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Crystal Combinatorics and Grothendieck Polynomials

Abstract

Crystals are models for representations of symmetrizable Kac-Moody Lie algebras. They have
close connections to algebra and geometry via symmetric functions. In this dissertation, combina-
torics related to two kinds of symmetric functions arising from Schubert calculus is discussed. The
first one is the stable Grothendieck polynomial. We introduce a type A crystal structure for the
combinatorial objects underlying the stable Grothendieck polynomials which we call x-crystal. This
crystal is a K-theoretic generalization of the Morse-Schilling crystal on decreasing factorizations
in the symmetric group. We prove that under the residue map the x-crystal intertwines with the
crystal on set-valued tableaux introduced by Monical, Pechenik and Scrimshaw. We also define a
new insertion from decreasing factorizations to pairs of semistandard Young tableaux and prove
several properties, such as its relation to the Hecke insertion and the uncrowding algorithm. The
new insertion also intertwines with the crystal operators.

The second one is the stable canonical Grothendieck polynomial. Whereas set-valued tableaux
are the combinatorial objects associated to stable Grothendieck polynomials, hook-valued tableaux
are associated to stable canonical Grothendieck polynomials. We define a novel uncrowding algo-
rithm for hook-valued tableaux. The algorithm “uncrowds” the entries in the arm of the hooks
and yields a set-valued tableau and a column-flagged increasing tableau. We prove that our un-
crowding algorithm intertwines with crystal operators. An alternative uncrowding algorithm that
“uncrowds” the entries in the leg instead of the arm of the hooks is also given. As an application

of uncrowding, we obtain various expansions of the canonical Grothendieck polynomials.
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CHAPTER 1

Introduction

In this chapter, we provide the overview of the dissertation, and some preliminaries on crystals,

tableaux and Grothendieck polynomials.

1.1. Overview

A complete flag Fo = {{0} = Fy C F; C --- C F,, = C"} in C" is a nested sequence of vector
spaces such that dim(F;) = ¢ for 0 < ¢ < n. The flag manifold F1,, is all complete flags in C". The
Schubert varieties of Fl, are subsets of Fl,, indexed by permutations in S,, which will be defined
in Definition 1.2.6. An important problem in Schubert calculus is how to compute the intersection
numbers of the Schubert varieties. One concrete solution is to compute the expansion of the product
of their polynomial representatives. Lascoux and Schiitzenberger [16,17] introduced Grothendieck
polynomials in 1982, which are representatives for the Schubert classes in the K-theory of the
flag manifold. The stabilizations of Grothendieck polynomials are symmetric functions and were
studied by Fomin and Kirillov [8]. They gave a combinatorial definition of the stable Grothendieck

polynomials, labeled by permutations w € S,,, as
(1) Gulrn i B) = 32 00
(k;h)

where the sum is over decreasing factorizations [k, h]* of w in the 0-Hecke monoid, which will be
defined in Definition 2.1.2. When g = 0, G, specializes to the Stanley symmetric function £, [29].

A robust combinatorial picture has been developed for the special case of Grothendieck polyno-
mials indexed by Grassmannian permutations. Buch [3] showed that the stable Grassmannian (or

symmetric) Grothendieck polynomials can be realized as the generating functions of semistandard
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set-valued tableaux:

(12) G)\(J/'l,.. . 7xm76) = Z IBGX(T)mwt(T)’
TeSVT™(A)

where semistandard set-valued tableaux SVT™ (M), wt(T') and ex(7T) will be defined in Defini-
tion 1.2.4. The set-valued tableaux play an important role in K-Theory. They form a generalization
of semistandard Young tableaux, where boxes may contain sets of intergers instead of just integers.
Stable symmetric Grothendieck polynomials G can be viewed as a K-theory analogue of the Schur
functions sy (while the Grothendieck polynomial is an analog of the Schubert polynomial), which
will be defined in (1.3). Buch [3] also described the structure coefficients ¢, of G\G}, in terms of
set-valued tableaux, generalizing the Littlewood—Richardson rule for Schur functions.

The crystal structure on a combinatorial set is the combinatorial shadow of a (quantum) group
representation (see for example [5,12,13,14,20,21]). The characters of connected components of
crystal graphs are the Schur polynomials. Beyond the representation theory, crystals can be used
to prove certain polynomial expansions. Recently, Monical, Pechenik and Scrimshaw [22] provided

a type A,,_1-crystal structure on SVT"*(\) which, in particular, implies that
Galer, o oami B) = 3 BN s, ),
m

where MY is the number of highest-weight set-valued tableaux of weight p in the crystal SVT™())
and s, is the Schur function. Their approach recovers a Schur expansion formula for Grassmannian
Grothendieck polynomials given by Lenart [18, Theorem 2.2] in terms of flagged increasing tableaux.
Blasiak, Morse and Pun proved Schur and key expansions of a certain Catalan function by relating
it to the DARK crystal, see [2].

In Chapter 2, we define a type A crystal structure on decreasing factorizations of w in the
0-Hecke monoid of (1.1), when w is fully-commutative [30] (or equivalently 321-avoiding). A
permutation w is fully-commutative if its reduced expressions do not contain any braids. The
number of fully-commutative elements of S,, is the n-th Catalan number. The residue map (see
Section 2.1.4) shows that fully-commutative permutations correspond to skew shapes. We call our

crystal x-crystal. It is local in the sense that the crystal operators f* and e only act on the



i-th and (¢ + 1)-th factors of the decreasing factorization. It generalizes the crystal of Morse and
Schilling [24] for Stanley symmetric functions (or equivalently reduced decreasing factorizations of
w) in the fully-commutative case. We show that the x-crystal and the crystal on set-valued tableaux
intertwine under the residue map (see Theorem 2.1.2). We also show that the residue map and
the Hecke insertion [4] are related (see Theorem 2.2.1), thereby resolving [22, Open Problem 5.8]
in the fully-commutative case. In addition, we provide a new insertion algorithm, which we call
*-insertion, from decreasing factorizations on fully-commutative elements in the 0-Hecke monoid to
pairs of (transposes of) semistandard Young tableaux of the same shape (see Definition 2.2.2 and
Theorem 2.2.2), which intertwines with crystal operators (see Theorem 2.3.1). This recovers the

Schur expansion of G, of Fomin and Greene [7] when w is fully-commutative, stating that

o

where

g = {T € SSYT" (i) | we (T) = wh,

and wc(T') is the column reading word of T' (see Remark 2.3.3). We also show that the com-
position of the residue map with the x-insertion is related to the uncrowding algorithm [3] (see
Theorem 2.3.2). Other insertion algorithms have recently been studied in [6].

The Grassmannian Gr(k,C") of k-planes in C™ has a fundamental duality isomorphism
Gr(k,C") = Gr(n — k,C").

This implies that the structure constants have the symmetry CKM = cKl, o where )\ denotes the
conjugate of the partition A\. Hence one expects a ring homomorphism on the completion of the
ring of symmetric function defined on the basis of stable symmetric Grothendieck polynomials
7(G)) = Gy . The standard involutive ring automorphism w defined on the Schur basis by w(sy) =

sy does not have this property [15]

w(G’,\) = J)\ 7é G)\/.



Yeliussizov [32] introduced a new family of canonical stable Grothendieck polynomials G (z; ., 3)
such that
W(G)\(x; «, ﬁ)) =Gy (l’, 57 Oé).

Combinatorially, the canonical stable Grothendieck polynomials can be expressed as generating
functions of hook-valued tableauz. In a hook-valued tableau, each box contains a semistandard
Young tableau of hook shape, which is weakly increasing in rows and strictly increasing in columns.

More precisely

G, (.%'; a, 5) _ Z aa(T)BE(T)xweight(T)7
TEHVT(N)

where HVT(A) is the set of hook-valued tableaux of shape A, a(T') is the sum of all arm lengths
and ¢(T') is the sum of all leg lengths of the hook tableaux in 7.

A hook-valued tableau T is a set-valued tableau when all hook tableaux entries are single
columns or equivalently a(7T") = 0. Hence G (x; o, B) specializes to G (x; 5) for o = 0. Similarly, a
hook-valued tableau T is a multiset-valued tableau when all hook tableaux entries are single rows
or equivalently ¢(T) = 0. Hence Gj(z; o, ) specializes to Jy(x; ) for 5 = 0.

In Chapter 3, we describe a novel uncrowding algorithm on hook-valued tableaux (see Defi-
nitions 3.2.1, 3.2.2 and 3.2.3). The uncrowding algorithm on set-valued tableaux was originally
developed by Buch [3, Theorem 6.11] to give a bijective proof of Lenart’s Schur expansion of
symmetric stable Grothendieck polynomials [18]. This uncrowding algorithm takes as input a set-
valued tableau and produces a semistandard Young tableau (using the RSK bumping algorithm to
uncrowd cells that contain more than one integer) and a flagged increasing tableau (also known as
an elegant filling), which serves as a recording tableau.

Chan and Pflueger [6] provide an expansion of stable Grothendieck polynomials indexed by skew
partitions in terms of skew Schur functions. Their proof uses a generalization of the uncrowding
algorithm of Lenart [18], Buch [3], and Reiner, Tenner and Yong [28] to skew shapes. Their
analysis is motivated geometrically by identifying Euler characteristics of Brill-Noether varieties
up to sign as counts of set-valued standard tableaux. The uncrowding algorithm was also used in
the analysis of K-theoretic analogues of the Hopf algebras of symmetric functions, quasisymmetric

functions, noncommutative symmetric functions, and of the Malvenuto-Reutenauer Hopf algebra



of permutations [1,15,26]. In [10], a vertex model for canonical Grothendieck polynomials and
their duals was studied, which was used to derive Cauchy identities.

An important property of the uncrowding algorithm on set-valued tableaux is that it intertwines
with crystal operators [22] (see also [23]). A crystal structure on hook-valued tableaux was recently
introduced by Hawkes and Scrimshaw [11]. Our novel uncrowding map on hook-valued tableaux
yields a set-valued tableau and a recording tableau. We prove that it intertwines with crystal
operators (see Proposition 3.2.1 and Theorem 3.2.1). This was stated as an open problem in [11].
As a consequence it provides another proof for that the crystal structure on hook-valued tableaux

is Stembridge.

1.2. Preliminaries

1.2.1. Kawhiwara crystals. Let g be a symmetrizable Kac-Moody algebra with associated
weight lattice A. Let I be the index set of the Dynkin diagram and denote the simple roots and

simple coroots a; and a.

DEFINITION 1.2.1. An abstract Uy(g)-Kashiwara crystal (or crystal for short) is a nonempty

set B together with maps

ei, fi :B— BU{0}, ( they are called the crystal operators)
i, pi : B— ZU{—o00}, (they are called the string lengths)
wt: B — A, ( this is called the weight map)

where i € I and 0 ¢ B is an auxiliary element, satisfying the following conditions:

A1 f; and e; are partial inverses of each other. That is, if x,y € B then e;(x) =y if and only

if fi(y) = x. In this case, it is assumed that

wi(y) = wt(z) + o, eily) =ei(@) =1L, piy) = wi(z) + 1.

A2 We require that

pi(x) = (wt(2), o)) + &i(x)
5



forallx € B and i € I. In particular, if p;(x) = —o0o, then g;(x) = —oo. If p;(x) = —o0,
then we require that e;(x) = fi(x) = 0.
If pi(z) = max{k € Zso| fF(x) # 0}, and &;(x) = max{k € Zxo|eF(z) # 0}, for all i € I, then B is

also called seminormal.

The above Definition 1.2.1 defines an edge-labeled directed graph where the vertices are B and
the edges are formed by crystal operators f;’s. In general, they may not correspond to representa-
tions. Stembridge [31] gave a set of local axioms that uniquely characterize the crystals correspond

to representations of algebras of simply-laced types. These crystals are called Stembridge crystals.

EXAMPLE 1.2.1. When g is of type A, the weight lattice is Z"! generated by e1, ..., e,41 and
the simple roots are a; = e; — ea, ...,y = €, — €py1. The standard seminormal crystal has the

following crystal graph

M5E2 ... 5wl

The weight map is Wt() = e;. We denote this crystal by B.

DEFINITION 1.2.2. Let B and C be two abstract Uy(g)-crystals with index set I. A crystal
morphism is a map ¢ : B — C U {0} such that

(1) if b€ B and ¢(b) € C, then
(a) wt(¢(b)) = wt(b),
(b) €i(p(b)) = &i(b) for alli € I, and
(c) ¢i(d(b)) = ¢i(b) for alli € I;

(2) if byeib € B such that ¢(b), p(e;b) € C, then we have ¢(e;b) = e;p(b);

(3) if b, fib € B such that ¢(b), p(fib) € C, then we have ¢(fib) = fip(b).

A morphism ¢ is called strict if ¢ commutes with e; and f; for all ¢ € I. Moreover, a crystal
morphism ¢ : B — CU{0} is called a crystal isomorphism if the induced map ¢ : BLU{0} — CU {0}
with ¢(0) = 0 is a bijection. In this case, we write B = C.

Let B and C be two abstract U,(g)-crystals, we can also take their tensor product B® C. As a
set, it is the Cartesian product, denote by x ® y where z € B and y € C. The weight map is defined

to be wt(x ® y) = wt(x) + wt(y), and the crystal operators are defined as follows:
6



filz) @y if pi(y) < &i(),
filz®y) =
r® fi(y) if pi(y) > ei(x).

and

ei(z) @y if pi(y) < &i(z),
ei(z®@y) =
z®ei(y) if wi(y) > &().

Note that t ® 0 = 0 ® = 0. The string maps are defined as follows:

pi(z ®y) = max(pi(x), ¢i(y) + (wt(z), o)), ei(z @ y) = max(ei(y), &i(@) — (wi(y), o).

1.2.2. Tableaux combinatorics. The Young diagram of a partition A = (A1 = Ag--- = \y)
is a finite collection of boxes, aligned at the left, in which the i-th row has \; boxes. We use the
French convention, where the botton row is the first row. A Young tableau is a way of filling each
box of Young diagram with symbols from an alphabet, with restrictions depending on the context.
They are important models for crystals. A semistandard Young tableau of shape X is a filling of
boxes of A by positive integers so that each box contains a single number, the entries of each row
weakly increase from left to right, and the entries of each column strictly increase from bottom
to top. Denote the set of all semistandard Young tableaux of shape A by SSYT"(\) where m is
the maximal integer allowed in the filling and m is allowed to be co. The generating function for

SSYT™(A) is the Schur polynomials of partition A:

(1.3) Sx(@1, .., ) = Z a0,
TESSYT™(\)

When setting m = oo, we obtain the Schur function in infinite number of variables.
We can define a crystal structure on SSYT™()) by embedding them into B®* via row reading
or column reading. The weight of T € SSYT™ (M) is (¢, ¢, ... ) where ¢; is the number of ¢’s in the

filling of T'. We give the simplified version of the crystal operators via the signature rule.

DEFINITION 1.2.3. Let T € SSYT™(X). We employ the following pairing rule for letters i and

i+ 1. Assign — to every column of T' containing an i but not an i+ 1. Similarly, assign + to every

7



column of T containing an i + 1 but not an i. Then, successively pair each + that is to the left of
and adjacent to a —, removing all paired signs until nothing can be paired.

The operator f; changes the i in the rightmost column with an unpaired — (if this exists) to
i+ 1. If no unpaired — exists, then f; annihilates T'. Similarly, the operator e; changes the i + 1
in the leftmost column with an unpaired + (if this exists) to i. If no unpaired + exists, then e;
annihilates T .

Based on the pairing procedure above, ;(T') is the number of unpaired — while ;(T) is the

number of unpaired +.

Monical, Pechenik and Scrimshaw in [22] defined a semistandard set-valued filling (generalizing
semistandard Young tableaux SSYT by Alfred Young) on Young diagrams of partition shape A,
called semistandard set-valued tableaux SVT. They also defined a Stembridge crystal structure on

them. A slightly generalized version of the crystal structure on SVT will be given in Section 2.1.3.

DEFINITION 1.2.4 ( [3]). A semistandard set-valued tableau T is the filling of a skew shape \/p
with nonempty subsets of positive integers such that:

e for all adjacent cells A, B in the same row with A to the left of B, we have max(A) <

min(B),

o for all adjacent cells A, C in the same column with A below C, we have max(A) < min(C).

The weight of T, denoted by wt(T'), is the integer vector whose i-th component counts the number

of i’s that occur in T'. The excess of T is defined as ex(T') = |wt(T)| — |\|. We denote the set of

all semistandard set-valued tableaux of shape \/p by SVT(A/p). Similarly, if the maximum entry
is restricted to m, the set is denoted by SVT™(N\/ ).

The generating function for SVT™(\/u) is the Grothendieck polynomials for skew shapes,

(14) G)\/,LL(‘Tla” . 7$ma/8) = Z ,BEX(S)iBWt(T).
SeSVT™(N\/u)

For set-valued tableaux, there exists an uncrowding operator, which maps a set-valued tableau
to a pair of tableaux of identical shape, one being a semistandard Young tableau and the other a

flagged increasing tableau (see for example [1,3,18,28]). In this setting, the uncrowding operator
8



intertwines with the crystal operators on set-valued tableaux and semistandard Young tableaux,
respectively [22].

Consider partitions A\, g with A\ C p and A\ = py. A flagged increasing tableau (introduced
in [18] and called elegant fillings by various authors [1,15,26]) is a row and column strict filling of
the skew shape p/A such that the positive integer entries in the i-th row of the tableau are at most
i—1forall 1 < i< #(u), where £(u) is the length of partition p. In particular, the bottom row is
empty. The set of all flagged increasing tableaux is denoted by F. The set of all flagged increasing
tableaux of shape p/A with A\; = p; is denoted by F(p/)). We call a cell in a set-valued tableau a

multicell if it contains more than one letter.

DEFINITION 1.2.5. Define the uncrowding operation on T' € SVT(X) as follows. First identify
the topmost row r in T with a multicell. Let x be the largest letter in row r that lies in a multicell;
remove x from the cell and perform RSK row bumping with x into the rows above. The resulting
tableau, whose shape differs from A by the addition of one cell, is the output of this operation.

The uncrowding map on set-valued tableaux

(1.5) Usyt = SVT(A) — | | SSYT (1) x F(u/N)
H2A

is defined as follows. Let T' € SVT(\) with leg excess £.

(1) Initialize Py =T and Qo = Fy, where Fy is the unique flagged increasing tableau of shape
A/

(2) For each 1 < i < {, P; is obtained from P;,_1 by applying the uncrowding operation. Let C
be the cell in shape(P;)/shape(P;—1). If C is in row 1, then F; is obtained from F;_1 by
adding cell C' with entry v’ —r.

(3) Set Usyt(T) = (P, F) := (Py, Fy).

It was proved by Buch in [3, Section 6] that UsyT in (1.5) is a bijection. Monical, Pechenik and
Scrimshaw [22] proved that UsyT intertwines with the crystal operators on set-valued tableaux (see

also [23]). A similar uncrowding algorithm for multiset-valued tableaux was given in [11, Section

3.9].



EXAMPLE 1.2.2. Let T be the semistandard set-valued tableau. Perform an uncrowding opera-

tion on T to obtain T':

)
5 4
41415 31415
2 123| 3 , 21213
T = — T =
1111 |12(234| 5 1| 1|1 |12(234| 5

Proceeding with uncrowding the remaining multicells and recording the changes, we have uncrowd(T') =

(P,Q), where
515
4 | 4
31314
2121213
P and Q=
1 ({11125

1.2.3. Various definitions of the Grothendieck polynomials. We now introduce two

equivalent definitions of the Grothendieck polynomials Qiq(j,g ). The stable Grothendieck polynomial

is defined to be its stable limit G%E ) = limy, oo 05%) -

DEFINITION 1.2.6. The symmetric group S, for n > 1 is generated by the simple transpositions

S1,59,-..,Sn—1 Subject to the relations
SiSj = 5554, ’if |7, —j| > 1,

5iSi+18; = Si+18iSi+1, forl<i<n-—1,

s?zl, for1<i<n—1.
A reduced expression for an element w € S, is a word ajas . . . ag with a; € [n—1] :={1,2,...,n—1}
such that
(1.6) W= Sq; " Sa,

10



and ¢ is minimal among all words satisfying (1.6). In this case, £ is called the length of w.

DEFINITION 1.2.7 (Recursive definition, [16,17]). Let wqg be the permutation in S,, with mazximal
length. The Grothendieck polynomials are defined recursively by
(1) %) = 2 lal ™ ay;

(2) 6 = (5)61@1 whenever £(ws;) = {(w) + 1

where ﬂgﬁ) is the pB-divided-difference operator acting on Clxi,za,...] by
1 ) 3 P — 1 1 ceey 1 5 i? o e
wgﬂ)f(wl,xg,...) — (1 + Bzit1) f(z1, 22 :2 (x +1ﬁ95 (i, )‘
i — Tit

It is not hard to see that @Eﬁ )’s are well-defined since the 7T§5 ) satisfies the relations

7P o x® — @ ) o 1) o) _ l8) o 8) o lB)

7P o7r](-6) =7 OWZ(B) when |i —j| > 1.
Let A%’B ) be the algebra with generators wi,us,...,un—1 satisfying the relations
up = Bui, U = Ui Ui
UU; = UjUsj, ”L — ]| > 1.

Let x1,22,...,2,—1 be variables such that x;x; = x;x; and x;u; = ujx; for any 1 <i7,5 <n — 1.

DEFINITION 1.2.8 (As coefficients of generating functions, [8]). Define the polynomial

Then the Grothendieck polynomial 61(,?)(:1:1,...,37,1_1) is the coefficient of w € S,,. Here w s

identified with w; u;, . .. w;, if i192.. .1 15 a reduced expression of w.

DEFINITION 1.2.9 (As coefficients of generating functions, stable version, [8]). Define the poly-

nomial
n—1 1
G(B)(x17x2a Tp— 1 — H H +J»'J’UJ’L
j=1i=n—



Then the stable Grothendieck polynomial Gﬁf) (x1,...,Tn—1) is the coefficient of w.
It is not hard to see that this definition is exactly Equation (1.1).
ExXaMPLE 1.2.3. Let n = 3. We compute the Grothendieck polynomials.
&P (21, 29) = (1+z1ug) (14z1uy) (1+zous) = 142101 +(21 422452122 ) ug+T1 Toug U+ T ug g +22 Tougui us.

Thus @ﬁﬁ) = x1 + 22 + Br122, 6&? =z} and @é@ = x3xy. Alternatively we can obtain them via

the B-divided-difference operator.

@(ﬁ) 2

212 = L1425
1 3wy — (1 i
6 — nlf)a2y, — (1 + Brg)wies — (14 frg)aias 22,
T9 — I3
1+ Bag)x? — (1 4 Bay)x3
6(25) — wiﬂ)x% = (L+ frg)ay — (1 + Bor) = 21 + 22 + Br1720.

1 — T2

While the stable version can be computed with an extra factor.

G(B)(Il, 1‘2) :(1 + $1u2)(1 + ﬂjlul)(l + $2u2)(1 + :1:2u1) =1+ (xl + x0 + 55613:2)1” + ($1 + xo + /B$1$2)U2

+ z1T2U UL + [m% + 129 + ﬂ:% + ﬁ(ﬂ:ﬂ:g + $%ZC2)]U2’U,1 + (CL‘%LEQ + xlx% + ﬁx%x%)uwlu}
Thus

G1(z1,x2) = 21 + 22 + P12 = S1(21, 22) + Bs11(x1, 22),
Goi(x1,12) = 2% + 2129 + 25 + (2123 + 2329) = s9(1, 2) + Bso1 (1, 22),

Gora(z1,22) = 2329 + w125 + Brias = so1 (w1, x2) + Bsaa(wy, T2) .

Note that increasing n will not change ®,,’s but may add more terms to Gy, ’s.
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CHAPTER 2

Crystal for stable Grothendieck polynomials

This chapter is based on work in collaboration with Jennifer Morse, Wencin Poh and Anne
Schilling published in [23].

The chapter is organized as follows. In Section 2.1, we introduce the *-crystal on decreasing
factorizations in the 0-Hecke monoid and show that it intertwines with the crystal on semistandard
set-valued tableaux [22] under the residue map. In Section 2.2, we discuss two insertion algorithms
for decreasing factorizations. The first is the Hecke insertion introduced by Buch et al. [4] and
the second is the new x-insertion. In Section 2.3, properties of the x-insertion are discussed.
In particular, we prove that it intertwines with the crystal operators and that it relates to the
uncrowding algorithm. We conclude in Section 2.4 with some discussions about the non-fully-

commutative case.

2.1. The *-crystal

In this section, we define the K-theoretic generalization of the crystal on decreasing factor-
izations by Morse and Schilling [24] when the associated word is fully-commutative. The un-
derlying combinatorial objects are decreasing factorizations in the 0-Hecke monoid introduced in
Section 2.1.1. The x-crystal on these decreasing factorizations is defined in Section 3.1.2. We review
the crystal structure on set-valued tableaux introduced by Monical, Pechenik and Scrimshaw [22]
in Section 2.1.3. The residue map and the proof that it intertwines the %x-crystal and the crystal

on set-valued tableaux is given in Section 2.1.4.

2.1.1. Decreasing factorizations in the 0-Hecke monoid.

13



DEFINITION 2.1.1. The 0-Hecke monoid Hg(n), where n > 1 is an integer, is the monoid of

finite words generated by positive integers in the alphabet [n — 1] subject to the relations

pg=qp iflp—ql>1,
(2.1) pgp = qpq  for all p,q,
pp=p for all p.

We may form an equivalence relation =4, on all words in the alphabet [n — 1] based on the
relations (2.1). The equivalence classes are infinite since the last relation changes the length of the
word. We say that a word a = ajas...ay is reduced if £ > 0 is the smallest among all words in
Ho(n) equivalent to a. In this case, £ is the length of a. Note that Hy(n) is in bijection with S,
by identifying the reduced word ajas...ay; in Ho(n) with sq,Sa, -+ Sq, € Sp. We say w € Ho(n)
or S, is fully-commutative or 321-avoiding if none of the reduced words equivalent to w contain a

consecutive braid subword of the form ¢i+ 17 or i4— 14 for any i € [n — 1].

REMARK 2.1.1. Any (not necessarily reduced) word w € Ho(0) containing a consecutive braid

subword is not fully-commutative.

DEFINITION 2.1.2. A decreasing factorization of w € Ho(n) into m factors is a product of the

form

h=h"... h?h!,

where the sequence in each factor
h' = hihb.. . hj,
is either empty (meaning {; = 0) or strictly decreasing (meaning by > hy > -+ > héi) for each
1<i<m and h =y, w in Ho(n).
The set of all possible decreasing factorizations into m factors is denoted by H™ or H™(n) if
we want to indicate the value of n. We call ex(h) = len(h) — ¢ the excess of h, where len(h) is the
number of letters in h and ¢ is the length of w. We say h is fully-commutative (or 321-avoiding)

if w is fully-commutative.

14



2.1.2. The *-crystal. Let H™™* be the set of fully-commutative decreasing factorizations in
H™. We introduce a type A,,—1 crystal structure on H™*, which we call the x-crystal. This

generalizes the crystal for Stanley symmetric functions [24] (see also [19]).

DEFINITION 2.1.3. For any h = h™ ... h2h' € H™*, we define crystal operators ey and f for
i € [m — 1] and a weight function wt(h). The weight function is determined by the length of the
factors
wt(h) = (len(h!),len(h?), ..., len(h™)).
To define the crystal operators e} and f, we first describe a pairing process:

o Start with the largest letter b in 'Y, pair it with the smallest a > b in h'. If there is no
such a, then b is unpaired.
o The pairing proceeds in decreasing order on elements of hit' and with each iteration,
previously paired letters of h are ignored.
If all letters in h' are paired, then 1 annihilates h. Otherwise, let x be the largest unpaired letter
in h'. The crystal operator [ acts on h in either of the following ways:
(1) If  +1 € k' N AL then remove x + 1 from ht, add x to hiT!.
(2) Otherwise, remove = from h' and add z to K+,
If all letters in K+ are paired, then er annthilates h. Let y be the smallest unpaired letter in hiTL,
The crystal operator e} acts on h in either of the following ways:
(1) If y — 1 € hi N+, then remove y — 1 from hi*!, add y to h'.
(2) Otherwise, remove y from h'* and add y to h.

