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Abstract

Let 61, ..., On be the angles of the eigenvalues of a N x N matrix sampled from either CSE, SO(N),
or Sp(N). In this dissertation, we study the limiting distribution of the "pair dependent" linear

statistic

1
— F(Ln(0; —05)),
(N/LN> 19;9/ N

where f is a sufficiently smooth function and Ly is a positive, non-decreasing sequence such that
1 < Ly << N. When Ly = 1 (global case), the limiting distribution is an infinite sum of
independent random variables, exponential in the case of CSE and chi-squared distributed in the
cases of SO(N) and Sp(N). When Ly — oo (mesoscopic case), we are able to prove central limit

theorems for each of the mentioned random matrix ensembles.
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CHAPTER 0

Notations

For convenience, we list the notations that will be commonly used throughout this text.

1
2
3
4

6
7
8

(1)
(2)
(3)
(4)
(5) S
(6) S
(7) S
(8) >
(9)
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N: The dimension of a random matrix from the contextually relevant ensemble
CpE: Circular Beta Ensemble
CUE=CpBE (B = 2): Circular Unitary Ensemble
U(N): Ensemble of N x N unitary matrices.
O(N): Ensemble of N x N orthogonal matrices with determinant one
O~ (N): Ensemble of N x N orthogonal matrices with determinant negative one
( ): Ensemble of 2N x 2N symplectic matrices
: ‘Converges in distribution to’
CLT: Central Limit Theorem

m.g.f. : moment generating function

o

.g.f. : cumulant generating function
|x] : greatest integer less than or equal to x, || =k € Z where k <z <k +1

ay << by:

‘;—N’—>OaSN—>oo
N

an

by
) < C for sufficiently large N

ank = on(bn):

ay = O(by):

tN k> tk: The trace of the k-th power of a random matrix from the contextually relevant
ensemble

X A: Indicator function on condition A

$(2): The imaginary part of z

R(z): The real part of z

T™: The n-torus

HY(T) (« > 0) {f € L*(T) such that >, ., k2| f(k)|? < oo}.
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CHAPTER 1

Introduction

Random Matrix Theory (RMT) can be traced back to the study of random covariance matrices
by John Wishart in 1928 [27]. In the 1950s, RMT received a great deal of attention from the
Physics community after Fugene Wigner used statistical properties of random matrix ensembles as
a means to model the interactions of large systems of nuclear particles [26]. Since then, random
matrices have been utilized as a valuable tool for studying a broad range of problems in areas such

as Mathematics, Statistics, Physics, and Computer Science.

If M is random matrix, then the operator norm, determinant, trace, eigenvalues, and eigenvectors
of M are all examples of random quantities that one might be interested in studying. In this
dissertation, we consider statistics related to pairs of eigenvalues from a variety of random matrix
ensembles, namely the Circular-Beta Ensembles (CSE), the ensemble of N x N orthogonal matrices
with determinant one,SO(N), sampled according to Haar measure, and the ensemble of 2N x 2N
symplectic matrices, Sp(INV) (also sampled with respect to Haar measure). In each of these ensembles,

the eigenvalues are random quantities distributed on the unit circle.

Classical Compact Circular Beta
Groups Ensembles

O(N)

The CPE was first introduced by F. Dyson as a collection of random matrix ensembles in [9]-

[11] for the particular cases § = 1, § = 2, and 8 = 4 corresponding to the Circular Orthogonal
2



Ensemble (COE), the Circular Unitary Ensemble (CUE), and the Circular Symplectic Ensemble
(CSE), respectively. In all three cases, the N eigenvalues of these random matrix ensembles are of
the form e, where 0 € [0,27). Moreover, we say that 61,...,60x are distributed according to the

CPE if their joint probability density is given by

i _ il B

(1.0.1) Pns(0) = % 11

NB 1<jck<N

(1.0.2) ! exp g > ln<2sin<0j;€k>) ,

IN.p 1<j#k<N

where Zy g is a normalization constant that can be explicitly written in terms of the Gamma

function. In particular,

o T (1+EY)
7 7 :/ ’ 0; by Bdg — (2 )N o2
N TN 1§j1<_£§N o . [F (1 + g)}N

which follows from the Selberg integral formula (see [21]|). Equivalently, we might say that the
spectrum of a random matrix M has CSE statistics or is CSFE distributed if its eigenvalues are
distributed according to (1.0.1). Similar distributions are known for SO(N) and Sp(N), which we
describe at the start of Chapter 3. Let us first consider the CSFE in the particular case where § = 2.
The associated 3 ensemble describes the eigenvalue distribution for the group of N x N unitary
matrices, U(N), sampled according to Haar measure. As stated above, the eigenvalues of a CUE
distributed matrix are of the form exp(ify)...exp(ifx), where {6;}¥, are distributed according to
(1.0.1). A matrix with CUE statistics can be obtained by performing a Gram-Schmidt procedure on
N N-dimensional vectors with i.i.d. complex standard normal entries. If U is distributed according
to the CUE, then UTU is distributed according to the COE (f = 1). Similarly, if U is a 2N x 2N
CUE distributed matrix, then it is algebraically equivalent to an N x N quaternion matrix and so
has a corresponding quaternion dual, UP”. UPU is then a matrix distributed according to CSE
(8 = 4). For more details, we refer the reader to [21]. In this dissertation, we also consider the
more general case § > 0. For 5 # 1, 2,4, there are explicitly defined matrix models with eigenvalues

distributed according to (1.0.1), but the constructions are more sophisticated than for COE and



CSE. A general construction for tridiagonal random matrices with eigenvalues jointly distributed

according to (1.0.1) is given by R. Killip in [17].

From a Mathematical Physics point of view, one may view the eigenvalues of a CSE matrix as a finite
system of repelling unit charges on the unit circle (T) under a logarithmic Coulomb potential (see
1.0.2), where §3, corresponding to inverse temperature, indicates the strength of repulsion between
particles. Moreover, a straightforward calculation given in [14] shows that the logarithmic potential
obtains its maximum on equidistant spaced particle configurations. A particular point of interest to
us will be statistics related to the trace of a large CSE distributed matrix. Heuristically, if M is an
N x N CBE distributed random matrix, then Tr(M¥) is the sum of many weakly dependent random
quantities with a significant amount of cancellation that comes from the uniform behavior of the
eigenvalues on the unit circle. As a result, each individual eigenvalue gives a small contribution to
the sum and the Central Limit Theorem suggests that Tr(M*) (k € N) should be approximately
normally distributed when N is large. It is then reasonable to assume that statistics related to

Tr(M*) might have close connections to the normal distribution.

Let f be a reasonably well behaved test function and M be an N x N CpBE distributed matrix
with eigenvalues {ewi }jvzl Additionally, let Ly be a positive, non-decreasing sequence satisfying
Ly < N. Then linear statistics of the form

N
(1.0.3) Ta(f(Ln)) =Y f(Lnty) =D f(k) Tr (M*),
j keZ

Jj=1

were f (k) denotes the k-th Fourier coefficient of f(Ly-), have been studied at length in [14], 7],
[6], [15], [25], and [19]. It was proven by K. Johansson in [14](1988) that, when Ly = 1, Tn(f)
converges in distribution to a normally distributed random variable. The result was extended for
the case f = 2 and Ly << N by A. Soshnikov in [25](2000). The result was again extended to
the case f > 0 and Ly << N by G. Lambert in [19](2019). The analogous statistic for the O(N)
and Sp(N) was studied in [7] and [15] when Ly = 1. Central limit theorems were proven in [18]
and [12] for the case where Tn(f) is equal to the eigenvalue counting function, i.e. f is a sum of

indicators for the eigenvalues of the CSE.



In the following chapters, we consider a closely related ‘pair counting’ or ‘pair dependent’ statistic,

namely

(1.0.4) SN(F(Ln) =Y f(Ln(0:—0))),

1<i#j<N

where the 6;s are jointly distributed according to the CSE, SO(N), or Sp(IN), Ly is a non-decreasing
sequence satisfying 1 < Ly << N, and f is a suitable test function. The case for Ly = N (local
statistics) is studied in [2] for the CUE. This work is largely motivated by a classical result stated
by H. Montgomery [22|- [23], which connected the behavior of rescaled non-trivial zeros of the
Riemann zeta function with the local eigenvalue statistics (Ly = N) for the CUE. Assuming the
Riemann Hypothesis to be true, suppose that {1/2++,} are the ‘non-trivial’ zeroes of the Riemann
zeta function and consider the scaling 7, = 3% log(7,), so that the spacing between neighboring,
rescaled zeros is on the order of a constant. Montgomery essentially studied the statistic

exp(ia(Y; —7x))

7~k )2

Sr(a) =
0<7; Ve <T 1+ (210g(T)

el

for real o, and large, real T. Assuming the Riemann Hypothesis, he was able to rigorously show

that S7(a) behaves as
a+ [Tlog(T)]"2*(1 + o(1)) + o(1)

for large T and 0 < a < 1. When o > 1, Montgomery used heuristic arguments to show that

Str(a) = 14 o(1). Together, this implies that St(«) converges in T' to min(|al, 1), which is the

5(x) — (sin(7r$))27

T

Fourier transform of

the limiting pair correlation function for the local CUFE eigenvalue statistics. A very natural next

step is to consider statistics of the form (1.0.4).

A crucial part of our analysis comes from the fact that Sy (f(Lx-)) can be rewritten in terms of the
traces of integer powers of appropriately distributed random matrices when the Fourier coefficients

of f decay reasonably fast. In particular, if we consider the case where Ly = 1 and f € H(T) is



even with f(0) = 0, then
Sn(f) =2 f(k) (Itwsl> = N),

keN

ZM) denotes the trace of the k-th power of an appropriately distributed random

where tN,k = TN (6
matrix. For completeness, we present here two particularly influential results regarding the statis-
tical behavior of the traces of random matrices sampled from CSE, O(N), and Sp(NN) that will be

essential to our analysis of Sy (f(Ln-)). The first is due to P. Diaconis and M. Shahshahani:

ProposITION 1.0.1. /7]

(1) Let Zy, ..., Zp, be i.i.d. complex, standard normal random variables and let o = (o, ..., ),

B=(B1,...,Bm) € N™*. Then, for all N > max (Zgnzl Jag, ity j@-),

m m
Evovy | ] tvi(tng) | =0ap [[ %!
ol j=1

m

= b0 B | [IVi2)%(ViZ)% ),

j=1
where 6o, = 1 if « = B and zero otherwise.
(2) Let Xy, ..., X;p, be i.i.d. real, standard normal random variables and let o = (o, ..., ) €
N™. Then, for all N > 37T, jaj,
(a)

m m
Eow | 11tV | = [T EGWGX; +0).
j=1 j=1

m m
Espny | 1T, | = TTEGWGX) =)™,
j=1

j=1

where nj = 1 if j is even and zero otherwise.

In short, for any finite collection {tn ;... ,tNa., } and fixed [, all of the I-th order joint moments

are precisely the same as those for independent Gaussian random variables for large enough N.
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Consequently, {to, n}/%, converges in finite dimensional distribution to a collection of Gaussian

random variables as N — oo.

REMARK 1.0.2. While Diaconis and Shahshahani proved an exact formula for the joint moments of
a finite collection {tna,,--.,tN.a,, } for sufficiently large N, it was K. Johansson who first proved
the finite dimensional convergence of {tn ;. -.,tN ., to independent Gaussians via analysis of

Hankel determinants in [14].

The second result is due to T. Jiang and and S. Matsumoto, which extends the result of Diaconis

and Shahshahani for CUE (5 = 2) to the case of general 5

PROPOSITION 1.0.3.  [13] Let M be distributed according to CBE and o = (ai,...,am), b =
(b1,...,bm), with aj,b; € {0,1,...}. Ifa=10 (mdNZK:Zj]\ilj-aj, then

A(N, K, B) ﬁ %a;l < ﬁltN,jlzaj < B(N,Kwé’)ﬁj“jaj!,
j=1 j=1 J=1
where
i ] ’ i K
A(N, K, ) = 1—N_K+%X<5§2> and B(N,K,B) = me (8>2)
Once again, we can see that the joint moments of any finite collection ¢y, ..., tn, behave asymp-

totically like those of independent complex Gaussians up to a well behaved constant multiple.

This dissertation is organized as follows. Chapter Two is dedicated to proving results related to
CBE. We pay special attention CUE (8 = 2), where our main results hold under optimal conditions.
The primary tool for proving optimal conditions is an explicit variance calculation using the k-point
correlation functions for CUFE, which we provide in Section 2.4. Chapter Three is dedicated to
proving analogous results for the classical compact groups SO(N) and Sp(IN). Again, we are able
to obtain optimal conditions via a lengthy variance calculation, this time using joint cumulants.

The details of the calculation are given in Section 3.5.



CHAPTER 2

Pair Dependent Linear Statistics for CSE

In this chapter, we consider the limiting distribution of pair counting eigenvalues statistics for the
Circular Beta Ensembles (CSE). In particular, let 61,...60x be jointly distributed according to
CBE (see 1.0.1) and f be a sufficiently smooth, even, test function. Then we study the limiting
distribution of

(2.0.1) SN(f(In) = Y. f(Ln(6i—6))

1<i#j<N

as N — oo, i.e. the dimension of our matrix from CSE goes to infinity. Here, Ly is a positive
sequence satisfying Ly << N. When Ly = 1, we determine that the limiting distribution is a sum
of independent exponentials under mild conditions on f (depending on ). When 1 << Ly << N,
we prove a central limit theorem. For the case § = 2, our primary tools are the k-point correlation
functions, which allow us to give an exact formula for variance and, consequently, determine optimal
conditions for convergence. For the case  # 2, we rely on the results of Jiang and Matsumoto [13]

on the joint moments of traces of general CBE matrices.

2.1. Main Results

Denote by
. 1 )
k)= — [ f(6)e "o
Fh) = 5= [ 7o)

the k — th Fourier coefficient of f. The following result holds for the case where Ly = 1.

THEOREM 2.1.1. Let {0;}, be distributed according to CBE and

(2.1.1) SN(f) =D f6:i—0)),

1<i#j<N

8



where f is a real valued, even function on the unit circle such that f € H*(T) for 8 =2, > .o k| %

|f (k)| for B < 2, Y okez k|2|f (k)| for B> 2. Then we have the following convergence in distribution

as N — oo :
(2.1.2) Sn(f) —ESn(f ;Z or — 1),
k=1

where {@}72 | are i.i.d. exponential(1) random variables.

REMARK 2.1.2. For the case where 8 = 4, corresponding to CSE, we can relax the condition on f

t0 3 pez L (F)I[K[ log(|k] + 1) < oo,

REMARK 2.1.3. For the case where 8 = 2, one has

(2.1.3) ESy(f) = N?f(0) = Nf(0)+ > min(|k[, N) f (k)
kEZ
and
N-1
Var(Sn(f)) =2 Z )2 +on(1).
=1

A rigorous calculation is given in Section 2.4. More generally, when 3 # 2, we can write

(2.1.4) ESn(f) = N2f(0) — Nf(0 BZIkIf ) +on(1).

kEZ

REMARK 2.14. If }°, k2 f2(k) — oo, then Var(Sxy(f)) — oo, so it is reasonable to assume that,
after renormalization, one might still be able to prove a CLT in certain cases. Although a general

proof of such a statement is outside the scope of this dissertation, we prove the special case where

f(0) = 1n (2sin (%)) in Section 2.5.

We now turn our attention to the mesoscopic case, 1 << Ly << N. Let f € C2°(R) be a smooth,

compactly supported, even function and consider the random variable

(2.1.5) SN(f(Ln)) = Y. f(Ln(0i—0))

1<i#j<N

9



In this context, denote by

le) = z)e ™ dy
f6) = o= [ f@yea

the Fourier transform of f. The following result holds:

THEOREM 2.1.5. Assume that 1 << Ly << N, for B = 2 and that Ly grows to infinity slower
than any power of N for 8 # 2. Then (Sn(f(Ln-)) — IElSN(f(LN-)))L;,l/2 converges in distribution

to centered real Gaussian random variable with the variance

4 ¢ 2,2
— t)|“t=dt.
= [ 1o
REMARK 2.1.6. For the case where § = 2, we can actually weaken the smoothness condition to

f € C3(R).

REMARK 2.1.7. A central limit theorem for the case where Ly = N and 5 = 2 is proven in [2]
via a combinatorial argument involving joint cumulants. In particular, let f € C°(R) be an even,

smooth, compactly supported function. Then

Sn(f(N-)) —ESn(f(N))
VN

converges in distribution to a centered real Gaussian variable with variance

(2.1.6)

1 P 1 A s
2.1.7 = )% min(|t], 1)%dt — = ) f(s)(1 = |s —t])dsdt
I L AN (F I L)

™

—1/ F(8)f(t)(s +t — 1)dsdt.
0<s,t<1,s+t>1

™

The formula for variance follows immediately from the computation given in Section 2.4.

10



2.2. Proof of Theorem 2.1.1

This section is devoted to the proof of Theorem 2.1.1. We begin with the case where § = 2. We
provide the details for 5 # 2 at the end of the section. We first show that the case where f is a
trigonometric polynomial is in fact an immediate corollary of Theorem 1.1.1. To extend the result
to more general test functions, we utilize a variance bound to give an €/3 type argument. To prove
the theorem under the optimal condition Y, ., k?| F(k)]? < oo, we require the explicit formula for

Var(Sn(f)) given in Section 2.4. The details for 5 # 2 are given at the end of the section.

Throughout this section we will denote by
N
(2.2.1) tng = el
j=1
the trace of the k-th power of an N x N CSE matrix.
We begin with the case § = 2. Let f be a real, even, trigonometric polynomial, i.e.

_ Z f(k,)ezke

[k|<m

We may assume that f = 1 fT 0)de = 0, since

Sn(f) —ESn(f) = > f(0i—0;) — (N> = N)f(0) =2 (k| — N)f (k)

1<i,j<N k=1

(2.2.2) = D [f(6:i—6) = fO)] —2) (k| - N)f(k).

1<i,j<N k=1

Moreover, we can rewrite (2.2.2) in terms of traces, {tn}rez. In particular,

Sn(f) —ESn(f) =2 f(k) (|tngl* = N — k) + N£(0)

=2

>
k=1
S ki) (v 1)

k=

—_

Proposition 1.0.1 implies that {t } ~_ converge, in finite dimensional distribution, to a sequence

of i.i.d. complex, standard normal random variables. By the Continuous Mapping theorem |[3],

11



Sn(f) —ESn(f) converges in distribution to

m

2> k() (XF + 2 - 1).

k=1
where {Xp}}",, {Yi}it, are ii.d. Real Gaussian random variables withe mean zero and variance
%. Recalling that X7 + Y;? has exponential(1) distribution completes the proof of the case where f
is trigonometric polynomial.
We now consider the case of more general test functions. Before proceeding with the proof, we

present two necessary propositions. The first proposition gives an exact formula for Var (Sy(f)).

PROPOSITION 2.2.1. Let f be a real valued, even function on the unit circle such that f' € L?[T)

and let 8 = 2. Then

Var (Sn(f)) =4 Z 2[f(s))? + N? Z -N Z[f(s)]z

1<s<N-1 N<s N<s

—4 Y. W—ls=thf&)f) + Y (s+8)=N)f(s) /(1)

1<s,t 1<s,t<N-1
1<|s—t|<N—1 NA1<s+t
N<max(s,t)

The next proposition allows us to prove Theorem 2.1.1 under the optimal assumptions on the test

function f.

PROPOSITION 2.2.2. Let B =2 and f satisfy the conditions of Theorem 2.1.1, i.e. f is an even real

function such that f' € L*(T). Then

Var(Sn(f)) =4 Z K| f(k)]? + on(1).

1<k<N-1

We provide proofs of Propositions 2.2.1-2.2.2 in Section 2.4.

Now, continuing with the proof, let

=2) f(k)e™,  fm@) =2 D flk)e™,

k=1 k=m-+1
12



i (pr —1), and 00_22f (o — 1).

k=1
By the previously stated argument, Sy (fm) — ESn(fim) converges in distribution to 7T,,. Now

S Var (kf(R)(XE+ Y2 = 1)) = Y KA(f(k)
k=1 k=1

converges under the assumptions of the theorem and E(7T,,) = 0 for all k, so the Kolmogorov Two
Series theorem [8| implies that T}, converges almost surely to Ts,. To complete the proof, one
shows that Sy (f) converges to Th, with respect to the Lévy metric, which implies convergence in
distribution, by using a standard €/3 type argument combined with a Chebyshev bound for the
tail statistic Sy (fm). The necessary Chebyshev bound follows from Proposition 2.2.2. The precise

details of the proof can be found in Appendix A.1.

For the case where  # 2, we apply the same €/3 argument in the case of 5 = 2, but replace the
Chebyshev bound by the corresponding Markov and apply Proposition 1.0.3. Once again, we direct

the reader to Appendix A.1 for the complete details.

13



2.3. Proof of Theorem 2.1.5

This section is devoted to the proof of Theorem 2.1.5. We use the Lindeberg-Feller condition when
B = 2 and the method of moments when g # 2.

