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Abstract

In this dissertation, we study the phenomenon of wall-crossing structures in cluster algebras
of Fomin and Zelevinsky, with examples including cluster scattering diagrams of Gross, Hacking,
Keel, and Kontsevich (GHKK) and stability scattering diagrams of Bridgeland. We show that in
general, every consistent scattering diagram admits a canonical underlying cone complex structure.
We describe mutations of the stability scattering diagram of a quiver with non-degenerate potential.
Then we use this description to prove that the stability scattering diagram admits the so-called
cluster complex structure. As a consequence, we verify if a quiver admits a reddening sequence, a
conjecture of Kontsevich and Soibelman that the associated cluster scattering diagram is equivalent
to the stability scattering diagram of the same quiver with a non-degenerate potential. We also give
another proof of the Caldero-Chapoton formula of cluster monomials using scattering diagrams.

Skew-symmetrizable cluster algebras need extra care. We define a Langlands dual version of
the cluster scattering diagram of GHKK and show that it admits a cluster complex structure
that is Langlands dual to GHKK’s version. We use it to describe the cluster monomials of skew-
symmetrizable cluster algebras in terms of theta functions. Then we study the Hall algebra scat-
tering diagram associated to the Geiss—Leclerc—Schréer algebra of an acyclic skew-symmetrizable
matrix with a skew-symmetrizer. We show that it admits the same cluster complex structure as
the aforementioned Langlands dual cluster scattering diagram. In the end, we extend the theory

of scattering diagrams to Chekhov and Shapiro’s generalized cluster algebras.
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CHAPTER 1

Introduction

The notion of wall-crossing structures has emerged from the work of Kontsevich and Soibel-
man [KS06], and Gross and Siebert [GS11] (under the name consistent scattering diagrams), on
the Strominger-Yau-Zaslow approach to mirror symmetry, and in parallel, from the work of Kont-
sevich and Soibelman [KSO08] on Donaldson-Thomas invariants of 3-Calabi-Yau categories. Since
their first appearances, there are various applications of wall-crossing structures. Among them,
a remarkable one is the construction of cluster scattering diagrams by Gross, Hacking, Keel, and
Kontsevich (GHKK for short) [GHKK18], used to settle several long-standing conjectures about
cluster algebras. On the other hand, another wall-crossing structure, the motivic Hall algebra scat-
tering diagram is constructed by Bridgeland [Bril7] for any quiver with relation, encoding the
wall-crossing-formula type information of the category of quiver representations. The theme of this
dissertation centers around the relationship between these two types of wall-crossing structures.

Our work is motivated by the theory of cluster algebras, and in fact, part of our goal is to study
the properties of cluster algebras using the technique of scattering diagrams. Cluster algebras,
introduced by Fomin and Zelevinsky in [FZ02], are a class of commutative algebras generated in
some Laurent polynomial ring by a distinguished set of Laurent polynomials (the cluster variables)
grouped in overlapping subsets (the clusters) recursively obtained by operations called mutations.
Gross, Hacking, Keel, and Kontsevich have proved important properties of cluster algebras regard-
ing their bases in [GHKK18] where a class of wall-crossing structures named cluster scattering
diagram plays a crucial role. In general, a scattering diagram is a (possibly infinite) cone complex in
a vector space where its codimension one cones (walls) are decorated with certain transformations
(elements in some group) referred as wall-crossings. The cluster scattering diagram associated with
a cluster algebra has maximal cells (the cluster chambers) corresponding to clusters. The walls of
the cluster chambers are decorated with wall-crossings in the automorphism group of some formal

poisson torus to describe mutations. A nicely behaved basis of a cluster algebra (the canonical



basis) is constructed in [GHKK18] by counting in the associated cluster scattering diagram cer-
tain piecewise linear curves (the broken lines) which bend when crossing walls. The canonical basis
contains monomials of cluster variables that belongs to the same cluster.

A large class of cluster algebras of interest is those associated to quivers. To cluster algebras of
this type, there is a seemingly different approach that utilizes a categorification modeled on quiver
representations. For more details in this approach (called the additive categorification), we refer
the reader to the nice survey [Kel08]. In view of the additive categorification, clusters correspond
to t-structures of the relevant triangulated category, and mutations are essentially tiltings of t-
structures. In this framework, cluster monomials, part of the canonical basis, can be recovered by
applying Caldero-Chapoton type formulas to certain quiver representations; see [CCO06] for finite
type quivers, generalizations in [CKO08, CK06, Pal08], [DWZ10,Plal1] for arbitrary 2-acyclic
quivers and [Nag13] for a point of view closest to this paper.

It is interesting to ask for the meanings of cluster scattering diagrams, wall-crossings and
broken lines in the additive categorification. An important first step towards an answer is taken
by Bridgeland, who constructs in [Bril7| a Hall algebra scattering diagram @gf}“ (Definition 6.2.1)
for each quiver with relations (@, ) by considering stability conditions on the abelian category
of representations of (@, I). If the ideal of relations arises from a potential W, we can apply an
integration map to @g‘:}“ to get a stability scattering diagram @%}5{}} valued in a much simpler group.
He shows that for an acyclic quiver (thus with only zero potential), the stability scattering diagram is
identical to the corresponding cluster scattering diagram @81. In this case, the Caldero-Chapoton
formulas for cluster monomials thus have interpretations in both the cluster and the stability
scattering diagram. However, even for acyclic quivers, the representation-theoretic meaning of the
canonical basis (apart from cluster monomials) is still unclear.

One goal of this dissertation is to further investigate the relationship between these two related,
but a priori not necessarily equivalent, scattering diagrams @81 and @3"{}}, setting foundations
towards a better understanding of the categorical meanings of the combinatorial objects extracted
from cluster scattering diagrams, seeking a categorification of broken lines.

We also work to extend the cluster-versus-stability comparison to the skew-symmetrizable case.
To a skew-symmetrizable integral matrix B (with a skew-symmetrizer D), there is an associated
cluster algebra A(B). It is worth mentioning that GHKK’s construction of cluster scattering

diagrams do cover the skew-symmetrizable case. In this dissertation, we propose a scattering
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diagram @%1 p that is Langlands dual to GHKK’s cluster scattering diagram. We prove that our
scattering diagrams have nice properties so that it can be used to describe the cluster monomials
of A(B).

On the other hand, it seems harder to find an additive categorification for skew-symmetrizable
cluster algebras than the skew-symmetric case. Besides other approaches such as [Dem11, Rup15]
and many others, Geiss, Leclerc and Schréer [GLS17] have introduced a finite-dimensional algebra
H(B, D) associated to the pair (B, D) of an acyclic skew-symmetrizable matrix B with its left
skew-symmetrizer D, and use certain H (B, D)-modules to describe the cluster monomials of A(B)
when B is of Dynkin type [GLS18]. In a similar vein to the skew-symmetric case, we study the
relationship between @%?1}37 D) and CD%{ p- The main result we have along these lines is that these
two scattering diagrams share the same cluster complex structure.

In the end, we extend GHKK’s theory of cluster scattering diagrams to generalized cluster
algebras of Chekhov and Shapiro [CS14]. The generalization is accomplished by modifying the
wall-crossings on initial walls to allow more complicated reciprocal monic polynomials. We show
that these generalized cluster scattering diagrams also admit a cluster complex structure. We hope
that this framework is useful for solving the positivity conjecture of generalized cluster algebras
and for understanding other properties. As an application, in a future work joint with Labardini
Fragoso [LFM], we study the generalized cluster algebras associated to a class of orbifolds using
this scattering diagram.

The rest of the introduction contains a more detailed account of our results and summarizes
the content in each chapter. Some parts of Chapter 2, Chapter 4 and Chapter 6 overlap with the

preprint [Moul9].

1.1. Wall-crossing structures and scattering diagrams

Despite its vast appearances in the literature in the study of mirror symmetry and Donaldson-
Thomas invariants, e.g., [KS06, GPS10, GS11], the notion of wall-crossing structures was for-
malized by Kontsevich and Soibelman in [KS14]. This dissertation only concerns wall-crossing
structures in vector spaces, which bear another name, consistent scattering diagrams.

We fix a lattice N of finite rank r with a chosen basis e = (e, e9,...,€,). Set

M:HomZ(N,Z), Mrp = M @7 R.
3



Define N; = N* C N to be the sub semigroup non-negatively generated by e without 0. A

scattering diagram is valued in an NT-graded Lie algebra

More precisely, we consider the pro-nilpotent Lie algebra

= II @

neN+

©»

as the completion of g with respect to the grading. Taking formal exponentials, we obtain a
pro-unipotent algebraic group:

exp: g — G.
The multiplication in the group G is defined formally through the Baker-Campbell-Hausdorff for-

mula.

Definition 1.1.1. A scattering diagram valued in g or a g-SD for short is a function
(0N MR — @

such that for any m € Mg, we require that ®(m) lies in the subgroup

exp H gn | C @
m(n)=0
In general, there are too many scattering diagrams with the above definition. The examples
from mirror symmetry and Donaldson-Thomas theory and the application in cluster algebras all
fall into a much restrictive class: consistent scattering diagrams.

To define a consistent scattering diagram, we first consider a Lie algebra g with finite support,

i.e., the set

S=5(g)={neN"|g,#0}

is finite. Each normal vector n € S defines an orthogonal hyperplane n' C Mg, thus together
cutting Mg into a cone complex &g. If &: Mr — Gis a g-SD, we see by definition that it is
constructible with respect to the stratification of Mg induced by &, i.e., the function ® is constant

in the relative interior of any cone in &g. In particular, if 9 is a wall (a codimensional one cone) in

4



Sg, we have a well-defined

P(O)e G
by evaluating ® at any interior point in 0.

Definition 1.1.2. For a Lie algebra g with finite support, a g-scattering diagram &: Mrp — G is
consistent if for any sufficiently general path v: [0,1] — Mg with respect to &g, the path-ordered

product

of the sequence of walls (9;)%_; crossed in order by v only depends on (0) and ~(1).

In order to extend the above definition to a Lie algebra g with infinite support, we consider for
each d € N, the quotient Lie algebra
g<d = g/ @ In
In|>d

and the induced group projection

mq: G — G<4 = exp(g<?).

Definition 1.1.3. For an N'-graded Lie algebra g, we say a g-SD ®: M — G consistent if for
any d € N, the function

&<l = 1 0®: Mg — G4
is a consistent g<¢-SD.

The subset of consistent g-SDs is much smaller than the set of all g-SDs. In fact, due to
Theorem 2.2.5 of Kontsevich-Soibelman [KS14], consistent g-SDs are in bijection with the elements

in the group G.
1.2. The canonical cone complex of a consistent scattering diagram

Our first observation is that the cone complex &g of hyperplane arrangements is too refined to
well-capture the underlying cone complex structure of a consistent scattering diagram. We show
in Section 2.3 that for a Lie algebra g with finite support, any consistent g-SD admits a canonical
underlying cone complex, coarsening &g, where the cones are exactly the connected components

of the level sets of the function ®: Mr — G.



THEOREM 1.2.1 (Theorem 2.3.1). Let ® be a consistent g-SD. Then we have

(1) for any h € G, the preimage ®~1(h) is relatively open in a subspace in Mg,

(2) each connected component of ®~1(h) is the relative interior of a rational polyhedral cone,
and

(3) all such cones together form a complete finite cone complex of Mg, which we refer to as

the canonical cone complex of ®.

In many applications, the canonical cone complex is of interest. Thus we would like to record
this information when we speak of a consistent scattering diagram. For example, in many cases,

we use the name consistent scattering diagram to represent a pair
D=(6,®: Mg — G)

where @ is the defining function as before, and & is the canonical cone complex determined by ®.

For a consistent SD valued in g with infinite support, one does not always expect a finite cone
complex. However, by considering the truncations ®<? for d € N, we get a filtration of finite cone
complexes

"'C6<dC6d+1C"'

whose projective limit is a profinite cone complex in Myg. For further details, see Section 2.3.2.

1.3. Cluster scattering diagrams versus stability scattering diagrams

Now we consider a class of consistent SDs with important applications in cluster algebras.

Equip the lattice N = Z" with a Z-valued skew-symmetric bilinear form
w: NxN —Z.

Let I = {1,...,r} be an indexing set. A seed s is a basis of N indexed by I. We define an

NT-graded Lie algebra g = gs by setting
g = Q- 2", {2™, 2"} = w(ng,ng)ax™ "2,
In [GHKK18], Gross, Hacking, Keel, and Kontsevich defined a consistent g-SD

6



by specifying the element ®$'(0) (see Section 4.2). This scattering diagram admits many nice
properties and is thus used to settle important conjectures about cluster algebras in [GHKK18].

The seed s determines a quiver @@ = Q(s) such that the vertices are identified with the indexing
set I, and the negative of the adjacency matrix of @) is the pairing matrix of s. A seed with potential

(s, W) is a seed s with a potential W € CQ. Let
P(Q.W) = CQ/I(W)

be the (complete) Jacobian algebra of (Q,W). Associated to mod P(Q, W), the abelian category

of finite-dimensional P(Q, W)-modules, there is a motivic Hall algebra

HQ.W)= @ H(Q,W),

neN®

which is N¥ = N*TU{0}-graded and associative over Q. In [Bril7], Bridgeland defined a consistent
scattering diagram

O = (S ol M > H(Q,W))

such that for any m € Mg, the value ®(m) is the characteristic stack function of the subcategory of
m-semistable P(Q, W)-modules. With a properly defined integration map, the scattering diagram

’D?S‘l} descends to the so-called stability scattering diagram

valued in the much simpler Lie algebra gs, the same Lie algebra as used by the cluster scattering
diagram.

It is natural to ask the relationship between ©¢! and Ds%b as by definitions, they have the
same wall-crossings at a generic point on any coordinate hyperplane siL C Mrg. It is also not hard
to see that both profinite cone complexes 69 and GSS}%,b have a maximal simplicial cone, i.e., the

cluster chamber

Cr={me Mg |m(s;) >0, VieI},

whose facets have same the evaluations for <! and ®5%P. In [Bril7], it is shown that if the
quiver Q(s) is acyclic, thus with only possible zero potential, then the two scattering diagrams are

identical.



To further investigate their relationship, we first show that these two scattering diagrams share
the same mutation behavior. Let k € I be an index. There are two operations ,uf that mutate s

into another seed ,uf (s), giving the usual mutation of a quiver

Q (15 (s)) = 1k (Q).

When the potential W is non-degenerate, Derksen, Weyman, and Zelevinsky [DWZ08] have lifted

the mutations ,uf to seeds with potentials, thus obtaining uki(s, wW).

THEOREM 1.3.1 (Theorem 6.4.2). The mutation @itf‘(z W) is governed by the piecewise linear
k \®»

transformation

m, if m(sg) <0
T : Mg — Mg, T, (m)=

m + m(sg)p*(sk), if m(sg) > 0.

In particular, the profinite cone complexes are related by

Stab _ ot Stab
&S = T (GW)

The above theorem is the version in stability scattering diagrams of [GHKK18, theorem 1.24].
The following corollaries are immediate consequences of Theorem 1.3.1; see Section 6.4 for further

details.

Corollary 1.3.2. Let (s, W) be a non-degenerate seed with potential.

(1) The two cone decompositions 6?%}) and &S contain a simplicial cone complex AF (the

cluster complex) as a common sub-poset whose dual graph is isomorphic to the cluster
exchange graph of Q(s) where the positive chamber C corresponds to the initial cluster.
(2) Moreover, the functions @3%}‘}) and ' have the same values on the walls in A},
(3) If the quiver Q(s) possesses a reddening sequence, then we have the equality of scattering
diagrams

Stab _ ~Cl
oS = p¢,

The condition of a quiver ) having a reddening sequence (see [Mull6] for a definition) is
purely combinatorial, and many classes of quivers have been proven to have reddening sequences,

including all acyclic quivers. Thus the part (3) of Corollary 1.3.2 is a generalization of the result

8



of Bridgeland on acyclic quivers. We note that Qin also has a proof of (3) of Corollary 1.3.2 using

opposite scattering diagrams [Qin19].

1.4. Scattering diagrams for skew-symmetrizable cluster algebras

We extend our cluster-versus-stability agenda to the skew-symmetrizable case. More generally,
one can define a cluster algebra A(B) associated to a skew-symmetrizable integral matrix B which

means there exists a diagonal positive integral matrix D such that
DB+ B'D" =0.
In our setting, we fix the lattice N with a chosen basis s and define a rational skew-symmetric form
wiNxN—=Q, w(s;sj)= dj_lbij.
Set the scaled seed § = (5;)ier = (d;s;)icr. Thus we have
w(si, 85) = bij.

In [GHKK18], there is a skew-symmetrizable cluster scattering diagram DE' defined for the
data (N,w,s, D) generalizing the cluster scattering diagram mentioned in the last section where w
is integral and D is the identity matrix. In this dissertation, we propose a Langlands dual version
of GHKK’s cluster scattering diagram in Section 4.2, Chapter 4. We point out that this only makes
a difference for non-trivial D, thus mainly in the skew-symmetrizable case.

Since in what follows, we will not use GHKK’s version of the skew-symmetrizable cluster SD.
Nevertheless, we will use the same notation ®¢!. Tt is worth mentioning the difference. For our

scattering diagram D!, at a generic point m on a coordinate hyperplane siL, the wall-crossing is

s

given by
®(m) = exp(— Lig(—2%)/d;),

whereas the GHKK’s version has wall-crossing exp(—d; Lio(—2*)). For further details and ex-
amples, see Section 4.2.2. The following theorem is Langlands dual to the GHKK’s version

in [GHKK18]. The proof also closely follow the scheme in loc. cit.
9



THEOREM 1.4.1 (Section 4.4). The profinite cone complex &GS contains a simplicial cone sub-
complex A dual to the cluster exchange graph of the matriz B. FEach mazimal cone of A} is

generated by the g-vectors of the corresponding cluster of A(B).

We note that the GHKK’s version of ¢! has the same property corresponding to BY = —BT

the Langlands dual matrix of B.

The skew-symmetrizable version of the stability scattering diagram is yet to explore. The main
reason is that as the matrix B does not naively determine a quiver, no quiver representations
are available. The same difficulty exists for the additive categorification of skew-symmetrizable
cluster algebras so that people have turned to new categories and objects, such as representations
of species.

Suppose that the matrix B is acyclic and let D be its left symmetrizer. To the pair (B, D),
Geiss, Leclerc and Schroer [GLS17] have defined a finite-dimensional algebra H (B, D) whose rep-
resentations are potential candidates that decategorify into the cluster monomials of A(B). Similar
2

to the skew-symmetric case, there is an associated Hall algebra SD ©5%5. We study this scattering

diagram in Chapter 7. The main result regarding @Ié?}:l) is the following theorem. The proof relies
on a description of ¢-vectors in terms of dimension vectors of modules of H(B, D) by Geiss—Leclerc—

Schroer [GLS19] and a stability—7-tilting correspondence by Briistle-Smith—Treffinger [BST19].

THEOREM 1.4.2 (Theorem 7.5.8). The profinite cone complex 6%3% contains the same simplicial

cone subcomplex AF, as in the case of GE.

1.5. Scattering diagrams for Chekhov—Shapiro algebras

In Chapter 8, we extend the construction of cluster scattering diagrams to the case of Chekhov—
Shapiro algebras [CS14]. These algebras generalize the ordinary cluster algebras of Fomin and
Zelevinsky, thus also called generalized cluster algebras. Leaving the definitions and further details
to later chapters (see Chapter 3 and Chapter 8), we explain below the main change from the cluster
scattering diagram in order to obtain the generalized version.

We start again with the pair (B, D) and the corresponding data (N,w,s, D). Recall that for

Cl
s

€1

the cluster scattering diagram ®g”, the wall-crossing at (a generic point of) the hyperplane s;- is

given by
% (s55) = exp(— Liy(—z%%)/d;) € G.
10



The group G can be embedded into the automorphism group of the algebra

Q[M]® Q[IN?]]

such that ®C!(si) acts by
q)gl(s,%)(zm) — Zm(l + xdisi)m(si)_

We define generalized wall-crossings by setting

BT (s1)(=) = 27 pi(a))

(2

where p; is a degree d; monic polynomial with the reciprocity p;(z) = 2% p;(1/x). Here the poly-
nomial p; is of our choice, which is also part of the data defining a CS algebra Section 3.3.

With the polynomials (p;)icr chosen, the CS scattering diagram
o = (855, Y

is uniquely determined by requiring the hyperplanes (sf)ie 7 to be the only incoming walls. It turns
out that like the cluster scattering diagram, the CS scattering diagram @scs behaves in the same

way under mutations. As a consequence, we have

THEOREM 1.5.1 (Theorem 8.2.2). The profinite cone complex &S contains the cluster complex
AY (also A7) determined by the matriz B, the same one contained in GS'. Moreover, the generalized
cluster variables can be obtained from path-ordered products of@SCS in the same way as the ordinary

cluster variables are computed.

11



CHAPTER 2

Wall-Crossing structures and scattering diagrams

This chapter is an introduction to wall-crossing structures of Kontsevich and Soibelman [KS14],
with an aim towards the applications in cluster algebras. In particular, we will define consistent
scattering diagrams (in Section 2.2), the main object of study in this dissertation, as an example of
wall-crossing structures.

The first two sections are devoted to the basic definitions and facts about wall-crossing struc-
tures and scattering diagrams. The last Section 2.3 contains our main results Theorem 2.3.1 and
Theorem 2.3.10: every consistent scattering diagram admits a canonical underlying (profinite) cone

complex structure.

2.1. Wall-crossing structures

In this section, we review the basics of Kontsevich-Soibelman’s wall-crossing structures [KS14].
In the literature, the term scattering diagram often refers to some special class of wall-crossing
structures, for example the cluster scattering diagrams in [GHKK18] and the stability scattering
diagrams in [BrilT7].

For experts, here we only touch on wall-crossing structures defined on a vector space.

2.1.1. Graded Lie algebras. Let N = Z" be a lattice of rank r, i.e. a free abelian group
of rank r € N. Fix a basis s = {s1,...,5,} of N. We define Nt = N to be the semi-subgroup
(without 0) of N non-negatively generated by s. The monoid N is N;- U {0}. We will denote an
N™T-graded Lie algebra by g. That is,

0= P w

deN+

as a free module over a commutative algebra over QQ (usually a vector space over a field k of
characteristic zero) with a Lie bracket such that [gn,, @ny] C @ny+n, for any nij,ny € NT. For a

subset S C N, we will denote by gg the direct sum of the homogeneous spaces supported on S,
12



ie.

o5 = P aa-

des

Every ideal I of the semigroup NT gives an ideal g; of the Lie algebra g and a quotient Lie

algebra
g~ =g/ar.

Note that the Lie algebra g<! is still N*-graded and is supported on the set Nt \ I. If we have an
inclusion of ideals I C J of NT, then there is an induced NT-graded Lie algebra homomorphism
pry: g~ = g<7.

When the Lie algebra g is nilpotent, there is a corresponding unipotent algebraic group G that
is in bijection with g as sets. The product in the group G is given by the Baker-Campbell-Hausdorff

formula. The bijection is denoted by exp: g — G. If the Lie algebra g has finite support, i.e. when

Supp(g) == {d € N™| gq # 0}

is a finite set, then it is nilpotent. We say an ideal I of N is cofinite if N\ I is a finite set
and denote the set of all cofinite ideals by Cofin(NT). In this case, the quotient Lie algebra
g<! has finite support and thus is nilpotent, giving the corresponding unipotent group G<!. The
inclusion of cofinite ideals I C J induces a quotient map between groups, which we also denote by
PI,J: G<I - G</. In fact, we can define an order J < I for I C J. Then the set of cofinite ideals
Cofin(N1) becomes a directed set and the associations I + g<! and I + G<! become inverse
systems indexed by Cofin(N1). Taking the projective limits, we obtain a pro-nilpotent Lie algebra

and a corresponding pro-unipotent algebraic group:

(2.1.1) g = 1<iLng<I = H g, and G := {iLnGd.
I neN+ I

The group G is again in bijection with the Lie algebra g as sets.
We put
M :=Hom(N,Z) = Z" and Mg :=M QR =R".

For any m € Mg, there is a partition of NT:

Nt =Py UPpoU Py
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where
(2.1.2) Pn+={ne€ NT|m(n) 20} and P,o: ={n & NT| m(n) =0}
This partition of N* induces a decomposition of g:

(2‘1'3) 9=0m+ DPImoD Im,—

where gm.e = gp,.. is a graded Lie subalgebra for ¢ € {0,+,—}. We denote the corresponding
pro-unipotent subgroups by Gm,.. In the following lemma, the element m € My is fixed, thus being

omitted in the subscript.

Lemma 2.1.1. Fiz some m € Mg. Then the decomposition (2.1.3) induces a unique factorization
of any element g € G into g =g+ go-g— where go € G. for @ € {0,+,—}. In other words, the
map P: G+ x Gox G_ = G defined by

®(9+,90,9-) = 9+ 90 9-
s a set bijection.