It is not hard to see that e; and f are partial inverses of each other.
EXAMPLE 2.1.1. Let h = (7532)(621)(6), then
fi(h) =0, ¢i(h) = (7532)(62)(61),
f3(h) = (75321)(61)(6), e3(h) = (753)(6321)(6).

REMARK 2.1.2.  Compared to [24], one pairs a letter b in hi*tl with the smallest letter a > b

in h' rather than a > b.
15



PROPOSITION 2.1.1. Let h = h™...h! € H™* such that fF(h) # 0. Then ff(h) € H™*,
fr(h) =y, h, and ex(f}(h)) = ex(h). Furthermore, the j-th factor in f(h) and h agrees for
Jj ¢ {i,i+1}. Analogous statements hold for e}.

PROOF. Suppose h := f#(h) # 0. Then by definition of f¥, h = h™ .. K2R B!

and h’ is unchanged for j ¢ {i,i + 1}. In addition, the number of factors does not change.

To see h =4, h, it suffices to show that hiT1A? =14, BRI Let x be the largest unpaired letter
in h?. By the bracketing procedure this implies that = ¢ hi™!. We can write hi™! as wyws, where
wy is a word containing only letters greater than x, and ws is a word containing only letters smaller
than . We can write h’ as wzxw,, where w3 contains only letters greater than = and w, contains
only letters smaller than x.

The pairing process will result in one of the two following cases:

(1) If z +1 € h* N A, then obtain A by removing z + 1 from hf, and h*t! by adding z to
pitl
(2) Otherwise, obtain i’ by removing  from A’ and obtain ™! by adding x to hit!.

We first argue that in either case we must have z — 1 ¢ wso. Assume x — 1 € wy and let k be
the largest number such that the interval [x — k, 2z — 1] C wo. By assumption k& > 1. In order for
x to be the largest unpaired letter in h%, [z — k,x — 1] must be contained in wy. We can write
wy=(x—1)...(x — k)wh and wy = (x — 1) ... (x — k)w), where all letters in w) are smaller than

x —k —1. When k = 1, we have the following subword
(x — Dwhwsz(x — 1) =44, whws(z — Va(z — 1),
which contains a braid (x — 1)z(x — 1). When k > 1, we also have the following subword
(x — k)whwsz(z —1) ... (x —k+1)(xz — k) =g, whws(x —1)...(x —k+2)(x —k)(z — k+1)(z — k),

which also contains a braid.

Case (1): Let k be the largest letter such that [x + 1,2 + k] C ws. Clearly k > 1. Suppose k > 1,
then we can write w3 = w(x+k) ... (z+1). Since z is the largest unpaired letter in h, everything

in [z+1,z+ k] C ws must be paired. The letter x4+ 1 in ws is paired with z+1 € wy, which implies
16



that « 4+ ¢ in ws is paired with x +¢ € w; for all 1 < ¢ < k. This implies that [z + 1,2 + k] C w;.

Then we have the following subword
(x + Dwowh(z + k) ... (2 +2)(z + 1) =g, wowi(x + k) ... (z+ 1)(z +2)(x + 1)

which contains a braid. Thus, we must have k£ = 1, which implies that x + 2 ¢ ws. Write

wy = wj(xz + 1). Then by direct computation

R =40 wi(z + Dwawh(z + 1) zwy =4, wh(z 4+ 1) (2 + 1wawhzwsy

=y, W (z + Dwowizzws =y, (w)(z + 1)zws) (whzws) = hitLR!,

Case (2): We claim that if x +1 ¢ A" then x +1 ¢ h'. Otherwise the z + 1 € h? must be paired
with some z € h'T!, so we have z < = + 1. But z is unpaired, which implies z > z, that gives
us a contradiction. Hence z + 1 ¢ ws. Recall that © — 1 ¢ wy. Therefore, by a straightforward
computation

R R = wiwawszwy =, (wi1zws) (W3wy) =4, hHLRE,

The above arguments show that h*t1h! =4, RiH1RE, thus h =14 h, and the total length of the
decreasing factorization are unchanged under f. Furthermore, the excess remains unchanged
under f.

Similar arguments hold for . O

REMARK 2.1.3. Here we summarize several results from the proof that will be needed later.

Namely, if x is the largest unpaired letter in h', then

oz —1¢htL,
e One and only one of the three statements hold: x +1 € hiT' N hY, x +1 ¢ KL UK, and
r+1ehtlo+1¢nt.

It will be shown in Section 2.1.4 that H"™* is indeed a Stembridge crystal of type A,,—; (for an

introduction to crystal and terminology, see [5]).
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2.1.3. The crystal on set-valued tableaux. We now review the crystal structure on semi-
standard set-valued tableaux given in [22]. We state the definition on skew shapes rather than just

straight shapes.

DEFINITION 2.1.4. Let T € SVT™(A/p). We employ the following pairing rule for letters i and
i+ 1. Assign — to every column of T' containing an i but not an i+ 1. Similarly, assign + to every
column of T containing an i + 1 but not an i. Then, successively pair each + that is to the left of
and adjacent to a —, removing all paired signs until nothing can be paired.

The operator f; changes the i in the rightmost column with an unpaired — (if this exists) to
1+ 1, except if the cell b containing that i has a cell to its right, denoted b, that contains both i
and i+ 1. In that case, f; removes i from b~ and adds i+ 1 to b. Finally, if no unpaired — exists,
then f; annihilates T .

Similarly, the operator e; changes the i + 1 in the leftmost column with an unpaired + (if this
exists) to i, except if the cell b containing that i+ 1 has a cell to its left, denoted b, that contains
both i and i+ 1. In that case, e; removes i + 1 from b and adds i to b. Finally, if no unpaired +
exists, then e; annihilates T'.

Based on the pairing procedure above, p;(T) is the number of unpaired — while ;(T) is the

number of unpaired +.

One can easily show that the crystal on SVT™(A/u) of Definition 2.1.4 defines a seminormal
crystal (for definitions see [5]). It was proved in [22, Theorem 3.9] that the above described
operators e; and f; define a type A,,—; Stembridge crystal structure on SVT™()X). We claim that

their proof goes through also for skew shapes.

THEOREM 2.1.1. The crystal SVT™(A/u) of Definition 2.1.4 is a Stembridge crystal of type
Am—1.

PROOF. Since the proof is exactly the same as in [22, Theorem 3.9], we just state the outline
and give a brief description. For details we refer to [22].

First note that the signature rule given by column-reading is compatible with the signature
rule given by row-reading (top to bottom, left to right, and arrange the letters in the same cell by

descending order) by semistandardness. Hence we may consider the crystal to live inside the tensor
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product of its rows. A single-row semistandard set-valued tableaux of a fixed shape is isomorphic
to a Stembridge crystal, as shown in [22, Proposition 3.5]:

O, SVT™(sA1) = @D B((s — DAL+ Ap),
k=1

where A are the fundamental weights of type A,;,—_1.
Let A = (A1,..., ) and = (uq,-..,ue) (the last couple p; could be zero) be two partitions

such that u C A. Construct the map below, which is a strict crystal embedding:
v SVTm()\/,u) — SVTm(()\l — ,Ltl)Al) X SVTm(()\Q — /.,LQ)Al) XX SVTm(()\g — /Lg)Al).

Thus, we have a strict crystal embedding:

l m
(Pry @+ @ Py, y,) 0 U2 SVT (N ) = (X) (@ B((Aj — pj)A + Ak)) :

j=1 \k=1

Since SVT™(A/u) is a seminormal crystal, we can conclude that it is a Stembridge crystal. 0

2.1.4. The residue map. In this section, we define the residue map from set-valued tableaux
of skew shape to fully-commutative decreasing factorizations in the 0-Hecke monoid. We then show
in Theorem 2.1.2 that the residue map intertwines with the crystal operators, proving that H"™*

is indeed a crystal of type A,,—1 (see Corollary 2.1.1).

DEFINITION 2.1.5. Given T € SVT™(A/u), we define the residue map res : SVT™(\/p) — H™
as follows. Associate to each cell (i,7) in N/ its content £(\) + j — i, where £(\) is the number
of parts in \. Produce a decreasing factorization h = h™h™~1 .. h2h' by declaring h* to be the
(possibly empty) sequence formed by taking the contents of all cells in T' containing the entry k and

then arranging the contents in decreasing order. This defines res(T') := h.

EXAMPLE 2.1.2. Let T be the set-valued tableau of skew shape (2,2)/(1)

23| 3
12

T —
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The content of each cell in T is denoted by a subscript as follows:

231 32
123

To read off the third factor, we search for all cells with an entry 3; these cells have contents 1 and

2, so we have 21 in the third factor. Altogether, we obtain res(T) = (21)(31)(3) € H3.

The image of the residue map res is H""*, the set of fully-commutative decreasing factorizations
into m factors. In fact, res is a bijection from semistandard set-valued skew tableaux on the alphabet
[m] to H™* up to shifts in the skew shape.

For this purpose, let us describe the inverse of the residue map. Let h = ™A™~ .. h2h! €
H™*. Begin by filling the diagonals of content that appear in A™ by the entry m. As the resulting
T is supposed to be of skew shape, the cells containing m along increasing diagonals need to go
weakly down from left to right. If these diagonals are consecutive, then the cells have to be in the
same row of T since T is semistandard. Continue the procedure above by putting entry ¢ into the
diagonals specified by A’ for all i = m — 1,m — 2,..., 1, applying the condition that the resulting

filling should be semistandard.

PROPOSITION 2.1.2. Ifh = h™h™~1 .. h2h! € H™*, then the above algorithm is well-defined up

to shifts along diagonals. It produces a skew semistandard set-valued tableau T' such that res(T) = h.

ProoOF. We shall show more generally that at any given stage in the algorithm for the inverse of
the residue map above, the tableau T produced is of skew shape if and only if h is fully-commutative.
Assume that T is not of skew shape. Consider the earliest stage in the algorithm when the
produced tableau is not of skew shape. Then, either one of the following cases must have occurred

for the first time.

Case 1: There are adjacent cells with nonempty sets A and B (where max(A) < min(B)) in the
same row on diagonals ¢ and ¢+ 1 respectively with no cells appearing directly below these cells, as
illustrated on the left side of Figure 2.1. Moreover, by minimality, we have an integer x with the
following properties:

(1) i+ 1 € h” and = < min(A4),
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(2) there does not exist a y with < y < min(B) and i + 2 € hY.

By applying semistandardness, a cell containing x is created directly below the cell containing the
set A as in the right side of Figure 2.1. Furthermore, by (2), for all z < y < min(B), we have that
every letter in hY is either at most ¢ + 1 or at least ¢ + 3. It follows that, after possibly applying
commutativity (i + 1 with letters at most ¢ — 1 or at least ¢ + 3) and the idempotent relation,
hmin(B) )

.. h®t1h" is equivalent to one containing the braid subword ¢+ 14 i 4+ 1. This implies that

h is equivalent to a Hecke word containing the same braid subword.

Case 2: There are adjacent cells with nonempty sets A and B in the same column on diagonals
1+ 1 and 7 respectively with no cells appearing directly to the left of these cells, as illustrated on the
left side of Figure 2.2. Moreover, by minimality, we have an integer « with the following properties:

(1) i € h* and = < min(A),

(2) there does not exist a y with x < y < min(B) and ¢ — 1 € hY.
By applying semistandardness, a cell containing x is created directly to the left of the cell containing
the set A as in the right side of Figure 2.2. Furthermore, by (2), for all z < y < min(B), we have
that every letter in hY is either at most ¢ — 2 or at least 4. Similar to the argument in Case 1,
poin(B) | prtlpT ig equivalent to one containing the braid subword i i + 1 i. This implies that h
is equivalent to a word in Ho(n) containing the same braid subword.

The above arguments imply that the image of res is contained in H""*. Conversely, if h is fully-

commutative, then the algorithm for res~! does not produce Case 1 or Case 2 above and hence the
resulting tableau 7' is of skew shape which in turn implies that the algorithm is well-defined (up to

shifts along the diagonal if a gap of size at least 3 occurs in the labels). U

If the skew shape A/ of the tableau T' is known, then one may simplify the procedure above
noting that the filling of i specified by letters in A’ must occur along a horizontal strip for all
i=m,m—1,...,1. In this case, the recovered tableau 7" is unique and there is no shift ambiguity

if a gap of size at least 3 occurs in the labels.

EXAMPLE 2.1.3. Let h = (61)(752)(75)(762) be a decreasing factorization of w = 651762.
In the algorithm for the inverse of the residue map, the entry 4 is placed on diagonal 1 and

6, respectively. Due to semistandardness, the entry 8 in diagonal 2 must be placed below the 4 in
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A A By

B

e

Li41

FIGURE 2.1. A forbidden case while inverting the residue map.

B; B;

Aipr zi A

FIGURE 2.2. Another forbidden case while inverting the residue map.

diagonal 1, while the 8’s in diagonals 5 and 7 are respectively to the left and below the 4 in diagonal

6. Continuing with the remaining fillings, we have two possibilities:

4y
13-
T = 235 | 46 |
1 11237
or
4
139
Ty = ;
235 | 4¢
1 (1237

where Ty € SVT4((4,4,1,1)/(2,2)) and Ty € SVT4((3,3,1,1,1)/(1,1,1)). Note that they indeed

just differ by a shift along diagonals as stated in Proposition 2.1.2.

EXAMPLE 2.1.4. Let h = (8431)(863)(8654)(941) be a decreasing factorization of w = 84396541.
Suppose that h = res(T), where T € SVTH(\/p) with \/p = (5,5,4,2,1)/(4,4,1,1).
Then, we fill in 4 along the diagonals with labels 1, 3, 4, 8 respectively, noting that the 4 in

diagonal 4 is to the right of the 4 in diagonal 3 (due to the semistandardness of T). Continuing
22



with the remaining fillings, we have

144

345 | 44

1241 25 | 236

2344|

19

THEOREM 2.1.2. The crystal on set-valued tableauz SNT™(A/p) and the crystal on decreasing

factorizations H™* intertwine under the residue map. That is, the following diagrams commute:

SVT™(\/p) —e5y Hm* SVT™(\ /) —1& s Hm
Wk N
SVT™(\/p) —ey Hmr SVT™(\/p) —1s Hm*,

PRrROOF. Let T' € SVT™(A\/p), h = res(T) and ¢ = £(X\). We prove the following three statements
associated to fi(T") and ff(h).

(1) We claim that if there is no unpaired k in 7', then f; annihilates h. Furthermore, if the

rightmost unpaired k& in cell b of T has content z, then z is also the largest unpaired letter in h*.

For the proof of (1) it suffices to notice that the signature rule on tableaux is equivalent to
the pairing process for decreasing factorizations of Ho(n). We rephrase the pairing procedure for

decreasing factorizations on tableaux:

e At the beginning, no letter is paired.
e Then start with the rightmost column and work westward.
e Successively, for each k + 1, compute its content a, then pair it with the k£ of smallest

content weakly greater than a that is yet unpaired.

Next, we argue that the signature rule yields the same result on the rightmost unpaired letter.

Assume we are looking at cell b containing the current k + 1 with content a.

Case (a): Suppose there is no unpaired k with content a but at least one unpaired k with strictly

greater content(s). Then pair it with the current & + 1. This is the direct signature rule.
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Case (b): Suppose there is no unpaired k with content weakly greater than a, then this k + 1 is

unpaired. This is also the direct signature rule.

Case (c): Suppose there is an unpaired k with content a. Then it must be either in the same cell
b, or one row below and one column to the left of b on the diagonal labeled a. If they are in the
same cell, then the pairing is the direct signature rule.

Otherwise, there must be cells to the left and below b since the shape is skew. Suppose cell b is
in row r. Consider the rightmost entry in cell (r,j) in row r containing a k + 1, and the leftmost
entry in cell (r — 1,q) in row r — 1 containing a k. Considering this as the first of a consecutive
occurrence, cell b is cell (r,j), so we have ¢ + j —r = a. By semistandardness and the condition
that the shape is skew, we can partially fill out the involved subtableau of T" for rows r — 1, r from

column ¢ to j:

k+1 O+q—r k+1 bhg+l—r | - k+1 +j—1—r k+1.. j—r

ook l4+q—r+1 k l4q—r ok l4j—r k L+j—r+1

All the cells (s,t) with ¢ < t < j and s € {r,r—1} and the cells (7, ¢) and (r—1, j) are single-valued
by semistandardness as shown in the above figure.

From the k41 in (r, j), we start the pairing process. First, we claim that the & in cell (r—1,7)
must be unpaired at this point. Suppose that there is a k + 1 to the east of cell (7, j) with content
smaller or equal to £ + j — r 4+ 1, then it must be cell (r,5 + 1), which violates that (r,j) is the
rightmost cell in row r containing a k + 1. Then the pairing says the k + 1 in cell (r,¢) pairs with
the k in cell (r—1,t—1) for ¢ <t < j. Lastly, the k+1 in cell (7, ¢) has to pair with the previously
unpaired k in cell (r — 1,7) since there are no unpaired k with label greater or equal to £ + g —r
and smaller than ¢+ j —r + 1.

Although the pairing is different than the usual signature rule pairing, which pairs k£ + 1, k in
the same column, the 2(j — ¢+ 1) letters end up being paired. Since it will not influence which one
will be the rightmost unpaired letter, it is still equivalent to the signature rule.

So in any case, the pairing is equivalent to the signature rule. Thus, the rightmost unpaired k

in T corresponds to the largest unpaired letter in h*.
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(2) We claim that if f; changes the rightmost unpaired k in T to a k + 1 (with content z) without
moving it, then f; moves a letter x from h* to A1,

Since f does not need to move any letter, it means the cell to the right of b, denoted by b7,
does not contain a k. It is the only cell with content x 4+ 1 that could contain a k. This implies

that = + 1 ¢ h*. By Definition 2.1.3, f{ moves x from h* to A**1.

(3) We claim the following. If f; changes a k from b~ into a k4 1 and moves to cell b, then f}
removes an « + 1 from h¥ and changes it to an z in A*+1,

That f; needs to move a number means that k and k& + 1 are in b, which implies that
x + 1 € h¥ N h**1. By Definition 2.1.3, f; removes the x + 1 from h* and adds an = to A**1.

We have proved the three statements and they complete the proof that f, and f; intertwine

under the residue map. The proof is similar for e; and e}. ]

COROLLARY 2.1.1. The set H™*, together with crystal operators e and fF for 1 <i<m and

weight function wt defined in Definition 2.1.3, is a Stembridge crystal.

PrROOF. By Theorem 2.1.2 and the fact that the residue map preserves the weight and is
invertible, this follows from the fact that SVT™(\/pu) is a Stembridge crystal proven in [22, Theorem
3.9] (see also Theorem 2.1.1). O

EXAMPLE 2.1.5. Consider the tableau T (with labels in red) given by

I ,

1o 1233

with res(T) = (31)(3)(32).

For the crystal operators on set-valued tableaux we obtain

31
fl (T) = s
125|233
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with res (f1(T)) = (31)(32)(2). Then it can be easily checked that the following diagram commutes:

31
T= (31)(3)(32)
15 1235
|f1 1T
31
A(T) = res (31)(32)(2).
1291233

2.2. Insertion algorithms

In this section, we discuss two insertion algorithms for decreasing factorizations in H™ (resp.
H™*). The first is the Hecke insertion introduced by Buch et al. [4], which we review in Sec-
tion 2.2.1. We prove a relationship between Hecke insertion and the residue map (see Theo-
rem 2.2.1). In particular, this proves [22, Open Problem 5.8] for fully-commutative permutations.
The second insertion is a new insertion, which we call x-insertion, introduced in Section 2.2.2. It
goes from fully-commutative decreasing factorizations in the 0-Hecke monoid to pairs of (trans-
poses of ) semistandard tableaux of the same shape and is well-behaved with respect to the crystal

operators.

2.2.1. Hecke insertion. Hecke insertion was first introduced in [4] as column insertion. Here
we state the row insertion version as in [27]. In this section, we represent a decreasing factorization

h = AR ... bl where b = hﬁhé . héi, by a decreasing Hecke biword

k m ... m ... 1 ... 1
h ht ... Z”n h% h%l

In addition, we say that [k, h]’ is fully-commutative if h is fully-commutative.
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EXAMPLE 2.2.1. Consider the decreasing factorization h = (1)(2)(31)( )(32). Then the corre-
sponding biword [k, h] is
k 5 4 3 3 11
h 1 23 1 3 2

DEFINITION 2.2.1. Starting with a decreasing Hecke biword [k, h]t, we define Hecke row insertion
from the right. The insertion sequence is read from right to left. Suppose there are n columns in
[k, h]t.

Start the insertion with (Py, Qo) being both empty tableaux. We recursively construct (Pit1, Qi+1)
from (P;, Q;). Suppose the (n — i)-th column in [k, h]t is [y, z]".

We describe how to insert x into P;, denoted P; < x, by describing how to insert x into a row
R. The insertion may modify the row and may produce an output integer, which will be inserted

into the next row. First, we insert x into the first row R of P; following the rules below:

(1) If x > z for all z € R, the insertion terminates in either of the following ways:
(a) If we can append x to the right of R and obtain an increasing tableau, the result P;yq
is obtained by doing so; form Q;4+1 by adding a box with y in the same position where
x s added to P;.
(b) Otherwise row R remains unchanged. Form Q;+1 by adding y to the existing corner
of Q; whose column contains the rightmost box of row R.
(2) Otherwise, there exists a smallest z in R such that z > x.
(a) If replacing z with x results in an increasing tableau, then do so. Let z be the output
integer to be inserted into the next row.
(b) Otherwise, row R remains unchanged. Let z be the output integer to be inserted into

the next row.

The entire Hecke insertion terminates at (P, Qn) after we have inserted every letter from the Hecke
biword. The resulting insertion tableau P, is an increasing tableau, meaning that both rows and
columns of P, are strictly increasing. Ifk = (n,n—1,...,1), the recording tableau Q,, is a standard

set-valued tableau.
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EXAMPLE 2.2.2. Take [k, h]! from Example 2.2.1. Following the Hecke row insertion, we com-

pute its insertion tableau and recording tableau:

0— 7 |2 N N 0 3 =P,
. ]3] 1]3] 12 2
1
3] 3 34 (5]
= _> Eﬂ_) 1 1\_> 1 13\_> T (3] ¢
113

EXAMPLE 2.2.3. Note that the recording tableau for the Hecke insertion of Definition 2.2.1 is

not always a semistandard set-valued tableau. For example, for h = (21)(41) we have

k 2 2 1 1
h 2 1 4 1
and
pP= 4 and Q:22 .
1 2\ 1 1\

However, in Theorem 2.2.1 below we will see that in certain cases it is.

THEOREM 2.2.1. Let T € SVT(A) and [k, h]' = res(T). Apply Hecke row insertion from the
right on [k, h]' to obtain the pair of tableauz (P,Q). Then Q =T.

REMARK 2.2.1. Combining Theorems 2.2.1 and 2.1.2 shows that Hecke insertion from right to
left (as opposed to left to right in [27]) intertwines the crystal on set-valued tableaur and the *-
crystal, even though in general it is not always well-defined (see Example 2.2.3). This resolves [22,
Open Problem 5.8] when the decreasing factorizations are fully-commutative. Even when h is fully-
commutative, but does not correspond to a straight-shaped tableau under res™ as in Example 2.2.3,
one can fill the skew part with small enough numbers and apply the Hecke insertion on this tableau.

In the above example

k 221 1 00 19
h 21 4 1 3 2 01011
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Note, however, that unlike in [22] we use row Hecke insertion from right to left rather than column

insertion from left to right (in analogy to [24] for Edelman—Greene insertion).

Since k € T(i,§) if and only if £+ j — i € h¥ under the residue map, where £ = £()\) and h* is
the k-th factor of h, the statement of Theorem 2.2.1 is equivalent to applying Hecke insertion on

the entries of T" sorted first by ascending order of entries, followed by ascending diagonal content.

EXAMPLE 2.2.4. Let T be the semistandard set-valued tableau

21 (42
15233

T —

The insertion sequence by entry is listed in the table below:

Cell (1,1) (2,1) (1,2) (1,2) (2,2)
Content 2 1 3 3 2
Entry 1 2 2 3 4

We will prove Theorem 2.2.1 by induction by considering all subtableauzr of T, obtained by

adding the entries in T one by one in the order above:

20, |2 -2 S AN el

0 — —
12 12 23‘ 12 233 12 233

In addition, the corresponding sequence of insertion tableaux and recording tableaux is listed here:

’ 2 2 2] 2[3|_p

— —> : — : 3‘—> : 3‘—> : P
2 2 B3 olal

= _> nEE 2\_> 1 23\_> 123 —@

PROOF OF THEOREM 2.2.1. We prove the theorem by proving the following more specific
statement.

For a given step in the insertion process, suppose that the entries of T that are involved so far
form a nonempty subtableau T of T' with shape p containing cell (1,1), and the insertion tableau
and recording tableau at the corresponding step are P(T”) and Q(T”). Then, they both have shape
1, and the entry of cell (4, j) of P(T") is £+j —pj+i—1, and Q(T") = T", where i’ is the transpose

of the partition p and £:= | = £(\).
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We prove this by induction on subtableaux of T

Base step: Suppose T’ only contains a single cell (1,1) and 77(1,1) = S, where S is a subset of
T(1,1) with cardinality d. Then P(T”) is obtained by inserting d times the number £. So we have
P(T") : and Q(1") =T". Here = (1), so for (i,7) = (1,1), we have £ +j — p; +i—1={.
Inductive step: Suppose that the statements hold for some subtableau T” of shape p. Assume
the next insertion step involves adding the entry k in cell (p,q) of T to T” to obtain T”. There are
two cases: (1) the cell (p, q) is already in T”, or (2) the cell (p,q) is not in T”.

Case (1): We must have (p,q) to be an inner corner of 7 (no cell is to its right or above it), so
p = g and p > g ;. In this case, k is recorded in Q(7"). Then by the induction on 7", every cell
(4,5) of P(T") has value £ + j — p; + 4 — 1. To determine the insertion path of P(T") <— £+ q — p,

we compute the columns ¢ and g + 1 of P(T") as follows:

row number g-th column (g + 1)-st column
p l+q—1

fgr <P | L+q—p+pg, —1 l+q
2 l+q—p+1 C+q+2— g,
1 l+q—p C4+q+1— g

Following Case 2(b) of Hecke insertion, the insertion path is vertically up column g + 1. At
the top of the column, ¢ + ¢ is inserted into row u; 41 + 1. Furthermore, £ + ¢ is greater than
C+q—p+ g, incell (g, +1,q) because p > iy, ;. By Hecke insertion Case 1(b), the insertion
ends in row 44 +1. Also P(T") is unchanged, and & is recorded in cell (p, ¢) of Q(7”) since it is the
corner whose column contains the rightmost box of row 4 4 + 1. In this case, we get Q(T") = T".
Since the shape p is unchanged, we have that P(T") = P(T”) also satisfies the statement.

Case (2): If cell (p,q) is not in 7", then it must be an outer corner of 7", so y; = p — 1 and
pg—1 > p — 1. Specifically, two cases can happen: (a) p = 1 and (1,¢ — 1) € 7', (b) both

(p—1,9),(p,g—1)eT org=1and (p—1,1) €T.
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Case 2(a): The first row of P(T") is £+ 1 — py,...,0+j — pf, ..., L+ (¢ — 1) — pg_q. Since
l+q—p=L+q—1>0+(qg—1)— ,uf]_l, it is appended to the end of the first row which is the
cell (1,q). The letter k is recorded in the same new cell of Q(7”). In this case, the only entry in P

that is changed is (1, ¢), and its entry £ + g — 1 satisfies the statement. Also Q(T") equals T".

