g-Holonomic Systems and Quantum Invariants
By

JENNIFER M. BROWN
DISSERTATION

Submitted in partial satisfaction of the requirements for the degree of
DOCTOR OF PHILOSOPHY
in
Mathematics
in the
OFFICE OF GRADUATE STUDIES
of the
UNIVERSITY OF CALIFORNIA
DAVIS

Approved:

Motohico Mulase, Chair

Tudor Dimofte

Stravros Garoufalidis

Evgeny Gorskiy
Committee in Charge

2022



Acknowledgments

Thank you to the many people who made this an enjoyable process. To Motohico, for all
our long conversations and for sharing the joy of mathematics. To Tudor. for answering numercus
questions over the years. To the members of the mathematics department at Davis, for all the good
seminars, courses, and reading groups. I would like to thank Bruno Nachtergaele. Eric Babson.
and Roger Casals for their mentorship and for many mathematical discussions.

My graduate career had significant financial support by the UC Davis Department of Math-
ematics in the form of the Hazel B. Jacoby Fellowship. the Yueh-Jing Lin Award, departmental
fellowships and teaching positions. In particular, I would like to thank Bruno Nachtergaele and Tu-
dor Dimofte for providing financial support in the form of Graduate Student Researcher positions.
This work was partially funded by the NSF grant DMS 1515850 and NSF FRG Grant 1664454, 1
would like to thank the Institut Mittag-Leffler for supporting me with a Junior Fellowship in the
Fall of 2020. The final year of my PhD was graciously funded by a Dissertation Year Fellowship
from UC Davis Graduate Studies.

The main results of this dissertation were joint work with Tudor Dimofte. Stavros Garoufalidis.
and Nathan Geer. I am grateful to them for the collaboration, and for allowing the material to be
included in this dissertation.

Thank you to those at home. for helping me celebrate and endure as necessary.

i



Abstract

The topics of this dissertation fall under the purview of quantum topology, which seeks to build
connections between the insights and constructions of quantum physics and classical topology. A
pivotal theme will be the appearance of topologically interesting g-hcloncmic systems in quantum
invariants. These manifest in the quasiperiodic behavior of Witten-Reshetikhin-Turaev (WRT)
invariants, and as certain modules associated to lagrangians in quantized character varieties. This
work was motivated by the AJ conjecture |Gar04a, GukO05a], which predicts that these two
manifestations are the two sides of a single coin.

The main result of this dissertation is that the ADO invariant is g-holonomic, meaning it
exhibits strong recursive behavior. Some subtlety is involved in the definition of ¢-holonomicity in
this setting, as the ADO invariant exhibits a topologically uninteresting quasi-periodicity because
of the appearance of roots of unity. This invariant is closely related to the colored Jones polynomial

of the AJ conjecture, and acts as its analytic continuation.
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CHAPTER 1

Background

1.1. Quantum Invariants

In the 1980s Vaughan Jones introduced a novel knot invariant built from representations of
von Neumann algebras, as detailed in his survey article [Jon85]. His treatment was based on
representing planar diagrams as closures of braids, but the question was soon posed: Is there an
intrinsically 3d description of the Jones polynomial? Later, Edward Witten published the seminal
paper |Wit89a] identifying the Jones polynomial as a partition function in a 3d quantum field
theory with complex Chern-Simons action.

Shortly after this, Nicolai Reshetikhin and Vladimir Turaev announced an algebraic implemen-
tation of Jones® original invariant in terms of what are now called maodular tensor categories. Their
work |[RT90, RT91] gave a concrete procedure for producing knot invariants from categories with
extra structures mimicking the behavior of tangles.

Since their inception three decades ago. the Witten-Reshetikhin-Turaev (WRT) invariants of
links and three manifolds have been the subject of intense study and have been generalized widely.

Their construction still revolves around the existence of a unique functor
(]']']) Fci'Dc—>C

that sends a link diagram 7" whose ¢ components are colored by objects {Vi.....V;} of a category
C to an endomorphism (7') € End(l¢) ~ C(q). The cclored Jones polynomial is one of the best
known WRT invariants and arises when C = Rep, SLy C.