Proof of Theorem 2.1.5

When N is sufficiently large, the support of f(Ly-) is contained in the interval [—7, 7). In particular,
f(Ln-) has a Fourier series given by

YRR
F(In0) =3 mLNf<LN>€k9

kEZ

where 0 € [—m, 7) and

f —L x)e %% dy
f(é)—m/Rf() d

is the Fourier transform of f.

REMARK 2.3.1.
It follows immediately from the joint probability density for {6;}¥,, (1.0.1), that {Ln6;}}Y, are not

truly distributed on the real line, but rather a circle of increasing radius. Accordingly, the above

—nLy =7Ly 0

FIGURE 2.1. Example Configuration

Fourier series is a 2m-periodization of f(Ly-), which correctly preserves the circular relationship

between {6;}Y ;.

Rewriting Sy (f(Ln-)) in terms of the above Fourier series, we have

1 Kk
Sv(fLw) = Y f(LN(Hj—Qk))—kEZme(LN>

1<j#k<N
14



Consider first the case 8 = 2, so {6; };V: , are distributed according to the CUE. We have

2
— min(k, N)

1k Y e
(231)  Sx(f(En) ~ E(Sn(F (L)) =23 o (1) [ 37 et
m=1

k>1 \/27TLN LN

By inserting the Fourier coefficients for the mesoscopic case into the variance formula given in
Proposition 2.2.1, we see that the term which determined variance in the unscaled case, the last

term in (2.4.13), becomes
2 EN (2 kY
iy 2 (5) V)
wLn <N -1 Ly Ly

The term in the brackets is nearly a Riemann sum which converges to || f’||2/7. Thus, the variance
of Sn(f(Ln-)) is proportional to L. We then normalize (2.3.1) by \/Ly/(27) and break it up into

two pieces:

2 XNk ok (N)
(2.3.2) \/?me (LN> (™ —1)

N =1
2
2 X1 [k Al
+— Z —f (*) Z ek0m | _ min(k, N) |,
LN k=mn-+1 LN LN m=1
where my = [V NLy| and
1| ©

N :

o) = A > et = %‘tN,kF'

m=1

We show in Appendix A.2 that the variance of the second sum in (2.3.2) converges to zero by
applying Proposition 2.2.1 and analogous arguments from the proof of Proposition 2.2.2. Therefore,

it is enough to study the asymptotic distribution of the first sum:

(233 ) Dy (L YUY

Consider the sequence of random variables {go,(gN)};n:Nl labeled by positive integer k. As N — oo, this
sequence converges, in finite-dimensional distributions, to a sequence of i.i.d. exponential random
variables {¢y};". Moreover, (1.0.1), together with the fact that Ly << /NLy << N, implies

that, for any fixed n and sufficiently large N (depending on n), all joint moments up to order n

15



of random variables {go,(CN)}mle coincide with the corresponding joint moments of i.i.d. exponential

random variables {gok} . Therefore, it is enough to study the asymptotic distribution of
2 Xk ( k )

2.3.4 YNy = — —fl— —1).

(2:3.4) vyt () =Y

This is done below by routine computation, as we show that the sequence of random variables in
the above sum satisfy the Lindeberg-Feller condition |&8|. Since the moment generating function for
a finite sum of independent exponential random variables is well defined on an interval of positive
radius about the origin, one could also proceed by showing that the moment generating function
for the truncated sum converges to that of the desired Gaussian distribution. For completeness, we
provide the details for the Lindeberg-Feller argument directly below and the details for the moment

generating function argument in Appendix A.2.

Let

A~

CNE = L(3/2 f( > v Xk =cengler — 1)

Then E(Xj) =0, Var(Xy) = cN7k, and

my

XN = Z XN ks
k=1

Denote by 3?\, the variance of ¥y, i.e.
my
2 2

SN = CN.k

k=1

To see that the sequence of random variables (X}) satisfy the Lindeberg-Feller condition, we check

that, given € > 0,

m

1
2 E(Xlgl\XkbesN) — 0.
SN

2

=
Il
—

If |en k| = O for some k, then E(Xg1|Xk|>esN) = 0, so, without loss of generality, we will assume that
len x| > 0 for all k£ and N. Moreover, sy is proportional to a constant and, since f is continuous

and bounded, we have 1/|cy, x| > C+/Ly for some positive constant C that is independent of k and

16



N. It follows that, for large enough N, we can write

E(XP1ix, >esn) = CrE(07 = 20k + (g —1)sesn flenrl) T NAE0F = 20k + 11 (g, —1)<—esy /len 1])

- C?V,kE([SOz - 29016 + 1]1(4Pk*1)>55N/‘CN,k‘)

= c?\hk/ (2% — 2z + 1)e “dax.
a>1+(esn/len,kl)

Once again, for large enough N, we have

E(X,%l‘xkbgs]v) < C?Vk/ (2% — 2z 4 1)e “da

T>YN

= cype N (7x + 1),

where yx = Cv/Ly|[e sn]. Clearly vy = O(v/Ly) and e ¥ (v3 + 1) goes to zero independent of k.

This immediately implies

1 X 1 X
=z ZE(X1%1|Xk|>esN) < = C?V,k ~on(1) = on(1),
N k=1 N k=1

so the Lindeberg-Feller condition is satisfied and we can conclude that

(2.3.5) N D, N(0,1),
SN

where S?V is a Riemann sum that converges to

¢ 2
2 [ lof(@) do

as N — oo. This completes the proof of Theorem 2.1.5 when § = 2.

The proof for the case when 8 # 2 relies on the results by Jiang and Matsumoto [13] that, in
particular, state that for any finitely many positive integers k1, ko, ... kn, k; << N, 1 <i <n, one

has

(2.3.6) Ef[soﬁ.v) = (Eﬁ%i) (HO (W»
=1 =1

17



Namely, we proceed as follows. As in the case when g = 2, we write

Sn(f(Ln-)) —E(SN(f(Ln2)) 2 1 (K
VLN N 2 Hf (LN) (!tN,k\Q —Eltng 2)

o Bow sk 9 Nk
; (V) _ (V) 4 ( ) V) _ V)
Tn 2 Nf(LN> (S% Pr ) T k_§+l LNf Ly (901C Pk )
—“N

2 N k(R g
+—— > ff<7> (op =By ),
L k>N/10 Ly™ ALy

5

and deal with each term separately. The variance of the second term goes to zero as N — oo since

the Fourier transform of f decays sufficiently fast for f € C°(R) and IE|g0,(€N) - IEcp,(CN)P is bounded
for k < N/10. Here, the bound on the variance of goéN) follows from (2.3.6).
The variance of the third term goes to zero as well. Indeed, we bound ]E|cp,(€N) — IE(p;N) |2 from above

by N*/k? for k > N/10 and again use the fast decay of f (%) to finish the argument.

Now we turn our attention to the first term,

Zl\)

L
(2.3.7) 2

ke &\, @ (N)

f Ly® \Ly

B
Il

It follows from (2.3.6) that, for any positive integer [, the I-th moment of (2.3.7) is equal to the [-th

moment of
L2
2 =k ( k>
2.3.8 ST ) —1),

up to a vanishing error term of order O(L%2+2N_1). Again, the exponential moment of (2.3.8)

converges to that of a Gaussian random variable. Theorem 2.1.5 is proven.
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2.4. Variance Calculation (5 = 2)

This section is devoted to the computation and asymptotic analysis of the variance of the pair
counting statistic Sy (f) defined in (1.0.4). In particular, we prove Proposition 2.2.1 and Proposition
2.2.2. The covariance function for {|tyx|?}22, is presented as a corollary to Proposition 2.2.1 We

assume (3 = 2 for the rest of the section.

First, we prove Proposition 2.2.1. The proof follows from quite straightforward, but somewhat

tedious computations given below. The reader might want to skip the details initially.

Proof of Proposition 2.2.1

We may assume, without loss of generality, that f(0) = 0. Let pn.k(0) be the k-point correlation
functions for {Hj}évzl distributed according to the CUE. It is well known that CUE point correlation
functions have determinantal structure (see e.g. [21]). In particular, if Qn(x,y) is the kernel of the
orthogonal projection on

Span{\/%?eikx, 0 <k < N —1}, namely

N—1
1 7/
(2.4.1) Qula,y) = 5= Y e
k=0
then
(2.4.2) pn (01, -, 0x) = det (Qn(0:,607) ) 1< j<i-

Using the above determinental structure for pn2(61,62), we can see that

E(SN()=E( > [f(6:i—0))

1<i#j<N

= /2 f(01 —02)pN2(01,02)d01db
T

= /11‘2 F(01 = 02)[QN(01,601)QN(02,02) — Qn(61,02)QnN (02, 01)]dO1db
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27 2

_ ( ) ) f(el o 92)d91d92 . Z ( > 2 f(91 o 02)61J(91792)6lk(92701)d01d92
T 0<jk<N—1 T

=N - S (fG-R)

0<jk<N-1

== Y (N—[kDf(R).

k| <N-1

Furthermore, using the fact that f is even, we can see that the variance of Sy(f) is given by

(2.4.3) E((Sv(f))?) = (E(Sn(f)))* =

(2.4.4) IE(2 > f2(9i9j))

1<i#j<N

(2.4.5) +E (4 > F(O:—0)fr - 9j))

1<izj#h<N

(2.4.6) +E ( > f(0i—0,)f(6r — 91)) — (En(Sn()))?

1<i£j#hAISN

Rewriting these expectations in terms of the two, three, and four point correlations functions for

the CUE, we have

(2.4.7)  Var(Sy(f)) =

(2.4.8) 2 /2 f2(91 — 92)pN72(91, 92)d91d92
T
(2.4.9) + 4 . f<91 - (92)f(03 - Gg)ng(el, 92, 93)d91d92d03
T
(2.4.10) + \ f(01—02)f(03 — 04)pn.a(61,02,03,04)d01d02db3d04 — (Ex(Sn(f)))?,
T

20



which can be written as

(2.4.11) = 2N? (fQ(O) > f(k)2>

|k|<N -1

2412) 4 Y JG-RiE-D-2 Y G- R DXk

0<j,k,I<N—1 0<j,kl,m<N—1
(2.4.13) 2N " k)2 Y (R 2 YRR
k<N -1 k<N -1 k| <N—1

To see this, we first observe that our expectation calculation above immediately implies that (2.4.8)

is equal to
(2.4.14) aN?f2(0)+2 > (k| - N)f2(k).
k|[<N-1

Using the assumption f(0) = 0 and (2.4.2) to expand pn.3(0) in (2.4.9), we observe that the majority
of terms will give zero contribution after integrating. Combining the remaining non-negligible terms

that give an equal contribution, we can rewrite (2.4.9) as

(2.4.15) 42]7\: [ (61— 02)£(6 — 03)Qn (61, 02) Qs (B2, 0,) 1Bt
(2.4.16) +4 /T J(0 = 03) (02 — 05)Q(01,02)Q (02, 05) Qi (05, 01 0
(2.4.17) + 4/1r3 f(01 —03)f(02 — 03)Qn (01, 03)Qn (03, 02) QN (02, 01)db1 dO2db3.

Term (2.4.15) is equal to

(2.4.18) _ ﬂ Z / f(01 — 03) f (2 — O3)€! i(j k)01 ik~ ])02d91d¢92d93
(2m)?
0<j,k<N-—-1
AN .

(2419 —Sr X f-iG - [ 1oy

0<jk<N—1 T
(2.4.20) =—4N Y |fG -k

0<j,k<N-—1
(2.4.21) =4N > (k|- N)If(R)P.

|k|<N—1
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Similarly, (2.4.16) can be rewritten as

4 . . . . . )
(2 )3 Z / f(el — 93)f(92 _ gs)el(ﬂ—l)91ez(k’—j)OQez(l—k)93d91d02d93
T o<jki<N—17T
- . Z f(l —j)f(k —j)/ei[(j—l)+(k—j)+(l—k)]93d93
T 0<j,k,I<N—1 T
4 o
o > f<l—3)f(k—y)/1 dbs
0<j,kI<N-1 T
0<j,k,ISN—1

Term (2.4.17) is equal to (2.4.16), so, together, they contribute

(2.4.23) 8 Y. fk=iG-D.

0<j,k,I<N—1

Finally, we turn our attention to (2.4.10). Again, using (2.4.2) with the assumption f(0) = 0 and

ignoring the terms that give zero contribution after integrating, we can rewrite (2.4.10) as
(2.4.24) 2 N f(01 — 02)f (03 — 04)|Qn(01,04)|?|QnN (B2, 03)|>dO1dO2dA3db,

(2.4.25) —4 - f(01 —02)f(03 —04)QN(01,04)QN(04,03)Q N (03,02)Q N (02, 61)d0dO2db5d04
(2.4.26) -2 - f(01 —02)f(03 —04)QN(01,04)QN(04,02)Q N (02,03)Q N (03, 61)d0dO2db3d0.

Again using (2.4.1) and “opening the brackets", term (2.4.24) becomes

(Qi)4 > / F(01 = 02) f (83 — Oa)e' Tt et el 0% 4, d s
0<jkl;m<N—1"T

- 222 Yoo fk=fa-m) / iR +(t=m)oz il (m—D+ (k=)0 g, g
(27) 0<j klm<N—1 T

=2 Y =)0 m)Xpjmiem)

0<g,k,l,m<N—-1
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D SR D Sl

0<j,k<N-1 0<I;m<N-1
l—m=k—j
=2 Y (N—lk=iDIf (k=P
0<j,k<N-1
=2 > (N [kD?If(R)
[k|<N-1
(2.4.27) =2N* Y fRP 4N D> [klf(R)+2 D (k)P
k| <N—1 k| <N—1 k| <N-1

The calculation for (2.4.25) is very similar to (2.4.36). Its contribution is

(2.4.28) —4 > fU-Rfk-D).

0<j,kI<N—1

Lastly, we consider (2.4.26). Using (2.4.1) and “opening the brackets", this term becomes

- (272r)4 Z 4 F(01 — 02) f (03 — 04)e’U ™0 i1=k)02 oi(m =105 i(k=1)01 4, 10, dO3d6,
0<jklm<N—1"T
- (22)2 Yoo fm-pfi-m) / HL=m(=hloa il +(m =06 4, g
T , T2
0<5,k I m<N-—1

2—(227T) Z flm—j)f- ]mkl)/l db

0<j,k,,m<N—1

~h>

(2.4.29) =—2 > fG-k

0<j,k,l,m<N-—1

(k = DX(j—m=k—1):

where the last equality comes from using the restriction j — m = k — [ and the fact that f is even.
By combining (2.4.14), (2.4.21), (2.4.23), (2.4.27), (2.4.28), and (2.4.29), we recover the terms in
(2.4.11), (2.4.12), and (2.4.13).

Continuing with our calculation, we use the Plancherel theorem to rewrite (2.4.11) as

(2.4.30) 2N [ DI = D0 IfR)P ) =4N? Y | f (k)P

keZ lk|<N—1 k>N

23



Next, we rewrite the terms in (2.4.12). We start with the first one:

(2.4.31)
4 fU-kfk-1)=4 £(s)£(t) max(0, N — (max(0, s, ) — min(0, 5, )))
0<j,kI<N-1 Is|,[t|<N—1
(2.4.32) =4 f(s)f(t) max(0, N — L(s, t)),
|s|,[t|<N—1
where

mas((s], |f), if sgn(s) = sgn(t)
|s| + |t], otherwise.

Splitting up the sum and recalling that f(s) = f(—s), we can further rewrite the first term in
(2.4.12) as

2 Y JESOW = (sl +1th)+4 Yo f)f )V — max(|s], |t])).

Is],[t|<N -1 Is],[t|<N—1
Is|+[tI<N—1 sgn(s)=sgn(t)
We rewrite the second term in (2.4.12) as
2 Y fU-Rfk=DXGm=kn =2 Y fEFOWN = (5| +[t])-

0<j,k,l,m<N-1 |s],[t|<N—1
[s|+]t|<N-1

Thus, (2.4.12) becomes

4 Y f&)F OO — max(ls], [¢])),
Isl,|t|<N—1
sgn(s)=sgn(t)

which can be rewritten as
(2.4.33) oaN > fsifm -2 D fe)f(s—tl+]s+t]).
Isl,[t|<N—1 |s[,[t|<N—1
sgn(s)=sgn(t)

Combining (2.4.33) with the first two terms of (2.4.13), we have a term proportional to N,

(2.4.34) 2N S fefo - > 2k ),

sl |t/ <N—1 k|<N-1



and a term proportional to a constant,

(2435) 2| >3 KPR - Y s-tf@fO - >0 s+if9)/0)
k| <N—1 sl JiI<N -1 s JiI<N -1
sgn(s)=sgn(t) sgn(s)=sgn(t)

The expression (2.4.34) can be rewritten as

2N< PENICOEDY f(s)f(t))
| -1

sl Jtl<N—1 |s+t| <N

(2.4.36) =N > fefe-2N Y fe)f)
[s],]t|<N—1 |s+t|<N—-1
N<lot] N<max(|s] t])

Furthermore, (2.4.35) can be rewritten as follows:

2 > s+tlf(af -2 > Is—ifefm) -2 Y ls+tf(s)f @)
[s+t|<N—1 Is],[t|<N—-1 [s],|t|<N—1
sgn(s)=sgn(t) sgn(s)=sgn(t)

We break up the sum into two parts, namely

(2.4.37) 2 > fs+dfefm -2 > ls—tf(s)f ()
|s+t|<N—1 [s][t|<N—1
sgn(s)#sgn(t) sgn(s)=sgn(t)
and
(2.4.38) 2 N s+tfe)fe -2 > s+Hfs)f0).
|s+t|<N—1 [s][t|<N—1
sgn(s)=sgn(t) sgn(s)=sgn(t)

25



The expression (2.4.37) can be rewritten as

2 Y Is—tfefe -2 Y Is—tf()f@)
[s—t|<N-1 [s],[t|<N—1
sgn(s)=sgn(t) sgn(s)=sgn(t)

=4 Z |s—t|f(s)f(t)— Z |3_t|f(5)f(t)

[s—t|<N-1 1<s,t<N-1
1<s,t

=4 Z |5—t]f(s)f(t)— Z |5_t|f(5)f(t)

|s—t|<N—1 1<st<N—1
1<s,t [s—t|<N—-1

(2.4.39) =4 Y Is—tf(s)f ()
[s—t|<N-1
N<max(s,t)
1<s,t

Rewriting (2.4.38), we have

4 Y (s+nfefw -4 > (s+0f(s)f )
sHt<N—1 1<s,t<N—1
1<si<N-1
(2.4.40) =—4 > (s+t)f(s)f(t).
1<s,t<N—1
N<s+t

Combining the last term in (2.4.13) with (2.4.31), (2.4.36), (2.4.39), and (2.4.40) gives

Var(Sy(f)) =2 Z 15[ f(s)[?

|s|<N—1

NS feR+eN S fefn-2N Y fe)f)

N<s sl |t/ <N—1 s+ <N—1

N<|s+t] N<max(|s|,|t])
+4 Y s—tfe)f -4 Y (s+0)f(9)f@),
[s—t|<N-1 1<s,t<N-—-1
N<max(s,t) N<s+t
1<s,t
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which can be rewritten as

Var(Sn(f) =4 > IsPlf(s)]

1<s<N-1

HANZ=N) Y )P AN Y fef)—4aN Y fs)f@)

N<s 1<st<N-1 1<|s—t|<N—-1
N<s+t N<max(s,t)
1<s,t

oY s=tfefm -4 Y, (s+0f(e)f@).

1<|s—t|<N-1 1<s,t<N-1
N<max(s,t) N<s+t
1<s,t

Combining like sums gives the desired result. Proposition 2.2.1 is proven.

As a corollary to Proposition 2.2.1 , we obtain:

COROLLARY 2.4.1. Let s,t € Z>q and {0, }2_, be distributed according to the CUE. Then

52, 1<s=t<N-1, 2s<N,

N+s2—-2s, 1<s=t<N-1, N+1<2s,

N S 2 N(N-1), N<s=t
cov Z ¢ism| Z ¢it0m _ = .
m=1 m=1 |3—t|—N, 1< ’S—t’ <N -1, Ngmax(s,t),

N—(s+t), 1<s#t<N-1,N+1<s+t,

0, else.

We note that the above formula trivially extends to the case where either s or t is negative, since

|3 eistm | = |3 eistm .

Proof of Corollary 2.4.1
Let s € N and f(0) = cos(sf). Then

Sn(f) —E(Sn(f) = ltn,sl*-
27



Since f(s) = f(—s) = 3, Proposition 2.2.1 implies that

s2, 1<s=t<N-1, 2s <N,
(24.41)  Var(Sn(f)) = Var (Jtns]’) = N 42— 25, 1<s=t<N-1, N+1<2s,

N(N-1), N<s.
Similarly, let (s1,s2) € N2 and g() = cos(sf) + cos(tf). Then
Sn(9) = E(Sn(9)) = ltn s, * + ltw,s. |

and

Var(Sy(g)) = Var (|tw s, *) + Var (Jtn.o]*) + 2cov ([tx.s, * [tn.0]%)

Applying Proposition 2.2.1 and using (2.4.41) to solve for cov (]tN751|2 , |tN,32|2) gives the desired

result.

For a graphical representation of the covariance function, see the diagram below.