Case 2(b): Since entry (i,q — 1) of P(T") is £+ ¢ — 1 — pg_; +i — 1 and entry (4,q) of P(T") is
{+q— u; + ¢ — 1, the number ¢ — p + £ is in-between the two when ¢ = 1. So the insertion starts

by bumping (1, q). To get the insertion path, we compute columns ¢ — 1 and ¢ as follows:

row number (¢ — 1)-st column  ¢-th column

Hg—1 t+q—2

p—1 b+q+p—py -3 L+g—1

2 C+q—py 4 l+q—p+2

1 EJrq—l—u;_,1 l+q—p+1

By Hecke insertion Case 2(a), ¢ + g — p is placed in cell (1,q) and the original column ¢ is
shifted one position higher. By Hecke insertion Case 1(a), the insertion terminates at row p and
the original entry in cell (p—1,¢) is appended at the rightmost box of row p. Thus, u; increases by
1. The updated entries in column ¢ still satisfy the statement. Since the entries in other columns
of P(T") are unchanged and ,u;- is unchanged for j # ¢, they also satisfy the statement. So we
have P(T") satisfies the statement. The letter k is inserted into the new cell (p, q) of Q(T"), which
makes Q(T") =T".

Thus, the statement holds, proving the theorem. ]

2.2.2. The x-insertion. We define a new insertion algorithm, which we call x-insertion, from
fully-commutative decreasing Hecke biwords [k,h]! to pairs of tableaux P and @, denoted by
*([k, h]*) = (P,Q), as follows.

DEFINITION 2.2.2. Fiz a fully-commutative decreasing Hecke biword [k, h]t. The insertion is

done by reading the columns of this biword from right to left.
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Begin with (Py, Qo) being a pair of empty tableaux. For every integer i > 0, we recursively
construct (Piy1,Qiv1) from (P;,Q;) as follows. Let [q,x]" be the i-th column (from the right) of

[k, h]t. Suppose that we are inserting x into row R of P;.

Case 1: If R is empty or x > max(R), then form Piy1 by appending x to row R and form Q;i1
by adding q in the corresponding position to Q;. Terminate and return (P11, Qit1).

Case 2: Otherwise, if x ¢ R, locate the smallest y in R with y > x. Bump y with x and insert y
into the next row of P;.

Case 3: Otherwise, if x € R, locate the smallest y in R with y < x and interval [y, x| contained in
R. Row R remains unchanged and y is to be inserted into the next row of F;.

Denote (P,Q) = (Py, Qy) if [k, h]t has length £. We define the x-insertion by x([k, h]t) = (P, Q).

Furthermore, denote by P < x the tableau obtained by inserting x into P. The collection of all

cells in P < x, where insertion or bumping has occurred is called the insertion path for P < x. In

particular, in Case 1 the newly added cell is in the insertion path, in Case 2 the cell containing the

bumped letter y is in the insertion path, and in Case 3 the cell containing the same entry as the

inserted letter is in the insertion path.

EXAMPLE 2.2.5. Let
k 4 4 2 2 1 1

h 4 2 4 2 3 1
The corresponding sequence of insertion tableauxr and recording tableaux under the x-insertion

1s listed here:

0 3 3 3 5 -P

- _> _> 1 2|_> 1|2 4|_> 1 By g
1]2]4] 1 4|

2] 2] 4] 4] N

0— —> EZ'% : 1|—> : 1|2|—> — — T =Q.
1)1]2] 1 2 |

Then we have x([k,h]t) = (P,Q), and the cells in the insertion paths at each step are highlighted

in yellow.
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EXAMPLE 2.2.6. Let
k 4 4 2 2 1 1

h 4 2 4 2 3 1
The corresponding sequence of insertion tableauxr and recording tableaux under the x-insertion

1s listed here:

0 0 5 3 3 -P

— —) IZEI% 12|—) 12|4|—) ! — TTa P
124| 1 4|

0 L2 2] 4 Kl

- . 11|—> 112|—> 2 T s ¢
1]1 2| 1 2|

Then we have x([k,h]!) = (P,Q), and the cells in the insertion paths at each step are highlighted

in yellow.

LEMMA 2.2.1. Let [k, h]* be a fully-commutative decreasing Hecke biword. Suppose that x([k, h]!) =
(P,Q). Then, the following statements hold:

(1) P! is semistandard and Q has the same shape as P.

(2) Let x be an integer such that x-h is fully-commutative. Then the insertion path for P <+ x

goes weakly to the left.

PRrROOF. See Appendix A.1.1. O

For the following results, given a tableau P with positive integer entries, row(P) denotes its row
reading word, obtained by reading these entries row-by-row starting from the top row (in French
notation), reading from left to right. We will consider row(P) as an element in a fixed 0-Hecke

monoid.

LEMMA 2.2.2. Let P be a tableau such that P! is semistandard and row(P) is fully-commutative.

Let x be an integer such that row(P) -z is fully-commutative. Then,

(2.2) row(P < x) =, row(P) - z.
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PROOF. See Appendix A.1.2. O

REMARK 2.2.2. Observe that the assumption that row(P) is fully-commutative implies that
row(R) is fully-commutative for each row R of P. Moreover, in the proof of Lemma 2.2.2, if x is
to be inserted into row R of P when computing P < y and x € R, then the extra assumption that

row(P) - z is fully-commutative implies that R does not contain x + 1.

LEMMA 2.2.3. Let P be a tableau such that Pt is semistandard and row(P) is fully-commutative.
Let x, 2’ be integers such that row(P) - x and row(P) - zx’ are fully-commutative.

Denote the insertion paths of P < x and (P «+ x) < 2’ as m and 7’ respectively. Also, suppose
that P <+ x and (P + x) < 2 introduce boxes B and B’ respectively. Then the following statements

about x-insertion are true:

(1) If x < a', then ©' is strictly to the right of w. Moreover, B’ is strictly to the right of and
weakly below B.
(2) If © > o', then «' is weakly to the left of w. Moreover, B’ is weakly to the left of and

strictly above B.

PROOF. See Appendix A.1.3. O

Let U be a tableau such that U? is semistandard and row(U) is fully-commutative. We describe
the reverse row bumping for x-insertion of U as follows. Locate an inner corner of U and remove
entry y from that row. Perform the following operations until an entry is bumped out of the
bottommost row. Suppose that we are reverse bumping y into a row R. If y ¢ R, find the largest
x € R with z < y; insert y and bump out . Otherwise, y € R, so find the largest x € R such that
[y, z] is the longest interval of consecutive integers. In this case, row R remains unchanged but x is
bumped out. Then reverse bump x into the next row below unless there is no further row below.
In this case, terminate and return the resulting tableau as T along with the bumped entry z. It
is straightforward to see that reverse row bumping specified above reverses the bumping process

specified by the x-insertion.
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EXAMPLE 2.2.7. Let U be the tableau

U =

4

By performing reverse row bumping on the topmost 5 in U, we obtain

T —

Hl\Dl\DCﬂ‘

and entry 2. It is also straightforward to check that U =T <+ 2.

COROLLARY 2.2.1. Let T be a tableau of shape \ such that T is semistandard and row(T) is
fully-commutative. Let k be a positive integer.
Let 11 < x9 < -+ <z (similarly z < -+ < o < 1) be integers such that row(T) - x122 . .. x;

is fully-commutative for all 1 < i < k. Then, the collection of boxes added to T to form the tableau
U= (T < x1) < x2) -+ < x,

has the property that no two boxes are in the same column (similarly row).

Conversely, if U is a tableau of shape p such that X C p and p/\ consists of k boxes with no
two bozxes in the same column, i.e, a horizontal strip of size k (similarly row, i.e., a vertical strip
of size k), then there is a unique tableau T' of shape \ and unique integers r1 < x9 < --- < X

(similarly xy < --- < w9 < 1) such that
U= (T + x1) < x2) - < xp.

In particular, if (P,Q) = x([k,h]?), where [k, h]* is a fully-commutative decreasing Hecke biword,

then Q is semistandard.
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PROOF. Assume that 1 < x93 < -+ < zi. By statement (1) of Lemma 2.2.3, the sequence of
added boxes in U = ((T - x1) < x2) - - - < x}, moves weakly below and strictly to the right when
computing U. In particular, no two of the added boxes can be in the same column.

To recover the required tableau T and integers x1 < z9 < --- < xp, perform reverse row
bumping on the boxes specified by the shape p/A within U starting from the rightmost box,
working from right to left. The tableau T and the integers x1,xo, ..., x; are uniquely determined
by the operations. Moreover, by Lemma 2.2.3, the integers z,xr_1,..., 1 obtained in the given
order of operations satisfy x1 < xo < -+ < xp.

Now assume zj < -+ < w92 < x1. By statement (2) of Lemma 2.2.3, the sequence of added
boxes moves strictly above and weakly to the right when computing U. In particular, no two of
the added boxes can be in the same row.

Similarly, one may perform reverse row bumping on the boxes specified by the shape p/A within
U starting from the topmost box, working from top to bottom. Again, the operations uniquely
determine the tableau 7' and the integers x1,x9,...,x;. Moreover, by Lemma 2.2.3, the integers
Tk, Tk_1,...,21 Obtained in the given order of operations satisfy x; < -+ < x2 < x71.

Finally, note that in a decreasing Hecke biword [k, h], where h = h™ ... h2h!, entries within a
fixed a' are inserted in increasing order. It follows that the collection of all boxes with label i form
a horizontal strip within the tableau ). Collecting all these horizontal strips with values ¢ from m

to 4 in order by using the converse recovers @), implying that @) is semistandard. ([l

THEOREM 2.2.2. The x-insertion is a bijection from the set of all fully-commutative decreasing
Hecke biwords to the set of all pairs of tableauz (P, Q) of the same shape, where both P' and Q are

semistandard and row(P) is fully-commutative.

PROOF. By successive applications of Lemma 2.2.2, if (P,Q) = x([k,h]?), then as h is fully-
commutative, row(P) is also fully-commutative. Hence, using Lemma 2.2.1 and Corollary 2.2.1,
*-insertion is a well-defined map from the set of all fully-commutative decreasing Hecke biwords to
the set of all pairs of tableaux (P, Q) of the same shape with both P!, Q semistandard and row(P)

being fully-commutative.
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It remains to show that the x-insertion is an invertible map. Assume that P and Q) are tableaux
of the same shape with both P!, Q semistandard and row(P) being fully-commutative. Since Q is
semistandard, the collection of boxes with the same entry form a horizontal strip. Starting with the
largest such entry m, perform reverse row bumping with the boxes in the strip from right to left.
By Lemma 2.2.3, this recovers the entries in A" in decreasing order. Repeating this procedure in
decreasing order of entries recovers h = "™ ... h?h', which automatically yields a decreasing Hecke
biword [k, h]’. Furthermore, by repeated applications of Lemma 2.2.2, since row(P) was fully-
commutative, then the reverse word of h is fully-commutative, so that h is fully-commutative too.
Finally, by repeated applications of the converse stated in Corollary 2.2.1, the recovered decreasing

Hecke biword [k, h] is unique. O

2.3. Properties of the x-insertion

In this section, we show that the x-insertion intertwines with the crystal operators. More
precisely, the insertion tableau remains invariant on connected crystal components under the *-
insertion as shown in Section 2.3.1 by introducing certain micro-moves. In Section 2.3.2, it is
shown that the x-crystal on H""* intertwines with the usual crystal operators on semistandard
tableaux on the recording tableaux under the *-insertion. In Section 3.2, we relate the x-insertion

to the uncrowding operation.

2.3.1. Micro-moves and invariance of the insertion tableaux. In this section, we in-
troduce certain equivalence relations of the x-insertion in order to establish its relation with the
*-crystal. From now on we are focusing on the sequence in the insertion order. Since each decreasing

factorization h is inserted from right to left, we look at h read from right to left.

DEFINITION 2.3.1. We define an equivalence relation through micro-moves on fully-commutative
words in Ho(n).
(1) Knuth moves, for x < z < y:
(11) zyz ~ yzxz
(12) zxy ~ zyx
(2) Weak Knuth moves, fory >z + 1:

(111) xyy ~ yzy
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(I12) xxy ~ xyz
(8) Hecke move, fory=x+1:
(II1) xxy ~ xyy

Note that the micro-moves preserve the relation =,,.
Similar relations have appeared in [7, Eq. (1.2)].
EXAMPLE 2.3.1. The 13242 € Hy(5) is equivalent to 31242, 13422, 13224, 31224, and itself.

Next, we use the following notation on *-insertion tableaux. For a single-row increasing tableau
R, let R* denote the first row of the tableau R < x and let R(z) denote the output of the x-insertion
from the first row. If the x-insertion outputs a letter, then denote it by R(x); if = is appended to the

end of the row R, then the output R(z) is 0, which can be ignored. We always have -0 ~ x ~ 0-x.

\134678

ExamMPLE 2.3.2. Let R = , then the first row of R <+ 7 is

134678\

R7:‘

and R(7) = 6. Furthermore, the first row of R” + 9 is R™° = ‘ 1 | 3 | 4 | 6 | 7 | 8 | 9 ‘ and

R8(9) = 0.

LEMMA 2.3.1. Let R be a single-row increasing tableau, and x,y, z be letters such that row(R) -
-y -z is fully-commutative. Let 2,1/, 2" be letters such that vyz ~ 2'y'2'. Following the above

notation, we have
R™* = R*Y*  and  R(z)R*(y)R™(z) ~ R(z)R* (y')R*Y ().

PROOF. See Appendix A.2.1. a

PROPOSITION 2.3.1. If two words in Ho(n) have the property that their reverse words are equiv-
alent according to Definition 2.3.1, then they have the same insertion tableau under x-insertion

(inserted from right to left).

PROOF. Let P be a *-insertion tableau. By Lemma 2.2.1, P! is a semistandard tableau. Let
the rows of P be Ri,...,Ry. Then each row is strictly increasing. The row R; is considered to be

empty for j > /.
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Let 1,y1,21 and 2}, 9], 2] be letters such that z1y121 ~ 2{y}z] and row(P) - x1 - y1 - 21 is
fully-commutative. Let the output of the x-insertion algorithm of P <+ x1 < y; — 2z (resp.

P < 2 <y < 21) from the row i be 211, Yiy1, zit1 (vesp. i, 1,y 1, 2i,1). That is:

e R7V% ig the first row of [(R; — ;) < yi| < z; and the outputs in order are 41, Yi+1, Zit1-
o RV is the first £ [(R; + %) < 3] < 2/ and outputs in ord AR
; is the first row o i Yl z; and outputs in order are x}_, i 1,2},

Vi
T;Yi%i
)

By Lemma 2.3.1, we have that R}"Y"* = R and Ti 1Yit12i41 ~ Ty Y, %4 for all i (possibly

some extra rows exceeding ¢). Thus, we have the desired result. U

EXAMPLE 2.3.3. The four words in Ho(5) of Example 2.3.1 all have the same x-insertion tableau:

3

124\.

With some lemmas in Appendix A, we prove that the crystal operators f; act by a composition
of micro-moves as given in Definition 2.3.1. More precisely, for a fully-commutative decreasing

factorization h, we have h™ ~ fr(h)™ as long as f;(h) # 0, where h" is the reverse of h.

REMARK 2.3.1. By Definition 2.1.3 and Remark 2.1.3, there are two cases for the k-th and
(k + 1)-st factors under the crystal operator f}, where x is the largest unpaired letter in the k-th
factor, w;,v; > x and u;, b; < x:
f*
(1) (wy ... wpuy ... ug)(vy...vexby ... by) RLIN (wi...wpzuy ... ug)(v1...05b1 ... by),

where vs # x + 1.

(2) (wi...wpuy...ug)(vr...vsxby... by) SN (Wi ... wpzuy ... ug) (V1 ... Vs—12b1 ... by),

where vy = wp = x + 1.

In both cases, u; < x — 1 since if uy = x — 1 then by = x — 1 due to the fact that x is unbracketed;
but this would mean that the word is not fully-commutative. We also notice that since all u; are
paired with some bj, we have that t > q and b; > u;. Similarly, all v; are paired with some wj,
so we have that p > s and v; > wp—_s1;. Let u denote the sequence uy ...uq and let b denote the

sequence by ... b;.
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PROPOSITION 2.3.2. Suppose h is a fully-commutative decreasing factorization such that f(h) #
0 (resp. ef(h) #0). Then fr(h)™ ~ h"™ (resp. e;(h)"™ ~ h') for the equivalence relation ~ of
Definition 2.5.1.

Proor. We prove the statement for f;. Since e} is a partial inverse of f;’, the result follows.
Let h = A™...h' € H™* and define h = ff(h) = A™.. hF*1RFRE=1 1. Specifically,
RFFL = (wy .. .WpUg ... Ug) and h* = (vy...vsxby...b;), where x is the largest unpaired letter in
h¥. Then by Lemmas A.2.2 and A.2.3, we have the following sequence of equivalence moves:
(by...b1xvs ... v1Ug ... U)Wy .. . Wp—si1 ~ (Dgig ... Diurzvs .. . V1)Wp ... Wp_si1

botg ... b1z (vs ... VI Wy ... Wp—sy1) ~ bgtlg . .. biurz(vswy . .. VIWp_g41).

Case (1): When vy # z+1, b1 = (wy ... wpmuy ... ug), h¥ = (v1...vsby ... D). By Lemmas A.2.5
and A.2.6, we have

bgg - .. biur (xvswy . .. V1Wp—gy1) ~ bytig ... brug (Vs ... v1TZW) . . Wp—s11)

(bgtig . .. D1uvs ... v1)TWp . .. Wp—gp1 ~ (bg ... D1Vs ... VUG ... UL)TWp . .. Wp—st1.
Thus, we have that

by ... .b1xvs .. VUG .. ULWp .. W ~ by DTV VUG L U TWY WY

Case (2): When vy = w, =z + 1, pE+1 = (wy ... wpzuy ... ug), hk = (v1...v5-12b1 ... b;). Then

by Lemmas A.2.4 and A.2.7, we have

bgttg - - . b1ut (TVsWp)Vs—1Wp—1 . . . V1Wp—sy1 ~ Dglig . .. b1ug (TTWp)Vs—1Wp—1 . .. V1Wp—s41
bytg - . . iz (Twpvs_1Wp—1 . .. VIWp—s41) ~ bgig . .. biurx(Vs—1 ... VITWp . .. Wp—s41)
(bgug . .. biurzve_q ... v1)xWp ... Wp—sq1 ~ (bg...D1TVs_1 ... VIUG. .. UI)TZW ... Wp_si1.

Thus, we have that

by...bixvs .. VUG .. UWp .. WL ~ by DTV L VLU L U TWY WY
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Therefore, we have shown that in both cases, f;(h)™ ~ h"V. O

PROPOSITION 2.3.3. For h € H™* such that f(h) # 0 for some 1 < k < m, the x-insertion

tableau for h equals the x-insertion tableau for f(h).

ProOF. By Proposition 2.3.2, the reverse words for h and f}(h) are ~-equivalent. By Propo-

sition 2.3.1, the corresponding insertion tableaux are equal. ([l

PROPOSITION 2.3.4. Let h € H™* be a lowest weight element under Definition 2.1.3 of weight
A. Then there exists r > 1 where \; = 0 for i < r and N\iy1 = A for 1 < ¢ < m. Suppose

h =hp"--h" = (R ... h{”)(h";:l Ry (R ...h7), then the i-th row of the x-insertion

tableau equals hTH_i, h§"+1_i, e ht\”ﬂ_i_, that is,
m+1—1i
hi h3,
AR | et
(2.3) P*(h) = m
L I S O O L N

PRroOOF. Without loss of generality, we may assume that » = 1. We prove the statement by
induction on m. The case m =1 is trivial.

Let m > 1 be arbitrary and suppose that the statement holds for this m. We prove the
statement for m + 1. We need to insert P*(h) < AT < p .. hz\"n;:ll, where P*(h) is as
in (2.3) with r = 1. Note that h;nﬂ < A for 1 <7 < Ay, Specifically, h’f‘“ < AT, so its insertion

path is vertical along the first column and we obtain

hy
ht | ... | by
m m—1 m—1
P*(h) — h11n+1 — hl h2 A ce h)\m_l
ans I U E B R




Since h’ln'H < h;”“ < hy', the insertion path of h’2n+1 is strictly to the right of the insertion path
of hg”“ and weakly left of the second column by Lemma 2.2.3, so it is vertical along the second
column. Similar arguments show that the insertion path for hlmJrl is just vertical along the i-th

column. Thus, the result holds for m + 1. O

REMARK 2.3.2. For a lowest weight element h € H™™* of weight a, the corresponding insertion

tableau must have shape p = sort(a), which is the partition obtained by reordering a.
PROPOSITION 2.3.5. Let T' € SSYT(A) and (P,Q) =xores(T). Then Q =T.

ProOF. The proof is done by induction on subtableaux of T' similarly to the proof of Theo-
rem 2.2.1.

For a given step in the insertion process, suppose that the entries of T that are involved so far
form a nonempty subtableau 7" of T' with shape p containing cell (1,1). Furthermore, assume that
the insertion and recording tableau at the corresponding step are P(7”) and Q(7”). Then they
both have shape p, and the entry of cell (¢, 5) of P(T")is £+ j — ,u;» +4—1. In addition, Q(T") =T,
where 1/ is the conjugate of the partition pu and £ := X = £(\).

Note that we do not encounter Case (1) in the proof of Theorem 2.2.1. All other arguments
still hold since for every insertion the letter is not contained in the row it is inserted into, that is,
the insertion always bumps the smallest letter that is greater than itself. Thus, we omit the detail

of the proof. O

2.3.2. The *-insertion and crystal operators. In this section, we prove that the x-insertion
and the crystal operators on fully-commutative decreasing factorizations and semistandard Young

tableaux intertwine.

THEOREM 2.3.1. Let h € H™*. Let (P*(h),Q*(h)) = *x(h) be the insertion and recording

tableauzr under the x-insertion of Definition 2.2.2. Then

(1) fr(h) is defined if and only if f;(Q*(h)) is defined.

(2) If fr(h) is defined, then Q*(f+(h)) = f;Q*(h).
42



In other words, the following diagram commutes:

gmx 9, sgyTm

if; lfi

H™* —— SSYT™.

PROOF. The crystal operator f acts only on factors hi*! and h'. Hence it suffices to prove
the statement for h = A**1h? .. h! with i 4+ 1 factors.

Suppose f7(h) # 0. By Proposition 2.3.3, P*(h) = P*(f/(h)). Furthermore, by Lemma 2.2.1
P*(h) and Q*(h) have the same shape. Hence in particular, @*(h) and Q*(f(h)) have the same
shape and therefore the letters ¢ and ¢ + 1 in @*(h) and Q*(f}(h)) occupy the same skew shape.

Recall from Definition 2.1.3 that f removes precisely one letter from factor h* = (hjh}_; ... hY),
say hi. By Lemma 2.2.3, the insertion paths of ht,...,h} into P*(h"~!-.. k') move strictly to the
right and the newly added cells form a horizontal strip. In addition, the letters h¢, ..., hé appear
in the first row of P*(h'---h'). Now compare this to the insertion paths for ht,... ,;Li, ey hé}
into P*(hi~1...h'), where h} is missing. Up to the insertion of h}_,, everything agrees. Suppose
that hfC bumps the letter x in the first row and hfC 41 bumps the letter y > x in the first row by
Lemma 2.2.3. Then when h}'c 41 gets inserted without prior insertion of hi, the letter hfc 41 either still
bumps y or hi_; bumps z (in which case = and y are adjacent in the first row in P*(h*~1..-hl)).
There are no other choices, since if there are letters between x and y in the first row and h}; 41
bumps one of these, it would have already bumped a letter to the left of y in P*(h®---h'). If
h}; 41 bumps x without prior insertion of hi, then its insertion path is the same as the insertion
path of h}; previously. If h}C 41 bumps y, then the letter inserted into the second row by similar
arguments either bumps the same letter as in the previous insertion path of h}; 41 OF h}'C and so
on. The last cell added is hence the same cell added in the previous insertion path of either h%C

or hfC 41- Repeating these arguments, exactly one cell containing 7 in Q*(h'---h') is missing in

Q*((hS.. Eg ...h)R1. .- hl) and all other cells containing i are the same. Hence, Q*(f*(h)) is
obtained from @*(h) by changing exactly one letter ¢ to ¢ + 1.

It remains to prove that f7(h) # 0 if and only if f;(Q*(h)) # 0 and, if f*(h) # 0, then the
letter ¢ that is changed to i 4+ 1 from Q*(h) to Q*(f/(h)) is the rightmost unbracketed ¢ in Q*(h).

First assume that under the bracketing rule for f’, all letters in the factor h' are bracketed, so that
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f#(h) = 0. This means that each letter in A’ is paired with a weakly smaller letter in h**1. Then
by similar arguments as in Lemma 2.2.3 (2), for each insertion path for the letters in h’, there is an
insertion path for the letters in A**! that is weakly to the left and the resulting new cell is weakly
to the left and strictly above of the corresponding new cell for the letter in h. This means that
each 7 in @*(h) is paired with an 7 4+ 1 and hence f;(Q*(h)) = 0.

Now assume that f*(h) # 0. Let us use the same notation as in Remark 2.3.1 (with k replaced
by 7). Since all letters ug,...,u; < x are paired with some letters b; < x, their insertion paths
(again by similar arguments as in Lemma 2.2.3) lie strictly to the left of the insertion path for z.
First assume that vy # « 4+ 1. Recall that by Proposition 2.3.3, P*(h) = P*(f}(h)). Also, by the
above arguments, moving letter x to factor h*™! under f, changes one i to i+ 1 (precisely the i that
is missing when removing = from h?). Now the letters Wp, ..., w1 > x are inserted after the letter x
in the (i 4 1)-th factor in f’(h) and by Lemma 2.2.3 their insertion paths are strictly to the right
of the insertion path of = in f(h). But this means that the corresponding i 4+ 1 in @*(h) cannot
bracket with the i that changes to i 4+ 1 under f7. This proves that f;(Q*(h)) # 0. Furthermore,
each v, ..., vy is paired with some w; and hence the insertion path of this w; is weakly to the left
of the insertion path of the corresponding v;,. Hence all i to the right of the ¢ that changes to an
i + 1 under f} are bracketed. This proves that this 7 is the rightmost unbracketed ¢, proving the

claim. The case vy = x + 1 is similar. O

REMARK 2.3.3. Proposition 2.3.4 and Theorem 2.3.1 provide another proof via x-insertion, in

the case where w is fully-commutative, of the Schur positivity of Gy, of Fomin and Greene [7]

Gy = Z ﬁlul—f(w)ggsw

m

where gty = [{T € SSYT" (/') | we(T) = w}|.
2.3.3. Uncrowding set-valued skew tableaux.

LEMMA 2.3.2. For skew shape N/, the crystal operators on SVT™(A/u) intertwine with those
on SSYT™(v/p), for A C v, under uncrowd.

PROOF. Chan and Pflueger [6] proved that the image of T € SVT(\/u) under the uncrowding

map is a pair (P, Q), where P is a semistandard tableau of shape v/u and @ is a flagged increasing
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tableau of shape v/A. Monical, Pechenik and Scrimshaw in [22, Theorem 3.12] proved that the
crystal operators on SVT™()) intertwine with those on SSYT" (v) under uncrowd. Since uncrowd

is defined equally on skew shapes, the result follows. O

2.3.4. Compatibility of x-insertion with uncrowding. For a partition u, let T}, be the
unique tableau of shape p with y; letters ¢ in each row i. Note that uncrowd(T),) = (T}, 0) since

ex(Ty,) = 0.