PRrROOF. We first prove this for any I € Cofin(NT). Take a filtration of cofinite ideals
I=IyClr1C--Clh=N7

such that I; \ I;+1 = {n;} contains only one element. We have the following commutative diagram

Gilwrl % G0<Ii+1 % G<Ii+1 Piy1 G<Ii+1
lfi hi

Gl x Gyl x gl T g<h

where f; and h; are given by natural quotient maps induced by the inclusion ;11 C I;. Note that
the maps f; and g; are both fibrations of exp(g,, )-torsors and the map ®;; is exp(gn, )-equivariant.
Here g,,, denotes the quotient Lie algebra g<!i+1 /g<!i. Therefore, the map ®; being bijective would

imply that ®;,1 is bijective. Since ®g is bijective, the map
;=8 G x G5 x G —» G<!

is bijective by induction.
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Now we have similar commutative diagrams for any inclusion I C J

¢
G x G5 x G=F —— <!

l fs l”

G x G5l x G<T 24, <Y,
Then the bijections extend to a bijection between projective limits. ([

The factorization in the above lemma defines projection maps (of sets)
(2.1.4) Tme: G — Gre

by sending g to gm.e. We will simply write 7, for m,, o.

2.1.2. Cone complex. By a cone in the vector space Mg, we mean a subset closed under
scaling by R<¢. A cone is conver if it is convex as a subset of Mg. A polyhedral cone is a closed

convex subset of My of the form

k
o= {Z)\Z’U@ | /\Z GRzo, V; € MR} .

i=1
It is called a rational polyhedral cone if v; is in M for each i. A face of a cone o is a subset of the
form

onnt ={meco|mn)=0}

where n € Ng satisfies m(n) > 0 for all m € 0. A face of a cone is again a cone.

Definition 2.1.2. A cone complex & in My is a collection of rational polyhedral cones in Mg such

that

(1) for any o € 6, if 7 C o is a face of o, then 7 € G;

(2) for any 01,09 € 6, 01 No9 is a face of o1 and 0.

Note that we do not require the cones in a cone complex to be strictly convexr. For example,
a closed half-space is allowed. We also do not require the collection to be finite, for which we call
a finite cone complez. If the union of all cones |&| equals Mg, we say that the cone complex & is
complete. The complement of the union of all proper faces of ¢ in o is called the relative interior
of o and is denoted by ¢°. It is relatively open, i.e., open in the subspace in Mg spanned o. The

set of cones ¢° for all ¢ € & is denoted by &°.
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A cone complex & is a poset with the partial order o1 < o9 if and only if oy is a face of o9. It
can also be viewed as a category where the only morphisms are of the form o7 < g3. We define a

set of cones associated to o
(2.1.5) Star(c) = {r°€ &° | o <7}

and

|Star(o)| == U T°.

To€Star(o)

Example 2.1.3 (Hyperplane arrangements). Let S be a finite subset of N. Consider a partition
P of S into three disjoint subsets

S=P . UPLUP..

We define a closed cone associated to P

op = {m € Mg| m(P;+) >0, m(Fy) =0 and m(P-) < 0}.

One easily checks the (non-empty) cones op for all such partitions of S form a complete cone

complex &g in M. We have op, < op, if and only if
Py <Py, ie. P CPyy, PogC P and P_ C P, _.
2.1.3. A key lemma. Assume that S = Supp(g) is finite. Let 0 € &g and set
ot ={deN|m(d) =0 Ymeo}.

We put g,: = g,1n5- Let o1 and o2 be two cones in &g such that o; < 02, we define a map
Tot,00: €XP(8oy) — €xp(go,) as follows. Suppose o1 and o9 are given by two partitions P; < Ps.

Let m be in 05 and it gives (independent of the choice of m) a partition
Pro = (P1,0)m,+ U Poo U (Pro)m,-

as in (2.1.2). Note that g,, = gp,,- Then we define the map 7, 5,: exp(gs,) — exp(go,) by the
projection

! gPl,O — ngyo
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exactly as in Lemma 2.1.1. For example, if o1 be the smallest cone in &g with respect to the order
<, then 74, 5, = mp, for any m € o3.

The following fundamental lemma will be useful later.

Lemma 2.1.4. Let g be an N'-graded Lie algebra with finite support S. The assignment o

exp(ge), (01 < 02) = Ty, defines a functor from Sg to Grp the category of groups.

PROOF. The only thing we need to check is if 09 < 01 < 09, then

Toy,09 © Mog,01 = Tog,o0* Bog 7 Poo

Without loss of generality, we can assume that og is the origin. In fact, one can always restrict g

to NN O’d‘ and correspondingly, take the quotient of M by the span of oy. That is, we have
(N Noi)¥ = M/((o0) N M),

Now g,, = g and for m; € 07, Tyy0, = Tm, for i = 1,2 (see (2.1.4)). Suppose o; comes from a
partition P; as before. We know 74, +,(g) for g € G = exp(g) is the middle term in the factorization
(Lemma 2.1.1)

9= Tmy,+(9) - Tmy (9) - Tmy,—(9)-

By factorizing g1 = mp, (g) further with respect to ma, we get Ty, 6y © Tog,01(9) = Ty (91):

g1 = 7Tm2,+(91) “Tma (1) - 7Tm2,—(91)'

Using previous notations, we have

Pro=(P10)me+ U PooU (Pro)mg,—

and
Py =P+ U(PLo)me+s Po— =P _U(P10)mg—-
This implies
Ty, +(9) - Tmo,+(91) € exp(8p, 1) = Gmg+
and

7I-mQ,*(gl) ’ 7Tm1,*(g) € eXp(gP2,7) = sz,*'
17



Therefore we obtain a factorization

9= (Wmh—i-(g) ) sz,-l—(gl)) *TMoy,02 © Mog,01 (9) (ng,_(m) ) ﬂ-ml,—(g))'

Such a factorization is unique by Lemma 2.1.1. We conclude that the middle term 74, 5y © 75,0, ()

equals T, (9) = Toy,05 (9)- -

2.1.4. Definition of wall-crossing structures. In this section, we define wall-crossing struc-
tures following [KS14]. Our scheme is to treat the finite support case first and then the infinite
support case.

We first assume that S = Supp(g) is finite. Define the following set (the étalé space)
gét = {(mvg/) ’ m e MR? g, € Gm,O}
with a collection of subsets

Wyg ={(m,g") |meU, g =mng)}

where g runs through G, and U runs through all open sets of Mp.

Lemma 2.1.5. The subsets Wy, give a base of topology on G?. The projection G — Mg defined

by (m,g’") — m is a local homeomorphism.

ProoF. First of all, the subsets Wy, cover G®. Consider the cone complex &g defined in
Example 2.1.3. Let Wy, and Wy, be two subsets of G¢. By Lemma 2.1.4, if m,,(g) = mm(h) for
some m € UNV, then 7, (g) = m,y (h) for any m’ in the interior of [Star(c)| where o is the unique

cone in &g such that m € ¢°. It follows that the set
R = {m € Mgr | 7"-m(g) = ﬂ'm(h)}

is open in M. So the intersection Wi MWy ), = Wg 4 is a set of the same form. Thus the collection
Wy 4 form a base of topology.

To prove the second statement, let (m,¢’) € G*. Then we have 7,,(¢') = ¢’. Take an arbitrary
open neighborhood U C Mg of m. It is clear that the map Wy gy — U, (u,mu(g')) — u is a

homeomorphism. ]

18



Definition 2.1.6. Let g be a N*-graded Lie algebra with finite support. The sheaf of wall-crossing
structures WCSy is defined to be the sheaf of sections of the local homeomorphism Gé — Mp in

Lemma 2.1.5, i.e G — My is the étalé space of this sheaf.
For any g € G, there is a section
Sg: Mp — G m— (m,mn(9)).

The image of s, is Wy a, and s is clearly a global section of the sheaf WCSy. By the construction
of the étalé space G, the stalk (WCSy)y, is canonically identified with Gy, 0. The germ of the
section sq at m is just given by m,,(g) € G 0.

The above construction defines a map s: G — I'(WCSy, MRr) sending g to the global section

sg. The following lemma follows from corollary 2.1.3 and lemma 2.1.7 in [KS14].

Lemma 2.1.7. The map s: G — I'WCSy, MRr), g — sS4 is a bijection. Thus the set of global

sections of WCSy is in bijection with the group G.

Now we remove the finiteness restriction on the support Supp(g). There is a directed inverse

system of sheaves WCS <1 indexed by the directed set Cofin(N ™)
(2.1.6) Cofin(N*) = Sh(Mg), I+~ WCS <
induced by natural quotient maps of Lie algebras.

Definition 2.1.8. In general, the sheaf of wall-crossing structures of the Lie algebra g is defined
to be the projective limit of the above mentioned inverse system (2.1.6) in the category of sheaves
of sets on Mp:

WCS, = limWCSyer € Sh(Mz).
I

It is standard that the space of sections of the projective limit of sheaves is in bijection with the
projective limit of spaces of sections. So we have the identification of the space of global sections

with the pro-unipotent group G:

(2.1.7) I (WCSy, Mg) = imT(WCS <1, Mg) = limG<! = G.
E E

The second equality follows from Lemma 2.1.7.
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Given a global section g € é, we define the following map:

A~ ~

(2.1.8) D, My — G,m = m,(g) € Gpo C G
which records the germs of the global section g at every stalk.

Definition 2.1.9 (g-WCS cf. [KS14]). A global section of the sheaf WCSy is called a g-wall-
crossing structure (g-WCS in short). Thus the equality (2.1.7) shows that I'(WCS,, MR), the set

of all g-WCS’, is in bijection with the pro-unipotent group G.

2.2. Consistent scattering diagrams

The sheaf of wall-crossings WCS; can be defined on more general spaces than vector spaces
[KS14]. A consistent scattering diagram that we are about to define in this section is an equivalent
notion of a wall-crossing structure on a vector space defined in the last section. We hope our
use of terminology will not cause any confusion to the reader: the central subject to study in
this dissertation is consistent scattering diagrams, which are equivalent to wall-crossing structures

defined in Section 2.1.

2.2.1. Consistent scattering diagrams for g with finite support. In this section we give
the definition of a consistent g-scattering diagram (consistent g-SD in short). The relation between
a consistent g-SD and a g-WCS will be explained in Proposition 2.2.6.

We first assume the set S = Supp(g) to be finite.

Definition 2.2.1 (g-SD). A g-scattering diagram (g-SD in short) © with S = Supp(g) is a pair
(Sg,Pop) consisting of the cone complex Sg (see Example 2.1.3) and a function ®5: &g — G such
that for any o € &g, ®o(0) is in the subgroup exp(g,) C G. If codim o = 1 (resp. > 1), we call

$5 (o) the wall-crossing (resp. face-crossing) of © at o.

For each cone o = op in &g of codimension at least one, there is a maximal cell o7 relative to

o. It is the relative interior of the cone ops given by the partition P’ such that
P, =P UP), Py=0, and P. = P_.

Similarly there is the negative maximal cell 0~. For example, if o is a wall (i.e. codim o = 1), then

ot and o~ are the two maximal cells on the two sides of o.
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Definition 2.2.2. An Gg-path is a smooth curve v: [0, 1] — Mg such that

(1) the end points v(0) and (1) are in maximal cells, i.e. not in some cones of codimension
at least one.

(2) if for some t € [0, 1], v(t) € o° for some cone o of codimension at least one in Sg, then there
exists a neighborhood (t —¢,t +¢) of ¢ such that y((t —¢,t)) C o~ and y((t,t+¢)) Co™.
We call t a negative crossing and denote it by ¢t~ if ¢ > 0 and a positive crossing t* if

€ < 0 respectively.

Let ® be a g-SD and v be an &g-path v with finitely many crossings
0<t]' <t <---<tiF <1

with €; € {—,+}. Record the cones at these crossings by ¢; and the corresponding wall-crossings
or face-crossings by
D5 (0;) if =+

9i =
(I)@(Ui)fl if g =-—

Definition 2.2.3. The path-ordered product for an Gg-path v in ® is defined as

Now we are ready to define consistent g-scattering diagrams for g with finite support. The

consistency here means the path-ordered product is path-independent.

Definition 2.2.4 (Consistent g-SD). A g-SD D is said to be a consistent g-SD if the path-ordered
product p. (D) for any Sg-path v depends only on the end points v(0) and (1). That is, if two
Gg-paths 1 and v, have the same end points, then p,, (D) = p,, (D).

There is a maximal cell C*T (resp. C7) in Gg that is the intersection of all positive (resp.
negative) open half-spaces in the hyperplane arrangement in Example 2.1.3. Given © a consistent

g-SD, we define
P+~ (D) =py(D)

for any Sg-path v with v(0) € C* and (1) € C~. It does not depend on v since D is consistent.
This defines a map p4 — from g-SD (the set of all consistent g-SD’s) to G = exp(g) by sending © to

p4 (D). The following theorem asserts that p, _ is a bijection. The original form of the theorem
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is due to Kontsevich and Soibelman. Since our setting is slightly different from theirs (as we allow

higher codimensional face-crossings), we give a complete proof for the reader’s convenience.

THEOREM 2.2.5 (Kontsevich-Soibelman [KS14]). The map py _: g-SD — G, © — py (D)

is a bijection of sets.

PRrROOF. Let g € G. We construct a g-SD ®, as follows. Recall the function defined in (2.1.8)
Q4 Mp — G, m— mpy(g).

Consider a g-SD D, = (&g, ®p,) with ®p (o) = ®y4(m) for any 0 € &g and m € 0°. We show that
it is consistent. In fact, a wall-crossing, or more generally face-crossing has the following description.

Let m* € o7 and m™ € o~. By the definitions of % and the uniqueness in Lemma 2.1.1, we have
Tt +(9) = T+ (9) - Tin(9), Tp+(9) = 1, and mpt _(9) = Tm,—(9);

Ton=+(9) = Tm+(9), Tm-(9) =1, and m,— _(9) = T (9) - Tm,—(9)-
This gives

Q,(m) = 71';1,’_’_(9) T+ +(g) and <I>g(m)_1 = WT;1+’+(g) M- +(9).

By induction on the number of crossings, we have

(2.2.1) Py = 77;(11)’_,_(9) : 777(0),+(9)

for any Gg-path v, which only depends on the end points, proving the consistency. Note that by
construction py _(®y) = 4(0) = g. This shows the map p4 _ is surjective.

We show next the map p4 _ is also injective. Let ® € g-SD, i.e. a consistent g-SD. Let
o € Sg and we choose m, € ¢° and A € C*. Consider the path v: (—oo,+00) — Mg given by
v(t) = my, — At. Whenever v meets some cone 7° € &%, it always goes from 7% to 7~. Thus after
rescaling, we get an &g-path v going from C* to C~ with positive crossings at o1,--- , 0} in order

where o = gy for some [. The path-ordered product is then

P, (D) = Po(og) - Pop(or) -~ Pop(01)
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If i <, then m; == my + ¢, -m* € of for some t; > 0. If n € Py, 0, i.e. (m;,n) = 0, then
(me +t; - m™*,n) = 0 which implies (m,,n) <0, i.e. n € Py, _. Thus we have P, o C Py, — and

o (0y) € Gm,,—- Similarly if j > [, we have P, 0 C P, + and ®p(0;) € G, +. Thus we have,

p+—(®) = (Po(ok) - Po(0141)) - Po(0) - (Po(01-1) -+ Po(01))

as a factorization with respect to m in Lemma 2.1.1. This in particular shows

Qo (0) = Tm, (p+,— (D))

and therefore, the consistent g-SD is entirely determined by p4 (D) € G, i.e., the map p; _ is

injective. O

We clarify in the next proposition the relation between the notion of a g-WCS and that of a

consistent g-SD when Supp(g) is finite. It is an immediate consequence of the proof Theorem 2.2.5.

Proposition 2.2.6. Let g € G and D, = (&g, Pp,) be pjﬁl,(g) € g-SD, i.e. a consistent g-SD
such that py (D) = g. By Lemma 2.1.7, there is also a g-WCS sq and it is determined by the
function ®4,: Mg — G in (2.1.8). Then for any o € &g, we have

for any m € o°.

According to the above proposition, we will simply denote the g-SD p;l, (g9) by
©9 = (65 ) (I)g)

for g € G. The function ®, then has domain Mg rather than Gg. However by ®,(c), we always
mean ®p (o) without any ambiguity or equivalently one can interpret ® (o) as ®,(m) for some

m € o°.

2.2.2. Face-crossings are determined by wall-crossings. Now we explain that a consis-
tent g-SD D is completely determined by its wall-crossings (among more general face-crossings).
In fact, most of the existing approaches to scattering diagrams, for example [Bril7, GHKK18],

only encode wall-crossings into the definition of consistency.
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Let © be a consistent g-SD. Let o be some cone in &g with codim(c) > 1. There is an &g-path
7 going directly from ot to o~ by crossing ¢°. Thus p, (D) = Pp(c). However, we can always find
an Sg-path 7/ from ot to 0~ with only wall-crossings. Thus the face-crossing @5 (o) is equal to a
product of wall-crossings because of consistency.

Deonte the subset of all cones of codimension one in &g by Qg. The following is yet another

equivalent definition to Definition 2.2.4, which is more commonly adopted in the literature.

Definition 2.2.7. Let g be an NT-graded Lie algebra with finite support S. A consistent g-SD ©

is the datum of a function ®5: Wg — G such that

(1) ®(0) € exp(go) C G for any o € Wg, and
(2) any path-ordered product for an Sg-path with only wall-crossings only depends on end

points.

2.2.3. Consistent scattering diagrams for g with infinite support. Now we remove the
finiteness restriction of S = Supp(g) to define consistent g-SD’s in general. For I € Cofin(N*), the

quotient Lie algebra g<! is supported on S</ = S\ I. Recall that we have a group homomorphism

o<l G — G<L.

Definition 2.2.8. A g-SD D is a function ®p: My — G such that for each I € Cofin(NT), the
induced function

@51 =pTody: My - G<!

comes from a g<I-SD D<! = (& g<r, Pp<1), i.c.
5! (m) = Dy (o)

for any 0 € Gg<; and any m € ¢°. It is said to be consistent if every <! is consistent.

The following proposition is what we expect for the infinite support case extending Theo-

rem 2.2.5.

Proposition 2.2.9. The set g-SD of all consistent g-SDs is in bijection with G by sending ® to
D5(0) € G.
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PROOF. Suppose ® is a consistent g-SD and let ¢ = ®5(0). Then by definition, we have

®57(0) = p<I(g) for any I € Cofin(NT). Since D=’ is consistent, for any m € Mg,

p<l(Dg(m)) = Poer(m) = mm(p~"(9)) = p~' (Tm(g))

for any I. This shows ®g(m) = m,(g) for any m € Mr. Thus © is determined by ®5(0).
Conversely, for any g € G, we define a function ¢, Mrp — G, m — mm(g). Note that

®o(g) = g by definition. For each I € Cofin(NT), the map p<! o &, = @ <1 defines a consistent

g<!-SD according to the proof of Theorem 2.2.5, thus defining a consistent g-SD in the projective

limit. The bijection then follows. O

2.3. The canonical cone complex

Let g be an NT-graded Lie algebra with finite support S. It often happens (for example, in
the application in cluster algebras as in Section 7.4) that the cone complex &g induced by the
arrangement of hyperplanes is too refined to capture particular features of a scattering diagram
Dy = (6g5,Py) in the sense that, for example, a path-connected component of @;1(11) for some
h € G may be a union of multiple cones in &g. The following theorem is our main result in this
chapter, which gives a canonical description of the underlying cone complex.

Fix g € G. Consider the corresponding consistent g-SD © = D, with the map
O =&y Mg, m— mp(9g).

THEOREM 2.3.1. The level sets of the map ®: Mg — G satisfy the following properties.

(1) For any h € G, the level set ®~1(h) is contained in a rational subspace of Mg and relatively
open.
(2) Each connected component of ®~1(h) is the relative interior of a rational polyhedral cone.

(3) These cones form a finite complete cone complex &4 of M.

Remark 2.3.2. In the literature, for example in [KS14,Bril7, GHKK18]|, the codimension one
skeleton of G, is corresponding to the minimal or essential support and codimension one cones are

usually referred to as walls.

2.3.1. The proof of Theorem 2.3.1. We need some preparations before proving Theo-

rem 2.3.1. Note that we assume S = Supp(g) to be finite.
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Definition 2.3.3. Let g € G. We define Supp(g) to be the minimal subset of Supp(g) such that
Osupp(g) 1S @ Lie subalgebra of g that contains log(g). We say n € Supp(g) is extreme if it is not a

positive linear combination of other elements in Supp(g). Denote the subset of all extreme elements

by E(g).
Recall that we know from Proposition 2.2.6 that the function @ is constant on any ¢° € &4.

Lemma 2.3.4. For any h € G, the preimage ®~(h), as a union of cones in &%, is relatively open

in the subspace Supp(h)* C Mg.

PROOF. First of all the set ®~1(h) is a union of cones in &% as ® is constant on any o°. We
have ®~1(h) C Supp(h)* since log(h) is supported on Supp(h). We just need to show that for any
o° contained in ®~!(h),

Star(a)| N Supp(h)t € d7L(h).
Let m € 0° and m’ € |Star(o)| N Supp(h)*. By Lemma 2.1.4, we have
(') = T (9) = Tonw (T (9)) = Ton e (B)-
The map 7, s depends on the partition
S0 = (Sm.0)m’ + U S0 U (Sm,0)m/,—-

Note that by assumption we have Supp(h) C Sy 0 C Sm,0. Therefore ®(m’) = m,, (k) = h which

implies any such m/' is contained in ®~1(h). This finishes the proof. (Il

Lemma 2.3.5. Let 0 € &g. Suppose that e € E(®(0)) is extreme. Then for any cone p in

Gy that is contained in e~ and contains o as a face, we have the component log(®(p))e # 0, i.e.

e € Supp(®(p)).

PRrROOF. Let h = ®(0). By Lemma 2.1.4, we have ®(p) = 7, ,(h) and
B =Tt (1) - B(p) - 7o ()

where m € p°. Note that e € S,0 C Sy and 7, +(h) are supported outside of S,o. Since

e is extreme, it is an immediate consequence of the Baker—Campbell-Hausdorff formula that

log(®(p))e 7 0. 0
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PrROOF OF THEOREM 2.3.1. Part (1) follows from Lemma 2.3.4. Let V' be a connected com-
ponent of ®~(h). We know that the closure V is a union of cones in &g. The convexity of V/
can be proved locally. In fact, it suffices to prove that for any o € &g in the boundary V \ V,
there exists some e € N such that any connected component 7 of |Star(o)| NV is contained in one
of the two open halves of Supp(h)* separated by the hyperplane e which passes through o. We
prove this by finding some e such that for any p C Supp(h)* Net that contains o, ®(p) # h, which
implies 7 cannot cross the hyperplane e*. In fact, since c NV = ), ®(c) # ®(7) = h. We just take
some extreme element e in (S, 0\ Sr0) N E(®(c)). It is clear that e~ N Supp(h)* is a hyperplane
in Supp(h)* and we have e € Supp(®(p)) by Lemma 2.3.5. Therefore we have ®(p) # h since
e ¢ Supp(h). This proves part (2).

Let § be a face of V. It is a union of cones in &g. The map ® is constant on the relative interior
of §; otherwise, V' would be split into two components. Suppose that ® remains constant on some
face o’ of 0. By Lemma 2.3.4, it remains constant on |Star(c’)| N (o)g. This means ® also extends
constantly from V to some face of V that contains ¢’. However, it contradicts the assumption that
V is a connected component of ®~!(h). Thus, we conclude that the interior of any face of V is also
a connected component of some level set of ®. This proves part (3) that the set of all cones of the

form V form a complete finite cone complex in Mg. O

2.3.2. Support-infinite case. Now we discuss the general case when the Lie algebra g may
have infinite support. Fix g € G and consider the corresponding consistent g-SD ® = D, with the
function

D=0, Mg — G,m = mm(g).
For each I € Cofin(N™*), the function
Oy =, <r: Mg — Gl om ﬂm(g<1)
admits a canonical complete finite cone complex & :== & < by Theorem 2.3.1.

Lemma 2.3.6. For two cofinite ideals I C J C N, the cone complex &y is a refinement of &,

i.e. any cone o € &5 is a disjoint union of cones in 6.

PRrROOF. Recall that we have

(PJ:IOLJO®[:MR—>G<J
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where pr ; denotes the projection from G<! to G</. Suppose o is a cone in &, we know that @

is constant on ¢° and that
®;(0°) # @y(m)

for any m € Oo since ¢° is characterized as a connected component of a level set. Since the map

pr1,J is surjective, we have that for any m’ € ¢° and any m € 9o,
@I(m’) 7& CIU(m)

Thus for any 7° € &7, either we have 7° C 0° or 7°N¢° = @. It then follows that the cone 0° is a

disjoint union of cones in &% since &7 is a decomposition of Mp. O

In the situation of Lemma 2.3.6, we define a map
R[’Jf G — 6]

as follows. In fact, to any o € &y, there is a unique association of a cone in &; whose relative
interior contains ¢°. Thus this association defines a map Ry ; from &7 to &;. We state in the

following proposition that this map respects the poset structures on the two cone complexes.

Proposition 2.3.7. The map Ry j respects the structures of cone complexes on &1 and &;. In

other words, we have

(1) the map Ry, is a morphism between posets and

(2) for two cones o and T in &1, we have
Rrj(cnNT)= R (0) R (7)€ S,
Moreover, we have for any I C J C K,
Rk =RjkoRry

Now we take the projective limit poset (also called the inverse limit)

@ 6]:{(0'1)161_[6[
)

oj=Rr (o) forall I C Jin Cofin(N+)}
IeCofin(N+ I

28



of the inverse system (&), indexed by Cofin(N ™). The partial order is described as (o) < (77)1

if and only if we have oy < 77 in & for every I € Cofin(N*). In this case, we say that (o7)s is a

face of (77)7.
To every tuple (o7)7 in the projective limit, one can associate a unique non-empty closed convex

cone

mO'] C Mg
1

by taking the intersection of the cones.