S 1
.
7/
7/
7/
0 //
7/
ls—t - N N(N -1)
7/
7/
7/
7/
7/
.
N-1 |s—t| - N
7/
7/
N—(s+t) 7
7/
N +s2—2s
K
0 N ON—(s+t)
7/
7/
, 0
82
, 0
7/
t
N -1

FIGURE 2.2. cov(s,t)
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REMARK 2.4.2. If we restrict our attention to (s,t) € N? s.t. s+t < N/2 for s # t and 2s < N for

s = t, we recover a special case of Proposition 1.0.1.

Now, we turn our attention to the proof of Proposition 2.2.2. It will follow from Proposition 2.2.1

and the following technical lemma that allows us to control the negligible terms.

LEMMA 2.4.3. Let f' € L*(T). Then, as N — oo, we have
(i)
> slfe)l- 10 =0,

1<st<N
s+t>N+1

(N+1) > [f()]-If )] =0,
s—t<N
s>N+1
1<t<N

(iii)
N > fel-Ifml o

[s—t|<N-1
s,t>N

We first quickly prove Proposition 2.2.2 modulo Lemma 2.4.3 and then prove Lemma 2.4.3 at the

end of the section.

Proof of Proposition 2.2.2

Recall that § = 2 and we require that >~ s2[f(s)]? < o0, i.e. f' € L2(T). We examine the last
four sums on the r.h.s. of the formula for Vary(Sy(f)) in Proposition 2.2.1. Our goal is to show
that these four sums go to zero as N — oo. The analysis of the first two sums is trivial, since

0< 3 NI < 3 N [f6) < 3 L6

s>N s>N s>N
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which goes to zero under our stated assumptions. The remaining two sums require a little bit more

work taken care of by Lemma 2.4.3. We have

Y s+ -Nfs)fm <2 DY +Olf@IfOl=4 Y slfs) - 1f@)]
1<st<N—1 1<st<N-1 1<s,t<N-1
N+1<s+t N+1<s+t N+1<s+t

It follows from Lemma 2.4.3(i) that the r.h.s. goes to zero as N — co. Finally, we observe that

Yo (N—ls=thfs)fm<eN Y [f6)]- IO

1<s,t 1<s,t
1<[s—t|<N—1 1<|s—t|<N—1
N<max(s,t) N <max(s,t)

4N D - fol+2N Y fel- o)

|s—t|<N—1 1<]s—t|<N—1
s>N st>N
1<t<N-1
<4AN >0 fGI-If@l+eN Y fe)l- 10
|[s—t|<N-1 [s—t|<N-1
s>N s >N
1<t<N-1

The first term goes to zero by Lemma 2.4.3(ii) and the second term goes to zero by Lemma 2.4.3(iii).

This completes the proof of Proposition 2.2.2 modulo Lemma 2.4.3.

The rest of the section is devoted to the proof of Lemma 2.4.3.

Proof of Lemma 2.4.3
Let 2, = s|f(s)| for 1 < s < N and Xy = {x,}¥,. By the assumption of Lemma 4.4 the Euclidean

norm of the vector X is bounded in IN. Note that

(2.4.42)
) ) N LN N Lo
. sl fol=) (t %) = x;- (t Z(UNXN)5> = (XN, ANXN),
1<st<N t—1 s=N—t+1 =1 s—1
s+t>N+1
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with Ay = ByUn, where Uy is a unitary permutation matrix given by (Un)s¢ = 1(;=n—s41) and

By is a lower triangular matrix given by (Bn)s: = (1/5)1;<). In particular,

1 0
11

2 2
By=|1 1
N33
11

N N

0 0 0
0 0 0
1

1o 0
1 1 1
N N N

Our goal is to show that the expression in (2.4.42) vanishes in the limit of large N. First we show that

the operator norm of the matrix Ay is bounded in N. Indeed, By(By)

Dy = (1/5)1 (5. This gives us the bound ||By||2

T:BN+(BN)T—
< 2[|Bn|lop + 1, so [[An|lop = |[BN|[op < 3.

D, where

op —

The fact that An weakly converges to 0 finishes the proof of the Lemma. Indeed,

L

Z<657XN>687

(XN, ANXnN) = <XN -
s=1

L
ANXN> + <Z<65,XN>657 ANXN>

AnXN Z (es; Xn)es, AnXN)

L
T +--t+z
ANXN +sz N—s+1 N.
s=1

L
ANXN> +) 2 (ANXN)s
s=1

Let € > 0. Then we can choose L sufficiently large such that,

L
TN—s+1+ -+ 2IN
D s
S

s=1

L
(XN, ANXN)| < '<XN — Z(es,Xm@s, ANXN> +
s=1
€ L T + +x

Nestl+ - +oN
<5t ;
s=1
<e
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Since this holds for arbitrary e, we can conclude that (Xy, Ay Xn) — 0. This completes the proof
of Lemma 4.4(i).

To prove part (ii), let By be defined as in the proof of part (7). Similarly, let z, = s|f(s)| and
Xy = {ars}ggl Now, Xy is a 2N-dimensional vector bounded, uniformly with respect to N, in

Euclidean norm. Observe that

R ) N 1 N+t
N Y @Ol @ (t 3 )

s—t<N t=1 s=N+1
s>N+1
1<t<N
= (CnXn, My Xn),
where
IN 0 BN 0 0 IN
Cny = and My =
0 O 0 O In O

Using the same arguments as in the proof of (i), we can see that ||[My]|op < 3. Clearly, ||Cn||op =
1.The rest of the proof is similar to that of (i). Indeed, for any € > 0, we can choose L sufficiently

large such that

L L
(OnX N, MNX )| < <CNXN—Z<6k7CNXN>€k7MNXN> + <Z<@k;CNXN>€k7MNXN>|
k=1 k=1
.|
S 5 + kzlxk(MNXN)k

_€ ITN41+ -+ TNtk
=5 ka k

k=1

In the above inequalities, we assume N is large enough such that we can choose L < N. This

completes the proof of (ii).
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To prove (iii), we first observe that

(2.4.43) N fefols Yo slfel-f@l s Yo sl 1@
[s—t|<N-1 [s—t|<N-1 [s—t|<N-1
s;t>N s,t>N t>N

Now let 2, = s|f(s)| for s > 1. Then X = {,}°°, € ¢%(N) and the rightmost sum in (2.4.43) can
be rewritten as

s=t—N+1

[e’e) N+t—1
) srf<s>\-f<t>\:2xt(1 3 x)

t—N+1<s<N-+t—1
>N

= (LNV71X, Ry X),

where L, Ry are bounded linear operators on ¢2(N). In particular, L, Ry are infinite dimensional

matrices such that Ly; = 1;—s41 and (Ry)s: = ﬁ]l(sgtgsﬁjvﬁ).

1 1 1 1

i 1L L L 0 0 o0

N N N N

01 0 O 0 ) ) . o 0
L=l oo 1 o Ry = N+l N+1 N+1 N+1

0 0 1 1 1 .. L9

. N+2 N+2 N+2 N+2
Clearly ||L||op = 1 and
o0
1 2N —1

1Rl < [IRxlb = [N —1) 3" 5 < (/A =L < V3

for N > 2. Now, by the Cauchy-Schwarz inequality,

[(LNIX Ry X < (ILY XS - (1Rl 5, - [1X13
<3 (Z !kQIf(k)F) (Z \klz\f(k)V)
k=N k=1

= ON(l).
This completes the proof of Lemma 2.4.3.
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2.5. The Case of Growing Variance

In this section we briefly touch upon the global case where the smoothness condition on f is relaxed,
namely when f’ is no longer assumed to be in L?(T). Proposition 2.2.1 implies that, in this case,
Var(Sny(f)) — oo as N — oo. It is reasonable to assume that, after renormalization, one might still

be able to prove a Central Limit Theorem in some cases. We prove a special case below.

PROPOSITION 2.5.1. Let f = (1/2)In|2sin(0/2)| and {61}, be distributed according to the CBE

for any B > 0. We we have the following convergence in distribution as N — co:

Sn(f) — E(Sn(f)) 2 U (1+9)
Wi — N | 0, 3 ,

where UF) (z) = (%)klog(f‘(a:)).

REMARK 2.5.2. ¥(?)(2) is known as the trigamma function. For the special cases § = 1 (COE),

p =2 (CUE), and 8 = 4 (CSE), the limiting variances are 5 — &, 5 — g—z, and % — g—z, respectively.

REMARK 2.5.3. In [1], A. Aguirre and A. Soshnikov proved a CLT for more general functions f
under the condition that 3, -y k2| f(K)|? is a slowly varying sequence with respect to N for the

CUE (B = 2). Their proof relies on the variance formula given in Proposition 2.2.1.

Our proof is based on the fact that the moment generating function of Sy (f) can be conveniently

written in terms of the partition function for CSE.

Proof of Proposition 2.5.1

It was shown by Selberg [21] that the partition function for Circular S-ensembles is given by
N8 / [T e — e ? b
T @mN oy i<
1 _
2.5.1 = S do
(25.1) o L, e (35w
r(1+ 2%
(2.5.2) = ( ; )N
r(1+5)]



for all 8 > 0, where I'(z) is the gamma function. We denote by My (t) the moment generating
function of [Sx(f) — E(Sx(f))]/VN. It follows immediately from (2.5.1) that

253 My()=Eexp (1Y) —\/EN(SN(f)))

(2.5.4) — Eexp (tsy%)) exp (_tE (f/l\;v(f)))

(2:5.5) - (jw /TN exp (3 + \/%)SN(f)> ) exp (1 (f/NN(f)))

(2.5.6) _ (ZNS;N) ) . (_tE(f/NN(f)))

257 LGRS o W 16751
P+ ) [r(+5+57)] VN

for all t € (—v/Nf3, +00).

To start, we use (2.5.7) to first compute E(Sy(f)/V/N) explicitly. The computation is as follows:

E(5x(/)/VN) = | S M)

t=0

(2.5.8) - 2 ) .
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We now continue with the proof. Because %, % + 2t\Nf — o0 as N — oo for any £ > 0, we can

use Sterling’s Approximation for the gamma function to write

My(t) =
(2.5.9)
WELTE) Vo (B 4 o/F) (6N+\/ﬁt)ﬁév<2e>ﬁév(ﬁN+\/ﬁt> éV
P VN o0 @) 2e BN 2e
r(1+4) \" i 1
. I+ §+55%) <1+O<5N+\/ﬁt>>( +O(6N>>

(2.5.10)

_ CNE v evE (o raeg) )T

= exp (—tE(SN(f)/\/N)) (1+M) (26> r(1+ 5 2f)

(o (G (o (w)).

The last two terms in (2.5.9) are error terms for Sterling’s Approximation. Instead of dealing with
the above product, it will be easier to consider log(Mpy(t)), the cumulant generating function of

[Sn(f) —ESn(f)]/VN.

Recall that if X is a random variable with finite moments E (X™) = m,, then its n-th order cumulant,

kn, is explicitly defined in terms of my,...,m,. In particular, we have
ko = > (7 = D=1 TT mysy,
T Bem
where the sum is over all partitions = of {1,...,n}, B runs through the list of all blocks of the

partition 7, and || is the number of blocks in the partition. We note that k; = E(X) and

ko = Var(X). The cumulant generating function (c.g.f.) for X is given by

Kx(t) = log( ) Zk
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Moreover, if X is a Gaussian random variable with E (X) = p and Var(X) = o2, then its distribution
uniquely satisfies k1 = p, ko = o2 and k,, = 0 for n > 3. It follows that
2

t
Kx(t) :Mt+a25.

The cumulant generating function for [Sx(f) — ESx(f)]/V/N is then given by

(2.5.11)  Kn(t) = log (My(t))

o=l () ()
+1og (1 (145 ) ) = viow (v (145 + N})) - V%E(Sw» + En(t),

where En(t) denotes the corresponding error term that comes from (2.5.9). log[I'(1 + z)] is an
analytic function on (—1,00) [28], so we can expand the first, second, and fourth terms of (2.5.12)

using Taylor series’, assuming that ¢ € (—B\/N .BVN ). The first term becomes

(2.5.13) (BN; 1) (B\jﬁ _ Q;N + RV <6\;N>> 7

where Rgl)(x) is the second order error term from Taylor’s theorem corresponding to log(1 + x).

Similarly, the second term becomes

VNt BN t2 \/NtR(z)(\/Nt)

(2.5.14) —5 log <2> tog~ 2 M 5

and the fourth term becomes

(2.5.15)  —Nlog (F (1 + g)) — VN (1 - g) % A (1 - g) t82 ~ N-RY (2\%) ,

where R§2) (z) and Rg?’) () are first and second order error terms for the Taylor expansions of

log ('BTN + m) and log (F (1 + g + x)) about z = 0, respectively. By combining (2.5.12-2.5.15), we
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have

(2.5.16) KN(t):<fBN+1>< t t* )+\/ﬁtlog<ﬁN> 2 VN

2 YN 2N/ T 2 2 )ty
CUNo0 (128 g (1L B\t
(2.5.17) VNU (1+2>2 v (1+2>8 \/NE(SN(JC))
BN +1\ 1y ( t VNt 2 ( VNt @ t
(2:5.18) )+ (25 B <5m>‘ o (2>_N B (m>

The terms in (2.5.18) are all error terms that disappear in the limit N — oo for any fixed t € R. We
postpone the details until the end of the proof. Let Cy; and Cy 2 be the terms in (2.5.16-2.5.17)
that are proportional to ¢ and t2/2, respectively. Then

(o LHON (log(3N/2) ~ 0 (14 5))  E(S(s)
M= 26vVN VN

and

Now, Cp, is equal to the first cumulant of [Sn(f) — E(Sn(f))]/VN up to an asymptotically
negligible error term. Since the first cumulant of a random variable is equal to its expectation, it

should be the case that Cy; — 0 as N — oco. Indeed, using (2.5.8), we observe that

N (lo NB —\I}(l) NS -1
s — By < P Ue () 20 ()

283
N6<Nlﬁ+2 - e dx) _q
(2.5.19) _ /o (= +2(ﬁ2 )*)(e2me—1)
- 2N5/0 (222—1-(%5)%)(62”1_1) dx
_ -
£ h £ dx
NS 2z \2 2ma_
(2.5.20) _ /0 ((m)le)( )
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where (2.5.19) follows from an integral representation of W(1)(z) given by Binet’s second integral
for the gamma function (Section 12.32 in [28]). (2.5.21) follows from the fact that the integral in
(2.5.21) is uniformly bounded above with respect to both N and 3. We note that ¥(1)(z) is the

logarithmic derivative of the gamma function, also referred to as the digamma function.

Finally, let us consider the error terms in (2.5.18). It follows from (2.5.9) that, for any fixed ¢ and

sufficiently large N, the first term is given by

(2.5.22) En(t) = log (1 +0 (M)) + log (1 +0 (5;7)) =on(1).

For the second term, we observe that, for any fixed t,

1t
’ 3133 N3/2

B <ijﬁ)' - [arap

for some « satisfying || < ‘ﬁ‘ Therefore, when N is sufficiently large, we can write

Rél) <5\jﬁ)‘ _ O(N_3/2)

and

(2.5.23) '(BN; 1) RrY (%)‘ = O(N~/2).

For the third term in (2.5.18), we recall that RgQ) (x) is the first order error term for the Taylor

BN

expansion of log (T + x) about = 0 (Once again, we are assuming that 5 > 0 is fixed and N is

large). It follows that

2 BTN—Fa)Q 2

R§2)<\/Nt)‘: ( 1 Nt

where |a| < ‘@‘ Once again, for any fixed ¢t and large enough N, we can write
Nt Nt
(2.5.24) \/; Rr? <\/; ) = O(N"1/2).
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For the third term, we recall that R;3) (x) is the second order error term for the Taylor expansion

of log (F (1 + § +x)) about x =0, so

w0 ()| =92 (14 5+ )| G

Since W) (1 + g + :1:) is continuous on [—1/2,1/2], there exists M > 0 such

where |a| < ‘ﬁ‘
that ‘\11(3) (1 + g + aj)‘ < M for all z € [-1/2,1/2]. Consequently, for any fixed ¢ and sufficiently

large N, [—ﬁ,ﬁ] C[-1/2,1/2], so

w0 (575)| = G

and

(2.5.25) N R (ﬁ) = O(N1/?).

combining (2.5.16-2.5.18) and (2.5.22-2.5.25), we can see that, for any fixed ¢ € R and large enough
N

)

2 2 pU®@ (148 2
(2.5.26) Kn(t) = CN,Q% +on(1) = 45( :) % +on(1).

This completes the proof of Proposition 2.5.1.
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CHAPTER 3

Pair Dependent Linear Statistics for SO(N) & Sp(N)

In this chapter, we prove analogous results to Theorems 2.1.1-2.1.5 for random matrices sampled
from two other classical compact groups (according to Haar measure): N x N orthogonal matrices
with determinant one (SO(N)), and the 2N x 2N symplectic matrices (Sp(IN)). We also prove a
CLT in the case where Ly = 1 and Var(Sxy(f)) is allowed to grow very slowly. We break up SO(N)
into two cases: even N and odd N, based upon the distinctive behavior of their eigenvalues. Similar
to the case of the CUE, the main underlying tools for studying the "pair counting" statistic [2] with
respect to these matrix ensembles are the k-point correlation functions, which can be found in [24].
Unlike with the CUE, the three and four point correlations functions are too unwieldy to be applied
directly. Instead, we further develop tools introduced in |25] and [2] regarding joint cumulants in

order to reformulate the necessary variance computation into something more manageable.

3.1. Distributional Properties for SO(N) & Sp(N)

Like the N x N unitary matrices (U(N)=CUE), SO(N) and Sp(N) are compact topological groups,
so they each have unique Haar probabilitiy measures. Moreover, the distribution of the eigenvalues
of a matrix sampled from any of these groups, according to the corresponding Haar measure, has
the form of a determinantal random point field with a fixed number of particles on the interval
[0, 7). For more on determinental random point fields and their associated correlation functions, we
defer the reader to [24].

If M is sampled from SO(2N), then, with probability one, M has N pairs of eigenvalues ¢, e=#1 .

e =N where ; € [0,m) for 1 < j < N. The joint probability density of {Hj}é-vzl is given by
1\ 5
(3.1.1) Psoen)(01,....0n) = | = [T (2cos(6:) — 2cos(6;))

7T -
1<i<j<N
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Like in the case of the CUE, SO(2N) has k-point correlation functions with a determinental struc-

ture. Let
(2N-1)(8;—0;) N—-1
1 sin ( ——42 12 1 o
(3.1.2) Kon_1(0;,0;) = o ( 91'39]' ) - Z otk (0:i=0;)
sm(—2 ) = (V1)

Then the k-point correlation function for SO(2N) is given by the following determinental formula:

(3.1.3) P2N,k(917~-76 ) := det (K (9,,9 ))1<13<k’
where
(3.1.4) KJN_l(Gi, Hj) = Kon_1(0;, 9j) + Kon—_1(6;, —9]‘).

REMARK 3.1.1. The integration kernel Ky (61,602) is unitarily equivalent to Qx (01, 62), the kernel
used for CUE(see 2.4.1), in the sense that

[Kn (65,0, )]1<U<k U" [@n(6:, 9, )]1<u<kU

where U is a unitary matrix.

REMARK 3.1.2. Suppose f € L*(T) is even. Then

Sln N(012 92))
£(01) = f (62) - dfs
2m - Sln( = 2)

N(01 —02)

ron) s (M) [ L sin (H-2)
/ 27 - S.m(a1 92) 62+ T 2 27r-sin(91 92) a6

(81—62) N(61462)
f(6) [ sin 7) / f(6y) [ sin (f)
/ 27 - sin (61592) dbs + T 2 o . sin (#) dbs
sin (YO0} gy (NOut2))
/f o Sm(el %) " 2 - sin (4322 ) db2,

so the integration kernel K} (61,62) is the restriction of Ky(61,62) onto the space of even L*(T)

functions.
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If M is distributed according to SO(2N + 1), then, with probability one, 1 is an eigenvalue of M
and the remaining eigenvalues of M can once again be arranged in pairs, €1, e 01 N =N
where 6; € (0,7) for 1 < j < N. The corresponding joint probability density function for {Gj}év:l
is given by
(3.1.5) Pso@n+1)(01,. .., 0N8) = <2>N H (2 cos(8;) — 2cos(6;))? ﬁsm ( )

T

1<i<j<N i=1

The k-point correlation functions are given by

(3.1.6) ,02N+1,k:(917 LR GN) = det (KQ_N(HM ej))lgingk )
where
(3.1.7) Kon(0i,05) = Kon(0,0;) — Kan(0;, —0;)

_ 1 [ sin(N(6; —0;)) sin(N(0; +6)))
27 sin (702-;0]- ) sin (9i+9j )

REMARK 3.1.3. Suppose f € L?(T) is odd. Then

Sln N(el 92))
91 /f (62) 27 - sin (91 02) a6
N(91 02) . N(61—02)
f(62) sin 7) / f(—63) sin (7)
/ 27 - sin (61 92) 40 27 - sin (91 262) a0
N(91 2) N(61462)
f(62) sin 7) B £(62) sin <#)
/ 27 - sin (91 92) a6 / 27 - sin (W) a6
Sln N1 = 92)) sin (7]\](91;_92))
/ 7 27 - sin (01 92) - 27 - sin (W) A0

so the integration kernel K (61, 6) is the restriction of Kn(61,62) onto the space of odd L*(T)

functions.
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Finally, if M is sampled from Sp(N), M has 2N eigenvalues on the unit circle, which again come in

pairs of complex conjugates €1, e~ .. ¢~ =N The corresponding joint probability density
for {Qj}j-vzl is given by

2\ al
(3.1.8) Popny (b1, .., 0N) = <7> H (2cos(6;) — 2cos(0;))* - H sin? (6;) .