WRT invariants depend on the specific objects (typically representations) attached to the link
components, with the exact formulas for the invariants varying widely between representations.
There is a strong but non-obvious quasi-periodicity to the variation, which manifests as recursive

relationships between invariants at different representations. The exact expressions of these recur-

sion relations is the core of the AJ conjecture in its mathematical formulation |Gar04a, GLO5].
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A new class of quantum invariants of links and three-manifolds was introduced in [ADO92,
MT08, GPMT09, CGPM15a]. based on representation categories of quantum groups with van-
ishing quantum dimensions. Such categories are often non-semisimple. These invariants generalize
Witten-Reshetikhin-Turaev (WRT) invariants [Tur88, Wit89b, RT91], which are instead con-
structed from semisimple categories where quantum dimensions are all nonzero. This paper arose
from studying the recursive properties of this new class of invariants with the goal of comparing
their behavior to that of better understood quantum invariants.

This work is in part motivated by the search for a physical manifestation of this new class of
invariants. Many WRT invariants have a physical origin in Chern-Simons theory with compact
gauge group [Wit89b]. An analogous physical origin for the new class of invariants would be a 3d
continuum quantum field theory whose partition functions compute the new invariants. The results
of this dissertation support the existence of such a theory. by proving that the relevant invariants
exhibit the prerequisite strong recursive behavior.

It was shown by Garoufalidis and Lé in [GLO5]| that the sequence of colored Jones polynomials
(J ]IV( (q)) NeN of a knot K always obey a finite-order recursion relation. More precisely. the function

JE N = C|q. ¢7'] generates a g-holonemic module for the q-Weyl algebra

(1.1.2) Ey = C(q)|z*. y*]/(yz — qzy) .

where z and y act on functions f : N — C(q) as multiplication by ¢ and shifting N +— N + 1.
respectively. The theory of g-holonomic modules, central to the work of [GLO5]. was developed by
Sabbah [Sab93] and generalized classic work on D-modules by Bernstein, Sato, Kashiwara. and
others.

It was conjectured in [Gar04b] that the classical A-polynomial of a knot K divides the ¢ — 1
limit of any element A(x.y:q) € Eq that annihilates the colored Jones polynomial J¥. Since the
A-polynomial is defined using the SL(2. C) representation variety of the knot complement S3\ K
[CCG'94b]. this AJ conjecture established a new connection between colored Jones invariants

and classical geometry. The conjecture is open but has been confirmed in many examples, e.g.

|GS10, GK12].



The fact that the colored Jones polynomials should be annihilated by a recursion operator
related to the A-polynomial was independently predicted by Gukov [Guk05b], based on the physics
of Chern-Simons theory. The approach of [Guk05b] was to analytically continue Chern-Simons
theory with compact gauge group SU(2) to a complex group SL(2.C): then an operator A(x.y: q)
providing recursion relations for the colored Jones was identified with an effective Hamiltonian that
must annihilate the analytically continued Chern-Simons wave function This operator had to be
a quantization of the classical A-polynomial. which was the classical Hamiltonian of the system.
(This insight was subsequently used in [Guk05b] to generalize the Volume Conjecture of [Kas97].)

From a physical perspective. the presence of an operator A(z,y: q) that quantizes the classical
A-polynomial and annihilates quantum wave functions is now known to be a robust feature of
Chern-Simons theory with gauge group SU(2) and many other versions of Chern-Simons theory
with gauge group SL(2, C), including its analytic continuation (¢f |[DGLZ09, Dim15, GM19]).
It is therefore natural to ask whether the new class of quantum invariants of [ADO92, GPMTO09,
CGPM15a] satisfy recursion relations related to A-polynomial.

The invariants considered in this paper are defined using the representation category of the
unrolled quantum group Ugr(ﬁlg) at the 2r-th root of unity (o = eiTﬂ, r € N>o.  (See Sec-
tion 2 for details.) This quantum group admits a continuous family of ‘typical’ representations
{Va}ae(@\z)u(-14rz) that are irreducible but have vanishing quantum dimensions,

Let L be a framed. oriented link in S3, with n components colored by typical representations
Vay:oo: Voo It was shown in [ADO92, GPMTO09] how to overcome the problem of vanishing
quantum dimensions to define a non-vanishing link invariant N7j(oq..... ). After restricting to

a; € C\Z, it is useful to view these invariants as a family of holomorphic functions
(]']'3) NE : ((C\Z)n — C, (r e Nzg)

that admit metamorphic continuations to (C/2rZ)™ Though this family of invariants can be
defined using the methods of [GPMTO09], they appeared in the earlier work of Akutsu, Deguchi.
and Ohtsuki [ADO92]. Thus we call Nj («) the ADO invariants.