Definition 2.3.8. We define two collections of cones

{0

both of which inherit the poset structure from l&n ;61

(U)[ S @16[},
I

(o)1 € @161} and & = {ﬂaf
I

1

Lemma 2.3.9. For any o € &, of the form (\; o1, denote by o° the cone ();07. Then we have

(1) o° =0\ |{r € &y | T <0 and T # o} | where |-| takes the union of all cones in a set, and

(2) o is the closure of o° (in the Fuclidean topology) in Mg, i.e. o = o°.

PROOF. First, we note that this is, of course, true for polyhedral cones: the relative interior of
a cone is the complement of the union of all proper faces. However, here the cone ¢ may no longer
be polyhedral.

Let m € o but not belong to ¢°. For every I, there is a unique cone 77 € & such that 77 < or
and m € 77. Then we have m € 7° == N;7; € &,. Since m is not in ¢°, the cone 7 := Nr77 is a
proper face of 0. As the complement o \ ¢° is covered by the union of all proper faces, the result
follows.

The part (2) follows from the fact that for every I, the rational polyhedral cone oy is the closure

of o7. O

We will call the poset of cones &, a profinite complete cone complex. The following theorem

justifies this terminology.

THEOREM 2.3.10. Let g € G. Consider the posets of cones G4 and &j.

(1) There is a natural map of posets Rr: &4 — & such that for o = Njoy, we have Ry(c) = oy.

The poset &, with the maps (Rp)r is the projective limit of the inverse system ((&1)r, Rr.).
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(2) Any face of a cone o € & is again in S,.
(3) The intersection o N7 of two cones in Sy is a common face of them.

(4) The cones in S, are pairwise disjoint. Together they form a decomposition of Mg.

PRrROOF. Part (1) summarizes our previous discussion. We point out that the poset &, is
isomorphic to l£n ; &7 by construction.

Part (2) is tautological by our definition of a face of a cone in &,. Note that here the notion
of a face can be very different from the finite case. It can happen, for example, in two dimensions,
that o is a strictly convex closed cone of dimension two and 0° = o \ {0}. Thus by Lemma 2.3.9,
the only face of ¢ is the origin, and the two boundary rays do not count as faces.

For part (3), note that we have

ocNT = ﬂ(alﬂn).
1

In &7, the intersection o7 N 77 is common face and again in &;. The tuples (o7 N 77); constitute

an element in the projective limit since we have by Proposition 2.3.7,
RLJ(O'[QT[) =07MNTy

for I C J. Thus by definition ¢ N 7 is a common face of both ¢ and .
Suppose we have two cones (; 07 and (), 77 in G- Then we have either for some I, o7 N7 = &

or for every I, o7 = 77. Thus the two cones are either disjoint or the same. Let m be any point in

o]

Myg. For every I, there is a unique cone o, ; € & such that m € o, ;

since &y is complete. The
tuple (o, r)r is an element in &, and m is of course contained in (); of, ;. This proves part (4).

n

Each cone in the cone decomposition &g has the following characterization using the function

®,: Mg — G.

Proposition 2.3.11. For any h € G, each path-connected component of the level set CIDg_l(h) s a

convex cone in Mg. These cones together form the cone decomposition &, of Mg.

PRrROOF. Let C be a path-connected component of <I>g_1(h) and m € C. We define

(2.3.1) o, = m T I
Ie€Cofin(NT)
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It is a convex cone and in particular path-connected. The map ®,: Mg — G is obviously constant
on o,, so we have o, C C. On the other hand, for every cofinite ideal I, the function ®; is constant
on C' so the path-connected set C' is contained in the path-connected component oy, ;. Thus we

have C' = o,,. Therefore all such path-connected components form the collection &j. O

Now we update our definition of a consistent g-scattering diagram.

Definition 2.3.12 (Consistent g-SD updated). Let g be an NT-graded Lie algebra and g be an
element in the corresponding pro-unipotent group G. The consistent g-SD corresponding to the

group element g € G now refers to the data

Dy = (697 (Dg)
consisting of the canonical profinite cone complex &, and the function ®,: Mr — G (2.1.8) which
is constant along each cone in the cone decomposition &.

Remark 2.3.13. We emphasize that the data of the profinite cone complex &, (as well as 6;)
can be completely determined by the function ®, by combining Proposition 2.3.11, Theorem 2.3.10

and Lemma 2.3.9.
The following proposition will be useful later.

Proposition 2.3.14. Let g € G. Suppose that o € S is a rational polyhedral cone and it appears

in the cone complex &1 for some I. Then all the faces of o are elements of &,.

PRrROOF. By Theorem 2.3.1, we have that &7 is a cone complex, so the faces of o are also cones
in &;. Since the cone o is in &, it belongs to &; for any J C I and so do its faces. Therefore all

its faces are also elements in the projective limit &,. (]

2.3.3. Induced scattering diagram. We set up some conventions that will be useful later.
Let f: g1 — g2 be a homomorphism of N T-graded Lie algebras. It induces a group homomorphism

F: Gy — Gy and consequently a map
F: gl—SD — QQ—SD, Qg — QF(g)
for g € G1. Clearly, we have for the wall-crossing functions that

@F(g) = Foq)g.
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There is also an induced map from the profinite cone complex &4 to & (), which can be considered

as a refinement.

2.3.4. Consistency revisited. In this section, we explain how to extend the notion of con-
sistency in terms of path-ordered products to the canonical (profinite) cone complex &,. As the
cone complex &, may be infinite and a path can thus cross infinitely many walls, it needs extra
care to define a path-ordered product.

First we assume S = Supp(g) to be finite. Fix g € G. Then Theorem 2.3.1 applies. In
particular, the cone complex &, is a coarsening of &g (i.e., &g is a refinement of &,). For each 7
in &, of codimension at least one, there is a relatively positive maximal cell 77 in &, incident to
7 as described in Section 2.2.1. Similarly, there is a relatively negative maximal cell 7. We then
define &4-paths and path-ordered products for &, in the exact same way as for Sg in Section 2.2.1.
Then the following proposition follows directly from the consistency of the scattering diagram D,

(in terms of Sg in Definition 2.2.4); see the proof of Theorem 2.2.5.

Proposition 2.3.15. Let v be an G4-path. Then we have

py(Dg) =Ty (9) " 70y, (9)-

In particular, it only depends on the endpoints ~v(0) and v(1).

Now suppose that the support Supp(g) may be infinite. Fix g € G. We extend the notion
of a path-ordered product for the profinite cone complex &,. We continue to use the notation

Dy =Dyer and & = &

g<I.

Definition 2.3.16. A smooth curve v: [0,1] — Mg is said to be an &4-path if it is an Sr-path

(Definition 2.2.2) for any cofinite ideal I C NT.

Lemma 2.3.17. Let ©, = (&4, ®,) be the consistent g-SD corresponding to g € G and v be an
Sg4-path. Then for any I C J, we have

pr,0(py(D1)) = p4(D ).
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PROOF. By definition, the &,-path v is also a D <s-path for any I € Cofin(N*). By Proposi-

tion 2.3.15, it amounts to show that

<J)—1 <J)

-1
pra (s (1) 10 (0°)) = ms (6°7) 7m0 (9

)

which follows from the fact that the projection ,, 4 commutes with pr ;. O

The above lemma allows us to propose the following definition of the path-ordered product for

an &g-path v in general.

Definition 2.3.18. The path-ordered product p,(Dy) of v is defined to be the projective limit in
G of the path-ordered products py(Dy<r) for I € Cofin(NT), i.e.

p(Dy) 1= lim p, (Dyer).

I

The consistency of p,(®,) follows directly from the definition. The following is the support-

infinite version of Proposition 2.3.15.
Proposition 2.3.19. For any ©,-path v, we have

Py (Dg) = my1) 4 (9) " 70,4 (9)-
In particular, it only depends on the endpoints ~(0) and v(1).

Notice that in the case where an &4-path 7 crosses finitely many walls (or higher codimensional
faces) in &, the path-ordered product p,(®,) can still be computed by a finite product of wall-
crossings in the order of crossings. For two points m1 and mo in Mg, there might not be a &4-path.

Nevertheless, the formula in Proposition 2.3.19 still makes sense.
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CHAPTER 3

Cluster algebras

In this chapter, we introduce cluster algebras of Fomin and Zelevinsky [FZ02]. We choose an
approach (in the framework of [GHK13]) to define cluster algebras that suits best the machinery
of scattering diagrams developed in [GHKK18].

There is one slight change in our approach worth explanation. The cluster algebra we will
define is with respect to some fixed data I' (Section 3.1.3) with an initial seed s. There is a
construction of fixed data with an initial seed (I',s)" that is Langlands dual to the former one
(see [GHKK18, Appendix A]). The cluster algebra we define for (T, s) is isomorphic to GHKK’s
construction for (T';s)V. Thus without going to the Langlands dual data, we can define two cluster
algebras: ours is the cluster algebra A(B) while GHKK’s is A(BY). The precise meaning of these

notions will be clear in the following sections.

3.1. Preliminaries

3.1.1. Oriented Cartan data. Let C = (¢;j) € M,(Z) be a generalized symmetrizable Car-

tan matrix with a left symmetrizer D. That is, the matrix C' satisfies

(1) ¢y =2forallie I ={1,2,...,n};
(2) ¢;j <0 for all @ # j;
(3) there exists a diagonal matrix D = diag(di,da,...,dn) € My(Zso) such that DC is

symmetric.

An orientation of C'is a set Q C I x I such that QN {(7,7),(4,7)} <1 and
20{(,5), (G, 1)} = 1 = ¢i5 <0.

An orientation Q is said to be acyclic if for each sequence i1,49,...,i; with (i;,ij41) € Q for
j=1,2,...,k we have i1 # ix11.
We call the triple (C, D, Q) oriented Cartan data, which is easily seen equivalent to a pair (B, D)

where B = (b;j) € M, (Z) satisfies
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(1) bjj = ci; <0 and bj; = —c¢;; > 0if (4,5) € Q.
and D is a left skew-symmetrizer of B, i.e. DB+ (DB)T = 0. Such a matrix B is called skew-

symmetrizable.

3.1.2. Presymplectic lattice. Let N be a lattice of finite rank n, i.e. N = Z". A pair (N,w)

of a lattice NV and a Q-valued skew-symmetric bilinear form
w: NxN—=Q

on N is called a Q-presymplectic lattice (symplectic if the form is non-degenerate).

A Q-presymplectic lattice can constructed from oriented Cartan data (C, D, ) as follows. Let
(B, D) correspond to (C,D,Q). Let N = Z" where n is the rank of B with the standard basis
{e; |i=1,...,n}. Note that

B = (bjj): =BD e M,(Q)
is skew-symmetric. We define the form w by putting
w(ei,ej) = B”LJ

3.1.3. Fixed data. We follow closely [GHK13, Section 2] and [GHKK18, Appendix A] on

fizxed data. Fixed data I' consists of

— a Q-presymplectic lattice (N,w);

— an unjfrozen sublattice Nyy C N, a saturated sublattice of V;

an index set I = {1,2,...,7} with » = rank N and a subset I;; C I with || = rank Ny

positive integers d; for i € I;

a sublattice N° C N of finite index such that

W(Nyt, N°) C Z, and w(N, Ny N N°) C Z;

— M = Hom(N,Z) and M° = Hom(N°,Z);

A seed s for fixed data " (or a I'-seed) is a subset of N indexed by I

s = (Si)ier
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such that {s; | i € I} is a Z-basis of N, {s; | i € It} a basis of Ny, and {d;s; | i € I} a basis of
N°. We will call a pair (I',s) of fixed data I' and a I'-seed s seed data. The seed s is often referred
to as the initial seed.

For a seed s, we put

wme

= (8i)ic1, 3i = d;s;.

The dual of s is denoted by

8" = (7)ies

where {s} | i € I} is the dual basis of M. The dual of § is given by §* = (§});c; and we have
5 =s;/d,.

These elements form a basis of the lattice M°.

We define a skew-symmetric matrix B(s) = (bij) € M,(Q) by setting

bij = w(si, ;)
and the matrix B(s) = (b;;) € M,(Z) by setting
bij = w(s;, 55) = djl;ij.
The matrix B(s) is skew-symmetrized by D = diag(d;|i € I), i.e. we have

DB+ BTDT =o.

We define a map for later use. We put

p*: N = M° n— w(—,n).

This is legitimate since for any n € N, w(—,n) is Z-valued on N°. Note that one can restrict the
map p* to the sublattice N° and the image is then in M, as a sublattice of M°. For example, we

have

(3.1.1) p(sk) == bridl, P (3k) = bis;.

il el
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3.1.4. Mutations of seeds. Suppose we are given fixed data I and a seed e of I'. We define
operations called mutations that iteratively generate seeds for the fixed data I'.

Recall that we have an integer-valued matrix B = B(e) = (b;j). For an unfrozen index k € I
and a sign ¢ € {+, —}, we define the mutation u5(e) = (e;%);es, a subset of N indexed by I, by
setting
ei + [—ebix|rex fori#k
—e; fori==k%

It is straightforward to check that the collection uj (e) satisfies the requirements of a seed for
I'. This allows us to apply mutations to the new seed indefinitely. For a sequence k = (k1,..., k)

of unfrozen indices and a sequence £ = (£1,...,&;) of signs, we define an associated seed
g — ,,El €1
1 (e) = g, Hgy (e).

In the following, we provide some concrete computations in terms of matrices of mutations. We

denote the change-of-basis matrix of the mutation uj by Ef(e), i.e. we have

pi(e) = Ej(e) -e

where e is considered as a column vector with entries being e;. Note that one can read off Ej(e)
from the matrix B. Therefore we also denote it by Ef(B) in some cases.

As a matrix, E7(B) is as follows:

1 [—ebik]+

1 [—ebp—1k)+
Ei(B) = -1

[—ebrr1k]+ 1

[—ebnk]+ 1

Lemma 3.1.1. We have for e € {+,—} that

Ef(e) - Bi(e) = I and E; (ui(e)) - E(e) = I, ie. ;" o pile) = e.
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ProoOF. Direct computations through the above matrix presentation of Ej. ]

Now let €° = (e;%)ier be ui(e) where ¢ = + or —. We omit the sign e when there is no

ambiguity. Scale €’ by the diagonal matrix D and we get € = D - €¢/. Immediately we have
¢ =D-¢ =DE;(e)-e= DE;(e)D'é.
We denote the transformation matrix by
Fi(e)l .= DES(e)D™L.

As a matrix, Fi(B) is as follows:

Flj(B): [Ebkl]Jr ... —1 .. [Eb].m]+

A straightforward calculation shows the following lemma, known as the tropical duality [NZ12]

(see also [Kel08]).

Lemma 3.1.2. Let BY = —B”. Then we have
E(B) = F;(B")", F;(B) = E(B")".
Lemma 3.1.3. The set € forms a basis of N°. This verifies in part that € is indeed a seed for I

PRrROOF. This is because the transformation matrix from € to € is given by Ff(B)T and is equal

to EF(BY) by the tropical duality. It is invertible in M,,(Z). O
Lemma 3.1.4. Let pj(B) = (bj;) € Mn(Z) be the matriz such that by; = w (e;’a,é;"E). Then we
have

pi (B) = iy, (B) = (bl) € My (Z)
and

—bij, ifiZk OTjZk;

by + Pltbulbil  perise
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Thus we denote them simply by pi(B). This is Fomin-Zelevinsky’s mutation of a skew-symmetrizable

matriz B (see [FZ02]).

PRrROOF. The computation is straightforward. We only present the case where i # k and j # k.

By definition, we have

b;,j = w(ei + [_Ebik]+€k7 é] + [gbk]]—i-ék)

= bij + [ebrj]+bix + [—€bir] 1 brj

N |bik|brj + bik| b
. .

= by
O

Remark 3.1.5. The main difference of our setting with [GHK13] and [GHKK18] is that we
consider two types of mutations uz and p,; instead of choosing one of them. It turns out these two

mutations both have interpretations in the context of additive categorification of cluster algebras.

3.1.5. Mutations of dual seeds. Denote by e* the dual basis of e in M and by €* the dual
basis of € in M°. We denote by uf(e*) the dual of p(e) and accordingly for €*. The mutation

matrices are computed as follows.

Lemma 3.1.6. we have that

pi(e") = (Ei(e)™)" -e" = FE(BY) - ¢"

and

i (8%) = Fi(e) ' - &" = Fi(B) - &".

As before, we could define mutations of dual seeds i (e*) (and p(€*)) associated to sequences

of unfrozen indices and signs.

3.2. Cluster algebras of Fomin and Zelevinsky

In this section, we define cluster algebras of Fomin and Zelevinsky [FZ02]. Our definition will
not be as general as in the original paper [FZ02]. We fix the fixed data I". A cluster algebra
A = A([s]), as a subalgebra of Z[M] (caution: not Z[M°]) will be defined for the mutation class [s]
of a seed s (the collection of seeds obtained by arbitrary iterative mutations to s). We start with

some preparations.
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3.2.1. The infinite graph ¥. We consider an oriented graph T defined as follows. First,
let T9 be a connected unoriented 2n-regular tree. Replace each edge in Ty with two edges with
opposite orientations. For each vertex v € T, label the 2n outgoing edges from v by (i,£) where
i € I and ¢ € {4, —} such that if v and w are two vertices connected by an edge in Ty, then the two
oriented edges between them are labeled by (i,¢) and (i, —¢). We call this infinite oriented graph

T. A local picture when n = 2 is depicted in Figure 3.1.

FIGURE 3.1. n =2

Consider (T',s) the fixed data I' with an initial seed s. Suppose I, = {1,...,n} C I. Pick a
vertex v in ¥ and label it by the seed s to it. To each labeled edge, we associated corresponding
mutations p;. In this way, we can associate a seed to each vertex in T such that any two adjacent

seeds are related by mutations. A local picture of this association is depicted in Figure 3.2.

K18
B[ M1
+ Hq M;r _
Hyi$ s - Ha 8
My Ho
Ba || B2
+
Ha 8

FIGURE 3.2. n =2

We denote by T the graph ¥ with the labeling of seeds.
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3.2.2. Birational transformations. Fix some field k of characteristic 0. We associate a torus
Te = Ty = Spec k[M]
to each seed e and a I-tuple of coordinate functions

(Ai)ier = (Zfi)iel

where f = (f;)ier is the dual seed of e.

Suppose we have two adjacent vertices in the tree T with labeling seeds e and pje

We define a birational map

via pull-back of functions
* (5 7m(ek)
() 2 = 2 (14 2070 )
where p*(eéy) is explicitly computed as (see Equation (3.1.1))
p*(eér) = {— eé} = > {ei,céu}fi =) ebinfi € M.
icl el
Lemma 3.2.1. Let e be a seed and f be the dual seed. The pull-backs of coordinates (A;’E)iel of

’Aﬂie are computed as follows. In particular, they do not depend on the choice of €.

A if i £k,

(up) A7 = b —b;
AT A+ T A7) ifi=k

i:b; >0 Jibjr<0

PROOF. The coordinates of Az, are given by

2t if i €1,

he _ fi/’E =
A7 == ~fick T [-ebinl+ f

ifv=k.

z

41



Then it is easy to see that (u5)*A;° = A; if i € I. For the k-th coordinate, we have

(3

A;f _ Zf’/f (1 N Zp*(aék))—fk’ (ex) _ Z*kar;[*Ebik]ﬁtfi (1 N Z;{ensék}fi)

=z

f ( >o[—ebikl+ fi 2l—ebi]+ fit 32 5bikfi>
k A + A i

2.1
(3 ) — Z_fk <22bik>0 bzkfl + Zzbjk<0(_bjk)fj)

S (T A T A

30 b >0 Jibjp<0

0

The above lemma shows that the pull-backs of coordinates are regular functions in k[M], i.e.
Laurent polynomials. Note that for ¢ € I'\ I, the variable A; never gets changed under mutations.
They are thus called frozen variables.

For any two vertices w,w’ of the tree T, there is essentially a unique path connecting them
(without any 2 cycles, since uj, and p, © are inverse to each other). We denote the seed associated

to the vertex w by s,. Then we obtain a birational map
Hw,w' ,Tsw - Tsw/

between associated tori by composing the birational maps puf, in order along the path.

THEOREM 3.2.2 (Laurent phenomenon, [FZ02]). For any two seeds related by a sequence of
mutations, the pull-back of coordinates are Laurent polynomials with integer coefficients. More
precisely, for vertices w,w’ on T, denote the coordinates of T, by Al (A; for Ty, ) fori € I and
we have

P (A7) € Z[A; | j € T\ L) [A} | K € Lg] -

3.2.3. Definitions. Now we are prepared to define cluster algebras and some other important

related notions.

Definition 3.2.3 (Cluster algebras). For fixed data I' and an initial seed s, we have constructed
the infinite graph T with initial vertex v. We define the cluster algebra A(s) to be the subalgebra
of Z[M] generated by the set

{HiwA) | A=z cziM), ie L we ).
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We also have some important notions.

1) The Laurent polynomial (A7) is called a cluster variable.

2) For each w € Ty, the tuple (u,,(A}))._, is called a cluster.

el

A monomial of cluster variables in one cluster is called a cluster monomzial.

(1)

(2)

(3)

(4) For a skew-symmetrizable matrix B with a left skew-symmetrizer D (with a choice of
unfrozen part), we can construct a corresponding fixed data with an initial seed as in Sec-
tion 3.1.3. We call the cluster algebra of this data A(B), which in particular is independent
of D.

(5) If we have Ny = N, then the corresponding cluster algebra is said to have no frozen

variables or no coeflicients.

If we take the seed s,, associated to a vertex w to be the initial seed, we can define the corre-
sponding cluster algebra A(s,,). The birational transformation between the tori 75 and T, induces
an isomorphism

Hrow A(8) = Alsw)

between two cluster algebras. Thus one can view that the cluster algebra is defined for the mutation

class [s].

3.2.4. Cluster algebra with principal coefficients. In this section, we explain a particular
case where the associated cluster algebra is said to have principal coefficients.
For fixed data I" with Ny = N with an initial seed s, we define another fixed data I'h, as

follows.

— N := N & M° with the skew-symmetric form

&((n1,my), (n2,ma)) = w(ng,ng) + ma(ny) — mi(ne);

- Ny = N0
~ N°:= N°® M;
— The index set is [ :=={1,...,r, 7+ 1,...,2r} with d; unchanged and d;{, = d;.

— The initial seed is

s:= ((51,0),..., (55, 0),(0,5),...,(0,5)).
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The cluster algebra associated to (I'prin,S) is denoted by AP (s) and is said to have principal
coefficients. Note that M = Hom(N,Z) is canonically identified with M & N°. Thus AP ®(s) is a
subalgebra of Z[M & N°].

3.2.5. GHKK’s Langlands dual construction. In this section, we explain the difference in
our definition of a cluster algebra with GHKK’s construction [GHK13, GHKK18]. Suppose we
have fixed data I' and let e be a I'-seed. Denote by g = (g;)ics the dual of €*. To e, We associate

a torus

Te: = Tno = Spec k[M°]

with coordinates A; = 29. For a seed e and its mutation uze, we have a birational map between
tori

X —m(€é)
Hi To s Tge, (uf)"(2™) = 2 (14 227 Cen))

for m € M°.
The cluster exchange relation is computed as follows. Let e be an initial seed and we start with

the cluster

(Al, A27 s ,AT) = (291’2g27 s ’Zgr)
associated to the seed e. Let k£ be an unfrozen index. We put

1o (g) = (9))ier, AJ° =29 € Z[M"].

K
Then we have

/,e * —gk+ > [ebril+9i Gicentan
(ui)*(AZE) = 2% <1+Zp (Ee’“)) =z = R <1+Z;{ e k}.‘])

i€l

B <Z[Ebm‘]+gi Z[Ebki]+gi+25bkigi>
= 9k + zi€l i

— 9k (zzbwo bkigi + ZZbkj<o(*bkj)gj>

I A T A

it briso J:bg;<0
The other cluster variables remain unchanged. One observes that the right-hand side does not
depend on the sign €.
One can perform mutations indefinitely and consequently obtain the set of cluster variables as

in Section 3.2. For the fixed data T with an initial seed s, GHKK’s cluster algebra ASHKK(s) is
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defined in a similar way as our A(s) to be the subalgebra of Z[M°] (caution: instead of Z[M])
generated by elements

{1y 0 (27%) | w e Ty, i€ I}

where (gu,)icr is the dual of the scaled seed §,, associated to the vertex w.

The above exchange formula Section 3.2.5 should be compared to the previous one Equa-
tion (3.2.1). The difference is that the one in Equation (3.2.1) uses the k-th column of the matrix
B instead of the k-th row of B used here. Thus the exchange relation now is the same as the pre-
viously defined one of the Langlands dual matrix BY = —B7”. Therefore we have (with identified

clusters and cluster variables)

AGHKK(BV) ~ .A(B)

Of course, in skew-symmetric cases, this makes no difference.