LEMMA 2.3.3. For T € SVT™(\/n), if (P,Q) = x(hh') where h = res(T) and h' = res(T,),

then T, is contained in Q.

PRrROOF. For T € SVT™(A/p), let T'x be the set-valued tableau of shape A obtained from T by

adding £(p) to each entry and filling in the cells of p with T),. By Proposition 2.3.5, we have
(2.4) xores(Ty) = (B, Ty)

where P, is the semistandard tableau specified in the proof of Proposition 2.3.5. The claim follows

by noting that res(Tx) = res(T)res(1},). O

DEFINITION 2.3.2. A modification of x-insertion is defined on H*™ as follows: for h € H*™,
let M/ be the shape of res~!(h) (which is well-defined up to a shift by Proposition 2.1.2). For
h' = res(T},), let (Px,Qx) = *(hh'). Define *(h) = (P, Q) where P is obtained from Px by deleting
all entries in cells of p and @Q is defined from Qx by deleting T}, from it and decreasing all other
letters by £().

Note that this is well-defined by Lemma 2.3.3 and the fact that each h € H*" can be associated
to a skew shape \/p which is the shape of res~!(h) by Proposition 2.1.2. Also note that *(h) = x(h)
if u=790.

THEOREM 2.3.2. Let T € SVT™(\/u), (P,Q) = uncrowd(T), and (P,Q) = % o res(T). Then

Q=P.
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PRrROOF. We start by addressing the straight-shape case; for T« € SVT™()), consider the fol-

lowing compositions of maps:

(P, Q) Tx —=—h ——— (P,Q)

uncrowd

lfk lfk lf;: lfk

(fe(P), Q) fe(Tx) === fr(h) —— (P, fr(Q)).

%
uncrowd

By Lemma 2.3.2, the left square commutes. By Theorem 2.1.2 the center square commutes. By
Proposition 2.3.3 and Theorem 2.3.1 the right square commutes. Hence it suffices to prove that
Q = P when T« is a lowest weight element in the crystal.

Suppose T € SVT™(A) is of lowest weight with wt(7T%) = a and ex(T*) = ¢. Then the
decreasing factorization h € H"™* is lowest weight by Theorem 2.1.2. By Remark 2.3.2, P and
hence @ has to be of shape v = sort(a). By Theorem 2.3.1, ) is the unique lowest weight element
in SSYT™ of shape v.

Consider the uncrowding operator on T and record each tableau during the process of uncrowd-
ing as in Definition 1.2.5 by a sequence of set-valued tableaux T = Py — P, — -+ — P; = P.
Since T'x is of lowest weight, so are all the P,. Furthermore, all P; have the same weight a. Let
(P, Qi) =*o res(f’i). For all 0 < i < /4, QQ; is the unique lowest weight element in SSYT™ of shape
v. Hence in particular Q; = Q for all 0 < i < ¢. By Proposition 2.3.5, Q = Q; = P, proving the
claim for straight shapes.

Now take T' € SVT™(A/u) and construct T from T by adding ¢(u) to each entry and filling in
the cells of p with 7),. Note that T'x is a set-valued tableaux of shape A. Let (P, Q) = %ores(Tx) and
(Px,Qx) = %ores(T'). Since res(T*) = res(T")res(T},), Lemma 2.3.3 implies that Q* = Q/T},. On the
other hand, since T« has straight shape, the preceding paragraph gives that uncrowd(T*) = (@, Q)
for some Q. We then note that uncrowd(T) and uncrowd(T's) are identical on cells of A\/u up to

a shift of the entries by ¢(u); in particular, applying uncrowd to T* does not involve any cell of u

since none of these are multicells and their entries are the smallest £(11) letters. 0
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2.4. Results on the non-fully-commutative case

In this section, we discuss some aspects when we generalize to the non-fully-commutative case.
In Section 2.4.1, we describe a local crystal on H™(3). In Section 2.4.2, we show that under very

mild assumptions it is not possible to expect a local crystal for n > 3.

2.4.1. The case n = 3. We provide a description of a type A,,_1 crystal structure on H"(3).

DEFINITION 2.4.1. Let h = h™h™~1 . h2h! € H™(3). Fiz 1 < k < m. Define the pairing

process of h and the number of pairs in h*=1 .. hWIH1hJ | denoted p([j, k —1]), recursively as follows:

(1) The empty factorization, denoted 0, has no pairs and p(()) = 0.
(2) If p([1,j — 1]) is defined for all 1 < j < k, then we have p([j,k — 1]) = p([1,k — 1]) —
p([1,7 —1]).
(3) I W = (), then set p((1, K)) = p(([1, & — 1]).
(4) Otherwise, if h* = (21), pair the 2 with the 1 in h* and set p([1,k]) = p([1,k —1]) + 1.
(5) Otherwise, if h* = (2) and p([1, k—1]) is even, ignoring all previously paired letters, locate
the leftmost unpaired letter in hF=1 .. h2hl.
(a) If this letter is in b/ = (1) and p([j + 1,k —1]) is even, then pair the 2 in h* with the
1in b7 and set p([1,k]) = p([1,k —1]) + 1.
(b) If this letter is in h? = (2) and p([j + 1,k — 1]) is odd, then pair the 2 in h* with the
2in b and set p([1,k]) = p([1,k —1]) + 1.
(¢) Else, set p([1,k]) = p([1,k —1]).
(6) Otherwise, if h* = (1) and p([1,k — 1]) is odd, ignoring all previously paired letters, locate
the leftmost unpaired letter in h*=1 ... h2h!.
(a) If this letter is in hJ = (2) and p([j + 1,k —1]) is even, then pair the 1 in h* with the
2in b and set p([1,k]) = p([1,k —1]) + 1.
(b) If this letter is in b = (1) and p([j + 1,k — 1]) is odd, then pair the 1 in h* with the
1in W and set p([1,k]) = p([1,k —1]) + 1.
(¢) Else, set p([1,k]) = p([1,k —1]).
(7) Else, set p([1,k]) = p([1,k —1]).
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EXAMPLE 2.4.1. Let m = 8 and consider h = ( )(2)( )(21)(1)(1)(2)(21) € H3(3). The pairing

process results in ()(2)( )(21)(1)(1)(2)(21), where the paired letters are indicated with braces.
(o A ni
Hence, we have the following values of p([1,k]) for 1 <k <8: 0, 1, 1, 2, 2, 3, 3, 3. Note that the
letters in the fourth and seventh factors are left unpaired.
—
Similarly, if we takeh = ( )(2)(2)(21)(2)(1)(21)(21) € H3(3), we obtain ( )(2)(2)(21)(2)(1)(21)(21)-
I —

Thus, we have the following values of p([1,k]) for 1 <k <8: 0, 1, 2, 2, 2, 8 ,4, 5. In this case all

the letters in h are paired.

DEFINITION 2.4.2. Let h = h™ .. h%2h' € H™(3). The crystal operator f; for 1 < i < m on
h is defined as follows. The operator f; only depends on hiT'h' and the parity of p([1,i — 1]) of
Definition 2.4.1. In the following cases, we indicate only the changes in K'Y h' under f; as the

remainder of h remains invariant:

(1) (21)(x) 5 0, where (z) € {(), (1), (2), (21)},

(2) ()() 5 0, where (z) € {(), (1), (2), (21)},

(3) (x)(x) 5 0, where (x) € {(), (1), (2)}.

(4) (1)(21) i> (21)(2),

(5) @)1 % 2H(),

(6) ()(x) > (2)( ), where (z) € {(1), (2)},

(7) O)21) % (2)(1) = 1)(). if p([L,i —1]) is even,
(8) ()(21) 5 (1)(2) = (21)( ), if p([L.i — 1]) is odd.

The operator e; is defined similarly. One reverses the changes introduced in cases (4) to (8) and

annihilates h when the following occurs at K1 ht:

(1)" (z)(21) 5 0, where () € {(), (1), (2), (21)},

(2)” ()() 5 0, where (z) € {(), (1), (2), (21)},

(3)" (2)(w) = 0, where (x) € {(), (1), (2)}.

Similar to Definition 2.1.3, the weight map is defined as wt(h) = (len(h!),len(h?), ..., len(h™)).
Meanwhile, ;(h) (resp. €;(h)) is defined to be the largest nonnegative integer k such that f¥(h) # 0

(resp. e} (h) #0).
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FIGURE 2.3. The crystal graph for H3(3) restricted to decreasing factorizations
with four letters.

It is not difficult to check that the operators f; and e; defined above preserve the relation =, on
H"™(3) whenever they do not annihilate the decreasing factorizations. Furthermore, the structure
above defines an abstract, seminormal A,,—; crystal on H™(3).

We note that one may also verify that the crystal is a Stembridge crystal by checking that the
axioms formulated in [31] are satisfied. Figure 2.3 displays the crystal graph on H3(3) restricted

to decreasing factorizations that use exactly 4 letters.

2.4.2. Nonlocality. In this subsection, we show that it is impossible to construct a crystal

on H" with the following properties for f;:

(1) f; only changes the i-th and (i 4+ 1)-th decreasing factors;
(2) fi is determined by the first (i 4+ 1) factors;
(3) fi(h) =y, h and ex[f;(h)] = ex(h), for all h € H™ with f;(h) # 0.

Let hy = h*...h?hi € H™ and suppose that f;(hy) # 0. If we write f;(hy) = hJ'...h3h3, then
the above assumptions imply that A" h% ... hl =4, h5T AL ... hd. Obviously the crystal on H™(3)

defined in Section 2.4.1 satisfies these assumptions.
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FIGURE 2.4. Partial filling of the connected component of 7*(3) containing highest
weight element ( )(21)(32)(32).

Suppose that a crystal structure with the above assumptions exists on 7—{4(4). Consider the

Schur expansion of the stable Grothendieck polynomial in 4 variables for w = 12132:

Gro132(21, T2, 3, 245 B) = 5291 + (28222 + 359211) + 5% (652921 + 6592111) + - - -

(Note that s22111 is zero in four variables and hence could be omitted). The linear term in 3 implies
that there are two connected components with highest weight (2,2,2,0) (lowest weight (0,2, 2,2))
for the crystal H*(4) with excess 1. All decreasing factorizations mentioned below are those of
w = 12132 with 4 factors and excess 1.

There are two decreasing factorizations of weight (2,2,2,0): ( )(21)(21)(32) and ( )(21)(32)(32).
Focus on the connected component with highest weight ( )(21)(32)(32) and try to complete the
crystal graph from top to bottom. Since the only decreasing factorization of weight (2,2,1,1) with
the first and second factors both being (32) is (2)(1)(32)(32), we can compute the action of f3 on
this highest weight element. By some similar arguments we can fill in part of the crystal graph as

indicated in Figure 2.4 with the above assumptions. The dashed spaces are undetermined.
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Yet note that the red fy highlighted in the graph changed the first factor from (3) to (2). Hence,
Condition (1) is violated, providing a counterexample that crystals with the above conditions always

exist on H™(n) for n > 3.
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CHAPTER 3

Uncrowding algorithm for hook-valued tableaux

This chapter is based on work in collaboration with Joseph Pappe, Wencin Poh and Anne
Schilling in preprint [25].

The chapter is organized as follows. In Section 3.1, we review the definition of semistandard
hook-valued tableaux of [32] and the crystal structure on them [11]. In Section 3.2, we define
the new uncrowding map on hook-valued tableaux and prove that it intertwines with the crystal
operators and other properties. We also give a variant of the uncrowding algorithm on hook-valued
tableaux. In Section 3.3, we consider applications of the uncrowding algorithm, in particular

expansions of the canonical Grothendieck polynomials using techniques developed in [1].

3.1. Hook-valued tableaux

In Section 3.1.1, we define hook-valued tableaux [32] and in Section 3.1.2 we review the crystal

structure on hook-valued tableaux as introduced in [11].

3.1.1. Hook-valued tableaux. A semistandard Young tableau U of hook shape is a tableau

of the form

by

U= 61 ;

T aj Qg

where the integer entries weakly increase from left to right and strictly increase from bottom to
top. In this case, H(U) = z is called the hook entry of U, L(U) = (41,42, ...,£p) is the leg of U, and
A(U) = (a1,a2,...,aq) is the arm of U. Both the arm and the leg of U are allowed to be empty.
Additionally, the exztended leg of U is defined as LT (U) = (x, 41,42, . ..,¢,). We denote by max(U)

(resp. min(U)) the maximal (resp. minimal) entry in U.

52



DEFINITION 3.1.1. Fiz a partition A. A semistandard hook-valued tableau (or hook-valued
tableau for short) T' of shape X is a filling of the Young diagram for A with (nonempty) semistandard

Young tableaux of hook shape such that:

(i) max(A) < min(B) whenever the cell containing A is in the same row, but left of the cell
containing B;
(7i) max(A) < min(C) whenever the cell containing A is in the same column, but below the

cell containing C.

The set of all hook-valued tableauz of shape \ (respectively, with entries at most m) is denoted by
HVT(A) (respectively, HVT™(X)).
Given a hook-valued tableau T, its arm excess s the total number of integers in the arms of all

cells of T, while its leg excess is the total number of integers in the legs of all cells of T'.

REMARK 3.1.1. In the special case when a hook-valued tableau has arm excess 0, it is also called
a set-valued tableau. Similarly, a multiset-valued tableau is a hook-valued tableau with leg excess
0. We use the notation SVT(X) (resp. SVT™(X)) and MVT(N) (resp. MVT™(X)) for the set of
all set-valued tableauz of shape \ (resp. with entries at most m) and the set of all multiset-valued

tableauz of shape A (resp. with entries at most m), respectively.

3.1.2. Crystal structure on hook-valued tableaux. Hawkes and Scrimshaw [11] defined

a crystal structure on hook-valued tableaux. We review their definition here.

DEFINITION 3.1.2 ( [11], Definition 4.1). Let C' be a hook-valued tableau of column shape. The
column reading word R(C') is obtained by reading the extended leg in each cell from top to bottom,
followed by reading all of the remaining entries, arranged in a weakly increasing order.

For a hook-valued tableau T, its column reading word is formed by concatenating the column

reading words of all of its columns, read from left to right, that is,
R(T) = R(C1)R(C?) ... R(Cy),
where £ is the number of columns of T and Cj is the ith column of T'.
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EXAMPLE 3.1.1. Let T be the hook-valued tableau

4
33 |5
T —
2 14
11 | 334 | 4445

The column reading words for the columns of T are respectively 432113, 54334 and 4445, so that
R(C) = 432113543344445.

DEFINITION 3.1.3. [11, Definition 4.3/ Let T € HVT™(\). For any 1 < i < m, we employ
the following pairing rules. Assign — to every i in R(T) and assign + to every i + 1 in R(T).
Then, successively pair each + that is adjacent and to the left of a —, removing all paired signs
until nothing can be paired.

The operator f; acts on T according to the following rules in the given order. If there is no
unpaired —, then f; annihilates T'. Otherwise, locate the cell ¢ with entry the hook-valued tableau

B =T/(c) containing the i corresponding to the rightmost unpaired —.

(M) If there is an i+ 1 in the cell above ¢ with entry BT, then f; removes an i from A(B) and
adds i +1 to A(BT).

(S) Otherwise, if there is a cell to the right of ¢ with entry B™, such that it contains an i in
LT (B™), then f; removes the i from LT (B™) and adds i + 1 to L(B).

(N) Else, f; changes the i in B into an i+ 1.

Similarly, the operator e; acts on T’ according to the following rules in the given order. If there
18 no unpaired +, then e; annihilates T'. Otherwise, locate the cell ¢ with entry the hook-valued

tableau B = T'(c) containing the entry i + 1 corresponding to the leftmost unpaired +.

(M) If there is an i in the cell below c with entry B, then e; removes the i + 1 from A(B) and
adds i to A(BY).

(S) Otherwise, if there is a cell to the left of ¢ with entry B, such that it contains an i + 1
in L(B*), then e; removes the i + 1 from L(B*") and adds i to LT(B).

(N) Else, e; changes the i +1 in B into an i.
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Based on the pairing procedure above, p;(T) is the number of unpaired —, whereas €;(T) is the

number of unpaired +.

We remark that the definition of crystal operators on HVT specializes to the definition on SVT
in [22] or the one on MVT in [11] when the arm excess or leg excess of the tableaux is set to 0,

respectively.

ExaMPLE 3.1.2. Consider the following hook-valued tableau T':

4 |5
34| 4
T =
2 |3
11 | 233
Then, es annihilates T', whereas
4 |5
4 |5 4 |5
34 |4
34 | 4 34 | 44
€1(T) = 3 ) fl(T) = 3 f3(T) =
2 |3 2 13
2
12 | 233 11| 23
11 | 133

For a given cell (7, ¢) in row r and column ¢ in a hook-valued tableau T', let Ly (7, ¢) be the leg
of T(r,c), let Ap(r,c) be arm of T(r,c), let Hr(r,c) be the hook entry of T'(r,c), and let L7 (r,c)
be the extended leg of T'(r, c).

3.2. Uncrowding map on hook-valued tableaux

In Section 3.2.1, we give a new uncrowding map on hook-valued tableaux and prove some of
its properties in Section 3.2.2. The relation to the uncrowding map on multiset-valued tableaux is
given in Section 3.2.3. In Section 3.2.4, we give the inverse of the uncrowding map on hook-valued
tableaux, called the crowding map. In Section 3.2.5, an alternative definition of the uncrowding

map on hook-valued tableaux is provided.
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3.2.1. Uncrowding map on hook-valued tableaux. In [11], the authors ask for an un-
crowding map for hook-valued tableaux which intertwines with the crystal operators. Here we
provide such an uncrowding map by uncrowding the arm excess in a hook-valued tableaux to ob-
tain a set-valued tableaux. An alternative obtained by uncrowding the leg excess first is given in

Section 3.2.3.

DEFINITION 3.2.1. The uncrowding bumping Vy: HVT — HVT is defined by the following algo-

rithm:

(1) Initialize T as the input.

(2) If the arm excess of T equals zero, return T.

(3) Else, find the rightmost column that contains a cell with nonzero arm excess. Within this
column, find the cell with the largest value in its arm. (In French notation this is the
topmost cell with nonzero arm excess in the specified column.) Denote the row index and
column index of this cell by r and c, respectively. Denote the cell as (r,c), its rightmost
arm entry by a, and its largest leg entry by L.

(4) Look at the column to the right of (r,c) (i.e. column ¢+ 1) and find the smallest number
that is greater than or equal to a.

o If no such number exists, attach an empty cell to the top of column c+ 1 and label
the cell as (T,c+ 1), where 7 is its row index. Let k be the empty character.
o If such a number exists, label the value as k and the cell containing k as (F,c + 1)
where 7 is the cell’s row indez.
We now break into cases:
(a) If 7 # r, then remove a from Ar(r,c), replace k with a, and attach k to the arm of
Ap(F,c+1).
(b) If ¥ = r then remove (a,¢] N Ly (r,c) from Lp(r,c) where (a,¢] ={a+1,a+2,...,¢},
remove a from Ar(r,c), insert (a, )N Ly (r, c) into Lr(7,c+ 1), replace the hook entry
of (7,c+ 1) with a, and attach k to Ap(f,c+ 1).
(5) Output the resulting tableau.

See Figures 3.1 and 3.2 for illustration.
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FIGURE 3.1. When 7 # r. Left: (7,c+ 1) is a new cell; Right: (7,c+ 1) is an
existing cell.

FIGURE 3.2. When 7 = r. Left: (r,c+1) is a new cell; Right: (r,c+1) is an existing
cell.

LEMMA 3.2.1. The map V, is well-defined. More precisely, for T € HVT we have Vy(T) € HVT.
PROOF. See Appendix B.1.1. O

DEFINITION 3.2.2. The uncrowding insertion V: HVT — HVT is defined as V(T) = VA(T),
where the integer d > 1 is minimal such that shape(V{(T))/shape(VI(T)) # 0 or VXT) =
ViN(T).

A column-flagged increasing tableau is a tableau whose transpose is a flagged increasing tableau.
Let F denote the set of all column-flagged increasing tableaux. Let F(/\) denote the set of all

column-flagged increasing tableaux of shape p/A.
DEFINITION 3.2.3. Let T' € HVT(\) with arm excess a. The uncrowding map
U: HVT(A) = | | SVT () x F(u/A)
TPy
is defined by the following algorithm:
(1) Let Py =T and let Qo be the column-flagged increasing tableau of shape \/\.
(2) For1<i<a,let Pyy =V(F).

Let ¢ be the index of the rightmost column of P; containing a cell with nonzero arm excess
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and let ¢ be the column index of the cell shape(P;41)/shape(F;).

Then Q;y1 is obtained

from Q; by appending the cell shape(P;11)/shape(P;) to Q; and filling this cell with ¢ — c.

Define U(T) = (P(T), Q(T)) := (Pa, Qa)-

EXAMPLE 3.2.1. Let T be the hook-valued tableau

8
67
5
4
233 | 66
2 |7
1 1115

Then, we obtain the following sequence of tableaux V,ﬁ(T) for 0 < i < 2 =d when computing the

first uncrowding insertion:

8 8 8

67 67 67

5 ) )

4 4 — 14

233 | 66 233 16 233 16
2 2 |6 2

1 11 1 11 | 57 1 11
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Continuing with the remaining uncrowding insertions, we obtain the following sequences of tableaux

for the uncrowding map:

8 8 8
67 67 67
5 5 5
4 4 |4 —
233 | 66 233 | 6 233 | 6
2 |7 2 |6 216
1 |[11]5 1 |11]5]7 1 [1|1|5]7
8 8 8
6 |7 6 |7 6|7
5 5 5
4 — 4 — 4 = P(T),
233 | 6 2336 2033
2|6 216 26
1 |1]1|5|7 1 [1]1]5]7 1111|567
.
=Q(T).

COROLLARY 3.2.1. Let T € HVT. Then P(T) is a set-valued tableau.

PRrROOF. By Lemma 3.2.1 and Definition 3.2.2, we have that V(T') is a hook-valued tableau.
Note that if the arm excess of T' is nonzero, then the arm excess of V(T') is one less than that of T.

Since P(T) = V*(T'), where « is the arm excess of T', we have that the arm excess of P(T) is zero.

Thus, P(T) is a set-valued tableau. O
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DEFINITION 3.2.4. Let T € HVT and let d be minimal such that V(T) = VI(T). The insertion
path p of T — V(T) is defined as follows:
e Ifd=0, set p=10.
e Otherwise, let (rg,co) be the rightmost and topmost cell of T containing a cell with nonzero
arm excess. For all 1 < j < d, let ¢; = co+j and let rj =7 be T in Definition 3.2.1 when

V, is applied to V]~ (T)). Set p = ((ro,co), (r1,c1); .-, (ra. ca)).
LEMMA 3.2.2. Let T € HVT. Then Q(T) is a column-flagged increasing tableau.

PROOF. By construction, the positive integer entries in column ¢ of Q(7T') are at most i—1. Let m
be the smallest nonnegative integer such that V*(T') = P(T). Let p* = ((r}, c}), (1%, ¢b),. .., (rfji, C?il))
for 0 < i < m be the insertion path of V¥(T') — V*1(T). Since ¢ < ¢ for all 0 < i < m, the
entries in each row of Q(7T) are strictly increasing. To check that the entries in each column of
A +1 lies weakly below p'.

Q(T) are strictly increasing, it suffices to show that if ¢j" = ¢} then p

In other words, it suffices to check that cé“ = cg implies that r§+1 < rj- forall 0 < j < d;. We
prove this by induction on j. Note that réﬂ < r}y by the definition of ¢. Assume by induction
that 7"?-“ < 7. This implies that the a when applying V, to Vg (V(T)) is weakly smaller than the

a when applying V, to Vg (Vi=1(T)). Thus, we must have r;ill < r} 41 O

3.2.2. Properties of the uncrowding map. Let T be a hook-valued tableau. Define R;(T)
as the induced subword of R(T') consisting only of the letters ¢ and ¢ 4+ 1. In the next lemma, we
use the same notation as in Definition 3.2.1. Furthermore, two words are Knuth equivalent if one

can be transformed to the other by a sequence of Knuth equivalences on three consecutive letters
zzy = zzxy for x <y < z, yrz =yzx forx <y < z.

LEMMA 3.2.3. For T € HVT, R;(T) = Ri(Vs(T')) unless T satisfies one of the following three

conditions:

(a) a =1 ora=i+1 and column c+ 1 contains both an i and an i+ 1,
(b)) T =r,1€ (a,l]NLp(r,c), k=1, and column c+ 1 contains an i + 1,
(c) F=r,a=1i,1+1¢€ (a,¢NLp(r,c), and (r,c) contains another i besides a.

Moreover, R;(T) is Knuth equivalent to R;(Vy(T)).
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PROOF. See Appendix B.1.2. O

REMARK 3.2.1. In general, the full reading words are not Knuth equivalent under the uncrowding

map. For example, take the following hook-valued tableaw T, which uncrowds to a set-valued tableau

S':

4
4
3
T = —12(3|5[=5
2 15
11214
12 | 4

The reading word changed from 4321254 to 2143254, which are not Knuth equivalent.

PROPOSITION 3.2.1. Let T € HVT.

(1) If fi(T) = 0, then fi(P(T))
(2) If e;(T) = 0, then e;(P(T))

0
0.

Proor. Since P(T') = V{(T') for some s € N and Knuth equivalence is transitive, we have that
R;(T) is Knuth equivalent to R;(P(T)) by the previous lemma. As f;(T) = 0, we have that every
i in R;(T) is i-paired with an i + 1 to its left. This property is preserved under Knuth equivalence

giving us that f;(P(7)) = 0. The same reasoning implies (2). O

LEMMA 3.2.4. Let T € HVT.

(1) If fi(T') # 0, then f;(Vo(T))
(2) If e;(T) # 0, then e;(Vp(T))

Vo(fi(T)) # 0.
Vy(ei(T')) # 0.

PROOF. See Appendix B.1.3. O

THEOREM 3.2.1. Let T € HVT.

(1) If fi(T) # 0, we have fi(P(T))
(2) If e;(T) # 0, we have e;(P(T"))

P(fi(T)) and Q(T) = Q(fi(T)).
P(ei(T)) and Q(T) = Q(ei(T)).

PRroOF. Part (2) follows from part (1) since e; and f; are partial inverse. We prove part (1)

here.
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Let T € HVT with arm excess « such that f;(T) # 0 for some i. Then f;(P(T)) = P(fi(T))
follows from Lemma 3.2.4, as P(T) is obtained by successive applications of V on T' and each
application of V is a string of applications of V.

Since crystal operators do not change arm excess, we may employ the notation in Definition 3.2.3
and denote the pair of insertion and recording tableaux produced at the j-th step for 0 < j < a of
the uncrowding map U for T' and f;(T) as (P;(T'), Q;(T)) and (P;(fi(T)),Q;(fi(T))), respectively.
As crystal operators do not change the shape of T', we have shape(P;(f;T")) = shape(f;(P;(T))) =
shape(P;(T')) for all 0 < j < a. Hence
(3.1)

shape(Pj+1(T"))/shape(P;(T')) = shape(Pj11(fi(T')))/shape(P;(fi(T))) foral 0 < j<a—1.