T/ <icj<n i=1

The k-point correlation functions are given by

(3.1.9) PN,I;(GI, .o, 0n) =det (K2_N+1(97?’ ej))lgm.gk .

As in the case for the CUE, the k-point correlation functions for SO(2N), SO(2N+1), and Sp(N)
play a crucial role in our analysis of the limiting distribution of the "pair counting" statistic defined

in (1.0.4).

REMARK 3.1.4. The k-point correlation functions for SO™(2N) are the same as those for Sp(IN —1).
As a consequence, every result in this chapter involving Sp(IN) holds for SO~ (2N). Similarly, the
kernel for SO~ (2N + 1) is given by

K3y (0i,05) = Kon (63, 65) + KaN (65, —0;).

The results for SO(2N + 1) given in Section 3.5 hold for SO~ (2N + 1) up to a minor sign change

that is asymptotically negligible with respect to the main results in the following section.

REMARK 3.1.5. The joint probability density function given in (3.1.1) can be rewritten as a degree
2N — 2 trigonometric polynomial in terms of €1, ... e~ Let k € Z such that |k| > 2N — 1 and

i, ...,ay € Ny such that Z;\le a; > 1. If 01,...,0N are distributed according to (3.1.1), then

N N
Eso@n H (eikej)aj = HE50(2N) ((eikej)aj) =0,
j=1

Jj=1

ie. e . €N are mutually independent. Analogous statements hold for (3.1.5) and (3.1.8).
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3.2. Main Results

For the cases SO(N) and Sp(N), the limiting distribution for (1.0.4), with Ly = 1, is a sum of
mutually independent x2()) distributed random variables, where x%(\) denotes the non-central chi-
squared distribution with k& € N degrees of freedom and non-centrality parameter A > 0. Recall that
if X1,..., X}, are possibly non-central, real, independent, Gaussians with E(X;) = p;, Var(X;) =1,
and Y = Z?ﬂ X ]2, then Y is said to be x7(\) distributed, where

Moreover,

E(Y)=k+XA ,  Var(Y)=2k+4\

and the probability density function for Y is given by

00 A A o=
e 2 (3) p(k+20)/2-1 -
3.2.1 kA = 2 : :

(NI

REMARK 3.2.1. When A = 0, (3.2.1) is the density function for the central /standard x? distribution.
If, in addition, we set k=2, (3.2.1) gives the density for the exponential(1/2) distribution. For more

details regarding x? distributions, we refer the reader to [5].

THEOREM 3.2.2.
Let f be an even function satisfying > peq k:2]f(k)|2 < o00. If61,...,0N are distributed according to
SO(N) or Sp(N), then Sn(f) —E (Sn(f)) converges in distribution to

(3.2.2) 2 kf(k)(er = M),
k=1

where Ay = 1 + % (W) and {pr}, are independent, mean i, variance 2 + (%) <71+(2_1)k>

random wvariables. In particular , ¢y is x3(0) distributed for odd k and non-central X3 (%) for

even k. We note that, in the case of Sp(N), there are actually 2N eigenvalues of the form

et ’ 6_191, - ezGN’ e~ N
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REMARK 3.2.3. Similar to the case of CUFE, the key to the proof of Theorem 3.2.2 is an explicit
variance calculation, given in Section 3.5, that allows us to extend the result for trigonometric
polynomials to more general test functions. Unlike the case of CUFE, the three and four point
correlation functions for SO(NN) and Sp(IV) have far too many terms to be used directly. Instead, we
further develop tools from Appendix 2 of 2] in order to derive explicit formulas for joint cumulants

of traces of powers of SO(NN) and Sp(N) distributed random matrices.

For the case 1 << Ly << N, we once again recover a central limit theorem.

THEOREM 3.2.4. (Mesoscopic CLT)
Let f be an even function in C2(R). If 01,...,0N are distributed according to SO(N) or Sp(N) and
1 << Ly << N, then L]_Vl/Q[SN(f(LN-)) —ESN(f(Ln-))] converges in distribution to

(3.2.3) N(o,% /R 2| f(t)|2dt>.

Here

denotes the Fourier transform of f.

REMARK 3.2.5. Both Theorem 3.2.2 and Theorem 3.2.4 hold in the case of SO~ (V). The case of
SO~ (2N) is identical to Sp(N — 1). The case of SO~ (2N + 1) is the same as that for SO(2N + 1)

up to a change of sign in a term with asymptotically negligible magnitude.

Finally, we present a theorem that emerges naturally when we relax the conditions of the Theorem
3.2.2. When f is no longer assumed to be in H!(T), Proposition 3.5.4 implies that Var(Sy(f))
diverges to infinity. If the variance grows sufficiently slowly, we are able to prove a central limit

theorem after renormalization.

DEFINITION 3.2.6. A positive sequence Vi is said to be slowly varying in the sense of Karamata [4]
if
Vi
lim —2N

1 A
N—o0 VN ’ v >O’

where |m| denotes the integer part of m.
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REMARK 3.2.7. It’s easy to see from the above definition that any convergent sequence is slowly
varying. If Vyy is slowly varying, then, for any A > 0, so is V|\n|. Furthermore, Vi = log(N) is

slowly varying while Vy = N¢ («a > 0) is not.

THEOREM 3.2.8.

Let f € L*(T) be a real valued, even function such that Viy = S, |E2||f(K)|? is a slowly varying
sequence that diverges to infinity as N — oo. If 61,...,0n are distributed according to SO(N) or
Sp(N), then we have the following convergence in distribution

Sn(f) —ESn(f)
22V

D, N(0,1).
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3.3. Proof of Theorem 3.2.2

This section is devoted to the proof of Theorem 3.2.2. We first consider the case where f is a
trigonometric polynomial and then extend the result to more general test functions using Proposition
3.5.4. Throughout the remainder of this chapter we will use t; to denote the trace of the k-th power
of an SO(N) or Sp(N) distributed random matrix, suppressing ‘N’. It will also often be convenient
to distinguish between SO(2N), SO(2N +1), and Sp(IN) by using a triplet of the form (My, d, a). In
particular, we will associate (My = 2N —1,0 = 1, = 0) with SO(2N), (My =2N,§ = —1,a=1)
with SO(2N + 1), and (My =2N + 1,5 = —1,a = 0) with Sp(N).

PROOF. ( of Theorem 3.2.2)

Let us first consider the case where f is an even trigonometric polynomial with f(O) =0. In
particular, let

F(6) = F(k) cos(k6).

NE

i

1

we will assume that N is much larger than m. Then

N

tp = a+ Z 2 cos(kb;)
j=1

and

Furthermore, it follows from Corollary 3.5.7 that
WU 1 L[ 14 (=1
—E =2 kf(k) [ =t3 — |14 = [ —————
when N is sufficiently large. The work of Diaconis and Shahshahani [7] tells us that the joint
moments of any finite collection #y,, ..., %, are precisely those of real, independent, Gaussians with

1+ (=D~ : . .
mean — and variance k;. It follows immediately that

Sn(f) —ESn() 223" kf (k) (o — M)
k=1
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as N — oo, where \j, = 1+ (@) and {og}7, are independent X3 (possibly non-central)
distributed random variables with mean A; and variance 2 + (%) (%) . This completes the

proof in the case where f is a trigonometric polynomial.

In order to extend the case for trigonometric polynomials to a more general class of functions,
we will need to consider Var (Sy(f)). Proposition 3.5.4 states that, in all three cases (SO(2N),
SO(2N + 1), Sp(N)),

17 ]
Var (Sn(f)) = 4 <2k2 +ak (H(Q”k)) (R + on (1)

Let

where the first term decays uniformly in m, independent of N, and the second term decays uniformly
in N, independent of m. The proof of Theorem 3.2.2 can now be completed using a Chebyshev
inequality and standard e/3-type argument to show that the desired distributions converges with
respect to the Lévy Metric. Since the details for the remainder of the proof are precisely the
same as those of the proof of Theorem 2.1.1, but with y? distributed random variable in place of

exponentially distributed random variables, we refer the reader to Appendix A.1. O
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3.4. Proofs for Theorem 3.2.4 and Theorem 3.2.8

This section is devoted to the proofs of Theorem 3.2.4 and Theorem 3.2.8. In both cases, we show
that the moment generating function for the truncated statistic converges to that of the desired

Gaussian distribution, while the tail gives a negligible contribution to the limiting distribution.

PROOF. (of Theorem 3.2.4)

Let f € C?(R) be an even, real valued function and my = L\/N . LNJ. Then Ly << my << N

and, for large enough N, we can write

(M) Sn(f(Ln0)) —E(Sn(f(Ln)))

(3.4.1) me(L]jV) (ti—E(ti)HL;N/Q i f(L]jV) (th —E (),

k=mpyn-+1
where f (&) denotes the Fourier transform of f.

Similar to the proof of Theorem 2.1.5, Proposition 3.5.4 can be generalized to the mesoscopic case
in the exact same way as Proposition 2.2.2 was in the case of CUE (see Appendix A.2). It follows
that the variance of the second term in (3.4.1) goes to zero as N — oco. As a result it suffices to

consider the asymptotic distribution of the the first term, which can be rewritten as
1 KX k(1
(3.4.2) —= Y kf (—) <—tz - )\k> :

_1\k
where A\, = 1 + (%) It follows from Proposition 1.0.1 that, for any | € N and sufficiently
large N, the [-th order joint moments of {ti}?:]\’l are precisely the same as those for independent
squared, real Gaussian random variables. For the remainder of the proof, we are then justified in

replacing (3.4.2) with a sum of independent random variables, namely
(343) LSk () e
- 379 7 ) Pk — Ak),
Lo Ly

where {p;}22, are x7 (0) distributed (mean one and variance two) when k is odd and non-central

X2 (%) distributed (mean 1+ % and variance 2 + %) when k is even.
50



We complete the proof of Theorem 3.2.4 by showing that the moment generating function (m.g.f.)
of (3.4.3) converges pointwise to that of the desired normal distribution. In our case, we will actually

show the pointwise convergence of the cumulant generating function (c.g.f.).

Let

k A< k >
e N=—=Ff|— and Xpny=c .
ke, N Lf}m f In kN = Ck, NPk

Recall that f is assumed to be compactly supported. Since we also require that f is continuously
differentiable, we can write |c n| < CfL]_Vl/ 2, where Cy is positive constant depending only on f.
Now, for any fixed ¢ and large enough N, independent of k, the moment generating function for
ck, N Xy is given by

(1 — 2Ck,Nt)_1/2 exp (—Ck’Nt) k odd
Fi(t) =

_ t t '
(1 —2¢, nt) "2 exp (—ck,Nt — C’“;CN ) exp (k(likéé\,lwt)) k even

(3.4.2) is a finite sum of independent random variables, so its m.g.f. is given by

I 7@
k1

and c.g.f. by

(3.4.4)
m lmn /2] m
i log (Fi(t)) = ZN: Cak, N 1 _GRNG i(1/2) log(1 — 2¢; nt) + cp Nt -
el — 2k 1 -— 202]4;’]\/'1; 2k el ’ ’

Once again, since |c, y| < CfLJ_\,l/Z, we may assume that NV is large enough such that 2|c, yt| < 1/2,

independent of k. Applying Taylor’s Theorem to each term in the second sum on the r.h.s. of (3.4.4),

we have
mn 12 my 1 mN

(3.4.5) > (1/2)log(1 — 2¢k nt) + .yt = - D 2+ (2) > Ry(—2ck nt),
k=1 k=1 k=1
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where log(1+x) =z — %2 + Ry(z), i.e. Ro(x) is the second order error term for log(1 + x) given by

Taylor’s Theorem. Since

(d)3lo (1+2) = 2 <2t
dz) % e
for all z € [—%, %], we can write

27 3
(3.4.6) |Ro(—2ck,nt)| < y\ck,Nﬂ .

The term proportional to —t2/2 in (3.4.5) is a Riemann sum converging to
0 A~
2 [laf(e)? da,
0

whereas (3.4.6) implies that the second term on the r.h.s of (3.4.5) is on the order of L]_\,l/2 times a

Riemann sum converging to
o0
/ lzf(2)]? dz < oco.
0

Similarly, using the series expansion for (1 — x)~!, the first sum on the r.h.s. of (3.4.4) can be

written as
/2 2 b 203
2 > > —1
—t2 Y Ao Y (- 2t
k=1 k=1
(3.4.7) =12 O(Ly") + |t - O(Ly?),

which goes to zero as N — oco. By combining (3.4.4), (3.4.5), and (3.4.7), we have the pointwise

convergence
my t2 R )
> tog (7i0) = 5 ( [ lefe)?)
R
k=1
for all £ € R. This completes the proof. [l

We now proceed to the proof of Theorem 3.2.8, which is easily obtained by generalizing the results

of Section 3.5 using the results of [1|. Before we begin, we present the following technical lemma.
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LEMMA 3.4.1. Let {ay}72, be a positive sequence such that Vi = Zgzl a,2c s slowly varying. If

lim Vi = oo, then

N—o0
max (a :0N( VN).
e N( k) V
PROOF.
Let Ay = max ay. Ay is a non-decreasing, integer valued sequence. If Ay converges, then
1<k<N

An must be constant for sufficiently large N. Since Vi diverges, it then must be the case that
An/VVN — 0. Let us then consider the case where Ay diverges. By the definition of Ay,

Any1 = Ay or Any1 = anyg for all N € N. Let {N,}72, be sequence such that Ay, , = an,,,.

Now
[Ne/2] Ng vV, N,
VN, 1 2 2 |V, /2] 1 2
TSI N N SO o S N 2T S N o S
Ve Vi k=1 k=|N,/2] Vi Vivg k=|Ng/2]

Since Vi is slowly varying, it must be the case that

Vive, /2] _ 1

Since A?\,Z = a?\,e, it must be the case that llim An,//Vn, = 0. For any € > 0 we can then choose
— 00

¢ € N such that, for all £ > ¢, An,/+/VnN, < e. Suppose Ny < N < Nyy;. Then

Ay  Ap, < An,

VWin VWV T VY
It follows that, for all N > N, Ay/v/VN < e. This completes the proof. O

PROOF. (of Theorem 3.2.8)

Let f € L?(T) be a real valued, even function and Viy = Z}ngzl k:2\f|2 be a slowly varying sequence
such that Viy — oo. Furthermore, let {Bn}%_; be a positive, integer-valued sequence that grows

to oo sufficiently slowly as N — oo in such a way that

V.
(3.4.9) lim VB gy Y

N—o00 VN N—o00 VLN/BNJ

=1.
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Such a sequence can be constructed using (3.2.6) and routine subsequence arguments. We now split

[Sn(f) —ESN(f)]/(2v/2Vy) into two parts. Namely,

Sn(f) —ESn(f) ;
22V V2V ;‘f (k)(tk

(3.4.10) —Et3) +

oo
Z tk - Et%)a
=mp

where my = | N/By]. Replacing Lemma 2.4.3 with Lemma 2.1 from [1] in the proof of Proposition
3.5.4 shows that

Sn(f) )
V (
a2y
LR o 2 Vi) — ) 1 2
I R e D DLLILCUNE D I (1) RRTEs
ot k=|N/2]+
N /2] Y2 %0
Vg 1 . L (Vik+yny2) — Viny2)
+O JE— ]-6‘2 k 2 7( ) + L
VN VN kZ:1 S <k2:1 K Vw i
Viny ( 1 )
I o —
. + e +on(1)
Vinx
= +on(1)

As a result, the variance of the second term on the r.h.s. of (3.4.10) goes to zero as N — oo, while
the variance of the first term converges to one. It then suffices to study the asymptotics of the first

sum. It follows from Proposition 1.0.1 that, for 1 < m < By/2,

my m 1 my . m
(3.4.11) ( Z — Et} ) =E (m ; kf(R)(er — )\k)) :

k:

k
where A\, =1+ % and {p;}22, are independent x3 distributed random variables. In partic-
ular, ¢y is x3 (0) distributed (mean one and variance two) when k is odd and non-central x3 (%)

distributed (mean 1+  and variance 2 + %) when k is even.
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The remainder of the proof follows from a standard moment generating function argument that is
nearly identical to the one given in the proof of Theorem 3.2.4. As in the proof of Theorem 3.2.4,

(3.4.11) implies that it is sufficient to study the convergence of the moment generating function for

1 X .
(3.4.12) EFOR)(r — ).

2V

k=1
Let A
kf(k
Ck,N = f( ) and Xk,N = Ck,N(‘Pk — )\k)
2Vn

It follows from Lemma 3.4.1 that
(3.4.13) lg}ganN{k\f(k)\} =on(v/Wn).

We may then assume that, for any fixed ¢ and large enough N, the moment generating function for

ck, N Xy is given by

(1 —2¢p, nt) "2 exp (—cp nt) k odd
Fi(t) =

_ t t '
(1 —2¢ nt) "2 exp (—ck,Nt — BN ) exp (k(likéi\;,m)) k even

for 1 <k <mp. (3.4.12) is a finite sum of independent random variables, so its m.g.f. is given by

mpy
ka@
k=1
and c.g.f. by
(3.4.14)
m mpy/2 m
ilog(]—"k(t)): LEN:JCQ’“” L own,| i(l/2)log(1—2cth)+cth :
P — 2k 1—202]{71\715 2k P ’ ’

It follows from (3.4.13) that, when N is sufficiently large, 2|c nt| < 1/2 for 1 < k < my. Applying

Taylor’s Theorem to each term in the second sum on the r.h.s. of (3.4.14), we have

my t2 my 1 my
(3.4.15) D (1/2)log(1 — 2¢p, nt) + cp Nt = - D 2+ <2> D Ro(—2ck nt),
k=1 k=1 k=1
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where log(1+x) =z — %2 + Ry(z), i.e. Ro(x) is the second order error term for log(1 + x) given by

Taylor’s Theorem. As before, for all z € [—%, %], we can write
(3.4.16) |Ro(—2¢p, nt)| < Cleg nt]?,

where C > 0 is a constant independent of k, N, and f. The term proportional to —t2/2 in (3.4.15)

is the sum
1 mn 2 . 2
— E k k

which converges to one. (3.4.16) implies that the second term on the r.h.s of (3.4.15) is equal to

on (1) (;N Zk2|f(k>l2> — on(1).
k=1

Similarly, using the series expansion for (1 — z)~!, the first sum on the r.h.s. of (3.4.14) can be

written as
[mn/2] C%k N lmn/2] ok Nt|3
—2 > - +0 > e (e 2eon nt)
k=1 k=1
(3.4.17) = (2 +[t*) - O(Vyh),

which goes to zero as N — co. By combining (3.4.14), (3.4.15), and (3.4.17), we have the pointwise
convergence
12

> log (Fi(1) = 5
k=1

for all t € R. This completes the proof.

o6



3.5. Variance Calculation

In this section we prove analogous results regarding Var(Sy(f)) to Corollary 2.4.1 and Proposition
2.2.2 in the case of SO(N) and Sp(NN). Assuming that > ;. ‘Cov (til,tiQ)
Var (Sy(f)) as

< 00, We can write

4 )" Cov(ty,.t7,) f(k) f (k)

1<k k2

=4 Var()|f(R)P+4 D Cov(t,.14,) fk)f (k).

1<k 1<k ko
In the case of U(INV), the first sum gives the primary contribution to the variance, whereas the second
sum is negligible in the limit. We will show that this is still the case for the SO(N) and Sp(NV).
As such, the majority of this section is devoted to computing Cov (til ) t%g) and verifying the above
assumption. Unlike in Section 2.4, we will use joint cumulants. The Section is organized as follows.
We start by giving a short introduction to joint cumulants and some of their proprieties that will
be used throughout this section. We then state the main results of the section, namely Propositions
3.5.3-3.5.4, which are proven using several technical lemmas. Proofs of technical lemmas are given

at the end of the section.

DEFINITION 3.5.1. Let X7, ...X,, be random variables. Their joint cumulants are defined in terms of

the coeflicients of the logarithm of their joint moment generating function in the following manner:
K(tl, cens tn) = log |:E (62?:1 Xj~tj)i|

=" Y k(X Xy X X)) [

1<t ml;;"eng]gze m1 times my times J=1
K(ty,...ty) is referred to as the joint cumulant generating function for X7, ..., X,,. [20]

REMARK 3.5.2. It easy to see from the above definition that ¢-th order joint cumulant k(X ..., X)
is equal to the ¢-th order standard cumulant of X, c¢y(X). As such £1(X) =E(X) and ro(X, X) =
Var (X).
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Recall that, for a family of random variables { X7, ..., X}, }, we can explicitly express joint cumulants

in terms of joint moments in the following manner:

(3.5.1) Fn(Xiys o X)) =) (e = D= ] E (H XZ-> :

T Bem i€EB
where the sum is over all partitions 7 of {i1,...,4,}, B runs through the list of all blocks of the

partition 7, and |7| is the number of blocks in the partition. Joint cumulants are symmetric, i.e.
(3.5.2) k(X150 Xn) = 6n(Xo)s s Xom)), T € S,
and have the multilinearity property
En—1(c1X1 + X9, X3, ..., Xp) = c1hn—1(X1, X3,..., X)) + cokn—1(Xo, X3,..., Xp).
It is also the case that joint moments can be expressed in terms of joint cumulants

(3.5.3) E(Xi-...-Xp)=E [[ Xi=>_ ][] mp(Xi:i€B).