3.3. Generalized cluster algebras of Chekhov and Shapiro

In this section, we explain how to define Chekhov-Shapiro’s generalized cluster algebras [CS14]
in the framework we have developed so far. These algebras will be referred to as Chekhov-Shapiro
cluster algebras, CS algebras for short.

Again we are given fixed data I' with an initial seed s.

3.3.1. Integrality assumption. The first assumption we need is that the matrix

B:=BD!
is integer valued, i.e. B € M,(Z). Recall that in Section 3.1.3, B is the pairing matrix of the basis
e. So our assumption is that w(e;, e;) = lN)ij = b;j/d; is an integer for all ¢, j. This integrality is not

required in general for ordinary cluster algebras.

3.3.2. Extra data on exchange polynomials. A CS cluster algebras depends on some

additional data. Choose a polynomial 6;(u,v) for each i € I such that

(1) 6;(u,v) € k[u,v] for some field k of characteristic zero;
(2) degb; = d;;
(3) 6; is reciprocal, i.e. 0;(u,v) = 0;(v,u), and the coefficient of the term u® is 1.
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3.3.3. Definition. Let e be a seed and f be its dual. Let

pk(?}) = Hk(l,v).

Similar to previous constructions of cluster algebras, we associate a torus T, = Spec k[M] to a seed
e with coordinates A; = zfi for i € I.

For k € Iy and € € {+, —}, we define a birational transformation between two tori

* _m(e )
pi: Te -—» e (1) (2™) = 2™ - pi (Zp (a%)) 2
Note that the monomial zP" () is actually in k[M] since
p*(eex) = w(—, eep)

lies in M by our integrality assumption on the matrix B.

We put
Jhso = Z [e?ih'kL fi» frco= Z [—EgikL fi-

el el
A straightforward computation gives the following CS cluster exchange relation [CS14]:
A;f = zf'/v’spk (zp*(se’“)) =z i€l zi
£ Bz 2
— Z_fk . zdkfk;<0 . pk <z;€ kf)

— Z_fk . zdkf)i;<0 - Pk (Zflf:;>07fli;<0>

—fe)  —fet X ebulefi <Z{ew€ek}fi>
Pk

— fok . 0](} (Zfli;>07zfli;<0> ,

that is, we have

bik —eb;
(3.3.1) A=A 0, (HA@[E oy 7 HAZ[ e k]+> :
il iel
Since the polynomial 6y (u,v) is symmetric on u and v, the polynomial A;f does not depend on the

choice of sign .

Example 3.3.1. Suppose that dj, = 2 and 0 (u,v) = u? + uv + v, thus we have

pr(v) =1+ v+ 0%
46



The new generalized cluster variable under mutation at k € I is
Zf]:e (1 _|_ Zp*(ECk;) + zQp*(Eek)> — Z_fk <z2fz;>0 _|_ Zfli;>0+fl§;<0 + 22f2;<0> .

We construct the graph g with the labeling of seeds as before (see Section 3.2). Each vertex of
T is associated with a torus. Between two tori associated to adjacent vertices, there is a birational
transformation described above generalizing the one of ordinary cluster algebras. In this way, we
obtain the set of cluster variables as before.

The Laurent phenomenon of ordinary cluster algebras has been extended to CS algebras in

[CS14].

THEOREM 3.3.2 (Laurent phenomenon, [CS14, Theorem 2.5]). For any two seeds related by a
sequence of mutations, the pull-back of coordinates under CS generalized birational transformations
are Laurent polynomials with integer coefficients. In other words, for vertices w,w’ of the tree T,

denote the coordinates of Ty , by A} (A; for Ty, ) fori € I and we have
#Z},w’(A;) € k[A:lta A§t> s 7A’I’:‘L:]

We define Chekhov-Shapiro algebra CS(s) in the same way as ordinary cluster algebras, that is

CS(s) is defined to be the subalgebra in k[M] generated by the set of Laurent polynomials
{/L:,w(Aw,i) |weT,ie I}

where v is the initial vertex and A, ; = 2fw.i ig the i-th coordinate function on the torus 15, -

Example 3.3.3. We give an example of CS algebra of type Bs here. Take

Let

pr(v) =1+v, pa(v) =1+v+2%

The initial seed is given by (ei, e2). Denote the initial cluster variables by

«
Al = 261, Ay = 2%,
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The mutation at k = 2 gives
pa(Ar, Ag) = (A1, A1 (14 A1+ AY)) .

Same as the ordinary cluster algebra of type Bs, in total, there are 6 clusters and 6 generalized

cluster variables.
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CHAPTER 4

Cluster scattering diagrams

In this chapter, we introduce the cluster scattering diagrams, an essential technical tool used
in [GHKK18] to prove the positivity conjecture of cluster algebras.

A cluster scattering diagram will be defined for any fixed data I' with an initial seed s. They
are characterized by the so-called initial data or equivalently the set of incoming walls, explained

in Section 4.1. The definition of a cluster scattering diagram is in Section 4.2.

4.1. Initial data and incoming walls

Let ' be a fixed data with no frozen indices (i.e. Ny = N) and s be a I'-seed. We pick up our

notions from Chapter 2 for scattering diagrams.

Definition 4.1.1. An N*t-graded Lie algebra g is skew-symmetric if we have
W(dl,dQ) =0 = [gdlagdz] =0

for any di,dy € N™T.

This feature ensures that the so-called initial data is able to determine a consistent g-scattering
diagram (see [KS14, section 3]). We briefly review this important point of view. Recall that the set
of consistent g-SDs is in bijection with the group G. We introduce a way to parametrize elements
in G as described in [KS14, section 3] and also in [GHKK18, section 1.2].

Define a map

p*: N = Mgr, n—w(—,n)ec Mg.

Note that we do not require the map p* to be injective. We define the set of primitive elements in
N7 as

Prim(N*t):={ne N*|n/k ¢ N* for any k € N5q}.

Let n € Prim(N ™). Consider the decomposition of g with respect to p*(n) as in Lemma 2.1.1

(4.1.1) 9= 9p*(n),+ D Op(n),0 D Gp*(n),—>
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which induces a factorization of the corresponding pro-nilpotent group

G =Gp)+ Gpr(n),0 - Gpr(n),—

The Lie subalgebra g, (,,) o further decomposes into

— U
9p*(n),0 = gl"L ® gp* (n),0

where

dhi=on =P o= D

keN p*(n)(d)=0, d¢N-n
Note that the Lie subalgebra gﬂL is central in gy« (,) o and gi* (n),0 is an ideal of gp«(,) 0. The quotient

map
. — Op (n).0/ ul =
gp (n)70 gp (n)vo gp* (TL),O gn

induces a group homomorphism projection
Tn: Gp*(n),O — GlL = exp(ﬁﬂb).

Given an element g € @, for each primitive n € NT, we define

A~

?/)n(g) =Tno Hp*(n),O(g) = Tn(gp*(n),O) € G?”l

This defines a map (of sets)
(4.1.2) v:G— I Gl ¢(9) = (Wn(9))neprim+)-
nePrim(NT)

Proposition 4.1.2 (Proposition 3.3.2 in [KS14|). In the case that the Lie algebra g is skew-

symmetric in the sense of Definition 4.1.1, the map v is a bijection of sets.

This proposition provides another way (other than the bijection G« [Lien+ 9a) to express
an element g in G by its components in each @ﬂl under . This expression of g is called the initial

data of the corresponding consistent g-SD D,,.

Definition 4.1.3 (Initial data). The initial data of the scattering diagram ® is the image under

the map 1 of g, i.e., the tuple (¥n(9))neprim(n+)-
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The fact that a consistent g-SD is determined by its initial data is sometimes known as “a

consistent scattering diagram is determined by its incoming walls”, e.g. see [GHKK18].

4.2. Cluster scattering diagrams

4.2.1. Cluster SDs. Continue on with the data (I',s). Consider the N-graded Poisson algebra
(often called the torus Lie algebra) defined as follows:
T :=Q[N| = @(@ -2 and [mdl,xd"’} = w(dl,dg)xd1+d2, di,do € N.
deN
We consider a Lie subalgebra

g:gS::TNerCT.

It is N; -graded and skew-symmetric in the sense of Definition 4.1.1.

The dilogarithm series Lig(x) € Q[[z]] is defined by
(4.2.1) Lig(z) = ; =

We define the following element gs in G by its initial data, i.e. the image under the bijective map

¥ in (4.1.2). We define the initial data

(4.2.2) V(gs) = (9n>nePrim(N+) € H Gl‘z
nePrim(N+)

by putting

. s 1 e _1 k—lxkgi .
gs; = €xp (—ng(—xd’ 1)/di> = exp <d~ Z EDe )k2 ) € G!i

v k=1

and g, = id for any other primitive n. We will use the notation
E(n) = exp(— Lia(—2z")/d)

where d is the positive integer such that n/d is primitive. For example, we have g,, = E(S;) for

1€ 1.

Definition 4.2.1 (Cluster scattering diagram). The cluster scattering diagram @9 is defined to
be the unique consistent g-SD corresponding to the group element g5 € G. The defining function
is written as
o My — G.
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The canonical cone complex is denoted by &S

Remark 4.2.2. For fixed data I', any seed for I' will define a cluster scattering diagram. Note

that the Lie algebra g depends on the choice of the seed as the semigroup N; depends on s.
What we define in Definition 4.2.1 is different from (in fact, Langlands dual to) GHKK'’s version

of a cluster scattering diagram in the skew-symmetrizable case. The difference will be explained in

Section 4.2.2.

Example 4.2.3. Let N = Z2? with the standard basis e = (e, e2). Let the form w be given by

the skew-symmetric matrix B= [(1) _01] in the standard basis. Let € = (bey, cea) where b and ¢ are

0 —c

two positive integers. We have B = [ b 0

]. For some special values of b and ¢, the corresponding

cluster scattering diagrams are computed as follows in Figure 4.1 and Figure 4.2.

E(e1)
op*(el)
E(es) P (=€2) E(e2)
E(el) E(el + 62)

FiGure 4.1. b=1,c=1

Remark 4.2.4. These diagrams live in Mg and are depicted in the basis (e7, e3).

4.2.2. GHKK’s version. We describe GHKK’s cluster scattering diagram for fixed data I'

with s. Consider the initial data (g5 )peprim(nv+) such that for any s; € s, we put
gs, =E(s;)%, el

and g, = id otherwise.
The unique consistent scattering diagram corresponding to this initial data is what Gross,

Hacking, Keel, and Kontsevich call the cluster scattering diagram in [GHKK18]. One may also
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]E(Qeg) E(2€2)

E(el + 262)

E(el) E(261 + 262)

FIGURE 4.2. b=1,c=2

notice that when considering initial data, they used p*(—n) instead of p*(n). This difference,
however, is superficial. The convention we stick to is the one from [FZ07]: the cluster scattering
diagram ®&! should corresponds to the cluster algebra A(B(s)). In particular, this requires that the
cluster complex A (Section 4.4) coincides with the cone complex of g-vectors defined in [FZ07].
Let B = B(s). It turns out GHKK’s version corresponds to the cluster algebra A(BY) of the
Langlands dual matrix BY = —B” while ours (Definition 4.2.1) corresponds to A(B).
We present some examples of GHKK’s cluster scattering diagrams in rank two; see Figure 4.3,

4.4 and 4.5. Some of them are also computed in [GHKK18, Section 1].

Example 4.2.5. Let w be given by the skew-symmetric matrix B = [? _01] in the standard basis

0 fc].

e = (e1,e2). Let & = (ber,cez) where b and ¢ are two positive integers. We have B = [) 7

For some special values of b and ¢, the corresponding cluster scattering diagrams are computed as

follows.

Remark 4.2.6. The three diagrams live in Mr and are depicted in the basis (€7, é5) dual to é.
See also [GHKK18, Figure 1.2.] for the case b = 1 and ¢ = 3 where the wall-crossing E(n)" is

represented by (1 + 22 (”))k and corresponds to an action that sends 2™ to
2™ (1 + zp*("))km(n)

forn € N and m € M°. Note that m(n) is not always an integer for m € M° and the coefficient k is

crucial for making 2™ (14 2#” (n) )km(n) a polynomial. For example, the wall-crossing E(e; + 2e3) is
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E(el) E(e1 + 62)
FIGURE 4.3. b=1,c=1

E(e1)

E(e1) E(er +e2)? E(er +2ez)
FIGURE 4.4. b=1,c=2

represented by the function (1 + A;72A3) where A; = 2% . We will come back to this interpretation

in more details in Section 4.5.

4.3. Mutation invariance

The structure of the scattering diagram QSCI (in particular, the underlying cone complex GSC )
can be studied by comparing it with the one associated to the mutated seed. In this section, we
describe the relation between ©¢! and @S% ¢ in this section following [GHKK18].

The element s € s defines a hyperplane

s = {m € Mg | m(s;) = 0},
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E(el) E(61 + 362)
E(er +e2)® \  E(er + 2e5)3

E(2e1 + 3e2)

FIGURE 4.5. b=1,c=3

which separates the space Mg into two open half spaces
HEY = {m € Mg | m(sg) >0}, HP™ = {m & Mg |m(sy) < 0}.

THEOREM 4.3.1 (GHKK [GHKK18, Theorem 1.24]). Consider the cluster scattering diagram

D! and its mutation @S%S with k € I and e € {+,—}.
(1) At a generic m € sﬁ, the wall-crossing is given by
o€ (m) = E(5).
(2) For any m € HETF, we have
@S%S(m) = 3% (m).
Remark 4.3.2. In fact, the two functions @Sl and @S% s take values in different groups. We define
Gsruugs = Os N Ouss:

This Lie algebra has a well-defined completion by gradings. The last equality in the above theorem

in fact takes value in the group exp (@sn#is).
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PROOF. We closely follow the proof of Theorem 1.24 in [GHKK18], so we only explain a few
necessary modifications as our version of cluster scattering diagram is slight different form GHKKs.

First of all, the slab in Definition 1.27 in [GHKK18] is now the pair
) = (Sﬁ,E(gk)) :

The group element E(S;) has a different action on the monomial 2™ described in Lemma 4.5.5.
However, Theorem 1.28 in [GHKK18] still holds with the new slab 9. Our theorem follows from a
formal check of consistency as in Step II of the proof of Theorem 1.24. In our case, the consistency

is due to the identity, for any m € M (instead of M°)
2™ <1 + zp*(é@)"”(s’“) — ym—m(s)p* (3k) (1 X zp*(—gk)>_m(5k) .
O

Theorem 4.3.1 relates the cluster scattering diagram associated to a seed s to the ones associated
to the neighboring seeds pgs for any k£ € I. We will see in the following that this observation leads

to the so-called cluster complex structure of D!

4.4. Cluster complex structure

In this section we explain the cluster complex structure of ZDSCI, obtained by using the mutation
invariance Theorem 4.3.1 in the last section. In this section, the fixed data I' will remain unchanged.
Any scattering diagram in consideration will be a cluster scattering diagram, so we will omit the

superscript, simply denoting one by ®s.
4.4.1. Mutation of cluster scattering diagram. We put
u = (uj)ier = MZS, v = (vi)ier = Hy, S-

The dual seeds are denoted by

ut = (u])ier, V' = (v])ier-

There is a linear map that transforms the basis v* to u*

Ti: M — M, Ti(v)=u;.
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It is a shear transformation, explicitly given by
Ti(m) = m + m(sk)p*(5k).
Recall the formulas of mutations of dual seeds in Section 3.1.5. Explicitly, we have

Ti(vk) = v +vi(se) Y (biws}) = uj;
i€l

and

The map T} induces a dual linear map on N
T;: N — N, T;(uw)=uv.

Since we have B(u) = B(v), the map T, » preserves the form w. Therefore the map T} actually
induces an isomorphism between the seed data (I',v) and (I';u). Thus the associated cluster

scattering diagrams should also be isomorphic, i.e.

The precise meaning of this isomorphism is as follows. The linear map 7’ induces an isomorphism
between graded Lie algebras

Tyt gu = gv,
which can be extended to completions. We denote the corresponding isomorphism between pro-

nilpotent groups also by 7};. Then we have for any m € Mg,

~

(4.4.1) Oy (m) =T} o Py o Ti(m) € Gy.

In view of the associated canonical cone complexes of Dy and Dy, we have

that is, the cones in &, are obtained by applying the linear isomorphism T}, (extended to Mpg) to

the cones in G,.
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The above discussion gives a way to describe ®, =9 us in terms of ®g. We define the following
piecewise linear map on My

T, : Mg — Mg,

N Ti(m) = m + m(sp)p*(5x)  if m € HET,
T, (m) =

m ime’Hf’f.

THEOREM 4.4.1 (Mutation of cluster scattering diagram). The cluster scattering diagram @SL )
k

has the following description in terms of ®S'.

(1) At a generic m € s#, the wall-crossing is given by
(I)M$S<m) = E(—gk)
(2) On HET UHET ¢ Mg, we have
Os(m) = (T]j)* o <I)”$(8) o T,F (m),

where (T,j)* denotes the induced group homomorphism on its domain of linearity.
(3) The piecewise linear map T,:r induces an isomorphism from the canonical profinite cone

compler Sy to 6@8'

ProOF. For part (1), we use Theorem 4.3.1. In fact, we have in the seed u = /J,Z—S,

'l]k = —Sk.

The second part (2) needs more explanation. Note that the map T,:r : Mg — Mp is piecewise
linear and is linear on the two open halves Hf o+ respectively. On Hf ', the map T,j is identity.

Thus on this domain, the equality in (2) follows from Theorem 4.3.1, i.e. we have for any m € HE™,

Og(m) = (Duzs(m)’

Restricted on H* " we have T;" = Tj. Then according to Theorem 4.3.1 and Equation (4.4.1), we
have for m € H§’+,

Os(m) =P - (m) =T} o (I)u;*s o Ty (m).

=,
Combining the results on two domains of linearity proves part (2).
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For (3), we consider the cone decompositions & and 6:+S. First of all, because of (1) of
k

Theorem 4.3.1, a cone 0° € &g is either contained in sé or in one of the halve spaces. The same is

true for the other cone decomposition GZJrs. Thus according to the characterization of a cone as a
k

path-connected component of a level set (Proposition 2.3.11), we conclude that the map T,j maps

the cones in & that avoid the hyperplane sé bijectively to the ones avoiding sé in GZ;s' Note that

the cones contained in the hyperplane s% are determined by the cones in Hf %, More precisely, at

a finite level [, we have that G5! is a finite cone complex so the cones in si are just faces of cones

in the open halves. Taking the projective limit, we get cones in &5. Thus we conclude that
1 1L
6Sﬂ8k:6uzsﬂsk.

Therefore we have

proving part (3). O

Remark 4.4.2. There is a version of the above theorem of the other mutation 4, . One can repeat
the discussion with u, replacing ,uz and the piecewise linear map T,j replaced by another map T~

defined as

B m, if me H§’+
T, (m) =
m—m(sp)p*(5s) if meHE™

We leave the details to the reader as an exercise.

4.4.2. Cluster complex structure. In this section, we explain the so-called cluster complex

structure of a cluster scattering diagram ®s.

Lemma 4.4.3. The cones

CH={me Mg|m(s;)>0,i€l}

and

C;I:{TI’LEMR‘m(Si)SO, iEI}

and all their faces are elements in the canonical profinite cone compler Gsg.

PrROOF. We observe that for gssl, the canonical cone complex is induced by the hyperplane

arrangement of all coordinate hyperplanes. Thus both Cj and their faces are in &' For I >
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1, these cones cannot be further subdivided in GSSI. Therefore these cones are elements in the

projective limit. O

Remark 4.4.4. In fact, not only we know that the cones described in Lemma 4.4.3 are in G, it

1o
; 18

is also clear that the wall-crossing on a facet contained in s

E(3;) = exp(— Lig(—xgi)/di).

However, it is usually hard to determine the face-crossing at higher codimensional cones.

To a pair (k,g) of a sequence of indices k = (ki,ko,...,k;) and a sequence of signs ¢ =

(e1,€9,...,€;1) of the same length, we can associate a seed
pic(8) = pagy - g iy ()

obtained by applying iterative mutations to the initial seed s. There is a cluster scattering diagram
of the seed ,ui(s) and we denote it by D). It also has the two maximal cones described in

Lemma 4.4.3, i.e the positive and negative chambers
Gl G C Me.
We define the following piecewise linear map
Tkézz T]jl’ o---oTl;2 oTy, : Mg — Mg.

More precisely, we point out that the definition of the map T,i’ is with respect to the seed

Ei—1

Mgy o My by (8)-
Proposition 4.4.5. Let o be a face of lea or C . (including themselves). Then the cone
(Ty) (o)

belongs to the profinite cone complex Ss. It does not depend on the sequence of signs €.

60



PROOF. We prove this by induction on the length of the sequence k. When [ = 0, this follows

from Lemma 4.4.3. Now let
kI:(kQ,...,kl), 8/2(62,...81).
Then by induction, we have that the cone

(Te) (o)
belongs to 6@1 (s)" Then by part (3) of Theorem 4.4.1, we have that
1
(T3) o) = (T5) 1 (T) (o)

is in &s. The independency is also proved similarly by induction. O

We put
Gf = (T)7HGL) Gr= (TG

for a sequence of vertices k. They are simplicial cones of dimension n in M. If
k' = (k, k1),

then it is easy to see that the cones G and Gy, share a common facet of codimension one. We call

the maximal cone Glj the cluster chamber corresponding to k.

Definition 4.4.6. We define the positive cluster complex A} to be the cone complex consisting of
the cluster chambers Gf{ of all sequences k and all their faces. The negative cluster complex A; is

defined similarly by considering the cones G| .

According to Proposition 4.4.5, both of the positive and negative cluster complexes are cone
subcomplexes of Gs.
The following proposition concerns the wall-crossings on walls of A and A;. Let k be a

sequence of indices. Then the simplicial cone Glf is generated by vectors

gx = (gui)ier € M.

The indexing by [ is natural from iterative mutations. These vectors are called the g-vectors of the

cluster associated to k. These are the images under the map (7y)~! of the dual seed of uf(s). Let
61



the D-scaled dual basis of g, in NV be

Cx = (Ck,i)iel € (NO)I,

ie. a = digl’;i for 7 € I. These vectors are called the c-vectors of the cluster associated to k.

Proposition 4.4.7. Let o be the facet dual to the c-vector cx; of the cone Gf{. Then we have
Ps(0) = E([eil).-

PRroOF. Note that the normal vector ¢; must be in N™ or —N* as the walls in a scattering
diagram can only have normal vectors in N* or —N*. The vector ¢; corresponds to the i-th basis
element e; in the seed p(s). In the scattering diagram Dy ., the wall-crossing function at ef- is
given by E(d;e;). Then by Theorem 4.4.1, under the map (7)™}, the wall-crossing function at o
can only be of the form E(|¢;|). O

Remark 4.4.8. Combining Proposition 4.4.5 and Proposition 4.4.7, we have the so-called cluster
complex structure of ®s. That is, we have a simplicial cone complex (also called a simplicial fan in
toric geometry) A} (also the negative version A;) defined in Definition 4.4.6 with wall-crossings

on facets described in Proposition 4.4.7.

4.4.3. Combinatorics of g-vectors. In this section, we show an iterative way to compute
the g-vectors of cluster chambers. This algorithm may be well-known to experts but it is not easy
to find a reference.

For two sequences p = (p1,...,pn) and q = (q1,...,¢n) of indices or signs, we define their

concatenation as

pUq=(P1, - Pn Q1,5 Gm)-

Proposition 4.4.9. Let kX’ be a sequence of indices of length | — 1 and k = k" U (k;). Then we have
that cx is a D-scaled seed of fized data T, and gy is the dual seed of c¢/D. They can be computed

iteratively as (recall the mutations of seeds and dual seeds in Section 3.1.4)

gk = . (8w), ek = ! (ewr)
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+, ifaog € Ny
g =
) /L.fck’,kl € _Ns+

For a sequence @ of length 0, we use the convention that
8o = 5*7 Cy = S.

PROOF. We prove this lemma by induction. First of all, for the initial seed s and its neighbors,

by Theorem 4.3.1, we have for any ¢ € I,
86) = Hi (5%), ey =py (8).

Now suppose that the lemma is true for all sequences with length no greater than I —1. We choose

a sequence of signs

e=(e1,€2,...,€1)

recursively by the rule indicated by the lemma. By definition and induction, we have

g = (Tg) ™ (#2’1 (gk/)) - (Tf)fl (8K
where k =K' Uk; and € = &' Ugy.
We want to show that
gk = My, (8K)-
The dual statement for c-vectors follows.

Then we pull back both g and ,uill (gw) back to the scattering diagram after one step of

mutation. More precisely, let us consider the seed and its dual after one step of mutation at ki:

We pull back gy and F‘le (gx) (and their duals) to © i.e. we define (collections of vectors)

S(k1)?
e\e -1
o= () (5 ()
and
’ -1
ZQ = (TE,\\IZ) (gk’)
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where k \ k1 is the sequence such that k = (k1) Uk \ k1; k' \ k1 similarly defined.

By induction, we have

51 =, (32)

where the sign § is the sign of ¢\, , with respect to ¢(;,). There are two cases to deal with.