Next we show Q;(T) = Q;(fi(T)) for all 0 < j < a by induction. When j = 0, Qo(T) =
Qo(fi(T)) since shape(Py(T")) = shape(Po(fi(T'))) = shape(T).
Suppose Q;(T") = Q;(fi(T)) for a given j > 0. It suffices to show that the cells

shape(Q;+1(T))/shape(Q;(T")) = shape(Pj1(T'))/shape(P;(T)) and
shape(Q;+1(fi(T)))/shape(Q;(fi(T))) = shape(P;+1(fi(T)))/shape(F;(fi(T)))

in Qj1+1(T) and Qj+1(fi(T')) are at the same position with the same entry. By (3.1), the cells are
in the same position, say in column ¢. By Definition 3.1.3, f; does not move elements in the arm
to a different column, so the columns in which we start the uncrowding insertion V on P;(T) and
P;(f;(T)) are the same, say c, by Definition 3.2.3. Hence the cells shape(Q;+1(7"))/shape(Q;(T"))
and shape(Q;+1(fi(T)))/shape(Q;(fi(T))) are at the same position with entry é — ¢. The theorem
follows. O

Hawkes and Scrimshaw [11, Theorem 4.6] proved that HVT™()\) is a Stembridge crystal by

checking the Stembridge axioms. This also follows directly from our analysis above.

COROLLARY 3.2.2. The crystal HVT™(\) of Definition 3.1.3 is a Stembridge crystal of type
Am_1.
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PROOF. According to [22], SVT™(u) is a Stembridge crystal of type A,,_1. By Theorem 3.2.1,

the map
U: HVT™(A) — | | SVT™ () x F(u/N),
H2A
is a strict crystal morphism (see for example [5, Chapter 2]). The statement follows. O

3.2.3. Uncrowding map on multiset-valued tableaux. The uncrowding map on hook-
valued tableaux described above turns out to be a generalization of the uncrowding map on multiset-
valued tableaux by Hawkes and Scrimshaw [11, Section 3.2]. We will prove that this is indeed the

case in this section. Let us recall the definition of the uncrowding map in [11, Section 3.2].

DEFINITION 3.2.5. Let T'€ MVT(A). The uncrowding map
Y :MVT(A) = | | SSYT(1) x F(u/A)
H2A

sends T to a pair of tableaux using the following algorithm:

(1) Set Uy, 41 =0 and Fy,+1 be the unique column-flagged increasing tableau of shape (/0.
(2) Let 1 < k < A1 and assume that the pair (Uyy1, Fxi1) is defined. The pair (Uy, Fy) is
defined recursively from (Ugy1, Fry1) using the following two steps:

(a) Define Uy as the RSK row insertion tableaw from the word
R(Cr)R(Cry1) - R(Cy,),

where C; is the j-th column of T' for every 1 < j < A1. In other words, if we denote
by Ty the tableau formed by the columns weakly to the right of the k-th column of
T, Uy is obtained by performing RSK row insertion using the column reading word of
To k.

(b) Form the tableau F} of shape shape(Uy)/shape(Tsy) as follows. Shift Fi11 by one
column to the right and fill the boxes in the same positions into Fy; for every unfilled
boz in the shape shape(Uy)/shape(Uy1), label each box in column i with entry i — 1.

Define Y(T') = (U, F) := (Uy, F1).
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EXAMPLE 3.2.2. Let T be the multiset-valued tableau

45

233|345
T =

1 11] 4

Then, we obtain the following pairs of tableaux for the uncrowding map Y:
(ll4vﬁh) ::(Qaﬁ)

(Us, F3) = ( -I)

315 1
(U2, ) = 114 | 4|
(U, Fr) = ;1 z T = (U, F)="Y(T).
111|113

PROPOSITION 3.2.2. Let T € MVT(N). Then U(T) = Y(T). In other words, the uncrowding
map as defined in Definition 3.2.3 is equivalent to the uncrowding map of Definition 3.2.5 in [11,
Section 3.2].

ProOOF. Recall from Definition 3.2.3, that the pair of uncrowding and recording tableaux for
U(T) is denoted by (P(T),Q(T)) = U(T). Similarly, let us denote (U(T), F(T)) := Y(T).

Assume that S € MVT()) is highest weight, that is, e;(S) = 0 for i > 1. By [11, Proposition
3.10], row i of S only contains the letter i. Thus its weight is some partition pu = (p1, g2, . . -, fie)
if A= (\1,\e,...,\r). By Proposition 3.2.1 and Theorem 3.2.1, P(S) € SSYT is highest weight.
As weights of tableaux are preserved under uncrowding, the weight of P(S) is equal to p. By a
similar argument using [11, Theorem 3.17], U(S) € SSYT is also highest weight with weight .
Since highest weight semistandard Young tableaux are uniquely determined by their weights, we
have P(S) =U(S5).

Recall that as long as f;T # 0 for T € MVT(X), we have U(f;T) = f;U(T) by [11, Theorem 3.17]

and P(f;T) = f;P(T) by Theorem 3.2.1. Now let " € MVT(A) be arbitrary. Then T = f;, - - f;,(S)
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for some sequence of i1, ..., and S highest weight. Hence,

P(T) = P(fi, - fi,5) = fi - fi, P(S) = fiy -+ f3, U(S) = U(fiy - £3,5) = U(T).

It remains to show that Q(T") = F(T') for all T' € MVT(A). To do this, we show that the newly
created boxes of the uncrowding map up to a specified column in Definition 3.2.5 are in the same
positions as those for the uncrowding insertion in Definition 3.2.3. For every Y € MVT(u) and for
every 1 < j < p1, denote by Ys; the tableau formed by the rightmost j columns of Y'; here Y~ ,, 11
is the empty tableau.

Let T € MVT()A) be arbitrary. For 1 < k < A; + 1, let P*) be the tableau obtained by
performing the uncrowding map & on T on the columns from right to left up to and includ-
ing the k-th column of T; here PM*D = T In other words, P*) = V(T) as in Definition
3.2.2, where «ay, is the arm excess of T>;. As the entries to the left of column k of T are un-
touched by the uncrowding insertion in Definition 3.2.2, for every 1 < k < A + 1, we have
(P®)sp = P(Tsy) = U(Ts). It follows that for every 1 < k < Ay, up to horizontal shifts, the
newly formed boxes in shape(P®*))/shape(P*+1)) = shape[(P®*))541]/shape[(P¥*+D),.41] and
shape([U(T>k)]sk+1)/shape([U(T>k+1)]5k+1) are in the same positions. Since the entries in these
boxes both record the difference in column indices relative to the k-th column for each 1 < &k < M\
and since the recording tableaux for both maps are formed from the union of these boxes, we

conclude that Q(T') = F(T), completing the proof. O

3.2.4. Crowding map. In this section, we give a description of the “inverse” of the uncrowd-

ing map.

We begin by introducing some notation. Let F' € F with e entries. For each cell (r,c) in F
with entry F(r,c), define the corresponding destination column to be d(r,c¢) = ¢ — F(r,¢). Define
the crowding order on F by ordering all the cells in F' with a filling, first determined by their
destination column (smallest to largest) and then by column index (largest to smallest). Denote
the order by (r1,c1), (r2,c2), ..., (re,ce). Set a(F) = (a1, aq,...,ae), where a; = F(r;,¢;). Let the

arm excess for a column of a hook-valued tableau be the sum of arm excesses of all its cells.
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DEFINITION 3.2.6. Let h € HVT and let (r,c) be a cell in h with ¢ > 1 and with at most one
element in Ap(r,c). If Ap(r,c) is empty, we also require that the cell (r,c) is a corner cell in h.

Then we define the crowding bumping Cy on the pair [h, (r,c)] by the following algorithm:

(1) If Ay(r, c) is nonempty, set m to be the only element in Ay(r,c) and b = max{z € L (r,c) |
x < m}. Otherwise, set m = Hp(r,c) and b = max(L} (r,c)).
(2) Find the largest v’ such that Hp(r';c — 1) < b. If v’ =1, set ¢ = Hy(r,¢). Otherwise, set
q =b. In either case, append q to Ap(r',c—1).
(3) (a) If ' from Step 2 equals r, perform either of the following:
(i) If Ap(r,c) is nonempty, move the set {x € Lyp(r,c) | ¢ < x < m} from Ly(r,c)
to Lp(r',c — 1) and keep it strictly increasing. Remove m from Ap(r,c) and set
Hp(r,c) =m.
(i1) Otherwise, Ay (r,c) is empty, so move Ly(r,c) into Lp(r',c — 1) and keep it to
be strictly increasing. Remove cell (r,c) from h.
(b) Otherwise, ' # r and perform either of the following:
(i) Suppose that Ap(r,c) is nonempty. Replace q in L;(r, ¢) with m. Remove m
from Ap(r,c).

(ii) If instead Ap(r,c) is empty, then remove cell (r,c) from h.

Denote the resulting (not necessarily semistandard) hook-valued tableau by h'. We write Cy([h, (r,¢)]) =
[0, (r',c = 1)]. We also define the projections p; and ps by p1 o Cp(|h, (r,c)]) = B’ and ps o
Cy([h, (r,c)]) = (r',c—1). See Figures 3.3 and 3.4 for illustration.

Cyp * Cy *
— —

——lgqm ——q|m ——m

FIGURE 3.3. When ' = r. Left: (i) Ap(r,c) # 0. Right: (i) Ap(r,c) = 0.
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FIGURE 3.4. When r’ # r. Left: Ap(r,c) # 0. Right: Ay(r,c) = 0.

ExXAMPLE 3.2.3. We compute Cp in two examples:

)
5
’ 4
T = 4 ) Cb([T>(172)]):[ 3 . 7(171)]:[T,7(171)]'
3
11214
1124
? 33
S=1213| G(sS,@)=[2 [.2D]=[5,@21D]

REMARK 3.2.2. In Definition 3.2.6,

e if v/ =1, then h' is always semistandard and has the same weight as h;
o if v’ £ 1 and Ap(r,c) is empty, then h' might have fewer letters than h. In Example 3.2.3,
S contains 5 letters while S" only contains 4. This happens precisely when Ly(r,c) is

nonempty.

In principle, the arm in cell (r',c — 1) could be greater than the q that is to be inserted. However,
we only consider the cases as defined in the order described by the next paragraph. We refer to
Proposition 3.2.3 which states that all tableaux we deal with in this section are indeed semistandard

hook-valued tableauz.

Let (S, F) € SVT(u) x F(u/)\) with crowding order (r1,¢1), (r2,¢2), ..., (Te, ce) and o(F) =
(o1, 09,...,0¢). Forall 0 < j <e—1and forall 0 < s < ajyq, define Tj(s) recursively by setting
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Téo) =S and

p10o Cb([Tj(Sil)v (rj+1,¢j+1)])  when s >0,

(s) ._
;7 =

Tj(fjl) when s =0 and j > 0.

Additionally, define Te(o) = Te(f‘i).

Thus we obtain the following sequence

oCcM oCl2 oC3 oCe
=T B, g0 P2, o) PP P, ),
(r1,c1) (ra,c2) (r3,c3) (re,ce)

REMARK 3.2.3. The tableaux Tj(s) are well-defined. We check the conditions in Definition 3.2.6.

Let h = Tj(s) for some 0 < j < e—1 and for some 0 < s < aj1, with cell (r,c).

e Since F € F, we always have ¢ > 1.

e The case that Ap(r,c) is empty can only occur in 7 for some j > 0. In this case,

j—1
(r,c) = (rj,¢;), which is a corner cell.

ploc;lj

e Consider the o steps in Tj(g)l Tj(o). We first delete cell (rj,c;), which has no arm.

Then at every step after that, (zzgc;:zove leftward one column at a time. Before we reach
column d(rj, c;), there is exactly one column with arm excess being 1 and the rest has zero
arm excess among columns to the right of d(rj,c;) since recall that the cells (r;,¢;) are
ordered from smallest to largest destination column. Once we reach column d(rj,c;), the

cell there may contain more than one arm element, but we then go to (rj41,¢j+1), which

is a corner cell instead. Thus there is at most one element in Ap(r,c).

DEFINITION 3.2.7. With the same notation as above, define the insertion path of Tj(g)l — Tj(o)

for1 < j<etobe

path; := ((r§0)76§0))7 (T]('l),cgl))?‘_.7(r§aj)’cgaj))> ’

where (r{"), i) := py 0 (T, (1, ¢)]) for 0 < s < .

ExXaAMPLE 3.2.4. Consider the following pair of tableauz

(S, F) € HVT((5,3,2)) x F((5,3,2)/((3,2,1))),
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\]
w
N W

1{1]1(4\4

The crowding order is (1,5),(1,4),(3,2),(2,3). The insertion path and destination column for each

of them are:

path; = ((1,5),(1,4),(2,3),(2,2),(2,1)), d(1,5) =
pathy = ((1,4),(2,3),(2,2),(3,1)), d(1,4) =
path; = ((3,2),(3,1)), d(3,2) =1

path, = ((2,3),(2,2)), d(2,3) =2

We obtain the sequence from the algorithm:

5 5 5 5 5
4|5 4 15 4415 445 445
4 % 4 % 4 % 4 % 4
2133 (15 192334 14 1923134 G2 |23 [3]4] @3 |23 |34
2 2 2 2 2
1]1(1]4)4 1 |1]1/4 1 |11 1 |11 1 |1 [1

LEMMA 3.2.5. If d(rj,¢j) = d(rj+1,¢j41), then path;y is weakly above path;.

PRrROOF. By the definition of crowding order, d(rj,c;) = d(rj41,cj+1) implies ¢; > ¢jy1. Set

zj = ¢j — ¢j+1. Then we have cg 7)) Cj—2j—8=Cjt1—8= 65421 for 0 < s < aj11. We need to
show that 7’](21 > ]( %) for 0 < s < ajy1. Computing T (s ) from T( D for 1 < s < o, we denote

b and ¢ in Step 1 and Step 2 of Definition 3.2.6 by b(. %) and q(. )
(25)

Since (rj4+1,¢j4+1) is a corner cell in T;7}, we have r( ) > J(ZJ) We prove that, for 1 < s < aj41,

we have that ¢\%), > ¢\""*, which implies b, > bg.sw ) 5 plrt)
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We prove qj(.j_)l > qj(. %) by induction on s. First we check the case k = 1. If 7"]( +)1 > r( ) , then

it is obvious that q](i_)l > qj(zj+1). Otherwise if r§ +)1 = 1“(. 7) , we consider the following cases. q]( ) 5

the only element in AT(zj)(er, ¢j+1). Let z = H e ) (Tj41,Cj4+1), Y = max(L ¢ (rj1,¢541)) and
j—1 ] 1 ] 1
Y =max{z € LT ) y(rjr1,ci41) | 2 < qj %) }. See Figure 3.5 for illustration.
_7 1
+1 +1 1 0 1 ; 1 0
Case (1): If r ZJ ) = ( 2 , then q(zj )= r Tf r](.Jr)l = r](.Jr)l, then q](Jr)l = q](-zj). If TJ(-Jr)l £ r](-Jr)l,

then cjj(.4_)1 equals y when y > ¢/ and q](. 7) when y = . In both cases qj(»i)l > = q](.sz).

Yy Yy

— y p—

y’ — qj(zj)
* qj('Zj) 5

T (Z])

FIGURE 3.5. Cell ( ](431765421) (r (ZJ),C(~Zj)) in Tj(fjl) (left);

"
in Tj( ), case(1) (middle), case(2) (right).

Case (2): If r](-zjﬂ) + r§zj then q(zﬁl) = 9/. In this case we have HT(Zj) (rjq1+1l,¢41—1) <y < y.
-1

Since H <0)(rj+1 +1,¢j41 — 1) is smaller or equal to y’, we have that 7"](.21 + 9 Therefore q(l)

10 41
(25) (1) (Z;+1)

equals y When y >y and ¢;’’ when y = 1/. In this case 41 = >y =

J
Now we have proved the base case s = 1. Next, suppose it holds for some s > 1 that
q](jzl q](-8+zj ) and T]( _31 > T](-S+Zj ). The statement is similar to the argument of the base case.

(zj5) , it is obvious that q( st q(SHJij) and thus 75T > p(6F1F20) g (9 (=)

(s)
WEric >r; i+ j 1 2T A S A

we discuss the following cases. qj(- +2) is the only element in AT<5+ZJ)(7’J(-S+Zj ),c§s+zj )). Let x =
j—1

+2; +2; +2; +2; +2; +2;

H J(S+Z ( ;s Z])7C‘§'S ZJ)) y—max(LT](ST])(r(,s ZJ),C§S Z]))) and y/ _ max{z c L;FStzj)(rj(.s Zg)’cgs ZJ)) ’
i
z2<q )} See Figure 3.6 for illustration.
+1+2; +z +1+ +1 +1 +

Case (1): If r{"717%) = p0%5) then (71720 — 2 187080 =+ then o{7Y = ¢ > 0 1t
J(Sﬂl + TJ+1, then q](‘r; ) = = max{z € L+(S) ('r](i)l, CJH) | 2 < qj(i)l > q]( t2i) 5 > z. So in either case
we have qj( st 5 q](-s+1+zj).

Case (2): If r HHZ]) # rj(.s+zj), then qj(SHJij) = y'. In this case we have H 70+ )(rj(.s+zj) +

] 1
170§8+Zj) -1 <y < qj(-SJr 7). Since HT(S (r () 4 1,c (<) — 1) is smaller or equal to q( 5+7)

il Cit1 , we have
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Y Yy
— y -
y/ o q§s+2j)
* q(5+z7) (s) *

(s+25) L Git1 (s)
x q] r q]Jrl

FIGURE 3.6. Cell ( ](31,05‘21) = (r](-s+zj),c§-s+zj)) in TJ(erzj) (left);

in TJ( ), case(1) (middle), case(2) (right).

that rjil # TJH Therefore q( st = = max{z € L+(s)( j(i)l’ cﬁl) | 2 < q](.‘i)l}. By induction we have
q§s+ ) < q(+)1= thus q](sH) > q](.s+zj) >y = q§s+1+2]). This completes the proof. g

LEMMA 3.2.6. With the notations as above, let0 < j < e—1,0 < s < a;j41 and Cb([Tj(S), (r,c)]) =

[T(S+1)

J ,(r',¢c = 1)] for some r,c,r’. Then in Tj(SH), column ¢ — 1 is the rightmost column with

nonzero arm excess and (r',c — 1) is the topmost cell in column ¢ — 1 with nonzero arm excess.

PROOF. In any path;, consider the arm excess of its columns. Those with column index ¢ such
that d(r;,cj) < ¢ < ¢ started with arm excess 0, then changed to arm excess 1 when the insertion
path passed through that column, and immediately decreased to 0.

Thus the qj(s) that is being moved to cell (r’,c—1) is always at the rightmost column containing
nonzero arm excess. When ¢—1 > d(r}, ¢j), the arm excess of the column c¢—1 is exactly 1, (', c—1)
is also the topmost cell containing an arm. For ¢ — 1 = d(rj,¢;), the path path; has reached its

destination. At that point, any column to the right of d(rj,c;) has 0 arm excess. It follows from

Lemma 3.2.5 that the cell (r; (25) gaj )) is also the topmost cell containing an arm. O

(s+1)

PROPOSITION 3.2.3. The tableau T 15 a semistandard hook-valued tableau for all 0 < j <

e—1 and for all 0 < s < ajy1.

PROOF. We only need to check that the ¢ in Step 2 of Definition 3.2.6 is greater or equal to
the hook entry and arm of the cell ¢ is to be inserted into. When ¢ is the only arm element, it is
obvious that g is greater or equal to the hook entry.

The case when ¢ is not the only arm element can only happen when we reach the destination

column of the path. By the proof of Lemma 3.2.5, we have that for %(21 > q(s+zj)

; for s > 1 and

for j such that d(r;,cj) = d(rj11,cj+1). Hence the statement follows by setting k& = aj41. O
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Before we define the “inverse” of the uncrowding map ¢ : HVT(X) — Lo SVT (1) x Fu/N),
we need to restrict our domain to a subset Ky of U,5xSVT (1) x F(u/\), as the image of U is not
all of U5 SVT (1) x F(u/N). We define:

Ka(n) :={(S, F) € SVT () x (/) | weight(T}") = weight(5),¥0 < j < e~ 1,Y0 < s < a1},
K)\ = |_| K)\(M).

TPy

REMARK 3.2.4. From the perspective of the uncrowding map, the set-valued tableau S in Ex-
ample 3.2.3 cannot be obtained from a shape (1,1) hook-valued tableau via the uncrowding map as

explained in Remark 3.2.2. We say the cell (1,2) in S practices social distancing. In this case,

3
213 ,l: ¢K(1,1)-
1

12

The (S, F) in Ezample 3.2.4 is in K391(5,3,2).

DEFINITION 3.2.8. We can now define the crowding map C for any partition A as follows,

C: Ky — HVT())

(S, F) — T,

PROPOSITION 3.2.4. The image of the uncrowding map U : HVT(X) — U,oaSVT (1) x F(u/N)

is a subset of Kx. Moreover, we have C oU = 1yyT(y)-

PROOF. We show that if A = V,(h), where h € HVT, V), is as defined in Definition 3.2.1 and
h is obtained by moving some letter(s) from the cell (r,¢) to (7,c¢+ 1) (potentially adding a box),
then Cy([h, (7, c + 1)]) = [, (', ¢)] satisfies [/, (', ¢)] = [h, (r,¢)].
We follow the notation used in Definitions 3.2.1 and 3.2.6. Thus a = max(Ay(r,c)). We have
that Hp(7,c) < a. If cell (r +1,¢) is in h, then Hyp(r 4+ 1,¢) > a.
Case (1): 7 #r.
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Case (1A): If cell (7,¢+ 1) is not in h, then A’ is obtained by adding cell (7, ¢+ 1) and moving a
from Ap(r,c) to Hp(7, ¢+ 1). Under the action of Cp, by Step 1, b = a and ' = r. C, appends a to

A-

7 (1, ¢) and removes cell (7, ¢+ 1), which recovers h.

FIGURE 3.7. Left: case (1A): (7,c¢+ 1) is not in h. Right: case (1B): (7,c+ 1) is in h.

Case (1B): If cell (F,c+ 1) is in h, then k € L} (7,c + 1) is the smallest number that is greater
than or equal to a in column ¢+ 1. A’ is obtained by removing a from Ay (r, c¢), replacing k with a,
and attaching k to Ap(7,c+ 1). Under the action of Cp, by Step 1, we can see that m =k, b = a
and r’ = r. By Step 3(b)i, ¢ = b = a, and a is appended to A;(r,c) and ¢ = a in L;(F,c+ 1) is

replaced with m = k. In the end, m is removed from A; (7, c+ 1). We recover h.
Case (2): 7 =r. Let £ = max(L; (r,¢)).

Case (2A): If cell (r,c+ 1) is not in h, V4 adds cell (r,c¢+ 1), removes the part of Ly (7, ¢) that is
greater than a to Ly(r, ¢+ 1) and moves a from Ay (r,c) to Hx(r,¢+ 1). Under the action of Cp, by
Step 1, m = a and b = £. Thus " = r. By Step 3(a)ii, we move L; (r,c + 1) into L;(r,c) and we

recover h.

*
——a ——a |k ak

FIGURE 3.8. Left: Case (1A): (r,c+ 1) is not in h. Right: Case (1B): (r,c¢+ 1) is in h.

Case (2B): If cell (r,c¢+1) is in h, h is obtained by moving the part of Ly (r, ¢) that is greater than
a to Lyp(r,c+1), moving a from Ay(r,c) to Hp(r,c+1), and appending k to Aj(r,c+1). Under the

action of Cp, by Step 1, m = k and b = £. Then ' = r and ¢ = a. By Step 3(a)i, we move the set
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{zxelj(r,c)|a <z <k} from L;(r,c+ 1) into L; (r,c), which is the set that was moved from cell
(r,¢) by V. Removing k from A;(r,c+ 1) and setting Hj (r,c + 1) = k, we recover h.

Now we have proven Cy([h, (7,c+1)]) = [/, (', ¢)] = [h, (r, ¢)]. It follows that for any (S, F) =
U(h), we have that Tj(s) is semistandard and has the same weight as S for all 0 < j < e —1, for all
0 < s < ajy1. Thus image(Ud) C Ky and Cold = 1yyt(n)- O

PROPOSITION 3.2.5. Ky is a subset of the image of U : HVT(X) — L,o\SVT(u) x F(u/N).
Moreover, U o C = 1k, .

PROOF. Let (S, F) € Ky, then for all 0 < j < e and for all 0 < s < a1, G([T\", (r,¢)]) =
[Tj(sﬂ), (r',e¢ — 1)] for some r,¢,r’. We show that Vb(Tj(SH)) T(S) for all 0 < j < e and for all
0 < s < aj41. Following the notation in Definition 3.2.1, we first locate the rightmost column that
contains nonzero arm excess, then determine the topmost cell in row 7 in that column with nonzero
arm excess. We denote by a the largest arm element in that cell.

By Lemma 3.2.6, in Tj(SH) , column ¢ — 1 is the rightmost column with nonzero arm excess and

(r',c — 1) is the topmost cell in column ¢ — 1 with nonzero arm excess.
Case (1): v = r. In this case either cell (r+1,c—1) does not exist in TJ( ) or HT@ (r+1,e—1) >b.

Case (1A): A T (r,e) =0. m= HT(é (r,c) and b= max(L+(S> (r,c)). Since ' =r, ¢ =m, Tj(sﬂ) is

obtained by appendlng m to AT(S (r,c—1), moving LT(S (7, ) into L ) (r,c—1), and removing cell

J

(r,c) from T]( %) Note that everything in LT(S) (r,c) is greater than m and everything in L (r,e—1)
j
is smaller or equal to m.

For the V, action, we have a = m and b is the greatest letter in LT(S+1) (r,c —1). Since every
j

(s+1)

1 . -
. )(r”,c) is smaller than m for 7 < r, we have 7 = r. V), acts on T}

letter in T]( by adding

the cell (r,c), setting the hook entry to be m, and moving (m, b] N L (s+n) (r,c—1) to LT(S+1>(T, c).
j J
s)

Then we recover T]( .

— b
b Cp b Cp *
— |'m

FIGURE 3.9. Left: Case (1A): ATJ.(S) (r,c) = 0. Right: Case (1B): AT;S) (r,e) # 0.
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Case (1B): ATJ_(S) (r,c) # 0. m is the only element in ATJgs)(r, c), q= HTJ@ (r,c) and b = max{x €

L;§s> | < m}. Tj(SH) is obtained by appending ¢ to A
J
deleting A5, and moving {z € L
j j

p (e — 1), setting H ) (1, ¢) to be m,
J J

(re) | ¢ <z <m} to LT;S)(r,c —1).

For the V, action, a = ¢ and b is the greatest letter in LT(S+1>(r,c — 1). Since every letter
j

in TJ.(SH)(T”,C) is smaller than ¢ for v < r and m > ¢, 7 = r. V), acts on TJ.(SH)

by setting
HTj(sH)(T, ¢) =q, AT;SH)(T, ¢) = m, and moving (q,b] N LT;SH)(T,C —1) to LT]_(5+1>(T, ¢). We recover
Tj(s).

Case (2): v #r.

Case (2A): A (. (r,¢) = 0. Note that in this case, C, will move m somewhere else and remove the
j

cell (r,c). Since weight(]}-(sH)) = weight(T.(s)), we must have that L (r,c) = 0. Sob=q=m.
j

J
Tj(SH) is obtained from Tj(s) by appending m to A_) (r',c — 1) and removing the cell (r,c).
i

For the V, action, a = m. Since every letter in Tj(sﬂ)(r”, ¢) is smaller than m for v’ < r, a new

cell (r,c) is added, 7 = r. V} acts on Tj(sH) by moving m to H_(.1)(r, ¢). We recover Tj(s).
J

|
|
3

FIGURE 3.10. Left: case (2A): A (r,c) = 0. Right: case (2B): A (r,c) # 0.
i i

Case (2B): A_((r,¢) # (0. m is the only element in A s (r,¢), ¢ = b= max{z € L;S) (r,e) |z <

(s)
T; i

()
Tj

(s+1)
7}.

m}. is obtained by appending b to A _) (r',¢ — 1), replacing b in LT(S)(r, ¢) with m, and
; (

J
removing m from A_)(r, ).
i

For the V, action, a = b. Since every letter in Tj(sﬂ)(r”, ¢) is smaller than b for r” < r, m is the

smallest letter that is greater or equal to b in column c. Hence 7 = r. V), acts on TJ»(SH)

by removing
b from ATj(sH)(r’, ¢ — 1), replacing m in LT;SH)(T, ¢) with b, and attaching m to ATj(sH)(r, c). We
(s)

S
recover T] .

