ V) = u+1’

When m > 0, it is clear that f,, is smooth in z € (0, 00) with
fm(0,v) = xlggo fm(z,v) =0,

so the maximum is attained at its critical points. Therefore, xg must satisfy

m.o Kz/—l(fUO)

zo  Ky(zo)
For v > 1 and = > 0, we have that [Segl1]

Ku—l(l') > x
Ky() = a2+ (v —1/2%2+v—1/2

which leads to the estimate of |zg| in (2.22). Then, using

I'(v
fm(wo,v) = |xo" T K, (x0) = |x0|™ fo(zo,v) < |zo|™ fo(0,v) = |$0\m2£+37

we obtain the upper bound for f,,. O
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CHAPTER 3

Contour dynamics equations

The world is complex, dynamic, multidimensional; the paper is static, flat. How
are we to represent the rich visual world of experience and measurement on mere
flatland?

— Edward Tufte

In this Chapter, we derive contour dynamics equations for the front solutions (1.5) and two-front
solutions (1.7) for the SQG equations (1.1).

One main result of this chapter is that, with the choice of boundary condition
u(x,t) = (2loglyl,0) + (1) as [y = oo, (3.1)
the evolutionary equation describing the location of an SQG front is

oi(z,t) — 2log |ax’90x(x7 t)

) ) (3.2)
+/R[<Px(x7t)_(:0x(x+C7t)]{m_ \/<2+[So(x’t)_(p(“C?t)]Q}dC:O,

where log |0;| is the Fourier multiplier operator defined in (2.4). This equation can be derived

using three methods, a regularization method proposed in [HS18], a decomposition method, and
a modified Green’s function method [HSZara]. As is noted in [HSZara], the last two methods
are essentially equivalent. This equation also possesses conservative form (3.12) and Hamiltonian
structure (3.13)—(3.14). For spatially periodic SQG fronts, the contour dynamics equation is (3.43).

The second main result is regarding SQG two-front solutions (1.7). We show that, if © 4 = O_,
then the far-field velocity of in the two-front problem are bounded. However, in general, the far-
field velocity is unbounded (as in the one-front case). In this case, we need to use the similar ideas

as in the one-front case to derive well-formulated contour dynamics equations. We show that the
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contour dynamics equations for ¢ and ¢ are

pula,t) = (O4 — O)(y + log h)pa (. 1) — 20 log |l s (2, t) + 20 Ko(2h|, [ (2, 1)

1 1
+®+/FWA$+Q® ¢x$t]{¢@ x+gw—¢@¢»?_K&dc
1 1
ro- [ lnte 00 oot e ¢<2+<2h>2}dc_0}33>
1/1t(357t) + (®+ - @—)(’V + log h)l/}x(xﬂ t) —206_ log ’@:’%(l’at) + 2®+K0(2h’am‘)<pm($vt)
1 1
+0- [ [tale¢.0- wg‘“]{ﬂ? +c,t>—w<x,t>>2_l<!}d§

1 B 1 }dC—O
VCHh+ o+t — o, 0)?  /C+Eh2)

where ©4 is defined in (1.6) with g, = g1 = 1/(27), and

+®+/R[<,ox($+@t) wx:ct]{

hy —h_
o

h =

This system also possesses Hamiltonian structure (3.53)—(3.54). Moreover, we also derive symmetric
(with ©4 = ©_) and anti-symmetric (with ©4 = ©_) scalar reductions of these equations (see
(3.56) and (3.57)).

The structure of this chapter is as follows. In Section 3.1 we use the three methods we mentioned
above to derive (3.2), and in Section 3.2, we give two derivations using the regularization method

[HSZard] and a sketch of the decomposition method.

3.1. Contour dynamics for SQG front solutions

3.1.1. Method of regularization. We begin by recalling the derivation of the contour dy-
namics equations for bounded patches (see e.g., [CCG18, Gan08|).
3.1.1.1. Contour dynamics for patches. Suppose that 9€Q(t) is a smooth, simple, closed curve

with bounded interior Q(t) C R? and

0(x,t) = ’ (3.4)



The Green’s function for the operator (—A)'/2 on R? is given by the Reisz potential [Ste70]

1

27|x|’

Then, using (1.1b) and Green’s theorem, one finds that the velocity field corresponding to (3.4)
is
L/
t
u(x, t) = / 20D 44, (3.5)
o0 [x—x|

where n = (m,n) is the inward unit normal to Q(¢), nt = (—n,m), and s(x’) is arc-length on

o0(t).

We suppose that 9€)(t) is given by the parametric equation x = X((,t), where X(-,¢): T — R?
(see Figure 1.2(a)). Since 6 satisfies the transport equation (1.1a), the curve 92(¢) moves with
normal velocity X; - n = u-n. Notice that the tangential component of (3.5) is unbounded on
0Q(t) (in fact, u € BMO), but the normal component is well-defined, and the motion of the curve

is determined solely by its normal velocity. The equation for X is therefore

(X (¢ 1) = X (¢ 1)] Al (3.6)

X(6.0) = Xl + [ et s

where ¢(+,t): T — Ris an arbitrary smooth function that corresponds to a time-dependent reparametriza-
tion of the curve. The inclusion of the term proportional to the tangent vector X¢ in the integral
ensures that the integral converges.

We note that there is a difficulty in extending the contour dynamics equation for a patch to
an infinite front y = ¢(x,t) where o(-,t): R — R (see Figure 1.2(c)). In that case, X(z,t) =

(z,¢(x,t)), and we get formally from (3.6) that ¢ = 0 and

1 / ’
o) = [ e lpaland) e @ D (37)

This equation does not make sense, since the integrand is not integrable at infinity and ¢, (x,t)
does not decay as =’ — co.

Roughly speaking, we have to regularize a short-distance “ultraviolet” singularity, caused by the
infinite tangential velocity on the front, and simultaneously, a long-distance “infrared” singularity,

caused by the slow decay of the Green’s function.
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To regularize the long-distance singularity, we introduce a long-range cutoff parameter A, make
a Galilean transformation into a reference frame moving with a suitable velocity v(\), where v(\) —
o0 as A — 00, and take the limit A — oo.

3.1.1.2. Cutoff Regularization. After a change of variables 2’ = x + ( in (3.7), we introduce a

large cutoff parameter A > 0 to get the truncated equation

A 1
o) = [ e ) GOl 69

With the assumption that ¢(-,¢): R — R is a smooth bounded function with bounded first deriva-

tive, it is easy to see that the integral in (3.8) converges.

It is convenient to write (3.8) in the conservative form

(z.) = B /A /so(%t)—@(wrc,t) 1 dsde
z,t) =0, ———ds
. -2 Jo V(% + 52

A
_ o [ el t) — (x4 G t)
_31,/)\s1nh ( N ) dc¢.

To take the limit A — oo, we write this equation as

A
oi(,1) + O /_A p(z,t) —|?|(w+é,t) - (go(x,t) —?|(x+c,t)> ac

» 1) — pla+¢1) .
-2 Iq
First, we consider the nonlinear term in (3.9). We observe that
-1 (Y Y 1 .
sinh () ~ =40 <3> as |x| — oo with y fixed, (3.10)
=[] | ]

so when ¢(-, t) is bounded, we have

plat) —ple+¢t) (et e+ GO (L as ~
< w ( < )=o(gs) =k @

It follows that

lim A @(mvt) B 30(‘73 + Cvt) _ Sinhil <90($’t) B 90(1: + Cat)> dC
A=oo f_ 1q q

_ / plat) ez + ¢t <90(w,t) —w(-’r+c,t)> aC
R 1q ¢| ’

since the integral converges on R.
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Next, we consider the linear term

L,\QO(.’E, t) =

[ et elraet

) Iq

Notice that the Green’s function 1/|z| is nonintegrable at both 0 and co. We write

Lyo(z,t) = v(N)pz(z,t) + / plz+ G 1) d¢ — o(z,t) — p(z + (1) dc

1<|¢l<A |C| [¢|<1 |C|

cos ( 1 —cos(
R ACT] d¢ — d
Pl 1) (/.<|>1 i /<|<1 4 C)

where

— cos C

”(”:‘Q/A |§|d“2</

where 7 is the Euler-Mascheroni constant.

> = —2log A — 27,

Making a Galilean transformation x — x —v(\)¢, and taking the limit of the resulting equation

as A — 0o, we obtain

o(x+(,t)
- ATTHY g
Leo(.1) /|<>1 q ¢

o(z,t) — p(x +(,t) cos C 1—cos(
- d¢ — d¢ — —2dC .
/|C<1 |<—| C @(l‘,t) </|<>1 C C /C|<1 C C)

Using Fourier transform, we have that the symbol for L is

etk¢ B 1 — eik¢ B cos ( _ 1—cos(
/|C|>1 |C| ac /|C<1 ’C‘ ac </<|>1 ¢ d /|<|<1 ¢ dC)
:2</1 cos( dC / cosk( C>—2</ cos(dC / cosC >

= - 210g‘k|7

which concludes that L = —21log|0,|.

Thus, the regularized equation for SQG fronts is

(x,t) + Oy / { K| plet6t) —sinh™! Pl t) _‘Z(Hc’t)]}dg = 2log |0 |x(z, 1),

(3.12)

and the non-conservative form of the equation is (3.2).
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We remark that this equation also have Hamiltonian form

§H
¢t + Oy [&p} =0, (3.13)

where 0, is the Hamiltonian operator and the Hamiltonian is

Hg) = 5 AT s e (—2 ) dsdzda’ log |0 d
T2 PR - t () da.
A=sfL s () dsdeda’ = [ ot 0)log nlple. 0o

(3.14)

The corresponding conserved momentum which generates spatial translations, is

1
/¢2dz.
2 Jr

3.1.2. Method of decomposition. We first not that for an SQG shear flow with 8 = 6(y),
the Riesz transform R with respect to y reduces to the Hilbert transform H, which is a Fourier
multiplier operator with symbol —isgn £, and the corresponding velocity field is u = (u(y), 0) where

u = H]J#]. In particular, if 6(y) is a step function with a jump of 27

2r ify >0,
b(x) = 6(y) = (3.15)
0 ify<0,

then we have the Hilbert-transform pair [Duo01]

H[0](y) = 2log |yl

which gives the planar front solution

2r ify >0,
0= u = (2log|yl,0). (3.16)

0 ify<0,

3.1.2.1. The quasi-geostrophic equation and Dirichlet-Neumann maps. An equivalent way to
describe the reconstruction of the SQG velocity field from the buoyancy is to return to the original
derivation of the 2D SQG equation from the 3D QG equation.

In this subsection, to distinguish between the 2D and 3D variables, we use the notation

x=(z,9,2), xm=(z,9), A:aazs+a§+a§’
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Ay =040, Vi=(-0y,0), Ri=(-RyRa).

The horizontal Riesz transform —Rf; = V#(—Ag) /2 in the SQG equation (1.1b) then arises as
the orthogonal gradient of a Neumann-Dirichlet map (—A H)_l/ 2 for the 3D Laplacian in the QG
equation. The particular choice for the Riesz transform is determined by the far-field boundary
conditions for the QG equation.

As has already been mentioned in Chapter 1, the QG equation provides an approximate de-
scription of nearly horizontal geostrophic flows in a vertically stratified fluid [Maj03, Ped79]. In
suitably non-dimensionalized variables, the streamfunction ¥(x,t) of the flow satisfies AV = PV,
where PV is the potential vorticity in the fluid. The horizontal velocity of the fluid is Uy = Vﬁ\l’.
The streamfunction is proportional to the fluid pressure, and ¥, has the interpretation of a tem-
perature perturbation or buoyancy, rather than a vertical velocity component.

The SQG equation describes quasi-geostrophic flows in a half-space R? x RT with zero potential
vorticity in z > 0 and a temperature jump, or surface buoyancy, 6(xg,t) at z = 0, which is

transported by the velocity field uy = Up|,_, on the boundary [Lap17,Ped79]:
AV =0 inz >0, - 0.V, =9,
Or+up-Vph=0, uyg=VHYl _,.

We omit an explicit indication of the time-variable. Then uy = Vg ¥|,_, and ¥|,_, is related

to 8 by a solution of the Neumann problem
A¥ =0 in z> 0, - 0.V|,_, =90, (3.17)

meaning that 6 — ¥|,_, is a Neumann-Dirichlet map for the 3D Laplacian in the upper half space.
From the point of view of potential theory, this problem is the same as finding the electrostatic
potential ¥ of a semi-infinite charged plate located at {(x,%,0) € R3 : y > o(x)} with a constant
surface charge density of 4.

The solution of (3.17) is unique up to a harmonic function ¥'(x) in z > 0 with zero normal
derivative on z = 0, which can be fixed by imposing suitable boundary conditions at infinity. For
example, the addition of a linear harmonic function ¥/ = Ax + By to ¥ does not change 6 and
adds a uniform velocity field uy = (=B, A) to ug. On the other hand, if §# = C is constant,

then the solution ¥ = Cz+ D (corresponding to a uniform temperature in the QG equation) gives
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U|,_, = D, so the addition of a constant to ¢ has no effect (only adds the vector field Vg = (0,0))
on the corresponding velocity field ug.

In particular, let us consider the QG solution that corresponds to the planar front solution
in (3.16) with (3.15). Differentiating (3.17) with respect to z, we see that ® = W, satisfies the
Dirichlet problem

AP=0 inz>0, —¢ =0 (3.18)

We look for solutions of (3.15)-(3.18) that are independent of . Then ®,, + ®.. = 0, whose

general solution for the Fourier transform of ®(y, z) with respect to y,

1

T o

B(c.2) /R B(y, 2)e " dy,

is given by ®(¢, z) = A(&)e 12 + B(£)elélz,
We further require that ®(£,z) — 0 as z — oo for & # 0, in which case B = 0 and ®(¢,z) =

é(ﬁ)e‘mz. Inverting this Fourier transform, we get that
®(y, z) = m + 2arctan (Z) ,
and taking an antiderivative of ® with respect to z, we get the streamfunction
U(y,z) = —2y+ylog (y2 + 22) + 2z arctan (g) + 7z,

This function provides the appropriate far-field behavior as 4% + 22 — oo of QG-front solutions in
defining the Neumann-Dirichlet map from (3.17).
The boundary value of ¥ on z =0 is

Ul,_o(y) = lim ¥(y,z) = —2y+2ylog|y|,

2—0t

with the velocity field ug = (2log |y, 0), as in the planar front solution (3.16).
3.1.2.2. Derivation of the contour dynamics equation. We now derive contour dynamics equa-
tions for the front solutions (1.5) by decomposing the solution into a planar shear flow and a

perturbation whose velocity field approaches zero as |y| — co. We temporarily restore dimensional
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variables, and consider fronts of the form

2O if x,t),
0(x,t) = v > elat) u(x,t) = (201og (|y|/a),0) + o(1) as |y| — oo.  (3.19)

0 ify<e(zt),
Here © # 0, with the dimensions of velocity, is proportional to the jump in 6 across the front, and
changes in the parameter a¢ > 0, with the dimensions of length, correspond to the addition of a
constant x-velocity to the flow, which leads to equivalent front dynamics by means of an appropriate
Galilean transformation.
We denote the front y = ¢(z,t) by I'(t) = 9€Q(t), and consider its motion on a time interval
0 <t<T for some T > 0. We assume that:
(i) ¢(-,t) € CH*(R) for some o > 0 and o(z,t) is bounded on R x [0, T];
(3.20)
(ii) @z (z,t) = O(|z|P) as |z| — oo for some 3 > 0.
In that case, all of the integrals in the following converge.

We choose h > 0 such that —h < inf{p(z,t) : (z,t) € R x [0,T]}, and let

- 20 if y > —h,
0(x) = . u(x) = (2@ log ('y i h|>,0> , (3.21)
0 ify<-—h, “

be the dimensionalized planar front solution (3.16) translated to y = —h.

We decompose the front solution (1.5) as
0(x,t) = 0(x) + 0% (x,1),
where 0 is defined in (3.21), and

=270 if —h <y < ¢(x,t),
0% (x,t) = (3.22)

0 otherwise.

We denote the support of 8*(-,t) by Q*(¢). The corresponding decomposition of the velocity field

is

u(x,t) = a(x) + u*(x,1), (3.23)
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where 1 is defined in (3.21) and u* = —R1¢* is given by

x —x/)*
u*(x,t) =p.v.0 x=x)— dx’, (z,9)F = (—y, ). (3.24)

o [x—x?

Writing x' = (2/,9/), we see that the integrand is O (|2/|72) as |2/| = oo and compactly supported

in 9/, so this principal value integral converges absolutely at infinity. It follows that

00 = m w0, weo=pvo [ XXy (3.5
u*(x) = lim uj(x), u}(x) = p.v. L dx/, .
Moo A Q5 (z,t) x —x'[?
where (see Figure 3.1)
Az, t)={x' eR*: |z —2/| <\, —h <y <@, t)}. (3.26)
A
_ I3 x = (z, p(z,t)) /
L, Ly
o
y=—h My

FIGURE 3.1. An illustration of the cut-off region 2} in (3.26) with a point x on the
front. The boundary 03 consists of the lines L, : 2/ = x £ A with —h < ¢/ <
o(x £ X), M} :y = —h with |z — 2’| <A, and the cut-off front T'} : ¥/ = ¢(2’) with
|z —2'| < A. The function #* in (3.22) is equal to —270 in the strip —h < y < ¢(z,t)
and equal to 0 in y < —h or y > ¢(z,1).

Let x = (z, p(z)) be a point on the front and denote by

1
n(x,t) = m(—wm(:ﬂ,t), 1) (3.27)

the unit upward normal to I'(¢) at x. The motion of the front is determined by the normal velocity
u - n, which is continuous and well-defined on the front. The tangential component of u diverges

to infinity, but this does not affect the motion of the front.
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We take the inner product of uj in (3.25) with n, write

(x — X/)L _ vl 1
x/

|x —x/|3 ’

x—x|
and apply Green’s theorem, to get that

t(x',t) - n(x,t)

uy(x,t) -n(x,t) = —0O q ds(x'), (3.28)

A0 (,t) Ix —x
where t is the negatively oriented unit tangent vector on 9§ and ds(x’) is an element of arclength.
Since t(x,t) - n(x,t) = 0, the assumed Holder continuity of ¢, ensures that this integral converges
at x' = x, so there is no contribution from the principal value at x" = (z, p(x,t)).

As illustrated in Figure 3.1, we decompose the boundary as 9Q} =I'y UMy ULy UL*,. On
L* ,, we have t(x',t) = (0,1), 2’ = =), and ds(x’) = dy/, so

/ L) ds(x’) = (0, 1)I3(x, 1),
L

. |x — x/|

where

, B w(=N) 1 ’
seo- [, oo™

= —log (p(e,t) = p(=A8) + V@ + N7+ (o(z, ) — (A D))

—H%(M@w+h+¢@+Aﬁ+w@¢%Hm>

—0 as A — 00,

since ¢ is bounded. Similarly, the limit of the integral over L} as A — oo also vanishes, so the only
contributions to u* comes from I'} and Mj.
The tangent vector on I'} is

t(x',t) = S S (1,4,033/(1",0) , (3.29)
1+ ¢2,(2, 1)

and the tangent vector on M7 is (—1,0). Using (3.27) and (3.29) in (3.28), and taking the limit

A — 00, we get that

t(x,t) - t
) e [ SO e
AmooJromy X=X V1+ei(z,t)
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oz, 1 x’ ,at 2 (T, 1
I*(w,t):/ Pa(@,1) — (2, 1) 3 Pa (1) 4
B[ V(@ =22+ (p(x,t) — (@, 1)? /(z =)+ (p(z,t) + h)?
Including the contribution from the background flow 1, and using the condition that the front

y = p(x,t) moves with the upward normal velocity u-n = (0 4+ u*) - n, we obtain that
or(wt) = OI(x 1),  I(x,t) = é (VI e2) tlx 1) mix, 1) + (2. 1)
From (3.21) and (3.27), we have
& (VIT@) aten nxt) = -2 <1og W””) )
We then decompose I as

I(z,t) = Ii(x,t) + I2(x,t) + I3(x, ),

o @z (2, 1) — (2, 1) . or(2,t) — pu(2',1) z
Il(x’t) - /R { \/(‘T - x/)2 + (@(ajvt) - @(x/7t))2 |l’ n $,| } o
ot — 2 . (3.30)
Iy(z,t) = /R {"D»’C( 7’2_5,90( ) ((p;/();_?a?} da’,

1 t)+h
Is(x,t) = pu(z,t) { da’ — 2logwt)+|} .

1
/]R V@2 +a2  J(x— )2+ (p(z,t) + h)2
All of these integrals converge in view of the assumed Holder continuity and decay of ¢,.

Direct evaluation of the integral for I3 yields

Lz, t) = %(m){ [log (95 + W) log (93 e+ @ — 2+ (P, D) + h)z>]

l(x,t) + hl

21og 1) + 1 }
a

=0.
Thus, the equation for the front is
or(x,t) = OI1(x,t) + Olx(x,t), (3.31)

where I is the nonlinear term and [s is the linear term in the equation.
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To express Ip as a Fourier multiplier operator, we note that Io = 0 if ¢ = 1, and if p(z) = el

with € # 0, then

cose [ [t 1
=ile —
R |z — 2| (x —a')? + a?

o 1
— 2igeit” / [ cosags _ ] ds.
0 s s2+1

Using the identity

/OOO[ L L ]ds:log\c], (3.32)

\/32+1_\/32+C2

with ¢ = 1/a|€|, the change of variable s’ = a|€|s, and a cosine integral, we get that

o ifr |1 —coss’ 1
I(x) = 2ite' <loga|§] +/0 [ 7 - T ds')

= 2i£e®® (log alé| +~ — log2).
It follows that
I = 2log (a|0y|) ¢u + 2(7y — log 2)pu,
where log(a|d,|) is the Fourier multiplier operator with symbol log(a|£|). Thus, using the expres-
sions for I, I5 in (3.31), we get the front equation
oz, t) + 20 (log2 — ) pu(x,t) — 20 1og (a|0s|) @ (z,t)

! 1 _ 1 x/ —
+ G/R[Sow(xat) — (T 7t)]{ 1z — 2] \/(x — x/)Q + [p(z, t) — (p(:ﬂ',t)]Q } d 0,

After nondimensionalizing length and time scales so that © = 1, a = 1, we get the front equation

@t(xv t) +2 (10g2 - '7) 4,03;(%', t)

+ [leatot) = potatin{ !

o =2/l o=+ [p(z, D) — p(@, )]

which agrees with (3.2) after a Galilean transformation x — x — 2(log 2 — v)t.

} da’ = 2log |0, |ps(,t),
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One can verify that the velocity perturbation (3.24) satisfies u*(x,t) = o(1) as |y| — co. In

fact,

= 2log Iyl +o(1) as |y| — oo,

h
2log ly + Al
a a

then the velocity field u(x,t) given by (3.23) and (3.21) has the asymptotic behavior stated in
(3.19).

The appearance of a logarithm in the far-field boundary condition (3.1) breaks the scale-
invariance of the SQG equation under x — Ax, t — At for A > 0. Instead, one sees from (3.19) that
the appropriate scale-invariance is given by x — Ax, t — A, a — Aa, which leads to the invariance

of (3.2) under a combined scaling-Galilean transformation [HS18]
x = Az + (2log |A])t], Y — Ay, t— At

Similar issues are well-known in potential theory for unbounded charge distributions. For
example, there is no length scale in the problem for the electrostatic potential of an infinite charged
wire, which is given by the logarithmic Newtonian potential. The potential diverges at infinity, so
one cannot normalize a zero point for the potential by requiring that the potential approaches zero
at infinity (as one usually does for compact charge distributions). Instead, one picks an arbitrary
radial distance a > 0 from the wire and requires that the potential vanish at a distance r = a, or
r = 1 in spatial variables non-dimensionalized by a (see e.g., Sec. IIL.5 in [Kel67]). The problem

is then invariant under spatial rescaling and an appropriate shift in the zero-point of the potential.

3.1.3. Method of modified Green’s function. In this subsection, we give the third deriva-
tion of (3.2) based on the definition of the BMO-valued Riesz transform on L in (2.3). As before,
we assume that ¢ satisfies (3.20).

From (1.1) and (2.3), with n = 2 and Cy = 1/(27), a representative velocity field of the front

solution (1.5) is given by

B [ R i 1 B
u(x,t) = —p. ./Q(t) { d (1), (3.33)

|x — x/|3 |xg — x/|?

where Q(t) = {(z,y) € R? |y > ¢(z,t)} and xo ¢ Q(t). For definiteness, we choose xo = (0, —h)
where h > 0 and —h < inf {p(z,t) | (x,t) € R x [0,T]}. The spatially uniform velocity u(t) =

(u(t),v(t)) in (3.33) will be chosen so that u(x,t) satisfies the far-field condition (3.1). However,
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any such representative leads to equivalent dynamics for the fronts, since any uniform velocity
(u(t),v(t)) can be removed by a translation (z,y) — (z — a(t),y — b(t)) where (a,b); = (u,v).

Since the integral in (3.33) converges absolutely at infinity, we have

: _ (x—x)"  (xo—x)"]
t)y=1 t) —u(t t) =—p.v. — d
i) = Jim e -, wen=-pv. [ [EE DO e
where (See Figure 3.2)
Q(z,t) = {x' €eR?: |2/ —z| < X, p(a/,t) <y <A}. (3.34)
A
0 Y
Q5 M)
L_) Ly
x/
— < _ _ o — \;_

FIGURE 3.2. An illustration of the cut-off region €2 in (3.34) with a point x on the
front. The boundary 92y consists of the lines L.y : 2’ = z+\ with p(z+)) <y’ < A,
M)y :y' = X with |z — 2| < A, and the cut-off front Ty : ¢/ = p(2') with |z —2'| < A.

First, we consider the case when x ¢ I'(t). We write

(X—X/)J‘_(Xo—X/)J‘:vJ_ I 1
Py R ] [ i e | |

and apply Green’s theorem to get that

ur(x,1) = — /MW){ ! ! ]t(x’,t)ds(x'), (3.35)

=] o]
where t(x',t) is the positively oriented unit tangent vector on 9y (z,t) and ds(x’) is an element

of arclength. There is no contribution from the principal value, since the corresponding integral of

t(x")/|x — x| over OB.(x) is zero.
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As illustrated in Figure 3.2, we decompose the boundary as 9Qy(z,t) = Tx(z,t) U Cy(x,t),
where Cy(z,t) consist of the lines Liy(x,t) and My(z,t), and I'x(x,t) is the cut-off front with
tangent vector (3.29). The integrand in (3.35) is O(A72) on Cy, so taking the limit of (3.35) as

A — 00, we get for x ¢ T that

1 1 / / _
u(x,t) = /F . [ _ b(x', 1) ds(x') — (). (3.36)

|x —x/| |xo— x|

Writing out (3.36) in components, we find that

1 1 .
ula ) = _/]R { V(T =22+ (y — p(z, )2 B V(@)2 + (h+ ¢(a',1))2 } da’ —a(t), (3.37)
1 1
v(z,y,t) = — - (2, t) da’
(z,y,t) /]R { V@ =)+ (y—o@ 1)) /(@2 + (h+ ', 1))? } Pur (2',1) (3:38)

— o(t).