(1)

The cone of 37 and the cone of 39 are separated by st. This means the vector cgny, , 18

in the direction of s,. Suppose we have

Ck’\kl,kl/dkl = _Sk1~

This means Cone(X2) and G&l) are in the same half space where (kall)—l = (Tk‘: )~1 acts
by identity. On the other hand ¥ and G; = C* are in the other half. In this case § = +

(and thus g, = —) and we have
(T 710 = ()7 (4, (52)) = i (%) = wy, (T3 7152
By definition, we have
g = (T;H) ' (Z1), &= (T7) ' (32)

and hence the desired

8k = iy, (8Kk)-
The case where ik, x,/dk, = sk, (6 = —) can be proved similarly.
Both the cones generated by 1 and by Y9 are on the same side of sé. Then the piecewise
linear map (T,fll)*1 transforms 1 and Y9 by the same linear map (either an identity or
a shear transformation) and will keep them on the same side of skﬁ. Recall that (Tj})

restricted on its linear domain is an automorphism of (N,w). Thus we have

p, (T ™H(Sa)) = (Th) (g, (2))

and hence
(T ™ (1) = pg, (T H(22))
i.e. the desired

g = /4, (8)-
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Note that in this case, the sign of ¢\, 1, With respect to ¢, coincide with the sign of

ik, With respect to s.

4.5. Cluster variables via scattering diagram

4.5.1. Wall-crossings as poisson automorphisms. In this section, we explain how to ob-
tain a cluster variable from the cluster scattering diagram.

We now consider the following commutative algebra
T =T, = QM| ® Q[NS]]

whose monomials are denoted by

2" =2 @ 2",

Equip this algebra with the poisson bracket determined by
{2™ 2™} = w(ng,ng)x™ T2 {2 2™} =0, {2" 2"} =m(n)z™ ® 2"
Lemma 4.5.1. The algebra T with the bracket {,} as defined above is a poisson algebra.

PROOF. We check for monomials ™, "2 and z™ the Jacobian identity. The details of other

requirements are left to the reader. We have
{2™ {22, 2™} = m(n2)(w(ng, n2) + m(ng))zma™ "2
and then

{a™ {2, 2 = {a" {2™, 2"} = m(ng + n2)w(ng, ng)2Ma™ T = {{z",2™ }, 2.

Lemma 4.5.2. There is an injective Lie algebra homomorphism
fig—Der(T), " {a" —}.

Proor. This follows from the more general consideration that § is a Lie subalgebra of 7. O
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Proposition 4.5.3. The Lie algebra homomorphism f induces an injective group homomorphism
Ad: G — Aut(T)

by exponentiating.

PRroOF. This proposition follows directly from the above Lemma 4.5.2 and completions. We
briefly explain how to compute the automorphism by exponentiating. For example, for exp(a) € G ,

the action is given by for any t € f,

o0

Adexp(a)(t) = exp({a, — Z 1' {a, = })E().

k=0

The inverse of Adexp(a) is simply given by Adexp(—a). O

Recall that the 2-form w defines a group homomorphism
p*: N —= M°, p“(n)=w(—,n).
We consider the injective group homomorphism
p':N—=M°®N, p*(n)=(p*(n),n).
Next we consider the (complete) algebra

T=T,= P QA @™-z"c [ «Q-z"a"
meM©° (m,n)eM°®N
The completion is only viable because the map p* is injective. There is an algebra isomorphism,

induced by p*,
P:T—T, P(E™) =z Pa") =g

Thus from the view of Proposition 4.5.3, the group G also acts on T as it acts on f, which we
denote by for exp(a) € G,
Ads exp(a): T — T.

For example, let 2™ € T and exp(a) € G. Then we have

Adexp(a)(z™) = 2"ham
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for some formal series hg ., € Q[[N®]] while the action on T is given by
Adsz exp(a)(z™) = 2" P(ha,m)-

The following straightforward lemma is useful in later applications.

Lemma 4.5.4. For any exp(a) € G and any b € T, we have

~

P(Adexp(a)(b)) = Adgexp(a)(P(b)) € T.

Lemma 4.5.5. For some ng € NT, let

o0
a= Zakxlmo €g.
k=1

Then we have

[o¢]
Adexp(a)(z™) = 2" hgm = 2™ - exp (m(no) Z kakka) eT.
k=1
PROOF. Since the actions {ayxz*"0, —} for different k& commute, we compute each of them sep-
arately. We have

1 i
Ad exp(azzh™0)(2™) = Z q {akxknoa —} (z")
i>0

= sz . % (m(no)k‘akxkn‘))i

i>0

= 2" exp (m(no)kakxkno) .

The result then follows. OJ

Example 4.5.6. If hy, = (1 + 2™0)™(0) then we have by Lemma 4.5.5,
> )k—l

exp(a) = exp <Z (_2235’“”0> = exp(— Lia(—2")) = E(nyg).
k=1

Note that
P(ha,m) = (1 + z"*’(_ﬂ’bo)xn()) 0 ‘
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4.5.2. Cluster monomial by path-ordered product. Fix the data (T',s). For a sequence

k of indices, there is a corresponding cluster consisting of cluster variables

(A1, Ax2, .o Arn).

There is also a maximal cone G;j in D, with generators (what we call g-vectors)

8k = (gk,1,9k2:- - > Jkm)-

Pick a generic point 6 in Gl‘f and another generic point in the positive chamber C. The two points

define a path-ordered product (for a path v going from € to C+) that we denoted by
S = p, (D) € G.

Note that we can always choose an actual path going from C* to Gf{ that only crosses finitely
many walls of cluster chambers with the reverse order of the sequence k. So the element pg ; can

be expressed as a finite product of wall-crossings of the form
+ ~ o
E (lekypl)” € G, eyl € NTNN

where k(i) is the subsequence

(k1, ko, ..., ki).

We are ready to state the main result Theorem 4.5.7 of this section. This theorem is natural
from the point of view of [GHKK18]| in terms of theta functions and broken lines. The difference
here is that the cluster scattering diagram we use is Langlands dual to GHKK’s version and that
we do not use the notion of broken lines (thus not the result in [CPS10]) in our proof.

Recall the notations in Section 4.5.1.

THEOREM 4.5.7. For any i € I, we have the following identities for cluster variables with

principal coefficients

APt = Ade pSl(2%) € ZIM @ N°] C T,

and for cluster variables without coefficients

Ai = Adg pS (2%4) |gner€ Z[M).
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PROOF. We prove this theorem by induction on the length of k. Assume it is true for sequences
of length no longer than I — 1. Suppose k = k' L (k;) and k; = i € i. Then the chambers Gy and

Gy share a common facet 0 with the normal vector
Ck' i = —Cky-
Choose a point ' € Gy and let 4’ be a path from 6’ to CT. We define for n in N* or —NT,

+, ifneNT;
sgn(n) =
—, ifne-NT.

Let 6 = sgn(cy ;). Since the type of crossing (Definition 2.2.2) going from 6 to ¢’ is the opposite of

d, then we have
_ -6
pS' =S @) = pS B (Jaw,l)

By Proposition 4.4.9, we have gy = ud(gy) and thus (from Section 3.1.4)

Iki = —9K i + Z[—fsbjihgk’,ja
j€I

where bj; == w(cw ;/dj, e ;) for 4,5 € I. By Lemma 4.5.5, the action is computed as

. 6k 1(6i,1/))
Adg B[, il) 70 (294) = 2900 (14 gfwazp” (o) ) TR

= 2 Wi H z[*ébji]ﬁ-gk/,j 1+ x‘sck’,i H zébjigk’,j
jel jel

=z Wi H Z[_‘Sbjibrgk',i + x(sck’,i H Z[ébji]+gk’,i c Z[M fasy NO] C if
jel el
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The above equation is exactly the cluster exchange relation for cluster variables with principal

coefficients. By induction, we have
Adg ! (294) = AdgpS! (E(Jew )’ (%))

= AdT pg} (Z_gk/,i) . Adﬁ‘ pg/l H Z[—5bji]+gk/,i + :L»‘;ck/,i H Z[éb]'i]+gk’,i
JeI Jjel

_ ( llzf;n)—l . H (Allzii]p)[—ébji]ﬂt + 0 H (Algfijn)[&bji}-‘—
jel jel

= AP e T.

Note that the vector ¢ ; for any sequence k and ¢ € I is in N°. By the Laurent phenomenon
Theorem 3.2.2, we have that Alf;?n lies in Z[M @ N°]. The result on cluster variables without

coefficients follows. O

In [GHKK18, Section 3], GHKK defined the so-called theta functions for cluster scattering

diagrams. These are elements of the form
Jom € QP (NF))] - 2" e T

that depends on an endpoint @ (s.t. ®o(Q) = id) and m € M. In fact, we have for m € A} and
Qe (),
Vom = Adz pS'(2™)

where 0 is in the interior of a cluster chamber that contains m.

Remark 4.5.8. We note that Proposition 4.4.9 provides a simple algorithm to compute the g-
vectors. In our context, the g-vectors are the generators of the rays of cluster chambers. There
is also a definition through the cluster variables themselves. Then Proposition 4.4.9 implies our
notion of g-vectors coincide with the usual notion of g-vectors in cluster algebras (for example,
see [Kel08]). In view of Theorem 4.5.7, the monomial z%: should be viewed as a leading term of

A
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CHAPTER 5

Categorification of skew-symmetric cluster algebras

In this chapter, we give a brief review of the so-called additive categorification of cluster algebras.
The review is far from being comprehensive. For example, we do not even mention the remarkable
cluster categories initiated in [BMRT06]. Our goal is to introduce necessary ingredients that are
the most relevant to stability scattering diagrams. We focus on conveying the idea that certain
quiver representations decategorify into cluster monomials; see Section 5.3. As the title suggests,

we only deal with the skew-symmetric case, that is, the matrix B is skew-symmetric.

5.1. Quivers with potentials and mutations

5.1.1. Quivers with potentials. The key player is quivers.

Definition 5.1.1. A quiver @ is a quadruple (Qo, @1, s,t) composed of

1) A finite set Qg of vertices;

(1)
(2) A finite set Q1 of edges;

(3) A map s: Q1 — Qo that specifies the source of an edge;
(4)

4) A map t: )1 — Qo that specifies the target of an edge.

Fix a field K. For a quiver @, we have its vertez span R = K% and arrow span A = K% as
K-valued functions on @y and Q1.

The vector space R is a commutative K-algebra under the pointwise multiplication of functions.
The arrow span A is an R-bimodule where the action on the left is by acting on the target of an

edge.

Definition 5.1.2. The path algebra of @ (also denoted by K@) is defined as the (graded) tensor

algebra
R(A) = P A
d=0
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where A% denote the R-bimodule
—_———
d
Definition 5.1.3. The complete path algebra of @ (also denoted by I/(Z)) is defined as the complete

graded tensor algebra

R{(4)) = ] 4.
d=0

A potential is an element in R((A)) such that each component is a linear combination of cyclic
paths. Thus potentials live in a closed subspace R((A))cyc C R((A)).

For every potential W, its (complete) Jacobian ideal J(W) is defined to be the closure of the
two-sided ideal generated by cyclic derivatives; see [DWZO08] for the definition.

A pair (Q, W) of a quiver ) and a potential W € I/(Z) is called a quiver with potential, QP in

short.

Definition 5.1.4. The (complete) Jacobian algebra of a QP (Q, W) is defined as the quotient

PQ,W) = KQ/J(W).

5.1.2. Mutations of quivers. We first review the mutations of quivers. These are purely
combinatorial constructions.
Let @ be 2-acyclic, that is, there is no oriented path of length 2 in Q. For a vertex k € Qqg, we

define the quiver fix(Q) obtained from @ by the following two steps:

Step I For each pair of incoming arrow a: ¢ — k and outgoing arrow b: k — j at k, create one
arrow [ba]: i — j.
Step IT Replace each incoming arrow a: ¢ — k with a new outgoing arrow o*: k — i; replace each

outgoing arrow b: k — j with a new incoming arrow b*: j — k.
Now we perform the last step to get a 2-acyclic quiver ux(Q) from fix(Q).

Step III Delete a maximal collection of disjoint 2-cycles in fix(Q).

~

It is easy to see the mutation juy, is an involution, i.e. u2(Q) = Q.

5.1.3. Mutations of QPs of Derksen—Weyman—Zelevinsky. We explain in this section
the mutations of QPs of Derksen—Weyman—Zelevinsky [DWZ08]. This is a fundamental notion in

(various) additive categorifications (e.g. [DWZ10] and [Ami09]) of cluster algebras.
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Definition 5.1.5 (Right-equivalence, c.f. [DWZO08, definition 4.2]). Let (Q, W) and (Q', W’) be
two QPs with the same vertex set Q9. We say that they are right-equivalent if there is an iso-
morphism ¢: I/(Z) — @’ preserving )y and taking W to a potential (W) cyclic equivalent to
w’.

Note that the isomorphism ¢ also induces an isomorphism between complete Jacobian algebras
PQ,W)=PQ,W".

A potential is called reduced if it contains no cycle of length less than or equal to 2; it is called
trivial if the corresponding Jacobian algebra is trivial. For two QPs (Q1,W1) and (Q2, W2) with

the identified set of vertices, their direct sum is the QP

(Q1, W1) ® (Q2, W2) = (Q1 ® Q2, W1 + W2)

where Q1 @ Q)2 is the quiver on the same set of vertices but taking disjoint union of arrows of Q)1

and Qg.

THEOREM 5.1.6 ( [DWZO08, theorem 4.6]). Every QP (Q, W) is right-equivalent to the direct
sum of a trivial QP and a reduced QP

(Qtriw Wtriv) S% (Qred7 Wred)

where each direct summand is determined up to right-equivalence by the right equivalent class of
(Q,W). The Jacobian algebra of (Q, W) is then isomorphic to the Jacobian algebra of the reduced
part (Qreda Wred) via the embedding Of (Qredu Wred) m (Qtriw Wtriv) S¥ (Qredy Wred)-

Note that the quivers Qiv and Qreq (up to isomorphisms fixing the set of vertices) are canoni-
cally constructed from (Q, W); see [DWZ08, 4.4] whereas it is less trivial to compute the potential
Wied-

Now let @ be a 2-acyclic quiver and W be a potential such that no term in its expansion starts
at k (if not, replace W with a cyclic equivalent one). We construct a potential for the quiver fig(Q)
as follows. For each pair of incoming a and outgoing b at vertex k, replace any occurrences of ba

—

in W with [ba]. We thus get a potential W in K/ix(Q). Define

fu (W) =W + Z [ba]a*b*,
a,beQ1: t(a)=s(b)=k
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where the sum is taken over all pairs of incoming « and outgoing § at k. We thus have obtained a

QP (i (Q), fi(W)).

Definition 5.1.7 (Mutation of QP). The mutation pu;(Q, W) of a 2-cyclic QP (Q, W) is defined
to be the reduced part of (fip(Q), fi(W')) given by Theorem 5.1.6:

,uk(Qa W) = ([Lk(Q)reda [Lk(W)red)'

Definition 5.1.8 (k-mutable QPs). We say that a 2-acyclic QP (Q, W) is mutable at vertex k
(or k-mutable) if the quiver [ix(Q)req is equal to pk(Q). Therefore we have the justified notation
(1k(Q)s (W) of i (Q, W) for k-mutable QPs.

The following proposition is an immediate corollary of theorem 4.5 in [DWZO08].

Proposition 5.1.9. The mutation pi is an involution on the set of right-equivalent classes of

k-mutable QPs, i.e. pg(Q,W) is also k-mutable and p3(Q, W) is right-equivalent to (Q,W).

5.1.4. Mutations of seeds with potentials. In this section, we lift mutations of QPs to SPs.
Suppose we have fixed data I" with an initial seed s. We assume that I,y = I and N°® = N. As in

Section 3.1.3, the adjacency matriz B(s) = (b;j) is given by b;; = w(s;, s;), which is skew-symmetric.

Definition 5.1.10 (The quiver of a seed). The matrix B(s) determines a 2-acyclic quiver Q(s)

such that Qo = I and there are [b;;]+ arrows from ¢ to j for each i,j € I.
Example 5.1.11. Let B = [(1) _01]. The quiver is then given by 1 +— 2.

Lemma 3.1.4 shows B(y; (s)) = B(py (s)), i.e. two types of mutations of a seed give the same

quiver:

I

(5.1.1) 1e(Q(8)) = Q1 (5)) = Q(y, (8))-

A pair (s, W) consisting of a seed s and a potential of Q(s) is called a seed with potential, SP in
short. Two SPs (s, W) and (s, W) are said to be right-equivalent if s = s’ and (Q(s), W) is right-
equivalent to (Q(s'), W') respecting the identification on vertices. An SP is said to be k-mutable if

the associated QP is k-mutable (Definition 5.1.8).
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Definition 5.1.12 (Mutation of SP). For a k-mutable seed with potential (s, W), we define the

following two mutations at vertex k:

NZ(S7 W) = (:u—]:(s)a Nk(W))v :u]; (57 W) = (N]: (5)7 Mk(W))

Proposition 5.1.13. The mutations of SPs ,u: and i, are inverse to each other on the set of

right equivalent classes of k-mutable SPs.

PROOF. The statement follows directly from Equation (5.1.1) and Proposition 5.1.9. O

5.2. Ginzburg’s differential graded algebras

For any QP (Q,W), there is an associated (complete) Ginzburg differential graded algebra
I' = T(Q,W) (see [Gin06]) whose derived category DI' (see [Kel94] for the definition of the
derived category of an dg algebra) plays an essential role in the additive categorification of cluster
algebras.

The (complete) Ginzburg dga I' = I'(Q, W) is non-positively graded with a differential d of
degree 1. We refer to [Nagl3, Section 1.1] for the precise definition. We have HY(T') = P =
P(Q,W). An right-equivalence between (Q,W) and (Q',S’) induces an dg algebra isomorphism
between the corresponding Ginzburg dg algebras [KY11].

Let DI' be the derived category of I', whose objects are left dg I'-modules. It is triangulated
with the apparent shift functor. The Ginzburg dg algebra rI" itself, as a left dg I'-module, is an

object in DI'. We have a decomposition of I"
I =Dre
el
into dg I'-modules I'; :=T'c,. There is an embedding from Mod P (the category of left P-modules)

into DI'
t: ModP — DI,

whose image is the heart of the natural ¢-structure. Taking H?, we get a functor
H°: DI — Mod P

such that HY o, = id.
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The perfect derived category per I is the smallest full subcategory of DI' containing the object
I" that is stable under shifts, forming cones, and taking direct summands.
The finite-dimensional derived category Dl is the full subcategory of DI' consisting of objects

with finite total cohomology. We have two functors,
t: mod P C Dl HO:Dde‘%mod?

where mod P denotes the category of finite-dimensional modules of P.

5.2.1. Keller-Yang’s derived equivalences. Let (Q, W) be a k-mutable quiver with poten-
tial. We set (@, W) = 1x(Q, W), and (Q",W') = up(Q, W) = (@, W)red. We also set I' = I'(Q, W),
and IV = T(Q', W').

We consider a dg I'-module T'= @ T; where T; :=T'; for i # k and

el

Ty :=cone | 'y — @ Ly
acQq: t(a)=k
Then we have the exact triangle
(521) Fk — @ Fs(a) — Ty — Fk[l}

a€Qr: t(a)=k

It is shown in [KY11] that T has a left dg I'°P-module structure realized by a dg algebra
homomorphism from P to Homp(T,T) ( [K'Y11, Proposition 3.5]). Thus we can regard T as a dg
- I-bimodule. We consider two functors f,j : DI’ — DI defined by RHom(T, —) and respectively
G : DT — DI defined by T &= .

THEOREM 5.2.1 (c.f. [KY11]).

(1) The two functors ]T",j and ’gv,; are quasi-inverse triangle equivalences.

(2) We have that
Iy  ifi#k,

T, ifi=k.

GH(Ty) =

(3) The functor ]?lj restricts to triangle equivalences from perD to perf and from Dyl to

Dyl
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(4) The equivalences ]T',j extend (by the isomorphism between I and T induced by right equiv-

alence) further to triangle equivalences
F:Dr - DI', F:perl = perl”, Fi: Dyl — Dyl

We denote the quasi-inverse functor by F .

Remark 5.2.2. Since py, is an involution on QPs up to right equivalence, we have I' 2 4 (T) and
thus the functor 7, above is from DI” to Duy(I"). Therefore one can think that there are two

triangle equivalences F,;t from DT to DI”.

Consider the Grothendieck groups Ko(Dgl') and Ko(perI'). The group Ko(DgI') has a basis
given by the classes of simple modules (5;);cr and the group Ky(perI') has a basis by the classes
of (I';);er. Here I is the indexing set identified with the set of vertices of ). The two groups and
their bases are naturally dual to each other.

Following our notations on fixed data Section 3.1.3, let N = Ko(Dgl') = Z" (suppose the rank
of the quiver @ is r) and thus M = Ky(perT'). The form w on N is determined by the quiver
@ in the basis of simples. The initial seed s is given by simples ([S;])ic;. The seed mutations in
Section 3.1.4 are categorified as follows. Let s = (s})icr = pj,(s) for € € {+, —}. Denote the simples
in mod P’ = mod P(ui(Q,W)) by S; for i € I. We have from Theorem 5.2.1

si = [(FR) ()] € Ko (Dl') = N

and

()" = [(Fp)"'(1})] € Ko (perT) = M.

Moreover, assuming that (Q, W) is non-degenerate (Definition 6.4.3), if there is a sequence of

vertices k and signs g, we have the triangle equivalence
Fi: DI — D(pl)
by composing the equivalences ]:ZZ in order. Then we have

Ni(s) = ([(flf)ilskvi])iel e N’
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and
pi(s") = ([(FO) "' Teal ) € M7

where Sy ; denotes the simples of mod P(ux(Q, W)) and I'y; :== I'(pk(Q, W))s.

5.3. Caldero—Chapoton formula

Here we explain Nagao’s description of the Caldero—-Chapoton formula for cluster monomials

[Nagl13]. Recall that for a sequence of indices k, we have the cluster

(Ak,la Ak,?) s 7Ak,7“)

of cluster variables in Z[M]. The goal is to find modules over P to express these cluster variables.
For any k, there is an associated sequence of signs (k) uniquely determined by k as in Propo-

sition 4.4.9. Following [Nag13], we define the following P-module
-1
Ry; = H' ((‘Fli(k)) (Fk,i)> , i€l

Here the cohomology is taken with respect to the ¢-structure with the heart mod P. It is proved
in [Nag13, Lemma 5.1] that for any sequence k and any i € I, the module Ry ; is finite-dimensional.

Moreover, we define the class

Tkl = {(}—E(k)yl (Fk,i)]

considered in M = Ky(perI'). According to the iterative description in the last section and Propo-

sition 4.4.9, we have that in M,

Ti] = g

THEOREM 5.3.1 (Caldero-Chapoton formula). The i-th cluster variable of the k-th cluster is
computed by

A = 20l Z X(Gr(Ry,m)) 2" ™

neN®

where Gr(Ry;,n) is the quiver Grassmannian parametrizing quotients of dimension vector n of the

module Ry ; and x(-) takes the Euler characteristic of analytic topology.

The Caldero-Chapoton formula has been proved for various generality by different people; see

the introduction chapter for the relevant references. We also note that the characterizations of the
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module Ry ; are different in different approaches. In the next chapter, Section 6.8, we will give
a proof of the above theorem by interpreting a cluster monomial as a @-function (Theorem 4.5.7)
and using stability scattering diagrams following Nagao’s approach in [Nagl3]. The advantage of
our proof is that it does not explicitly rely on the so-called multiplication formula. An application
of this strategy of proof is in [LFM] to prove a Caldero—Chapoton type formula for generalized

cluster algebras.
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CHAPTER 6

Stability scattering diagrams of quivers with potentials

This chapter is devoted to scattering diagrams of quivers with potentials. In [Bril7], Bridge-
land defined the motivic Hall algebra scattering diagram associated to a quiver with (polynomial)
potential. By using an integration map of Joyce [Joy07], this scattering diagram descends to the
so-called stability scattering diagram, valued in the same Lie algebra as of the cluster scattering di-
agram. We study in detail the structures of stability scattering diagrams of quivers with potentials

and their mutations.

6.1. Motivic Hall algebras

In this section, we introduce motivic Hall algebras of quivers with relations, following Bridgeland

[Bril7].

6.1.1. Moduli space of modules. Let ) be a quiver, and I € CQ be an ideal. Let A = CQ/I.
There is a C-stack 9t = 9M(Q, I) parametrizing finite-dimensional A-modules. Over a C-scheme S,

the groupoid 2 (.S) consists of objects
(&,p: CQ/I — End(€&))

where £ is a finite rank locally free sheaf on S and p is a C-algebra homomorphism. For a morphism
f: 8" — S, we choose a pullback f~1& for every £ on S, and f~!p is defined such that f~'p(a) =
p(f~'a) for any a € CQ/I.

The stack 9t has the following decomposition

M = ]_[ M.
deNQo

where 9, (parametrizing A-modules of dimension d) is algebraic, of finite type and with affine
diagonal. In fact, we have that the stack 9, is equivalent to the quotient stack [Rep(Q, I)q/ GLg].
Here Rep(Q, I)4 is the closed subscheme of Rep(Q)4 cut out by the ideal induced by the relations

I. In particular, when d = 0, the moduli stack 9, is isomorphic to Spec(C).
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6.1.2. The motivic Hall algebra. We refer to [Bril7, section 5] and [Nagl3, section 7]
for details of the following definitions. Let K (St/9%) be the relative Grothendieck group of stacks
(algebraic of finite type over C with affine stabilizers) over 9t = 9(Q, I). It is naturally a module
over K (St/C), the Grothendieck ring of stacks over C. Furthermore, one can define a convolution
type product * ( [Joy07, theorem 4.1]) on K (St/9) so that it becomes an associative K (St/C)-
algebra graded by NIQol: see also [Bril7, 5.4]. We describe this convolution product briefly.