We prove that the ADO invariants /N; of any framed. oriented link L are indeed g-holonomic.
Moreover, in the case of a knot L = K. we prove that all recursion relations satisfied by the ADO
invariants are also satisfied by the colored Jones function JX.

A physical interpretation of the ADO invariant has appeared in the work |GHN™20] of Gukov.
Hsin. Nakajima. Park. & Pei. Therein. ADO invariants are related physically to a number of other
invariants. including the homological blocks of [GPPV20]. It is conjectured in [GHIN'20, Sec 4]
that ADO invariants obey the same recursion operations as Jones polynomials. The results of this

chapter prove that this is indeed the case.

1.1.1. Roots of unity, ¢g-holonomic families, and Hamiltonian reduction. It is not
obvious what should be meant when considering whether the ADO invariants are g-holonomic. At
cach fixed 7. the ADO invariant /N; of an n-component link L turns out to be quasi-periodic in each
variable «;, with period 2r. (We review this property in Proposition 2.2.1 and Corollary 2.2.2.)
The result is that the ADO invariant Nj (a1, .... ay,) at fixed r will satisfy n independent recursion
relations, of the form

n
(1.1.4) ( xfrcijy?q)Nz(a):o, i=1...n
j=1
where each z; acts as multiplication by (5’ 1= e % and each y; acts as a shift a; — a; + 1. and
Cjj is the integer linking matrix of L. These recursion relations. which depend only on the linking
matrix, do not have a deep connection with the A-polynomial.

To obtain topologically rich recursion relations. we work independently of the choice of . This

leads us to introduce the notion of a g-holonomic family. Let

(1.1.5) En = C(q)lat 45 oy )/ (Wi — 4™ )
be a g-Weyl algebra in n pairs of variables. Given an n-component link L with ADO invariants
{N](a)}r>2. define an analog of the annihilation ideal Z|Nz| C E,, by

(1.1.6) Z|Nr) = {A(z.y: q) € E,, A(z.y:(2r)Nf(a) = 0for all but finitely many r > 2},

with the action ;N7 () = (5 N] («) and y; Nj (a) = Nj(aq,....a; +1.....a,). Note that the spe-

cialization of elements of E,, to ¢ = (5, may not be defined at some finite number of r’s, which we
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discard in defining the ideal Z|N1]. We prove
THEOREM 2.3.3 For any framed, criented link L, the left By,-module E,, /JZ|Np] is q-hcloncmic

In particular, this implies that each ADO function Nj(a) satisfies n independent recursion
relations. which come from operators A(x,y: q) € E,, that are independent of .

Our method of proof is to first show that the ADO invariants Ny («) may be lifted (or ana-
lytically continued) to functions Gp(7: 1. ... Tp. 211. 212: - Znni q) Of 1+ n + %n(n + 1) variables

r.x;. z;j = zj;. and ¢. in such a way that

a? aja a?
(1]7) NE(OZ) = Gp(r: Cgrlf C2arn7 C21/27 27“1 2/21 <27‘n/2: C27‘> '

T

The diagram invariant Gp is neither canonical nor a link invariant, as it depends on the chcice of
a diagram D for a (1, 1)-tangle whose closure is the link L.

The virtue of Gp is that it generates a g-holonomic module for the ¢-Weyl algebra E,, ;1. in the
same n pairs of generators x;, y; as (1.1.5) together with a final pair Z. g that act as multiplication
by ¢" and shift » — r+1. The proof that Gp is g-holonomic (Section 1.2) is a simple generalization
of the original work of [GLO5].

In Section 2.3 it's argued that the specialization (1.1.7). which in particular sets ¢ to be a 2r-th
root of unity, may be understood as a version of quantum Hamiltenian reducticn. The Hamiltonian
reduction reduces E,; to E, by eliminating the shift y in » and setting ¢ = (5, = —1. It
takes the annihilation ideal of Gp in E,;; and explicitly constructs elements of our desired ideal
Z|Nr]. Appendix A has a self-contained proof that the relevant Hamiltonian reduction preserves
g-holonomic modules.

Our result that the family of ADO invariants is g-holonomic (Theorem 2.3.3) does not on its
own guarantee the existence of topologically significant recursion relations. We prove in Section
2.3.3 that the ideal Z|Ny] is included in the annihilation ideal of the colored Jones function (up to
a rescaling of variables.)