Since ¢(+,t) is bounded, we see by making a change of variables x’ — |y|s’ that

L ! ,70 as o0
A{¢@—fv+@—ﬂ%wﬁ_¢uW+w}dx‘(” vl

o (3.37) implies that

1 ! "—a o as 00
“m%”__4{¢WV+¢_¢@W+m+w%wv}“ B Foll) o8y = o0

Using the identity (3.32) with ¢ = |y|, we get that

—/{ L — L } da’
R VE)2+Hy2 V(@) + (h+p(a)))?

1 ,
= 2log |y| — /{\/33/7 NG TR CO)E }dfc.

It follows that u(z,y,t) = 2log|y| + o(1) as |y| — oo if

1

= /IJ @ h+ﬂxm]d%

In view of the decay assumption (3.20) on ¢,, we see directly from (3.38) that

(3.39)

9036 ",t) I =
(z,y,t / N T 90( e dz’ — o(t) 4+ o(1) as |y| — oo,
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so v(z,y,t) = o(1) as |y| — oo if

9033 ) /
/ \/ o D) dx’. (3.40)

The velocity field (3.36) therefore satisfies (3.1) when u = (@, v) is given by (3.39)—(3.40).
Next, let x = (z, p(z)) be a point on the front I'(¢), with upward normal n in (3.27). We take

the inner product of uy in (3.35) with n and take the limit A\ — oo as before, to get that

u(x,t)-n(xj):—/r(t)[ P 1 7| £0¢.0) - nse ) ds() — (t) - nr).

|x — x| |xo—x

Writing out this integral explicitly and using the expressions for t, n, x, and xg, we find that the

normal velocity on the front is

1

ux,t) n(x,t) = ———1|J(x,t) + o (x, t)u(t) — v(t)],

(x,1) - n(x,1) 1+go§(:c,t)[< )+ @a(, t)u(t) — v(t)]
/ / (3.41)
J(ZE t):/ ng(l',t)—ng/(.f,t) - (p$<m7t)_g0m’(x7t) dx'.
e [V =2+ (ele ) —o(@,0)2 V@) + (bt el 1)
The condition that the front y = ¢(x,t) moves with the normal velocity u - n implies that

or(x,t) = J(x,t) + pz(x, t)u(t) — v(t). (3.42)

We decompose the integral for J in (3.41) as
J($a t) = Il(x7t) + 12(x¢t) + J3('I’t) + J4(t)’

where I, I5 are given in (3.30) and

1 1
W)? 1 @2t (h+ (@ 1)?

/
dz’,

J3(xvt) = Sox(-%t)/l‘%

/ ng L) dz’.
V(@2 + (h+ o 1))

From (3.39)-(3.40), we see that J3 = —p,u and Jy = 7, so (3.42) becomes (3.2).

3.1.4. Spatially periodic solutions. Equation (3.2) do not require that ¢(-,¢) is rapidly
decreasing; in particular, they apply to smooth periodic solutions ¢(-,¢): T — R where T = R/27Z

(see Figure 1.2(b)). The symbol of the linear operator L remains the same. Moreover, we can write
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the nonlinear term in (3.12) as

[ KalGoptant) = oo+ G0},

where

Y -1 Y
K N N T (A,
p(@y) nze% |z + 2n7| S (\a:+2n7r|>

The sum defining K, converges because of (3.11). The conservative form of the periodic front

equation is then

or(a,) + 0, /T Ky (¢, 1) — o+ €, 1) dC + Lipy (3, 1) = 0.
The non-conservative form can be written as

Sot(xv t) + / [pr(xvt) - sz(x + Cvt)} {GP(C, 0) - Gp (C’ @(mvt) - QD(CC + Cvt))} dC
T (3.43)

+ Lpy(z,t) =0,

where

1
Gp(z,y) = \/Tizﬂ +n§*

One can verify that (3.43) is equivalent, up to a Galilean transformation, to the straightforward

1 1
V@t zmpP 4y 2an] |

contour dynamics equation on a cylinder,

(:Ot(xat) - /']I‘ [pr(xvt) - me(l‘ + Cvt)] Gp (C’ gO(l‘,t) - (,0($ + (at» dC =0.

However, (3.43) explicitly separates the linear dispersive term from the cubic-order nonlinearity.

3.2. Contour dynamics for SQG two-fronts solutions

3.2.1. Method of regularization. Using the SQG equation (1.1) and Green’s theorem, we

find that the velocity field of the two front solution illustrated in Figure 1.2(d) is given formally by

u(x,t) = VG x 0(x, 1)

1 1! (3.44)
=0 / Lx,:f) dsp(x')+6_ Lx,f) ds_(x'),
o0, ) 1x— X o0 1x—x|
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where the jumps O+ are defined in (1.6), n = (m,n) is the upward unit normal to 9Q(t), n* =

(—n,m), and s (x’) is arc-length on 9Q4 (¢).

We note that the integrals in (3.44) diverge. To obtain the front equations, we first cut-off
the integration region to a A-interval about some point £ € R and consider the limit A\ — oco. If
O+ + ©_ # 0, we also make a Galilean transformation x — x — v’(\)t, where v'()) is chosen to
give well-defined limiting front equations and |v'(\)| — oo as A — oo. We assume that the top and
bottom fronts are smooth, approach y = h; and y = h_ sufficiently rapidly as |s;(x’)| — oo and
|s—(x")] = oo, respectively, and do not self-intersect or intersect each other.

Let the top and bottom fronts have parametric equations x = X;((,t) and x = X5((, t), where
Xy (- 1), Xa(,t): R — R?.
Since 6 is transported by the velocity field, the fronts move with normal velocity
X1 n=u-n, s X9 -n=u-n,

so the cut-off equations for X; and X are

A 9eXa (¢ 1)
a1 X (¢ ) = X (¢, )]
A I Xo(('s 1)

¢’

X1 (C,1) = e1(C DX (C. 1) — O /<

—e._ d¢’
o TR0 - X (GO

CHA 0 X1 (¢t /

0Xa(C,1) = (¢, )0 Xa(C 1) — O /u X0 1(Cxic o
Lo [T 0K

c—x 1 Xa(¢,t) — Xa((, 1))
where ¢1((,t) and c2((, t) are arbitrary functions corresponding to time-dependent reparametriza-
tions of the fronts.

If the fronts are given by graphs that are perturbations of y = hy and y = h_, then the top
front is located at y = hy + ¢(x,t) and the bottom front at y = h_ + ¥ (x,t), and we can solve for

c1 and c3 to get

d¢

( 1) == @+ /)\ 1
c1\x, t t
- \/:2+ (SO(,Z'—FC’ ) SO(.Ty ))
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1
+O.
/\/42 (= 2h+9(z+¢t) — @l 1)’

d¢,

d¢

* /—A \/CQ + (2h + (x4 (,t) — w(x7t))2

o /A !
+6_
A+ W+ G 1) — (a,1)?

We then obtain a coupled system for ¢ and ¥

dc.

/ z+ G, t) — pa(,t)
\/C2 o(x+(,t) — oz, t))2
wx x+ ¢, t) @x(x t)
+06_
/ MC 4 (= 20+ (e + 1) — ol 1)

l’t +@+

d¢

Pa(@ + (1) = Ya(, 1)
\/@ + (20 + oz + ¢, 1) — (1))
A e+ () — (s t)
A+ (e + ¢ 1) — (e, 1)

d¢

A
zpt(x,t)+@+ /)\

d¢ = 0.

Writing

above system is equivalent to

A A
Spt(xvt) + @+8x/ H, (Cv 90(1‘ + Cat) - 90(1:7t)) dC + G—i—a:c /_)\ G(C) [90(:5 + Cvt) -

+6_ 8/ Hy (¢, —2h + ¢z + ¢, t) — p(a,t)) d¢

d¢ =0,

o(x,t)] d¢

+o.0, /A G (VEF @) [l + ¢.1) — pla. )] dC =0,

A A
i) + ©_0, /_ (G0 + ) = 0l 0) A+ 00, /_ GO+~ v 0] A

A
+@+8x/AH2(C,2h+<p(a:+C,t) —¢(z,t)) d¢

A
0,0, [ G (VEFEP) ol + )~ dlat)] dC =0

(3.45)
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where

Hi(z,y) = —G(x)y + /jG(v z? + 82) ds,
Hy(z,y) = -G < z2 + (2h)2> Y+ /OyG(\/a:2 + S2> ds.

Therefore, we have for j = 1,2 and fixed y that

(3.46)

1
Hj(z,y) = O<|x|3> as |z| — oo.

It follows that the nonlinear terms in (3.45) converge as A — oo, so it suffices to consider linear
terms in (3.45).

We only write out the computation for the first equation; the computation for the second
equation is similar. The linear term

>\ p—
Ly o(x,t) = /_A QP(SHC’IZ)“I o(x,t) i

can be written as [HS18]

Ll,)\(p(‘ra t) = ()\)QO(Q’}7 t) + LT,)\QO(Z7 t)7

where

A
n(A) = —2 /1 |1ng (3.47)

and L] ¢ — Lip as A — oo, where L is the Fourier multiplier with symbol

oiE¢ 1 _ ei&C
b = d¢ — ——d(=—-2v—-21 . 3.48
G /|<|>1 ¢ /K<1 S0 = =2y 215 (3.48)

As for the second linear term, we have

Lo [0t (2. 1) = / il “C ) 2h)<“’” L,

= 'U2()‘)90(x) t) + U3()‘)90(x’ t) + L;,Aw($7 t),

where vy(\) is a divergent part and vs() is a convergent part

(3.49)

A 1
-2 NaETr
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1
1
— —2/ S, I (3.50)
0 /(24 (2h)?
and L; A\ — Lot as A — 0o, where Ly is the Fourier multiplier with symbol
() = [ 6 (VT @h2) e g = 280 (2hg) (351)
R

where K is the modified Bessel function of second kind defined in (2.21).

We denote by v4 the limit
ve = lim v3(X) = 2log(2h) — 2log (1 +/1+ (2h)2> ,
A—00

where v3(\) is given in (3.50).

The cut-off system (3.45) can then be written as
ei(2,1) + (0401 (A) + O—v2(A) + O_v3(N)] (2, 1) + O+ L] ypu (2, 1) + O_L3 yhu (2, 1)
+ 0.0, / Hy(Copla + 6, t) — ol 8)) dC + 0, / Hy(C,—2h + (4 C.t) — (e, £)) dC = 0,
Yi(z,t) + [O_v1(A) + O4v2(A) + OLv3(N)] Y (2, 1) + O_LT \u (2, 1) + O L3 (. 1)
+ 0.0, /_1 Hy (¢t + Cot) — (1)) dC + 0,0, /_A Hy (G20 + o(a + C,t) — b(a, 1)) dC = 0.

In the limit A — oo, the possibly problematic terms in these equations are [©v1(A) + O_va ()] w(z, 1)
and [O_v1(A) + O4va(N)] Yz(x,t). The only case when these two terms converge to finite limits
are when ©, = —0©_. Otherwise, we regularize the equations by choosing a suitable Galilean
transformation. Indeed, if we choose

0, +6._

V(A = =5 (@) + v () +vs(N),

and make a Galilean transformation x — z — v’(\)t, then the system becomes

0, - 6_

Qﬁt(l',t) + 9

(V1 (A) = v2(A) = v3(A) pa(, ) + OL LT \pu(, 1) + O L \¢u(2, 1)

A A
40,0, /A Hy (G ol + G 1) — o, £) dC + 0.0, /A Hy(C,—2h + (x4 Ct) — (e, 1)) dC = 0,

0, -6_
2

A
L 0.0, /_ (UG~ (1) A+ 6,49, /_ Ha(C 2+ ol + (1) = V(1)) dC = 0.

Pr(,t) — (01(A) = v2(A) = v3(N) Y (2, 1) + O L7\ (2, 1) + O 4 Ly \pu(, 1)
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The asymptotic behavior of G(¢) and G ( 2+ (2h)2) as ( — oo is given by

GO ~ 7
¢ (VT @) ~é+o<£§>.

Therefore, from (3.47) and (3.49), we see that vy (\) — v2(\) converges as A — oo, and we define

vs = lim [v1(A) — v2(\)] = 2log 2 — 2log (1 + VTt (2h)2) .

A—00

Putting everything together and letting A — oo, we get the regularized system in conservative
form
(2, t) +V'pa(2, 1) + O4Ligs(2, 1) + ©_Laoths(,1)
+040; /R Hi (¢ (e + G t) = o, ) dC + ©-0, /IR Hy (¢, —2h + (x + (1) = ¢, 1)) dC =0,
Ye(w,t) — ' (2,t) + O-_Lathe(x,1) + O4 Loy (x, 1)

+0-0, [ Hi(Colo+ G0~ 6(a.0) A+ 040, [ HaC,2h+ pla+0) — (o 1)) dC =0,
R R
where Hy, Hs are given in (3.46), the symbols of Lj, Ly are given in (3.48)—(3.51), and
v/ =—(04 —0O_)logh. (3.52)

One can also take the derivatives inside the integrals and apply an additional Galilean transforma-
tion  — z + (04 + ©_)~y to obtain (3.3).

The system (3.3) has the Hamiltonian form

5H 5H 1 1
o1t T =0, ek Jogn =0 Jr = Oy, J. = —0,, (3.53)

with the Hamiltonian

1
Hip.) = [ {02~ vo_u? 262 logloulio + 10,0 pu(2hiosw - 202 plog orlu | o
(3.54)

1
+ 2/ {@iFl(aj - 51/'/780 - 30/) + 2®+®7F2($ - I‘/,2h+ ¥ = 1/’/) + (H)Q—Fl(x - LU/M/J - d}/)} dZL‘dZL‘/,
R2
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where ¢ = ¢(xz,t), ¢’ = (2, t), v = P(x,t), ' =1P(2’,t), and the functions F;, F; satisfy
8yF1($>y) :Hl(af',y)a ayFQ(x7y) :H2(xvy)'

3.2.2. Method of decomposition. In this subsection, we sketch the derivation of (3.3) by

the decomposition method as in the one-front case. We decompose the two-front solution (1.7) as
0(x,t) = 0(x) + 6% (x, 1),
where the background field 6 is defined as

0, if y > h,
0y) =146, it —W <y<H,
0_ if y < —h'.
Here, A’ > 0 is fixed such that the locations of the fronts between 6, 6y, 6_ satisfy

—h' < h_ +(x,t) < hy +@(z,t) < h.

The perturbed field #* is then

0 y > h,
270, hi +o(x,t) <y < h,
0*(x,t) =190 he +(z,t) <y < hy + o(z, ),
—2mO_ —h <y < h_o+¢(x,t),
0 y < —h.

The corresponding decomposition of the velocity field is
u(x,t) = u(x) + u*(x,t),
and it is easy to use Hilbert transform H to calculate the background velocity field
u(x) = (204 logly — K| +20_log |y + ', 0), (3.55)
where O is defined in (1.6).
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We denote the support of 6*(-,t) by Q*(t) = Q7 (t) UQ* () where

Q) ={xeR*:hy +p(z,t) <y <h},

Q) ={xeR*: —N <y <h_+y(x,t)}.

Use u* = —R160*, we have that

x — x L
ut(x,t) = % p.v. /* QG*(X/J) dx’, (z,y)" = (—y, ).

x —x'?

This integral converges absolutely, so that we can apply a far-field cutoff and use Green’s
theorem followed by taking the limits of cutoff parameter approaches infinity (as in the one-front

case) to obtain u*. In order to study the evolution of the fronts, we need to calculate the normal

component of u* on the fronts.

For a point x = (x, hy + ¢(x,t)) on the top front (we denote by ny the unit upward normal to

the top front), we have that

u*(x,t) - ny(x,t)
/ ) — pw(2,1) B pa (2, 1)
\/1+S%»’Ut \/fc—x p(z,t) — (@ O V(@ — )2+ [p(z,t) + he — 1]
/ %(UC t) — Yo (a',1)
\/1+goz$t V(T —2)2 + [p(z,t) — (2, t) + hy — h_]?
3 Pa(@, t) )
V=22 + e, t) +hy + 0]

Similarly, for a point x = (z,h_ + ¥ (x,t)) on the bottom front (we denote by n_ the unit

upward normal to the bottom front), we have

u*(x, t)-n_(x,t)

/ %(33 t) — pu(a',t)
\/1+@Z12:1:t V(r — /)2 (:U,t)—cp(:n’,t)—l—h,—h+]2

_ Yo (@, ) dz’
V(=22 +[Y(x,t) + ho — B2
) ¢x’($lvt)
\/1+¢2xt /\/:U—x + [Y(z,t) — P(a’,1)]?
_ Yo (2, t) dz’.

V(T =22+ [¢(x,t) + h- + B
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Including the contribution from the background flow 1, and using the condition that the fronts

moves with the upward normal velocity, we obtain that
er(@,t) = Ip(z,t),  Ii(z,t) = (\/ 1+ %20) [a(x,1) -ny(x, 1) +u'(x,1) - ny(x, 1)),
Gz, t) = I(z,8),  I_(x,t) = (\/1 ¥ ¢g) [@(x,¢) - n_(x,t) + u*(x,t) - n_(x, )]
From (3.55) and definition of ny, we have
(VIF62) i, 0) - n (x,8) = =204 log (e, 8) + by — W]pa(w, )
—20_log|p(z,t) + hy + h|ps(z, 1),

(\/1 i ¢g) Q(x,t) -n_(x,t) = —20, log |(x, ) + h— — I [iby(z, 1)

—20_log [¢(w,t) + h— + I'[¢s(2,1).
We then decompose I, I_ as

I+(£B,t) = I+,1($7t) + I+,2(x7t) + I+,3($7t) + I+,4($7t) + I+,5(l',t),

I—(xﬂf) = I—,l(xvt) + I—,2(x7t) + I—,3($7t) + I—,5(x7t) + I—,5($7t)7

where
_ 9090($a t) - ng/(ﬁl, t) _ Px (:L‘, t) — Pa’ (LE/, t) 2
I—i—,l(a?,t) =04 /R { \/(x — x/)Q + oz, t) — (p(x’,t)]2 |z — 2] }d )
. (Pr(xy t) — Pa’ (:D/a t) _ Sozv(xv t) oy
LQ@J”‘eﬁ@{ o= ] (yﬂ+1}d’

) pul,t) — (1)
Latw =o- [ 4 e e e T T

- P (:U, t) — Y (xla t) z
¢m—wy+w+—mﬁ}d’
o (2 1)

Y ( /
I g(z,t) =—0O_ / dz’,
+al V(T —a)2+ (hy —h_)?

I+,5 (33, t)

1 /

@H%xt{/\/i V(x —a)? (,t)+h+—h’]2dx

- 2log (1) + .~
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1 1
+ O_py(z,t) / — da’
pul { V@0t (hs —h 2 a2+ @, t) + hy + WP

—2MMﬂ%ﬂ+h++W@,

and similar expressions for I ;, j = 1,2,...,5, which we omit.

Similar to the one-front case, using Fourier transform, and using hy — h_ = 2h, we get that

I o(z,t) = 20 1og 0|z (, t) + 204 (7 — log 2)pu(x, t),
I a(@,t) = —=20_Ko(2h|0: )¢ (2, ),  Lis(x,t) = —20_log(2h)ps(x, 1),
I_o(z,t) = 20_1log |0 ¢z (, t) + 20 (7 — log 2)¢s(z, ),
I_a(z,t) = =201 Ko(2h|0x|)¥a(z,t),  I-s(x,t) = =204 log(2h)¢y(x, t).

Thus, we obtain the contour dynamics equations for the two-front SQG equation (3.3) up to a

Galilean transformation.

3.2.3. Scalar reductions. In this subsection, we write out two scalar equations that arise as
reductions of the system (3.3) when the jumps are symmetric or anti-symmetric.

3.2.3.1. Symmetric reduction. If O, = O_, then v' = 0 from (3.52), and the system (3.3) is
compatible with solutions of the form ¥ (x,t) = —p(z,t), when it reduces to a scalar equation for

. Writing © = © = ©_, we find that the equation becomes

oi(x,t) — 20 (log ’(%’ + KO(Qh’@CD) %(% t)

1 1
+®/ [u(@ + ¢ 1) = pula, 1)) {\/CQ $+C’t)@(x7t)]2—m}dc (3.56)

+@/ [oz(x 4+ (,t) + pz(x,t)] {

1 B 1 ac =0
VETRh+o@+ ) +el@ )2 JC+h2[

For the SQG equations (1.1) in the spatial upper half-plane R x Ry with no-flow boundary

conditions on a rigid boundary y = 0 (see Figure 3.3 and [GPar, KRYZ16, KYZ17]), we find by

the method of images that

1 1 1 €L 1 !
- - o(x,t)d
) = gz [ ATt~ Ve o
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Q.(t) Q.(t)
0=0/g, y=h+e(z,t) 0=0/ga

/ythfgo(x.t) 0=0

(a) Symmetric GSQG fronts. (b) GSQG front with a rigid flat bottom.
FIGURE 3.3. Symmetric reduction of SQG system.
where X' = (2/, —y/) if X' = (2/,¢/). In this setting, if a front is located at y = h + ¢(z,t) > 0, and
27O if y > h+p(z,t),
0(z,y,t) =

0 if0<y<h+o(zt),

then the regularized contour dynamics equation for a front in the half-plane coincides with (3.56).
3.2.3.2. Anti-symmetric reduction. If ©4 = —0O_, then (3.3) is compatible with solutions of

the form
(p(.%',t) = (p(l',t), 1/1(3%) = —(p(—x,t),

and it reduces to a scalar equation for ¢ (see Figure 3.4). Writing ©® = ©4 = —©_ and making a

Galilean transformation z — = — 20(+ 4 log h)t, we find that the equation becomes

po(,1) — 2010g |9, i, (2, 1) — 20K0(2h10, ) pu(~2, )

1 1
+®/ [ox(@ + ¢, 1) — @al, 1)) {\/C2 x+§’t>_¢(x7t)]2—|c|}dc (3.57)

=6 [ [pe(—2 = C.0) — pulo. )

1 1
{m T x—c,tmo(x,tnf¢<2+<2h>2}d<:("
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FIGURE 3.4. Anti-symmetric reduction of SQG system.
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CHAPTER 4

Approximate SQG fronts

Between the approximation of the idea and the precision of reality there was a
small gap of the unimaginable, and it was this hiatus that gave him no rest.

— Milan Kundera

This chapter is devoted to study a simplified version of (3.2) — a cubically nonlinear nonlocal

equation — posed on the circle T

1 1
o1 + 2835{902 log |0z |pur — 10g |0z | (#°)ew + 5 log |3x!(903)m} = 210g | 0x |- (4.1)

We treat this equation as an approximate model equation for the full equation (3.2), under the
assumption @, < 1. We also write down other equivalent forms of (4.1), including a conservative
form (4.14) and a Hamiltonian form (4.15)—(4.16)).

We prove two theorems in this chapter. The first theorem concerns with the initial value

problem for a dispersionless version of (4.1)

1 1
Pt + 281{902 log ‘830’()0117 - cplog ‘830’(902)11 + § log ‘833’(903)11} + LSOJ? = 07
(4.2)

¢(z,0) = po(z),
where L is an arbitrary self-adjoint operator with symbol (k). The case L = —2log |9, corresponds
to the approximate SQG front equation (4.1).
To state the first main theorem, we fix some notations. The usual Sobolev space for mean-zero
functions defined on circle T is defined in (2.5). In addition, we use a logarithmically-modified

Hilbert space

Hipg(T) = {f: TR F(0) =0, |l < o0},

) 1/2 (4.3)
11l iz, = > log(1+ [k]) - [k[**|f ()|

k€EZ+
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If 7: [0,7%) — [0,00) is a decreasing function, then we denote by L>°(0,Ty; H™(T)) the space of
functions

p: 0,70 = |J HO(T)
te[0,Ty)

such that ¢(t) € H™W(T), and for every 0 < T < T,
p € L=(0,T; H)(T)),

with analogous notation for other time-dependent Sobolev spaces.

Theorem 4.0.1. Let the operator L have real-valued symbol b : Z — R and suppose that 19 > 5/2.
For every ¢y € H™ (T), there exists Ty > 0 and a differentiable, decreasing function 7: [0,Ty) —
(5/2, 0] with 7(0) = 79, depending on 1o and ||¢o|| - (1): Such that the initial value problem (4.2)
has a solution with

¢ € L®(0,T,; H(T)) N LQ(O,T*;Hfog(’]I‘)).

Moreover, there exists a numerical constant C > 0 such that

T
sup IIsO(t)\IiIT(t)JrC\Iwo@ITO/ le @11 -0 At < ool 7,y (4.4)
te[0,T] 0 log

for every 0 < T < T, where the norms are defined in (2.5), (4.3). The solution is unique while
T(t) > 9/2.

The proof is purely hyperbolic in nature (c.f. [Aus11l, Hun06, Ifr12]), but there is a loss of
derivatives at logarithmic rate. Therefore, we adapt proofs for Gevrey-class solutions of nonlinear
evolution equations (see e.g. [FV11, KTVZ11]), in which one uses time-dependent norms to com-
pensate for the loss of regularity. The difference is that, since there is only a logarithmic derivative
loss, we obtain solutions for initial data with finitely many derivatives, rather than C*>° Gevrey-
class initial data. The existence time in the theorem depends on the number of Sobolev derivatives
possessed by the initial data, as well as in its Sobolev norm.

The second main result of this chapter is a local well-posedness theorem for the initial value
problem for the approximate equation for SQG fronts

1 1
Yt + 2ax{§02 log |0 |@ee — ¢ log |8x’(902>zx + 3 log |8w’(903)m} = 2log |0z |¢x,
(4.5)

p(x,0) = go(x),
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and the theorem is as follows (Para-products are defined in (2.6)).

Theorem 4.0.2. Let s > 7/2. If oo € H*(T) satisfies ||T£ 1212 < C for some 0 < C < 2, then

Oz
there exists T > 0 depending only on ||¢ol| 7= and C such that the initial value problem (4.5) has
a unique solution with ¢ € C([0,T); H*(T)). The solution map U(t): H*(T) — C([0,T]; H*(T))
defined as po(x) — p(x,t), is continuous on H*(T) and Lipschitz continuous on H'(T) for 0 <

r < s— 1, meaning that if p,» € C([0,T); H*(T)) are solutions, then there exists a constant M > 0

depending on H(PHC([O,T};HS)’ ||¢”C([0,T];HS) such that
() =2 Ollar < Mlle(-,0) = @(, 0)[gr for all t € [0,T]. (4.6)

The idea of the proof is to define a weighted H®-energy (4.40), which uses the linear term to
control the loss of derivatives from the nonlinearity.

An outline of this chapter is as follows. The derivation of equation (4.1) is in Section 4.1.
In Section 4.2, we prove Theorem 4.0.1 and in Section 4.3, we prove Theorem 4.0.2. Finally, in
Section 4.4, we show some numerical results for the approximate SQG equation, which suggest that
smooth solutions break down in finite time, with the formation of oscillatory singularities in which

the solutions remain continuous but their derivatives blows up.

4.1. Approximate equation

4.1.1. Conservative form. To derive equation (4.1), we first restrict our attention to the
equation (3.2) posed on R (for definiteness) and assume that ¢, < 1. In fact, for the spatially
periodic fronts, (4.1) can be obtained from (3.43) in a similar fashion, but we omit the details here.