There is an algebraic stack M2 of isomorphism classes of short exact sequences in mod A, the
category of finite-dimensional left A-modules. There are natural forgetful maps from M) sending
a short exact sequence to its constituents, summarized in the following diagram. All the maps are
of finite type and note that 7 (sending a short exact sequence to its middle term) is presentable

and proper.
m2 ™, 9n

J(WBJH)
M x M

Then the convolution product is then defined as
X L o« [V % 9] = () (3, 1) [X % YV 2 o 5 o]

where the pushforward and pullback are well-defined in the current situation. Note that m sends
a short exact sequence to the kernel.

The algebra (K (St/9M), *) is the motivic Hall algebra of (Q, I) and will be denoted by H(Q, I).

6.1.3. A regular subalgebra. In this section, we consider a subalgebra of H(Q,I).

Consider the subalgebra
Kyeg(St/C) == K (Var/C)[L™%, [P"]"!: n € N] ¢ K(St/C)

where . = [Al] € K(Var/C). We define Hyee(Q,I) to be the submodule of H(Q,I) generated
over Kie(St/C) by classes of maps [X N M| with X a variety. By the following theorem, the
submodule Hyes(Q, 1) is a subalgebra of H(Q,I).

THEOREM 6.1.1 ( [Bril2, Theorem 5.1]). The submodule Hyes(Q, 1) is closed under the convo-

lution product:

Hreg(le) * Hreg(Q7I) - Hreg(Q, I)
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The quotient
Hsc(Qa I) = Hreg(Qv I)/(L - ]-)Hreg(Q, I)

is a commutative K (Var/C)-algebra.

It follows that one can define a Poisson bracket on Hie(Q,I) by the formula

{f.gy =@ -1 (frg—g*f)
6.2. Hall algebra scattering diagrams

We define the Hall algebra scattering diagrams associated to quivers with relations following

[Bril7].

6.2.1. Definition. Let (Q, ) be a quiver with relations. Let g = H(Q, I)~¢ with the commu-
tator bracket. Let N = Z"™ where n = |Qo|. The set of dimension vectors is identified with N C Z"

and N* = N"\ {0}. We have that g is N"-graded. Consider the complete motivic Hall algebra
HQ, D) = [] K(St/ma).
deN™

The formal group G is identified with a multiplicative subgroup of H by taking exponentials of

elements in g,

exp: § — 1+ H(Q,I)so C H(Q,T), x+—>z
The characteristic function of the whole moduli stack 1oy = [0 d, M) belongs to 1 + H(Q, I)=o

Definition 6.2.1. The Hall algebra scattering diagram @Haﬂ of (@, I) is defined to be the consistent

g-SD corresponding to the group element lgy.

6.2.2. Wall-crossings. We denote the wall-crossing function by
O = oY Mg — exp().

We would like to describe for any m € Mg, the wall-crossing ®(m). It turns out this is related to
stability conditions on mod CQ/I.
Let 6 be a King’s stability condition on mod CQ/I. Precisely, the stability condition 6 is an

element in MR, viewed as a linear function on dimension vectors.
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Definition 6.2.2 (King [Kin94]). A CQ/I module M is said to be f-semistable (resp. -stable)

if
(1) 6(dim M) = 0;
(2) for any proper non-zero submodule M’ C M, §(dim M) < 0 (resp. 0(dim M) < 0).
All #-semistable CQ/I-modules form a full subcategory of mod CQ/I, parametrized by an open
substack

6-ss __ 0 -ss
mes = [T g
deN®

of M (see [Kin94]). The inclusion defines in the motivic Hall algebra the characteristic stack

function of #-semistable modules

].m@—ss = H 9)72_88 — Qﬁ el + H(Q,I)>O.
deN®

THEOREM 6.2.3 (Bridgeland [Bril7]). The wall-crossing function ®: Mg — 1+ H(Q,I)>o of

the Hall algebra scattering diagram ”Dga}l satisfies

@(9) = 19ﬁ9—ss
for any 0 € Mg.

Remark 6.2.4. The statement in [Bril7] is slightly different from Theorem 6.2.3 as it only con-
siders wall-crossings for generic points on walls, whereas we describe them for all points in Mpg.

However, the proof in [Bril7] still works here without any change.

6.2.3. Path-ordered product. Let C* be the cone in Mg consisting of points § € Mg such
that 6(n) > 0 for any n € NT. It is clear that ®(f) = 1 for any # € C*, there is no non-zero
semistable #-modules.

Now let 7 be any point in C* and m € Mg. Consider the path-ordered product p. (@ga}1>
in the sense of Proposition 2.3.19 where ~ is a path from 67 to m. It has a moduli-theoretic

interpretation.
Proposition 6.2.5 (Bridgeland [Bril7]). Define a torsion class

T(m) ={E € modCQ/I: any quotient object E — F satisfies m(dim F') > 0}.
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Then we have

b (D) = 17(s) = T (m)) = M
where M(T (m)) is the moduli substack that parametrizes objects in the torsion class T (m).
6.3. Cases for quivers with potentials and the integration map

In this section, we deal with the case where the ideal I of relations is given by the Jacobian ideal
J(W) of some potential W € 66\2 This case is relevant to cluster algebras and Donaldson-Thomas
theory, and thus has been intensively studied (e.g., in [DWZ08,JS11]). We point out that the
potential W may be formal in which case some additional care is needed; see Section 6.3.1. At the

end of this section, we define the stability scattering diagram of a quiver with potential.

6.3.1. Modules of complete Jacobian algebras. In the context of this paper, we are work-
ing with the topological algebra P(Q,W) (see [DWZO08]) whose representation theory is slightly
different from path algebras with relations. We construct moduli stacks of P(Q, W)-modules in
this section based on the construction in the last section.

The following lemma shows any finite-dimensional P(Q, W)-module is nilpotent.

Lemma 6.3.1. [DWZ08] For any dimension vector d, there exists some positive integer Ny, such

that every d-dimensional @—module M is annihilated by m™e, i.e.
m™MiM = 0.

Let OW be the finite set of all cyclic derivatives of W. Take truncations W (Ny) by m¥¢. The
set W (Ny) C CQ and m™V¢ together generate a 2-sided ideal I(Ny) of CQ. The following lemma

is straightfoward.

Lemma 6.3.2. We have an equivalence between the category of d-dimensional representations of

(Q,I(Nyg)) and the category of d-dimensional P(Q,W)-modules, i.e.
mody CQ/I(Ng) = mody P(Q, W).

We define M(Q, W)y the moduli stack of mody P(Q, W) to be IM(Q, I(Ng))qs. Note that by
this definition, the stack 9(Q, W); depends on the choice of N;. However, the set of C-points of
M(Q, W)y is in bijection with the set of isomorphism classes of objects in mody; P(Q,W). Thus

this does not make any difference in view of motivic Hall algebra.
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We define the motivic Hall algebra as before (with the convolution product)
H(Q,W) = P K(St/M(Q, W)a).
deNn
6.3.2. Hall algebra scattering diagrams for quivers with potentials. We consider fixed
data I" with N° = N. Let s be a seed for I and W be a potential for Q = Q(s).
The set of dimension vectors is identified with N¥ = N € N. The Hall algebra H(s, W) =
H(Q,W) is thus graded by N®. We take

g=gu = H(s,W)o

an NT-graded Lie algebra with commutator bracket.

As in Section 6.2, we have the characteristic function

id
Lons,w) = o) = |MQ, W) — W(Q,W)}
representing the whole module category mod P(Q, W).

Definition 6.3.3. The Hall algebra scattering diagram @?3‘1,1 is defined to be the unique consistent

g-SD corresponding to the group element
Lonw) € G =1+ H(Q,W)s.

6.3.3. The integration map. We now review the integration map that we will apply to define
stability scattering diagrams.

Recall that we have the subalgebra
Hieg(s, W) C H(s, V).

We define
reg . Hreg(SaW)>O
Sw ="

It follows from the properties of Hyeg(s, W) that gzeﬁ/ is an NT-graded Lie subalgebra of g?ﬁ#} To

summarize, we have the following theorem.

THEOREM 6.3.4 ( [JS11], [Bril7], [Nagl3, theorem 7.4]). We have the following properties

regarding g, v and Hyeg(s, W).
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(1) The submodule gge‘%[, is an NGt -graded Lie subalgebra of g?ﬁl}

(2) The submodule Hyeg(s,W) is a subalgebra of H(s,W). It is a Poisson algebra with the

bracket
axb—>bxa

L A

(3) There is an NP-graded Poisson homomorphism (the integration map)
I Hieg(s,W) = Q[NZ], I([X —My)) = e(X)a?
where e(X) is the Euler characteristic of Xay.

By the above theorem, we have that g is isomorphic to (Hyeg(s, W)s0,{, }) as Lie algebras
by identifying z/(L — 1) with & € Hyeg(s,W)so. Therefore the integration map I induces a Lie

algebra homomorphism
(6.3.1) T: gy — 8 = QINS],  [X — M) /(L — 1) = e(X)2?.

6.3.4. Absence of poles. The following absence of poles theorem is due to Joyce; see also

section 3.2 and definition 7.15 in [JS11].

THEOREM 6.3.5 ( [Joy07, theorem 8.7]). Let (s, W) be a seed with potential. For any m € Mg,
we write the characteristic function of 6-semistable modules lgno-ss = 14 o for o € @Eﬁ‘l} Then we
have that

log (1gpe-ss) :za—éa*o’—i—--'—}—(_171”10*---*0—#.'-

belongs to the Lie subalgebra g, C @Eﬁ[l,l

In the last section, @E‘%}} is defined as a gsal,l—SD. The above theorem, in particular, shows that

Hall ; reg
D s also a gS’W—SD.

6.3.5. Stability scattering diagrams. Recall Equation (6.3.1) that we have an N -graded
Lie algebra homomorphism

7: g;e‘%v — gs.

By abuse of notation, we will denote the maps of corresponding pro-unipotent groups still by

T+ exp(gyy) — exp(fs)
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Recall the notation we set up in Section 2.3.3.

Definition 6.3.6 (Stability scattering diagrams). Let (s, W) be a seed with potential. We define

the stability scattering diagram of (s, W) to be the consistent gg-SD
@S%b — T <©H13/,I£1>
S, T S, ’
i.e. the consistent gs-SD corresponding to 7 (1£Ut(s,W)) € exp(gs)-

Remark 6.3.7. The stability scattering diagram Qz%b is defined by Bridgeland in [Bril7, section
11] for a polynomial potential W. However, the definition can be easily extended to any formal

potential, as previously discussed in this section, especially in Section 6.3.1.

Example 6.3.8. Choosing a generic point m in [S;]* C Mg for some vertex i € {1,...,n} of the
quiver, the subcategory of m-semistable P(Q, W)-modules is generated by the simple module S;.

Then we have

k>0 k>0

where the map is an isomorphism. Note that we have that
[BGL — My] = [GLy] ™" - [pt — My

and that in K(Var/C),
k—1

[GLy) = L**= D2 — 1)F TP
i=1
We also have that in the motivic Hall algebra

[pt — My, ] * [pt = My, ] = [~z [Pt — My, +d,)

and thus

]Lfd%ﬂ[pt — My, | * Lfd%ﬂ[pt — My,| = Lf(d1+d2)2/2[pt — My +dy )
Let z = L='/2[pt — 9] and we can rewrite (6.3.2) as

. o0 Lk2/2xk o ]Lk/2$k
gMm -ss — — = — -
= Gl L -1k T, [P)
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By ¢-binomial theorem, we have the following identity

i Lk/Q k IO_OI 1
k—11m; = ’
=5 (L— DFILS P g L+ LA
Taking logarithm, we have
o0 k 1, —k(k=1)/2 [pt N mk]
1 ]. m SS
Og m Zl ]{(Lk — 1) )

which belongs to @;evgv guaranteed by Joyce’s absence of poles Theorem 6.3.5. Applying the inte-

gration map, we conclude that
I(log(lgﬁm-ss)) = —LIQ(—Z'SZ)

6.4. Mutations of stability scattering diagrams

In this section, we state the main result Theorem 6.4.1 of this chapter: the mutation invariance
of stability scattering diagrams.

Recall that we have fixed data I' such that N° = N. Let s be a I'-seed and W be a potential for
Q(s). Suppose that (s, W) is k-mutable for some k € I. Consider the stability scattering diagrams

@Stab and C‘Dita(];' W) for € € {+, —}. Denote their wall-crossing functions by

@Stab M — exp(gs) @St (S W) MR — eXp (gﬂk (S))
respectively.

THEOREM 6.4.1 (Stability mutation invariance). We have the following results regarding st%b

Stab
and D>t i ()

(1) At a generic point m € sé, the wall-crossing is given by
(I)Stab( ) E(Sk)
(2) For any m € HEE | we have
(I)Stab( ) = (I)St b W)(m)

The part (1) follows directly from the computation in Example 6.3.8. The proof of part (2) is

postponed to Section 6.7.
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Recall the mutation invariance Theorem 4.3.1 of cluster scattering diagrams. One sees that
the cluster SD D! behaves in the same pattern as the stability one. Thus we have the following

theorem. Recall the relevant notations in Section 4.4.1.

THEOREM 6.4.2 (Mutation of stability scattering diagram). The cluster scattering diagram

@i‘iabs has the following description in terms of st%b.
k b

)

(1) At a generic m € sé, the wall-crossing is given by

@i?(k;w) (m) = E(—sg).

(2) On ’Hf’+ U ’Hf’f C Mg, we have

O (m) = (T7)" 0 ®F0 ) o Ty (m),

where (T,j)* denotes the induced group homomorphism on its domain of linearity.
(3) The piecewise linear map T,j induces an isomorphism between the canonical profinite cone
Stab

Stab
complexes GSW and 6uﬁ(s,W)'

PROOF. We refer to the proof of Theorem 4.4.1 for comparison. Part (1), the same as part (1)
of Theorem 6.4.1, follows directly from Example 6.3.8. Note that here we are in the skew-symmetric
case with N° = N. Thus we have s = 5.

Part (2) follows from part (2) of Theorem 6.4.1 and an isomorphism between the stability
SDs Q;SL?(]:;,W) and @i?g7w). See a discussion of this type of isomorphism in the cluster case in
Section 4.4.1.

The proof of part (3) is the same as the proof of part (3) of Theorem 4.4.1. O

Notice that in the above theorems, the potential W is required to be k-mutable. In order to

mutate an SP (s, W) indefinitely, we need to require it to be non-degenerate.

Definition 6.4.3. Let k = {ki,...,k;} be a sequence of indices. We say a QP (Q,W) to be
k-mutable if for any 1 < I' < I, the QP g, ..., (Q, W) is ky-mutable. We say (Q,W) to
be non-degenerate if it is k-mutable for any sequence k. An SP is said to be k-mutable or non-

degenerate if the associated QP is.

For a non-degenerate SP (s, W), it turns out the stability SD ’DSStVaVb possesses the same cluster

complex structure as of the cluster SD D¢
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THEOREM 6.4.4. Let (s, W) be a non-degenerate SP.

(1) The positive and negative cluster complezes AT (see Definition 4.4.6) are both cone sub-
complexes of the profinite cone complex GE%b.
(2) Letk be a sequence of indices and i € I. The wall-crossing at the facet dual to cx; of the

mazimal cone Gy is given by E(|ck;|).

Definition 6.4.5. We say a seed s has a reddening sequence if the negative chamber C; belongs
to the positive cluster complex AJ. In fact, this means there is a sequence k of indices such that

Gy = C; . The sequence k is the reddening sequence.

Corollary 6.4.6. If a seed s has a reddening sequence, then for any non-degenerate potential W
of Q(s), we have

Cl _ ~Stab
D — pSieb,

PROOF. Let v be a path going from the positive chamber to the negative chamber by crossing

the chamber walls in the order of k. By (2) of Theorem 6.4.4, we have
Py (©§1> =Py (rDsStI/aI‘/b) .

However, we know from Theorem 2.2.5 that this element uniquely determines a consistent scattering

diagram. The result follows. O]

6.5. Generalized reflection functors

In this section, we introduce the generalized reflection functors Definition 6.5.3 between module

categories

Er, F: modP(Q,W) — mod P(ux(Q, W)).

They are necessary ingredients in the proof of Theorem 6.4.1. These functors are inspired by
operations called mutations of decorated representations in [DWZ08| and generalize the original
reflection functors of [BGP73].

Recall that there is an intermediate QP fix(Q, W) (Definition 5.1.7) in the construction of
ur(Q,W). There is an equivalence between module categories of the algebras P(fix(Q,W)) and

P(ur(Q,W)) induced by the isomorphism of algebras in Theorem 5.1.6. The functors F, ki will be
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defined to be the following functors
FE: mod P(Q, W) — mod P(jir(Q, W))

post-composed by this equivalence. The functors F, ,;t are constructed as follows.

6.5.1. The construction of ﬁ; Let M be a P(Q, W)-module regarded as a finite-dimensional

nilpotent representation of () annihilated by cyclic derivatives
OW ={9,W |a € Q1}.

See [DWZ08, Definition 10.1] for the relevant definitions.

We denote by M; the vector space e; M for a vertex i € Qo (where ¢; € J is the idempotent
corresponding to the vertex i), and by aps the action of an arrow a € 1 on M (or the restriction
linear map on M(,) with the target M;)).

There is a diagram of vector spaces:

N
A

Mout
coker 3
where
My = Myay, Mow= P My
a€Qq: tla)=k BEQ1, s(B)=k

and (the components of) the linear maps of the upper triangle are given by

a = (ama: tay=ks B = O0)o: swy=hs 7= (FoaW)(a,0): t(a)=s(b)=k -

Here 0y, W is obtained by taking the cyclic derivative with respect to the composition ba. One can
check that

aoy=0, vof=0

see [DWZ08, Lemma 10.6]. This implies the map 7 factors through ¢, i.e. we have

Y=¢oq
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for a unique map

¢: coker B — Mi,.

Note that there are natural embeddings ty: My) — Moyt and projections mq: Min — M)

We first define M’ = F F(M) as a representation of Q' = fix(Q) as follows.

(1) We put M|, = coker 8 and M, = M; for i # k.

(2) For each b*: j — k, let b%,, be the composition (mind the sign —q)
—qou: M; 2y Mot —5 coker f3;
For each a*: k — i, let a};, be the composition
g © ¢: coker 8 3) My, =% M.
(3) For each [ba]: i — j, we put
[ba]psr = bag o apy.
(4) For any arrow ¢ not incident to k, let
cyr = C

Proposition 6.5.1. The above construction does define a representation M’ of i (Q, W), i.e. M’

is a P(fie(Q, W))-module. Moreover, this naturally induces an additive functor
FF: mod P(Q, W) — mod P(fir(Q, W))

such that f]j(M) =M.

PROOF. By construction, M’ is a finite-dimensional representation of Q" = fixQ. Furthermore,
it is nilpotent (which follows from the fact that M is nilpotent over CQ), thus a module over the
complete path algebra @’ .

Now we need to show that M’ is annihilated by d,W’ for any arrow « of @’. This is essentially
checked in [DWZO08, proposition 10.7] although the mutation of decorated representations define
there is different from ours (in particular on the vector space M} ). We prove this fact in the

following.
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If v € Q) comes from v € @ that is not incident to k, then we have that
(ayW,)MIZ M‘;(,y) — Mé(’y)

is equal to (0, W) = 0.

If 7 is of the form [ba] for a: i — k and b: k — j, then we have
a[ba] W' = OpaW + a*b*.
Note that a3, b}, is precisely given by

(=OaW)ar = (—0paW )1 Mj/ — Mll

Thus we have (Jppq) W) = 0.

If v = a* for some a: i — k in )1, then we have

@ W e = > biplbalar = | D bipbar | an: M] — M
b: s(b)=k b: s(b)=k

in which the map

Z by bar: My — M, = coker 3
b: s(b)=k

goes through the exact sequence
M, — @ Ms(b) i) coker 8 — 0,
b: s(b)=k
that is

> bipby =(-q)oB=0
b: s(b)=k

Therefore we have (9g«W')p = 0.

If v = b* for some b: kK — j in @)1, then we have

@ W= > balahy =by | Y. amaiy | Mj, — Mj.
a: t(a)=k a: t(a)=k

Note that we have

Z apayy = Z ap OcaW = Z oW =0.

a: t(a)=k a: t(a)=k c: s(e)=k M c: s(e)=k M



Thus (O W)y = 0.

To define the action of F, ,j on the space of morphisms, let f: U — V be a morphism between
P(Q, W)-modules, and we construct a morphism Fv,j f: ﬁ,j U — ﬁ; V' by giving maps between
vector spaces associated to the vertices of @Q'. We keep the maps f;: M; — V; unchanged if i # k
and let

(B ks (FFU)K = (B V)i

be the map naturally induced between cokernels. Then by construction, these maps between
vector spaces intertwine with the actions of arrows in @’ and thus form a morphism ﬁ]j' (f) of
representations.

Other requirements of an additive functor are easy to check. O

6.5.2. The construction of f,; To define M° = }?,;(M) € modP(Q',W'), we use the

following diagram of vector spaces.

/\
U

ker «

t

As mentioned earlier, we have

aoy=0.

Thus the map v factors through ker o, i.e. we have
y=roy

for a unique map

¥ Moy — ker a.

Define a representation M° of Q)" as follows.
(1) We put My := ker o and M; := M; for i # k.

(2) For each a*: k — i, let a};o be the composition

Teor: kera — My, =% M;:
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For each b*: j — k, let b%,, be the composition
(=) oup: M; N Mout —_1/1> ker .
(3) For each [ba]: i — j, we put
[ba]pre = by o apy.
(4) For any arrow ¢ not incident to k, let
cpre = Cpp-

Proposition 6.5.2. The above construction gives a representation M° of fix(Q, W), i.e. M° is a

P(fr(Q, W))-module. Moreover, this naturally induces an additive functor
F;7: mod P(Q, W) — mod P(fix(Q, W))

such that f];(M) = M°.

PRrROOF. The proof is analogous to the proof of Proposition 6.5.1. We leave the details to the

reader. Similarly, this defines a functor since the map between kernels is naturally induced. O

6.5.3. GGeneralized reflection functors and their properties. Now we have two functors
F¥: mod P(Q, W) — mod P(jix(Q, W)).
To extend the target of these functors to mod P(ux(Q, W)), one uses the following equivalence
R: mod P(fix(Q, W)) = mod P(ux(Q, W))

induced by algebra isomorphism described in Theorem 5.1.6.

Definition 6.5.3 (Generalized reflection functors). For a k-mutable QP (Q, W), we define two

functors between module categories:
Ff = RoF: modP(Q,W) — mod P(u(Q, W)).

These are what we call the generalized reflection functors or mutations of representations.
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In what follows, we work with SPs instead of QPs. Note that two mutations uf of SPs give

the same QP:

For an SP (s, W), denote the module category mod P(Q(s), W) by mod P(s,W). As the notation
of the generalized reflection functors suggests, we consider functors (with the equivalent target

category)

(6.5.1) F': modP(s, W) — mod P(u (s, W))

and respectively

F.: modP(s, W) — mod P(u,, (s, W)).

The advantage of working with SPs instead of QPs, which we shall explain below, is that how
dimension vectors of particular modules get transformed under reflection functors is already encoded
in the mutation of seeds.
For any SP (s, W), we have the natural identification of the Grothendieck group with the lattice
N,
Ko(modP(s,W)) = N

via [S;] = s; (as the only simple modules are S;’s because every finite dimensional P-module is

nilpotent). When V' is a P(s, W)-module, we denote its class in N by
n
[V]s = Zdim[{ Vz © S5
i=1
This notation is sensitive to the seed s.
Let (s',W') = pf (s, W) and (s",W") = p; (s,W). Then Ko(mod P(s’,W')) is also identified
with N via [S/]y = s}; similarly for (s”, W").
Straightforward calculations show that

Sy = [Fy Sl fori £k,
(6.5.2) S = [F Sile = [Fy, il for i #

_[SIIC]S/ = —[S]/{/_,]s// for 1= k-
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This observation can be generalized (see (5) of Theorem 6.5.4). There are actually subcategories
whose objects’ dimension vectors (their classes in the Grothendieck group) in N are invariant under
mutations.

Denote mod P(s, W) and mod P(s’, W’) by A, A’ respectively. We define the following full

subcategories of A (and of A" accordingly)
A =18, :={M € A| Hom(M, S;,) = 0},

Aj = Sir = {M € A| Hom(Sy, M) = 0}

and denote by (Sk) the full subcategory of A consisting of direct sums of Sy.
Note that j, (s', W’) is right-equivalent to (s, W). So the functor F}~ can be regarded as from
A’ to A.

THEOREM 6.5.4. The generalized reflection functors F,j: A—= A and F_: A — A have the

following properties.

(1) Flj is right exact and F, is left evact. They form an adjoint pair, i.e. there is a natural
isomorphism

Homy (M, F, N) = Hom (F;7 M, N)

for any M € A and N € A'.

(2) E S, =0 and F,/ S, = 0.