Therefore we have Vb(Tj(SH)) = Tj(s) forall0 < j <e—1,forall0<s < aj, and V(Tj(i)l) = Tj(o).

It follows that we also recover the recording tableau F. Thus U/ (Te(o)) =(S,F). O
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COROLLARY 3.2.3. The uncrowding map U is a bijection between HVT(X) and Ky with inverse

3.2.5. Alternative uncrowding on hook-valued tableaux. In Section 3.2.1, we defined
an uncrowding map sending hook-valued tableaux to pairs of tableaux with one being set-valued
and the other being column-flagged increasing. As hook-valued tableaux were introduced as a
generalization of both set-valued tableaux and multiset-valued tableaux, it is natural to ask if there
is an uncrowding map taking hook-valued tableaux to pairs of tableaux with one being multiset-

valued. In this section we provide such a map.

DEFINITION 3.2.9. The multiset uncrowding bumping Vy: HVT — HVT is defined by the fol-

lowing algorithm:

(1) Initialize T as the input.

(2) If the leg excess of T equals zero, return T.

(3) Find the topmost row that contains a cell with nonzero leg excess. Within this column,
find the cell with the largest value in its leg. (This is the rightmost cell with nonzero leg
excess in the specified row.) Denote the row index and column index of this cell by r and
¢, respectively. Denote the cell as (r,c), its largest leg entry by £, and its rightmost arm
entry by a.

(4) Look at the row above (r,c) (i.e. row r+ 1) and find the leftmost number that is strictly
greater than .

o If no such number exists, attach an empty cell to the end of row r + 1 and label the
cell as (r + 1,¢), where ¢ is its column index. Let k be the empty character.
o If such a number exists, label the value as k and the cell containing k as (r + 1,¢)
where ¢ is the cell’s column index.
We now break into cases:
(a) If ¢ # ¢, then remove £ from Lr(r,c), replace k with £, and attach k to the leg of
Ly (r+1,¢).
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(b) If ¢ = c then remove [(,a]NArp(r, c) from Ar(r,c) where [€,alNAp(r, c) is the multiset
{z € Ar(r,c) | £ < z < a}. Remove ¢ from Lr(r,c), insert [¢,a] N Arp(r,c) into
Ar(r+1,¢), replace the hook entry of (r + 1,¢) with £, and attach k to Ly(r + 1,¢).

(5) Output the resulting tableau.

DEFINITION 3.2.10. The multiset uncrowding insertion V: HVT — HVT is defined as V(T) =
VA(T), where the integer d > 1 is minimal such that shape(V{(T))/shape(Vi~1(T)) # 0 or VI(T) =
Vi~N(T).

DEFINITION 3.2.11. Let T' € HVT(\) with leg excess a. The multiset uncrowding map
U: HVT(A) = | | MVT (i) x F(u/X)
B2

1s defined by the following algorithm.:

(1) Let Py =T and let Qq be the flagged increasing tableau of shape A/ .

(2) For 1 <i< a, let Py = V(P;). Let r be the index of the topmost row of P; containing
a cell with nonzero leg excess and let 7 be the row index of the cell shape(Piy.)/shape(P;).
Then Qiy1 is obtained from Q; by appending the cell shape(Piy1)/shape(P;) to Q; and
filling this cell with ¥ —r.

Define U(T) = (P(T), Q(T)) := (P Qa)-

EXAMPLE 3.2.5. Let T be the hook-valued tableau

79
8
T=1233|78
3|7
1 ]223|4

77



Then, we obtain the following sequence of tableaux )N/g(T) for 0 <@ < 2 =d when computing the

first multiset uncrowding insertion:

79 9 9
8 78 78

233 | 78 —| 233 78 —| 233 | 78 = V(T)
3 |7 3 |7 3 |7

1 |22304] |1 |223|4| |1 |223|4

Continuing with the remaining multiset uncrowding insertions, we obtain the following sequences

of tableaux for the multiset uncrowding map:

79 9 9 9
8 78 78 |8 8

233 | 78 — 23378 — [ 233|77 - |77 |8 = P(T),
3 |7 3 |7 3 233 | 337

1 2234 1 | 2234 1 |223 |4 1 |22 |4

PROPOSITION 3.2.6. Let T € HVT. Then U(T) is well-defined.
PRrROOF. The statement follows from a similar argument to the proofs found in Corollary 3.2.1

and Lemma 3.2.2. O

Similar to the uncrowding map U, the multiset uncrowding map I interwines with the corre-

sponding crystal operators.

THEOREM 3.2.2. Let T € HVT.

(1) If f;(T) = 0, then f;(P(T))
(2) If ;(T) = 0, then e;(P(T))

0.
0

78



(8) If fi(T) # 0, we have f;(P(T)) = P(fi(T)) and Q(T) = Q(f:(T)).
(4) If e;(T) # 0, we have e,;(]B(T)) = Is(ei(T)) and Q(T

~
Il
O
—~
o
<0
—~
N
~—
~—

PRrROOF. The proof follows similarly to those found in Proposition 3.2.1, Lemma 3.2.4, and

Theorem 3.2.1. ]

3.3. Applications

In this section, we provide the expansion of the canonical Grothendieck polynomials Gy (z; o, 3)
in terms of the stable symmetric Grothendieck polynomials G, (z; 5 = —1) and in terms of the dual
stable symmetric Grothendieck polynomials g,(z;5 = 1) using techniques developed in [1]. We
first review the basic definitions and Schur expansions of the two polynomials.

Recall from (1.2), that the stable symmetric Grothendieck polynomial is the generating function
of set-valued tableaux

Gulz;—1) = Z (—1)!S1=lul yweight(S)
SESVT ()

Its Schur expansion can be obtained from the crystal structure on set-valued tableaux [22]

Gu(l‘; _1) = Z (_1)|S‘_WI Sweight(S)-
SESVT (1)
DEFINITION 3.3.1. The reading word word(S) = wiws - - - wy, of a set-valued tableau S € SVT ()
is obtained by reading the elements in the rows of S from the top row to the bottom row in the

following way. In each row, first ignore the smallest element of each cell and read all remaining

elements in descending order. Then read the smallest elements of each cell in ascending order.

EXAMPLE 3.3.1. The reading word of P(T) in Example 3.2.1 is word(P(T)) = 8675423362111567.

EXAMPLE 3.3.2. The highest weight set-valued tableauz of shape (2) are

4
3
2 3
117 Y 27 Y *
1)1 2
11
1)1
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which gives the Schur expansion
Gy(w;—1) = s — 591 + s211 — s2111 & -+ - .

The dual stable symmetric Grothendieck polynomials g,(x;1) are dual to G (x; —1) under the

Hall inner product on the ring of symmetric functions.

DEFINITION 3.3.2. A reverse plane partition of shape p is a filling of the cells in the Ferrers
diagram of p with positive integers, such that the entries are weakly increasing in rows and columns.
We denote the collection of all reverse plane partitions of shape u by RPP(u) and the set of all
reverse plane partitions by RPP.

The evaluation ev(R) of a reverse plane partition R € RPP is a composition o = (a;)i>1, where
«; is the total number of columns in which i appears. The reading word word(R) is obtained by
first circling the bottommost occurrence of each letter in each column, and then reading the circled

letters row-by-row from top to bottom and left to right within each row.

ExaMPLE 3.3.3.

R= | € RPP((3,2)), ev(R) = (2,1,1), word(R) = 2113.
113

Lam and Pylyavskyy [15] showed that the dual stable symmetric Grothendieck polynomials

gu(x; 1) are generating functions of reverse plane partitions of shape p
IETI St
RERPP (1)

They also provided the Schur expansion of the dual stable symmetric Grothendieck polynomials [15,
Theorem 9.8]

gﬂ(fv; 1) = Z Sinnershape(F)>
F

where the sum is over all flagged increasing tableaux whose outer shape is p.

EXAMPLE 3.3.4. When = (p1) is a partition with only one row, we have g(,,,)(z;1) = 5(,,)-
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The flagged increasing tableauz of outer shape (2 are

Liil

Hence go11(x;1) = sa11 + 2521 + s2.

According to [1], a symmetric function f, over the ring R is said to have a tableauz Schur

expansion if there is a set of tableaux T(«) and a weight function wt,: T(a) — R so that
fa = Z Wta(T)Sshape(T)-
TeT ()

Furthermore, any symmetric function with such a property has the following expansion in terms of

Gu(xz;—1) and g, (x;1).

THEOREM 3.3.1. [1, Theorem 3.5] Let f, be a symmetric function with a tableauz Schur
expansion fo = 3 per(a) Wia(T)Sshape(r) for some T(a). Let S(ar) and R(a) be defined as sets of

set-valued tableaux and reverse plane partitions, respectively, by

S € S(a) if and only if P(word(S)) € T(«), and

R € R(«) if and only if P(word(R)) € T(«),

where P(w) is the RSK insertion tableau of the word w. We also extend wt, to S(a) and R(a) by
setting wtq (X) 1= wto(P(word(X))) for any X € S(a) or R(a). Then we have
Ja = Z Wta(R)Gshape(R) (33; _1)7 and
ReR(a)

fa = Z WtOé(S)(_1)|S|_‘Shape(8)|gshape(5)(xS 1)-
SeS(a)

ProposITION 3.3.1. The canonical Grothendieck polynomials have a tableaux Schur expansion.

PROOF. Recall the uncrowding map on set-valued tableaux of Definition 1.2.5

Usvt : SVT(1) — | | SSYT(v) x F(v/p).
VO
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By Corollary 3.2.3, we have a bijection

U:HVT(A) = Ky = || Ka(w).
/Py

Note that Ky C | |,-, SVT (k) x F(u/N). Denote
OA(S) = [{F € F| (S, F) € K}l

Note that sometimes ¢y (S) = 0.

Civen H € HVT(\), we have U(H) = (S, F) € SVT (1) x F(u/\) for some p 2 A and || = |A| +
a(H). We can also obtain UsyT(S) = (T, Q) € SSYT(v)xF(v/u) for some v O pand |v| = |H|. The
weights of H, S and T are the same. When H is highest weight, that is e;(H) = 0 for all 4, then S and
T are also of highest weight and weight(H) = shape(T"). Denote by HVT,(X), SVT(A),SSYTx(N)
the subset of highest weight elements in HVT(X), SVT(A),SSYT()), respectively.

Applying [11, Theorem 4.6] and the above correspondence, we obtain

G)\(ZL‘;Oé,,B) = Z aa(H)/BZ(H)Sweight(H) = Z Z a‘Mi'/\‘B'S‘ilulsweight(S)

HeHVT,(N) w2 (S,F)eK (1)
= Z Z qb/\(s)am‘_l)\lﬁlsl_m‘Sweight(S)
p2X SeSVT (1)

= Z Z Z Z d)/\(uS_VlT(Tv Q))a‘u‘_|A|B|V‘_|M|3weight(T)

pOA VIR TESSYT, (V) QEF (v/ 1)

- Z Z Z aw_l/\lﬁly‘_lul Z (b)\(uS_\/lT(Ta Q))Sshape(T)

pOA VO TESSYT, (v) QEF(v/m)

= Z WA (T) Sshape(T) s
TET(N)

where T(A\) = {T € SSYT,(v) | v 2 A} and

wty(T) = Z alHl=1Al glshape(T)|—|ul Z @(z,{s—\}T(T’ Q)).

wACpCshape(T) QEF (shape(T)/p)

82



COROLLARY 3.3.1. The canonical Grothendieck polynomials have G, (z;—1) and g,(x;1) ea-
Pansions:
G/\('r;aalg) = Z Wt)\(R)Gshape(R)(‘r; _1)7
RER(N)

GA(ZE;OQB): Z Wt)\(S)(_1)‘S‘_|Shape(5)|gshape(5)(33; 1)
SES(N)

EXAMPLE 3.3.5. We compute the first couple of terms in G(9)(7;, 8) = s2 + Bs21 + 2as3 +

2afs31 + -+ . The semistandard Young tableauzx involved are

2 9]
{Eﬂ’ IENERBIRE 1|"”}'

Labelling the tableaur T1, Ty, T3, Ty, ..., we have wtig)(T1) = 1,wtp)(T2) = B,wt)(13) = 2a,

wt(2)(Ty) = 2a8. Next we compute the elements in R((2)) and S((2)) that correspond to Ty and Ty:

1]
R e R((2)) | P(word(R)) = T} } = ,T ,11,T
{ReR((2)) | P(word(R)) 1}{|ZZ|11|11 11| }
G
(RER((2) | Pword(R) =T} ={| 2| [M12 111 [2]
IEIBERE 1) 1]t

{5 €5((2)) | P(word(S)) = Ti} ={ }

(S €5((2)) | P(word(S)) = To} ={ i |

Applying the expansion formulas, we obtain

Goy(z;a, B) =(Go)(x; —1) + Ga1y(x; —1) + Gag)(z; —1) + Go11y (w5 —1) + -+ +)
+ B(G (w5 =1) + Gag)(x; —1) + 2G 11y (z; =1) + -+ ) + -+

Gy a, B) =g(2) (73 1) + B(gea1) (x5 1) — g(oy (w5 1)) +-- - .
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APPENDIX A

Proofs for Crystal for stable Grothendieck polynomials

A.1. Proofs for x-insertion

A.1.1. Proof of Lemma 2.2.1.

ProoFr. We will prove (1) by induction on the number of cells of P. Statement (2) will follow
by some results in the proof of statement (1).

Consider the leftmost column [g,z]! of [k, h]! and let [k’,h’]* be the Hecke biword formed by
taking the remaining columns in the same order. If the %-insertion of [k’, h’]* yields (P’,Q’), note
that we have P = P’ <— . For all integers j > 1, denote by R; the (possibly empty) j-th row of
P'. Denote by u the entry to be inserted into R; and B; as the cell in the insertion path at Rj,

where 1 < j < k. Additionally, if bumping occurs at R;, denote the entry bumped out as y.

(1) We will prove that if (P’)! is semistandard, then the transpose of the updated tableau is

semistandard.

Case (a): Suppose that the insertion terminates at R;. Then Case 1 of the x-insertion has oc-
curred, with a cell containing x appended at the end of the row. If Ry is nonempty, then
r > max(R;). Additionally, as (P’)! is semistandard, integers strictly increase along Ry
but weakly increase along the column containing B;. Hence, the transpose of the resulting
tableau P is semistandard.

Case (b): Suppose that insertion terminates at Ry, where k > 1. We will show that for all
1 < j < k, the changes introduced at row R; of P’ maintain the property that the
transpose of the updated tableau is semistandard.

Case (b)(i): Suppose that j = k. In this case, a new cell containing u is appended at the end of
Ry, and u > max(Ry) if the row is nonempty, proving that the integers increase strictly

along Ry.
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If Case 2 occurs at Ri_1, then w is the entry bumped out of Rj_1 with the property
that when «’ is inserted into Rj_1, u € Rp_1 is the smallest entry with u > u’. Let z be
the entry below cell By. We claim that z < u. If we assume instead that z > u, then the
cell containing z is strictly to the right of Br_;. However, the cell above Bi_1 has value
greater than u since (P’)* is semistandard and u ¢ Rj. This contradicts the minimality of
u', as u' is greater than this value, hence proving the claim.

If Case 3 occurs at Rp_1, then u is bumped out of Ry_; with the property that when
v’ is inserted into Rp_1, u € Ri_1 is the smallest entry with [u,u'] C Ri_1. Let z be the
entry below cell By. Then, similar to the argument immediately before, 2 < «’. Hence, we
have established that the integers weakly increase along the column containing By, after u
is appended at the end of Ry.

Case (b)(ii): Suppose that 1 < j < k and Case 2 occurs at R;. Then y is the entry bumped out
of R; with the property that when u is inserted into R;, y € R; is the smallest entry with
y > u. Thus, as u ¢ Rj, for all entries z and 2’ respectively to the left and to the right of
Bj, we have z <u <y < 2.

If Case 2 occurs at R;_1, then u is bumped out of R;_; with the property that when
v is inserted into R;_1, uw € Rj_; is the smallest entry with u > «’. Let z be the entry
below cell B;. Then by repeating the same argument as in the first subcase of in Case
(b)(i), we obtain z < u.

If Case 3 occurs at Rj_1, then v was bumped out of R;_; with the property that when
v is inserted into Rj_1, u € R;_; is the smallest entry with [u,u'] C Rj_;. Let z be the
entry below cell B;. Then by repeating the same argument as in the second subcase of in
Case (b)(i), we obtain z < v’

Hence, we have established that integers increase weakly along the column containing
Bj but increase strictly along R; after u bumps out y.

Case (b)(iii): Suppose that 1 < j < k and Case 3 occurs at R;. In this case, there are no changes
to row R; after inserting v and bumping y. Hence, it is trivial that integers increase weakly

along the column containing Bj; but increase strictly along R; after u bumps out y.
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In all cases, we have shown that if (P’)! is semistandard, then the transpose of the updated tableau
remains semistandard. Therefore, by induction on the number of added cells, we have proved that
the insertion tableau P under x-insertion satisfies the property that P! is semistandard.

Finally, note that the shape of the recording tableau is modified only when Case 1 of the *-
insertion has occurred. In this case, a cell is added to form @) at the same position as the cell added
to form P. Since we always begin with a pair of empty tableaux, by inducting on the number of

added cells, the shapes of P and () are the same.

(2) Suppose that the insertion terminates at Ry, where k > 1. We shall prove that B; is weakly
to the left of B;_; for all 1 < j < k by revisiting the cases explored in the proof of part (1) (note
that P should replace the role of P’).

If Case 2 occurs at R;_1, then u is the entry bumped out of R;_; with the property that when
u' is inserted into R;_1, u € Rj_ is the smallest entry with u > u/. As in the proof of the first
subcase of Case (b)(i) in part (1), we conclude that the entry z of the cell below By satisfies z < wu,
showing that B; is weakly to the left of B;_;.

If Case 3 occurs at Rj_1, then u was bumped out of R;_; with the property that when v’ is
inserted into Rj_1, u € R;_ is the smallest entry with [u,u'] € R;_;1. As in the proof of the second
subcase of Case (b)(i) in part (1), we conclude that the entry z of the cell below Bj satisfies z < v/,
Bj is weakly to the left of B;_;.

This completes the proof. O

A.1.2. Proof of Lemma 2.2.2.

PROOF. To prove (2.2), let us first prove the following statements for all row tableaux P:

e With the assumptions in lemma, if insertion terminates at row P while computing P + =,
then
row(P < z) =y, row(P) - z.
e With the assumptions in lemma, if y is bumped from row P and P changes to P’ while

computing P < x, then

row(P < z) =3, y - row(P").
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Assume that insertion terminates at row P while computing P < x. Then, Case 1 must have

occurred and P changes to P/, where P’ is P appended by a cell containing z. Hence, we have
row(P <« x) =y, row(P") =4, row(P) - z.

Assume that y is bumped from row P and P changes to P’ while computing P < z. Then,
either Case 2 or Case 3 must have occurred.

If Case 2 occurs at P, then z ¢ P and there is ay € P with y > x; furthermore, y is the smallest
value with such property. Write P as AyB, where A and B are the row subtableaux of P formed
by entries to the left and to the right of y, respectively. Then, P < x is the tableau with row
Azb followed by row y. As x ¢ P, we have max(A) < x < y < min(B). Hence by commutativity
relations, for all z € B, we have z - =y, -z and for all z € A, we have z -y =y, y - 2, so that

regarding A and B as words in Hy(n), we obtain
Ay=y,y-A, B-xz=y,z B.

It follows that

row(P)-x =y, row(AyB)-x =y, A-y-B-x =y, y-A-x-B =y, y-row(AxB) =y, row(P « z).

If Case 3 occurs at P, then z,y € P with y being the smallest value such that [y, z] C P. Write
P as ABC, where B = [y, z], A and C are respectively the row subtableaux of P formed by entries
to the left and to the right of B. Then, P < x is the tableau with row ABC followed by row y.
As row(P) -z was assumed to be fully-commutative, 2 + 1 ¢ P. Furthermore, by minimality of y,
y > max(A) + 1. Hence, by commutativity relations, for all z € A, we have z -y =y, v - z and for

all z € C, we have x - z =9, z - x, so that

Ay=y,y-A C-x=y,2-C
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Moreover, by using the relations p —1pp=p—1p—1p, we have y- B =y, B - x. It follows
that

row(P)-x =y, row(ABC)-x =y, A-B-C-x =y, A-y-B-C =y, y-row(ABC) =y, row(P + z).

Hence, the two statements above hold for all row tableaux P.
We are now ready to prove (2.2) in full generality. The result follows once we prove by induction

on the number of rows of P, with the given setup above, that the following statements hold:

e If the insertion terminates within tableau P while computing P < x, then
row(P < z) =y, row(P) - z.

e If y is bumped from tableau P and P changes to P’ while computing P < z, then
row(P < x) =4, y - row(P’).

Indeed, if P is a (possibly empty) row tableau, then we are done by the two previous statements
that have been proved. Let k > 1 be an arbitrary integer. Assume that both statements mentioned
above hold for all such tableaux P with k rows.

Let P be a tableau with k£ + 1 rows with the setup as above. Then, we may consider the
subtableau P* formed from its first k£ rows and denote the final row as R. Note that row(P) =
row(R) - row(P*) and row(R) is fully-commutative.

Assume that the changes from P to P < z involve at most the first k rows of P. Then P + x

is the same tableau as P* <— z with an extra row R, so that by the inductive hypothesis,
row(P < z) =y, row(R) - row(P* < x) =, row(R) - row(P*) - & =9, row(P) - .

Now assume that the changes from P to P < x involves all k + 1 rows of P. Let P’ be the
resulting tableau after performing these changes on P* and let y be the entry bumped from the

final row of P*. Then, P < z is the tableau obtained by concatenating tableau R < y after P’.
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If the insertion terminates at row R, then by the previous statements for all row tableaux and

the inductive hypothesis, we obtain

row(P < x) =y, row(R < y) - row(P") =4, row(R) - y - row(P’)

=2, ToW(R) - row(P* < ) =, row(R) - row(P*) - & =, row(P) - z.

Otherwise, if the insertion bumps z from R and R changes to R’ while computing R < y, then
it holds that the insertion bumps z from P while computing P < z. In this case, if we denote P”

as the tableau P’ concatenated by row R’, then
row(P) - & =3, row(R <+ y) - row(P') =4, z - row(R') - row(P’) =3, 2 - row(P") =4, row(P « z).
This completes the induction. [l

A.1.3. Proof of Lemma 2.2.3.

PROOF. Similar to Fulton’s proof [9] of the Row Bumping Lemma, we will keep track of the
entries as they are bumped from a row. Consider a row R of tableau P and suppose that v and u’
are to be inserted into R when computing P < x and (P < z) < 2’ respectively, where u < u'.

Denote by C' (similarly C’) the box in 7 (similarly 7’) that is also in R.

Case 1: x < 2/. We will prove that the following assertions hold for R:

(a) If the insertion terminates at R while computing P < z, then the insertion terminates at
R while computing (P < z) < z’.

(b) C’ is strictly to the right of C.

Note that the insertion terminates at R when computing P < z precisely when Case 1 of the
*-insertion occurs at R. Box C' containing u is appended at the end of R. As u' > u, Case 1 occurs
again at R with box C’ containing v’ appended to the right of C, so bumping does not occur at R
when computing (P < x) < 2’. This proves (a) and simultaneously, (b) for this case.

Let us assume that bumping occurs at R with y bumped out when computing P < z.

Case A: If y is bumped from R because Case 2 occurs, the insertion at row R introduced to box

C’ occurs strictly to the right of C' (containing u) because:
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(i) If v’ > max(R), then box C’ containing v’ is appended to the end of R by Case 1. In
particular, C" appears strictly to the right of C.

(ii) Otherwise, since u’ > u, the letter u’ is inserted into a box C’ strictly to the right
of C' with ¢’ bumped out. If v’ ¢ R, Case 2 occurs and y' > y because C' and C
originally contained 3’ and y respectively. Else, v’ € R and Case 3 occurs. Suppose
that [y, u/] is the longest interval of consecutive integers contained in R. Since box C'
that originally contained y is strictly to the left of C’, we have u < y < /. Therefore,
[u, u'] cannot be contained in R, so y < y/'.

Case B: Otherwise, y is bumped from R because Case 3 occurs when computing P < x and
[y, u] is the longest interval of consecutive integers contained in R by Remark 2.2.2. The
insertion at row R introduced to box C’ occurs strictly to the right of C' (containing u)
because:

(i) If either v/ > max(R) or v’ ¢ R, then by similar arguments as in Case A(i) and Case
A(ii), C" appears to the right of C. Furthermore, in the latter situation, by a similar
argument in Case A(ii), we have y < y/.

(ii) Otherwise, v’ € R and Case 3 occurs. As v/ > u, v is inserted into box C’ strictly
to the right of C' with 3’ bumped out. In addition, [y,u'] is the longest interval of
consecutive integers contained in R. As row(R) is fully-commutative before computing
P+ x,u+1¢ R. Hence [u,u] cannot be contained in R. It follows that y < u <

u+1l<y'.

Note that in the arguments above, we have also shown that if y and 3’ are bumped from R when
computing P + z and (P <+ z) < 2’ respectively, then y < /. It follows that we may apply
similar arguments in the rows following R. Since assertion (b) now holds for all rows, we conclude
that 7’ is strictly to the right of 7. In addition, 7’ cannot continue after 7 ends because of assertion
(a). Considering that 7" goes weakly left by Lemma 2.2.1, we conclude that box B’ is strictly to
the right of and weakly below B.

Case 2: r > /. We will prove that the following assertions hold for R:
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(1) If the insertion terminates at R while computing P <— z, then bumping occurs at R while
computing (P + z) + z'.

(2) C" is weakly to the left of C.

If the insertion terminates at row R when computing P < x, then Case 1 occurs and box C
containing u is appended at the end of R. If /' € R, Case 3 occurs at R with 3/ < v/ < u bumped
out. Furthermore, box C’ containing v’ is weakly to the left of C. If ' ¢ R, Case 2 occurs at R
with 3’ > «/ bumped out and v’ < u. We have v’ < u by minimality of ¢/, so that box C’ is weakly
to the left of C. In either of the subcases, bumping occurs at R when computing (P <« z) + .
This proves (a) and simultaneously, (b) for this case.

Let us assume that bumping occurs at R with y bumped out when computing P < z.

Case A: If y is bumped from R because Case 2 occurs when computing P < z, the insertion at
row R introduced to box C” occurs weakly to the left of C' (containing u) because:
(i) If v’ ¢ R, then v is inserted into box C’ containing 3’ by Case 2, while bumping out
this 9. As v/ < u, we have ¢y < u < y and that C’ appears weakly to the left of C.
(ii) Otherwise, u' € R and Case 3 occurs. The letter v’ is inserted into box C’ weakly
to the left of C' as v/ < u. In addition, if [¢/, ] is the longest interval of consecutive
integers in R, then 3 is bumped out. Furthermore, we have y < y as C, which

originally contained y before computing P < x, is to the right of the box containing

/

Y.
Case B: Otherwise, y is bumped from R because Case 3 occurs when computing P <— z. Let [y, u]
be the longest interval of consecutive integers that is contained in R. The insertion at row

R introduced to box C”" occurs weakly to the left of C' (containing u) because:
(i) If v’ ¢ R, then v/ < u, ' is inserted into box C’ containing ¢y’ and 3’ is bumped out by
Case 2. As row(P) -z is fully-commutative, in particular row(R) is fully-commutative.
Hence v’ < y, so that C” is weakly to the left of box containing y (hence also weakly

to the left of C'). Furthermore, we have y' < y by the minimality of y/'.