It follows from (3.10) that

1 3 5
st (L) = Lt oo (L) w Lo

[/ = 6lzf? |z ]°

Retaining the lowest order terms in y, we find the approximation

So(xvt) — 90(33 + C?t) . sinh_l (@(xat) — 90('1‘ + Cat)> ~ 1[90($7t) — 90('7; + Cvt)]g
Iq q 6 '

Thus, the cubic approximation of the conservative equation (3.2) is

O ) B CRet) L
o)+ gor [ [ARDZEEEED N a0 anogio i (o.0) @)
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Equation (4.7) is equivalent to (4.1), as we show by writing it in spectral form.

4.1.2. Spectral equation. We first write the nonlinear term in (4.7) as

3
7t — + 7t ~ - ~ ) x
6;,;/ [‘P(x ) \Z(w : >] dg:/3T(k’%ks,k4)<P(k2)90(k3)<P(k4)€(k2+k3+k4) dk dks dka,
R R

(4.8)

where

_ pikaC _ otksC _ ptkaC
T(ky, ks, k) = %/1 €>“K2)“ ) 4

= [ (e # () (1) (1)
_ (1 _ ei(k2+k3)<> _ (1 _ ei(k2+k4)c) _ (1 _ ei(k3+k4)(> }dg.

We now write 7" in (4.9) as

T(k‘g, ks, ]454) = d(kﬁg) + d(kg) + d(k'4) + EL(I{ZQ + k3 + ]{24) — d(kQ + k?g) - d(kg + k4) — d(k‘g + k‘4),
For |¢| < 1, we use the cancellation
k3 + k3 4+ k3 + (ko + ks + ka)? — (ko + k3)?® — (ko + ka)? — (ks + ka)? = 0

and write a as

1722 00 1 _
&(k):2/011 sk Ccs COS(kC)dC+2/1 1 C;;(kC)dC

Ikl 1 — 1¢2 —cos¢ <1 — 1 —cos¢
</0 ¢ e e C)

Writing

k1 — 1¢2 — cos¢ *1—cosC 1 1 [IFd¢
B A | —d¢(=-C— = —
/0 ¢ <t k| ¢ ¢ /1

where

11—%C2—COSC 1 —-cos(
= ———d ——d
e A S

is a constant, we get that (k) = Ck* — k?log |k|.
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In order to give a symmetric expression for 7', it is convenient to introduce another variable kq

and define S: R* — R by
S(k1, ko, ks, ka) = alky) + alks) + alks) + a(ka) — ;{d(kl ko) + lkr + k)
(ks + k) + (ks + ks) + @(ks + ko) + (ks + k4)}.
Then
T(ky, ki, ka) = S(kr, ko, ks, ka) o ki + ko + kg + ka = 0. (4.10)

Notice that the term Ck? cancels out of the expression in (4.11) for S(k1, ko, k3, k4) on ki +

ko + k3 + k4 = 0, so that we can rewrite S as

S(kl, ko, k3, k4) = a(kzl) + a(kg) + a(kg) + a(k4) — ;{a(kl + kz) + a(k1 + k3)

(4.11)
+ a(ky + kq) + a(ks + k3) + a(ka + k4) + a(ks + k4)},
where
a = —k*log |K|. (4.12)
Substituting in (4.12) into (4.11), we obtain
S(k1, ko, k3, k)
= — ki log |ki| — k3 log |ka| — 3 log |ks| — k3 log |kl
(4.13)

+ ;{(k:l + ko) log |k1 + ko| + (k1 + k3)? log |k + ks| + (k1 + ka)?log |k1 + k|
+ (ko + k3)*log |k + k| + (ko + ka)?log ko + ka| + (k3 + k4)? log |ks + k4}.
Using (4.8) and (4.10) in (4.7), we see that the spectral form of (4.7) is
oe(kr,t) + éikl . S(k1 + ko + ks + ka)S(k1, ko, k3, ka) @™ (k2, t) 9" (ks, t)@" (ka, t) dko dks dky

— Qikl log ‘kl‘gﬁ(kl, t) = 0,
(4.14)

56



where ¢ denotes the delta-distribution, ¢*(k) = @(—k) denotes the complex conjugate of ¢(k).
Thus, using the convolution theorem and (4.13), we find that the approximate equation (4.7) has
the real form (4.1).

4.1.3. Hamiltonian structure. We remark that the approximate equation (4.1) has the

Hamiltonian form

0H

ot s M =0,

where, suppressing the time variable, we can write the Hamiltonian in equivalent forms as

1 1
H(p) = /R [cploglé’x!</>+ §w23§ log |0 |¢? — 690332; log |0, |¢* | da. (4.15)

The spectral form of the Hamiltonian is

R 1 . R .
H(p) = 6.3 y 0(k1 + ko + k3 + kq)S(k1, ko, k3, ka)o(k1)@(ko)@(ks)@(ky) dky dkg dks dky

- /R log [[¢" (k) (k) d.

(4.16)

This Hamiltonian structure explains the symmetry of S in (4.11).

4.2. Weak local well-posedness

In this section, we prove Theorem 4.0.1. We will use the following consequence of Young’s

inequality

> ’fl(kl)f2(k2)f3(k3)f4(k4) <l Allelfalleall fslle]l fall e, (4.17)
k1,k2,k3,ka €7
k1+ko+k3+ks=0

and the Sobolev inequality
A 1
[fller < Z(s)[ £l s for s > o (4.18)

where Z is given in terms of the Riemann-zeta function by
1/2

Z(s) = Z“JZS — /20(29).
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Let p: Z — Z* be a map that permutes its entries and orders their absolute values. We denote
the values of p by (my, ma, ms, my) = p(k1, ke, k3, k4), where
(m1, mo, mg, my) = (ko1, ko2, ko3, ksa) for some o € Sy, (4.19)
[ma| = [ma| = [ms3| = |mal. (4.20)
Here, S4 denotes the symmetric group on {1,2,3,4}.
The proof depends crucially on the symmetry of the interaction coefficients that follows from the

Hamiltonian structure of the equation. Consider the spectral form of the initial value problem (4.2)

for a spatially-periodic function ¢(z,t), with Fourier coefficients ¢(k,t), given by

N 1. Ak Ak Ak . ~
Pe(k1,t) + gk > S(ky,ky, ks, ka) " (ka, )G (s, 1) 2" (kay t) — 2ik1b(ky)@(kn, t) = 0,

ka,k3,ka €2y
ko+tks+ki=—kq (421)

P(k1,0) = @o(k1).

When convenient, we omit the time variable and write ¢p(k) = ¢(k,t) = @*(—k), ¢; = ¢(k;). In

(4.21), we assume that S: Z+ — R satisfies

S(ki, ko, k3, ka) = S(—k1, —ko, —k3, —ka), (4.22)

S(k’l, ko, ks, k4) = S(kgl, koo, ko3, kg4) for every o € Sy. (4.23)

It is easy to verity that S satisfies (4.22)—(4.23).

Moreover, we show in [HS18] that, if there exist p,v > 0 and a constant C's > 0 such that
|S(k1, ko, k3, k)| < Cglmg|*|mal” for all ki, ko, ks, kq € Zx, (4.24)

where the k,; and m; are defined as in (4.19)—(4.20), which states that the growth of S is bounded
by the smaller wavenumbers on which it depends, then the initial value problem is locally well-posed
in Sobolev space. However, in the case of (4.11), the assumption (4.24) does not hold. Instead, S
satisfies (see Corollary B.0.4)

|S(k1, k2, k3, ka)| < Calmg]||ma| [log(1 + ma]) log(1 + [ma|)]"/2,

which explains the logarithmic loss of derivative we explained at the beginning of the chapter.
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Proof of Theorem 4.0.1. First, we derive the a priori estimate (4.4). Let 7: [0,T] — (5/2,00) be a
differentiable function, and let ¢ be a smooth solution of (4.5). We define energies E, F': [0,T] —
[0,00) by

Et) = leOl}0 = Y Ok, 6)%,

kEZ
F(t) = ||¢(t)llzr<t> =) log(1+ |k]) - [E["D|p(k, 1))
o8 kEZ,

We write the equation (4.2) in the spectral form (4.21) with kernel (4.13). Using the equation

(4.21) with (4.23), Lemma B.0.1, and Corollary B.0.4 to estimate the time-derivative of E, we get

that
dE . _d .
5 =2 > log k|- [EPTIe(R) + > [k dt! @(k)|?
kEZ 4 kEZL
. 1 T T T T - - - -
<2%F+ o > |(kalk1 [T + kolko|*™ + ks|ks|*™ + kalka|*T) S(k1, k2, k3, ka)@102P304]

k17k27k37k4 €L«
k1+ka+ks+ks=0

o - N
S 20+ 1 Gol(m)C; > log(1 + k1) log(1 + [k2)]"/? kv | [k | Ks|?|a| - |$1$2P304]

k1 7k27k37k4ez*
k1+ko+k3+ks=0

<27 F +2Co(T)CoF - | Y [kalP@(Ra)l | - > [kall@(Ra)l,
k3EZ* k4€Z*

where a dot denotes a time derivative. Then, as long as 7 > 5/2, the Sobolev inequality (4.18)

implies that

1 <2 [’7" + Cg(T)E} F, 03(8) = C()(S)CQZ(S — 1)Z(S - 2). (4.25)

The function C3: (5/2,00) — (0,00) is a smooth function such that C3(s) — oo as s — 5/2 and

s — o0o. Thus, there is a numerical constant C4 > 0 such that
C3(s) > Cy for 5/2 < s < 0.

For example, if Cy, Cy are given by (B.4), (B.8), then we find numerically that one can take
Cy = 1000.
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Fix a constant M > 1 and let 7 be the solution of the initial value problem
T+ ME()Cg(T) =0, T(O) =170 (4.26)

on a maximal time-interval [0,7}) such that 7(¢) > 5/2, where Ey = E(0). Then it follows from
(4.25)—(4.26) that FE is decreasing on [0,7%) and

dE
E + (M — 1)03EOF <0.

Gronwall’s inequality gives
¢
E(t) + Eo(M — 1)/ C3(7(s))F(s)ds < Ey,
0

o (4.4) follows for 0 < T < T, with C = (M — 1)C4.

To estimate ¢y, we write (4.21) in spatial form as

o1 + 0:Q(p, 0, p) + L, =0, (4.27)

where the trilinear form Q is defined in terms of Fourier coefficients by

Y S 1 ~% e Fx
Q(p, 9, ) (k1) = ¢ > S(k1, k2, k3, ka)@™ (k2)y™ (k)& (ka), (4.28)
k1,k2,k3,ka €7
k1+ko+k3+ks=0
and S is given by (4.13).

The symmetry of S (4.23) implies that

Q(m%%X)Z/THQ(%%X) dz

is a symmetric form. Moreover, using Corollary B.0.4, we get that for arbitrarily small 0 < e < 1

la(n, ¢, 1, x)|

<C Z |S (K1, ko, ks, ka) (k1)@ (ko) (k3) X (k)|

k1,k2,k3,ka €L+ 4.29
k1+ko+ks+ka=0 ( )

<C > (kx| =2 log (1 4 [ma |)) [ka|*~ 2 |ms| [mal (1) @(ka )t (ks) % (ka)|

k1,k2,k3,ka€Zx
k1+ko+k3+ks=0
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On k1 + ko + k3 + k4 = 0, we have
‘]{1‘8_26 S C (‘k2‘5—25 + ‘/@3‘8_25 + ‘k4‘5—26) )
From (4.19), we get that

(k1|2 log (1 + [ma)]) [k [*~2¢|ma||mal
< Ok |~ [log(1 + [ka|) + log(1 + |k3]) + log(1 + |ka|)]
- Ikal* 72 | [ka] + k3]~ [a | ka| + [ka|*~2[ka||ks]]
+ Clka |~ log(1 + [k |) [ kol [Kalkal + [ka|*>[kal[ka| + [kal~2|ka||ks]

< C’k1’_5+6 [’kz’s’k3’1+26’k4’1+26 + ’k3’s’k2’1+25’k4’1+26 + ’k4’8’k2’1+26’k3’1+26].
Using this inequality in (4.29), followed by (4.17)—(4.18) with the assumption that
S 1
s> =
2 )
and that the arbitrary choice of 0 < € < 1 (independent of s), we get
19(n, 0,9, )| < Cllnll gr—ssell@ll gra 11 grs [ g -
It follows by duality that (4.28) defines a bounded trilinear map
Q: H%(T) x H¥(T) x H*(T) — H* (T
when s satisfies (4.30). Hence, (4.4) and (4.27) implies that if 0 < T" < T}, then
sup || (t)[l gy -1-e < C,
0<t<T

for some constant C' depending on 79, T, and FEjy.

(4.30)

(4.31)

(4.32)

The construction of the solution by the use of Galerkin approximations follows by standard

arguments. We construct Galerkin approximations {goN :NeN } by projecting the equations onto

Fourier modes with |k| < N. These approximations satisfy the same estimates as the a priori

estimates derived above, so from (4.4) and (4.32) we can extract a subsequence that converges

weakly to a limit o in L>°(0, T; H™(T))NW L (0, T; H™™)~1(T)). By the Aubin-Lions lemma (see

e.g., [Ama00]), a further subsequence converges strongly in C([0,T7; H™™)=¢(T)) for sufficiently
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small € > 0, and by the continuity of the nonlinear term in (4.31), the limit is a solution of the
equation. Then the a priori bounds (4.4) restores the regularity of the solutions.

Finally, if ¢, ¢ are solutions to (4.5) with initial data ¢(0) = @9, ¢(0) = o, respectively, then
write u = ¢ — ¢ and let 7 be the solution of (4.26) with Ey = max{||¢o||%, |Poll%~ }, and we
define

Ut) = lle@t) =)l grw-2 V() = [let) — @(t)llleog>—z,

where we assume that 7(t) —2 > 5/2.

We first write down the equation for u

ug + éam [Q(p, ¢, 9) — Q(@, @, ¢)] + Lu] = 0.

By bounds (4.4) for both ¢ and ¢, we have that

, 1 T 5 50
7 — 2V = == [a(10:Prue 0, 0,9) — 4107, 7,8, 0)]
1

= _6 [Q(|aﬂc|2T“ma U, @, 90) + Q(‘ax|27ul“vua 2 95) + Q(|am’27—u1’ u, Qba 95)]

Then a similar argument to the derivation of the energy estimate (4.25) whose details we omit,

gives that
dU ) -
7 SR+ BCEV + () (e, + 1l ) U

where C(7) > 0 is a continuous function of 7. If 0 < T < T, then (4.26) implies that 7(¢) is
bounded independently of M on a time-interval 0 < ¢ < T'/M. We choose M large enough that
MC5(7) > C(7) on this interval. Then

dU
<

S <00 (el + 18y, ) U

for 0 <t <T/M, and Gronwall’s inequality implies that the solution is unique. O

4.3. Local well-posedness

4.3.1. Para-linearization of the equation. In this subsection, we para-linearize the ap-
proximate SQG front equation (4.1) and for simplicity write log|d,| = L. We put (4.1) into a form

that allows us to make weighted energy estimates. This form makes explicit the cancellation of
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second-order derivatives in the flux and extracts a nonlinear term L(Tézgo) from the flux that is

responsible for the logarithmic loss of derivatives in the dispersionless equation.

In the following, we use P(-) to denote a nondecreasing polynomial, which might change from

line to line.

Lemma 4.3.1. Suppose that o(-,t) € H*(T) with s > 7/2. Then (4.1) can be written as

1
1+ 0 §T00 + [Ty Tl | + R = L2~ T2, )l

where

B(p) = @2 — 30pus — 20ze L — 4ps Ly,

and the remainder term R satisfies the estimate

IRl e <P (llell )

for a nondecreasing polynomial P.

Proof. The nonlinear flux term in (4.1) is given by

1
SDZLSsz - @L((Pz)xa: + 7L(()03):ca: = 902L()0:L‘x - QSDL((PSwa + 903) + L(Sochxx + 29080325)'

3

We will use the lemmas in Chapter 2 to expand this term.
1. Term L(pp.. + ¢2).
By Lemma 2.2.3, we have that

_ 1 _
L(@S"xw) = TapLQO:ca: + TDgaD 1909015 - §TD2¢D 2909690 + TcmeQO + R17

L(Qpi) = 2T501L§0x + 2TD§01D71S0$ + Ra,
with
IRl gs+1 < Cllellws.ee @]l gs IRzl gs+1 < Cllpllws.ee @]l gs-
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2. Term L(¢%@s).

By Lemma 2.2.5, we have that
1
2
=TTy Lpaa + 2T, Ty, Lo + 2Tpo Ty D™ puw — [Tp2,Typ + TopTpo] D 0ug + R,

L(9*¢u2) = TypTypLipgs + 2T, T, Lo + 2T, Ty D~ oy — (2002, T + 2Tpy Ty D™ 2000 + R,

T

with
1IR3l gravr < Cllelfysce el go-

3. Term L(pp?).

By Lemma 2.2.5, we have that
L(‘P@i) = QTWTQOILSOI + TsoszozL‘P + Q(TDgoTtpz + TgoTDapz)D_ISOx + Ry,

with
R4l o < Cllelfys.oe ol -

4. Term ¢©’Ly,,.

By the decomposition (2.7), we can express ¢ Ly, as
O?Logy = ToTpLipps + 2T, Trp,. 0 + R,
with
IRl o1 < ClIL@lys.collpll o
Collecting all the above expressions, we obtain that
0? Loz — 20L(0pas + ©3) + L(9°Puz + 2007)
_ 1 _
= TLpTLpL(;Dw:D + 2TL,0TL§093;¢SD — 280 |:Tg0LS0:L‘x + TD(pD lsoxx — §TD2§0D 290‘%%
+ Ty Lo + 2T, Loy + 2TD%D_1¢4 + TpTypLpyy + 2T, T, Lip

+2Tpe T D pu — T2, Ty + TppTpy| D20 + AT, Ty, Loy

+ 2T, Ty, Lp + 4(Tpy Ty, + ToTpp,)D 1oy + R
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_ 1 _
= TA,OTQOLSDIx + 2T50TL§01180 — 2T<p |:T(,DLS0IJS + TD(pD 190xx — §TD2§0D 280.%1‘
+ Ty, Lp+ 2T, Loy + QTD@ID_ISOQC} —2Tap + 1T Lpga + 21,10, Lo
+ 2T Ty D 0y — (T2, Ty + T Ty D200 + AT, Ty, L,
+ 2T, Ty, Lp + 4(TpyTy, + TyTpy,)D  or + R — 2R(A, ),
where R(-,-) is a term as in (2.8) and
R =—-20(R1 +R2) +Rs+2R4 + R5,
_ 1 _ _
A=T,Lpse + TpoD Hpps — 5 D2 D 20pe + Tp Lp + 2T, Lpy + 2Tpy, D™,

Simplifying the above equation, we find that the higher order terms involving Ly, and Ly, vanish,

and

1
©*Lpgy — 0L(¢%) g + gL(sOS)m

= 2T, 14,0 — 215, %TD%@ + Ty, Lo+ 2T, 0| — 2T 49 + 21,T,,, Ly
—[Tpoa Ty + T, Ty, | 0 + 2105, Top, Lo + ML, Typ, + T T, )
+ R —2R(A, ) + 2[Tpy, T,] D pps

=27y, Tp, Lp + 2T, T1p,, 0 + Tl 0 — 2Tap — Ty, Top + 3L, Ty,
+R = 2R(A,¢) + 2[Tpy, Tp] D™ 0

= 2T¢271L90 +Tpp+ 2[TD<p7 Tcp]Dil(P:m + 7%7
where B is given by (4.34), and

R

B=2T,Trp,, +ToTp,, —2Ta — Tp, . Tp + 3T, Ty,
By a Kato-Ponce type commutator estimate (see e.g., [Li19]), we have

T, Te) D™ paall ress < Cllolfyace @l grosa-
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In addition, using the estimates of the remainders R;, Sobolev embedding, and the estimate

1B = )¢l o < Cllelyac) 2] e

we get that
IRl ge+1 < Cllole-

It follows that (4.1) can be written as
o1+ %aw {2T£chp + T + 2T, Tols + R} = 2L,
or
1+ 0. { 5T+ [Ty Tlir |+ Ro = (2~ T2) Ll (1.36)

where || Rl s < P(||¢ll g7s) for s > 7/2.

Using Lemma 2.2.3 to expand the term L(2 — ng)ap, we have the commutator estimate

112 = T7,), Llell s+ < Pl o).

Hence, we can rewrite (4.36) as (4.33), with L[(2 — ng)cp]w as the highest order term,

1
a;t {QTB(P + [TQDWT(.D]SOac}

as the first order term, and R as the zeroth order term, which satisfies (4.35) and does not lose

derivatives. O

4.3.2. Energy estimate. In this subsection, we prove an a prior: estimate for the initial
value problem (4.5), which is stated in Proposition 4.3.3 below.

We first recall the following definition for fractional powers of operators. If T: H — H is a
self-adjoint linear operator on a Hilbert space H and f € CS°(R) is a function, then f(7") may be
defined by the Helffer-Sjostrand formula [Dav95, Hel13] as

f(T) = L d:f(2)(z = T) L dadg,

T e=0t J|Sz|>e

. (4.37)
f(z) = <f(a) +iBf () + 2<i5)2f”<a>> Xo0(B),
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where z = a + i3, 85 = 3(da + i0g), and the cutoff-function xo € C°(R) is equal to 1 in a

neighborhood of 0. The function f is an “almost analytic” extension of f since
2:f(2) = O(|Sz*) as Sz — 0 with Rz fixed. (4.38)

Furthermore, if U C R is an open set that contains the spectrum o(7') C R of T and g € C*(U),
then, by the resolution of identity form of the spectral theorem [RS72], we see that ¢(T") = f(T),
where f = gx1 and x; € C°(U) with x1 =1 on o(T).

In particular, if HngzHL2—>L2 < 2, then (2 — ng) is a positive, self-adjoint operator on L?, and

(2—- ng)s is well-defined for s € R by (4.37) as f(2 — ng), where

fla@) = [al*xa(@) (4.39)

for x1 € C2°(0,2) such that x; = 1 on o(2 — Tf)w). We can therefore define a weighted s-order
energy by

2s

(s) s 2 +1 s
) = [ DFp(et) (2-T200) " IDPelat)do. (4.40)

In order to prove Proposition 4.3.3, we need the following lemma.

Lemma 4.3.2. Suppose that s > 7/2. If ¢ is a smooth solution of (4.33) and ¢ € L?, then
B(2—T2,)¢=(2-T2) ¢ — 52 =T5,) (T, Ty + T T, ) + R(P),
where the remainder term satisfies

1RGN <P (el ) 16122 (4.41)

for a nondecreasing polynomial P.

Proof. For z = a+ i € C\ R, we have

[0z =24+ T2 ) (z=2+T2) + (2 =2+ T2) " (Tp, Ty + T + T,

xt

=0 [(z—2+T2) (2 —2+T2)] =9 1d=0.
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It follows that

at(z -2+ ng)_l = —(Z -2+ sz)_l(T@x Pt + T(thT@m)(Z -2+ ng)_l
=—(2—-2+ Tiz)fz(Tsox ot T oo +1p,)

:az(z_2+T£z)71(TSoz Sozt—i_T‘p +TI)

xt

+(z=24T2)  [(z=2+T2) " Tp,Tpp, + Ty + T, ] -
Using (4.37), where f is defined by (4.39), and the previous equation, we get that
0(2-T2)°0 = 0f(2-T7,)p

1 -
=(2-T2 )@ — - [ lim / O:f(2)0(z =2+ T2 ) ' dadB| &
|Sz|>€

T [e—0T

=Q2-T2 )@ +T1¢+R,

1 ~
Tip=—— [ lim / 0:f(2)0.(z — 2+ ng)_l dadp (waTwmt + T‘P:ctT@:c)@?
|Sz|>e

T |e—=0"t

1 N
R=—— [ lim / 0:f(2)(z =2+ T2 ) (2 — 24+ T2 )1 Tp, Ty, + Ty, + Ty, ] ddB | &.
|Sz|>€

T | e—=0t

Since 2 — T‘Zx is self-adjoint, we have 0z(z — 2 + Tfjw)_]L =0for ze€ C\R, so
0.(z =2+ sz)_l =0u(z—2+ zj)_l.

We can then integrate by parts with respect to o in T7¢ to get

1 ~
Tlsb = - [ hm / agf/(Z)(Z - 2 + T(,Zz)il da dIB (TSOZTSOZt + Tﬁothﬂoz)QZ)
|Sz|>e

T |e—=0+

2 \s—1 ~
= _8(2 - Tgpm)s (T@xTﬁoxt + T@xtTipx)SO‘
Finally, using a Kato-Ponce type estimate for commutators and (4.33) to estimate p,;, we have

L2 H!
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It follows that

Sz[>e

IRl < P (llelze) 12122 L% /| 0:F(2)|[92 " dacdB| |

where the integral converges by (4.38). O

We now prove the following a priori estimate.

Proposition 4.3.3. Suppose that s > 7/2 and ¢ is a smooth solution of (4.5) with po € H*. If

173

oo, ll22512 < C for some constant 0 < C' < 2, then there exists a time T > 0 and a constant

M > 0, depending on ¢q, such that

sup EG)(t) < M,
t€[0,T]

where E®)(t) is defined in (4.40).

Proof. We apply the operator |D|* to equation (4.33) to get
1
DIt +1DP0: (7o + T Tolee ) + DIRe = 0,LIDP [(2-72)¢) . (442
where R7 satisfies (4.35). Using Lemma 2.2.2 twice, we find that

IDI*[(2 = T7,)¢] = 2ID*e — | DI*(T3, )

= 2’D‘S¢ - Tzz’D‘SSO —+ STQOQCT ‘D’s_ngit + STmeT@x|D’S_2SD$ + RS:

rxT

where [|0;Rs]| 2 < Cllgllys.cc 2]l e
Thus, we write can the right-hand side of (4.42) as

0. LID|* [(2 -T2, )¢]

= azL [(2 - Tzz)‘D’stp + ST(P&?T |D‘5_2g0-'ﬂ + ST‘P:cmTLPm’D‘S_ngl‘} + 7?’0

xrx

T@x |D‘SSO

rx

- ST‘PxT |D‘Sg0 - STLP;L'Q:TWQ:’DPQO} + Rl()

rx
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Applying (2 — ng)s to (4.42), and commuting (2 — ng)s with L up to a remainder term, as in the

proof of Lemma 2.2.3, we obtain that

1
(=12, )" IDIer+ (2= T2, )| DI*0a <2Tw+ [T%,Tm>
= L{(2 T2 )" D¢y — (s + 1)(2 = Ty, )* (T, Ty, + T Ty, )IDPP} + Ry (4:43)
=0, L{(2~ Tczz)SH’D‘SSO} + Ra2,

where | Riz|[r2 < P([[oll g.)-
By Lemma 4.3.2, with ¢ = | D|*¢, the time derivative of E(*)(t) in (4.40) is

d
aE(S) (t)=— /(28 +DIDPe - (2= T3,)* (T, Ty, + T, Ty, )|DPp da
(4.44)

T
+2 [ IDPe- 2= T2 DPeds + [ Ray(IDI6)IDP e da,
T T
where R;3 satisfies (4.41).
(1) Equation (4.33) implies that |[@u¢|[r < P(|l¢llzs), so the first term on the right-hand side of
(4.44) can be estimated by

/T (25 + 1)|DPp- (2 — T2 ) (T Ty, + Ty, T, )| D p da
< Ollplyueligselle el < Plol o).