1<i<n T Bemw
Finally, we recall that 1 (X1) = E (X7) and k2 (X7, X2) = Cov (X1, X3).

We now proceed to the main results of the section.

PROPOSITION 3.5.3. Let ty, denote the trace of the k-th power of an SO(2N), SO(2N+1), or Sp(N)

distributed random matrixz. Then the covariance statistics for ti are as follows.

(i) In the case of SO(2N) (My =2N — 1,0 =1) or Sp(N) (My =2N + 1,0 = —1),

2k2+4k'Xkeven 1§k<(MN+1)/4
2k2+4k'Xkeven+5 (MN+1)/4§]€<(MN+1)/3
Var(ti) = § 2k% + 4(k — 6) - X cven + 6 (My +1)/3 <k < (My —1)/2

2(k + 6)% — 6k + 4k - Xk even +3(My —0) (My+1)/2< k< My —1

2N (4N — 3) My <k
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and

Cov(t%1 , tzz) =

O 44X ks even T 2X ki<(My—1)/2 T 2X  ko<(My—1)/2  — 3X (My+1)/2<ki+ks
|k1—ko|<Mpy—1 (Mn+1)/2<k1+k2 (Mn+1)/2<ki+k2 |k1—ko|<(My—1)/2
My +1<k+k2 |k1—ko|<(My—1)/2 |k1—ka|<(My—1)/2
+0O (N) - (X ka=2k1 +x fe1 =2k )
(Mn+1)/4<k1 <(My—1)/2 (Mn+1)/4<ko<(MN—1)/2

-2 X ko even + X k1 even

ko<Mpn—1 ki<Mpy-—1
|2k1—ko|<My—1  |2ko—k1|<My—1
Mpy+1<2k1+k2 MpN+1<2ka+k1

-2 <(MN — k1 = k2])X ke ko <ty —1) + (k1 + k2 — MN)X ky ko<My—1 ) +2X ki ks even
My <max(k1,k2) My+1<k1+k2 |k1—ka|<Mpy—1
Mpyn+1<ki+k2

for ki # ko.
(ii) In the case of SO(2N + 1),

2k2+4k'Xkeven 1<kE<N
Var(t3) = 4 2k2 + 4k - Yp woon — 6k + 6N N+ 1<k <2N —1

2N (4N + 1) N <k

and

Cov(t%17tz¢2) = O(l) : X |k‘17k‘2| odd + O(N) : (X 2k1:k2 + X 2k2:k1 )
|]€1—]€2|§2N—1 N/2<k1SN—1 N/2<k2§N—1
2N+1<ki+ko

-2 ((2]\’ — k1 = E2])X k1 ko )<an—1) + (k1 + k2 — 2N)X &y ky<aN—1 )
2N§max(k1,k2) 2N+1<k1+k2

fOT’ kl 75 kg.

PROPOSITION 3.5.4. Let 01,...,0xn be distributed according to SO(N) or Sp(N) and f € H(T).
Then

[N/2] 1k X
Var(Sw(f)) =4 3 (2k2+4k (”g”)) (k)2 + on(1).

k=1
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It follows from (3.5.3) that, in order to compute Cov(tzl,té) =E (tzltzz) —-E (tzl) E (tiZ), it is
sufficient to understand the behavior of the first, second, third, and fourth order joint cumulants
of tr,,thy, thy, tky,- We summarize this analysis in the form of the following lemma, which will be

proven toward the end of the section.

LEMMA 3.5.5.
Let tj, denote the trace of the k-th power of a SO(2N) (My =2N —1,a=0,0 =1), SO(2N +1)
(My =2N,a=1,6 = —1), or Sp(N) (My =2N + 1,a = 0,0 = —1) distributed random matriz

and ki (kiy, .., ki,) denoted the n-th order joint cumulant of (t, — a),...(t,, — ). Then

(i)
I{l(k‘) =0- XEk+a even
k<Mpy-1
(i)
w2 (k1, k2) = min (k, MN) * Xie=ki=ky + 0 * X|ky—ko|+a cven
|k1—ko|<M—1
Mn+1<k1+k2
(iii)
]. ! !
/i3(k717 kl? kQ) = 5(/‘33(tk1 ’ tk‘l ) t*k2) + ’%S(t*lﬂ ) t*kl ) tk2)) ' X2k f]iﬂ;]’\f/? . -0 - X 522?/[81}6711
1+k2>My 2<My—

2k1+ko>Mpy+1
|2k —ko|<Mpy-—1

where /@é and ty, denote the third order joint cumulant with respect to U(My) and trace of

the ki-th power of a U(Mpy) distributed random matriz, respectively.

(iv)
ka(k1, k1, ko, ko) =

— Xky=ks ° (MN “XMy<ky) T (2k1 — MN)X ky<My—1 >
Mn+1<2k;

-2 ((MN — k1 = k2| )X k1 —kal<ty—1) + (k1 + ko — MN)X k1 ko <My —1 )
MNSmaX(kl,kz) MN+1§kl+k72

(L =) | 2X m<My—1)/2 T 2X ko<(My—1)/2 — 3X (My+1)/2<k1-+ks
(Mn+1)/2<kn +hz (My+1)/2<ky +hz ey —ka| < (M —1)/2
|k1—k2|<(My—1)/2 k1 —ko|<(Mn—1)/2
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REMARK 3.5.6. As we will later show, the primary contribution to Var (Sy(f)) will come from the
first and second order joint cumulants. The formulas given above make it clear that the third and
fourth order joint cumulants give a vanishing contribution unless (k1,k2) is sufficiently far away

from (0,0). This observation is the main idea behind the proof of Proposition 3.5.4.

COROLLARY 3.5.7. (to Lemma 3.5.5) Let f € HY(T) and 0y,...,0n be distributed according to
SO(2N) (My = 2N — 1, = 0,0 = 1), SO2N + 1) (My = 2N,a = 1,6 = —1), or Sp(N)
(My =2N+1,a=0,0 = —1). Then

Mpy—1

E (SN(f)) =2 Z (k + Xk even T 6(1 - Oé) ’ X(MN+1)/2Sk - (2N + Oé)) f(k)
k=1

PRrROOF. (of Corollary 3.5.7)

As discussed in Section 3.3,

Sn(f) =2 (t — 2N +a)) f(k).

1<k

Here we assume that f(()) = 0. Using Lemma 3.5.5, we can easily compute E (tz) for k> 1. In

particular we have
E (£]) = ka(k, k) + &3 (k)
= min(k, M - even
min(k, Mn) + 6 - X(My+1)/2<k + X,k even
for SO(2N)/Sp(N) and
E (t}) = ka(k, k) + 2r1(k) + 1 + K7 (k)
= min(k,2N) + (1 — X kodd )
k<2N-1

= min(k, 2N) + X keven + XoN<k-
k<2N-2

for SO(2N + 1). We remind that reader that, in the above calculation, y,(k;,, ..., k;,) denotes the

n-th order joint cumulant of (¢, — ), ...(tk,, — @).

61



It follows that

E (5 — (2N +a)) = k4 Xk even +6(1 — @) - X(aay+1)/2<k — (2N + @) forlSkSMN_l.

0 for My <k
Since
S E (|t — 2N +a)) f(k)]) < o0
1<k
under the assumption that f € H!(T), this completes the proof. O

The following lemma about joint cumulants for U(N) will be helpful in proving Lemma 3.5.5 and
will allow us to control the asymptotic behaviour of the ’unitary part’ of the third order joint
cumulants in the proof of Proposition 3.5.3. Parts (i)-(iv) are precisely Lemma 5.2 in [2]. The proof

of part (v) follows directly from Proposition 2.2.1.

LEMMA 3.5.8.
Let ty, denote the k-th power of a U(N) distributed random matriz and kn(k1,...,k,) denote the

n-th order joint cumulant of ty,, ..., tx,. Then

(1) |ke(k1,y ..., kn)| < CoN, where Cy, is some universal constant that depends only on n.
(i) Let n>1 and Y ;| ki #0. Then ky(ky,. .., kn) = 0.
(iii) Let Y i 1 ki =0, Y i |kl < N and n > 2. Then rn(ki1, ..., ky) = 0.
(iv) Let n =2 and k1 = —ko. Then ka(k1, ko) = ka(k1, —k1) = min(N, |k1]).
(v) Let n =4 Then rky(ki, —k1, ke, —k2) is equal to

—| (N=[k=Fl) X a<kik (Bt k2= N) - Xi<k k<n-1
|k‘1—k‘2|SN—1 N+1<kq+ko
N<max(ki,k2)
PROOF. (of Lemma 3.5.8 (v))
Let 01,...,0xn be distributed according to U(N) and t;, = Zjvzl ¢'®%i. The one point marginal
density for U(N) is normalized Lebesgue measure, so x1(k) = E (tx) = 0. It follows from (3.5.3)

that Var(Sn(f)) can be expressed as a sum of second and fourth order joint cumulants. In particular,
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we have

(i) Var(Sn(f)) = S kol ka)ra(—k, ko) f (k1) f (k)

1<ki,k2

+ > ko k1, —ko)ko(—ky, ko) f (k1) f (k2)

1<k, k2

+ Z ka(ky, =k, ko, —ka) f (k1) f (k2).

1<Fk1,k2

Since ki, ko > 0, the first sum is equal to zero by part (ii) of Lemma 3.5.8. The terms in the second

sum are equal to zero unless k; = kg, in which case, x3(k, k) = min(k?, N?). It follows that

N-1
(3) Var(sw(n) = XS RIFWP + 8 S )lf R + 32 alhs, —kabo, ko) f(k0) ).
k=1 k>N 1<ki,k2

Equivalently, Proposition 2.2.1 states that (%) Var(Sy(f)) is equal to

N-1
K f (k)2 + N2 (k)| f ()

k=1 k>N

- Z (N — k1 — ko) f (k1) f(R2) — + Z (k1 + ko) — N) f (k1) f (kz)
1<k, k2 1<k ,ka<N-1
|k1—ko| <N—-1 N+1<ky+k2
N<max(k1,k2)

Equating these two expressions gives,

ka(k1, =K1, ko, —ko) = — | (N — |k1 —ka|) - X 1<ki ko + (k1 +ka = N) - X1<ky ks<N—1
|k1—ko|<N—1 N+1<ki+k2
N<max(ki1,k2)

This completes the proof. ]

We now proceed to the proofs of Propositions 3.5.3-3.5.4. In the proof of Proposition 3.5.3, we begin
by proving the case of SO(2N) and, by a trivial generalization, Sp(NN). We then prove the case of
SO(2N + 1), which will require some additional modifications. In the proof of 3.5.4 we consider
the cases SO(2N) and Sp(N) simultaneously. The proof for the case of SO(2N + 1) is simpler and

follows immediately from that of SO(2N) and Sp(N).
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PROOF. (of Proposition 3.5.3)
We start our computation of Cov (til,tiz) by first expressing E (t%ltig) in terms of joint cumu-
lants using (3.5.3). To simplify notation, we will let ky(k;,,...,k;,) denote the joint cumulant of

Chyy s+ - - o bk, With respect to SO(2N). As such, we have

E (t%lté) = H%(k‘l)/ﬁ%(k‘g) =+ H%(l{fl)/ﬁz(kg, k‘g) + /ﬁ%(k‘g)l-@(l{fl, /ﬁ) + 4%1(]61),%1 (k‘g)/ﬂg(/ﬁ, k‘Q)
+ ro(k1, k1)ka(ke, k2) + 2k2(k1, k2) ko (k1, k2)
+ 261 (k1)k3(k1, k2, ko) 4+ 261 (ka) ks (K1, k1, k)

+ ka(k1, k1, ko, k2).

We note that there are 15 terms, including multiplicity, corresponding to the 15 different partitions

of {1,2,3,4}. To obtain the desired formula for covariance, we subtract

E (tzl,n) E (t%l,n) = (/ﬁ;g(k)l, kl) + /i%(k)l)) (Hg(kg, kg) + H%(kg))

to get an expression for covariance in terms of joint cumulants. Namely,

Cov (til,tiQ) =

(3.5.4) driy (k1) kr (ko) k2 (e, Ke2)

(3.5.5) + 269 (ky, ko) ko (K1, ko)

(3.5.6) + 261 (ko) ks (kr, K, ko) + 261 (k)i (Ko, ko, k)
(3.5.7) + woa ke, Ky, koo, ko).

We will consider two separate cases: k = k1 = ko, and k1 # k. When k = k1 = ko, parts (i) and
(i) of Lemma 3.5.5 imply that (3.5.4) is equal to

) 4k'Xkeven I1I<kE<N-1

(358 4 (min(kz, 2N = 1) X kgwen + Xive |
T - 4(k+1)'Xkeven NSkSQN—Q
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When k; # ko, (3.5.4) is equal to

(359) 4X k1,ko even
k1,ko<2N—-2
|1 —ka[<2N—2
2N <k1+ko

Again, using part (ii) of Lemma 3.5.5, we can see that (3.5.5) is equal to
2k? 1<k<N-1
(3.5.10) 2 (min(k,2N — 1) + XNSk)Q =92k+1)? N<k<2N-2
2(2N)?2 2N -1<k

when & = k1 = ko and

(3-5-11) 2x k1,k2 even
|k1—k2|<2N -2
2N<k1+k2
when kl 75 k:g.

It follows from parts (i) and (iii) of Lemma 3.5.5, that (3.5.6) is equal to
(3.5.12) — 4y

k even
2N/3<k<2N-2

when k = k; = ky. When ky # ko, the first term in (3.5.6) is equal to

("/”'3 (tkl ) tk:1 ) t—kg) + R3 (t—/ﬂ ) t—kl ) tk‘g)) X ko=2k; — 2X ko even 5

ko<N-1 ko<2N—2
|21 — ko | <2N—2
2N <2ky+ko
which can be rewritten as
O (N) "X ko=2k1 - 2X ko even
N/2<k <N-1 ko<2N—2
|21 —ko|<2N—2
2N <2ky+ko
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using parts (i) and (iii) of Lemma 3.5.8. Interchanging k; and ko gives an expression for the second

term in (3.5.6). It follows that (3.5.6) is equal to

(3.5.13) O(N)'(X ko=2k T X ki=2ks )2 X  kseven +X ki even

N/2<ki<N—1 N/2<ka<N—1 k2 <2N -2 k1<2N—2
|2k1 —ka| <2N—2 |2ka—Fk1|<2N—2
AN <2k; +ka 2N <2kz+k1

Finally, we consider the contribution from the fourth order joint cumulant. When k = k1 = ko, part

(iv) of Lemma 3.5.5 implies that (3.5.7) is equal to
=3((2N — )xan—1<k + 2kxn<k<an—2 — (2N — 1)Xn<k<an-—2) + XN/2<k<N—1 — SXN<k

p

0 1<k<N/2
1 N/2<k<N-1
(3.5.14) - .
6k 4+ 32N —2) N<k<2N—2
—3(2N) ON —1<k
When k; # ko, (3.5.7) is equal to
(3.5.15) —2 ((2N —1—[k1 —k2|)X |ky—ko|<on—2 )+ (k1 + k2 —2N + 1)Xk1,k2§2N—2)
2N —1<max(k1,k2) 2N<ki+ko
+2X k<N—1 T2X k<N-1 —3X N<kitho
N<ki+ks N<ki+ka |1 —ka| <N—1
[k1—k2|<N-1 [k1—k2|<N-1

By combining (3.5.8), (3.5.10),(3.5.12), and (3.5.14), we have

;

2k? + 4k - Xk even 1<k<N/2
2k% + 1+ 4k - Xk even N/2 <k <2N/3
Var(ty) = Cov(t3, 1) = € 2k2 + 1+ 4(k — 1) - Xk even ON/3<k<N-1-

2(k +1)2 =6k +3(2N —2) + 4k - Xp even N <k <2N —2

2N (4N — 3) IN—1<k
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REMARK 3.5.9. When 2N — 1 < k, {cos(k;)}}¥, are independent, mean zero, random variables.
One can then confirm the formula for variance in this case directly through a somewhat simple

computation.

Finally, when k1 # k2, (3.5.9), (3.5.11), (3.5.13), and (3.5.15) imply that Cov(t; ,¢7,) is equal to

4X k1,k2 even + 2X k1,k2 even + 2X ki<N-1 + 2X ko<N-—1 - 3X N<ki+ks
k1,ko<2N -2 |k1—ka|<2N—1 N<ki+kg N<ki+ko |k1—k2|<N-—1
|k1—ka|<2N—1 2N <ky+ka |k1—ko| <N -1 |k1—k2|<N—1
2N <k1+k2

+O (N) : (X ko=2kq + X k1=2ko ) -2 X ko even + X k1 even

N/2<k1<N-1 N/2<ko<N-1 ko<2N -2 k1<2N -2
|2k1 —k2|<2N -2 [2ko—Fk1|<2N—2
2N <2kj+ko 2N <2ko-+k;

—2 ((2N —1— k1 — k2|)X |ki—ko|<on—2 )+ (k1 + k2 — 2N + 1)Xk1,k2§2N2) .
2N —1<max(k1,k2) 2N <ki-+ko

This completes the proof for SO(2N) and, by extension, Sp(V).

We now turn our attention to the case of SO(2N +1). Recalling that every SO(2N + 1) distributed
matrix M has one as an eigenvalue, Tr (M k) is given by

N
=1+ Z 2 cos(kb;),
=1

where 01,...,0y € (0,7] are distributed according to (3.1.5). Again, we use (3.5.3) to rewrite

Cov(ti1 , té) as follows:
E(t;, t,) — E(th )E(t,)
=E ((tkl - 1)2(tk2 - 1)2)
+ 2r3(k1, k1, ko) + 2r3(k1, ko, ko) + 4r1 (k1) ke (k1, k2) + 4k1 (ko) k(k1, k2) + 4k2(k1, k2)

— Ki(k1)rT (k) — K (k1) (ko ko) — K7 (ko) k(kr, k1) — ko, k)ka(ka, k2),
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where fiy, (i, , ..., ki, ) denotes the n-th order joint cumulant of (¢, —1),...(t,, —1). After simplifying,

we arrive that the following expression for covariance:

Cov (,,th,) =

(3.5.16) 4(1 + Iil(kl) + K1 (kg) + ﬁl(kl)ﬁl(kg))ﬁg(kl, kz)

(3517) + 2/4,2(1{21, k‘g)lig(kﬁl, ]432)

(3.5.18) + 2(1 + %1(]61))/@3(/6‘1, ko, k‘g) + 2(1 + Iﬂ(k‘g))/ﬁg(lﬁ, k1, k‘Q)
(3.5.19) + H4(k‘1,k‘1,]{72,]€2),

where Ky (ki,, ..., k;, ) denotes the n-th order joint cumulant of thiy s es iy, -

Once again, we consider the two different cases: ki = ko and k1 # ky. When k1 = ko, it follows

from parts (i) and (ii) of Lemma 3.5.5 that (3.5.16) is equal to

Ak Xp oven 1<k <2N —1

(3520) 4(1 — X kodd ) min(k, 2N) =
heaN—l 4(2N) 2N <k
Similarly, (3.5.17) is equal to

2k 1<k<2N -1
(3.5.21) 2min(k,2N)? = .

2(2N)? 2N <k

It follows from part (iii) of Lemma 3.5.5 that (3.5.18) is equal to

(3.5.22) 4(X keven T Xa2N<k) X  kodd =0.
k<2N -2 2N/3<k<2N-1
It follows from part (iv) of Lemma 3.5.5 that (3.5.19) is equal to
0 1<kE<N
(3.5.23) —3((2N)xan<k + (28 = 2N)X p<an—1 ) = (6N — 6k N +1<k<2N —1-

2N+1<2k
—6N 2N <k
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Combining (3.5.20), (3.5.21), (3.5.22), and (3.5.23), we have

2k2+4k'Xk:even I1<kE<N
Var(t3) = S 2k2 + 4k - Y oven — 6k + 6N N +1<k<2N —1

2N (4N + 1) IN < k

We now consider the case 1 < k; # ko. Again, it follows from 3.5.5 that (3.5.16) is equal to

(3.5.24) —4 (1 — X ki odd — X ks odd T X kik2 odd ) “ X |k1—kz| odd
k1<2N; k2 <2N k1,ka<2N-—1 |k1—k2|<2N -1
2N+1<k1+k2
(3.5.25) =—4 <1 — X k1 odd — X k2 odd ) “ X |k1—ka| odd
k1<2Ny ka<2N1 |1 —ka|<2N—1
2N +1<ky+k2
(3.5.26) =0 | X |ky—ko| odd
|k1—ko|<2N -1
N +1<k1 +k2

and (3.5.17) is equal to

2

(3.5.27) 2 X |ki—ko| 0dd = 2X |ky—ks| odd -
|k1—k2|<2N—1 |k1—k2|<2N—1
ON+1<k; +ko ON+1<ki+ko

(3.5.18) is equal to

(3528) 2 <K(k17 kb k2) * X ko even + /{(kla I€2a kQ) * X ki even )

ko<2N -1 k1 <2N -1
(3.5.29) + 2 (k(k1, k1, k2) - Xon<k, + k(K1 k2, k2) - XoN<k) -

Let us consider the first term in (3.5.28). It follows from part (iii) of Lemma 3.5.5 and part (i) of

Lemma 3.5.8 that this term is equal to

i !
(’i (tku ) tk17t—k2) + K (t—k17t—k1 s tkz))x 2k1=ko +2x ko even X ko odd
N/2<k1§N—1 ko<2N-—1 ko<2N-—1
ko —2k1 |<2N —1
IN<ks+2k1
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= (’i (tlﬁ 5 tkl ) t—kg) + K (t—k1 P t—kl 5 tk2))x 2k1=ko
N/2<ki<N—1

= O(N) "X 2ki1=ko
N/2<k1<N-1

Interchanging k1 and ko gives an analogous expression for the second term in (3.5.28). (3.5.28) is
thus equal to
(3.5.30) O(N) X 2ki=ks + O(N) X 2ko=k;

N/2<ki<N—-1 N/2<ka<N—1

We again use part (iii) of Lemma 3.5.5 and part (i) of Lemma 3.5.8 to analyze the first term in

(3.5.29).