(3) Fi (Ary) C A _ and Fi7 (A}, ) C Ag .

(4) The restrictions Fy| + Ay — A;@_ and F : .A;%_ — Ap 4+ are quasi-inverse equivalences.
Moreover, these functors preserve short exact sequences.

(5) For any V in Ay 4, we have [V]s = [FV]y where

[F V], =dimg (FJV),s; € N.

1t follows that for any W in Ay _, then [W]y = [F}W]s € N.

PROOF. For the first part in (1), it suffices to prove F ,j is right exact and ﬁ,; is left exact.

Suppose we have an exact sequence

U—-V—->W-—=0.
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in A. This implies we have an exact sequence of complexes of vector spaces concentrated in degree
1 and 0 (the third and second row of the following diagram) which induces an exact sequence on

the Hy’s (the first row)

(Ff U —— (FfV)y —— (Ff W)y —— 0

T T T

Uout Vout Wout — 0
Bu T Bv T Bw T
Uk Vi Wy 0

This shows that F, ,:r is right exact, and so is F, ,;" . The left exactness of F}~ is proven similarly.
For the adjointness, let V' be in A and W be in A’. We need to show that there is a natural
isomorphism

Hom 4(V, F;, W) = Hom 4 (F;/ V. W).
The space Hom 4(V, F,” W) is given by the space of linear maps
(fi: Vi= (FyW)i)ita
intertwining with the action of P(s, W). However, since the map
e (Fy W)k — Wiy
is injective, fr is uniquely determined by

f= @ ft(a): Vout = Win

a€Qq: s(a)=k

to make the following diagram commute

B
Vk v %ut

lfk Jf

(Fy W) —% Wiy

Such an fj exists if and only if the following composition of maps

Bv f

Vi Y Vout Win —2 W,
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is zero. Therefore Hom 4(V, F}” W) is the space of maps
(fi: Vi= (FgW)i)istk

intertwining with the action of P(s, W) such that ay o f o By is zero. Similarly HomA/(F,jV, W)
is the space of maps

(it (F3V)i = Wa) i,

intertwining with the action of P(u; (s, W)) such that aw o g o By is zero.
Note that V; is canonically identified with (F}'V); for i # k and so is for W; and (F), W); for
i # k. It is proved in [DWZO08, corollary 6.6] that the subalgebras are isomorphic

P eP(s,W)e; = @B eP(uif (s, W))e;

i.j#k ijk

and by the construction of F,j on representations, the actions of these subalgebras on @#k V; and
D i (F V), are also identified via the isomorphism. The same is true for W and F, W. It then
follows that Hom 4/ (F,"V, W) is naturally identified with Hom 4(V, F, W) via these isomorphisms,
proving the adjointness of F,j and F .

The properties (2) and (3) follow directly from the constructions of F, ki

By the adjointness and (3), to prove the first part of (4), we only need to show that the natural
homomorphisms

n:V = F FV and e: FJF;W W

are isomorphisms for any V € Ay, and W € A} _. The restriction of n on V; for i # k is always
an isomorphism to (F}, F;'V); by the constructions of Fi¥. For V € Ay 4, by definition we have
that Hom(Sk, V') = 0 and this is equivalent to fy: Vi — Vout being injective. Then we have the

following short exact sequence of vector spaces
(6.5.3) 0= Vi = Vour = (FV)i, — 0.
Thus the natural map
N, : Vi = (B, BT V)i = ker(Vous — (Fy7 V)k)

is an isomorphism, implying that n is too. The proof for € is similar.
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To prove that the exactness is preserved, we use the same diagram in the proof of (1). Suppose

that now we have a short exact sequence of objects in Ay, 1
0=-U—=V-=>W=0.
Note that the exact sequence of complexes induces a long exact sequence involving the Hi’s,
et By —— (FFU) —— (V)i —— (FFW), —— 0.

However, ker By vanishes by our assumption that W € A;, . The exactness follows. The proof for
the functor Fj~ is similar.
(5) is a direct computation as in (6.5.2). The short exact sequence (6.5.3) leads to the identity

of dimensions

dimK(F,jV)k = —dimg Vi + Z dim g V;(a) = —dimg Vi + Z[bki]-i- dimg V;.
a: s(a)=k i#k

Recall from Section 3.1.4 that the seed s’ is given by

— S fori =k
) =
si + [~big) sk for i # k.
Then we have
[FiV]y = [ = dimg Vi + ) [bil ¢ dimg Vi | (=s5) + > dimg Vi - (si + [~bae) +-5) = [V]s € N.
i#£k i#k

0

Remark 6.5.5. The subcategory Ay, _ is closed under taking quotients while the subcategory Ay, 1

is closed under taking subobjects.

6.6. Semistable representations under reflection

As in the last section, we denote by A the category mod P(s,W). The Grothendieck group
Ky(A) is identified with the lattice N in a natural way such that [S;] = s;. For m € My and

V € mod P(s, W), we denote the natural pairing m([V]) simply by m(V).

Definition 6.6.1. Given m € Mg, a module V' € A is m-semistable (resp.-stable) if
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(1) m(V) =0 and

(2) m(W) > 0 (resp. > 0) for any non-zero proper submodule W C V.

Lemma 6.6.2. Let m € Mg such that m(s;) >0 and V' be a module in the subcategory A C A.
Then V' is m-semistable if and only if

(1) m(V) =0 and

(2) forany W e Ay, and W CV, m(W) > 0.

PROOF. The only if part follows from the definition. We prove the if part. Let V' be a P-module
in Ay . Then every submodule W of V has a unique maximal submodule W’ without any quotient
isomorphic to Sk, i.e., W' € Ay _. Since m(s;) > 0, we have m(W’) < m(W). Therefore to check

the semistability of V', it suffices to examine all the subobjects in Ay _. O

We also have the following analogous lemma for Ay, ;.. The proof is similar.

Lemma 6.6.3. Let m € My such that m(s) < 0 and V' be a module in the subcategory Ay 4 C A.
Then V is m-semistable if and only if

(1) m(V) =0 and

(2) for any W € Ay 1 a quotient of V., m(W) < 0.

By Remark 6.5.5, one can rephrase above two lemmas in terms of short exact sequences in Ay,

and Ay, _ as follows.

Lemma 6.6.4. Let m € My such that m(sg) < 0 (resp. > 0). Let V be a module in the subcategory
A+ CA (resp. Ay._). Then V is m-semistable if and only if
(1) m(V) =0 and

(2) for any short exact sequence 0 = V' =V — V" — 0 in Ay 4 (reps. Ax—), m(V') > 0.

Recall that we put (s”,W") = p, (s,W) and denote P(s”,W") by A”. The following is a key

proposition that relates semistable modules in A to the ones in A" and A”.

Proposition 6.6.5. Let V' be in A not isomorphic to S, and m € Mg such that m(s;) < 0 (resp.
> 0). Then we have V is m-semistable if and only if F;' (V) in A’ (resp. F, (V) in A”) is

m-semistable.
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PRrOOF. First note that we only need to prove the case m(sy) < 0 and the other case follows
from (4) of Theorem 6.5.4.

Now let V' be any m-semistable object in A for some m such that m(sg) > 0. Immediately,
the module V' belongs in Ay, 4 since V' has no submodule isomorphic to Sj. By Lemma 6.6.4, V' is
m-semistable if and only if m (V') > 0 for any submodule V' C V such that the quotient V /V" also

belongs in Ay, . Apply the reflection functor F, ,j Ay — .A;Cﬁ to the short exact sequence
0=V -V sV/V =0

Note that F,j sends short exact sequences in Ay to A;%_ and does not change their dimension
vectors in N by Theorem 6.5.4. Therefore V' is m-semistable if and only if for every short exact
sequence 0 = W' — FF (V) - W” — 0 in Ay, we have m(W’) > 0, which is equivalent to EH(V)
being m-semistable in A" again by Lemma 6.6.4.

0

Let A(m) be the full subcategory of all m-semistable modules in A. It is standard that A(m) is
an abelian subcategory of A. Summarizing the results in this section and by (4) of Theorem 6.5.4,

we have

Proposition 6.6.6. For any m € Mg such that m(si) <0 (resp. > 0), the functor
El(resp. F7): A(m) — A'(m)(resp. A”(m))

s an equivalence between abelian categories.

6.7. Proof of mutation invariance

In this section, we prove Theorem 6.4.1, the mutation invariance for stability scattering dia-

grams. We start by describing the mutations of Hall algebra scattering diagrams.

6.7.1. Mutation of Hall algebra scattering diagram. Let (s, W) be a k-mutable SP for
some vertex k and (s', W') = y; (s, W). Now we study the relation between @Eﬁl} and @ga&,,

We denote the motivic Hall algebra H (s, W) by H(A). There is an open substack EJJIf;{, C Msw
that parametrizes the modules in A . Since the subcategory Aj 4 is closed under extension,
the relative Grothendieck group K <St/§m§;f,) admits a convolution product by using the same

construction of the product in H(.A), making it a motivic Hall algebra. The inclusion imf;{/ C Msw
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induces an inclusion of motivic Hall algebras
H(Ap,) = K (St /fmf,’v*v) < H(A).
Similarly, there is an motivic Hall subalgebra H (A} ) < H(A') for the subcategory
_ C A" =modP( (s, W)).

Proposition 6.7.1. The equivalence F,;L: Akt — A}, _ induces a geometric bijection between

moduli stacks
T O3 = MGy
which further induces an isomorphism of motivic Hall algebras
(5 H (Apy) — H(A ),
such that

(fy ) (1smmw> = Lopm-ss

lwl

for any m € ”Hf’f
We give a proof of this proposition in Appendix B.

THEOREM 6.7.2. For any m € HE™, we have that the wall- crossing @Hall( ) lies in the subal-

gebra ﬁI(Ak,Jr) while @Hal}‘l,/( ) lies in H (A%f), and

(), (25 om)) = @1l (m)
ProoOF. For any m € ’Hf’_, the wall-crossings are

(I)Hall( ) — 193?;7,1‘/{/557 (I)gal}ll/l( ) - ]‘WTV?/S/

Then the result follows directly from Proposition 6.7.1. O

6.7.2. Proof of Theorem 6.4.1. Now we prove Theorem 6.4.1.

PROOF. We focus on part (2). First let & = +. We know that for any m € He'™,

log (@Stab( )) (log (CDH&H( ))) =7 (log (19315%}75)) :
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Since ( f; )* is an algebra isomorphism, and by Proposition 6.7.1 and the absence of pole theorem

(Theorem 6.3.5), we have

(). (105 (Lo ) ) = 1o (Lomy ) € Pl (i) /(L= 1)

Note that the isomorphism ( f,j )* is induced by a geometric bijection, so it commutes with the

integration maps, i.e., we have the following diagram

~ ), A
res(Ars)sof/(L— 1) S0 B ooy 1)
z s
gsﬂs’

Therefore we have

For e = —, notice that we have

i (i (5. W)) == (s.W).

Then the SPs p, (s, W) and (s, W) play the role of (s, W) and (s, W’) respectively in the case where

¢ = +. This completes the proof. ]

6.8. Caldero—Chapoton formula via stability scattering diagrams

In this section, we give a proof of the Caldero-Chapoton formula using stability scattering
diagrams. The proof is in the spirit of Nagao’s proof in [Nag13]. However, we think it is worthwhile

to work out the details in the framework of scattering diagrams.

PROOF OF THEOREM 5.3.1. Recall that from Section 4.5, there is an expression of a cluster
variable as
. a o~
AE}?“ = Ads p,yl(zgkvl) eT
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where v is a path going from a generic point 6 € G{f to the positive chamber. By Theorem 6.4.4,
we have

P =y (DT =95l € G

Thus we have
. g _
AE?“ = Adﬁ pvtab(zgkﬂ).

Stab

5% on the algebra T, we first compute the action of p

In order to compute the action of p

T = Q[M] ® Q[[N®]].

Stab
~ on

There are several auxiliary algebras we will use. First we define a non-commutative algebra
structure on

B=Q[M|® H=Q[M] & H(s,W)
such that for any a € ﬁn

a2 =1L"0)m . g = 1MW) M g g
Then we extend the poisson algebra structure on ﬁreg to

~

Ereg = Q[M] ® Hreg

by setting

Hm(n)_l
{a,z} = I 1 ? '®a.

So the poisson action {a,—} for some a € f[reg is equal to the action of a/(L — 1) under the

commutator bracket, i.e. for b € Ereg
(6.8.1) {a,b} =[a/(L —1),b].

Taking exponentials, we have for any b € Ereg the following lemma.

~

Lemma 6.8.1. For any § € greg = (Hreg)>0/(L — 1), we have
exp(<5) -b- exp(d)_l = eXp[57 _](b) = exp{(]L - 1)67 _}(b) € B\reg-

PROOF. The first equality is by definition of the action exp[d, —] and the second follows from

Equation (6.8.1). O
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Lemma 6.8.2. There is a poisson morphism extended from the integration map I (Theorem 6.3.4)

I: QM) ® Hyeg — Q[M] @ Q[[N®]], I(z™-a)=2z""1I(a).

PROOF. One checks directly that I respects the poisson structures on Ereg and T since the

integration map I is a poisson morphism. (Il

We recall that there is also a Lie algebra homomorphism Z: greg — gs (Theorem 6.3.4).

The action of pgtab on 2™ in the algebra T (Section 4.5) is defined to be

Ad p,sytab(zm) = exp {log (pgtab> , —}A (™).

We also have from Proposition 6.2.5 and Section 6.3 that

psau _ 1}%9)7 T (10g (psau)) — log <p§tab> '

Combine all the ingredients, we have

Adpgtab(zm) =exp<lo (pgtab> ’_}f (™)

= j ].,;-%9) . Z ]L—m(n) 17’(9771) . Zm eT.
It is shown in [Nagl3] that for m = gy, there is an identity in PAIreg

(6.8.2) LM irga | =176 0 Y [Gr(Rii,n) — M)
neN® neEN®
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Thus we have

AdpS (%) =T [ | > [Gr(Ryi,n) — My | - 2%

neN®

— [Tkl . Z X(Gr(Ry4,n))z" | € T.

neN®

Finally, we apply the isomorphism from TtoT sending z" to 2P (Mz" (see Section 4.5 and

Lemma 4.5.4). Thus we conclude,

AE?“ — Ml . Z X(Gr(Rk,i,n))zp*(”)a:”

neN®

Evaluating «™ at 1, the result on cluster variables without coefficients follows. O

Remark 6.8.3. In [Bril17], Bridgeland considered the so-called theta functions for m € C* N M

9" Mg — T, 60— Ad po (™),

where v/ is a path from m to the point 6, and gave a moduli-theoretic description [Bril7, Theorem
1.4]. Our proof explains the link between Bridgeland’s description and Nagao’s proof of the Caldero—
Chapoton formula. We also note that Man-Wai Cheung in the thesis [Chel6, Section 7.3] gave a

proof of the Caldero-Chapoton formula for Dynkin quivers using stability scattering diagrams.

6.9. Initial data of stability scattering diagrams

In this section, we explain how to interpret the initial data (Definition 4.1.3) of stability scat-
tering diagrams in terms of representation-theoretic invariants.

For an SP (s, W), the wall-crossing of @ss%b at any m € Mg is

®(m) = exp Z J(m, d)z?

demt

where J(m,d) is the Joyce invariant (see [Bril7]), which counts strictly m-semistable modules of

dimension d in a sophisticated way.
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The initial data of D3P is given by

(exp (Z J(p*(d), kd)xkd>> .
keN dePrim(N )

We thus say that an SP (s, W) is cluster-initial if for any k € N and d € Prim(N ™) \ s, the Joyce
invariant vanishes, i.e.

J(p*(d), kd) = 0.

The following proposition is straightforward by definition.
Proposition 6.9.1. The SP (s, W) is cluster-initial if and only if
@Sfi/ai/b — @Cl
s, s -

In general, it is difficult to give a criterion when these Joyce invariants vanish. One sufficient
condition (which may be too strict) is that there is no non-trivial p*(d)-semistable modules at all.
More interesting cases are that there are only strictly p*(d)-semistable modules of dimension d, but
we believe this is not enough to be a sufficient condition.

Bridgeland in [Bril7] defines genteel QPs aiming at the equality between two scattering dia-
grams in this case. However, according to a recent erratum (see the arXiv preprint of [Bril7]), it

is unclear whether genteelness is a sufficient condition.
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CHAPTER 7

Scattering diagrams of Geiss-Leclerc-Schroer algebras

In this chapter, we study the Hall algebra scattering diagram of the algebra H (B, D) associated
to a skew-symmetrizable matrix B with its skew-symmetrizer D. These algebra are defined by
Geiss, Leclerc, and Schroer in [GLS17]. One of their motivations is to use the module category of
H(B, D) to study the corresponding cluster algebra A(B). This chapter’s main result is that the
Hall algebra scattering diagram of H (B, D) has the same cluster complex structure as the cluster

scattering diagram ’D%{ p from Section 4.2.

7.1. The algebra H(B, D) and its representations

7.1.1. Definitions. Suppose we are given oriented symmetrizable Cartan data (C, D,Q). As
we have pointed out in Section 3.1.1, this is equivalent to a pair (B, D) of a integral skew-
symmetrizable matrix B and its left skew-symmetrizer D. Let g;; = |ged(bij, bji)| > 0 for b;; # 0.
Let Q(B) := (Qo, @1, s,t) be the quiver with the set of vertices Qo := {1,2,...,n} and with the set
of arrows ()1 described as follows:

(1) a(gij)

(1) If bj; > 0, then there are g;; arrows a;;”, ..., q;;”" from j to i.

(2) There is a loop €; at each vertex i € Q.
Define
fij = |bijl/gij,  kij = ged(ds, dj).
We have

9ij = 9ji» ki = kji, di = kij [

Definition 7.1.1. Fix a field K. The algebra Hg (B, D) is defined to be the path algebra K@
modulo the two-sided ideal I generated by the following elements

(1) €§h for all ¢ € Qo and

(2) for all 4,7 such that bj; > 0 and for k € {1,2,..., g},

fi (K k) fij
€;’ agj) —agj)ej’.
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7.1.2. Representations. Let H = Hg (B, D). Denote by rep H the category of finite dimen-
sional left H-modules. Define

H; = e;He; = Klej] /(%)

where e; is the idempotent corresponding to the vertex ¢ € QQg. For any M € rep H, the subspace

M; .= e; M inherits an H;-module structure.

Definition 7.1.2. A module M € rep H is called locally free if M; is a free H;-module for every

1 € Qg. We denote by repyr H the full subcategory of all locally free modules in rep H.

The Grothendieck group Ko(rep H) is identified with Z! where the simple modules give the
standard basis e = (e1,e2,...,¢e,). It is easy to show that the subcategory repy H is an ezact
category. The Grothendieck group Ky(repys H) is embedded in Ky(rep H) by simply taking the

class in rep H of a locally free module. It has a basis
e= (él,ég,...,én) =D-e

given by H; as left H-modules.

An H-module can also be represented in the following way. We define an H; - H;-bimodule

k
iHj = H; ® K<a§j)7 1<k<gy) @k Hj/I
where [ is the sub-bimodule generated by elements for 1 < k < g;;

Jii o (B) _ k) fig

T g
An H-module M is then determined by (M;, M;;) with
Mi = €Z‘M

an H;-module and for 4, j, an H;-morphism

MijZiHj®ij—>Mi, h®m — hm.
110



7.2. Reflection functors

Let £ € I. Recall that we have the Fomin—Zelevinsky mutation on the level of matrices

(Lemma 3.1.4)
(B, D) == (ur(B), D).

If (B, D) is acyclic and k is a sink or a source (as a vertex of the quiver Q°(B, D), defined as the
quiver Q(B, D) with loops removed), then the mutation pu (B, D) is again acyclic.

There are reflection functors [GLS17] from rep H to rep ui(H) = rep H (ui(B, D)) generalizing
that of Bernstein—Gelfand—Ponomarev [BGP 73] for acyclic quivers. In fact, we have two reflection

functors for € € {+,—} and k € I either a sink or a source,
Fy: repH — rep pup(H).

We briefly explain the construction of F}, below but refer the reader to [GLS17] for further details.
Construction of F;. Let M be an H-module.

For € = +, consider the following exact sequence

Mk:,in
0 —— ker My —— P kH; QH, M; —— Mj,
]EQ(k’,—)
where
Miin = (Myj) jeqn,-)
and

Mkj: kHj ®Hj Mj — M

is the map determined by the H-module structure of M, i.e. for h € 1, H; and m € M;, we have
Mij(h,m) =h-m.
Note, for example, that if k is a source, then Q(k, —) = () and thus ker M}, ;, = 0. We then define

N M; ifi #£k,
(Fk M)l =
ker My s ifi=Fk

and define
(FF M) : i(pnH) g @p, ker My i — M;
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by viewing ;(urH ), as Hompy, (. H;, H;) (as an H;-Hy-bimodule) and tensoring it with
ker Mk,in — 1 H; 29z M;.

One can check that F,j also acts on the space of morphisms naturally. It indeed defines an
additive functor.

For € = —, the construction of F, ,j is similar. Roughly, one considers outgoing data rather than
incomings and takes cokernel instead of kernel [GLS17].

Since u2 (B, D) = (B, D), we use the same notation Ff: rep g (H) — rep H for functors in the
opposite direction.

Define H]: = ejui(H)e; € repys, pu(H). Denote by S; = H;/(e;) = Kle;]/(ei), the simples in

rep H and by S! the simples in rep p(H).
Proposition 7.2.1. We have that for any i # k,
dim F§ (S)) = dim S; + [ebs)+ dim Sk = e; + [ebix]+-ex € Ko(rep H)
and Fi(H)) € rep1s H with
dim Fi (H]) = dim H; + [—eby;]4+ dim Hy = &; + [—ebg;]+éx € Ko(reprs, H).

PROOF. Let’s first check for the first equation when k is a sink for pupH and ¢ = +. In this

case we consider ¢ € I such that b;; > 0. By construction, we have
(Fe Sk = k(ueH )i @m, Hi/(ei) 2= k(uiH )i/ i (s H )i(e3)-

Since (uxH); = Hompg (;Hg, K) is a free right H;-module of rank [by]+. (A way to think about

this is to count dimg ; Hy = d;jbjx, = —bgidi.) Then we have as a K-module
R H )i [k (i H ) i) = HP ) (e) =2 Kb+
For the second equation, we have that
(Ff Hy)i = k()i @1, Hy = HY "

as a left Hi-module. Thus the module F,j H; is locally free and the second identity follows.

The remaining cases are checked in similar ways. U
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Recall that we have defined mutations of seeds in Chapter 3. In the above proposition, the
lattice Ko(rep H) plays the role of N, and the classes of simples S; form a seed s and the locally

free modules H; form s. Thus Proposition 7.2.1 gives a way to realize the seeds
RS

as the classes modules obtained under reflection functors in cases where k is a sink or source.

7.3. The Hall algebra scattering diagram

We fix the ground field K to be C. Recall that we have defined the motivic Hall algebra H(Q, I)
for any quiver with relations (@, I) in Chapter 6. Let (B, D) be from acyclic oriented Cartan data
(C,D,Q). The algebra H(B, D), as constructed in Section 7.1, in particular, comes from a quiver
with relations (Q(B),I). Thus its category of finite-dimensional representations admits a motivic
Hall algebra H(B, D) := H(Q(B),I).

Recall that in Section 3.1.3 from the data (B, D), we can construct fixed data I' with an initial
seed s. Then the algebra H (B, D) is naturally graded by N. Let g be the N; -graded Lie algebra
H(B, D)o with the commutator bracket.

Definition 7.3.1. We define the Hall algebra scattering diagram @%‘?}:1) to be the unique consistent

g-SD determined by the element
19)T(B,D) cl+ ﬁ(B,D)>0.

Remark 7.3.2. Unlike the case of quivers with potentials, an integration map from (a subalgebra
of) the Hall algebra to a simpler algebra is not guaranteed. The lack of integration map makes it
much more difficult to study the corresponding cluster algebra from the point of view of scattering

diagrams. We leave this question for future studies.

7.4. An example of type Bs

In this section, we illustrate an example of D p p of type B, i.e., the Cartan matrix of B is of

Bs type.
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0 1 0
Let B = and D = . The quiver Q(B) is
1 0 0 2

1«L29E

and the only relation is €2 = 0.
The corresponding Hall algebra scattering diagram @%?B is depicted below, in the basis con-
sisting of e} and e5. The Figure 7.1 shows the underlying canonical cone complex for ’D%“%: itisa

rank two complete simplicial cone complex with 6 maximal cones.

FiGure 7.1

The rays in the fourth quadrant are orthogonal to normal vectors e; + 2e5 and e; + es respec-
tively. The wall-crossing at each ray is a characteristic stack function of a category of semistable
representations. Each ray in the above diagram is labeled by the unique (up to isomorphism) simple

. . . . 2, .
object in the corresponding subcategory. For example, the representation M = 2 is given by

M1:(C, M2:C2, Oé:[Ol], 62{98]

One should compare this scattering diagram with the cluster scattering diagram ’}3%17 p in Exam-
ple 4.2.3 for b =1 and ¢ = 2; see Figure 4.2. In fact, they have the same cluster complex structure,
that is, their underlying canonical cone complexes both contain the positive and negative cluster
complexes AE and Aj;. This turns out to be true for any acyclic skew-symmetrizable matrix B,

and we prove this fact in the next section.
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7.5. Cluster chamber structure

This section presents the main result of this chapter. We show that the Hall algebra scattering

diagram @gag possesses the same cluster chamber structure as the cluster scattering diagram @gl D

7.5.1. 7-tilting cone complex. To any finite-dimensional algebra A, there is an associated
(possibly infinite) simplicial cone complex &(s7-tilt A) in M. A ray in this cone complex is gener-
ated by the so-called g-vector of an indecomposable 7-rigid pair and a maximal cone corresponds
to a support 7-tilting pair. We explain these notions and the construction of this cone complex in

this section, starting with 7-rigid modules.