In addition, from Lemma 4.3.2, the third term on the right-hand side of (4.44) can be estimated
by
| Ras (D10 IDEpdo <P (el ).

(2) To estimate the second term on the right-hand side (4.44), we multiply (4.43) by (2—T£I)SJrl | D],

integrate the result with respect to x, and use the self-adjointness of (2 — Tf,x)sﬂ, which gives
/T D¢ - (2= T2 )* T D*ppdo =1+ I+ 111,
where

1
1= _/ ]D\Sgo . (2 _ T31)23+1]D\58x (2TB(p + [Tgoﬁ,Tsp]goz) dz,
T

Il = /(2 - T51)5+1‘D]8<p -0, L(2 — Tiz)SH]D\Sgo dz,
T
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I = /(2 — T2 )7 D*p - Rz dx.
T
We have II = 0, since 9,.L is skew-symmetric, and
L < P([lll ),

since [|Riz2|lzz < P(|lellzs) and (2 — Tf,w)sJr1 is bounded on L?2.

Term I estimate. We write I = —I, + I, where
1
L= [1DPp- 2= 12270, (JT0lDPe + [T, TIDI ) s
T
L= [ Do (2— 12 2+, (L1, DF T, ,T.],|D|® d
b T\!@( ) 2 | 508, DIl + [[Tos, Tel, IDI] 0 ) da

By a commutator estimate, the second integral satisfies |Ip| < P(|[¢]] 5 )-

To estimate the first integral, we write it as

1
Ia - Ial - §Ia2 - Iag»

where
L = [ DI+ 12~ 12270 (T5IDI + [T, T 0P ) do
= [ IDgs- (2= T2 (T5|Dl') da.
Ly = [ 1DFps- 2= T2 ([T TIDI00) do.

Term I,, estimate. A Kato-Ponce commutator estimate gives

Lo, | < P (Il ) -
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Term I, estimate. We have
L = [ (T5IDg) - (2= T2 Dl do
/T (Te|DP°¢) - {0x (2 = T2,)* ! DI¢) — [0x, (2 = T2, )] D]} da
—/Tc% (TB|D‘S(P)'(2_T31)28+1‘D|3@dx_/T(TB’D‘SSO)‘ [0z, (2= T2,)* ] D¢ dz
=~ | @elDP s + 10 T5) D) - (2= T2, D da

/ Ty (D) - [0, (2 — T2, )] |DPpde.

(4.45)

Using the commutator estimates

10z, 2 = T2 )* T IDFe| o < Pllell ), 10, Ts] IDFll 2 < Plellge),
and the fact that T is self-adjoint, we can rewrite (4.45) as
Loy = Ty = [ DI -0, (2= T2,)%1.Ts] DI do + R,
with |R14| < P(||¢||gs). Using the commutator estimate
102 [(2 = T2,)**, Ts] IDPp da| o < Plligll ),

we conclude that |Io,| < P(|l¢ll z)-

Term I,, estimate. Using the self-adjointness of T, and T;,, we obtain that

I, = /T (2 — T2 )** D, - [To., T,)| Dl s da
/ T, T,)(2 — T2, |Dl*o, - |DJ* gy do.
Since
I[To T 2 = T2)%5] 1DP s o < Pl )

we have that |Io,| < P(||le]l zs)-

Collecting the above estimates, we obtain that

d

w2 =P (lell) -
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Finally, since [|2 — T2, [l;2—z2 > 2 — C and [J@.(t)|z= is continuous in time, there exists T' > 0

and m > 0, depending only on the initial data, such that
H2—T3IHL2_>L2 >m fort <T.
We therefore obtain that
m* D). < B < 22Dyl |7,

which implies that

d
—E®) < PEW),
w7 sPET)

The result then follows by Gronwall’s inequality. O

4.3.3. Local well-posedness. In this subsection, we finish the proof of Theorem 4.0.2. We

first construct solutions of (4.5) by a Galerkin method. For N € N, let

In: DAT) = LX(T),  JInf(z)= ) f(§)e*" (4.46)
[§ISN

denote the projection onto the first N Fourier modes. We define an approximate solution o (z,t)

as the solution of the ODEs obtained by projection of (4.3.1),
1
o0+ 0T {2TB<¢wN + [Ty, Tonley } +INR(PY) = INLI2 = Toy)e e, (447)

with initial data @™ (z,0) = Jypo(z).

Repeating the previous estimates, we obtain that

d

BN <P (EDY)).

Thus, since E®) (Jnpo) < [l@oll%., there exists T > 0 independent of N such that the solution of

2
(4.47) exists for ¢t € [0,7] and

le™ @)l r+ < Pllloll ),

where P is an nondecreasing polynomial independent of N. The sequence of approximate solutions
{©"N} is therefore bounded in L°(0,T; H?), so a subsequence converges weak- to a limit ¢ €
L>®(0,T; H?).
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Moreover, from (4.47), we see that {¢N} is bounded in L>(0,T; H*~ %) for § > 0. The Aubin-
Lions lemma implies that a further subsequence converges strongly to ¢ in C([0,T]; H") for any
r < s. Taking the limit of (4.47) as N — oo, we find that ¢ is a solution of (4.3.1).

Since ¢ € L>®(0,T; H*) N C([0,T]; H"), we see that ¢ € Cy([0,T]; H®) is weakly continuous
in H*. In addition, the Arzela-Ascoli theorem implies that E(®)(¢) is continuous in time, since

E®) (o) is continuous for each N € N, and

d
—EG (N
270

is bounded uniformly in N. It follows that [|¢l| ;. is continuous, so, by weak continuity and norm
continuity, ¢ € C([0,T]; H®) is strongly continuous in H*.

To prove the Lipschitz continuity (4.6) and uniqueness, we suppose that ¢, € C([0,T]; H %)
are solutions of (4.5) with s > 7/2. Subtracting the evolution equations for ¢ and ¢, we find that

u = p — ¢ satisfies

1 1 - -
8tu + 895 {QTB(@U + [T%,T‘p]ux} + 835 {Q[TB@P) - TB(@]QD + [[wa, TSO] - [T@x,Td] gox} ( )
4.48

= L[(2 — T3, )ulz — (LT3, — LTE,)$x + R(p) — R(P).

For r > 0, we define a weighted H"-norm by

() r 2 Zr+l r
EQ®) = [ 1DFu(a,t) (2-T200)  1DIutw, 1) da.
Applying 97 to (4.48), with 0 < r < s — 1, and carrying out energy estimates as before, we get

d . i . -
EESO V() < Pl 18] ) [EE (u) + | LA Bl oo lull 3]

where we have used the estimates

e | oo (1@l oo + [|Balloe) ILOET Bl 2,  when 3 <7< s—1,
105(LTZ, = LTZ,)ellr2 S § lluallz (ool o + | @all o) | LOH @l e, when 1 <7 < 3,
lall o (lallzoe + I @allp) |1LO2@l e, when 0 <r <1,
< lullar (lallze + 1Gollzo) 18] s,

102[R(@) = R(P)l L2 S Pl zs, 191l ers) ull g
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It follows that
B (u(t) + BS (u(t) $ [BL @(0)) + B (u(0))] /0 Pllpllrre, @),

and, since E<(p0) (u) + Eg) (u) is equivalent to ||u||%., the solution map is Lipschitz continuous on
H". In particular, the solution is unique.

Finally, we prove that the solution map is continuous on H*® by a Bona-Smith argument [BST75].
First, suppose that ¢ € C([0,T]; H*), $ € C([0,T]; H*+'*%) are solutions, where 0 < § < 1, and

let u = ¢ — @. In a similar way to before, we find that Eg(os) (u) satisfies

d S = S
SEO @) < Pl e, 191 5) B ()

|2 -T2 17 [HQ?(LT@ — LT3 )@l 2 + 105 [R7(9) — Rr(@)]ll2 |l -
Using the estimates

103 (LTZ, = LTZ,)@allre S LAl oo lull o (el e + 161 )

102[R(#) = R(&)lI 2 < Pl o5 N2l o) lell s

we get that
B (u(t)) S PUIel oo o 16 e 10) [BD @O0)) + el o el e sl LBl e | - (4:49)

The higher-order derivative term ||L|| Loofrst1s which obstructs Lipschitz continuity on H?, is
compensated by the lower-order derivative factor ||u|| Lo fr2> and we treat it by approximating He-
solutions by smooth solutions.

Given f € L? and N € N, let fy = Jn f where the projection Jy is defined in (4.46). If f € H*,

with s > 2, then fy — f in H® as N — oo, and

1
v = Fllge S sz Ml IN M geries S N £l g (4.50)

Consider initial data ¢f, o € H* such that ©5 — o in H*® as n — oo, and let ¢, ¢ €
C([0,T]; H®) denote the corresponding solutions. We approximate the initial data by PoN+ PON

and let ¢, ¢n denote the corresponding solutions. Then

™ = ellgs < 19" = ehlligs + IR = nllgs +llon =@l g (4.51)
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Using (4.49) and the fact that ||Lf|[z2 < || f|l s, we get that
I = onl3 S PN L res lon o)
[llpo = @on . + e = onll e gl = ol e s loN N e o]

with a similar estimate for ||¢™ — ¢%||%.. The Lipschitz continuity (4.6), with » = 2, and the

approximation estimates (4.50) give

1
lle — 4PNHL;>OH2 ”‘PNHLgoHsHM S llpo — (PO,NHH2 H‘PO,NHHSHM N W”@OH?{S
Hence, since s > 7/2, we have for each n € N that
I = onllpperze + 16" = Gl pege =0 a5 N = oo. (4.52)
In addition, using (4.49), we get that
2
len — onllzs S PUEN Lo pres ol oo o)
et — ponllE + ok — ol oo grs 198 — N [l oo prallon [l oo o | -
t t t
Since ¢ y — ¢o,N as n — o0, equation (4.6) then implies that for each N € N, we have
I — enllpooprs =0 asn— oo (4.53)

It follows from (4.51)—(4.53) that [|¢" — ‘P”L?HS — 0 as n — oo, which proves that the solution

map U is continuous on H?®.

4.4. Numerical solutions

In this section, we show two numerical solutions of the initial value problem for the approximate
SQG front equation in (4.5) that indicate the formation of singularities in finite time.

The first solution is for the initial data
1
wo(z) = cos(z 4+ m) + 3 cos[2(z + 7 + 27?)]. (4.54)

A surface plot of the solution, computed using a pseudo-spectral method with spectral viscosity, is
shown in Figure 4.1. Numerical results suggest that an oscillatory singularity forms at ¢ ~ 0.06 near

x =~ 2.15, before there is an appreciable change in the global shape of the solution. The solution
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appears to be smooth before the singularity forms, and the numerical singularity formation time
does not appear to change under further refinement. Moreover the structure of the solution remains
similar as one increases the number of Fourier modes, although the number of oscillations and the
z-location of their left endpoint increases.

One might conjecture that the formation of singularities in the approximate SQG front equation
is associated with the breaking and filamentation of the front, rather than a loss of smoothness,
but since we are using a graphical description of the front, we are unable to distinguish between
the two. The numerical solutions suggest that it may be possible to continue smooth solutions
of (4.5) by some type of weak solution after singularities form. These weak solutions appear to
remain continuous, which could be associated with the extreme thinness of any filaments that form,
as seems to occur in the case of the filamentation of vorticity fronts [BH, BH10].

In Figure 4.4-4.6, we show a solution of (4.5) with the initial data

5 (4.55)

SR—

for 0 <t < 0.05. The singularity formation time is ¢t & 0.02. As in the previous case, a singularity
forms before there is an appreciable change in the global shape of the solution, but in this case
singularities form at two different locations, the first near the peak of the pulse and then, a little

later, a second near the front of the pulse.
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0.12

FIGURE 4.1. A surface plot of the solution of (4.5) with initial data (4.54) for
0 <t < 0.12. The solution is computed by a pseudo-spectral method with 24
Fourier modes. A small oscillatory singularity forms at ¢ ~ 0.06 near x ~ 2.15.

FIGURE 4.2. Graphs of the solution of (4.5) with initial data (4.54). The solution
is shown at t = 0 (blue), ¢ = 0.01875 (cyan), ¢t = 0.0375 (magenta), ¢t = 0.05625
(green), t = 0.075 (red). The solution is computed by a pseudo-spectral method
with 2'5 Fourier modes.
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FIGURE 4.3. Detail of singularity formation in the solution of (4.5) with initial
data (4.54) shown in Figure 4.2. The solution is shown at t = 0 (blue), t = 0.01875
(cyan), t = 0.0375 (magenta), t = 0.05625 (green), t = 0.075 (red).

FIGURE 4.4. A surface plot of the solution of (4.5) with initial data (4.55) for
0 <t < 0.05. The solution is computed by a pseudo-spectral method with 21°
Fourier modes.
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FIGURE 4.5. Graphs of the solution of (4.5) with initial data (4.55) for ¢ = 0 (blue)
and t = 0.05 (red). The solution is computed by a pseudo-spectral method with 2'°
Fourier modes.
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FIGURE 4.6. Detail of the singularity formation near the front of the pulse in the
solution of (4.5) with initial data (4.55) shown in Figure 4.2. The solution is shown
at t =0 (blue), t = 0.0125 (cyan), t = 0.025 (magenta), ¢t = 0.0375 (green), t = 0.05
(red).
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CHAPTER 5

Global solutions to the SQG fronts

Nothing cannot exist forever.

— Stephen Hawking

This chapter concerns with the initial value problem for the full SQG front equation (3.2)

oi(z,t) — 2log |am’80:ﬂ($7 t)

1 1
R R e emverereryed U N CR)

90(1" O) = SOO(x)’

where ¢: R x Ry — R is defined for x € R, ¢t € Ry, and log|0,| = L is the Fourier multiplier
operator with symbol log |£].
The main result of this chapter is the asymptotical stability of the planar steady SQG front

@ =0, and is stated in the theorem below.

Theorem 5.0.1. Let
s = 1200, r=71, po = 1074 (5.2)
There exists a constant 0 < ¢ < 1, such that if oo € H*(R) satisfies
leoll s + [|20zp0llr < €0

for some 0 < g9 < e, then there ezists a unique global solution ¢ € C(]0,00); H*(R)) of (5.1).

Moreover, this solution satisfies
le@)lzs + [[Se®)llar < eolt + 1),
where S is a vector field defined as

S = (z+ 2t)0y + t0. (5.3)
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We remark that the operator S generates a scaling-Galilean transformation, and it follows from
Lemma 5.5.1 that & commutes with the linearized equation.

The general strategy for proving the global existence of small solutions of dispersive equations
is to prove an energy estimate together with a dispersive decay estimate. Energy estimates for
(5.1) in the usual H*-Sobolev spaces lead to a logarithmic loss of derivatives (see Lemma B.0.3).
However, as shown in Section 4.3 for spatially periodic solutions of the cubic approximation, we
can obtain good energy estimates in suitably weighted H?*-spaces by para-linearizing the equation
and using the linear dispersive term to control the logarithmic loss of derivatives from the nonlinear
term.

The proof of the dispersive estimates is more delicate. The linear part of the equation provides
t~Y/2 decay for the L°°-norm of the solution, but this is not sufficient to close the global energy
estimates for the full equation, since the O(t~!) contribution from the cubically nonlinear term is
not integrable in time. We therefore need to analyze the nonlinear dispersive behavior in more
detail. We do this by the method of space-time resonances introduced by Germain, Masmoudi
and Shatah [Ger10, GMS09, GMS12], together with estimates for weighted Lg°-norms — the so-
called Z-norms — developed by Ionescu and his collaborators [CGSI19, DIP17 DIPP17 IP13,
IP15,1P16,1P18|.

Our Z-norm estimates involve a detailed frequency-space analysis. The most difficult part is
the estimate of the cubically nonlinear terms. In most regions of frequency space, these terms
are nonresonant, and we can use integration-by-parts in either the spatial or temporal frequency
variables to estimate the corresponding oscillatory integrals. In regions of space-time resonances,
we use the method of modified scattering to account for the nonlinear, long-time asymptotics of
the solutions [IP14,0za91].

Our main reference is [CGSI19]. In that paper, the authors prove global well-posedness of the
initial-value problem for the GSQG (1.2) front equation with 0 < a < 1. The linearized equation
0 = 02|0:|' "%, with dispersion relation A(£) = £|¢]17%, has a scaling invariance and commutes
with the vector field x0,+(2—a)td;, which provides a key ingredient in the dispersive estimates. The
SQG equation considered here corresponds to the limiting case o = 1, and its linearized dispersion
relation is A(§) = 2€log|¢|. The linearized equation ¢; = 2log |0;|p, is not scale-invariant, but
it has a combined scaling-Galilean invariance and commutes with the scaling-Galilean vector field

S = (x + 2t)0y + t0; defined in (5.3).
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This chapter is organized as follows. In Section 5.1, we expand and para-linearize the nonlinear
terms in the evolution equation. In Section 5.2, we derive the weighted energy estimates and state a
local existence and uniqueness result in Theorem 5.2.3. In Section 5.3, we show that Theorem 5.0.1
is a consequence of a bootstrap argument (Proposition 5.3.1) . Finally, in Sections 5.4-5.6 we
carry out the three key steps in the closing the bootstrap argument: linear dispersive estimates;

scaling-Galilean estimates; and nonlinear dispersive estimates.

5.1. Reformulation of the equation

5.1.1. Expansion of the equation. In this subsection, we expand the nonlinearity in the
SQG front equation (3.2) for fronts with small slopes |p,| < 1. As we will show, (3.2) can be

rewritten as

o~ Cn P P 5 i(mAn2++nng1)T
erla,t) =) o+ 10" /R,M+1 T (0,6 (1, )02, 1) -+ G1amg1, 1) M FRTF2ne)T gy
n=1 (54)
= 2log |0y|¢x(x,t),
where n,, = (11,12, . .., M2n+1), and
27’L+1 _ 7/,7]
/ L= Jae, e — VT . (5.5)
ICIQ"+1 (i —n)T(n+1)
We remark that ¢, = O(n~/2) as n — ooc.
In fact, if we expand the nonlinearity in (3.2) around ¢, (z,t) = 0, we find that
/ [Sox(xvt)_S%(x"‘Cvt) _ Pa(,t) — pa(x + (1) ¢
R €] V(e t) =z + (1))
- [oa(@,t) — pal@ + ¢, )] - [0(2,t) — p(z + ¢ )"
- > /R e d¢ (5.6)
_ i e, / [so(x,t) —p(z+ c,t)r”“ a.
) 2n + 1 R ‘€|
Writing
2n+1 o0
T T+ ine
fe) = [ [FOZEEEOT e = [T e an,
R |C’ —00
we have
o) = [ Ta)pm)p(m) - g )e e 5.7
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which gives (5.4).

Isolating the lowest degree nonlinear term in (5.4), which is cubic, we can also write (3.2) as

1 R R . .
or(z,t) + éax /RB T1 (11,12, 13) P (11, £) (12, ) P (13, 1) 21T Ay o g

(5.8)
+NZ5(Q0)($,75) = 2log ’a:c\%(%t),
where N>5(p) denotes the nonlinear terms of quintic degree or higher
oo
B Cn, . X« A i(n+n2+-+n2nt1)
Nos()at) == 5" 0s T (n,) 200, 1) 2(12, 1) - - $(n2n 1, t)e dn,,.
s n+1 R2n+1
(5.9)

Equation (5.8) will be used in Section 5.6 in order to carry out nonlinear dispersive estimates,
where the main difficulty is controlling the slowest decay in time caused by the lowest degree, cubic
nonlinearity.

In Appendix A, we evaluate the integrals in (5.5) and show that we can write (5.4) in the

alternative form

oo 2n+1
1+ Oy {Z 3 (1) 0P L log @W} = 210g |0z (5.10)
n=1 /=1

where the constants d,, are given in (A.4). We will not use (5.10) in this dissertation since it
makes sense classically only for C'°°-solutions and does not make explicit the fact that, owing to a

cancelation of derivatives, the nonlinear flux in (5.10) involves at most logarithmic derivatives of

®.

5.1.2. Para-linearization of the equation. In this subsection, we para-linearize the SQG
front equation (5.4) and put it in a form that allows us to make weighted energy estimates. This
form extracts a nonlinear term L(Tgis),¢) from the flux that is responsible for the logarithmic
loss of derivatives in the dispersionless equation.

We use Weyl para-differential calculus to decompose the nonlinearity in (3.2). In the following,
we use C(n, s) to denote a positive constant depending only on n and s, which may change from

line to line.
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Proposition 5.1.1. Suppose that o(-,t) € H*(R) with s > 4 and ||pz|w20o + || Loz|wze is

sufficiently small. Then (3.2) can be written as
Yt + (%TBOMQO +R= L[(Q - TBlog[w])SO]x,

where the symbols BY[¢] and B'8[p] are defined by

B[y ZBI"g L8), BYel(56) = Balgl(- ),
BREl)( ) = —F7 ! [2% /R2n 5<< - g;nj) jljl (inj¢(nj)x(W)) dﬁn}
Bo¢](-,€) = ]—“C—1 {2% /R% 5<C - im) ﬁl <i77j¢>(77j)x((2w,21)77j>>

Jj= j=

. / log
[0’ 1} 2n

2n
D njs;

J=1

ds, dﬁn} .

(5.11)

(5.12)

Here, ¢, is given by (5.5), ¢ is the delta-distribution, x is the cutoff function in (2.6), 0, =

(M,m2, -y M2n), and 8, = (s1,...,S2n). The operators Tgos,) and Tgojy) are self-adjoint and their

symbols satisfy the estimates

)
1
1B (o]l my S D Cns5)lenlllpallfzce
n=1

oo
1BUllary S S Ol s)lenl (1L [Fame + 02 3ame ).
n=1

while the remainder term R satisfies

o0
”WWSMW{ZCWﬂ%@%%M+M%Wm”,

n=1

where the constants C(n, s) have at most exponential growth in n.

Proof. We define

falz) = /Rz o, Tuma)@(m)@(ne) - P(Manr )/ Mttt )T gy
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In view of (5.4) and the commutator estimate (2.9), we only need to prove that

[e.9]
Cn
— ;1 T Oz fr(@) = 0uTpo(p + Oxl(Tiosy) Lep] + R,
where R satisfies (5.14), and to do this it suffices to prove for each n that

2TL—|- 18 fn( ) —0, TBO[ap](P 8 [( Blog[ ])LQO] —|—Rn,

IRallizs S Cn,s)lenl (o liace + 1L IFce ) il
By symmetry, we can assume that |12,+1]| is the largest frequency in the expression of f,,. Then

on +18 2 fn(@) = €0 / T (0,) ()P (n2) -+ Pnapr)e M FRT Tt gy

[M2n+1[>]n;]
for all j=1,...,.2n

_c"a”"/ / T (7,) @ () (m2) - - G120 ) 2317 Ay b2 41) €m0 dng
R

[n;1<In2n41]

fo?]all jn:217+..%,2n (515)

2n
2n + 1)n; (2n+1)n;\1 .
o] ] T B () ()]
R — n+1 2n+1
[n51<|n2n+1] J

for all j=1,...,.2n

M Ay (1 1) a1,

Next, we expand the product in the above integral, and consider two cases depending on whether
a term in the expansion contains only factors of y or contains at least one factor 1 — x. In the
first case, the frequency n2,+1 is much larger than all of the other frequencies, and we can extract
a logarithmic derivative acting on the highest frequency; in the second case at least one other
frequency is comparable to 72,41, and we get a remainder term by distributing derivatives on
comparable frequencies.

Case I. When we take only factors of y in the expansion of the product, we get the integral

2n (2n+ 1)n;
Cnaﬂc/ / To(ma) [ x <]> ()¢ Z5 15 iy, B (a1 )€ .
R

=1 2n+1
;| <In2n+1l
for all j=1,...,.2n

(5.16)

86



From (5.5), we can write T,, as an integral with respect to s, = (s1, 2, ..., S2n+1),

2n+1

in;siC
sgn ¢ / in;e""%% ds,, d¢
/ [0,1]2n+1 1;[

2n+1 1
=2(=1)" / ds;,
= <H ) oapntt 20 s

7=1
2n n; 2n
=2 m)/ 10g’1+ 1 j| — log s;|ds
<j1_[1( J) [0,1]2" Z Tl2n+1 Z 1 2n+1 ! "
2n 2n 2n
= 2log |n2n+1] - H(inj) - 2<H(i77j)) / log isj| dsp
j=1 j=1 [0,1)2" j=1
2n n;
+ (m))/ log‘l—i- 1 —s;]ds,.
<£[1 ") Jio, g2 Z T
Substitution of this expression into (5.16) gives the following three terms
s () TT (27 1 i e
Cnax Tn (T’n) H X W( ) =t d77 (P(WQTH-I) Fh2n+1 dn2n+1;
R 1 T2n+1
|TIJ\<|7127L+1\ J
for all j=1,...,.2n
(5.17)
2n
2n+1)n;\ . SN2 ;
en / / Ta(na) [T ((7721)77]) P(11;)€’ =T Ay B (N 41)€ 2 digon 1,
. n-+
In;|< |21 =
for all j=1,....2n
(5.18)

2n
o 2n + 1 ] ~ 7 T 12 A T
Cnaa:/ / T 1<T/n)(nn)HX <()773> @(nj)e ST ARy (0o 1) Aoy,
R

i=1 2n+1

[751<In2n41]
for all j=1,...,.2n
(5.19)
where
2n
T'lr?g(nn) = 210g ’n2n+1| : H(iﬁj)»
j=1
2n
T (n,) = —Q(H(i%’)) / log 5| dsn,
j=1 [0,1)2
2n
T="1(n —2( m)/ log |1+ s;|ds
n ( n) ]1;[1( ]) [0’12 Zn2n+1 J n
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We claim that the terms (5.17) and (5.18) can be rewritten as
-0, T B[, }Ltp 4+R; and — 61T33[¢]g0 + Ra, (5.20)

where R; and R, satisfy the estimate (5.14). Indeed,

2n
FIOT ey ©) = ~2cni€ [ ({2 10wl [ o6 =n=30m;)
j=1
=y 2(2n + 1)n; o
]1;[1 (mys@(m)x(W)) i, (n) dn,

while the Fourier transform of (5.17) is

2n+1

QCan/R / o|&— Z 15 10g\772n+1’
Inj|<in2n+1] =1
for all j=1,....2n
2n
Cn+Dn;\ . . L
Ix (j (i07)@(n7) A7 P (112041) A1
j=1 M2n+1

The difference of the above two integrals is

2n+1 2n 2 ey
2eni 51&=>" n;|loglnanial- {Hn IIx ((n+)m> (in;)@(n5)

R2n+1 1 1 M2n+1
’ ’ (5.21)
2n
|5—772n+1|> ( R (2(2n+1)nj)>] .
X\ el mipmi)x\ ————-) ) |4 on+1) An2n+1,
X (IE Tl jHl me X (% AP (120+1) A0t
where I, is the function which is equal to 1 on {|n;| < |n2n41], for all j =1,...,2n} and equal to
zero otherwise.
When n,, satisfies
In;] < L | forj=1,2,...,2 (5.22)
| < = or j = oy 2n )
77] >~ 40 2n+1 M2n+1 J ) &y ) ’

we have I, =1 and x (M) = 1. In addition, since £ = Z?”J{l n;, we have

M2n+1
2n
2 1
€ — mons1| J=1 30 1m2n+1] 1 3
= < = < =
€ + m2n41] 2213 - T2 B)menr| 79 407
j 2n+1
= "
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2(2n + Vlnj| _ 35 |m2n 111 _2_3
|€+n2n+1| o (2 — ﬁ)’n2n+1| 79 40’

So)
— 2(2 1)n;
X<|§ 772n+1|):1’ X( (2n + )77J>:1
€ + N2n+1] £+ Mon+1
Therefore the integrand of (5.21) is supported outside the set (5.22), and there exists j; €
{1,...,2n}, such that |n;, | > %TIHM%HL Since |n2n+1] is the largest frequency, we see that |n;, |

and |n2p+1] are comparable in the error term. Therefore, the H*-norm of (5.21) is bounded by

Il Cn s)leal (lpallFaoe + I Lellffce ).