(3.5.31) (H, (thys ey t—ky) + Hl(tfklatfklvtkz))x Qki=ko  * X2N<ks T 2X2N<ks * X ko odd
N/2<ki<N—1 ke <2N—1

= (H (tklvtk‘l ) t—k‘z) + K (t—k‘l ) t—kptk‘z))x 2k1=ko * XN<ky + 2X2NS/€2 * X ko odd
N/2<k‘1SN—1 ko<2N-1

=0.
By symmetry, we can conclude that (3.5.29) is equal to zero. It follows that (3.5.18) is equal to

(3.5.32) O(N) "X oky=ky, +OWN) X  2kp=py
N/2<ki<N-1 N/2<ks<N-1
Finally, it follows from part (iv) of Lemma 3.5.5 that (3.5.19) is equal to
-2 ((2N = [k1 = kal)X i —kal<an—1) + (k1 + kg = 2N)X &y ko <on—1 ) :

2N <max(k1,k2) ON+1<ky +ka

We can now combine (3.5.24), (3.5.27), and (3.5.32), and (3.5.22) to get a final expression for
Cov(til,tzQ) when k1 # ks. Namely,

Cov(ty, th,) = O(1) * X |ky—ks| 0ad + O(N) - (X Ski=ks T X 2ok )
|y —ko|<2N—1 N/2<k1<N-1 N/2<ko<N-1
2N+1<ki+ko

-2 ((21\’ — k1 — k2|)X k1 —ko|<an—1) + (k1 + k2 — 2N )X &y ko<2N—1 )
2N <max(k1,k2) 2N+1<k1+k2

This completes the proof. ]
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We now turn our attention to the proof of Proposition 3.5.4, which is done via Lemma 2.4.3 and

the following technical lemma.

LEMMA 3.5.10.
Let f € HY(T) and f(k) denote the k-th Fourier coefficient of f. Then

Z F(k) f (k)

k1 even
|k1—2k2|<2N—2
2N <ky+2ko

goes to zero as N — oo.

The proof of Lemma 3.5.10 follows immediately from that of Lemma 2.4.3, with some minor alter-

ations. The proof is postponed until the end of the section.

PROOF. (of Proposition 3.5.4)

-~ ~

Assuming that > ;o 4, |Cov(t,, 7, ) [ (k1) f(k2)| < oo, we can write

1 . R
(3.5.33) (4) Var(Sn(f)) =Y Var () [f(R)?+ D Cov(ty,, tr,) f (k1) f(k2).
1<k 1<k #ko
ka#2k;
k1#2k2

We first consider the cases of SO(2N) and Sp(N). It follows from part (i) of Proposition 3.5.3 that

the first term on the r.h.s. of (3.5.33) is equal to

%]

w2

(2K + dbxi even) [FR)P+O [ N2 D [f (k)
= Eine
Assuming that f € HY(T), i.e. doi<k k2| f(k)|? < oo, the sum on the left is finite and the sum on

the right is at most on the order of

> KR =on(1).

| 5 |+1<k
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Again, using Proposition 3.5.3, we break up the second term in (3.5.33) into 3 parts:

(3.5.34)
-2 > (My — by = ko) f (k1) f(Ra) =2 > (ki + ko — M) f (k1) f(k2),
1< k1 —ko| <My —1 Ky ka<Mpy—1
MNSmax(kn,kz) MN+1§k1+k2
(3.5.35)
6 Y flk) (k) + 40 > F(k) f (k) — 36 > F k) f (ka)
kl,kg even k’lg(MN—l)/Q |]€1—]€2|§(MN—1)/2
|1 —ko|<Mpy—1 (Mn+1)/2<k1+k2 (Mn+1)/2<ky+kso
MN+1§kl+k2 |k17k2‘§(MN71)/2
+2 > flk)f(ka),
k1,ko even
k1 —ko| <My —1
MN+1Sk1+k‘2
and
(3.5.36) +O(N) > Fle)f(ka) =46 > f(k1)f (ko).
M +1k2:2klM —1 kk<2]\76n1
<7 1261 —Fog| <My —1
MN+1<2k1+k2

The fact that the sums in (3.5.34) converge absolutely and are of the order on(1) is precisely the
second half of the proof of Proposition 2.2.2. Similarly, the fact that all four sums in (3.5.35)
converge absolutely and are of the order on(1) follows immediately from Lemma 2.4.3. It thus
remains to show that the sums in (3.5.36) converge absolutely and are of the order ox(1). For the

first sum, the Cauchy Schwartz inequality implies that

> NIf (k)] - |f(2k)] < > 2k| f (k)] - 1 £ (2k)]

]\4]X+1 <k< M]\Q]*l ILIJX+1 <k< ]WI\;71
1/2 1/2
< > Hlik)P > @RPFERP ,
| & |+1<k | Y [+1<k

which is equal to ox(1). Finally, the second sum in (3.5.36) converges absolutely and is equal to

on(1) by Lemma 3.5.10.
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It follows immediately that

‘& S LN
Var(Sn(f)) =4 Y Cov(ty,,th,) =4 (2k2+4k <2>) (k)24 on(1).
1<k, k2 k=1

This completes the proof of Proposition 3.5.4 in the case of SO(2N) and Sp(NN). The proof for the

case of SO(2N + 1) is simpler and follows immediately from the arguments given above. O

A general formula for joint cumulants of linear statistics for determinental random point processes
was formulated as part of the proof of Proposition 9.3 in Appendix II of [2]. We restate this formula

as Lemma 3.5.11.

LEMMA 3.5.11. Let {61,...,0n}, 0; € X, be a determinental random point process with kernel

Kn(z,y). If fi,..., fn are functions defined on X, then the n-th order joint cumulant of the linear
statistics Y f1(0;),..., fn(0;) is given by

n 1 m—1 m B
CEEU I gl ) [ @) (0) T] Ko 65.6,10)40,
m=1 ordered_collections am j=1

of subsets R={R1,..,Rm}

where fr,(0) = HjeRi fi(@0), Omy1 = 61, and ‘Ordered subsets R = {Ry,...,Rn}’ refers to all

partitions of {1,...,n} with m ordered blocks.

Applying this result to the cases of SO(N) and Sp(NN), we can prove Lemma 3.5.12, which allows

us to break up joint cumulants for SO(N) and Sp(NN) into their ‘unitary’ and ‘non-unitary’ parts.

LEMMA 3.5.12. Let 01,...,0n be distributed according to SO(2N) (My = 2N — 1, = 0,0 = 1),
SO2N +1) (My =2N,a=1,0 = —1), or Sp(N) (My =2N +1,a=0,0 = —1) and fi,..., fn

be even functions on T. Then ky (X;f1(05),...,%;fn(0;)) can be written as

1
§’£n (Ejfl (6]‘), ey Ejfn(ﬂj)) +
5 (_1)m—1 (MN—1+40a)/2 . o .
D DY > fri(s1 4 8m = ) [y (51 = 82) - [Ry (Sm1 = 5m),
m=1 ordered  sq,....sm=—(Mn—1)/2
collections
of subsets
R={R1,.,Rm}
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where ,%;l denotes the n-th order joint cumulant with respect to U(Mp).

PROOF. (of Lemma 3.5.12)
For SO(2N), the integration kernel K]’\}N (z,y) = Kuy (2,y) + Ky (2, —y) where

- My (z—y) (My—-1)/2
Sin - 9 1 Z 1k(x—
2m - sin (T) k=—(My—1)/2

In the case of Sp(IV), the integration kernel is K}, = Ky (2, y) — Kuy (2, —y).

It then follows from Lemma 3.5.11 that

(3539) KRn (ijl(ej),. . ,Ejfn(éj))
(3.5.40) =y (b >
m=1 m ordered collections

of subsets R={R1,..Rm }

m (1-0)/2 m
> < €i> +/H FRy (01)- SR, Om) [ [ Knay (65, €5 - 0541)d.
L m

€1,...em=x1 \i= 7=1
We can break this expression up into two pieces, one where we sum over all €,--- , €, such that
Hj €; = 1, and one where we sum over all €, -, €, such that Hj €j = —1. In either case, the

integrals inside the summations each give the same contribution. To see this, we simply observe
that Kn(ej—10;,€;0j41) = Kn(0j,€j—1€j0;4+1). Using the fact that fi...f, are even, the substitution

Oir1 = (H§:1 ej> -0i+1, 1 <5 <m —1 allows us to rewrite the integral in the above sum as

Al0/2 /H PRy (01) - SR Om) | [ Knaw (65,0551) | Kty (6, A - 61)d6,
where A =[]/, ¢;. The part of the sum in (3.5.39) corresponding to A =1 is given by

1 n 1 m—1 m B
ey > (00 F 1 O) T Bt (65,03:1)8
m=1 ordered collections ™ 7j=1

of subsets R={R1,..Rm}

This is precisely %Iin (Xf1,...,2fn) with respect to U(My).
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We now consider the case when A = —1. Using the assumption that fi,..., f, are even and (3.5.38),

we expand the integrals inside of the summation in (3.5.11) in the following way:

5/Hm FRy(01) - [ Om) [ Knan (6,65 - 0541)d0

j=1
5 m—1 B
=9 | FRi(01) - Ry (Om) K aty (O, —01) [ Knay (05,0541)d0
j=1
My —1 My —1
§ 2 . ml 2 A _
L O RCNRRY B ST by f B SRR
(4m) Tm _ Mpy-1 j=1 __My-1
Sm=——0 sj=——1
N-1 N-1
5 — —— —_—
(3.5.41) = 27m Z s Z le (6m81 + Sm)fR2 (82 — 83) - me (Sm—l — Sm).

s1=—(N-1) sm=—(N-1)

It follows that

_1\ym—1 s m -
Z (1731 Z Z Az /Hm le(Gl)me(em)HKM(GJ,EJ 93+1)d0

m=1 orderfed ck?llt%ctions €1,..,em==F1 j=1
of subsets t. ei=—1
RE(Ri By S8 Tl
_ N-1
6 = (-1t — — —
=3 T E E SR (81 4 8m) fRy (51 — 52) - fRp (Sm—1 — 5m)-
m=1 ordered collections s1,...,sm=—(N—1)
of subsets
R={R1,..Rm}

The case for SO(2N + 1) requires some minor modifications. In particular, the integration kernel

is given by Ky, (2,y) = Kuy (2, y) — Kuy (2, —y) and

N
1 i - i(s—1 —
Ky (z,y) = Gy E eP(01-02)/2 _ g ei(s—3)(01—-02)
podd S:—(N—l)

Ip|[<2N-—1

Again, the joint cumulant can be split up into a unitary and non-unitary part. The unitary parts

is the same as before, but the non-unitary part becomes

§ o= (=1)m1 N . _ _
3 > Ee— > > TRy (81 + 8m — 1) fr, (81 — 52) -+ fR,, (Sm—1 — 5m)-
m=1 ordered collections s1,...8mm=—(N—1)
of subsets
R={Ry, .Rm}
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This completes the proof of Lemma 3.5.12. O

We now proceed to the proof of Lemma 3.5.5. We focus our attention on the case SO(N). The case
Sp(N) is obtained from that of SO(2N) by making obvious modifications. The proof is done via a

tedious, but straightforward, computation that is made significantly easier modulo Lemma 3.5.12.

PROOF. (of Lemma 3.5.5)

To see (i), we simply apply Lemma 3.5.12, breaking (k) into two parts:

1 5 N—-1+4« R
(3.5.42) ku(k) = gri(k) + 5 __%;_1) f(2s —a),

where f = 2cos(k#). The first term on the r.h.s. (3.5.42) is equal to
1
5 (E(t) +E(t-x)) =0,

which follows from the fact that ¢, = E;‘g k% and the one variable marginal density for U(My)

is Lebesgue measure. 2cos(kf) = e™*? 4 e=*% 5o the second term in (3.5.42) is equal to § if k + «

is even and zero otherwise. This completes the proof of (i).

To see (ii), we again use Lemma 3.5.12 to break up ra(k1, k2) into its unitary and non-unitary
parts. We first consider the unitary part. Let ¢; denote the trace of the k — th power of a U(My)
distributed random matrix. Then, using multi-linearity of joint cumulants, we can rewrite % .

K (22 cos(k10;), 2,2 cos(kab;)) as

—_

(3.5.43) (Ka(tky s thy) + Ka(t—kys t—py) + K2(thy s tky) + K2 (t—ky, thsy))

2
By assumption, ki,ko > 1, so parts (ii) and (iv) of Lemma 3.5.8 imply that the only non-zero

contribution to (3.5.43) comes from

1
3 (R2(thy, t—py) + F2(t—ky, thy))

when k1 = ko, in which case it is equal to min (k1, My).
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We now consider the non-unitary part. In particular, we compute

1 2 (_1)m71 N—-14« o /\
izT Z Z le(Sl"‘Sm_a)"‘me(smfl_Sm)a
m=1 ordered collections s1,..,8;m,=—(N—1)
of subsets
R:{R17“'7Rm}
which can be rewritten as
1 N—-1+4a«a o
(3.5.44) B > hifa(25 - o)
s1=—(N-1)
1 N—-1+4a . .
(3.5.45) 1 Z Z fri (514 82 — @) fry (51 — 52),
ordered collections s;,s0=—(N—1)
of subsets
R={R1,R2}

where f; = 2cos(k16) and fo = 2cos(kef). Starting with (3.5.44), we have

flf2(9) — ei(k1+k2)9 + e—i(k1+k2)9 + ei(kl—kz)e + ei(k‘g—k‘l)Q.

Clearly, the only non-zero contributions from (3.5.44) come from the cases where |2s; —a| = ki + ko
or [2s1 —a| = |k1 — ko| for —=(N —1) < s31 < N — 1+ a. (3.5.44) is then equal to

(3.5.46) X ki+kz even T X |ky—ko| even s
k1+ko<2N -2 |k1—k2‘S2N—2

in the case of SO(2N), and

(3.5.47) X kitks odd T X |ki—ko| odd s
k1+k2<2N-1 |k1—ko|<2N—1

in the case of SO(2N +1).

In order to compute (3.5.45), we first observe that making the substitution u = «a — sg is equivalent
to interchanging Ry and Ry. Since —(N — 1) < u < N — 1 + «, making this substitution does not
alter the value of the inner sum, i.e. we can conclude that the inner sum over si, s is invariant
under interchanging the role of Ry and Rp. As a result, we can rewrite (3.5.45) as

N—-1+4a«a

Z }1(814-82 —a)};(sl — S9).

s1,82=—(N—-1)

1
5.4 -
(3.5.48) 5
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The only terms in the above sum that give a non-zero contribution must satisfy the following system

of equations:

s1+sa=t +a

81 — 89 = to,

where (t1,t2) € {k1, —k1} X {ko, —ko} and —(IN — 1) < s1,890 < N — 1+ «. For any given (t1,t2), a

unique solutions exists, so long as

281 —a =11 + 1ty

289 —a=1] —tg

for some —(N — 1) < 51,89 < N — 1+ . Each such solution gives a contribution of one. It follows

that (3.5.45) equals

(3.5.49) —2X k1+ko even
k1+ko<2N-—-2
|k1—k2|<2N—2

and

(3.5.50) —2X  ky+ky odd
k14+ko<2N-—1
|k1—k2|<2N—1

for SO(2N) and SO(2N + 1), respectively. By combining (3.5.46) and (3.5.47) we can rewrite the

non-unitary part of the joint cumulant as

X ki+ky even T X |k1—k2| even T 2x k1+k2 even
k1+ko<2N -2 |k1—ka|<2N—2 ki+ko<2N-2
|k1—k|<2N—2

=X kitkz even T X |k1—ka| even 2X k1+k2 even
ki1+ky<2N-2 |k1—ko|<2N—2 k1+ko<2N-2

= X |ki—kz| even T X ki+ka even
lki—ko|<2N—2  ki+ka<2N-2

=X |k1—k2| even + X |k1—ko| even — X |k1—k2| even

k1+ko even k1+ks even k1+ko even
|[k1—k2|<2N—-2 |k1—k2|<2N—-2 |k1—k2|<2N -2
k1+ko<2N-—2 2N <ki+ks k14+ko<2N-—-2
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=X |k1—k2| even
|k1—ka|<2N—2
2N <ki+ks

and

X |k1—k2| odd
|k1—k2|<2N—1
2N+1<kq+ko

for SO(2N) and SO(2N + 1), respectively. This completes the proof of (ii).

To prove (iii), we again use Lemma 3.5.12 to break up x3(k1, k1, k2) into its unitary and non-unitary

parts. Let ¢ denote the trace of the k —th power of a U(My ) distributed random matrix. Then, us-

ing multi-linearity of joint cumulants, we can rewrite %-mé(ﬁﬂ cos(k16;), X2 cos(k10;), £;2 cos(k20;))

as

(3.5.51) %lil((tkl b py)(thy + topy), (b + i) = % D D (ks ek ey
=+l  e3=+1

By assumption, k1, k2 > 1, so Lemma 3.5.8(ii) implies that the only non-zero contribution to (3.5.51)

comes from

1 ! /
(3'5'52) 5 (K/ (tk'l stk t*k2> tkK (t*kl ks tkz))

when 2k1 = k2.

We now consider the non-unitary part of the 3rd order joint cumulants from Lemma 3.5.12. In

particular, we compute

13 (1)t N-1 N-1 -
N DY > X Tateitsm ) Gt sw)
m=1 ordered collections s1=—(N-1) sm=—(N-1)
of subsets R={Ri1,...,Rm}

1 N—-1+a o
(3.5.53) = fifaf3(251 — )

2

s1=—(N-1)
1 N—1+« - o

(3.5.54) - > Y. Imsi+se—a)fr(s1—s2) +--

ordered collections  s1,s0=—(N—1)
of subsets R={R1,R2}
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N—-1+«

(3.5.55) +% 3 ST Far(s1+ 55— a)fm(s1 — 52)Fm(s2 — 53),

ordered_collections S1,.,83=—(N—1)
of subsets R={R1,R2,R3}

where f1(0) = f2(0) = 2cos(k10), f3(0) = 2 cos(k20).

Now
f1fofz = 8cos?(k10) cos(kob)
— 2€i/€2:(: + Qe—ik‘zx + ei(?kl-i-kg):c + e—i(?krﬁ-kz)x + ei(2k‘1—k’2)1’ + e—i(?/ﬁ—k’g)x’
so the non-zero contributions to (3.5.53) come from the indices where 251 — a = kg, 251 —a = —ko,

2s1 — = 2k1 + ko, 2s1 — a = —(2k1 + k2), 251 — o = 2k; — ko, and 2517 — a = —(2k1 — k2), where
—(N —1) <s3 < N—1+a. As such, (3.5.53) can be expressed as

1

5 4X ko even + 2X ko even + 2X ko even
ko<2N -2 2k1+ko<2N -2 |2k17k2‘§2N72

(3556) = 2X ko even T X ko even + X ko even 5
ko<2N—2 2k1+ko<2N—-2 ‘2k1—k2|§2N—2

in the case of SO(2N), and
(3.5.57) 2X kpodd TX  ksodd tX  koodd s
ko<2N-—-1 2k1+ko<2N-—-1 |2k1 —k2|<2N-—1

in the case of SO(2N +1).

To compute (3.5.54), we again take advantage of the fact that interchanging the order of R; and
R5 does not alter the value of the sum over s; and ss.