Definition 7.5.1. Let A be a finite-dimensional K-algebra. A finite-dimensional left A-module is

said to be 7-rigid if we have

Homu (M, 7M) = 0.
Here the functor 7: mod A — mod A is the Auslander-Reiten translation.
We refer the reader to the book [ARS97] for the details of AR translation.
Definition 7.5.2. Let A be a finite-dimensional K-algebra.
(1) A 7-rigid pair (M, P) is a 7-rigid module M and a projective A-module such that

Homyu (P, M) = 0.

(2) A 7-rigid pair is said to be support T-tilting if |M|+ |P| = |A| where |-| counts the number
of non-isomorphic indecomposable direct summands of an A-module. Denote by s7-tiltA
the set of isomorphism classes of basic support 7-tilting pairs of A.

(3) A 7-rigid pair is said to be almost complete support T-tilting if | M|+ |P| = |A| — 1.

Example 7.5.3. By Auslander-Reiten duality, any 7-rigid module T is rigid, i.e.
Ext!(T,T) = 0.

For the path algebra of a Dynkin quiver, the reverse is also true, i.e., every rigid module is also

T-rigid.

For a 7-rigid pair (M, 0), we will simply represent it by the 7-rigid module M. We will denote

(0, P) by P[1] for simplicity. It is also clear that both 4A and 4A[l] are support 7-tilting.
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THEOREM 7.5.4 (Adachi-Iyama-Reiten [ATR14]). Let (U, P) be an almost complete support
T-tilting pair. Then it has precisely two completions, i.e., there exist precisely two indecomposable

T-rigid pair, either of the form (X,0) or (0, X) such that
(U@ X, P) or (U,P&X)

s support T-tilting.

The above theorem provides a way to mutate a basic support 7-tilting pair (7', P). For example,

suppose that T = U @ X (resp. P =V @ X) where X is indecomposable. Then the pair
(U, P) (resp. (T, V))

is almost complete support 7-tilting. Then one can complete (U, P) (resp. (T,V)) by the other
indecomposable 7-rigid pair guaranteed by Theorem 7.5.4. This is defined to be the mutation of
(T, P) at (X,0) (resp. (0,X)).

Let Ko(proj A) be the Grothendieck group of the category of finitely generated projective mod-
ules over A. It is a lattice with a basis consisting of the classes of the indecomposable projective
modules

P, P,..., P,

The group Ky(proj A) is naturally dual to the lattice N = Ky(mod A) (with basis e; = [S;]) such
that [P;] = €. Thus in our convention, we let M = Ky(proj A).
For a module T' € mod A, let
Q1 —Qo—T—0

be a minimal projective presentation of T. We define the g-vector of T to be
T._
g =[] —[Qo] € M.

The g-vector of P[1] is defined to be —g¥ = [P]. Note that our convention is opposite to [ATR14]

(the difference is superficial). For each 7-rigid pair (T, P), we associate a g-vector

g TP = T _ gP M.
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THEOREM 7.5.5 (Adachi-Iyama-Reiten [ATR14]). Let A be a finite-dimensional algebra over
K of rank n.

(1) The g-vectors of indecomposable direct summands of a basic support T-tilting pair form a
basis of M.
(2) The map
(T, P) s g(TP)

defines an injection from the set of isoclasses of T-rigid pairs to M.
or a basic support T-tilting pair (T, P), let Cir py be the rational polyhedral cone generate
3) F basi t T-tilti r (T, P), let Cr,p) be the rational polyhedral ted

in Mg by the g-vectors of its indecomposable direct summands. Then the set of cones
{Cir.p) | (T, P) € sT-tilt A}

and its faces form a simplicial cone complex in Mg. Its dual graph is n-reqular. We call

this cone complexr S(sT-tilt A).

PROOF. The first two statements are proven in [AIR14]. The last statement is a straightfor-

ward consequence of the first two combined with Theorem 7.5.4. ]

Note that the cone complex S(s7-tilt A) may neither be finite nor complete.

7.5.2. A correspondence between stability and 7-tilting. The following theorem is es-
sentially due to Brustle-Smith-Treffinger [BST19]. Let A be a finite-dimensional K-algebra as in

the last section. Suppose that A comes from a quiver with relations (@, I). Here we fix K = C.

THEOREM 7.5.6 ( [BST19]). The cone complex S(s7-tilt A) in Mg is a cone subcomplex of the

profinite cone complexr Gl = 65’?}1 of the Hall algebra scattering diagram @ga}l

Example 7.5.7. We demonstrate the above correspondence by the following example. Let us
consider the finite-dimensional algebra H (B, D) defined by a quiver with relations in Section 7.4.
The following Figure 7.2 shows the cone complex S(s7-tilt H), depicted in the basis (e, €3). It
is complete with 6 maximal cones. Each ray is labeled by an indecomposable 7-rigid pair, whose
g-vector is indicated by the black dot. The cone complex is the same as the one in Figure 7.1.
Each maximal cone corresponds to a support 7-tilting pair. For example, the first quadrant

corresponds to P;[1] & P[1] while the second quadrant corresponds to the pair (S1, Pa[1]).
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FIGURE 7.2

For example, we have a minimal projective presentation
2
P — P, — % — 0.

Thus the g-vector for the 7-rigid module 5 is e} —e5.
1

7.5.3. The cluster complex structure of H(B, D). Let (B, D) be an acyclic skewsym-
metrizable matrix with a left symmetrizer. In this section, we apply the construction of the 7-tilting
complex and the correspondence of the last section to the finite-dimensional algebra H = H(B, D).

Let us be more precise on the current setting we are at. Given fixed data I' with an initial
seed s as in Section 3.1.3. We assume that the matrix B = B(s) is acyclic. The algebra H defined
in Section 7.1 is associated to (B, D). We have the Hall algebra scattering diagram @gi% as in
Definition 7.3.1 with its canonical cone complex denoted by 6%’?}%.

On the other hand, the data (T',s) determines the cluster scattering diagram D! (Defini-
tion 4.2.1). In some occasions, we have denoted this scattering diagram by @%1’ p if there is no

ambiguity. From Section 4.4, we know that the canonical cone complex 69 has a subcomplex AJ.

The following theorem is the main result of this chapter.
THEOREM 7.5.8. The cluster complex A} is also a cone subcomplex of 6%?}:1).

ProOOF. We identify the complex A} with &(s7-tilt H). Since we have &(s7-tilt H) is a sub-

complex of 6%?1% by Theorem 7.5.6, the theorem follows.
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By theorem 1.1 of [GLS19], the dual graph 7 (H) of the complex &(s7-tilt H) is isomorphic
to the exchange graph of the cluster algebra A(B), which again is isomorphic to the dual graph of
A (see Section 4.4). We show that via this identification, the cone of a support 7-tilting pair is
the same as the cone of the corresponding cluster.

Let (T, P) be a support 7-tilting pair of H and V' be a indecomposable direct summand of 7.
We know from Lemma 6.2 of [GLS19] that V is locally free and thus proj. dim(V') < 1 by Theorem

1.2 of [GLS17]. Then V admits a minimal projective resolution
001 —=>Qo—V—=>0

and the g-vector of V' is computed as

9" =[Q1] — [Qu] € M.

For any locally free H-module W, we have
0 — Hom(V, W) — Hom(Qg, W) — Hom(Q1, W) — Ext!(V, W) — 0.

Thus we have

dim Hom (V, W) — dim Ext*(V, W) = —([Q1] — [Qo])([W]).

The left hand side can be computed by a bilinear form defined on N as ([V],[W])c,p,o by Prop.
4.1 of [GLS17]. Thus we have

9" =(lVl,.-)cpa € M.
We know that V' corresponds to a cluster variable Ay via the isomorphism between the aforemen-
tioned two exchange graphs. There is a localization functor Loc that sends V' to Loc(V') a module

over a hereditary algebra H (over the field C((e)) for some central element € in H; see [GLS19]).

It is also well-known that the vector

(IV],=)e,pa = ([Loc(V)], —)c.p.o

computes the g-vector for Ay (e.g. see [Rup15]). We then conclude that the cones in &(s7-tilt H)
and G¢! are equal under the identification induced by the the isomorphism between the dual graphs.

0
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We point out that this theorem motivates that the category mod H(B, D) might play an im-
portant role in categorifying the cluster algebra A(B).

Recall the notations in Section 3.2. Suppose we have fixed data I" with an initial seed s such
that B = B(s) is acyclic. For a locally free H-module T', we define Gry¢(n,T') to be the projective
variety of locally free quotients of 1" with dimension vector n. The following conjecture is due to

Geiss-Leclerc-Schréer, which can be considered as a locally free version of Theorem 5.3.1.

Conjecture 7.5.9. Let (T, P) be a T-rigid pair with g-vector g Then we have

COLTP) =" 3 (G D)) = 4 (gT)
neN®NN°

where the right hand side is the unique cluster monomial corresponding to the g-vector ¢(T-F)

For a skew-symmetrizable matrix B of Dynkin type, Conjecture 7.5.9 has been proven by
Geiss-Leclerc-Schroer in [GLS18]. To the best of the author’s knowledge, the general case remains

open.
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CHAPTER 8

Cluster scattering diagrams of Chekhov-Shapiro algebras

In this chapter, we develop the theory of cluster scattering diagrams for Chekhov-Shapiro
algebras [CS14] (see Section 3.3 for definition), generalizing the framework of [GHKK18].

8.1. Generalized cluster scattering diagrams

Suppose we are given fixed data I' with an initial seed s. The Lie algebra gs is the same as the
one in Section 4.2. To define a consistent scattering diagram, we need to specify initial data as in
(4.1.2). Recall that in Section 3.3, we need some extra data to define a CS algebra. For each i € I,

we need a reciprocal monic polynomial

d;
o) = 3wt
k=0

Define the initial data

(9n)nePrim(n+) € H exp 97“1
nePrim(NT)

such that for each i € I, the action of g, on the monomial 2™ (see Section 4.5) is given by

Adgs, (z) = 2" - pi(a®)") € T = QIN®]|[M].

and for any other n € Prim(N%), g, =id € G.

This particular initial data defines a consistent g-SD
9P = (655,05 Mg — G)

Note that here we omit the choice of (p;);cs from the script. In the following sections of this chapter,

we will show that this is the right scattering diagram for the corresponding CS algebra.

Example 8.1.1. We present a rank two example. We set

pr(v) =1+wv, pa(v) =1+v+0°%
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1+ 2o+ 23 1+ 2o+ 23
1+ 123
14z 1+ 129 + 2223
FIGURE 8.1

The initial seed is given by
s = (e1,e2),
and § = (€1,€2) = (e1,2e2). We also set w(ej,ez) = 1. This is the same fixed data as in Exam-
ple 4.2.3 when b =1 and ¢ = 2.
Let 1 = 2% and xo = x°2. The generalized cluster scattering diagram for this data is depicted
below in Figure 8.1, in the basis (e7, e5). One sees the canonical cone complex &S5, which is equal
to &L, Each ray (also a wall in two dimensions) is labelled by a polynomial that represents the

wall-crossing.

Remark 8.1.2. The above scattering diagram has a representation-theoretic interpretation. See

the future work of the author joint with Labardini Fragoso [LFM].

8.2. Mutation invariance and cluster complex structure

In this section, we study the relationship between the mutation QS‘ZSS and @SCS. Notice that the

polynomials (p;);er remain unchanged after mutations. The main result is the following theorem.
THEOREM 8.2.1 (Mutation invariance). Fiz the choice of polynomials p = (p;)icr-
(1) Fore € {+,—} and any m € ", we have

.5 (m) = 255 (m).
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CS

A at m is given by the

(2) At a genericm € sﬁ, the wall-crossing of the scattering diagram ®
polynomial

pr(T™°F).

PROOF. As in the proof of Theorem 4.3.1, the proof goes exactly the same as the one of

mutation invariance in [GHKK18]. The slab now is the pair
0 = (51, (™).
The identity that leads to consistency is

2™ p (Zp*(sk))fm(Sk) _ Zm—m(Sk)p*(gk)p (Zp*(_sk))fm(sk) |

which follows from the reciprocity of the polynomial py. O

Just as in Section 4.4, the above theorem will lead to a cluster complex structure of DES.
Additionally, we see immediately from the mutation invariance that the cluster complex we obtain
for DS is still the cone complex A as in Section 4.4. We summarize the results regarding the

cluster complex structure of D5 in the following theorem.

THEOREM 8.2.2. Consider the scattering diagram @SS.

(1) The profinite cone complex &S5 contains A} as a cone subcomplex.
(2) Each mazimal cone is generated by the g-vectors (gxi)ier-

(3) Letd be a facet of a mazimal cone in A with normal vector cs;/d;, then the wall-crossing
is given by the action

m(lesi/dil) .
Ad®@)(z™) =2" - p; (:L"CS”'/d"‘) “ cT.

Moreover, Theorem 4.5.7 extends to CS algebras by using the scattering diagram DS, As in

Section 4.5, we define a complete algebra

T= ) QU (V)] - 2"

meM

with an action of G by automorphisms. We denote the CS cluster variables with principal coeffi-

cients (resp. without coefficients) by A% (resp. Ag;) for a sequence k of indices and i € I.
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THEOREM 8.2.3. We have
APt = Adg pSB(2%1) € ZIM @& N|, A = Adg pS®(2%1) |gn_1€ Z[M)]

where pgs denotes the path-ordered product in @SS and vy is any path from a point in the interior

of the cluster chamber Glf to the positive chamber.

PrOOF. The strategy of the proof is the same as the proof of Theorem 4.5.7. Note that the
g-vectors only depend on the data (I',s), so the algorithm in Proposition 4.4.9 still applies. We
prove by induction on the length of k. Recall the notations in the proof of Theorem 4.5.7, and
suppose that i = k;. Let 6 = sgn(cy ;) € {+, —}. Then we have

= g+ Z [ 5bﬂ} digw j,

j€el

where Bji = w(ckfyj/dj, Ck/ﬂ'/di).

The recursive equation in the current situation is then

Ads B(2) (291) = 2%ip; (Zp*(5Ck/’i/di)$5ck/)i/di>
— Z_gk’,i+2jel[_55ji}+digk’,jpi (Zp*(5ck’,i/di)x(sck’,i/di)
_ Z_gk/’igi H (nglyj)[_(sl;ji]+ 7x6ck/¢/di H (zgk’,j)[&;ji]+
jerI jeI
This is exactly the exchange relation of generalized cluster variables in principal coefficients.

Note here the vector cx;/d; is in N but not in N° in general. The result follows by induction as in

the proof of Theorem 4.5.7.
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APPENDIX A

Generalized reflection functors from Keller-Yang’s derived

equivalence

In this appendix, we explain a way to obtain the generalized reflection functors defined in
Section 6.5 from Keller—Yang’s derived equivalence [KY11]. It is suggested to the author by
Bernhard Keller. Recall the notations in Section 5.2.

Let (Q,W) be a k-mutable quiver with potential. Let (@,W) = ux(Q,W) and (Q',W') =
1 (Q, W).

Proposition A.0.1. We have natural isomorphisms
Bl HY o Ff our: modP(Q, W) — mod P(Q', W),
F, = HY oF, ou: modP(Q/,W/) — mod P(Q, W).

We need some preparations before proving this proposition. Let P = P(Q, W), P = 77(@, W)
and P’ = P(Q', W").
For a fixed k € I, define the following PP-module

U=

i€l

where U; = P; = Pe; for i # k and Qj = coker <Pk - & Ps(a)>, i.e. the module making
a: tla)=k
the following sequence

(AOl) P, — Ps(a) — U — 0
a: t(la)=k

exact. A component of the above map Py — Py, is by left multiplication by a.
Lemma A.0.2. There exists a unique algebra homomorphism

®: PP —s Endp(U)
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such that

(1) for an idempotent e;, ®(e;) is the projection to direct summand U;;
(2) for a:i— k in Qq, ®(a*) is the natural linear map from P; to Uy in the sequence (A.0.1);
(3) for B: k — j in Q1, ®(B*) is the natural map from Uy, to Pj as indicated by the following

diagram
Pk - @ Ps(a) Uk 0
a: t(a)=k [
by

where a component Py) — Pj is given by multiplying 0soW and we have that the com-
position

P, — @ Ps(a) — Pj
a: tla)=k

vanishes;
4) for [Bal € @1, ®(|Ba)) is the map from P; to P; by right multiplying Bo;
J
5) for any other v:i — j € @1 not incident to k, ®(v) is the map from P; to P; by right
J
multiplying ~.

Moreover, there is a commutative diagram of algebra homomorphisms

I — Homr (T, T)
(A.0.2) JHO lHo

PP —*, Homp(U,U)

where the top horizontal map is the dg algebra homomorphism in Section 5.2 (see [KY11, Section

3.4)).

PRrROOF. In fact, the map ® is completely determined by the dg algebra homomorphism from

TP to Homp(T, T), which is described in details in [KY11, Section 3.4]. O

Due to Lemma A.0.2, there is a P - P°P-bimodule structure on U. Thus we can consider the

following functor

Hom(U, —): mod P — mod P.

Lemma A.0.3. The functor Hom(U, —) is naturally isomorphic to the generalized reflection functor
ot
F..
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PROOF. As a vector space, we have that
Hom(U, M) = @5 Hom(U;, M).
il
The left P-structure is described by Lemma A.0.2. For i # k, the space Hom(U;, M) is identified

with M;. When ¢ = k, we have the following exact sequence from (A.0.1)
0—>H0m(Uk,M) — @ Ms(oz) — M;,.
a: tla)=k

In view of quiver representations, the above identifications induce an isomorphism between Hom (U, M)

and ﬁlj (M) as left P-modules, which is functorial on M. O

Recall that (Q', W') = pu,(Q, W) is the reduced part of (Q, WN/) Thus the Jacobian algebra P’
is isomorphic to P induced by the inclusion Q' C @ Then we can view U as a P - P’-bimodule and
define the following functor

U ®p —: mod P’ — mod P.

Recall from Section 6.5 that we have defined the generalized reflection functor F, : mod P’ —

mod P.
Lemma A.0.4. The functor U @pr — is naturally isomorphic to F,:r: mod P’ — mod P.

PRrROOF. We regard P’ as a right module over itself. We define as a right P’-module

R=PRi=|@PeP | @coker [exP' = P eys)P’
icl ik B: s(B)=k

There is an algebra homomorphism from P’ := fi;(Q', W’) to Homp: (R, R) so that R becomes a
P’ -P'-bimodule. It is straightforward from the definition of R that not hard to check that the
functor R ®ps — is naturally isomorphic to ﬁk_ : mod P’ — modP’. However, note that P’ is

isomorphic to P, and we have an isomorphism between bimodules
pUp =P X5 Rp:.

The lemma follows. OJ
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PROOF OF PROPOSITION A.0.1. We compute the functor
H® o RHom(T,—) o v: mod P — mod P.
Let M € modP. We have

H° o RHom(T, M) = Hompr (T, M) = @9 Hompr(T;, M).
el

For i # k, we have Hompr(I';, M) = Homp(P;, M). For i = k, the exact triangle (5.2.1) implies

the following exact sequence (with Hompr(I'x[1], M) = 0)

(AO?)) R HomDF(Fk[l], M) — HOHIDF<Tk, M) —

— @ Hompp(l"s(a)) — Hompp(l“k, M) —
a€Qr: t(a)=k

Thus we have

Hompr (T, M) = ker | ) Hompr(T'y(a), M) — Hompp (T, M)
>ker | @ Homp(Py@), M) — Homp (P, M)
(A'0'4) a: tla)=k

= Homp | coker | P, — EB Pyoy | s M
a: tla)=k

= HOm'p(Uk, M)

Therefore we have the following functorial isomorphism for any M € mod P (also viewed as a

dg I'-module concentrated in degree 0),
H'RHom(T, M) = Homp (U, M).

The LHS inherits a left action of P = HT from the right dg I-module structure on 7T It coincides
with the action of P on the RHS through the right P-module structure on U by the commutative

diagram (A.0.2). Combining with Lemma A.0.3, we hence conclude that

0, Tt o, o~ ot
H o F o1t 2 F,
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which implies H° o .7:; oL = F, ,j . The natural isomorphism between HY o .7::,6_ o ¢ and ﬁk_ can be

proven similarly (using Lemma A.0.4) O

We remark that the properties of the generalized reflection functors in Theorem 6.5.4 follow

easily from Proposition A.0.1. We also note that the functor Hom (U, —) is also considered in [Feil9)].

129



APPENDIX B

The proof of Proposition 6.7.1

We first introduce the moduli stack Dﬁf;{, C M = M, w that parametrizes P(s, W)-modules in
the subcategory .Af;[r,

Fix a dimension vector d. Over a C-scheme S, the groupoid M 4(S) consists of

(Viypa: Vs(a) — Vt(a))iEQo(s,W), aEQ1 (s, W)

where each V; is a locally free sheaf on S of rank d; and p,’s are morphisms satisfying relations in
the ideal I(Ng).

For a vertex k € Qo(s), consider the morphism

By = @ Pa: Vi = Vout = @ Vt(a)'

s(a)=k s(a)=k

To define the substack ,’Jﬁf;{/, we consider the subgroupoid <9ﬁ§$)d (S) € M4(S) consists of those
such that [ is injective and coker §; is also locally free. Note that this condition is stable under
pull-back. Thus in particular 8y is injective at every stalk.
We define
Qﬁsg/ = H (Sﬁs’%})d
deN&®

Recall that we have an affine scheme (Reps )4 of representations of dimension vector d of the
quiver Q(s) satisfying relations in I(Ny). There is an open subscheme (Repsg}' ) ; Of representations

with Sk being injective. It is Gg4-invariant.

Lemma B.0.1. The moduli stack (z):rtf’;;)d is equivalent to the quotient stack
(Replyy) /Gl

which is algebraic, of finite type and with affine diagonal.
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PrROOF. Over a C-scheme S, the groupoid [(Repf,’v'v" )a/Ga)(S) consists of objects that are G-

equivariant morphisms from principal G4-bundles over S to (Repsgf )a- Let
f P — (Repk)
be such an object. Then we have locally free sheaves (P xq, Cdi)ier over S and morphisms
pa: P xg, Cl@) — P xg, Cl

such that
p(p,v) = f(p)a(v).

This data determines an object in (im:";)d(S ) and in fact defines a functor from [(Repf;v'v" )a/Gal(S)
to (ML1)a(S).

Now we construct a functor from (imf”‘;)d(S ) to [(Repf”‘j )a/Gal(S). For an object

(Viypoa3 Vs(a) — Vt(a))ier(S,W), acQ1(s,W)

in (m:’vt)d(S), consider the frame bundle P of the structure group G4 of this data over S. The
pull-backs of (V;)ieq, from S to P can be trivialized over P. Hence the pull-backs of (pa)ac,
together define a Gy-equivariant morphism from P to (Reps";f )a- In this way, we have defined a
functor from (imf;f,)d(S) to (Repiﬁ)d(S).

These two functors respect pull-backs and are in fact quasi-inverse equivalent to each other.

Therefore the two stacks are equivalent. O

We define the stack
k,— k—
S)ﬁs,W = H (ms,W)d
deN

in a similar way. Here we require that the objects in fmfv;,(S) satisfy that the morphism
D raVi> D Viw
a: s(a) a: s(a)=k
is surjective between locally free sheaves.

Let (s, w') = u; (s, w). We define a morphism

k4 k—
f = f]:_ f)ﬁ&w — Qﬁs“W/
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as follows. For an object (V;, po) in Dﬁf;{,(S ), the map f(S) sends this object to a representation
Vi, pi/) of Q(s') where V! =V for i # k and Vj, = coker (%, and p’v are defined as in Section 6.5.

PRrROOF OF PROPOSITION 6.7.1. The C-points of Sﬁf;{/ are exactly representations of (@, I(Ny))
(for various dimension d) in Ay, 4 while the C-points of fmf,;[,, correspond to representations in .A;ﬁ.
By the equivalence between Ay, ;. and Afﬁ_ (Theorem 6.5.4), the morphism f: S)ﬁf;{, — mf,;v, in-

duces an equivalence between groupoids
k, k,—
F(C): M (C) = MmG,,.(C),

proving that f is a geometric bijection.
A geometric bijection between stacks induces an isomorphism between relative Grothendieck

groups; see [Bril2]. Thus we have an induced isomorphism
for K (St/mmlyy) = K (se/mly, )

of K(St/C)-modules. It is not hard to check that f, respects the convolution product, thus becoming
an algebra homomorphism between Hall algebras.

Finally, note that we have the commutative diagram

m -SS M -SS
s, W s W/

J J

k,+ k,—
My —— My

where the horizontal maps are geometric bijections induced by the functor F, Ij . The vertical maps

are inclusions. Then we have

J (km;nW) = Llogmzss.
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