It follows that (5.17) can be written as in (5.20). A similar calculation applies to (5.18).
The symbols Bi2[g] and BO[p] are real, so that TBlogM and Tgo, are self-adjoint. Again,

without loss of generality, we assume |12,,| = maxi<j<an, |7;| and observe that

2n
log 1;5;
o lom | o
2n—1

j=1
log]ng|+/ {<Zm3‘>log‘1+l
" Jpape Mon S s

jzl le m2n

ds,,

1

2n—1 1n5 .
Zj:l P~y

+log‘1+

- 1} dSn_l

= log|nen| + O(1).

Thus, using Young’s inequality, we obtain from (5.12) the estimate (5.13), where the constants

C(n, s) have at most exponential growth in n.

(2n+1)n;
N2n+1 ’

To estimate the third term (5.19), we observe that on the support of the functions x (

we have

mil 1
IM2n+1| — 10(2n + 1)

Since s; € [0, 1], a Taylor expansion gives

T2 gl (3232

|772n+1‘

T ()| S

Therefore the H-norm of (5.19) is bounded by C(n, s)|cn||l¢l|ms ||¢e |50, where C(n, s) has at

most exponential growth in n.
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Case II. When there is at least one factor of the form 1 — x in the expansion of the product
in the integral (5.15), we get a term like

of ] mo ()] ()

R T12n+1 2n+1
[n; |<|772n+1|
for all j=1,...,2n (5.23)

2n
. < H 95(77])> el(n1+772+-~~+772n)x dﬁn¢(n2n+1)ezxn2n+1 d772n+1a
7j=1

where 1 < ¢ < 2n is an integer, and {ji : k = 1,...,2n} is a permutation of {1,...,2n}.

Notice that 1 — x (M

T ) is compactly supported on

\773'1| > 3
|772n+1’ - 40(2n+ 1)

By assumption, 72,41 has the largest absolute value, so

3

s <l | <
40(2n + 1) [M2n+1] < 05| < Im2nal,

meaning that the frequencies |n;, | and |n2,41| are comparable.
Without loss of generality, we assume that [n;,| < [nj,| < - < D)o, | < |M2n+1], define 1y, =

Non+1, and split the integral of T, (5.5) into three parts.

T (1,) = T3 (1) ZTmEd B(m,) + T (),

ow H2Z—f1 (1 T e“?jg)
T ) = | = ) encdc, (5.24)
[n2n+1¢]<2 ¢
2 (1 )
T:Lned,(k) . :/ J= sgn ¢ d(, 5.25
(M) 2 <2 (2 ( )
‘Ujk+1‘ ‘njk’
i HQ.Z“ (1- eimC)
ngh(nn):/ =1 — sgn ¢ d¢. (5.26)
|"7J1C‘>2 C

To estimate (5.24), we notice that

l 2n+1 2n+1 ‘1 . elnﬂkc‘
T < T el | (H ) a¢ < Cln, s) (H|njk|)
2n4+1¢]<2 ‘n]kc‘

k=1 In
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For each 1 < k < 2n, we consider two cases. If k # 2n, we estimate (5.25) as

k k i In+1 i
’Tmed,(k)(n )| < H |77 ’ / < |1 — €Z77MC|) ‘ H[Zk+1 ’1 — @“7][(‘ ¢
" e 2 <o<r2e \p o i |21k
‘njk+1‘ |njk‘
< 22n+1 k H ‘77” / |<~’—2n—1+k‘ dC
=1 <<
ik 41 ‘ |n3k ’

k
2 2n—k on—k
S5k (\TUM T a7 )el_Il‘n_jA

_2<lﬁ!mk\>~

If £ = 2n, we have

2n
et <2 Tind - | L %
=1 Framen ] = T
2n ] 2n
= 4] Ins.| - tog |242) < C(nys) TT e
=1 J2n =1

where the last line follows from the fact that |1;,,| and |n;,,,,| are comparable.

As for (5.26), we have

' 2n+1 zn]k(| |1 _ einj1C|
T ()] < | ( ) -
mOE T e H 7:C]
dC
< 22|, |
! 75, ¢1>2 ’C’Qn

< 5 (H Imkl>

Collecting these estimates yields

T,(n,) < C(n,s (Hlmk|>

Using this inequality, we can bound the H®-norm of (5.23) by
o0
el (3 €9l )
n=1
and the proposition follows.
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5.2. Energy estimates and local well-posedness

In this section, we prove an a priori estimate for the initial value problem (5.1), which is stated
in Proposition 5.2.1. The content of this section is an analogy of the argument in Section 4.3 for
the local well-posedness of the Cauchy problem for the approximate equation (4.1), but here we
improve the estimates and include a blow-up criterion.

If | Tgiosjg)ll 222 < 2, then (2 — Tgug,)) is a positive, self-adjoint operator on L?. We can
therefore define homogeneous and non-homogeneous weighted energies that are equivalent to the

H?-energies by
2s5+1 ~ .
B (1) = / DPg,t) (2= Tgogy) IDPp(@,tyde, B =3 EO@).  (5.27)
R A

For simplicity, we consider only integer norms with s € N.
In the following, we use F' to denote an increasing, continuous, real-valued function, which

might change from line to line.

Proposition 5.2.1. Let s > 5 be an integer and ¢ a smooth solution of (5.1) with pg € H*(R).

There exists a constant C > 0, depending only on s, such that if po satisfies
00
| Toostpollzzrz < € D2 C el (I0ap0 e + [ L0ss0llfface ) < 00
n=1
for some constant 0 < C' < 2, then there exists a time T > 0 such that
oo
HTBIOg[gp(t)]HLQ—)L2 <2, ZC’HICHKHSOJJ(”HIQ/I?}?OO + HLSDw(t)”IZ/{}Qvoo) < o0
n=1

for allt € [0,T], and

E®) () < E®(0)
: , ] (5.28)
+/0 (lpz (M lw2ee + 1Lz () llw200) F (la(m)llwze + Loz () llw2ee) EC () dr,

where E©) is defined in (5.27), and F(-) is an increasing, continuous, real-valued function such

that

oo
F(lulweee + 1Lgslwas) = 3 Cleal (Iallfane + |Eeline ). (5.29)
n=0

Before proving this proposition, we first state a lemma.
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Lemma 5.2.2. Suppose that s > 5 is an integer. If ¢ is a smooth solution of (5.11) and ¢ € C} L2

then
0 (2 — TBlog[L‘D])Sw =(2- TBlog[L‘D])Swt —s(2— TBlog[¢])8_1TatBlog[¢]¢ + Ra(¥),

where the remainder term satisfies

Ra(6) i < kuLz(Zc nSlenl(lalBe + 1Ll )

for constants C(n, s) with at most exponential growth in n.

Proof. Since s is an integer, we can calculate the time derivative as
6 (2 TBlog[(p ) w TatBlog [(p] (2 - TBlog ) _1w + (2 - TBlog[w})TatBlog[w](2 - TBlog[@]) 2¢
+ trt + (2 - TBIOg[(p])s_lTatBIOg[Lp]w + (2 - TBIOg[w])Swt‘

Using (5.13), we have the commutator estimate

| To, s 2 = Toosils || L S 1112 (Zc n,)lenl (Il oa Bz + uwr%,w))-

By taking f = (2—TBlogM)5_2¢ (2—Tpios,)°™ 3eh, .., (2 —T'gios]y) )¢ and applying the commutator

estimate repeatedly, we obtain the conclusion. ]

Proof of Proposition 5.2.1. By continuity in time, there exists T > 0 such that

e ~

>~ Ceal (Iea®lFfae + 1L@a(®)[F2 ) <00 forall 0<t<T.

n=1
We apply the operator |D|® to equation (5.11) to get

|DI° @1 + 02| DI*Tpoj)p + |DI*R = 0. L|DI*[(2 — Tgios|,)) ] - (5.30)
Using Lemma 2.2.2, we find that
1D [(2 - TBlog[w])w} = 2|D[*¢ — | D|*(Tpiog(,)0)
= 2|D|Sg0 — TBlog[w]|D|SQ0 + STamBlog[Lp] ’D|S_2§0x + RQ,

where
oo

10:Rall 12 S (Z n,s ICnIII%IWz,oo> el a1
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Thus, we can write the right-hand side of (5.30) as

8,L|DJ* [(2 _ TBlogM)w}
—o,L [(2 — Tpiosy))| DI* + 8Ty, prosyy \D|8*2gox] R
= L{(2 - TBIOg[QD})’DPSOJB - TawBlog[cp] ’D|S(p - STaxBlog[w} |D|S(p} + R3

= L{(2 = Tgout)) DI 60 — (5 + DT, prosi | DI"0 ) + R,

where

o
IRallz 5 (3 COn9leal (oelffa + 1L ) )i

n=1

Applying (2 —Tguos)y))® to (5.30), and commuting (2 — Tgiosg)y))* with L up to remainder terms,

we obtain that
(2 = Tgiog))°| DIt + (2 — Tgiog)))* 0| D|* T'por )0
=L {(2 - TBlog[w])s+1|D|S(px - (S + 1)(2 - TBlog[ap])sTazBlog[go} |D‘Sg0} + R4 (531)

= 0 L{(2 = Tgosty)) "' IDI"0 } + R,

where [Rslle S (52 Clns)enl (s e + 1L e ) il
By Lemma 5.2.2, with ¢ = |[D|*p, the time derivative of E()(t) in (5.27) is

d

aE<s> (t) = — / (25 + 1)|D°¢ - (2 — Tiogy)) ** T, pros|,) | D|° ¢ da
® (5.32)

+ 2/ D0 - (2 — Tpost) Doy da + / Ra (ID°9) |DJp da.
R R
We will estimate each of the terms on the right-hand side of (5.32), where the second term requires

the most work.

Equation (5.11) implies that

oo
sl 2 O )lenl (Il lFe + 1 EalFce )

n=1

so the first term on the right-hand side of (5.32) can be estimated by

‘/R(ZS + I)ID‘S()O . (2 - TBIOg[QO])2ST8tBIOg[QD] ‘D|S(p dx

oo
S (X o slenl (Il + N2l Yol
n=1
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Using Lemma 5.2.2, we can estimate the third term on the right-hand side of (5.32) by

)
[ Ra (D) DI s 5 (3 Clmlenl (ol + 1Eouln) ) el ol
n=1

To estimate the second term on the right-hand side (5.32), we multiply (5.31) by (2—Tgios|,) )LD |5,

integrate the result with respect to x, and use the self-adjointness of (2 — Tziog [‘p})sﬂ, which gives
/R D¢ - (2 = Tgios(y)** D[y da = T+ 11 + 111,
where
[=— /R IDI°¢ - (2 = Tgios()** | D|* 02 Tpop) p d,
1= /R(z — Tpiogy)) T DI - 0 L(2 — Tgios|,)* | D) d,
I = /R(z — Tpiogy)) T [D°p - Rs da.

We have II = 0, since 9,.L is skew-symmetric, and

(o]
115 (32 €9l (ol + Dol Vel
n=1

since | Rsl| 2 S (fol C(n, s)|cal (\tpx||%{}2m+\|chxH%‘2m>> |l ol s and (2—T310g[¢})s+1 is bounded
on L.

Term I estimate. We write I = —I, + I, where

lo = /R [DI*¢ - (2 = Trestyy)* " 0T o) | DI o
I, = /R |D[*p - (2 — TBlog[w])QSHar[TBO[SD}’ DI ]e da.

By a commutator estimate and (5.13), the second integral satisfies

oo
115 (3 o slenl (lon e + e ) el

n=1

To estimate the first integral, we write it as

Ia = Ial - ICL27
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where

L = [ 1D+ (2= Tyugs)***1,0:) (T D)
Ly = [ 1D a2 = g (Tomgal DI)

Term [,, estimate. A Kato-Ponce commutator estimate and (5.13) gives

T S (Zcm, )lenl (leallaoe + HL%H%&S,WD Il
n=1
Term I, estimate. We have
Ly = [ (TooaIDI*) - (2 = Tousg) DI s do
— s . _ 2541 s _ _ 2s5+1 s
\/R(TBO[QO]‘D’ <P) {8a: <(2 TBlogM) |D| 90) [@m(Q TBlog[gp]) ]|D‘ %’} dz
= —/ 8;3 (TBO[WHD‘SQO) : (2 — TBlog[So})ZSJrl’D‘s(p dz
R (5.33)
— | @orglDI¢) - 0012 = T 4] IDP
= —/R (TBO[@”D’s(‘OI + [8x;TBO[¢]] ‘D|sg0) . (2 - TBlog[W])28+1‘D|Sg0dx
- /R (TBO[¢]|D’S@) ' |:8x7 (2 - TBIOg[¢})2S+1] |D|S(70dx
Using commutator estimates and (5.13), we get that

1[0z, Tporg] IDI¢| 2 < (ZC(H, s)leal (lzllfy2oe + IIL%\\%,W))H@I!H%
n=1

H [Bw, (2- TBlog[w])%H} |D|*p

o0
L5 (2100% $)leal (Ipe Bz e + HL%H%’V%@D lellzre,

Since Tgojy) is self-adjoint, we can rewrite (5.33) as

0r (2 = Tprosg)™ 1, Togy | IDI"w|

oo
o 5 (X ctnsleal (louliee + 1ol ) el
n=1

Ia2 = —Ia2 + Rs,

with
oo
Ral 5 (3 Clmleal (ol + 1Erlen) ) ol

n=1
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and we conclude that

[eS)
ool 5 (3 Clnslenl (loa e + B )
n=1

This completes the estimate of the terms on the right hand side of (5.32). Collecting the above

estimates and using the interpolation inequalities for E(®) and E®), we obtain that

EV(t) < E¥(0) /0 (la(llwoe + [1Zepa(7) e (5.34)

“F ([lea(T)llwzee + [ Loa(r)llwzee) o)l dr,

with
o0
F(lgellwes + [ Lealwze) = 3 Clns)lenl (I 0eliace + 1 LoaFane )
n=0

We observe that there exists a constant C(s) > 0 such that C(n,s) < C(s)™. The series in (5.29)
then converges whenever ||¢z||yw2.0 + || Lysz|2.e is sufficiently small, and we can choose F' to be
an increasing, continuous, real-valued function that satisfies (5.29).

Finally, since |2~ Tgios o) 22 > 2—C, and | BY8[g] (1) [t and F ([ullwae + | Lpe lwa)

are continuous in time, there exist 7' > 0 and m > 0, depending only on the initial data, such that
||2 - TBlog[W(t)}HL2_>L2 Z m fOl" 0 S t S T

We therefore obtain that

m® Hlpl|fs < EC < 22 g,

so (5.34) implies (5.28). O

Proposition 5.2.1 leads to the following local existence, uniqueness and breakdown result.

Theorem 5.2.3. Let s > 5 be an integer. Suppose that py € H*(R) satisfies
0 ~
Tpopllize <€ 3 Cleal (10up0l e + 1L01a0lnc ) < o0
n=1

for some constant 0 < C < 2, where C is the same constant as the one in Proposition 5.2.1 and the
symbol B'°8[py] is defined in (5.12). Then there exists a maximal time of existence 0 < Tipax < 00

depending only on ||ol|ms, C, and C such that the initial value problem (5.1) has a unique solution
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with ¢ € C([0, Timax); H*(R)). If Tiax < 00, then either

oo
tTl}m Zon|cny(||gow(t)||§g2m + ||L%(t)||§ggm) =00 or tTl}m | Tpios gl 2y 2 = 2 (5.35)
maxnzl max

Proof. By Sobolev embedding, we have [|¢|ws.~ < |l¢llgs and || Loz < |l¢l||ms, so we obtain
from (5.28) that
d .

EE(j)(t) <F ([E(S)(t)]1/2> [E(j)(t)]Q.

Thus, there exists a time 7' > 0 such that E(®)(t) is bounded when ¢ € [0, T]. Therefore, by classical
Co-semigroup theory for local existence [Paz83], there is a unique solution ¢ € C([0,T]; H*(R)).

By applying Gronwall’s inequality to (5.28), we get that

EP)(t) < EP)(0) exp UO (lea (Moo + 1 Loa(T) lw2oe ) *F (lga(T) lw2eo + | Lpa(T) lweee) dT |

(5.36)

where F' is given by (5.29). It follows from the local existence result that the solution can be

continued so long as [|2 — Tgios (|| L2 12 Temains bounded away from zero, and

> Ceal (lea(® itz + 1 Lea (@) [F200)
n=1

remains bounded, so the breakdown criterion (5.35) follows. O

The front equation is invariant under (z,t) — (—x,—t), so the same result holds backward in
time. One could use a Bona-Smith argument, as in Section 4.3, to prove that the solution depends

continuously on the initial data, but we will not carry out the details here.

5.3. Global solution for small initial data

Beginning with this section, we address the proof of Theorem 5.0.1. From now on, the param-

eters s, r, and pg are fixed as in (5.2). We also introduce the notation
Wiz, t) = e 20080l o@ 1), R, 1) = e 08k g 1) (5.37)

for the function h obtained by removing the action of the linearized evolution group on ¢. When

convenient, we write h(-,t) = h(t), o(-,t) = @(t).
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Given local existence, we only need to prove the global a priori bound. In order to do this, we

introduce the Z-norm of a function f € L?(R), defined by

112 = e+ e )5t (5.39)

and prove the global bound by use of the following bootstrap argument.

Proposition 5.3.1 (Bootstrap). Let T > 1 and suppose that ¢ € C([0,T]; H®) is a solution of

(5.1), where the initial data satisfies
ol s + |20z 0l Hr < €0
or some 0 < gg < 1. ere exists eg <€ 1 S gy suce at the solution satisfies
0 1. If th st < et/ such that the solution sati
t+ 1) (le®llms + ISe®lur) +llellz < e
or every t € |0, T], then the solution satisfies an improved bound
f yt€[0,77, P
t+ D)7 ([le@®lms + [ISe@)llar) + llellz < <o

Theorem 5.0.1 then follows from combining this bootstrap proposition with the local existence
and blow-up result in Theorem 5.2.3. We call the assumptions in Proposition 5.3.1 the bootstrap
assumptions. To prove Proposition 5.3.1, we need the following lemmas, some of whose proofs are

deferred to the next sections.

Lemma 5.3.2 (Sharp pointwise decay). Under the bootstrap assumptions,
lpa ()l wree + [ Lipa ()llwroe S et +1)712,
Lemma 5.3.3 (Scaling-Galilean estimate). Under the bootstrap assumptions,
(t+1)7"[Se()]ar < co-
Lemma 5.3.4. Under the bootstrap assumptions,

t+ 1) (le®)lms + [#0:0(E)|a7) < €o-
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Proof. Recall the energy estimate (5.36)

E®) (t) < E(S)(O)efot F(llx (M)lly2.00 1L (Tl 2,00 ) (192 (Tl yy2,00 H Lo () 32,00 )% d7

From Lemma 5.3.2, we have
F(lee(T)lwzee + [ Lpe (T) [w2e) S 1,

la (M) lweoe + | Lpa (T) w2 S (8 +1)7 26,

which implies that
EO(t) < gt +1)°

for some constant C', so once 6% < pg, we have
(t+ 1) lellas < co-

Next, we observe that we can use ||S¢||gr to control ||zdzh||g-. It follows from (5.37), the

definition of S, and (5.4) that

Ful20:h)(€) = —0¢ (¢h(€)) = —h(€) — €0eh(€),

£0eh(€,t) = e~ 21108 8l (24t (log [¢] + 1)@(E, 1) + (€, 1))

‘ R (5.39)
= e IRl [0 (€, 1) — (20t€ — )P(E.1) — 20(&, 1) — tN(6,8) — (€. 1)]
= cm2eloslel [_So(e, 1) — (e 1) — tA (€, 1))
where A denotes the nonlinear term in (5.4), which satisfies the estimate
0P Nlz2 S Y- (lpallifome + I1L0alFac)llpllpsvz  forall j=0,....r (5.40)
n=1
By the bootstrap assumptions, Lemma 5.3.2, and Lemma 5.3.3 we then find that
(t + 1) |20:h(1)| r < €0,
and the same estimate holds for ¢ in view of (5.37). O

Lemma 5.3.5 (Nonlinear dispersive estimate). Under the bootstrap assumptions, the solution of
(5.1) satisfies

le(®)llz < eo-
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Proposition 5.3.1 then follows by combining Lemmas 5.3.2-5.3.5.

5.4. Linear dispersive estimate

In this section, we prove a dispersive estimate for the linearized evolution operator e2t9=108 0|

defined in (5.37) and use it to prove Lemma 5.3.2. We recall that P, and P, are the frequency-

localization operators with symbols ¢, and S, respectively (see (2.17)).

Lemma 5.4.1. Fort > 0 and f € L?, we have the linear dispersive estimates

20108 0Py f e S (¢ 4+ 1) 7222 Bifllnge + ¢+ 1)~/ 4274 [I|Pu(ed ) 2 + 1B 122
(5.41)

Proof. Using the inverse Fourier transform, we can write the solution as

(21021081021 py ¢ _ /Reix5+2i(510g|§|)tgk(§)f(§) de.
Since
Dee *E+2E0R N = (i 4 it (log|¢] + 1)]eiE+2iE 1okt (5-42)
we can integrate by parts to get

20108102 py £ — /e"x&%(aog'ﬁ)tf(f)%(f) dé
R

Lo
/ 1
r [iz + 2it(log €] + 1)]
1

_ ixg+2i(¢ log |£]) F
| e (g 0 a

_ || [ eieeriteroniel —2it g
= | L g TR OO

Dge! e 2B f (€)1 (¢) de

oo

LOO

1

1 o
+ = -
[iz + 2it(log [£] + 1)] ok

i+ 2it(log g = 1] (g)g’“(m d

(£)0ef(€) +

1. If |ix 4 2it(log [€] + 1)| 2 (t + 1), we use (2.18) and get

620 108192l By £ oo < (Hll) /R \5—1f(5><k<5>+gk<5)6gf<£>+f<é><é<€> dg

1
(t+1)

S 2751 g + 272N PF T €0 2+ 274 Pef 2]
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Then (5.41) follows when (¢ + 1)~! < 2%, Otherwise, when t + 1 < 27, we have
€22 108121 Py | oo < 28| Py fll e S (8 + 1) 712252 Py | e
2. Next we prove estimates for the case when |iz + 2it(log |£| + 1)] < (¢t +1). Let

é—él: _ :l:e—l—w/2t

be the solutions of = + 2t(log || + 1) = 0. Since g, is supported in an annulus with radius around
2% we only need to consider the case when |§3[| ~ 2F and ¢ is supported on the neighborhood of

the stationary phase point 535. We decompose the integral and estimate it as

/em&m’(slogEl)tf(g)gk(g)dg S > I+,
R

I<kE+N
with
= [ e ey €)1,€)a(€ - &) de

where 14 is the indicator function supported on Ry and N is large enough that the support of ¢

is covered by the set ;<4 n{§ | 1(€ — &) =1}.
When 2! < 25/2(t +1)~1/2, we have

S s Y Bl <22+ 1) 2 B e
2l§2k/2(t+1)71/2 2l§2k/2(t+1)71/2

When 25/2(t +1)71/2 < 28 < 28N "gince |€ — &| ~ 2! and |&| ~ 2¥, we get the estimate

2[
1:&27

x + 2t(log [£] + 1) = 2t log

fo‘ ~ 2tlog

Using (5.42) and integration by parts, we have

k-l
+) < ; 91| p=a
TS s L (0RO + 2 F@)ate - 65 ae
ok—l ok—% )
N oo 4 ———||0,
Then we take the sum of .J; over 2! > 2¥/2(¢ +1)=1/2 to get the estimates (5.41). O
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Proof of Lemma 5.5.2. Take the function f in Lemma 5.4.1 to be 8£h, j=1,2,...,r+ 1. Since

e2t0r10g1%| and P, commute, and

2T h = 91 (x0,h) — jOLh,
we have that
|1 Pedipllzoe S (tH1) 72| F(Pel0al 2760) [ g+ (t+1) " 255 |00 = Pi(@0h) || 24| P (1021 70) | 2)-
It follows from (5.39) that
100" Pe(x0h) |2 < 100 Pespll 2 + 10aF ~ PrSeoll 2 + tl| Prl0a '~ N | 2.
We first observe that k € Z_ automatically leads to (¢ + 1)_1/4+p02%k < 1, and then we have

1PLdellre S (8 +1)71 /2282 (€) €7 G (€) | e

(5.43)
+ (E+ 1) 2|0, Prplle + 11102 PrSpll 2 + 102 P PN 2]
For k € Z and (t + 1)*1/4“’02%]“ < 1, we have
1Pl < (t+ 1)‘1/22‘3’“/2H%(é)lél”%(&)HL?
o ' ' (5.44)
+ (1) 72|00 Brpll e + 102 Sl 2 + 102 T PN 2]
Finally, for k € Z, and (t + 1)~Y/4P02%% > 1 that is 2% < (£ + 1)~3 7370, we have
[Pl S |H£|j§k(§)¢(§)HLé S MV k@)l 2| Prpll e (5.45)
5.45

o1 ~ —1— D
S 20 Pl S (4 1) 7P| B s

Summing over k € Z, using (5.40), the bootstrap assumptions, and (5.43)—(5.45) in the correspond-

ing ranges of k, and we obtain that
lpw () lwrsroe S ex(t+1)712,

Similarly, to estimate ||Leg||yyr+1.00, we take the function f in Lemma 5.4.1 to be LdLh for

7=12...,r+1, and obtain

~

1PLO3 Ll roe S (¢4 1)V F (Pelds| 77 Lip) | e
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(4 1) 7278 PO L) [ 2 + ([ Pe(10: 73 L) 2].
Using
2T Lh = L(z097h) — [L, 2|07 h = L[02(x0,h) — jOIh) — L, x99 h,
and (5.39), we get that
. 1 . R _ 3 . ~
1Phdd Lollroe S (8 + 1) s (©)I]7 7 log €@ (E) |l + (+ 1)~/ 1255 [[[|0:1 ' Lol 12
10z T LPS @l 2 + 1102~ Pegll 2 + 100~ LPN | 2]
Ifj=1,2,...,r4+ 1, then
1, ’
€12 log €] < 1€] + |72,

so for k € Z_ and (t + 1)_1/4+p02%k|k| < 1, we have

1PLo3 Ll e S (¢4 1)@ k) 6 () 1EF G )l zge + (¢ + 1) 7270|017 Prepll .2 (5.46)
5.46
10z~ PrSeell 2 + 0o Pegll 2 + t100 P PoN | 2].