(ii) If v € R, then either v = u or u < u/. The former case is easy as Case 3 occurs
again with v/ inserted into ¢/ = C and ¢y = y is bumped out. If v < v/, then as

row(P) - z is fully-commutative, row(R) is fully-commutative, so that v’ <y — 1. It
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follows that C” is strictly to the left of box containing y (hence also strictly to the left

of C'). Furthermore, we have ¢/ < v <y —1<y.

Note that in the arguments above, we have also shown that if ¥ and y’ are bumped from R
when computing P + z and (P « x) < 2’ respectively, then y > /. It follows that we may apply
similar arguments in the rows following R. Since assertion (b) now holds for all rows, we conclude
that 7' is weakly to the left of w. In addition, 7 must continue after m ends because of assertion
(a). Considering that 7’ goes weakly left by Lemma 2.2.1, we conclude that box B’ is weakly to

the left of and strictly above B. O

A.2. Proofs of micro-moves

A.2.1. Proof of Lemma 2.3.1.

PRrROOF. Let R be a single-row increasing tableau and M be the largest letter in R. First note
that if a € R and row(R) - a is fully-commutative, then a + 1 ¢ R, see also Remark 2.2.2.
There are five types of equivalence triples, so we discuss them in 3 groups.

1. Cases (I1) and (II1): We have 2 < z < y, or x < z = y and y > x + 1. In both cases

=yy =x27 ==z

Case (1A): M <z < z < y. In this case, the first resulting tableau is R*Y* = and the
outputs are R(z) = R*(y) = 0 and R*™(z) = y. The second resulting tableau is RY** =
and the outputs are R(y) = 0 = RY*(z) and RY(x) = y. So we have R™? = RY®?* and also
0-0-y~0-9-0.

Case (1B): z < M < z < y. In this case, we have R*™ = RY* and R(z) = RY(z) since y is just
appended to the end of R and does not influence how x is inserted. This gives R™¥* = RY*?. The
related outputs are R*(y) = R(y) =0, R*(z) = R¥*(z) =y. Thus, R(z)-0-y ~0- R(x) - y.
Case (1C): z < z < M < y. In this case, we also have that R* = RY* and R(x) = RY(x), for
the same reason as case (1B). Thus, we have R™?* = RY** and R™(z) = RY"(z). Since we have
R*(y) = R(y) = 0, R(z)-0- R™(z) ~ 0 RY(x) - RY"(2).

Case (1D): z < z < y < M. If z is the maximal letter in R*, then it follows as case (1B).

Otherwise, this case needs further separation into subcases.
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Case 1D-(i): z,y ¢ R. Then z < R(x),y < R(y) and R(x) # y.

(1) If R(z) <y, then R*(y) = R(y) and RY(z) = R(z), which implies R*™Y = RY*, thus R*™¥* = RY**
and R™(z) = RY"(z). Hence R(x)R*(y)R™(z) = RY(x)R(y)RY*(z). Since R(z) < R™(z) < y <
R(y), we have R(y) > RY(x) + 1 and for the outputs R(z)R*(y)R*¥(2) = RY(z)R(y)RY*(z) ~
R(y)RY(x)R(y)RY*(z) by move type (I1) or (II1).

(2) If R(z) > vy, let the letter to the right of R(z) in R be R(z)”. Then both R** and RY**
are obtained by replacing R(x) with z and R(z)™ with z. For the output, we have R(z) = R(y),
R*(y) > R(y), RY(z) =y, R¥*(2) = R*(y) and R*(2) = y. Since y < R(z) < R*(y), we have that
R*(y) = R(x)™ > y + 1. Hence the outputs R(z)R*(y)R*™(z) = R(x)R(z)"y ~ R(z)yR(z)™ =
R(y)RY(x)RY*(z) by move of type (12).

Case 1D-(ii): =z € R,y ¢ R. Then R(z) < z,R(y) > y and =z + 1 ¢ R. In this case, we
have R*(y) = R(y) and RY(x) = R(x), thus R*™ = RY*, R™(z) = RY"(z) and R®* = RY**.
Since x + 1 ¢ R, we have R*(z) > x + 1. This implies R(z) < x < R™(2) < y < R(y), thus
R(z)R*(y)R™(2) ~ R(y)RY(z)RY*(2) as it is a type (I1) move.

Case 1D-(iii): z ¢ R,y € R. Then z < R(z), y > R(y), y+1 ¢ R, R(z) —1 ¢ R, R(z) < v,
R(y) < R*(y) and RY = R.

(1) If R(x) = y, denote the box to the right of y in y as y—. Note that y= > y + 1. Then
R*(y) =y, R"™(z) =y, RY(x) = y and R¥*(z) =y—. Note y — 1 ¢ R, otherwise R(z) <y — 1.
Thus, R(y) = y. Both R*™* and RY** are obtained by replacing y € R with z and y— with z, so
R** = RY**. The outputs R(x)R*(y)R™(z) = yy~y ~ yyy~ = R(y)RY(x)RY*(2) as it is a type
(I12) move.

(2) Suppose R(z) < y and R(z) = R(y). Then [R(z),y] C R and R*(y) = R(z) + 1. Since RY = R
and R™ = R*, we have that both R* and RY* equal R” and furthermore RY(z) = R(x). Note
that z can either be equal to y or z < R*(y), otherwise z € R* and z+1 € R*Y, which will give us
a braid from row(R™) - z. Thus, we have R™(z) = RY*(z) = R(z) + 1. In either case, the outputs
are R(x)R*(y)R*Y(2) = R(z)(R(x) + 1)(R(x) + 1) ~ R@@)R(@)(R() + 1) = R(y)R(z)R¥(2) as

they are type (III) moves.
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(3) Suppose R(z) <y and R(z) < R(y). Then R(y) > R(z) + 1 and R*(y) = R(y). Similar to the
previous case, both R* and RY® are equal to R*, and z is either y or z < R(y). In either case,
R™(z) < R(y)-

Then the outputs are R(x) R*(y)R*™(z) = R(z)R(y)R*(z) ~ R(y)R(x)R*(z) = R(y)RY(z)RY* ()

as they are type (I1) or (II1) moves.

Case 1D-(iv): z,y € R. In this case © > R(z), y > R(y), x +1 ¢ R and y +1 ¢ R. Since
x+1¢ R, [z,y] is not contained in R and hence R(y) > x +1 >z > R(x).

Then R*(y) = R(y), RY(x) = R(z) and R*™ = RY* = R. Since z > x and x + 1 ¢ R, we have
R(z) > x+ 1> R(xz) + 1. By similar reasons to the previous two subcases of Case 1D-(iii), z can
either be y or z < R(y) in order to avoid a braid in row(R*)z. So, we have R*(z) < R(y). Then
the outputs are R(z)R*(y)R"(z) = R(x)R(y)R(z) ~ R(y)R(x)R(z) = R(y)RY(x)RY*(z) as they

are type (I1) moves.

2. Cases (I2) and (II12): We have z < ¢ < y, or z = < y and y > z + 1. In both cases

' =x,y = 2,2 = y. By definition, z € R*.

Case (2A): M < z < y, then R(z) = R*(y) = 0. R™ = is obtained by appending
x and y to the end of R. Since z € R* and z < = < y, we have R*(z) = R*(z). Moreover,
R*#Y is obtained by appending y to the end of R** and hence R*Y* = R**Y. The outputs are
R(z)R*(y)R™(z) = 00R*(z) ~ OR*(2)0 = R(z)R*(2)R**(y).

Case (2B): z <z < M < y, then R*(y) = R**(y) = 0. Since R*Y = , x € R* and z < x, we
have R*™(z) = R*(z), thus R™* = = R*®Y. The output R(z)R*(y)R™(z) = R(z)0R*(z) ~
R(z)R*(2)0 = R(x)R*(z)R**(y).

Case (2C): z < z < y < M, then we have R*(z) < x. We discuss the following subcases.

Case 2C-(i): z,y ¢ R, then we have R(x) > x and R*(y) > y. Since y > x and x replaces
R(z) in R, we have R*(y) > R(z) from row strictness. Since R*(y) > R(z) and R*(z) < =,
we have R™(z) = R*(z) and R**(y) = R*(y). Furthermore, R™* = R*¥Y. Moreover, we have
R*(z) < * < R(z) < R*(y), which implies R*(y) > R*(z) + 1. Hence R(z)R*(y)R"(z) =
R(z)R*(y)R*(2) ~ R(z)R"(2)R*(y) = R(x)R*(2) R (y) by type (I2) moves.
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Case 2C-(ii): z € R,y ¢ R. Then R* = R, R(z) < z, R*(y) > y. Since z < z and [R(x), z] C R*,
we have that R*(z) < R(x). Since R*(y) >y > x and R*(z) < R(z), we have that R*(z) = R*(z)
and R*¥(y) = R*(y), thus R** = R*. Since R*(z) < R(z) < = < y < R*(y), we have
R*(y) > R*(z) + 1. The outputs are R(z)R*(y)R™(z) = R(z)R*(y)R*(z) ~ R(xz)R*(2)R*(y) =
R(z)R*(z)R**(y) by type (12) or (II2) moves.

Case 2C-(iii): # ¢ R,y € R. Then R*™ = R*, R(xz) > x and R*(y) < y. Let the letter to the right
of R(x) in R be R(x)”. Then R(z)” > R(x) > z implies R(x)™ > z + 1. This also shows that
z+1¢ R® and thus B*(y) > R(z). Since R*Y = R* and R** = R"*, we have R™* = R" = R,
Since R*(z) < x < R(x) < R*(y), we have R*(y) > R*(z) + 1. Since z < z, we also have that
R*(y) = R**(y). Thus, the outputs are R(z)R*(y)R™(z) = R(x)R*(y)R*(z) ~ R(z)R*(2)R*(y) =
R(z)R*(z)R**(y) by a type (I2) move.

Case 2C-(iv): z € R,y € R. Then R* = R, R"Y = R, R(z) < =z, R*(y) <y, x+1 ¢ R and
y+1¢ R. Thus, R*(y) > x + 1. Since z < = and [R(x),z] C R*, we have that R*(z) < R(x).
Since R* = R, R™* = R*. Since R%(z) < z, R**(y) = R*(y) = R(y) and thus R**Y = R?. This
implies R** = R**Y. Now we have R(z) < R(z) < z < x + 1 < R(y). Therefore, the outputs
are R(z)R"(y)R™(2) = R(z)R(y)R(z) ~ R(x)R(z)R(y) = R(z)R*(2)R™*(y) by type (12) or (112)

moves.
3. Case (III): We have y =z, z =2+ 1 and hence 2/ =z, y/ =2z + 1 and 2/ = 2 + 1.

Case (3A): z > M. Then R" is obtained by appending x to the end of R and R(z) = 0.
Also R*™ = R® with output R%(x). Note R***l(x + 1) = R%(x). Both R*™**! and R®*t+lz+l
are obtained by appending x + 1 to the end of R*, thus they are the same. The outputs are
R(z)R*(x)R*(z + 1) = 0R*(2)0 ~ 00R*(z) = R(x)R*(z + 1)R®* 1 (z + 1).

Case (3B): x < M,z +1 > M. Both R+ and R®*T1.2+1 are obtained by appending z + 1 to
the end of R*, so they are equal. Since z € R*, we have R***1(x + 1) = R*(x). Thus, the outputs
are R(z)R*(z)R*(x + 1) = R(x)R*(2)0 ~ R(z)0R®**1(x + 1).

Case (3C): v+ 1 < M. It is clear that x € R®. If = is the maximal letter in R”, then the rest

follows as case (3B).
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Otherwise, let 27 be the letter to the right of z in R*. Since z € R*, we must have x +1 ¢ R”,
thus = > x + 1. Moreover, we have R*™ = R* R%(rx + 1) = R*(x + 1) = 2. Since R®**! is
obtained from R® by replacing 2 with z+1 and x,x+1 € R***! we have R**T!(z+1) = R*(z).
Both R*®*+1 and R***TL2+1 are obtained from R* by replacing = with x + 1, thus they are the
same. Furthermore, since R*(x) < x and 7 > z + 1, we have that R(z)R*(z)R*™(x + 1) =

R(z)R*(z)x™ ~ R(x)z7 R%(z) = R(z)R*(x + 1)R®**1(z + 1) by a type (I12) or (II2) move. O
A.2.2. Lemmas for the proof of Proposition 2.3.2.

LEMMA A.2.1.

(]) For2<i1<q, b;_1>u;+1.

(2) For1<1i<s,v;>Wp—syit1+ 1.

PROOF. (1): When b;—1 > b; + 1 or u; < b;, the result follows directly.

Consider the case that u; = b; = a and b;_1 = b; + 1 = a + 1 for some letter a. Since
a=1u <ui_1 <b_1=a+1, we must have u;_1 = a + 1. Let ¢ be the largest letter such that
[a,c] C€b. Then ¢ > a+1 and ¢+ 1 ¢ b. Moreover, since all u; are paired, u; < b; and uj_1 > u;,
it is not hard to see that [a,c] C u and ¢,c — 1 € u. Since ¢+ 1 ¢ b, we can use commutativity to
move ¢ € b to the left and obtain a subword ¢(c — 1)¢, which contradicts that the original word is

fully-commutative.

(2): The proof is almost identical to the first part. When wp_gy; > wp_sqit1 + 1 or v; > wp_gyi,
the result follows.

Consider the case wp_sy; = Wp—stit1 +1 =a+1 and v; = wp_sy; = a + 1 for some letter a.
Since @ = Wp—s4i+1 < Vi+1 < v; = a+ 1, we must that v;y; = a. Let ¢ be the smallest letter such
that [c,a + 1] C w. Then ¢ < a and ¢ — 1 ¢ w. Moreover, since all v; are paired, vj > wp—s1; and
vj+1 < vj, we can see that [c,a+1] C v and ¢,c+1 € v. Since c—1 ¢ w, we can use commutativity
to move ¢ € w to the right and form a subword ¢(c + 1)¢, which contradicts that the original word

is fully-commutative. O
We now summarize several observations that will be used later.
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REMARK A.2.1. For both types of actions of f;: as in Remark 2.3.1, we have the following
equivalence relations:
(1) For 1 <i<q,1<j<s—1,0j4105u; ~ vjp1uvj, since u; < vjpq < vj.
(2) For 1< i< q, xosu; ~ Tuvs, since u; < x < vUs.

(8) For 1< i< q, bizu; ~ byujz, since u; <up < by <z, and u; <z — 1.

(4) For1 <j<i—1,1<1i<q, bjp1bju; ~ bj1u;bj, since u; < by < bjyq < bj.
(5) For 2 < i < q, bibi—ju; ~ bjusbi—1, since u; < b; < bj—1 and bj—1 > u; + 1 by Lemma
A.2.1.

(6) For 1 <i<s,p—s+i—1<j<p—1 winvw ~ vwjpwj, since wjyr < wj <
Wp—s+i < Vj-
(7) For 1 <i<s—1,Wp spit1Vilp—spi ~ ViWp_s1it1Wp—sti, SINCE Wp_spit] < Wp—sii < V;
and v; > Wp—si+1 + 1 by Lemma A.2.1.
(8) Foralll <j<s—1,1<1i<q,vj41uv5 ~ vj4105u;, since u; < vjp1 < vj.
(9) For 1< i< q, biujvs ~ bivsu;, since u; < up < by < vs.
(10) For 1 <i<q,1<j<s, zuv; ~ xvju;, since u; < < vj.

(11) For 1 < j < s—1, zvjwy ~ vjzwy, since z < wy < v < vj.

REMARK A.2.2. When vs # x + 1, we have the following equivalence relations:

(1) 1 <i< s, xvjwy ~ vizwy, since r < wy < vg and vs > x + 1.

(2) biujvs ~ bivsuy, since uy < by <vs and vg > x +1>uy + 1.
LEMMA A.2.2. We have that by ... bizvs ... viug . .. u1 s equivalent to byug . . . baugbruizvs . .. 1.

PRrROOF. With the equivalence relations from Remark A.2.1 (1)-(5), we can make the sequences

of equivalence moves as follows:
by ...b1xvs ... V2VIUGUG—1 ... UL ~ bg .. DITVs . VRUGUIUG1 .. UL~
by ...b1xvsUg .. V2V UG—1 ... UL ~ by .. DITUGUs . . VIVIUG1 - UL~
by ... b1ugxvs ... V2V UG—1 ... UL ~ DgUg ... b1TVs .. VIVIUG_T .. U ~

bgtgbg—1Ug—1 ... b1urTvs . . . V2V
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LEMMA A.2.3. We have that vs...viwp ... Wp—s11 15 equivalent to VsWpVs_1Wp—1 - .. V1Wp—s1-

ProoOF. With the equivalence relations from Remark A.2.1 (6)-(7), we can make the following

equivalence moves:

Vs ... 0201 WpWp—1 - - - Wp—s541 ~ Vs ... V2WpWp—1 - . . Wp—542V1Wp—s41 ~~

Vs ... V3WpWp—1 - - . V2Wp—s542V1Wp—s541 ~ VsWp ... V1 Wp—s5+1-

LEMMA A.2.4. We have
TWpVs—1Wp—1 -+ - VQWp_542V1Wp—541 ~ VUs—1...V1TWp ... Wp—s5+1-

PRrROOF. With the equivalence relations from Remark A.2.1 (6),(7) and (11), we can make the

following equivalent moves:

TWpVUs—1Wp—1 - . . V2Wp—542V1Wp—s541 ~ TUs_1WpWp—1 - . . V2Wp—542V1Wp—s541 ™~

Vs—1TWpWp—1 - - - V2QWp—542V1Wp—541 ™~ VUs—1 ... V1 ZWpWp—1 - . . Wp—s42Wp—5+1-

LEMMA A.2.5. When vs # x + 1, we have
TUVsWpVs—1Wp—1 - - - V1Wp—s541 ~ Vs ... V1TZWp . . . Wp—s541-

PRrOOF. With the equivalence relations from Remark A.2.1 (6)-(7) and Remark A.2.2 (1), we

can make the following equivalence moves:

TVsWpVs—1Wp—1Vs—2 + . . V1Wp—s541 ~ VsXWpVUs—1Wp—-1Vs—-2 . . . V1Wp—s+4+1 ™~
VsTVs—1WpWp—1Vs—2 ... V1Wp—s541 ~ VUsUs_1TWpWp—-1Vs—-2 . . . V1Wp—s41 "~

VsUs—1Vs—2 . . . V1 TWpWp—_1 - . . Wp—_gs41-
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LEMMA A.2.6. Whenvs # x+1, we have bgug . .. biuivs ... v1 is equivalent to by ... b1vs ... v1ug ... u7.

ProoOF. With the equivalence relations from Remark A.2.1 (4), (5), (8)-(9) and Remark A.2.2

(2), we can make the following equivalence moves:

byt ... b1utvs ... v1 ~ bgug ... b1vsu ... v1 ~

byt ... b1vs ... v1ur ~ by ... b1Vs ...V UG . . U

LEMMA A.2.7. We have byug . ..b1uixvs—1 ... v1 is equivalent to by ...bixvs_1...v1Uq ... U1.

PrOOF. With the equivalence relations from Remark A.2.1 (1), (3), (5) and (10) we have the

following equivalence moves:

bgtig . .. b1u1Tvs_1 ... V1 ~ bgug ... biTULVs_1 ... VT ~

bquq e blxvs_l oo 1ur Y bq e bla:vs_l e vluq oo UT
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APPENDIX B

Proofs for Uncrowding algorithm for hook-valued tableaux

B.1. Proofs of Lemma

B.1.1. Proof of Lemma 3.2.1.

PROOF. It suffices to check that V, preserves the semistandardness condition of both the entire

hook-valued tableau and the filling within each cell. We break into two cases depending on whether

Step (4)a or (4)b in Definition 3.2.1 is applied.

Case 1:

Case 2:

Assume Step (4)a is applied. To verify semistandardness within each cell, it suffices to
check cells (r,¢) and (7,c+1). The semistandardness within cell (r, ¢) is clearly preserved
as the only change to the hook-shaped tableau in cell (r,c) is that an entry was removed
from Ap(r,c). We now check the semistandardness condition within cell (7,¢+ 1). We
have that V) either created the cell (7, c+ 1) and inserted the number « in it or V, replaced
k with a and appended k to the arm of cell (7,c+ 1). In both cases, the tableau in cell
(7,c+1) is a semistandard hook-shaped tableau. In the second case this is true since k is
weakly greater than Hp(7,c + 1) and k is the smallest number weakly greater than a in
column c + 1.

We now check the semistandardness of the entire tableau. Note that it suffices to check
the semistandardness in row 7 and column c+ 1. Since 7 < r, the semistandardness in row
7 is preserved as a is larger than every number in (7,¢) and k remains in the same cell.
Also, the semistandardness in column ¢ + 1 is preserved as k is chosen to be the smallest
number in column ¢ + 1 that is weakly greater than a.

Assume Step (4)b is applied. The semistandardness within cell (r, ¢) is clearly preserved
as the only change to (7, ¢) is that entries from L7(r, c) and Ap(r, ¢) are removed. We now
check the semistandardness condition within cell (r,c + 1). If (a, ] N Ly(r,¢) = 0, then a

is weakly larger than all elements of (r,c). In this case, the semistandardness within cell
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(r,c+ 1) follows from the argument in Case 1. If (a, ] N Ly (r, ¢) # 0, then a is not weakly
larger than all elements of (r,c). After applying V} the semistandardness condition in the
leg of (r,c+1) will still hold as a < z < z for all x € (a, ¢]NLr(r, c), where z is the smallest
value in L7 (r, c+1). Similarly, the semistandardness condition in the arm of (7, ¢+1) holds
as a < k or k is the empty character. Thus, the semistandardness condition in each cell is
preserved. The semistandardness of row r is preserved as all numbers strictly greater than
a in (r,c) are moved to (r,c+ 1) along with a. The semistandardness condition within
column ¢ + 1 is preserved as every number in (r + 1,¢ + 1) is strictly greater than ¢ and

every number in (r — 1,¢+ 1) is strictly less than a.

B.1.2. Proof of Lemma 3.2.3.

ProoF. Let R;(T) = rira...7y. We break into cases based on the value of a.

Case 1: Assume a # i, + 1.

Assume Step (4)a is applied by V. If k # 4,0+ 1, then R;(T) = R;(V»(T')) as the position of all
letters ¢ and ¢ + 1 remains the same. Let kK = i. We have that k is the only ¢ in column ¢ + 1.
Hence, when k gets bumped from Ly (7, ¢+ 1) and appended to Ap(7,c + 1), the relative position
of k to the other letters i and i + 1 in R;(T") does not change. Thus, R;(T) = R;(Vs(T)). Let
k =i+ 1. Note that column ¢+ 1 cannot have a cell containing an ¢ as k is the smallest number
weakly greater than a. Hence, moving k from Ly (7, ¢+ 1) to Ap(7,c + 1) will not change R;(T).
Therefore, we once again have that R;(T) = R;(Vy(T)).

Assume Step (4)b is applied by V,. Consider the subcase when (a,{]NLy(r,¢) = (). By a similar
argument to the previous paragraph, we have that R;(T) = R;(Vy(T)). Next, consider the subcase
when i+ 1 € (a,f] N Lyp(r, ¢). This implies that a < ¢ and the only time i + 1 occurs in column c is
in Lz (7, ¢). Note that if an ¢ exists in column ¢, it must be contained in L7(r, ¢). We also have that
k > i+ 1 or k is the empty character and no cell in column ¢ + 1 contains an ¢. Thus, removing
(a, €] N Ly(r,c) from Lp(r, c), replacing k with (a, ] N Ly(r,c) in Ly(r,c+ 1), and appending k to
Ap(r,c+ 1) does not change R;(T). Therefore R;(T) = R;(Vs(T)). Let i € (a,¢] N Ly(r,c) and

i+1¢ (a,f)NLy(r,c). Note that the only place i + 1 can occur in column c is as Hp(r + 1, ¢) and
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the only place ¢ can occur in column c is in Lp(r,¢). This implies that removing (a, ] N Lp(r, c)
from Lz(r,c), replacing k with (a,?] N Ly(r,¢) in Ly(r,c+ 1) and appending k to Ar(r,c+ 1) will
not change R;(7T') unless both i+ 1 and ¢ show up in column ¢+ 1. This can only occur when k =4
which implies that R;(T) =ry...i i+ 1 k...ry and Ry(Vp(T)) =71...i+1 i k...7rp. We see that
R;(T) and R;(Vp(T)) only differ by a Knuth relation implying they are Knuth equivalent. Assume
that i,i+1 & (a,¢]NLy(r,c) # 0. If a > i+ 1 the positions of all letters ¢ and i + 1 remain the same
after V, is applied. If a < i, then the positions of all letters ¢ and ¢ + 1 also remain the same unless

k =1ior k=1i+1. In both of these special subcases, it can be checked that still R;(T") = R;(V,(T)).

Case 2: Assume a = 1.
Assume Step (4)a is applied by V. If column ¢ 4 1 does not contain both an ¢ and an i + 1,
then we have R;(T) = R;(V,(T")). However, if both an ¢ and an i + 1 are in column ¢ + 1, then
R(T)=ri...i0t+1i...rp, and BR;(WVy(T)) =r1...i+ 14 i...ry which are Knuth equivalent.
Assume Step (4)b is applied by V. Consider the subcase when (a, ¢]NLz(r,¢) = 0. By a similar
argument to the previous paragraph, we have that R;(T") = R;(Vs(T')) unless both an i and an ¢+ 1
are in column ¢+ 1 in which case R;(T') and R;(V,(T')) are only Knuth equivalent. Consider the
subcase given by i+ 1 € (a,f]NLz(r, c). Note that no cell in column ¢+ 1 can contain an i, the only
cell that could contain an ¢+ 1 in column ¢+ 1 is (r,c+ 1), and the only cell containing letters i or
i+ 1 in column c is (r,c). This implies that it suffices to look at the changes to (r,¢) and (r,c+1).

We see that Ri(T) =r1...i+1d...ia...ry and Ri(Vp(T)) = r1...0...0 i+ 1 a where v > 1

vy v—1
is the number of letters ¢ in cell (r,¢) including a. We see that R;(T") and R;(Vy(T")) are Knuth

equivalent. Consider the subcase when i + 1 & (a,#] N Lp(r,c) # 0. We have that both ¢ and 7 + 1

cannot be in a cell in column ¢+ 1 and an ¢+ 1 cannot be in column c. Thus applying V} does not

change R;(T) giving us that R;(T) = R;(Vs(T)).

Case 3: Assume a =1+ 1.
Assume Step (4)a is applied by Vp. If column ¢ + 1 does not contain both i and i 4+ 1, then
we have that R;(T) = R;(V,(T')). However, if both i and i + 1 occur in column ¢ + 1, then

Ri(T)=ry...i+1i+1i...rpand Ri(WVp(T)) =71 ...1+1 4 i+1...7p which are Knuth equivalent.
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Assume Step (4)b is applied by V. If (a, €] N Lp(r,¢) = 0, then R;(T) = R;(Vy(T')) unless both
i and 7 4+ 1 occur in column ¢ + 1. In this exceptional case, we have that R;(T) and R;(V,(T)) are
only Knuth equivalent by a similar argument to the previous paragraph. If (a,f] N Ly(r,c) # 0,
then £ > i+ 1 or k is the empty character and no cell in column ¢ + 1 contains an ¢ + 1. Thus

applying V, does not change R;(T") giving us that R;(T) = R;(Vs(T)). O

B.1.3. Proof of Lemma 3.2.4.

PROOF. We are going to prove (1). Part (2) follows since e; and f; are partial inverses.