1 N—-1+a

(3.5.58) -1 > o Fai(si4 52— a)fr,(s1 - s2)
Partitions R={R1,R2} s1,52=—(N—1)
of {1,2,3}
1 N—-1l=« o e
(3.5.59) =5 >, hhitsn-ofisi-s) -

s1,52=—(N—1)
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N—-1l=« . . 1 N—-1+4+« . .
Y hifs(si+sa—a)fa(si —s2) — 3 > fafs(si+s2— ) fi(st — s2)
s1,82=—(N—-1) s1,82=—(N—-1)

(3.5.60)

| =

Starting with (3.5.59), we have

fifo = 4cos®(k16)

-9 + ei2k19 + e—i2k19

The only terms in the sum over si, s that give a non-zero contribution must satisfy the following

system of equations:

s1+ 8=t +a

51 — 52 = t2,
where (t1,t2) € {0,2k1, —2k;} x {k2, —k2}. Each of the solutions to

S1+ 82 =« S1+ 82 =«

81—82:k2 81—82:_k2
gives a contribution of two, whereas each of the solutions to

s1+ 89 =2k1 +« s1+ 89 =2k1 +« S1+ 89y =2k +« $1+ 8y = —2k1 +«
51— 82 = ko S1 — 89 = —ko + 51— 82 = ko + 51 — 82 = —ko
gives a contribution of one. Now, given (t1,t2), the corresponding solution must satisfy the relations
2s1 —a =11+t

252—a:t1—t2.

Since —(N — 1) < 51,52 < (N — 1+ «), it follows that (3.5.59) is equal to

1
- 5 4X ko even + 4X ko even
ko<2N—2 2k1+ko<2N -2
|2k1 —k2|<2N -2

81



(3'5-61) = —2x ko even 2x ko even 5
ko<2N—2 2k1+k2<2N -2
[2k1—ko|<2N -2

in the case of SO(2N) and

(3562) - 2X ko odd — 2X ko odd
ko<2N-—1 2k1+k2<2N-—1
|2k, — k2| <2N—1

in the case of SO(2N +1).

Both sums in (3.5.60) give the same contribution since f; = fo. Similar to before, computing

N—-1+4« -

> Fifs(s1 + 52 — @) fals1 — s2)

81,81:—(N—1)

amounts to solving system of linear equations of the form

S1+sa=t +a

81 — 89 = to,

where (t1,t2) € {k1 + ko, —(k1 + k2), k1 — ko, ko — k1} X {k1,—k1}. The total contribution from

(3.5.60) is
(3563) _4X ko even - 4X ko even
kg <2N —2 ko <2N -2
2%k1 +k2<2N —2 |21 —ka| <2N —2
and
(3.5.64) —4X  kyodd  —4X  kyodd
ko <2N—1 ko <2N—1
2k +h2<2N—1 |2k — k| <2N—1

for SO(2N) and SO(2N + 1), respectively.

Finally, we consider (3.5.55). Using the same substitution argument as before, it is easy to see that
every ordering of Ry, Ro, R3 gives the same contribution, so

N—-1+4«

é Z Z E(Sl + 83 — a)flg(sl — 82)7};(82 — 33)

ordered collections $1y..,83=—(N—1)
of subsets R={R1,R2,R3}
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N—-1+4« . . -
(3.5.65) = > fi(s1+ 83 — a) fa(s1 — s2) f3(s2 — s3).

81,...,83=—(N-1)

As before, computing (3.5.65) is a matter of solving the collection of systems of linear equations of
the form
s1t+s3=t1+«
S1 — S92 = tg
s2 — 53 = 13,
where (tl,tg,tg) S {k‘l, —k‘l} X {kl, —kl} X {kQ, —kQ} and —(N — 1) <s51,8,53< N—-1+a. Given
(t1,t2,t3), the corresponding solution must satisfy
251 —a =1t +ta+t3
259 —a =11 —ty + t3

233—a:t1—t2—t3.

It follows that (3.5.65) is equal to

(3566) 2X ko even + 2X ko even + 4X ko even
ko<2N—2 ko<2N-—-2 ko<2N -2
2k + ko <2N—2 |2k1 —ko|<2N—2 2k Lo <2N—2
|2k1 —ka|[<2N—2
and
(3.5.67) 2X  kpodd  t2X  kyodd  T4AX  kyodd
ko<2N-—1 ko<2N-—-1 ko<2N-—1
2k1+ko<2N-—-1 |2k1—k2|§2N—1 2k1+ko<2N-—1

|2k1 —k2|<2N —1
for SO(2N) and SO(2N + 1), respectively.

Combining (3.5.56), (3.5.61), (3.5.63), and (3.5.66), we can see that

N—-1+4+a o

3

1 1 m—1 o

(3568 33 (731 S S Ta(si+sm— ). Fan(smo1— 5m)
m=1 ordered collections  s1,...,s;m=—(N—1)

of subsets R={R1,..Rm}
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is equal to

2X ko even —X ko even —X ko even
2k1+ko<2N -2 2k1+ko<2N -2 ko<2N -2
[2k1 —k2|<2N—2 [2k1 —ko|<2N—2
= 2X ko even — X ko even — X ko even
2k1+ko<2N-—2 2k14+ko<2N-—-2 ko<2N-2

|2k1 —ko|<2N—2

=X ko even - X ko even
k1 +ho<2N—2 ko <2N—2
|2k) —ko | <2N —2

=X ko even - X ko even - X ko even
ko <2N—2 ko <2N—2 ko <2N—2
21+ 2 <2N—2 k1 +ha<2N—2 |2k1 —ko | <2N —2
2k1+ko>2N
=—X ko even
ko <2N—2
2k1+ko>2N

|2k1 — k2| <2N -2
in the case of SO(N). Combining (3.5.57), (3.5.62), (3.5.64), and (3.5.67), it must also be the case
that (3.5.68) is equal to
—X ko odd
ko<2N-1

2k1+ko>2N+1
|2k1 —k2|<2N-—1

in the case of SO(2N +1).

We note that this term gives a vanishing contribution when 2k; + k9 < 2N — 1, which is consistent
with the results on third order cumulants for linear statistics in [25] when k; = k2. This completes
the proof of (iii).

We now proceed to the proof of (iv). The proof is entirely similar to that of (iii), with the addition
that we are able to give an explicit formula for the 'unitary part’ of the joint cumulant, which follows

immediately from the variance computation in Section 2.4.

Using Lemma 3.5.12, we break up r4(ki, k1, k2, k2) into its unitary and non-unitary parts. Let ¢
denote the trace of the k — th power of a U(2N — 1) distributed random matrix. We first consider
the unitary part of the joint cumulant. Using multi-linearity of joint cumulants, we can rewrite

ry (252 cos(k16;), 22 cos(k10;), £;2 cos(kab;), 52 cos(ka0;)) as
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(3.5.69)

1

/ 1
5/434(tk1 F gy, Ty Tk ey kg thy + t,kQ) = 5 Z n(el “lhys €2 Ugy, €3 - thy, €4 th)

€1,...c4=%1

Again, assuming that 1 < ky, ko, Lemma 3.5.8 (ii) implies that the only non-zero terms in the above

sum are

1
(3.5.70) Q(K/(tkl sthys Uy t—k2) + ’i(t—klvt—kl’tk‘wtb))

and

(3.5.71)

1

§(H(tk17tfk1 g t—ky) F B (Thy s Tokys Ekigs thy) T K (E—ky s Ty s kg Thiy) + Bty s Ly s Ehips E—kip) )

The terms in (3.5.70) are equal to zero if when k; # k2. When this is not the case, both terms are

equal and so (3.5.70) simplifies to

(3.5.72) Xier=ko = K(bhy> by s Loty t—fiy)-

Since joint cumulants are invariant under permutation (see 3.5.2), the four terms in (3.5.71) are

equal, so (3.5.71) can be rewritten as

(3.5.73) 2 k(e toy s By iy )-

Together, this means that (3.5.69) can be rewritten as

(3.5.74) it (s tons t—tgs tiy) + 2 (e stk tgs E—iy )-
By part (v) of Lemma 3.5.8,

’{/(tkwt—kl’tkwt—ka) == <(MN - |k1 - k2|)X|k1—k2|§MN—1) + (kl + ko — MN)X k1,ko<Mpy—1 ) .
My <max(k1,k2) Mpy+1<ki+k2
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It follows that (3.5.74) can be rewritten as

Mn+1<2k:

-2 ((MN — k1 — k2)X kg —ko| <ty —1) + (k1 + k2 — MN)X by ko<My—1 )
MNSmaX(kth) Mn+1<ki+k2

This completes our analysis of the the unitary part of k4(k1, k1, ko, k2).

We now consider the 'non-unitary’ part of the 4-th order joint cumulant. In particular, we study

(3.5.76)
N—-1+«

4 _1\ym—1 - o o
;Z(lr)n Z Z fR1(51+8m_a)fR2(81_52)~"me(5m—1_5m)

m=1 ordered collections s1,...,5;=—(N—1)
of subsets
R:{Rl ,~~-,Rm}

N—-1+4+«

=2 Y FhBhCs -a)

s1=—(N-1)

(3.5.78)
N—-14+a«

D> o Trilsits2— a)fry(s1—s2)

ordered collections s7,s0=—(N—1)
of subsets
R={R1,R2}

(3.5.79)
N—-1+«

TEEEDS S Ta(snt s )T — )T (s — )

ordered collections si,s2,s3=—(N—1)
of subsets

R={R1,Rz2,R3}

(3.5.80)
1 N—-14«

3 > > Fru(s1+ 54— )y (51 — 52) Firy (52 — 3) Fr (53 — 54),

ordered collections s1,s2,53,54=—(N—1)
of subsets
R={Ri1,R2,R3,R4}

where f1(0) = f2(0) = 2cos(k10), f3(8) = fa(0) = 2cos(ka0). Starting with (3.5.77), we follow the

same procedure as before. Writing f1 fo f3f4 as a trigonometric polynomial, we have
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fifafsfar = 16 cos®(k10) cos? (k26)
= 4 4 2¢72k10 | 9p=12k10 | 912kl | o —i2k20

4 e’i(2k‘1+2k2)9 € e*i(2k‘1+2k‘2)9 4 ei(2k172k2)9 + e*i(2k172k2)9

The only non-zero terms in (3.5.77) occur when 2s; — o = £2ky, £2ko, £2(k1 + ko), £2(k1 — k2),
for =(N —1) <s; < N—1+a. (3.5.77) is then equal to

(3.5.81) (4 4xky <N—1 + AXha N1+ 2Xhy +ha<N—1 + 2X kg —ko| <N—1)

N =

=24+ 22Xk <N-1 F 2Xko<N—1  Xky +ka<N—1 T X[k —ko|<N -1

in the case of SO(2N) (a = 0) and zero in the case of SO(2N + 1) (e =1).

Using the same substitution argument as in the proof of (ii), we can see that each ordering of
Ri,..., Ry, in (3.5.78) and (3.5.79) gives the same contribution, so we can replace the sum over

ordered subsets with a sum over partitions with m blocks. As a result, (3.5.78) becomes

| Nlbe . N-lta —~
—3 Y fifafs(si+sa+ o) fa(s — s2) — 3 > fufafa(si+s2+ @) fs(s1— s2)
s1,820=—(N—-1) s1,82=—(N-1)
1 N—-14« - . 1 N—-14« - .
—3 > fufsfalsi+sa+ ) fa(st— s2) — 3 Y Rfsfa(si+s2+a)fi(s1 — s2)
$1,82=—(N-1) $1,82=—(N-1)
| Nolte - | Nolte -
~3 > fufs(sitsa+a)fafa(s: —s2)— 5 > fufalsi+sa+ ) fafs(st— s2)
s1,82=—(N-1) s1,82=—(N—-1)
1 N—-1+4+« o o
—3 > fufa(si+sa+ @) fafa(st — s2),
81,82:—(N—1)
which simplifies to
N—-1+4+«a . .
(3.5.82) - Z fifafs(s1+ s2 —a)fa(s1 — s2)

$1,52=—(N—1)
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+a I P
(3.5.83) — Y. Afsfalsi+ 82— a)fa(s1 — s2))

s1,82=—(N-1)

N—-1+4+a

(3.5.84) — X" Fifs(s1+ 52— ) fafa(st — 52)

s1,82=—(N-1)

N—-1+4a«a

o Fifalsit s —a)fsfa(s — s2),

$1,82=—(N—-1)

(3.5.85) -

N =

under the assumption that f1 = fo, fs = f4. Again, computing the above sums is equivalent to

computing solutions to a collection of systems of equations of the form

s1+ 8=t +a

51 — 52 = t2,
where (t1,t2) € A. For some finite indexing set A. In the case of (3.5.82),

fifafs = 8 cos® (k1) cos(ka0)

— 26ik21‘ 4 267’L'k2:)3 4 ei(2k1+k2)1‘ 4 67i(2k1+k2)1‘ 4 67:(2]&‘17]{:2)33 4 e*i(?klfkg)x

)

so0 A = {ka, —ko, 2k1+ka, —(2k1+k2), 2k1 — ko, ko—2k; } X {ka, —ka}. The corresponding contribution
is
(3.5.86) —8Xky<N-1 —4X ky<N-1 —4X k<N-1

k1+ko<N-—-1 |k17k2‘§N71
for SO(2N) and zero for SO(2N + 1). The formula for (3.5.83) is obtained by interchanging the
role of k1 and kg in the computation of (3.5.82) and is thus equal to
(3.5.87) “8Xk1<N-1 = 4X ko<N-1 —4X ko<N-1

k1+ko<N-1 |k‘1—k‘2‘§N—1

for SO(2N) and zero for SO(2N + 1)

88



For (3.5.84), A = {k1 + ko, —(k1 + k2), k1 — ka2, k2 — k1}2. The corresponding contribution is

(3.5.88) —AXky +ha<N—1 — Xy —ka|<N—1 — BXky ko <N—1

for SO(2N) and zero for SO(2N + 1).

For (3.5.85), A ={0,2k1,—2k1} x {0,2ks, —2k2}. The corresponding contribution is

1
3 (4 + 44Xk <N-1 T 4Xko<N—1 + 4X kyho<N-1 >
|k1—k2|<N—1

(3.5.89) = =2 = 2Xk <N—1 — 2Xko<N—1 — 2X ki4ko<N—1 -
k1 —ka| <N —1

for SO(2N) and, again, zero for SO(2N + 1).

Combining (3.5.86), (3.5.87), (3.5.88), and (3.5.88), we see that (3.5.78) is equal to

(3.5.90) -2 — loxklgN,1 — 10Xk2§N71 — 8Xk1,k2§N71
—4AX ki<N-1 —4X k<N-1 —4AX ko<N-1 —4X ko<N-1
ki-tha<N—1 k1 —ka| <N—1 k1+ha<N—1 k1 —ka | <N—1

= Ayt ko <N—1 = ANy — k| <N—1 = 2X ki ko <N -1
‘kl—k:2|§N—1

for SO(2N) and zero for SO(2N + 1).

We now consider (3.5.79). This sum is equivalent to

N-1+4a«a

> Fifs(s1+ 53— ) fa(s1 — s2) fa(s2 — s3)

s1,82,53=—(N—1)

N—-1+a . . .
+ > fafs(s1+ 53— ) fi(s1 — s2) fa(s2 — s3)

s1,82,83=—(N—1)

N—-14+«

+ > Jifals1+ 53— a)fa(s1 — 52) fa(s2 —53) + -+

51,52,83=—(N—1)
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N—-1+«

+ Z m(sl + 53 — Oé)ﬁ(Sl — 32)f3(52 — 83)

51,52,53=—(N—1)

N—-14«

+ Y Fafalsitss— a)fi(st — s2) fa(s2 — s3)

$1,82,83=—(N—1)

N—-14+«

+ > Fifa(s1 + 53— ) fa(s1 — s2) fa(s2 — s3),

51,82,83:—(1\[—1)
which simplifies down to

N—-1+4a«a

(3.5.91) +4 Y Fifa(si+ss— a)falsy — s2) false — s3)
$1,82,83=—(N—1)
N—-1+4+« o . .
(3.5.92) + > fifa(s1+ s3 — ) f3(s1 — s2) fa(s2 — s3)
$1,82,83=—(N—1)
N—-1+«o . . .
(3.5.93) + > Fafa(s1+ s3 — @) fi(s1 — s2) fa(s2 — s3),

$1,82,83=—(N—1)

under the assumption that fi = fo, f3 = f4. Again, we must consider the solutions to a collection

of systems of linear equations of the form

s1+s3=t1+«
81—82:t2

52 — 83 = 13,
where (t1,t2,t3) € A for some finite indexing set A. In the case of (3.5.91),

f1f3 = 4cos(k10) cos(ka26)

— oik1+k2)0 + e~ i(k1+k2)0 + ci(k1—k2)0 + ei(kZ—kl)Q’
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s0 A = {ki1+ko, —(ki1+ke), ki —ko, ko—k1} x{k1, —ki1} x{ke, —k2}. For SO(2N), the corresponding

contribution is

4(4Xk1,k2§N—1+2X ki<N—1 12X ko<N—1 +2X k<N-1 12X ko<N-1
k1+k1<N-1 k1i+k1<N-1 |k1—ka|<N-—1 |k1—ko|<N—-1

+2X by ko<N—1 T 2X ky ka<N-1

itk SN—1 [k <N—1
(3.5.94) = 16Xk ko<N—1 +8X ki<N—1 +8X ko<N—1 +8X k<N-1 +8X ko<nN—-1
ki+k1<N-1 k1+k1<N-1 |k‘1—k’2|SN—1 ‘k1—k2|§N—1

+ 8X k1 ko<N—1 T 8X ki ko<N-1 -
krHhi <N—1 k1 — ko] <N—1

For SO(2N + 1) we observe that, given (t1,t2,t3) € A, there are no integer solutions satisfying
2s1 — 1 =t1 + t2 + t3. This implies that (3.5.91) is equal to zero in the case of SO(2N + 1).

For (3.5.92),

f1 f2 =4 COSZ(klg)

2k —i2k
=24 M 4 7R

so A ={0,2k1, —2k1} x {ka,—ka} x {ko,—ka}. The corresponding contribution is

(3.5.95) 8Xko<N—-1T4X ki<N-1 +2X k<N-1 +T2X k<nN-1
k1+ko<N-—1 k1+ko<N-—1 |k1—k2‘§N—1
k1 —ka]<N—1

for SO(2N) and, by the same reasoning as before, zero for SO(2N + 1).

The formula for (3.5.93) is obtained by interchanging k; and ks in (3.5.95) and is thus equal to

(3.5.96) 8Xk1<N—-1T4X ko<N-1 +2X ko<N-1 T2X ko<N-1
k1+k2SN71 k)1+k2§N71 |k17]€2‘§N71
[k1—k2|<N—-1

for SO(2N) and zero for SO(2N + 1).

Combining (3.5.94), (3.5.95), and (3.5.96), we have the following expression for (3.5.79) in the case
of SO(2N):

(3.5.97) 16Xk ko<N—1 + 8Xk1<N—1 + 8Xko<N—1 +---
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+10Xx gy<n—1 +10X ko<n—1 +10X k<n—1  + 10X ky<nN—1
ki tki<N—1 k1tlr <N—1 k1 —Fa| <N—1 k1 —fea| <N—1

+8X by ko<N—1 + 8X ki ko<N—1 +4X ki<N—1 +4X ky<N-1
ki+ki<N-1 |1 —ka|<N -1 k1+ka<N-—1 k1+ko<N-—-1
k1 —k2][<N—1 k1 —ka[<N—1

Again, there is no contribution in the case of SO(2N + 1).

Finally we consider (3.5.80). Unlike before, the inner sum over s, s2, $3, $4 is not invariant under
rearranging Ry, Ro, R3, R4. Despite this, we can still take advantage of symmetry that comes
from the assumption that fi = fo, f3 = fi1 to drastically reduce the total number of necessary
computations. In particular, the sum is invariant under swapping fi; and fo or f3 and fy. This
reduces the 24 possible terms that we need to consider down to just 6.

N-1

— > > Fr (51 + 84— @) Fry (51 — 52) Ry (52 — 53) Fra (53 — 54)

ordered collections  s1,...,s4=—(N—1+a)
of subsets R={Ri,...,R4}

N—-14«

(3.5.98) — Z Fi(s1+ 84— &) fa(s1 — s2) f3(s2 — s3) fa(s3 — s4)

51,52,53,84=—(N—1)

N—-14«

(3.5.99) —= Z F3(s1 + s4 — @) fa(s1 — s2) fi(s2 — s3) fa(s3 — 54)

$1,82,583,54=—(N—1)

N—-1+4a«a

(3.5.100) —= Z J/"I(S1 + 54 — ) f3(s1 — 32)};(32 — 53) fa(S3 — s4)

51,52,53,84=—(N—1)

N-1+4a«a

(3.5.101) -5 > Fa(s1+ 51— ) fr(s1 — 52) fa(sa — s3) fa(s3 — 54)

$1,52,83,54=—(N—1)

1 N—1+4« . . . .
(3.5.102) -5 Z f3(s1 4+ sa — @) fi(s1 — s2) fa(s2 — s3) fa(s3 — s4)

51,52,53,54=—(N—1)
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1 N—-1+4« . . . .

(3.5.103) —5 Z f1(81 —+ 84 — Oé)fg(sl — 82)f4($2 — 83)f2(83 — 84).