For k € Z, and (t + 1)"1/4P021%|k| < 1, we have

1PLdI Ll L S (t+ 1) 2@ 2 kDN (OIEP2R(E) g + (¢ + 1)~/ 2P [0~ Propll 2

(5.47)
+10:1 7 PrSell 2 + 1102 Pegll 2 + t100 " Pe | z2].
Finally, for k € Z, and (¢t + 1)_1/4+p02%k|k‘| 2 1, we have
1Pk Lpll L < (1K + DIEPk(©)@E)y < NP> k() 2| Prepll e 5.18)
5.48

. 1 ~ — >
<2072 Bl e < (t+ 1) 7| Pl e

Summing over k € Z, using (5.40), the bootstrap assumptions, and (5.46)—(5.48) in the correspond-

ing range of k, and we obtain that
1Zw () wrsioe S et +1)712,

which concludes the proof of the lemma. O

5.5. Scaling-Galilean estimate

In this section, we prove the scaling-Galilean estimate in Lemma 5.3.3.

104



First, we summarize some commutator identities for the scaling-Galilean operator S defined in
(5.3) and L = log|0;|. The straightforward proofs follow by use of the Fourier transform and are

omitted.

Lemma 5.5.1. Let ¢(z,t) be a Schwartz distribution on R? such that Lo(x,t) is a Schwartz

distribution. Then

(S, 0:]p = —0up, (S, Lo = —p, [S, LO:)p = =@ — L0y,

Next, we prove a weighted energy estimate for S¢.

Proof of Lemma 5.3.3. Applying S to equation (5.11) and using Lemma 5.5.1, we get
(S@)t — 2L05(Sp) + 0:Tojy) S + L[Tpios[,) Sl + SR = commutators,
where the commutators are
0[S, Tpogles S0 oy S, LO:| (T w),  Lds ([3 : TBlog[<p]]sO) :
By the commutator estimate Lemma 2.2.1 and (5.13), we obtain for k£ < r that

102(S; Tpoglellar S F ([ Lxllwzoo + lallwzee) ([ Loz llwzeo + |zllwz.oe) lzllwree[|Sol| ar
S F(ILellwze + l[@llwzee ) (1 Lellwres + llollwre)?(|Seoll
1S, 02 Tporg el i = 1 Tofg el st
S F(ILezllwzo + [[zllwzee ) (1 Lgellweee + ll@allwzce) |l e,
1S, LI (Trros (o)) | g = [[(Trros(#) , + L (Tprosiy)0) ||
S F([Lezllwzee + [1@allwzee) (| Lozllwzs + | @allwzee)

(el + 1Ll o),

Hm (15 T H F(ILgellwae + [oalle) (1L pallwa + lpelwa)2ISel -

Thus, the evolution equation for S¢ can be written as

(Sgo)t + axTBOMSQD +Rs=1L [(2 - TBlog[L‘D])SSD} ,
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where the remainder Rgs satisfies

IRsllzr < (lellwrereo + ILollwriree)? (ISellar + ollas) -

As in (5.27), we define a weighted energy for Sy by

2j

. . +1 )
Eg)(t) = /R |D|]890(xat) ’ (2 - TBIO%‘[‘P]> |D|JS<70(1"71;) de, J=0,1,---,r,

ES (1) =S EY ),
j=0

and repeat similar estimates to the ones in the proof of Proposition 5.2.1 to get

d

EEg)(t) < (lallwree + | Loallwnee)2F (IS¢l mr + el m:) [Sel .

)

Using Lemma 5.3.2 and the equivalence of Eg and [|Se|%- when [|2 — Tpiog || 12— 12 is bounded

away from zero, we find by integrating in ¢ that
B (@) S St + 1),
which proves the lemma. O

5.6. Nonlinear dispersive estimate

In this section, we prove the estimate in Lemma 5.3.5 for the Z-norm ||¢||z defined in (5.38).

When [¢| < (t+ 1)7P°, Lemma 2.3.1 and the bootstrap assumptions give

[I&] + 161726 O < (1] + 1)1 121 2 (8110681 2 + 161122)

< (€1 + 1) el 2 (ISl 2 + llellz2)

AN

&2,

Let p1 = 1075, When |¢] > (¢ 4+ 1)P', Lemma 2.3.1 and the bootstrap assumptions, with the

parameter values (5.2), give

r+3\2
(el + ler)p(6, 0 < %‘ﬂl)l\wllm(l!&@lly T lellze)

SIEP e (t + 1)
S el
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Thus, we only need to consider the frequency range
(t+1)7P0 < g < (t+1)P. (5.49)

In the following, we fix £ in this range, and denote by 9({,t) a smooth cut-off function compactly
supported on a small neighborhood of {(&,¢) : (t+1)7P0 < |§] < (t 4+ 1)P}.

Taking the Fourier transform of (5.8), we obtain that

$i(&) + éif //R2 T (11,712, € = 1 — 12) (€ — 11 — 1) (1) B () iy dns + N () (€) = 2i€ log [€]4(€),

(5.50)

where N>5(p) is given by (5.9). From (A.3),

T1(n1,m2,m3) = —n; log [m| — 03 log [n2| — 05 log [ns| — (m + n2 + n3)* log | + n2 + 03

+ {(m 4 n2)?*log |m1 + m2| + (m + n3)* log |m + 03| + (n2 + n3)* log [n2 + ns} -
with
O [T1(n,m2, & —m —me2)] = —2{771 log [n1] — (n1 4 n2) log |1 + n2|
+ (€ —=m)logl§ —m|— (§ —m —mn2)log| —m —772\},
(5.51)
O [T1(n1,m2, & —m —m2)] = —2{772 log 12| — (m + n2) log |m + 2|

+ (€ = m) g |¢ = mal — (6 = m — m) log|€ — m — el }.

5.6.1. Modified scattering. Nonlinearity leads to a cumulative frequency shift in the long-
time behavior of the Fourier components of the solution due to space-time resonances of the form
E+&— € =& To account for this effect, we use the method of modified scattering and introduce a

phase correction

O(¢&,t) = —2t€log ¢ +€/O [B1(1)T1(&, €, —€) + Ba()T1(E, =€, &) + B3(1) T1 (=&, & Ol (&, 7) [ dr,

where (1(t), 52(t), and f3(t) are real-valued functions of ¢ to be determined later. We then let

(&, t) = DG (g, 1)
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Using (5.50), we find that

(€, t) = e©ED B (1) +i0.(E, 1) (€, 1)]

' - (5.52)
= U1(&,t) + Ua(&,t) — e9CDN=5(0) (€, 1),

where
i(t) = ei@@’”{ - it //]R T2, € == 1)@ = 1 = 2, D)@ (1, DB (2, ) gy
HIEBOTHEE -6 + B0T16 6.6+ AOTH € EOTHEOPHED |
. t) = & 0ie [ [BOTa(e.-9) + BT~ + BOTI-.£.6)] o€ dr |

The coefficient of ¥ in the term Uj is purely imaginary, so it leads to a phase shift in ¥ that does

not affect its norm, and we get from (5.52) that

lollz = 1€l + 1E12)@ (€, O)llrge = Il + 1€1™2)0 (€, ) e

t —_—
S/O ICle] + 1El2)ULE, zge + €]+ IE2)N>5(0) (€, T) | e dT.

We will estimate the cubic terms involving U; in Sections 5.6.2-5.6.5 and the higher-degree terms
involving J\@) in Section 5.6.6. We do not need to consider the terms in U that involve the f;
until we come to an analysis of the space-time resonances in Section 5.6.5.

To begin with, we recall that h = e~ !9 1081%(; is defined in (5.37). From (5.50), we find that

h satisfies

. 1 . . . .
hi(€,t) + 625//2 T1 (1,712, € — m — 1) P EMM (& — gy — o, )h(1, )R, t) dipy dipe
R

(5.53)
+ TN () (6 1) = 0,
where
Q(&,m1,m2) = 2(§ —m —m2) log [§ —m1 — 2| + 2m1 log 1] + 21m2 log [n2| — 2€ 1og [€]. (5.54)

108



Suppressing the dependence on the time variable t, we can write the integral in U; involving ¢ in

terms of h as

JL T = o = )€~ = ) o

R

Carrying out a dyadic decomposition, with h; = Pjh and ¢; = Pj¢ where P; is the Fourier

multiplier with symbol ¢; defined in (2.17), we rewrite this integral in each dyadic block as

//Rz T1 (1, m2, & —m — 1) P EMM2 o (1Y, () gy (€ — M — 1) dpy dipa. (5.55)

In the following subsections, we estimate this integral in various regions of frequency-space.

In Section 5.6.2, we estimate the integral for high frequencies (large ji1, jo, and j3). In Sec-
tion 5.6.3, we estimate the integral for nonresonant frequencies, using oscillatory integral estimates
with respect to the frequency variables together with multilinear estimates to get sufficient time
decay.

In Section 5.6.4, we consider frequencies that are close to the resonant frequencies. In that
case, the bounds for the multilinear symbols are worse, so we cannot obtain sufficient time decay
by the method used for the nonresonant frequencies. We resolve this issue by an additional dyadic
decomposition centered at each resonant point and a refinement of the symbol estimates.

Finally, in Section 5.6.5, we consider frequencies that are at the space resonance or space-
time resonances. For the space resonance, we estimate the integral in a region about the space
resonance point that shrinks in time, using an oscillatory integral estimate with respect to time
and the equation to eliminate the time-derivative of the solution. For the space-time resonances, we
take advantage of the modified scattering phase correction and estimate the integral on shrinking

regions about the space-time resonance points.

5.6.2. High frequencies. When max{ji, j2, j3} = 1073 log, |t + 1| > 0, we can estimate the
nonlinear terms (5.55) by using Lemma 2.3.2, with the L>°-norm placed on the lowest derivative
term. There are, in total, r + 6 = 13 derivatives shared by three factors of ¢. Thus, we can ensure
that the term with least derivatives has at most four derivatives, with or without a logarithmic

derivative.
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To be more specific, using Holder’s inequality, Sobolev embedding, and the bootstrap assump-

tions, we obtain the estimate

Hs(\a + 1€ 1) / [ T2, & == ) T g, () () (€ = 1 — ) o g

Le
3
S E+ DT ol L2 (lomeall 2o + 1 LDz pmed [ wree )| omas| s

_ -3
S @+ DT g s ol e gl e

where max, med, min represent the maximum, median, and the minimum of j1, js, j3, and 0 is the
cut-off function for the frequency range (5.49). From (5.2), we have (r +7 — 5)1072 < —1.1, so the

right-hand-side is summable over ji, jo, j3, and the sum is integrable for ¢ € (0, 00).

5.6.3. Nonresonant frequencies. We now only need to consider when max{ji,j2,7J3} <
1073 1ogy(t + 1). The regions |51 — j3| > 1 or |j2 — j3| > 1 correspond to nonresonant frequencies.
Without loss of generality, we assume |j; — jg| > 1.

Notice that by (5.54), we have

O ® = 2log || — 2log [€ —n1 — 12| (5.56)

Since || and |¢ — 11 — 12| are in different dyadic blocks, we have ||n;|—[&—n —n2|| 2 max{|m|, |{—
— n2|}. Therefore, |0, ®| 2 1.

After integrating by part, we have

// T (1,712, € — m — 1) e &M () aj, (2)hjs (€ — 1 — 12) dipy dipo

Ti(n,m2,6 —m —1m2) 5 4 5 2 >
- //R2 ity ®(€,m1,m2) By P EMM o (1 Vg, (1) gy (€ — 1 — 1) Ay dipe

= —Wy — Wy —Ws,

where

Ti(m,m2,E—m—n2)] " R .
mien // " [ @O, (&, M, m2) PG (1), (m2) Ry (€ = m = 112) dp e,

T1(n1,m2,§ —m —n2)] 5 > 5
f t //R? [ zt&h@ § 7]17172) € t¢(§7m7n2)hj1 (nl)hh (772)8771hj3 (5 —m — 772) d771 d7727

T1(n1,m2,6 —m —12) it (Emm2) 7
Walet) = //]R2[ itOp, @ (&, M1, m2) O ()i (12D (€ = =)
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Estimate of 1. Since
Wil S IF W)L, (5.57)

it suffices to estimate the L norm of

itz Ti(m,n2,§ —m —n i 2 2 2
///Rse5 O [ 1(2'75(19 <21>(£ m 1772) : e PEmm hy (1) by (2)hy (€ — m — m2) dipy dapa dE.
m ’ )

Notice that by (5.56)

ka(M1,m2,§ —m — 12)

5 Ti(n1,m2,& = —n2)
2 b

" 8771q)(€7n17772)

= r1(n,m2, & —m —m2) —

where

K (’I’] 2,7 ) _ 8771T1(77177727773) - 8773’]:‘1(77177727773)
I\7"15 7125 7/3 1Og|771|_10g|,’73’ :

1 1
TR
log [m1] — log |n3])?

ka2 (M, m2,m3) = Tl(m,ng,nz)(

Making a change of variable 3 = & — 11 — 72, we need to estimate the trilinear form

1 . . R .
p ///R3 e (k1 (m1, m2,m3) + K2(n1,m2,m3)] @5, (1) D35 (112) P55 (113) Ay dpa dig,
with symbol

[/{1 (7717 2, 773) + "{2(7717 2, 773)] Si (771)92 (772)9‘3 (773)

According to Lemma, 2.3.2, this trilinear operator is bounded on L? x L? x L™ — L' by

151 (1, m2,m3) + K201, 12, m3)] iy (1) (12) 555 (13) | goo

S (10 Ta (1,12, 719)350 (1) (72)5 010) | =

Si (771 )§j2 (7]2)€j3 (773)

100 T (2, 18)3 () (1) ()5 ) -

log [m1| — log [n3| || gee (5.58)
T (01, 72,713) - . .
n ( H%(m)% (12)n (1)
771 Soo
Tl(nh 2, 773) ~ ~ ~ ) §j1 (771)§j2 (772)%'3 (773)
4 || = (1), (12) S5 (03) ' :
H oGm0 T g a2 [ g

Lemma 5.6.1. Suppose that |j1 — j3| > 1. Then for any m € Z,

<1.
Soo

e s s

(log [n1| — log [n3])™
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Proof. By the definition of the S*°-norm (2.19) and the definition of ¢ (2.17), we have that

Sjr (M), (12) 555 (13)
(log [m1| — log [ns])™

= H// g.]l 771 §]2 772);73(773) e (y1n1+y2772+y3773) dnl an d773
R3 (log || — log [ns[)™

:///RS

S

Ll

/// 0@ m)s0(Z R )s0(2 ) e UmFy2n2+ysms) qp, dny digg
RS (log 1| — log [ns])™

dy1 dy2 dys

)

where the last inequality comes from oscillatory integral estimates, using the fact that |j; — jg| > 1

and the support of ¢ is (=2, -2) U (3, ). O

For the estimates of other symbols in (5.58), we have the following lemma.

Lemma 5.6.2. For any j1,j2,j3 € Z, we have

10 T1.(11, 112, 113) 5 (1) (112) G (m3) || 500 S 223} (5.59)

T4 (1, M2, m3) S5 ()G (112) G (03) || o S 2mexUinzeds}tmin{in,jz.is} (5.60)

and

< gmax{jz,js} (5.61)

H T1<771; n2, 773)
Soo

m

Si1 (m )gyz (772)§13 (73)

Furthermore, since T is symmetric, we also have

10 T1. (11, 112, 113) G5 (1) (112) G (m3) | 500 S 2 lndz))

< gmax{ji,j2}
Soo

Tl (7717 n2, 773)
H & 1) 12) (13)

UE

Proof. 1. We prove (5.59) first. Using inverse Fourier transform in (1, 72,73), we obtain

F 7 0m T1(01,m2,m3)S5 (1) (12) S (13)]

Mo-en 1
= [, e, [/ 0G| ()5 ()55 ) s

—iCem(CHyn) (givame _ oin2(CHy2))(giysns — ins(C+ys) ~ ~ ~
= ///R3 [/}R ( X )dC Sr (1) (112)Sjs (113) Ay drp g

19k

- /R “05 F 1+ O] - [F ) w2) — FUGIC + )] [F 6] (0s) — F G5 )(C + )] dC.
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Notice that

|7 G+ O =27 |F Q)27 (11 + Q)]
|7 Gl (w2) = FHGLI(C + y2)| = 272 | F QD] (272h2) — F 0] (272 (¢ + w2)) |

|F Gl (y3) = FHG)(C +ys)| = 2 | F iG] (2ys) — F QD)2 (C + )
and that
/ | FHI 27 (1 + )] don S 277,
L1761 0) = F UG )] dun S ming2 o, )
L1770 - PGP+ )] d S min{2 4],

Therefore, we have

| F = {0 T1.(m1, M2, m3)S5 (1) (12) s (03)]] 10

s /R Wzﬂ'zﬂs min{2772, [} min{27%, [¢[} d¢

L 1 1
— 2]2+J3</ 722 J2—73 dC—i—/ —mln{? J2 27 Js}dc
[¢|>max{2~92,2773} ‘C| min{2772,2778}<|¢|<max{2792,2773} ’C‘

- / 1 d()
[¢|<min{2~72,2—73}

< 2maX{j27j3}‘

2. Next, we prove (5.60) and (5.61). The estimate of (5.60) is similarly to (5.59). We first use

inverse Fourier transform and write

F T (1, m2,13)S5: (1) S0 (02) s (1))

+ + H] 1 1 - 6“7] ) ~ ~ ~
///3 i(y1m+y2m2-+ysnz) / e d¢ | Sj, (1S, (12)Sjs (m3) iy dmz dns
R

evim _ om(CHun) ) (piyanz _ oin2(CHu2)) (piyans _ oinz(C+ys) ~ ~ ~
-, [ = He e ¢ | 6030 (2)55 1) i s i

/KP §J1 yl)_}-_l[éjl]@‘i‘yl)]

F TG () = FHGIC +y2)] - [F G (ys) = FHGRI(C + ws)] dC
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Taking the L'-norm, we obtain

| F =M T (01, 12, 13)S50 (1) S (02) S5 (03)]]| 11
/ 2zt \Cl‘g min{2771, |¢|} min{2772, [¢|} min{2773,|¢|} d¢
R
/ 71 dC+/ 9J1+j2+ia d¢
3 o
€ |¢|<min{2~91,2d2 2-33}

|>max{2771,2772 2773} ¢
gmed{j1,j2,j3 }-+min{j1,j2,53} i d¢

€l

N

A

+/
min{2791,2792 2793 }<|(|<med{2791,2772,2773}
gmin{ji,j2,j3} 1 d¢

+
o o (]2
med{2771,2772,2773 } <|¢|<max{2771,2772,2773}
< 92min{j1,j2,js} 4 omax{ji.jz,js}+med{j1,j2,js} 4 gmax{ji.jz,.js}+min{ji,j2,js} 4 omin{j1,jz,js}+med{j1.j2.j3}

< gmax{j1,j2,j3 }+min{ji,j2,j3} ’
Y

which proves (5.60).
As for (5.61), we define
k+3

k() =D 50

j=k—3
Then it follows from the support of ¢ and the fact that ¢, forms a partition of unity that
T1(71,m2,m3) - ~ ~ ~ ~ ~ 1 z =
— G (M) (n2)js (13) = [T1(m1,m2,m3) 551 (M) o (012) s (m3)] - ol (m)<jz (n2)Sj5 (3) | -

c
m 7

By Lemma 2.3.2, we have

T1(7717772a773) ~ ~ ~
|80 s i )
o) o2
- - - S31 M1 )S52 (M2 )Sj5 (M3
S T 1 (1, m20m3) S5 (1) (12)j5 (1) [ 9o || sz - :
Soo
In view of (5.60), we only need to estimate the second term. To this end, we have
<27,
A

{Mw@mMMMJﬂQMVﬂ%m>
Soo

'me%w%w
m

Therefore, by (5.62) and considering all the possible relations between j1, j2, and j3, we obtain
O

(5.61).
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Applying the above lemmas to (5.58) and (5.57), we obtain

HWl HLEO 5 (t + 1)_1 [Haw(pmax{jhjz} HLOO H(pj3 HL2 H(pmin{jl,jg} HL2
+ 102 Pmaxtio s 12 101 | 22 | Pminga. gy | 22 ]

Since the two terms are symmetric in j; and js, it suffices to estimate one of them, as the other

one is similar. We use Lemma 5.4.1 and get

102 Pmaxtjr oy Lo S (E+ 1)_1/2||\ﬁll'shmax{jl,p}|\Lg°

+ (+ 1) 100177 Prvactjo oy @) 22 + 1105 Bty 3o 1 22] -

Therefore,

[Willzg

S; (t+ 1)—1.5 <1max{j1,j2}§020'5maX{jth}|||€|hmax{j1’j2}||Lgo

+ 1max{j17j2}>02(_1'5_r)maX{jth}H|€’T+3i"max{j1,j2}HLg‘°) : H(PJBHLZH(pmin{jhjg}HL2

(4 D7 (11001 Prnaei iy @0 22 + 101 By 122 ) 195 L2 [ mingn o2
+ (t + 1)_1'5 <1max{j2,j3}so20.5maX{j27j3}H ’§|hmax{j2,j3} HLEo
(=1.5—7) max{jg,jg}”|§’r+3il

+ 1max{j2,j3}>02 max{jg,jg}HLg") ’ H(pjlHL2H<)0min{jg,j3}||L2

(1 1) (1100107 Prns oy 00 2 + 100 i oy 122 ) 1250 22 WP 22

< (t 4 1)_15 <1max{j1,j2}§020'5 max{j1,j2 } + 1max{j1,j2}>02(_1'5_r) maX{jlij})

: ||hmax{j1,j2}||Z||<10j3||L2||90min{j1,j2}”L2
+ (t + 1)_1'75(|||3x|0'75pmax{j1,j2}(fﬂaxh)||L2 + H|ax|0'75hmax{j1,j2}\|L2) Neejsll 2 leming gz 1 22

+ (t + 1)_1'5 <1max{j2,j3}§020'5maX{jQ’jB} + 1maX{j27j3}>02(_1'5_r) max{j27j3}>

: ||hmax{j2,j3}||Z||90j1 ||L2 ||90min{j2,j3}”L2

(1) (10217 P iy 022 + 11001 P 122 ) - 125122 rming g o 122
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Estimate of Wy and W3. We rewrite W5 as

//{ T1(n1,7m2,§ —m —1m2) }eité(&mmz)
g2 [ 1t0, ®(&,m1,m2)(§ — M — m2)

gy () (12) [(€ = 11 = 12) Oy (€ = = m2)]| s .

In view of the multilinear estimate Lemma 2.3.2, we need to estimate the S°°-norm of the symbol

T1(771: N2, 773)
(log || — log |ns|)ns

Si1 (771)9‘2 (772)@'3 (773)-

Similar to the estimates of W7, using Lemma 5.6.1 and Lemma 5.6.2, we obtain

Wallzge S (6 + 1) 7 10 Prmax(s oy 1200 160ehss | 12 | unin s gy | 2
Using Lemma 5.4.1, we have

HWQHLEO 5 (t + 1)—1.5 (1max{j1,j2}§020.5max{jhjz} + lmax{j1,j2}>02(_1'5_r) max{jla]é})

N Pmax(sn oy | 211€0eh sl 221l Pmingi oy | 2

(1) (1007 Py g @0em) 12 + 10617 B oy 122)
: HgafﬁjéHLg”mein{jl,jg}HL?'

Similarly, we have
HWSHLgO S+t <1max{j2,j3}§020'5max{h’jg} + 1max{j2,j3}>02(71.577ﬂ) max{hJS})

: ||hmax{j2,j3} ||Z||£8§h]1 HL? H(')Dmin{j%jg} ||L2

+ (t + 1>71.75 (H ’aﬂf‘0.75Pmax{j2,j3}(x81?h)”LQ + H ’a$‘0’75hmax{j2,j3}HL2)
) Hgaﬁi”jlHL%HSOmin{jg,jg}HLQ‘

In conclusion, for nonresonant frequencies,

el +16r 90060 J[| Tatm e = m = e s s s €~ = )

oo
Lg

< @+ D) (W lnge + [Wallzge + [Wallzge )
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S (t+ 1)_1‘5+(r+4)p1 (||<Pj1||L2H<Pmin{j2,j3}||L2 + ”fashﬁ||L§||<Pmin{j2,j3}||L2>

20.5 max{j2,j3} +1 (=1.5—-r) max{jz,j;a})

: (1max{j2,j3}§0 max{jz,j3}>02 Hhmax{jz,jg}HZ

+ (t+ 1)_1'5+(T+4)p1 (H(PjsHLQH(pmin{jhjg}”LQ + Hfaghj:aHLgH‘Pmin{jl,jg}HB)

‘ (1max{j1,jz}§020'5maX{jl’j  + Lo ay02 maX{jl’jQ}) 1masc (i 23112
+(t+ 1)71.75+(T+4)p1
- [(n|ax|0-75Pmax{j1,j2}<xaxh>HLz 181 a1 323 122 ) 1050 2 [ min 1 2 L 22
o (119217 P 53 (00D 2 + 11821 a3 353 122 ) 1050l 22 I rmin s 1 22
o (119”7 P o @0 2 + 11021 ™ P oy 122 ) 160 | 22 | Punin 1. 1 22

(1197 P s @0 2 + 110217 B 122 10l | 2o s 12 |

By the bootstrap assumptions and Lemma 5.3.4, the right-hand-side is summable for ji, jo, j3 and

the sum is integrable for ¢t € (0, c0).

5.6.4. Close to the resonance. When
max{j1, j2, j3} < 107> logy(t + 1), ljz — j2| <1, ljs — 1l <1, (5.63)

we need to consider the following two cases:

(i) Frequencies 11,12 and £ — 11 — 12 have the same sign.