Let a, ¢, k, r, ¢, and 7 be defined as in Definition 3.2.1 when V), is applied to 7T'. Similarly,
define o', ¢/, k', v/, ¢/, and 7 for when V, is applied to f;(T). Let R;(T) = riry...ry and
R;(Vy(T)) = rirh...7], be the corresponding reading words. Let (7,¢) denote the cell containing
the rightmost unpaired ¢ in 7', where 7 and ¢ are its row and column index respectively. We break

into cases based on the position of (7, ¢) to (r,c).

Case 1: Assume (7,¢) = (r,c¢). We break into subcases based on how f; acts on 7'
e Assume that (r + 1,¢) contains an i + 1.
As every entry in (7, ¢) must be strictly smaller than the values in (r + 1, ¢) and (r, ¢)
must contain an ¢, we have that ¢ = i or a = 4. If £ = 4, then /£ is i-paired with the
i+1in (r+1,c). Hence a is always equal to ¢ and a must correspond to the rightmost
unpaired i of T'. Thus, f; acts on T' by removing a from (7, ¢) and appending an i+ 1
to Ar(r + 1,¢). Note that (a,¢] N Ly(r,c¢) = 0 implying V, acts on T' by removing a
from Ap(r,c), replacing k in (7, c+ 1) with a, and appending k to Ap(7, ¢+ 1) where
7 < r. We break into subcases based upon where the values of ¢ and 7+1 are in column
¢+ 1 utilizing the fact that column ¢+ 1 cannot contain an ¢ without an ¢ + 1 (since

the arm excess of cell (r+1, ¢) is zero and cell (7, ¢) contains the rightmost unpaired 7).

Assume that column ¢+ 1 does not contain an 4. Since a corresponds to the rightmost
unpaired ¢ in T" and column ¢ + 1 does not contain an ¢, we have that the rightmost
unpaired 7 in V,(T') is precisely a in the cell (7, c+1). Note that (7+1,c+ 1) does not

contain an ¢ + 1 in V,(T') as k > i+ 1 or k is the empty character. Similarly, we have
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that (7, c+2) does not contain an 7. Thus, f; acts on V(1) by changing a to an i+ 1
in (7,c+ 1). We now consider V;(f;(T")). When applying V} to f;(T), o’ is precisely
the 7 + 1 appended to Ap(r + 1,¢) and k' is the same as k. Since 7/ =7 < r + 1, we
have that Vj acts on f;(T') by removing i + 1 from Ay, () (r +1, ¢), replacing k with an
i+1in (7, c+1), and appending k to A, ) (7, c+1). We see that f;(Vy(T)) = Vi(fi(T)).

Assume that column ¢+ 1 contains both an ¢ and an ¢4 1 in the same cell. Note that
this implies that & = ¢. Since a is the rightmost unpaired ¢ in 7" and the only cell in
column ¢+ 1 that contained an ¢ + 1 or an 7 is (7,c+ 1), we have that the rightmost
unpaired i in V(7)) is the ¢ appended to Ar(7,c+ 1). Since (7,c¢ + 1) contains an
i+ 1, we have that (7 + 1,c¢+ 1) cannot contain an i+ 1 and (7, ¢+ 2) cannot contain
an 7. Thus, f; acts on Vy(T') by changing the i in Ay, () (7,c+1) to an i+ 1. We now
consider V,(f;(T)). When applying V, to f;(T), a’ is precisely the i + 1 appended to
Ar(r+1,c¢) and k" is the i + 1 in (7,c¢ + 1). Since # = 7 < r + 1, we have that V)
acts on f;(T') by removing i + 1 from Ay, 7y (r + 1, ¢), replacing i + 1 in (7, c+ 1) with
the i+ 1 from Ay, ) (r +1,¢), and appending an i+ 1 to Ay, ) (7, c+1). We see that
[iVe(T) = Vu(fi(T)).

Assume that column ¢+ 1 contains both an ¢ and an i+ 1 in different cells. Note that
this implies that k = i. Since a corresponds to the rightmost unpaired ¢ in R;(7T") and
the only i+ 1 and 7 in column ¢+ 1 are in cells (7 +1,c¢+1) and (7, c+ 1) respectively,
we have that the rightmost unpaired ¢ in R;(V,(T)) corresponds to the i appended
to Ap(7,c+ 1). By assumption, we have that (7 + 1,c¢ + 1) contains an i + 1. Thus,
fi acts on Vy(T') by removing the i from Ay, (1)(7,c + 1) and appending an i + 1 to
Av, ) (F 4+ 1,¢ + 1). We now consider V,(fi(T)). When applying V, to fi(T), o’ is
precisely the i + 1 appended to Ap(r + 1,¢) and &’ is the i + 1 in cell (7 +1,c+ 1).
If # = r+1, then i + 1 is weakly larger than every value in (r + 1,¢). Thus, either
(@', &) Lgyry(r +1,¢) = 0 or # < 7+ 1. This implies that V; acts on f;(T') by

removing i+ 1 from Ay, 7 (r + 1, ¢), replacing the i + 1 in Hy, () (7 + 1,c+ 1) with the
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i+ 1 removed from A, 7y (r +1,c¢), and appending an i +1 to Ay, (F+1,c+1). We
see that f;(Vo(T)) = Vp(fi(T)).

Assume that (r 4+ 1, ¢) does not contain an i + 1 and (r,c + 1) contains an i.

Under these assumptions, we have that no cell in column ¢ can contain an ¢+ 1. This
implies that column ¢+ 1 must contain an ¢+ 1. The cell (r+1,c+ 1) cannot have an
i+ 1 as this would force (r 4 1, ¢) to also have an ¢ + 1. Thus, (r,c¢+ 1) must contain
an ¢+ 1 in its leg. By our assumption we have that f; acts on T by removing the i
from (r,c+ 1) and appending an ¢ + 1 to Lp(r,c). We break into subcases according
to where the rightmost unpaired 7 sits inside the cell (7, ¢). If the rightmost unpaired
i is in Hp(r, ¢), then a > ¢ which would either contradict the hook entry being the
rightmost unpaired ¢ or cell (r,c+ 1) containing an i. Thus, we only need to consider

the subcases where the rightmost unpaired 7 is either in the leg or arm of (r, ¢).

Assume that the rightmost unpaired i is in Lp(r,c) for this entire paragraph. This
implies that ¢ = 4. Since (r,c 4+ 1) contains an i, we have that a < . If 7 < r,
then V, acts on T by removing a from (r,c), replacing k with a in (7,¢ + 1), and
appending k to Ap(7,c+1). Since a, k < i, we have that V, does not change position
of the rightmost unpaired i. Note that (r 4+ 1, ¢) still does not contain an ¢ + 1 while
(r,c+ 1) still contains an i. Thus, f; acts on V(T) by removing the ¢ from (r,c+ 1)
and appending an i+ 1 to Ly, (1(r, ¢). We now consider Vy(f;(T)). Note that (r', ),
a’, and k' are the same as (r,¢), a, and k respectively. Thus, V, acts in the same
way as before. This gives us that f;(Vy(T')) = WVu(fi(T)). If 7 = r, then k is precisely
the 7 in cell (r,c + 1). We see that V, acts on T' by removing (a,i] N Ly (7, ¢) from
Lr(r,c) and a from Ap(r,c), replacing k with ((a,i] N Lp(r,c)) U {a}, and appending
k to Ar(r +1,c). Since there is an i + 1 in Ly, () (r,c + 1), we see that the rightmost
unpaired i in Vy(T') is precisely & in Ay, (7)(r,c + 1). Note that (r + 1,¢ + 1) does
not contain an i + 1 and (r,c + 2) does not contain an ¢ because (r,c + 1) contains

an i + 1. Thus, f; acts on Vy(T') by changing the 7 in Ay, (7)(r,c + 1) to an 7 + 1.
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We now consider Vy(fi(T')). We have that o’ is the same as a and k" is the i + 1 in
(r,c+1). We have (a/,£'] N Ly, (r',¢') = {i + 1} U ((a,i] N Lz (r,c)). This implies
that V, acts on f;(T) by removing {i + 1} U ((a,i] N Lr(r,c)) from Ly, 7)(r,c) and a
from Ay, ) (r, c), replacing i+ 1 with {i+1}U((a,i]NLz(r,c))U{a} in (r,c+1), and
appending an i + 1 to Ay, ) (r,c + 1). We see that f;(Vp(T)) = Vi (fi(T)).

Assume that the rightmost unpaired 7 is in Ap(r, ¢). This implies that a = i and forces
a to correspond to the rightmost unpaired i. We also have that k is the ¢ in (r,c+1).
Since i is weakly greater than all values in (r,¢), we have that (a,f] N Ly(r,c) = 0.
Thus, V, acts on T' by removing a from (r,c), replacing k with a in (r,c+ 1), and
appending k to Ap(r,c + 1). Since a was the rightmost unpaired i in 7' and cell
(r,c+ 1) contains an i + 1 in its leg, we have that the rightmost unpaired i in V,(T")
is k in Ay, (7)(r,c+1). Asi+ 11isin (r,c+ 1), we have that (r + 1,c¢ + 1) cannot
contain an i + 1 and (7,c¢ + 2) cannot contain an . This implies that f; acts on
Vo(T) by changing the i in Ay, (py(r,c+ 1) to an i 4+ 1. We now consider Vy(fi(T)).
We have that @' is the same as a and k' is equal to the ¢ + 1 in (r,¢ + 1). Note
that (a/,¢'] N Lp(r,c) = {i + 1}. This implies that V, acts on f;(T) by removing
i+ 1 from Ly, p)(r,c) and a from Ay 7y(r, c), replacing the i + 1 in (r,c + 1) with
{i+1,a}, and appending an i+1to Ay, 1y (1, c+1). We see that f;(Vy(T')) = Vo(fi(T)).

Assume that (r + 1,¢) does not contain an i + 1 and (r,c+ 1) does not contain an 3.

We break into subcases based on where the rightmost unpaired i sits inside (r, c).

Assume that rightmost unpaired ¢ is in the hook entry of (r,¢) for the remainder of
this paragraph. Note that this implies that a > ¢ and the rightmost unpaired 7 in
Vy(T) is still the hook entry of (r,¢). We see that V), does not insert an ¢ 4+ 1 into
(r+1,¢) nor an i into (r,c+1). This implies that f; acts on 7" and V(7T') in the same
way by changing the hook entry of (r, ¢) into an i+ 1. Next, we note that (', ), o, ¥/,

and (a, '] N L,y (r', c) are the same as (7, ¢), a, k, and (a, {] N Lz (r, c) respectively.
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Thus, V, acts on T and f;(T) in the same manner without affecting the hook entry

of (r,c). Therefore, we have that the actions of f; and V}, on T' are independent and

fiWp(T)) = Vo(fi(T))-

Assume that the rightmost unpaired ¢ is in the leg of (r,¢) for the remainder of
this paragraph. This implies that a # ¢. First, we assume that a > i or 7 < r.
Under this extra assumption, we observe that the action of V}, does not change
the position of the rightmost unpaired i. Also, V, does not insert an i 4+ 1 into
(r + 1,¢) nor an ¢ into (r,c + 1). We see that f; acts on T and V,(T) in the
same way by changing the ¢ in the leg of (r,¢) into an ¢ + 1. Next, we note that
(r',d), o, and k' are the same as (r,c), a, and k respectively. If a > i, we have
that @ > i + 1 implying that (a’, '] N Ly, (', ') = (a,€] N Lr(r,c). Thus, either
(@', 0T Ly ry(r',¢') = (a, 4] " Lp(r,c) or # < r. This implies that V, acts on T and
fi(T) in the same manner and does not affect the i or i+1 in the leg of (r, ¢). Therefore,
we have that the actions of f; and V}, on T are independent and f;(Vy(T)) = Vi (fi(T)).
Next, assume that 7 = r and a < 4. This implies that (a,f] N Lp(r,c) # 0 as
i € (a,f] N Lp(r,c). We have that V, acts on T' by removing (a,f] N Lp(r,c) from
Lr(r,c) and a from Ap(r,c), replacing k with ((a,!]NLr(r,¢))U{a} in (r,c+1), and
appending k to Ap(r,c + 1). By assumption, there was no i in (r,¢ 4+ 1) to begin
with. Thus, we have that the rightmost unpaired ¢ of V,(T') is the i in (r,c + 1)
that replaced k. Since k > i + 1 or k is the empty character, we have that the cell
(r +1,¢+ 1) does not contain an i + 1 and the cell (r,c + 2) does not contain an
i. Hence, f; acts on Vy(T) by replacing the i in Ly, (1y(r,c+ 1) with an i + 1. We
now consider V,(fi(T")). We have that f; acts on T' by changing the ¢ in Ly (r,c) to
an 7 + 1. We see that @’ and &’ are the same as a and k respectively. Since i > a,
we have that ¢ + 1 > a or in other words i + 1 € (a/,¢] N Lp(r,¢). This implies that
(@, 1N Ly (', ) = (((a", ] 0 Lp(r,c)) Ui+ 1}) — {i}. We have V, acts on f;(T)
by removing (a’, '] N Ly, 1y(r, ¢) from Ly, 7)(r, c) and a from Ay, ) (r, c), replacing k
with (a/, £'] N Ly, ) (r,¢) in (r,c+ 1), and appending k to Ay, py(r, c+1). We see that
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fiVe(T)) = Vo(fi(T)).

Assume that the rightmost unpaired 4 is in Ay (r,¢) and 7 < r or (a, ] N Lp(r,c) =0
for this entire paragraph. Under this assumption, f; acts on T" by changing the right-
most 4 in the arm of (7, ¢) to an i+ 1. Also, V}, acts on T' by removing a from Arp(r,c),
replacing k in (7, ¢+ 1) with a, and appending k to Ap(7,c+ 1). First, we make the
additional assumption that ¢ < a. Since we assume the rightmost unpaired ¢ is in
the arm of (r,¢) and ¢ < a, we have the rightmost unpaired ¢ in V},(7') is in the same
position as in T'. Note that the cell (r+1, ¢) still does not contain an ¢+ 1 and the cell
(r,c+1) still does not contain an i. Thus, we have that f; acts on V,(T') by changing
the rightmost i in Ay, (7, ¢) into an ¢ + 1. We now consider V,(fi(T")). We see that o
and k' are the same as a and k respectively. This implies that V, acts on f;(T) by
removing a from (r, ¢), replacing k with a in (7, ¢), and appending & to Ay, ) (7, c+1).
We see that f;(Vp(T')) = Vu(fi(T)). Next, we make the assumption that a = 7 and
column ¢ 4 1 does not contain both an ¢ and an ¢ + 1. We have that the rightmost
unpaired i in Vy(7') is precisely the i that replaced k in (7, ¢+ 1). We also have that
k > i+ 1 or k is the empty character implying that the cell (7 4+ 1,c+ 1) does not
contain an i+ 1 and the cell (7, ¢+ 2) does not contain an i. This implies that f; acts
on V,(T') by changing the i in L]J;b(T)(f, c¢+1) to an i+ 1. We now consider V,(f;(T)).
We see that a’ is the i+1 in (r, ¢) created by appying f; and &’ is the same as k. Thus,
Vs acts on f;(T") by removing the ¢ + 1 from (r, ¢), replacing k£ with an ¢ + 1 in (7, ¢),
and appending k to Ay, (7, ¢+ 1). We see that f;(V,(T)) = V(fi(T)). Next, we
assume that a = ¢ and column ¢+ 1 contains both an ¢ and an 7+ 1 in the same cell.
Note that this implies that k£ = 7. Since a corresponded to the rightmost unpaired ¢ in
T and the only cell in column ¢+ 1 that contains an i+ 1 or an ¢ is (7, c+ 1), we have
that the rightmost unpaired i in V(7" corresponds to the ¢ appended to Ap(7,c+ 1).
Since (7,¢+ 1) contains an 7 4+ 1 in V,(T"), we have that (7 + 1,¢+ 1) cannot contain
an ¢ + 1 and (7, c+ 2) cannot contain an i. Thus, f; acts on V}(T') by changing the i
in Ay, (1) (7,c+1) to an i + 1. We now consider Vy(fi(T)). We see that o' is the i + 1
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in (r,c¢) obtained after applying f; and & is the ¢ + 1 in cell (7,¢ + 1). This implies
that V, acts on f;(T) by removing the i + 1 from (r, ¢), replacing k¥’ with an i + 1 in
(7,c+ 1), and appending k" to Ay, 1)(7,c + 1). We see that f;(Vy(T)) = Vo(fi(T))-
Finally, we make the assumption that @ = ¢ and column c+ 1 contains both an ¢ and
an ¢ + 1 but in different cells. We once again have that k = i, but now we have that
(7 +1,c+ 1) contains an 7 + 1. We have that the rightmost unpaired i in V,(T) is
the ¢ that was appended to Ap(7,c+ 1). Since (7 + 1,¢ + 1) contains an ¢ + 1, we
have that f; acts on V,(T') by removing the i from Ay, () (7, c+ 1) and appending an
i+ 1 to Ay, (r)(7 +1,c 4+ 1). We now consider Vy(f;(T)). We see that a’ is the i + 1
in (r,¢) obtained after applying f; and &’ the i + 1 in cell (7 + 1,¢+ 1). This implies
that V, acts on f;(T) by removing the i + 1 from (r, ¢), replacing k¥’ with an i 4+ 1 in
(7+1,c+1), and appending &’ to A, ) (741, c+1). We see that f;(Vy(T)) = Vi (fi(T)).

Assume that the rightmost unpaired ¢ is in the arm of (r,c¢), 7 = r, and (a, 4] N
L7 (r,¢) # 0 for this entire paragraph. First, we make the additional assumption that
i < a. This gives us that V,(7T) is attained from 7" by removing (a, ] N Ly (r,¢) from
Ly (r,¢) and a from Ap(r, c), replacing k in cell (r,c¢+ 1) with ((a, €] NLp(r,¢)) U {a},
and appending k to Ap(r,c+ 1). Since k,a > i, we have that the rightmost unpaired
i in Vp(T') remains the same as in 7. We also have that the cell (r 4+ 1,¢) does not
contain an i+ 1 and the cell (r,c+1) does not contain an i. Thus, f; acts on V,(T') by
changing the rightmost i in Ay, (7)(r,c) to an i + 1. We now consider Vy(f;(T)). We
have that f; acts on T' by changing the rightmost i in Ap(r, ¢) to an i+ 1. We see that
a, k', and (a/,I']N Ly, (17, ¢') are the same as a, k, and (a, £] N L7 (7, c) respectively.
This implies that Vj, acts on f;(T) by removing (a, £] N Lr(r,c) from Ly, ) (r, c) and a
from Ay, 7y(r, ¢), replacing k in cell (r, c+1) with ((a, I]NLy(r, c))U{a}, and appending
k to Ag,r)(r,c+1). We see that f;(Vy(T)) = Vs (fi(T)). Next, we assume that a = i
and (r, c) contains an i+ 1. Since a = i, the i+ 1 in (7, ¢) must be in its leg. Also as a
is the rightmost unpaired i of 7', we must have that (r, ¢) contains another 7 besides a.

This gives us that V,(T') is attained from T by removing (a, ¢] N Ly (r, ¢) from Lp(r,c)
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and a from Ar(r,c), replacing k in cell (r,c¢ + 1) with ((a,4] N Lr(r,¢)) U {a}, and
appending k to Ap(r,c+ 1). Note that the i inserted into (r, ¢+ 1) becomes i-paired
while an 7 in (r,¢) becomes unpaired. This implies that the rightmost unpaired i
in V,(T) still sits in the cell (r,¢). We see that the cell (r 4+ 1,¢) still does not
contain an i + 1; however, the cell (r,c+ 1) now contains an . This implies that f;
acts on Vu(T) by removing the i from the cell (r,¢ + 1) and appending an i + 1 to
Ly,(r)(r,c). We now consider V,(fi(T)). We have that f; acts on T by changing a
into an 7 + 1. We have that @’ is the i + 1 obtained from applying f; and %’ is same
as k. We see that (o', £'] N Ly, (r', ) is the same as (a, ] N Lp(r,c) excluding the
i+1. We have that V} acts on f;(T) by removing (a', ¢'] 0Ly, (1', ¢') from Ly, ) (r, )
and 7 + 1 from Ay, () (r, c), leaving the i + 1 in Ly, (r, ¢), replacing k in (r,c+ 1)
with ((a', €' VL, (r', ")) U {a’}, and appending k to Ag,p)(r,c+1). We see that
fiW(T)) = Vp(fi(T)). Finally, we assume that a = i and ¢ + 1 is not in the cell
(r,c). This gives us that V,(T) is attained from 7" by removing (a,¢] N Lp(r,c) from
Lr(r,c) and a from Ar(r, c), replacing k in cell (r,c+ 1) with ((a, ] N Lr(r,c)) U{a},
and appending k to Ar(r,c+1). Since k > j > i+ 1 for all j € (a,¢] N Ly(r,c), we
have that the 7 inserted into the cell (r, ¢+ 1) is the rightmost unpaired 4 in V(7).
Note that the cell (r + 1,¢+ 1) does not contain an i + 1 and the cell (r,c + 2) does
not contain an i. Thus, f; acts on V,u(T) by changing the i in (r,c+ 1) to an i + 1.
We now consider V,(f;(7)). We have that f; acts on T' by changing a into an i + 1.
We have that a’ is the ¢ + 1 obtained from applying f; and k' is the same as k. We
see that (a',¢'] N Ly (r',c') = (a,4] N Lr(r,c). We have that Vj, acts on fi(T) by
removing (a,¢] N Lr(r,c) from L,y (r,c) and i + 1 from Ay, py(r, c), replacing k in
(r,c + 1) with ((a,€] N Lp(r,c)) U {a'}, and appending k to Ay, p)(r,c +1). We see
that f;(Vy(T)) = Ve(fi(T)).
Case 2: Assume that # < r and ¢ = c.
Note that a > i. By Lemma 3.2.3 we have that R;(T) = R;(Vy(T')) unless a =i + 1 and
column ¢ + 1 contains both an 7 and an ¢ + 1. However, even in this special case, we see

that the rightmost unpaired i of V},(7T') is in the same position as the rightmost unpaired
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Case 3:

Case 4:

i of T. We also see that V(1) does not change whether or not cell (7 4 1, ¢) contains an
i+ 1 and whether or not cell (7,c+ 1) contains an 7. Thus, f; acts on the same i and in
the same way for both T" and V,(T). Since a > i, we have that £k’ is the same as k. Note
that the only way for f; to affect the cell (r,c¢) in T is if # = r — 1 and (r,¢) contains an
i+ 1. However, even in this special case, we see that (1, '), o/, I'; and (o', £'] "Ly, ) (', ')
are the same as (r,¢), a, ¢, and (a,¢] N Ly(r,c). Thus, V} acts on T and f;(T) in the
same way. Therefore, we have that the actions of f; and V, on T are independent and
[iVe(T)) =V (fi(T)).

Assume that ¢ < c.

Let 7 denote the rightmost unpaired ¢ of . From the proof of Lemma 3.2.3, we have that
V, does not change whether or not the 4’s to the right of 7 in R;(T) are i-paired. Thus,
the rightmost unpaired i in R;(T") and R;(V,(T")) are in the same position. As V, does not
affect any column to the left of column ¢, we have that the rightmost unpaired i for V;,(7T')
is in the same position as the rightmost unpaired ¢ for 7. Note that V} also does not affect
whether or not cell (7 + 1, ¢) contains an ¢ + 1 and whether or not cell (7, ¢+ 1) contains
an i. Thus, f; acts on the rightmost unpaired i in 7" and V,(T') in exactly the same way.
Next, we note that (r',c’), o', k', and (a’, '] N Ly, (1, ¢') are the same as (r, ), a, k, and
(a, €] N Lp(r, c) respectively. Thus, V, acts on T and f;(7T') in the same way. Therefore, we
have that the actions of f; and V, on T are independent and f;(Vy(T)) = Vo (fi(T)).
Assume that 7 <r and ¢ = c+ 1.

Under this assumption, we have that column ¢+ 1 does not contain an i+ 1 and a # i+ 1
since the cells in column ¢+ 1 do not contain any arms. We break into subcases.

e Assume that k # i. This implies that the rightmost unpaired i in V},(7') is in the same
position as the rightmost unpaired ¢ in 7. We see that V, does not change whether
or not cell (7 +1,c+ 1) contains an 7 + 1 and whether or not cell (7, ¢+ 2) contains
an ¢. Thus, f; acts on the rightmost unpaired i in 7" and V,(7T') in exactly the same
way. We also observe that (r',c’), o', ¢/, k', and (a’, €] N Ly, (1, ') are the same

as a, £, k, and (a,f] N Ly, (r,c) respectively. Thus, Vj acts on T' and f;(T) in the
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same way. Therefore, we have that the actions of f; and V} on T are independent and
JiVe(T)) = Vu(fi(T)).

Assume that k& = i. We see that the rightmost unpaired i in V(7)) is the ¢ that
was appended to Ap(7,c + 1). Note that 1} does not change whether or not cell
(7 +1,c+ 1) contains an i + 1 and whether or not cell (7, ¢ + 2) contains an i. We
first make the extra assumption that (#,¢+ 2) in T' contains an . This implies that
fi acts on V(T) and T in the same way by removing the i from the hook entry of
(7,¢ + 2) and appending an ¢ + 1 to the leg of (7,¢+ 1). We also have that (1, ),
a, U, K, and (o', €] 0 Ly, (1, ) are equal to (r,c), a, ¢, k, and (a, €] N Ly, ) (r,c)
respectively. Thus, V, acts on T' and f;(7T') in the same way. Therefore, we have that
the actions of f; and V}, on T are independent and f;(Vy(T)) = Vu(fi(T)). We now
assume that (7, c + 2) does not contain an ¢. This implies that f; acts on V,(T') by
changing the i in Ay, (7)(7,c¢+ 1) to an i + 1 and acts on 7' similarly by changing
the 4 in Ly, (7)(7,c + 1) to an i + 1. Note that (r',c’), /, £, and (a’, '] N Ly, (1) (r', ¢)
are equal to (r,¢), a, £, and (a, ] N Ly, p)(r,c) respectively while & is the 7 + 1 in
Ly, (1) (7,c¢+1). Thus, besides the value of the number that is bumped from the leg

of (7,c+ 1) to its arm, we have V}, acts on T" and f;(7') in the same way. Looking at

FiWVp(T)) and Vy(fi(T)), we see that f;(Vo(T)) = Vip(fi(T)).

Case 5: Assume that 7 >r and é=cor ¢+ 1.

Case 6:

Under this assumption, we have that 1} does not change the cells (7,¢), (7 + 1,¢), and
(7,¢ +1). We also have that R;(T) = R;(V,(T)) implying that the rightmost unpaired 14
in Vy(7T) is in the same position as the rightmost unpaired ¢ in 7. Thus, f; acts on the
rightmost unpaired ¢ in V(7) and 7T in the same way. Note that i+ 1 cannot be in column
¢ implying that f; can only make changes to the legs and hook entries of (7, ¢) and (7, é¢+1).
Since these changes only affect the legs and hook entries of cells outside of the possible
cells that 1} can change, we have that V, acts on T and f;(7) in the same way. Therefore,
we have that the actions of f; and V, on T" are independent and f;(V,(T")) = Vi (fi(T)).
Assume that ¢ > ¢+ 2.

Let 7 denote the rightmost unpaired i of 7. From the proof of Lemma 3.2.3, we have
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that V, does not change whether or not the i + 1’s to the left of 7 are i-paired. Thus, the
rightmost unpaired ¢ in R;(T") and R;(V,(T")) are in the same position. As V} does not
affect any column to the right of column ¢ + 1, we have that the rightmost unpaired i for
Vy(T') is in the same position as the rightmost unpaired i for 7. Note that V}, also does
not affect whether or not cell (7 + 1, ¢) contains an i + 1 and whether or not cell (7,é4 1)
contains an 7. Since the cells that f; and V, could change are different and the rightmost

unpaired ¢ does not change, we have that the actions of f; and V, on T are independent

and fi(Vp(T)) = Vu(fi(T)).
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