51,52,53,54=—(N—1)

We note that the expressions for (3.5.99), (3.5.101), and (3.5.103) are easily obtained from (3.5.98),
(3.5.100), and (3.5.102), respectively, by interchanging k1 and ko. Therefore, we need only consider
the sums in (3.5.98),(3.5.100), and (3.5.102). As before, evaluating these sums amounts to solving

a collection of systems of equations of the form
S1+s4=t1 +a
S§1 — SS9 = t2
S§9 — 83 = t3
53 — 54 = tu,
where (t1,ta,t3,t4) belongs to some finite indexing set A. Any ¢ € A will only give a non-zero
contribution if there exists (s1, 52, 83,54) € Z*, —(N — 1) < 5; < N — 1 + a, satisfying
251 —a=t1+ta+1t3+ 1
289 —a=1t] —tag+t3+ 14
2s3 —a=1t] —tg—tg+ 14
234—a:t1—t2—t3—t4.
. In the case of (3.5.98), A= {kl, —kl} X {kl, —kl} X {k‘g, —k‘g} X {kQ, —k‘Q}. Since t1 +to +t3+14 is

even for all £ € A, (3.5.98) is equal to zero in the cae of SO(2N +1). For SO(2N), the corresponding

contribution is

—2Xky ko<N—1 = X ki<N—1 — X ko<N—1
k1+ko<N-1 k1+ko<N-1

—X k<N-1 — X ko<N-1 — 2X kiko<N—1 -
|k1—k2|SN—1 |k1—k2‘§N—1 k1+kao<N-—-1
|k1—k2|<N-1
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The above expression is symmetric with respect to k1 and ks, so the total contribution from (3.5.98)

and (3.5.99) is given by

(3.5.104) — AX k1 ko<N—-1 — 2X k1<N—1 —2X ko<N-1
k1+ka<N-1 k1+ko<N-1
—2X ki<N-1  —2X  ko<N—1 —4X ki ko<N-1 -
‘kl—k2|SN—l |k1—k2|§N—1 k1+ko<N-—1
|1 —k2|<N-1

in the case of SO(2N) and zero in the case of SO(2N + 1).
For (3.5.100), A = {k1, —k1} x {ko, —ka} x {k1,—k1} X {ko, —k2}. The corresponding contribution
is
1
5 <8X ki ko <N—1 +8X &y ko<n—1 >
ki+hs<N—-1 k1 ko] <N -1
for SO(2N) and zero for SO(2N + 1).

Again, since this expression is symmetric in k1 and ko, the total contribution from (3.5.100) and

(3.5.101) is

(3.5.105) —8X k1 koa<N-1 — 8X ki ko<N-1 -
k1+ka<N—1 k1 —k2| <N -1
in the case of SO(2N) and zero for SO(2N + 1).
Finally, for (3.5.102), A = {k1, —k1} X {ko, —ko} x {ka, —ka} x {k1, —k1}. The resulting expression
for (3.5.102) is

—2Xky ko<N—1 — X k1<N—1 — X ky<N-—1
k1+k2<N-1 k1+ke<N-1

=X ki<N—-1 —X ka<N—-1 — 2X kyko<N-1
|k1—Fk2|<N—-1 |k1—k2|<N—-1 k14+ka<N—1
|k1—k2|<N-1

for SO(2N) and zero for SO(2N + 1).
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Again, we notice that the above expression is symmetric with respect to k1 and ko so the total

contribution from (3.5.102) and (3.5.103) in the case of of SO(2N) is given by

(3.5.106) ~AXky ko<N—1 — 2X ki<N—1 —2X ko<N—-1  +--*
k1+ko<N-1 k1+ko<N-1
—4X  pi<N—-1  —2X  ko<N—1 — 4X kiko<N-1 -
[k1—k2|<N-1 |[k1—ko|<N—-1 ki4+ke<N-1
|k1—k2|<N-1

By combining (3.5.104), (3.5.105), and (3.5.106) , we get the following expression for (3.5.80) in the
case of SO(2N):

(3.5.107) = 8Xk1 ko<N—1 = 4X ki<N—1 —4X ko<N-1
ki+ko<N-1 k1+ko<N-1
—4AX  k<N-1  —4AX ka<N—1  — 8X ki ko<N—1
|k1—k‘2|§N—1 |k1—k‘2‘§N—1 k1+ka<N-1
k1 —ka]<N—1

= 8X ki ka<N—1 — 8X ki ko<N—1 -
k1+ko<N-1 ‘k17k2|§N71

Finally, we can combine (3.5.81), (3.5.90), (3.5.97), and (3.5.107) to get an expression for the non-
unitary part of k(ki, k1, k2, k2). The non-unitary part is equal to zero in the case of SO(2N + 1).
In the case of SO(2N), we have

2X ki<N—-1 +2X ko<nN-1

ki+k2<N-1 k1+ka<N-1
+4X k<N-1 FAX ke<N-1  —8X ki ko<N-1
k1+ko<N-1 k1+ko<N-1 k1+ko<N-1
k1 —ka|<N—1 k1 —ka [ <N—1 k1 —ka[<N—1
+2X k<N-1 T 2X ke<N-1  — 2X ki+ko<N—1
|k1—ka|<N-—1 |k1—k2|<N—-1 |k1—k2|<N—1

= 3Xky+ha<N—1 — 3X|k1—ko|<N—1

Which can be rewritten as

2X ky<N-1 T 2X ke<N-1 = Xki+ka<N—1 — 3X |k —ks|<N—1
|k1—k2|<N—-1 |[k1—k2|<N—-1
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Once again, in the case where k1 = ks, we note that the above quantity is equal to zero when
k1 < % This is again consistent with the results from [25]. The above expression can further be

simplified to

(3.5.108) 2X  ki<N—1 22X ko<N—1 —3X N<ki+ke
N<ki+ko N<ki1+4ko |k1—ko|<N—1
|k1—k2|<N—-1 |k1—k2|<N—-1
This completes the proof. ]

PROOF. (of Lemma 3.5.10)

We start by breaking the sum up into 3 pieces:

(3.5.109)
> F k) f (k) + > F k) f(ka) + > F (k) f (k)
k1 even k1 even k1 even
1<k <2N -2 1<k1<2N -2 2N<k;
N-1-El<ky<n—1 N<ky<N-14%L —(N-D)+EL <ka<(N-1)4+- 5L

Substituting k1 = 2t and ky = s, we can see that the above sums are equal to

(3.5.110) Y. fenfe+ Y fenfe)+ > F20)f(s).
1<t<N—1 1<t<N-1 N<t
N-t<s<N-1 N<s<N—1+t —(N—=1)4t<s<(N—1)+t

For the first sum, let z, = |sf(s)],y: = |2tf(2t)] for 1 < s, < N and Xy = {2}V, Vv = {y:}
. By the assumption of Lemma 3.5.10, the Euclidean norms of of both Xy and Yy are uniformly

bounded with respect to V. Note that

N-1 N-1
A A 1
(3.5.111) Yoo fenfe)| <) w < ﬂﬁs) = (Yn-1,AN-1XN-1),
1<t<N-1 =1 ¢

N-t<s<N—1

where Ay is the N x N matrix given in the proof of Lemma 2.4.3(i). The weak convergence of Ay
is enough to show that (3.5.111) is on(1). The full details of the proof are identical to those in that
of Lemma 2.4.3.

Similarly, to see that the second sum is ox(1), we bound absolute value of the second sum from

above by
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where Xy = {2 }2,, Vv = {y:}2], and Cy, My are as in the proof of Lemma 2.4.3 (ii). Again,

the details of the proof are identical to those of Lemma 2.4.3 (ii).

Finally, we bound the absolute value of the third sum from above by

oo N+t—1
S alfen <Y w (1 > st):(LN_lKRNX),
N<t t=N s=t—N+1

—(N—=1)+t<s<(N—1)+t

where X = {2,}%°,,Y = {y:}2, € 2, and L, Ry are the same operators from the proof of part
(iii) of Lemma 2.4.3. Again, the remaining details are identical to those of the proof of Lemma 2.4.3

(iii). O
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APPENDIX A

Auxiliary Results

A.1. Details for Proof of Theorem 2.1.1

In this section of the appendix we provide the rigorous details needed to complete the proof of

Theorem 2.1.1. We begin by providing some preliminary background information.

DEFINITION A.1.1. (Lévy Metric)

Let F,G : R — [0, 1] be two cumulative distribution functions. Define the Lévy metric to be

L(F,G):=inf{e> 0| F(xr —¢) —e < G(x) < F(x +¢€) + ¢ for all z € R}.

The following theorem is a standard result in measure theory.

THEOREM A.1.2. [3] Let Fy be a sequence of cumulative distribution functions. Then Fn — F' at

every continuity point of F iff L(Fn,F) — 0.

We now continue with the proof of Theorem 2.1.1. Let {¢;}7°, be independent, exp(1) distributed

random variables and recall that

m
Z ) — 1), and Ty :i=

Q\Hk

k=1 k
Note that E (7},) = E (Tx) = 0. In order to prove that Sy(f) — E (Sn(f)) converges to Tt in

distribution, we need to verify that, for all € > 0, there exists sufficiently large N such that the
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following pair of inequalities hold for all z € R:

(A.L1) P(Sn(f) — ESy(f) € 2) S P(Toe S o+ ) + ¢

(A.12) B(To <o — ) — ¢ < P(Sw(f) — ESx(f) < 2).
To verify (A.1.1), we start by taking advantage of the following trivial probability bound:

P(SN(f) —ESNn(f) < z) <P(Sn(fm) —ESN(fin) < 2 +¢/3) + P(ISn(fm) — ESn(fm)| > €/3)
n 9Var(Sn (fm)
———

€

(A.1.3) <P(SN(fm) — ESN(fim) <z +¢/3)

The last line follows from Chebyshev’s inequality. Moreover, Proposition 2.2.2 implies that

9Var(Sn (fm))

(A.1.4) >

§5m+5N7

where 0, goes to zero in m, independent of N, and §y goes to zero in NN, independent of m. We
first choose Ny, M € N sufficiently large such that, for all N > N, and m > M, dn, 0, < €/6.
Now, T}, converges in distribution to T, so it must also converge in the Lévy metric, i.e we can

find M> € N sufficiently large such that the following inequalities hold for any m > M and = € R:

(A.1.5) P(T,, <z)<P(Tw <z+¢€/3)+¢/3,

(A.1.6) P(Too <z —€/3) —¢/3 <P(T),, < x).

Let M’ = max(Mj, Ms) and note that M’ is independent of N and depends only upon e. It is also
the case that Sy (fm) — E (Sn(fm)) converges in distribution to T, so we can then choose, for any

m > M', Na(m) € N such that, for all N > Ny(m),

(A.1.7) P(Sn(fin) — ESn(fin) < z) < P(Tjn < 2+ €/3) + ¢/3,

(A'I'S) P(Tm Sx_e/g)_6/3§P(SN(fm)_ESN(fm) SI‘)
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hold for all x € R. Finally, let m > M’ and N’ = max (N, Na(m)). Combining (A.1.3), (A.1.4),
(A.1.5), and (A.1.7), we can conclude that

P(Sn(f) —ESNn(f) < 2) S P(Sn(fm) —ESn(fm) Sz +¢€/3) +¢€/3
<P(T, <x+2€¢/3)+2¢/3

<PTo <z+e€) +e
To see that (A.1.2) holds, we use the same choice of m and N’ as above and observe that

P(Tew <x—€) —e <P(T},, <z —2¢/3) —2¢/3 (by A.1.6)
<P(Sn(fm) —ESN(fm) <@ —€/3) —¢€/3 (by A.1.8)
<P(SN(f) = ESn(f) < 2) + P(|Sn(fm) — BSN(fm)| > €¢/3) —¢/3

<P(Sn(f) —ESn(f) < ).

The last inequality follows immediately from the bound in (A.1.4). This completes the proof of
Theorem 2.1.1 for 5 = 2.

If 8 # 2, then we replace the Chebyshev bound in (A.1.3) with the corresponding Markov bound

and apply Proposition 1.0.3. To see this, we will first rewrite the tail as
(A.1.9) Sn(fm) —ESn(fm) = > fk) (Jtwel® = Eltnsl®)
m=k-+1

where
N
tNk = E eikej.
j=1

For 0 < 3 < 2, the proof of Lemma 4.3 in [13] gives the bound E|tyx[* < (2/8)m for all m > 1

and N > 2. It follows that

3E|SN (fm) — ESn(fm)l
5

ﬁc( > |f<k>|rk\> ,

k=m+1

IN

Pr (|Sw(fm) ~ ESy(fm)] = 3 )

IN
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where C' is a constant independent of N. Applying the condition in Theorem 2.1 for 0 < 8 < 2, the

r.h.s. side of the above inequality vanishes asymptotically, independent of V.

For = 4 we break up (A.1.9) into three pieces:

N 2N [e'S)
Sn(fm) —ESn(fm) = Y, ()4 D> 0+ >, (%
m=k+1 m=N+1 m=2N+1

Proposition 2 in [13] states that there exist constants C, K, independent of N, such that E|tx x|> <
Ck in the first sum, Elty ;|> < K - klog(k + 1) in the second sum, and E|ty |?> < 2K N in the third

sum. This gives the following bound for any a > 0:
1SN (fm) — ESN (fm)
(Zk !+Zklogk+1]f )| + Z k- )
k=m+1 k=N+1 k=2N+1

where C’ is a constant independent of m and N. Applying the condition in Theorem 2.1 for 3 = 4,
the first sum goes to zero in m independent of N and the last two sums go to zero in N independent

of m.

When 2 < 8 # 4, we break the tail as follows:

SN (fm) — ESN(fm)

N/2
> Fk) (Itnel® = Eltyel?) Z Fk) (|t kl” = Eltnil?)
p— k=N/2+1

In the first sum, Elty 1 (6,)|? < Ck where C = 2/8 for 0 < 8 < 2 and C = ¢'72/% for 8 > 2. For

the second sum, we use the trivial bound Elty [* < N? to get

N/2 00
E|SN (fm) —ESn(fm)l < ( 2C Y IfR)IIKI+8 D If(k)[Ik?
k=m+1 k=N/2+1

Once again, the first sum goes to zero in m independent of N and the second sum goes to zero in

N independent of m.
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A.2. Modifications for Mesoscopic Case: CUE, SO(N), Sp(IN)

This section of the appendix provides the modifications to Proposition 2.2.1 and Lemma 2.4.3 that
are necessary to adapt the proof of Proposition 2.2.2 to the mesoscopic case. In addition, we prove

a version of Proposition 3.5.4 for the mesoscopic case, which we state as Lemma A.2.3.

LEMMA A.2.1. (Extension of Proposition 2.2.1)
If =2 and f € C%(R) is an even, smooth, compactly supported function on the real line, then, for

sufficiently large N,

(%) V(SNWLND) _

2 VLN
27 2 2 R 2
o 2 () FE) v 2 ()
G- R )

B 1<|s—t|<N—1

N<max(s,t)

2 — ~ A
@ B

PRrOOF.
If f € C2(R), then we may assume N large enough so that the support of f(Ly-) is contained on
[, 7). We can immediately express f(Ly-) as a Fourier series with coefficients determined by the

Fourier transform of f. Lemma A.2.1 is then an immediate corollary to Proposition 2.2.1. O

LEMMA A.2.2. (Extension of Lemma 2.4.5)
Let f € C%(R). Then

(i)

&) 2, GGG -

s+H>N+1
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N+1 A< s >' A< t >‘
R 2 (=)= o
%[ s—zt;Nf LN f LN
52]\7—1—1
1<t<N

(iii)
N
>

N s—t|l<N-1
S;t>N

(I

PROOF.

To see (i), we replace the Fourier coefficients in the the proof of Lemma 4.4(i) with the corresponding

()

coeflicients for the scaled case to get

() = ()]

1<s,t<N
s+t>N+1
1/2 1/2
1 > s \2|.( s 2 1 & s \2|.( s 2
e ssln Y () ) A2 @) G
( ) - Ly Z Ly / Ly LNZ Ly / Ly
s=kLn+1 s=1
kLN
1 A( S )‘ :UN_5+1+"'+QCN'
+ : )
Ly sz:; / Ly Ly

where k € N. The first term in (A.2.1) contains, in brackets, two Riemann Sums and consequently

3 (/:O[xf(x)pdm)m (/Ooo[xf(x)pdx)I/Z = op(1).

Since f € C2(R), we can write |f(z)| < C'/2? for some positive constant €’ depending only on f,

converges to

i.e. independent of k and N. It follows that

kJLN k'LN
1 5 g1+ C’ A 1 1
o () = = R S S (oo w)
Ly pry Ly Ly Ly o] Ly N —s5+1 N
CRIRYER EN
- N — kL Ly p Ly '




For any fixed k, the term on the left is O (LTN) while the term on the right is a Riemann Sum
converging to .

1@ do <17l <o
as N — oo. It follows immediately that, for any € > 0, we can choose k and N large enough so that

both terms in (A.2.1) are at most €/2. This gives the desired result.

To see (ii), we observe that, in the same way as in the proof of (i), the proof of Lemma 4.4(ii)

immediately implies

e 2V EIE)
e
R SN s \EN 1 & s N Ty s
w22 =af o 3 () U(5) (mé(m) i (mﬂ)
kLn

1 A<S>$N+1+"'+:UN+S
+7 -
Ly sz:;f Ly Ly

The first term in (A.2.2) is the same as the first term in (A.2.1). Similarly, we observe that the

second term is bounded above by
kLN
Ly ) 1
,7 —_—
(5 (52

This completes the proof of (ii).

To see (iii), we once again follow the same argument as in the proof of Lemma 4.4(iii). In particular,

bound the sum from above by
N At 1
GNP C LIPS VN

(2
L
t— N41<s<N-+t—1 t— N41<s<N-4t—1
NN N N NN N
>N >N

()

1(z)

104



The proof of Lemma 4.4(iii) implies that the sum on the r.h.s. is bounded above by

3 1i{sf(8)r li[f< )}2
Ly = Ly’ \Ly Ly —~ Ly '
The term on the r.h.s. is a Riemann sum that converges to

/Oo[xf(:c)]de < 00

0

as N — oo, while the term on the Lh.s. is, at most, on the order of

Ot

for any k£ € N, i.e. goes to zero as N — oo. This completes the proof of Lemma A.2.2.

We can immediately modify the proof of Proposition 2.2.2 by replacing Proposition 2.2.1 with
Lemma A.2.1 and Lemma 2.4.3 with Lemma A.2.2 to get the desired analogous result for the

mesoscopic/scaled case.

We now consider the case of SO(2N) and Sp(N).

LEMMA A.2.3. (Extension of Proposition 3.5.4)
Let 01,...,0Nn be distributed according to SO(N) or Sp(N) and f € C%(R) be an even, smooth,

compactly supported function on the real line. Then, for sufficiently large N,

| J A
9w () 2 8 )

()

,_
vl

2
+on(1).

PROOF.
As in the proof of Proposition 3.5.4, we need only consider the following sum:

)] g, 2, oot (£) 7 (7).

(A.2.3) L3 Z\/ar tk
N 1<ki#ko

1<k:

We will focus our attention on the cases of SO(2N) and Sp(IV). As before, the case of SO(2N +1)

is simpler and follows from the same arguments. Up to a constant multiple, the first term in (A.2.3)
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is equal to

r—
[z

J
2SI
Rt

m (B G v ) o 2 2 GG

Assuming that f € C2(R), the first term is a finite Riemann sum converging to 2 - ||f'||2. The

2

_l’_

[z

2

second term is at most on the order of L&l times a Riemann sum converging to

/ lzf(z)|? dz < 400
R

and so goes to zero as N — oo. For any fixed n € N and sufficiently large N, the third term is at
most on the order of
/OO lzf(x)|? dz < 400
n
and so must also go to zero as N — oo.

Again using Proposition 3.5.3, the second term in (A.2.3) is equal to

2 My — k1 — k ~(k ~(k
(A.2.4) L2 > ( - L‘ : 2‘)f<L1 >f(L2)
N 1<y —ka|<My—1 N N N
My <max(k1,k2)

Ay (ko) (a) (k)

<My—1
Mpy+1<ki+k2

(A.2.5) +5£§V > f(i)f(?)ﬂ“sév > f(LN>f< N>

k1,k2 even ki<(Mny-1)/2
|k1—ka|<Mn—1 (MN+1)/2<k1+k2
My+1<ki+k2 |1 —k2|<(MN—1)/2

(A.2.6) —6% > f(LN>f< ) L23 > f( >f(LN>

|k1—k2|<(Mpn—-1)/2 k1,k2 even
(Mn+1)/2<k1+k2 |k1—ko|<Mn-1
Mpyn+1<ki+k2
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O(N) A(k>A<2k‘) 4 A<k1>A</€2>
A2 — — ) -0 — — .
(A2.7) T3 > M)\ 0 > o) g
N Mmy+1 << My 1 N
4 - - 2 kQSMNfl
|2k1 — ko | <My —1
Mn+1<2k1+k2

The fact that the sums in (A.2.4-A.2.6) converge absolutely and go to zero as N — oo follows

from Lemma A.2.2. Again, we can use the Cauchy Schwartz inequality to see that the first term in

1))

1/2 1/2

|n .z @) (6 @@

| & |+1<k | & |+1<k

(A.2.7) is on the order of

which is equal to on(1). Finally, the second term in (A.2.7) converges absolutely and is equal to
on(1) by Lemma A.2.2, modulo the arguments given in the proof of Lemma 3.5.10. This completes

the proof of Lemma A.2.3. 0
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