By the definition of cut-off function v, we have
5, 8. D, 8 . 5 . 8 .
—9J1 < < Z9Nn —9272 < < Z9J2 —9J3 < _ _ < Z9I8
] —|771|— 5 ) ] —’772‘— 5 ) ] _|§ m 772‘—5 )

and thus,
5 . . . . .
§(2J1 + 272 +253) < |¢] < 5(231 + 272 4 273).

oo

This corresponds to the region near the space resonance n =ny =& —m —n2 = §/3.
(ii) Frequencies 11,12 and & —n; — 12 do not have the same sign.
This corresponds to the region near the space-time resonances (n1,m2) = (&,€), (&, =§), or
(=&, €) separately. Since the symbol T (n1,72,713) is symmetric in 71, 12, and 73, it suffices

to (5.55) in the region near (¢,§).
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To estimate (5.55) in the region (5.63), we decompose the region further. Denoting (£1,&2,&3) =
(&,¢,=¢) or (%, g, %), we decompose (5.63) using the new cut-off functions 1, and y,. Using the
fact that

> k(= &)y (2 — &) = 1,

(k1,k2)€Z2

we write the integral (5.55) as

//R2 T1(n1, 2, € —m — 1) P EMM2 o (1 Vi, () Ry (€ — 1 — 1)

|:max{j1,j3}+1 max{j2,j3}+1

> tr(m - 51)} : { >ty — 52)} dmy dne,

ki=—c ko=—c0

where
|:maX{j1,j3}+1 max{jz2,j3}+1

Yo Wlm— 51)] : [ S Uk On - 52)] 1

ki=—00 ko=—00

on the support of iljl (m)ﬁjQ (ng)ﬁh (& —m1 —m2). Thus, we need to consider

//]Rz T1(n,m2, & —m — 1) e EMM2 s (Y, (n2) gy (€ — M1 — 12)

(5.64)
P (M — §1) Uk, (12 — €2) Ay dia.
In this subsection, we restrict our attention to
ki >logylo(t)]  or Ky = logylo(t)],
where
o(t) = (t +1)7%49, (5.65)

The case of k1 < logy[o(t)] and k2 < logy[o(t)], related to the resonant frequencies, will be discussed
in Section 5.6.5.

Since these expressions are symmetric in 77 and 72, we assume without loss of generality that
J1 > k1 > ko > logy[o(t)]. The other case can be discussed in the similar way.

Using integrating by parts, we can write (5.64) as

Ty (m1,m2,§ —m — 12) it : : 7
9, t®Emn2)], . b ho (& —n —
R e Er—— i O )l (€ = =)

Py (M — 1) Yy (M2 — &2) dnpy dip
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i
:ﬁ(vl-f-VQ-i-V?,‘l-Vzl)v

where

T1(n1, 12, —n1 — 12) } it® (& 7 7 7
t) eEmm2) ], . I B (& —m —
Vi(§,t) //]RQ m [log | — log |€ — m1 — 12 J1 () 92 (12) J3 (€ —m —n2)

iy (M — 1)k, (02 — §2) dipy dpe,

T 77177727‘5 m — 772) it®(&,m1,m2) 2 2 A
7 M1, 8 h h h _ _
V(&) //RZ [log!m! —log [§ —m — m2 ‘ ol () (e (€ = = )

Py (M — &1) Yy (M2 — E2) Ay dpe,

Ty(m1,7m2,6 —m — 2 i ; ; ;
V(1) //R2 [log |1771 |1— 120g € 1771 7)72| ¢ tq’(gmhm)hh (1) hjy (12) Oy hijy (€ — 1 — 12)

Py (M — €)Yy (M2 — E2) Ay dpe,

Ti(n,m2,§ —m —n i ; ; ;
V60 = ] (e e o) " €~ =)

’ aﬁll/fm (771 - 61)¢k2 (772 - 52) dmy dns.

Estimate of V;. We first denote the symbol for V; as

m(77177727§)
B -2
log || —log|§ —m —

ol [m log [ | — (m + n2) log |m1 + n2|

+ (& —mu)log|§ —m| — (§ —m — m2) log | — n1 — 1]

_ Y (E-m )
(log || —log|& — m1 — 2]

2 [—nfloglml — 3 log |n2| — 13 log |3
— (1 +n2 4+ n3)? log |n1 +m2 + n3| + (m1 + 12)* log | + )

+ (1 + 1) log 11 + 3| + (112 + m3)* log |12 + 1] .
Denote v; = n; — &, i = 1,2, and it suffices to estimate
H / Jm(vr+ &1, v2 + &, €)M et h () 4 €0)hy, (2 + &)y (& — v1 — v2)
R

g, (V1) Yk, (V2) du dug

Le
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Using Lemma 2.3.2, we have

Villzge S HX?;,’J]?(UI,Umf)m(UI +&1,v2 + €2, 8) [lsee

v1,v2 5

Mg (vr + &)k (V1) 22, Lo 15 (V2 + E2) bk, (U2)HL52L20 035l Lo
where

B2 (01 09, €) = g, (01) Pk, (V2)5, (U1 + €05, (V2 + €)1, (€3 — v1 — v2)x(£).

X]l ,J3

(1) If (&1, 62, €3) = (£/3,£/3,£/3), since S*°-norm is rotational and scaling invariant, setting w, = vy,

we = —2v1 — vy, and using (2.20), we have

Hxl?l’]@ (Ul, UQ,f)m(’Ul + 51,“2 + 627 )”S‘X’ oo

J1,J3 vy, u2
k1,k
= IIxG, 7y (w1, =2w1 — wa, )m(wr + &1, —2w1 — w2 + &2,8) |5, L
1/4
S HX?;:;? (w17 —2UJ1 — w2, g)m(wl + gla _2w1 — w2 + 527 )H / LOO
1/2
: H [X;ih]k; (w17 _2w1 — W2, g)m(wl + 517 _2w1 — W2 + 527 )]H / Lgo
ki k 1/4
Hag)laglg [lel ]32 <w17 —2U}1 — wa, g)m<w1 + 517 —271)1 — w2 + 627 )]H / Lgo
< (1 + |j1|)(2j1+k12j1)1/4(2—j1+k12j1)1/2(2—j1—k12j1)1/4
= (1 + i) - 2002,
where we have used the estimate
k1,k2
X143 < 9j1—k1
log |wy + %! - log\§ +wy +wal |~
1 ) ) )
k1,k2 2 < 23(]1—k1)22(—2]1+k1) _ 2—]1—k‘1
X ~ = )
7P " og [wy + §| - log |§ + wi + ws|
ki ks 02 A2 1 < o5(j1—k1)o—2j1 92(—2j1+k1) _ o—j1—3k1
X S 2 2 2 =2 .
R T & —log |§ + w1 + wo)

120



Therefore, using (2.18), (5.41), and (5.63), we obtain
Willzee S (1 + )20 RD2 708 (2 4 1) 7|y, (vr + 1)k (V1) L2, e

: H‘ﬁjz(w +§2)¢k2(v2)HL%2Lg® ”ax@janbx’

(5.66)
 Na—0.5 . . _ > ky ke
S (L [a )27 0 mt082 gy 5 || e Wk#jz\ngO{(t + 1) € PR | pe
1. K1,k k1,k
+(t+ 1) 10 PR 2 (w0 h) | Lo + (1108 RE5 e ] }
(i) TF (61, €2, &) = (€, €, —€), we use (2.20) to obtain
k1,k
X1 s (V15 2, §)m(v1 + &1, 02 + €2, 8) |55, e
k1,k 1/4 k1 k 1/2
S DG (v vz mior + Evr + €Ol 1195, 15 (01, v, ©mun + €, vz + &2, Y
k1k 1/4
02,05, 152 (v1, v2, E)m(v1 + 1,02 + 52,5)]HL/51U2
S (1 4 ’jl’)(2j1+/€12j1)1/4<2*j1+k1 2j1)1/2(2*j1*2k2+/€12j1)1/4
= (14 ]ja]) - 220 Hhmate,
where we have used the estimates
k1,k2
le:j3 < 2j1—k:2
log |1 +¢| —log| — & —v1 —wof | ’
’?1,1?2 2 1 < 23(j1—k2)22(—2j1+k2) — 2—j1—k2
s O log oy 1 €] —Tog | — € — o1 —va]| |
k'/‘l,l:CZ 2 02 1 < 25(j1—k52)2—2j122(—2j1+k2) — 2—]'1—3]{32'
s 9% g oy 1] —log| € o1 —wal |~
Therefore, using (2.18), (5.41), and (5.63)
Villzge S (L4 [ja])2007 7RO 1 1)~ g (01 + €0)b, (v)llez, g
IGsa (V2 + &) (V2) 2 10 10apsallLee
(5.67)

S (L D278 gy 6 e ||1/fk2¢szLgO{(t + 1) 1€P PRy, | e

(1) 100 PPy (00, 1+ 11001 2]

Estimates of V5—V,. The estimates for Vo—Vy are similar to V. We omit the details here.

The resulting estimates are as follows.
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(i) If (&1,&2,&3) = (%, %, g), the symbol can be estimated as

< 91.5j1+0.5k1
~Y
S v LE

HTﬁ(fl +v1,&2 + v2,83 — V1 — V2)
log [§1 + v1] — log |5 — v1 — v2

(ii) If (&1,&2,&3) = (§,&, =€), the symbol can be estimated as

< (2j1+k1 22j1 )1/4 (2*j1+k1 22j1 )1/2(27j1 —2ko+kq 22j1 )1/4

T (&1 + v1, 82 + 2,83 — v — V)

k’l,kz(
log [§1 + vi| — log [£3 — v1 — 2]

X1 s

U15U27§)

Siva Lg®

— (1 + |]1|) . 21.5j1+k170.5k2'

In either case, we have the following estimates

Vallzge S (1 151127 %55 110y @y (m) 22, 190ka Pl g
: {(t + 1)7IEP Py g + (8 4+ 1) (11001 Pry (@05h) |2 + 111021 Ryl 2] },
(5.68)
IVallzge S (14 127545 1138, s (1) 22 1k B [ 22
: {(f + 1)7NIEP PRy, g + 6+ 1711064 Py, (@) |2 + 11021 4Ry | 2] },
(5.69)
Vallzge S (1 [5a))2%7 058 g @ e l19oma Pl e
: {(t + 1) IEP PRy g + 8+ 1) (1106 Py (20ah) |2+ 111021 Ryl 2] }

(5.70)

Now we take the summation over logs[o(t)] < ki, k2 < max{ji,j3} + 1, and combine the

estimates (5.66)—(5.70) to get

Hf (61 + €790 0) [ Thlm.mn§ = = m)e I, (o (o, (€ = 1 = )

|:maX{j17j3}+1 max{j2,j3 }+1

>tk (m - 51)] : [ S Ykl — 52)] dny dne

ko=logy[o(t)]

k1=logy[e(t)] Lg
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< (1+ [71]) [max{j1, js} — loga[o(t)]]? (t + 1) +3P1 . [‘I\Slwklsﬁjl g €Wk, ol Lo
+ 1m0 250 (m) 2, 1€ 1w, 2o ll g + \Hﬁll/}kl@jlHL?ananz%z(ﬂz)HL%J

A DTN R g + ¢+ 0T 10 Py (@0uh) g2 + 106 2] -

The right-hand-side is summable with respect to j1, j2, j3 under [js — ja| < 1 and |j3 — 71| < 1,

since we can write
NEPhslree S (1j<027/? + 15502329 |11y 2,
and the resulting sum is integrable for ¢ € (0, c0).

5.6.5. Resonant frequencies. In this subsection, we estimate (5.64) in the region

l7j1 — 73] <1, ljo — J3] < 1, k1 < logy[o(t)], ko < logy[o(t)],

and then sum over ki, ko < logy(o(t)).
After taking the sum, the cut-off function of the integrand is

ml—1§—m —772\> .<<’772’ —[§—m —772|>.

o(t) o(t)

b(§7n17n27t) = §<

The support of this cut-off function is

8 8
{omm) il =l = m =l < Ze(0), Jiml = ke = m el < o0},

which can be rewritten as the union of four disjoint sets A; U As U As U A4, where

Ay = {(mﬂh) ‘2<m—§)+<nz—§>‘<§@(t), '(m—§>+2<m—§>‘<§g(t>},

Ay = {(771,772) ‘772 —ﬁ‘ < %Q(ﬂv ‘771 —{‘ < ig(t)},

A= {lmom) | [20m =)+ (= (-] < S, I —¢] < Fel0)}

Ay = {(771,772) Ime — €| < gg(t% [(m +&) +2(m —¢)| < iQ(t)}'

We notice that A;, As, Az, A4 are parallelogram centered at (£/3,£/3), (£,€), (&, =€), and (=&, §),
respectively. Aj corresponds to the space resonance, while Ay, A3 and A4 correspond to the space-

time resonances.
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5.6.5.1. Space resonances. When (n1,m2) € A1, we can expand T;/® around (£,£/3,£/3) as

2 ) (5.71)

2

€

n2— 5

n_ﬁ
! 3

3

T1(n1,m2,§ —m — n2) _ <1 210g2)§+0<

Q(&,n1,m2) 2 3log3

After writing

1

eiTq’(fanl 7772) = -
Zq)(fv n, 772)

[3Tei7‘1>(§m1,nz)] ,

and integrating by parts with respect to 7, we get that

t
/ Zf// T, (771,77276 - — 772)627‘13(577117712)
1 R2

gy (1, TRy (2, TRy (€ — 11— m2, T)0(E, 11,12, 7) iy diga A7

/ // T1 7717772,5 m — 772)3 [ei@(émmz)]
R2 577’1’772)

By (1, TRy (2, TR (€ — 11 — 12, T)0(E, M1, 12, 7) gy diga A

=J1—/1tJ2(T)+J3(T)dT,

where

Ji = // €T1(771,772,§ —m— 772)67;T<1>(§,m,n2)
R2 (I)(§77717772)

T=t

By (1, 7)oy (02, ) (€ = M= 12, 7)B(E, 11, 12, 7) i o 771,

To(7) = / T1(n1,m2,§ —m — 772)61'7—(1’(5,771,7)2)
R? (&, m,n2)

O [ﬁjl (0 TR (12, 7) g (€ = 11 = 2, 7) | B(E, M1, 2, 7) d o,
Ti(n1:m2,§ —m —1m2) e
= 0-b6(&,m1,m2, T TP (Emm2)
5//]R2 (& m 2 7) (&, m1,m2)
gy (1, T gy (12, 7By (€ = my = 12, 7) i .

For Jy, for any 7 > 1, we have from (5.71) that

T — 1 —
‘(lﬁl 1) [ ot mom g T = )

gy (1, TRy (2, TRy (€ — m1 — 12, ) ™EMM) dpyy iy
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S ‘(’ﬂ ) //R2 b(&, 1,12, )E2 R, (01, T) gy (2, T) gy (€ — 1 — 1, 7)€ T EMN) dy iy

(€416 [ b6 mm. Oler)

S (7 + PP ey | e 1€, g 1€ Rya | e ([o(m)]? + [e(m)]*).

B]d (nla T)BjQ (772? T)]Aljs (5 = =2, 7-)) d771 d772

Notice that in Aj, the number of summations of ji, jo, and js is or order log(t + 1), and therefore,
the right-hand-side is bounded for 7 > 1 after the summation in ji, jo, and js.
After taking the time derivative, the term Jy can be written as a sum of three terms.
// T1(n1,7m2,€ —m — 772)6”@(5,7717772)
R2 (&, m1,m2)
' [Wla‘l (1, 7) gy (12, 7By (€ = — nz,T)] 6(&, m,m2, 7) diy do,
5// T (112, = = M2) ira(emne)
R2 (& m,m2)
gy (705 Ry (12, 7y (7, € = 1 = m2) | BE mr 2, 7) iy g,

and

f// T1(0,12:§ — M = 12) ira(emm)
e
R? Q(&,n1,m2)

R, (1, TRy (02, 7) 07 by (€ —m1 — 772,7)] b(&, m1,m2,7) dny dna.

Notice that by (5.53),and the bootstrap assumptions and Lemma 5.3.2, we have

04l 2=
s ”5//11@ Ty (1,2, € = — 1) ™M IR(E — my — ) h(my) (n2) dmy dm|| + HNZ5(S‘7)HLoo
L® 3
1 .
N 895{‘;02 log |0z |¢zz — ¢ log ’axl(wz)m —+ 3 log |aw’(905)zz} ) + HNZ5(90)”L1
L
2j+1 2j+1
< el - Do (leslline + 1 Lealf)
j=0
S et + 1) 3.
Therefore, we obtain
(€1 + 167 ()] £ D hay[12110-hes [l ge e || 2[0()) S €3 (r + 1)P O Y e llzllhes | 2
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where we sum over all permutations ({1, %9, ¥¢3) of (ji,j2,73) in the space resonance region Aj.
Again, we notice that the number of summations is of order log(7 + 1), and the resulting sum is
integrable for 7 € (1, 00).

As for the term J3, by the definition of the cut-off function, we have

|07 [S<tomy (o) (1] = 1€ = 111 = 121)  Stogy (or) (I12] = 1€ =1 = m2)]| S @1 (B)(e(8)) ™" S -

The area of its support is of the order of [o(t)]?. Then, using (5.71), we get that

(€1 + 1€ T3(r)] S (r+ 1P 2= o()2 Y 7 ehgy || e 1€hes Nl ge 1€hes | e

where the summation is taken over permutations (1, ¢2, ¢3) of (41, j2, j3), so the sum converges and
is integrable for 7 € (1, 00).

5.6.5.2. Space-time resonances. We now use modified scattering to consider the term

1

6 // i€6(&,m1,m2,t) T1(n1,m2,§ — M — 02) @ (M) Pjn (M2) B3 (€ — M1 — m2) dny dna
As U As U As

- Z§ [51 (t)Tl(§7 fa _g) + 62 (t>T1(§v _’Sa {) + ﬁS(t)Tl(_f, 57 ‘5)] ‘@(7_7 g)’2¢(7_7 5)

// (&,m1,m2,t) dny dna.
Ao

Therefore, using a Taylor expansion and (5.51), we obtain

1
el+lerygic | viemomo

[Tl(mﬂ?z,ﬁ — 1 — 1)@, (M) g (12) @i (€ — m — m2) — T1(&, &, —&)|@(T, &) P¢(r, f)] dm dne

< 1+ ler+)cie) ] 2

+ |Ona [T1(m1,m2,§ —m — m2) @, (M) Pz (02) P45 (€ — M — m2)]

For A,, we take

(€& —m)

n=n}

Ony [T1(n1,m2,§ — M — 02) @, (1) Py (12) P45 (€ — M — 12)]

(& —m2)

n2=15

S+ DUPIeds | 16@ sl e 16855 1o [o(D]* + D 1€@er lzge 16Ges e 1S e |l [o(8)]/2,

dny dme

where 7} (or n5) in the first inequality is some number between & and 7; (or 72), and the summation
in the second inequality is over permutations (1, {2, ¢3) of (j1,jo2, j3). The estimates for A3z and Ay

follow by a similar argument.
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Taking a summation over ji, jo, j3 and using the estimates in the above subsections together

with the time-decay of p(¢) in (5.65), we conclude that
oo
|10+ €U g d 5 2o
0
5.6.6. Higher-degree terms. In this subsection, we prove that

[+ e msato]

is integrable in time. We begin by proving an estimate for the symbol T,,. We have

F T, m2s - - - M2nt1) 55 (70552 (02) + - Sogs (T2n1)]

— i(y1m+yam -t y2nt1n2n 1) [L=1 acle: : d
///R s € [ /R R C]%(m)%(nz) Sjans1 (M2n+1) dmy,

em _ o (CHy1)Y ... (eiW2n+1m2n+1 _ pin2n+1(CHy2n+1)
= ///]R2 . |:/R ( ) ( ) dC:| Si (m) - Sjont1 (M2n+1) dmy,

|C|2n+l

1
B /R |C|2n+1 [-Fil[gjd](yl) - }_71[91](( + yl)} [I71[§j2n+1](y2n+1) - f_‘il[gj2n+1](c + y2n+1)] dc,
and it follows that

|F 7 [Tn(n1m2, - M2ns1) S (01)50 (12) * + Sosr (M2n1)] || 11

A A 1 A . A
5/ww+MHm%Hmwrhmnmmr%my~mMTMH«u«.
R

Let £1,0a,... 02,41 be a permutation of ji, jo,..., jon+1 satisfying 270 < o7l < ... < 2 lang

Then

H]:_l [Tn(nlv M2y -+ s M2nt1)S5 (M)Sja (12) -+ Sjont1 (772n+1)] HLI

< / 1 q 20 q
< A [ ¢
|¢|>2f2n+1 |¢[2ntt 2~ fon <|¢|<2 f2n+1 ¢[2n

91+ +lan
4.+ / ¢+ / 2€1+--~+52n+1 d¢
2-ticigl<zt2 (] cl<2=4

< 9ot +lant1
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Therefore, by Lemma 2.3.2, we have

Qg1+ 1 M%s@)| S @+ DO INs @)l S leldn D (sl + el 35)
3 n=2

Using the dispersive estimate Lemma 5.3.2, we see that the right-hand-side is integrable in ¢, which

leads to
[ oer+ ezt atse

This completes the proof of Theorem 5.0.1.
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CHAPTER 6

Two-front SQG solutions

Twice and thrice over, as they say, good is it to repeat and review what is good.

— Plato

In Chapter 3, we derive contour dynamics equations (3.3) describing the evolution of two SQG
fronts located at

y=hy +e(x,t) and  y=h_+y¢(z,1t)
In this chapter, we mainly focus on the initial value problem for (3.3)

pir(2,t) = (O4 = O-) (v +log h)pu (2, 1) — 204 log |0z | @z (2, 1) + 20 Ko (2h|0[) ¢z (2, 1)

1 1
+@+/[90x($+6,t) soxxt]{\/CQ OO ICI}dC
1 1
o / palrrG1 = %“}{\/@ (—2h + 0@ + G, 0) — p(@, ) ¢<2+(2h)2}dczo’
o) + (©4 — O)(y + log h)hu(,1) — 26 log 0, (z, 1) + 204 Ko(2h]0, ) ou (. ) (6.1)
1 1
- / alo+ 60 - %“]{ﬂ? w+(,t)—¢(x,t))2_|d}d<

1 B 1 }dC—O
VCF 2h+ oz + ¢ t) — ¢(x,1))? 2+ (2h)? -

go(x,()) = ‘;00(1')7 T,Z)(%t) = 1/)(90)

+@+/R[g0x(x+@t) T/Jxl”t]{

A main theorem we prove is the local well-posedness of (6.1) with small and smooth initial

data.

Theorem 6.0.1. Let s > 4 be an integer, and suppose that @g, g € H*(R) satisfy: (i)
[ Tpi0gpo)llL212 < C, [ Tpospyg) L2z < C
for some constant 0 < C < 2, where the symbol B'°8[f] is defined in (5.12); (ii)

o0 o
™ el (llpolis.e + ILolFs ) < 00, 30 Cleal (IollFsoe + L0l ) < o0,
n=1 n=1

129



where L = log |8,| is the Fourier multiplier with symbol log €|, ¢, is given by (5.5), and C' > 1 is the
constant depending only on s and h in Proposition 6.2.2. Then there exists T > 0, depending only
on |lgollzs, 1vollms, C, and C, such that the initial value problem for (6.1) with p(z,0) = p(z),
P(x,0) = Yo(z) has a unique solution with ¢, € C([0,T); H*(R)).

Remark 6.0.2. The smallness conditions in this theorem arise from the fact that the nonlinear
terms in the front equations lose derivatives, and we use a multilinear expansion of the nonlinearity
to extract the terms responsible for the loss of derivatives. This expansion can only be done
when the solutions are sufficiently small and requires Condition (ii). We then use the linear terms
to control these nonlinear terms in a weighted energy space, but our weight may degenerate if
Condition (i) fails.

Condition (ii) also implies that the initial data satisfies the non-intersection condition
2h —o(z,t) + po(x,t) > 0 for all x € R,

since it guarantees that |¢o(z) — po(z)| < 2h for all z € R.

The strategy to prove this theorem is similar to the proof of Theorem 5.2.3, where we need
to para-linearize the system and use a weighted energy to prevent loss of derivatives, but with
complication in dealing with the interactive terms between ¢ and v, as well as the Bessel K
function.

We analyze the linear stability of unperturbed flat two front solutions to the system (3.3) in

Section 6.1. And in Section 6.2, we prove Theorem 6.0.1.

6.1. Linear stability
We have mentioned in Section 3.2 that the SQG equation (1.1) admits shear flow solution
0y ify>hy,
0y) =460 ifh <y<hy,
0 y<h_,
whose corresponding velocity field is

U(y) =204 logly — hy| +20_log|y — h_|. (6.2)
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Recall that ©1 are normalized constants defined in (1.6).

This shear-flow solution is the SQG analog of the piecewise linear shear flow that is often
considered for the Euler equation (see Figure 6.1). We observe that the tangential velocity of the
shear flow on the fronts diverges to infinity and that U(y) — 0 as |y| — oo if ©4 + O_ = 0;

otherwise |U(y)| — oo as |y| — oo.

vk vl
/ o // o
6p=0 J Oy = —2m (7
\ 0= —-2m /HO‘——‘
(a) Symmetric SQG shear flow. (b) Anti-symmetric SQG shear flow.

F1GURE 6.1. SQG shear flows. The symmetric flows have scaled jumps O, = O_ =
1, and the anti-symmetric flows have ©4 = —©_ = 1.

There do not appear to be many studies of the stability of SQG shear flows u = (U(y),0).
However, as noted in [F'S05] for SQG shear flows, the classical necessary conditions for the linearized
instability of Euler shear flows — the Rayleigh and Fjgrtoft criteria — carry over directly to
sufficiently smooth flows: If there are linear modes with exponential growth in time, then |0,|U =
(—85)1/2U must change sign, and for any constant U, the function (U —Us) - |0,|U must be strictly
positive for some values of y. Conversely, Friedlander and Shvydkoy [FS05] prove that the SQG
shear flow with U(y) = siny is linearly unstable.

To study the stability of the two-front SQG shear flows (6.2) by contour dynamics, we linearize
the system (3.3) about ¢ =1 = 0 to get

o1 — (04 —O_)(y +1logh)pz — 20 log |0z ¢z + 20 Ko(2h|0z|)1be = 0,
(6.3)
Vi + (04 — O-) (v + log h)thy — 20_log |0y [thy + 204 Ko(2h|0x|)ps = 0,
where v is the Euler-Mascheroni constant and Ky is the modified Bessel’s function of second kind

defined in (2.21).
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Taking the Fourier transform of (6.3) with respect to x, we get the system

¢l i[O+ —©_)(y+1logh) + 20 log [¢]] —20_i{Ko(2h[¢])
—204i§Ko(2h[¢]) iE[(O- — O1)(y +logh) 4+ 20_log|¢]]

<

<,
_ 1

t

—~
=2
=~

N—

The characteristic polynomial (in p) of the coefficient matrix in (6.4) is

p? = 2i€log [€](O4 + O )u + 40,0 _2K5(2h[¢))

— &[0+ —O0_)(y+1logh) + 20, log €] [(O- — ©4)(y + log h) + 20 _log ¢]] ,

with roots

{2i¢1081¢] (04 +0-) £ V/AE) }, (6.5)

N

pt(§) =

where the discriminant A is given by
A(€) = =404 — O_)? (y+logh + log [¢])* &% — 46,0 _¢* K7 (2h[¢]).

If ©460_ > 0, then A(§) < 0 for all £ € R, so the roots of the characteristic polynomial are
imaginary and the SQG shear flow is linearly stable. In particular, the symmetric SQG shear flows
shown in Figure 6.1(a) are linearly stable.

On the other hand, if A(§) > 0 for some { € R, then there is a mode with positive growth
rate, and the shear flow is linearly unstable. For the anti-symmetric SQG shear flow shown in

Figure 6.1(b), we find that
A(€) = 166K (2h€|) — 1662 [log(h[¢]) + )7, (6.6)

where 7 is the Euler-Mascheroni constant. A numerical plot of the corresponding growth rates and
wave speeds is shown in Figure 6.2 (c.f. [Vall7] for the Euler equation). The instability results
from an interaction between negative and positive energy waves on the fronts that leads to an
exponential growth in time when the horizontal wavelengths of the waves are sufficiently large in

comparison with the distance between the fronts.
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FiGURE 6.2. Left: Growth rate S for anti-symmetric SQG flow in Figure 6.1 with
—1, and h = 1, calculated from (6.5) and (6.6).

O, =1, 6_

(dashed) and imaginary (solid) wave speeds ¢

Right: Real
wu/€. The flow is unstable for

0 < hl¢] £ 0.71129, with the maximum growth rate occurring at h|¢| ~ 0.51756.

In this section, we prove the local well-posedness of (6.1) posed on R. Theorem 6.0.1 follows

from a priori estimates and classical Cp-semigroup theory for local existence (see, e.g. [Paz83]).

6.2. Local well-posedness

Therefore, we only derive the a priori estimates (Proposition 6.2.2).

6.2.1. Expansion and para-linearization of the system. The final goal of the subsection
is to para-linearize the equations in (3.3) and extract a term that accounts for the loss of derivatives.
To start with, we carry out a multilinear expansion of the nonlinearities in (3.3) assuming small
amplitude and small slope, i.e., |¢|, || < h and |p.], [1z] < 1. We will use the expanded system

in the local existence proof, and the smallness condition (ii) in Theorem 6.0.1 is sufficient to justify

the expansion.

The first nonlinear terms in each equation of (3.3) are the same as the nonlinear term in (3.2),

then (5.6) and (5.7) apply. As for the second nonlinear terms, we take Fourier transforms and use

ez

(2.21) to get

(Y(@+ ¢ 1))"

J

(€% + (2h)2)™"

1
2

¢ =

F<r<n+;>

VAl (n)

2V

F(n+ 1) (ah)
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Then, using the Taylor expansion

o0
I+2) ' 2=14> cpa”,

n=1

where ¢, is defined in (5.5),we get

1 1
2\ T 5 — Pz \T, L ‘
/R[zb (x4 (1) — oa t)]{(cz + (=2h + (x4 C,t) — p(z,1))?)2 (C2 + (2h)?) } ¢

_Z /% x+c, 2%(% t)[ ah((z + ¢, 1) — o(z, t))+(¢($+C,t)—90(x,t))2rdc

DEE

_ZZdnga/ :HC’ o,

n=1¢=0 ))

N[

d¢

2n—0+1
);
2

oo n 2n—0+1

:ZZ Z dn,z,mﬁx{(@(x,t))2né+1m/ ((¢(x+§,t)) dg}

n=10=0 m=0 R (¢2 4+ (2h)2)n+%

[e.9]

= Z z”: 00,10z { (o, t))%izﬂ}

n=1 /=0
co n 2n—0+1

£33 Y dumadef{ (ol )T 0 K (2010, ) (8, )"

n=1/¢=0 m=1

where

L Jr(—n)"
wt @2n— L+ 1T+ 1)I(n+1-0T (5 —n)’

. B (—1)2nF1=m /rl(2n 4 2 — £)(4h)*
M @n— £+ DN+ D+ 1= OF (5 =) Dim+ )T 2n+2—m — 1)’
dn o - 2y/xl'(n) if m =0,
. B L (n+3) (4n)"*
nlm,1 —
2ym

dpom if m>1.

F(n+ 3) @)
The computation for the second nonlinear term in the second equation of the systems (3.3) is

similar. We only need to replace ¢ by 1, multiply d,, ¢ and d,, ¢, by (—1)¢, and replace dpom1 by

dp 0.m,2 Where
14
dn,&mﬂ = (_1) dn,ﬁ,m,l-

To para-linearize (3.3), Proposition 5.1.1 applies to the first nonlinear term in each equation.

As for the second nonlinear terms, we need the following proposition.
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Proposition 6.2.1. Suppose that p(-,t),9(-,t) € H*(R) with s > 4 and ||¢|lws.c + ||[¢]|lws.c is
sufficiently small. Then we can write

co n 2n—f+1

SN ST duamade { (ol )T 0 B (2000 ) (00, 0) " = Ty e+ R

n=1¢=0 m=1
where

© n 2n—¢

3 dugma(@n— £+ 1—m)B) o],
n=1¢=0 m=1 (67)

B o] = @20, K (210, )

The symbol %gl)[gp, Y] and remainder Ro satisfy symbol estimates

n 2n—~

o
1 e
116 Yl S 3230 3 Ol Il I e

=1 /=0 m=1

© n 2n—¢

[Rallars S llollrs DD 0D Clny )b 2|95 ol ™
n=1¢=0 m=1 (6 8)

© n 2n—¢

el Y D Clas)B 2 gk el

n=1 (=0 m=1

0o n o3 o
Wl Y Y Clny )R =22 |y L.

n=1 /=0

A similar result holds with ¢ and 1 exchanged.

Proof. We suppress the dependence of variables of ¢ and ¢ for simplicity. By the product rule and
the decomposition (2.7), we see that for m < 2n — £+ 1,

0p {17 0, K (2RO 0™ }

= [(271 —l+1- m)WznieimmﬂcWKn(2h’8x‘)wm} Pz(w,t) + (Pznie+1imaw|8x’nKn(Qh‘awam

=2n—0+1- m)T%(11ZL ol w]gox + Rontm,
where %gligm[gp, 1] is defined as in (6.7), and, by Lemma 2.4.1,

1Rz, e < O, )L ()R [lp 1l ce 0l 5™

+C(n, )L ()"l [ s el ™
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When m = 2n — £+ 1, again, by Lemma 2.4.1, we have

Rt on—t1 = Ol On " Fn(2h] 05 J4" 1,

IR2m,620—e41lls < Cn, $)L()A™" [y sl 5 %

The estimates (6.8) for % [(p Y] and

n 2n—4+1

00
= Z Z RQ,n,E,ma

n=1/=0 m=1
then follow from the above estimates and Stirling’s formula applied to the I'-function coefficients.

0

By Proposition 5.1.1 and Proposition 6.2.1, we can write (3.3) in the following para-linearized
form
— (@+ — @_)(’y + log h)(px + T%S)gox + R+ 2@_K0(2h’89;‘)@/)r = @+L[(2 — TBlog[‘p})(P]z,

(6.9)
Ve + (O —O-)(y +1ogh)v, + T‘Bif)% + R + 204 Ko(2h]0:|) e = ©-L[(2 — Tgios|y))¥/]

x)

where

B =6 ZZ (20 — £+ 1)dn,e0190" " + OB [0, 9] + ©,B%¢],
n=1 ¢=0

n

B —@+Z (2= £+ 1)d o™ + 0481 [, 0] + ©_B°[y),

and R; and Rg are bounded by

IRillzrs S (lpllms + 19l ) F(lellwase + [ Lellwsee + lUllwsee + [1L¢]lwse), i=1,2, (6.10)

where F is a positive polynomial.

6.2.2. Energy estimates. We define homogeneous and non-homogeneous weighted energies

that are equivalent to the H®-energies by

2j+1

BO() = [ 10411DPp(e.t)- (2= Toueis) 1Dl

) 2j+1 )
101D (@,t) - (2= Toosgyy) IDPb(, 1) de
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EOt) = [lol72@ + 1¥172m + D ED().
j=1

For simplicity, we consider only integer norms with s € N.

We now are ready to prove the following a priori estimates.

Proposition 6.2.2. Let s > 4 be an integer and ¢, 1 a smooth solution of (6.9) with ¢g, 1o €

H*(R). There exists a constant C > 0, depending only on s, such that if o, Yo satisfies
o0
HTBlog[goo]HLQ—)LQ <C, ZC"\0n| (H@OH%(/L:»),OO + \Icho\\%Le),oo) < o0,
=1

o0
| Tgtos oyl 222 < C, ZC"\CM(WOH?{/LSW + ||L¢0||I2/{/l3’°°) < 00,
=1

for some constant 0 < C' < 2, then there exists a time T > 0 such that
oo
T, 2 cn t)||2 L
| Trespmyllz2 2 < 2. Z leal (Il (@) 1FFs.00 + 1L (t)][Fs.00 ) < 00,

| Tgtos eyl L2 12 < 2, chfcn\ (W () [1§s.00 + ||L¢(t)||12,§}37w) < 00,
for allt € [0,T], and
d -

EE(S)(U < F (ellwse + [IL@llwsoe + [@lwsee + 1L llwse) B (@), (6.11)

where F(-) is an increasing, continuous, real-valued function.

Proof. Observe that ||¢||2, ® T [ (r) 18 conserved by the system. So we only need to estimate

the higher-order energy. By direct calculation, for f = ¢ or 9,

04(2 — Tios(1)* f = (2 — Tios(f))* fr — 5(2 — Tios(y))* T, pros( sy + R(S), (6.12)

where the remainder term R is bounded by (6.10).

By continuity in time, there exists 7' > 0 such that

S Ceal (IO sce + IO e + 6@ 300 + ILe(O) ) <00 forall 0<t<T.
n=1
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We apply the operator |D|* to the first equation of (6.9) to get

|DIor = (©4 — ©_) (v +log h)|DI*ps + | D" Ty a
’ (6.13)
+ [DI*R1 + 20| DI* Ko(2h|8,|)the (, 1) = | DI*8, L[(2 — Tgiox(y) )] -

Using Lemma 2.2.2, we find that

IDI* |(2 = Tpusiyy)| = 21DI — |DI* (Tpsiyy )
= 2|D|SS0 - TBlog[¢]|D|sS0 + STazBlog[So] ’D|372(pz + RS,
where
o0
10:Ral[2 S <ZC(H, 5)|cn’”90||12/{}3,00>||90HHS—1-
n=1

Thus, we can write the right-hand side of (6.13) as

9. L|D|* [(2 - TBlog[gp])‘p}
= 0,L [(2 — T'giog[)) | DI°¢ + 8Ty, prosy \D|s_290a:] + R4
= L{(2 — Toa() | DI*0z — Ty, pros|)| DI°p — 5Ty, pros|)| D|* ¢} + Ra
= L{(2 = Tpost)) D2 = (5 + V)T, prosig D0} + R,

where

o
IRallz S (32t slenl (ol + WEeln) ) el

n=1

Applying (2 — Tgis,))° to (6.13), and commuting (2 — T'gieg[,))” with L up to remainder terms,

we obtain that
(2 = Tio))"1DI 01 — (O — ©-)(y +10g 1) (2 = Tps)*| DI s
+ (2 = Tion())* 0l DI Ty + 20 (2 = Tiuo)*|DI* Ko 20102 ) (2, 1)
= L{@2 = Tprost)) 1D 00 = (5 + 1)(2 = Tpus) To, prosig | D0} + R

= 0,L {(2 — TBlog[(p])SJrl’DPgO} + Rs,
(6.14)

where ||R5||z2 is bounded by the right-hand-side of (6.10).
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By (6.12), the time derivative of E(*)(t) is

d

B0 (1) = - /]R (25 + 1) DI*p - (2 — Tgos)) > Ty, pros(yy | DI
(6.15)

1o /R D*p - (2 — Tpont,)?* Doy da + /R R(IDPg) D dx.

We will estimate each of the terms on the right-hand side of (6.15).

Equation (6.9) implies that

oo
Iatllze S 32 Ol )lenl (NplFam + I1L@IFnm + 190300 + 1 L6 ]3cc ),

n=1

so the first term on the right-hand side of (6.15) can be estimated by
’/R(25 + 1)’D|s(p . (2 - TBlog[go})statBlog[go]|D|SS0 dx
oo
< (30 0 Slenl (Il + VLl + 191 + 101 <) el
n=1
We can estimate the third term on the right-hand side of (6.15) by
o
[ RUDIO) DI 5 (3 Clndeal (ol + 1L + 10lZEn + 1L01E ) ol
n=1

To estimate the second term on the right-hand side (6.15), we multiply (6.14) by (2—Tguoz(,))*" |D[*¢,

integrate the result with respect to x, and use the self-adjointness of (2 — T BlogM)SH, which gives
/R |IDI*¢ - (2 — TBlog[w])2s+1|D\S<pt de =1+1I+III+1V,
where
1= = [ 1Dl (2 = Typuugy P 1D, Ty
= /R(2 — Tiogy)) T DI* 0 - 0 L(2 — Tiosy,)* | D] d,
M= [ (2= Tyegy)* 1Dl - (R + 20 Ko(2hl0 i) da.
R

V= - /R D¢ (01 = ©-)(7 +log h)(2 — Tuos )™ DI
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We have II = 0, since 9,.L is skew-symmetric, and

oo
| < (Z O 5)lenl (10135 + 1 L0 + 9150 + rwu%&@) (el + 1 113e).

n=0

Because (2 — Tgios)) is self-adjoint,
IV = —(8+ = O-)(y +1081) [ (2= Tyus(y*'IDI% [P da
= (@1 = ©)(1 +10gh) [ 922 = Tyusiy)*'| DI D da
= IV 4 (04~ 0)(1 +logh) [ 01,2 = Tyeug P IDI - D
By a commutator estimate,

S llelzsFlelwss + [Lellwsee)-

/R B, (2 — Tgun) > 1D - DI da

Therefore
V| S lleollzrs Fllellwsz.eo + |1 Lllpace).

Term I estimate. We write I = —I, + I, where
I, = / D¢ (2 - TBlog[w])QSH@xT%E&n|D|890 dz,
R
ty= [ IDFg+ (2= Typoui 0 Ty, [ Dl o
R

By a commutator estimate and (5.13), the second integral satisfies

o0
L] < (ZC(n,s>\cn| (1ol + LRl + 81 ce + HLW%Q) lellZs-

n=1
To estimate the first integral, we write it as
lo =14 — Loy,
where
I, = /R D¢ - [(2 — Tpox() ", 0] (T%gﬂm%) dz,

_ S 2s5+1 S
Ty _/R|D\ P (2~ Tpost)* (T IDI") dr
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Term I,, estimate. A Kato-Ponce commutator estimate and (5.13) gives

a5 (3 Cns)lend (ol + 1 + 101 + L0 )
n=1
Term I,, estimate. We have
I, = /IR (Tpog)| DI*¢) - (2 — Tioey))* D, A
s 2s+1 s 2s+1 s
= /R (Tpopa|DI*6) - {0 ((2 = Tproug)* T DI0) = [0, (2 = Ton)* | DI } o
= —/ Oz (Tpopy) |DI°@) - (2 = Tgios(,)** T D|*p da
R (6.16)
- /]R (TBO[¢]|D|S%0) : [%»(2 —TBlogm)QSH] |DI°pdz
= —/R (Tpo)| DI° 02 + [0n, Tpojg)] IDI°@) - (2 — Tiios,)** D0 da
- /R (TBO[¢]|D|SS0) : [@»(2 - TBlog[w})QSH] |DI*¢du.

Using commutator estimates and (5.13), we get that

[0, Tporg ] IDPel] 2 < (ZC(H, $)lenl (I lfyace + I LolFya2) > Il s,

n=1

|02+ 2 = Ts)> ] IDI)

oo
o 5 (X olenl (Il + 1201~ Yol
n=1

Since Tgoj) is self-adjoint, we can rewrite (6.16) as

Or (2 = Tros ), Troiy | IDI"|

oo
1o = (X il (el + Lol ) ol
n—=

Iag — _Iag + R6a
with
oS
Ral S (3 Ctmsleal (oo + IEle + 1o + 1201 ol

n=1

and we conclude that

S
| (Zcm, enl (1011375 0 + 1201130 + 16130 + ||L¢||%$s,w)) Il
n=1
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By a similar procedure, we can obtain the estimate for ). This completes the estimate of the
terms on the right hand side of (6.15). Collecting the above estimates and using the interpolation
inequalities, we obtain that

t

EW(1) < EW(0) +/0 F (lellwsc + [ Lollwsce + [ lwsee + [ Lllwses) lollfs At (6.17)
where F' is a positive, increasing, continuous, real-valued function.

We observe that there exists a constant C(s) > 0 such that C(n,s) < C(s)™. The series in F
then converges whenever ||¢|lys.cc + [|[Lollwsee + [[¢0]3s.00 + [|L0|[55.0 is sufficiently small, and
we can choose F' to be an increasing, continuous, real-valued function.

Finally, since 12— T pusiye) 222 > 2-C, and [|BY5[g] (-, )Lt ) and F (o + 1 Lpllwa)

are continuous in time, there exist 7" > 0 and m > 0, depending only on the initial data, such that
12 = Tgios oyl 202 > m for 0 <t <T.
We therefore obtain that
m*H (lellFs + lelF) < B <22 (lollFs + lelFe),

so (6.17) implies (6.11). O
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APPENDIX A

Alternative formulation of the SQG front equation

Face front, true believers!

— Stan Lee “Marvel Masterworks: Fantastic Four Vol. }”

We first prove an algebraic identity that will be used in deriving (5.10).

Lemma A.0.1. Let N > 2 be an integer. Then for any integer 1 < p < N — 1 and any n; € R,
ji=12,...,N

N

> > (= 1) (s + Ty + -+ + 1 )P = 0. (A.1)

=1 1<mi1<mo<---<my<N

Proof. A general term in the expansion of left-hand-side of (A.1) is proportional to

ntne® ey, (A.2)
where aq, a9, ..., anN are nonnegative integers such that o +ag + - - -+ ay = p. It suffices to show

that the coefficients of the monomials (A.2) are zero. Let 1 < M < N — 1 denote the number

of nonzero terms in the list (a1, @2,...,ay). Using the multinomial theorem, we see that the

coefficient of (A.2) is

N—-M
oo ey (YT 2 ) ey gy =
=0

AL,y ..., QN j J A1, ..., QN

To compute T, (n,,) in (5.5), we first expand the product

2n+1 2n+1

R H (1—emi¢) =1+ Z Z (—1)" cos ((my + Nmy + -+ + 1y )C)
j=1

=1 1<mi<ma<---<myp<2n+1
2n+1

=> > (=) [1 = cos ((Mmy + Mmg + -+ + 1m,)C) ] -

=1 1<mi<mo<---<mp<2n-+1
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We replace the integral over R in (5.5) by an integral over R \ (—¢,€), where ¢ < 1, and

decompose the expression for T,, into a sum of terms of the form

1 — cos(n¢) I+ Zj 1 UIO — cos(n¢) 1 — cos(n()
/6<C|<oo |¢[2n+ ¢ /<|¢<1/|n| !C!Q”“ C+/ ¢[2nt1 ¢

S
1
- &
le /<<|<1/n| |Gzt

o N~ (DY / 1
= Cpan™ — . —57 A¢ +o(1),
2 (29)! Je<iei<aypm) 1€Pn— 241

Jj=1

where

n — j 29
o / 1+Zj1(1()2jj‘()6!)]_cos(0)d9+/ 1—cos(9)d6
wl 6]<1 |62 +1 o>1 107

is some constant that depends only on n.

‘We have

a (_1)j772j 1 € 2n 2:€ . 27 2n
Z(21')!/e<|<|<1/|n| g2t 4 = ot +ZC ¥ Gnan™ log

j=1
where
e (=1)7*! (=)™ loge o _ (=1)7en (1)t
mQZZ — .'+2 n ) C’ig:_%.'y C'71,4:27'
= (n=5)(2)! (2n)! (n—7)(25)! (2n)!
Thus, we conclude that
1 — cos(n¢) < 2n
a1 = (Cn1 — C CIn™ — Cran™ log 1.
/e<<|§1/|n SR (@ Z

We use these results in the expression for T,, and take the limit as ¢ — 07. The singularity at

€ = 0 does not enter into the final result because of the cancelation in Lemma A.0.1, and we find

that
Tn(nn) - 2((27)1)' Z (_1)4(77m1 + o+ nme)Qn log ’Uml + Timy + 4+ nme| .
T 0=1 1<mi<ma<--<mp<2n+1
(A.3)
It follows that
n ! Z 1)Z(P2n—€+1a2n logla‘((pl).
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Therefore, we conclude that

/ [pr(xat)_@x(x"i‘Cat) _ ¢z(2,t) — pz(z + (1)
R ’C’ \/C2 + (QO(ZL‘,t) - SO(:L‘ + Cat))z

2n+1
2(:n 2n +1 . .
Tnt2) 2n+2 {Z ( )(1)%2 a2} 1ograz\(<pl<x,t>)}
=1

=1 14

}dé

2n+1

= 33 (1 0 P 10 og 02 (1)

n=1 /=1
where

2y
T (3 —n)|T+1I2n+2-0OT(n+1)

dpe = > 0. (A.4)

Using this expansion in (3.2), we get (5.10).
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APPENDIX B

Some algebraic inequalities

They usually develop in unequal proportion, in one love, in the other ambition
and avarice. But now we, you and I, at our present ages, can to some extent do
something ourselves one way or another to keep the things inside us in order.

— Vincent van Gogh

In this appendix, we prove the inequalities used in the local well-posedness proofs. We use

{k1, ko, k3, k4} to denote a quadruple of real numbers such that
ki1 + ko +ks+ ks =0,
and, as in (4.19)—(4.20), we denote by (m1, ma, ms, my) a permutation of (k1, k2, ks, k4) such that
Im1| = [ma| > [ms| > |mal.

If, as we assume, the k; are not identically zero, then my, ma # 0, and we define

m1 ’ my m1

Since m1+mg+ms—+my = 0, the ordering of the |m;| implies that 0 <y <2 < 1land |[1—z—y| <y,

so (z,y) € R, where the feasible region
Rz{(m,y)éRQ]0§y§x§1and1§m+2y§2} (B.2)

is shown in Figure B.1. We note that ms = 0 corresponds to the point (x,y) = (1,0), and m4 =0
corresponds to the line z +y = 1. The ratio m4/m; changes sign across this line: if x +y > 1, then
mq, my have the same sign and the opposite sign to mo, ms; while if x + y < 1, then mq, mg, my
have the same sign and the opposite sign to m1.

We begin with the following inequality for a symmetric function of fractional powers.
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D[ —=
YIS
SN—

f—~
Wi
Wl

)

ol

0] z=1 O

n=2

F1GURE B.1. Left: The feasible region R for (z,y)-variables in (B.2). Right: The

feasible region for (n,y)-variables in (B.3).

Lemma B.0.1. If kj,m; € R with j = 1,2,3,4 are defined as above, then for every s > 0 there

exists a constant Cy(s), depending only on s, such that

‘kl‘kl‘% + ko|ko|® + ks|ks|* + k4|k4|28‘ < Co(s)|mq|?|ma|*|ms].

Proof. Both sides of the inequality are zero if m3 = 0, when m; = —mgy and m4 = 0, so we may

assume that ms3 # 0. Using (B.1), and the fact that the k; are a permutation of the m;, we get

that
/{31|/€1|28 + k2|k22|28 + k‘g’k‘g’% + k:4|k34|28

|m1[5|mal5ms

= f(a:,y),

where the continuous function f: R\ {(1,0)} — R is given by

1—x23+1—y25+1+(1’+y—1)\x+y—1|25
sy '

flz,y) =
The only place where f could fail to be bounded is near (1,0). Writing
r=1-mny, with 0 < n <2,
and Taylor expanding f as y — 07, we get that
F(L=ny,y) = (25 + )0 + Oy + y*)

uniformly in 0 < n < 2. It follows that

lim sup [f(1—ny,y)|=2-(2s+1),
y—=0% 0<n<2
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which proves the lemma. ]

Numerical computations show that the supremum of |f| on R\ {(1,0)} is attained at (z,y) =
(1/3,1/3) if s > s, where sg ~ 0.6365 is the positive value of s at which 35+! — 3175 = 2(2s + 1).

In that case, we may take
Co(s) = 35+t — 3175, (B.4)
Next, we estimate the SQG kernel defined in (4.13). From (4.11), these kernels have the form

S(k17k2>k3ak4) = |7nl’2 |:g <_TnQ7_7nB> +h <_Tn27_7n3>:| ) (B5)

mq mq

9(z,y) = aly) +a(z +y —1) —a(l —z),
(B.6)
h(z,y) = a(l) + a(z) —a(l —y) —a(z +y).

First, we estimate h.

Lemma B.0.2. Let a be given by (4.12), and let h be given by (B.6). There exists C > 0 such that
h(z,y)| <Cle+y -1y forall (z,y) € R.

Proof. Using coordinates (B.3), we have

h(1 —ny,y) = a(l) + a(l = ny) —a(l —y) —a(l + (1 —n)y)

1 (1-n)y
:—/ / a’(t + s)dsdt.
1-y JO

If0<y<2/3and (z,y) € R, then 1/3 <t+ s <5/3 in (B.7). Since |a"(z)] < M is bounded on

(B.7)

this interval, we get that

Ih(1—ny,y)| < M[1—nly?.

If2/3 <y <1and (z,y) € R, then 0 <71 < 1/2, and it follows that

1 1
Ih(lny,y)lé/ / la" (t + s)| ds dt
0 0

9 1 1
<= </ / |a”(t+s)ydsdt> 11— 7y
2\Jo Jo

Since the integral converges and (1 — )y = z + y — 1, we obtain the result. U
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We now estimate the SQG kernel.

Lemma B.0.3. Let S be given by (4.13). If kj,m; € R\ {0} with j = 1,2,3,4 are defined as

).

Proof. The kernel S is given by (B.5)—(B.6) with a(x) = —2%log|z|. We have

above, then there exists a numerical constant Co such that

m
|S (K1, ko, k3, ka)| < Co|ms||ma|log <1 + ’mz

l9(1 —ny,y)| = [y*logy + (1 — n)?y*log|(1 — n)y| — n*y* logny|
= [2(1 = n)y*logy + [(1 —n)*log |1 — n| — n*logn] ¥?|

< CJ1 = nly* [1 +log(1/y)].-
Since x > 1/3 and z/y > 1, it follows that
lg(z,y)| < Clz +y — 1]ylog (1 + §> .
Using this inequality and Lemma B.0.2, we get that
9(o.) + bl )| < Cla+ y ~ 1lylog (1+2).
and the use of this inequality in (B.5) proves the lemma. ([l
Numerical computations show that in Lemma B.0.3 we can take, for example,
Cy = 5. (B.8)

The worst case for the growth of S is when two wavenumbers are in the same “shell” with much
larger and almost equal absolute values than the other two wavenumbers, which happens near the

point (x,y) = (1,0) in R. For example, suppose that
ki=k+a, kzz—(k+b), ks = —a, ks = b,
and consider the limit & — oo with a,b > 0 fixed. Then one finds that

S(ki, ko, ks, ka) = —2ablog|k| + O(1) = 2msmy log

ma
— 1).
m3’+0()

Thus, the logarithmic factor in Lemma B.0.3 cannot be improved upon.
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We end this appendix with a corollary of Lemma B.0.3 for the SQG kernel as a function of
integer wavenumbers. This Lemma uses the fact that the |k;| are bounded away from zero, so it

does not apply in the spatial case with k; € R\ {0}.

Corollary B.0.4. Let S be given by (4.13). If kj, m; € Z, with j = 1,2,3,4 are defined as above,

then there exists a constant Cy such that
|S(k1, ko, ks, k)| < Calms][mal [log(1+ [ma]) log(1 + [mal])]'/2.

Proof. The result follows immediately from Lemma B.0.3, since |mg| < |m1| and |ms| > 1. O
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