More concretely, suppose that L = K is an oriented knot with framing ¢ € Z. and J]IV( (q) are

its colored Jones polynomials, normalized so that J4*"° (q) = (¢ — ¢~ ™) /(g—¢~!). Then we have:

THEOREM 2.3.4 Every element A(z.y: q) € Z|Nk] satisfies A(qg 1w, (=1)?Hy: q)JE =0

5



This result follows from a relation between the representations involved in defining the ADO
and colored Jones invariants [CGPM15b]. When the parameter « of a typical module V,, for the
unrolled quantum group is an integer N — 1 € Z\rZ, the module is reducible and its simple quotient
is the (N — 1)-dimensional module used in defining the Nth colored Jones polynomial.

It has been shown [Wil20, BB| that toth ADO and colored Jones invariants of links may be
obtain by specializations of more universal invariants valued in the Habiro ring [Hab04, Hab07].
One might expect that such relations lead to an independent proof that the family of ADO invariants
is g-holonomic. with recursion relations equivalent to those satisfied by the colored Jones. Indeed.,
[Wil20. Thm 66] proves that every element in the annihilation ideal of the colored Jones of a
knot will also annihilate the family of ADO invariants. This is a converse to our Theorem 2.3.4.
Taken together. the two results establish that the annihilation ideals of the colored Jones and ADO

invariants are equivalent.

1.1.2. Example: figure-eight knot. The Jones polynomials (J]‘f,l (q)) NeN of the zero-framed

figure-eight knot.
Mg =1, I = +q7,
(118) J;}l](q) :q]4_q]0+q2+]+q*2_q710+q7]4

Jf](q) — q27 _ q23 _ q21 + q]7 + q]] + q9 + q79 + qfll + q7]7 _ q72] _ q723 + q271 ete.

N - N
normalized so that Jx,"kmt(q) = L -9 satisfy the 2nd-order in-homogeneous recursion

q—q
(1.1.9) (¢—q ") A (z.y:q) 3 (@) = Ba, (¢": q)
where!
Ay @y q) = (5 - Sy - (22— F)a' -2 — (P+ F) - F + &)+ (@2? - Do)y
(1.1.10)
2
By (w1q) = (z + 3)(q2® — )% — %)

IThis differs slightly from the recursion relation found in |[GLO5], only because of the normalization of the colored
Jones polynomials we are using here. The recursions are completely equivalent.
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and x and y act as multiplication by ¢V and shift N — N + 1. respectively. The in-homogeneous

recursion above implies the existence of a homogeneous recursion of one order higher,

(1.1.11) |Ba, (1 q)y — Ba, (q: q)] Agy (2. 9: q) I (q) = 0.

The operator Z41 (r,y:q) = ‘B41 (z:q)y — B4, (qx: q)}A(x, y: q) generates the annihilation ideal of

the colored Jones. At ¢ = 1. it is easy to see that

(1.1.12) Agy(m.lig=1) = (m+m ) (m> —m 2P = 1) (L= (m* =m* = 2=m > +m ) +07")
is divisible by the A-polynomial of the figure-eight knot. namely

(1.1.13) =D —=(m*=m?—2-m24+m )+

A compact formula for the ADO invariants of the zero-framed figure-eight knot was given

in [Mur08]: adjusted for our conventions in this paper, it reads

q—p T—1

—1
(1.1.14) Nj(a—1)= —— 3 2272272 D)o ps

Letting Nzl(a) =il (2" — 27 ")Nyg, (a — 1), the first few ADO invariants are

N3 (@)= (z+z 1) (2?+3+ 272 (¢ = e %)
N;I’](a) =(x+a ) (a* +3224+5 -3 2+ 277 (z=e39)
(1115)  Ni(a)=(z—a (2 +1+21)3 (z = eT9)

N;;’](a) =(z -z Y (@+az71)? b +2*

tB+ - )@+ + 2@+ @)+ a0 (@=evg=ev)

Further values appear in Appendix B. We verify for each 2 < r < 20 that

(1.1.16) Agy (2. y: Gr)NG (@) = —(GBr = 3+ (5,7"*) Ba, (¢S5 Cor) -

for exactly the same A4, and By, as in (1.1.10), with x and y now acting as multiplication by (5.
and shift o — a+ 1. respectively. These in-homogeneous recursions imply that for each r» the ADO

invariant satisfies a homogeneous recursion

(1.1.17) Agy (2.9 Gr)Nj, (@) =0 7€ Nxo



for exactly the same Z41(x, yiq) = ‘B41(x: q)y — Ba, (qz: q)}A41(x, y: q) that annihilated the col-
ored Jones. Note that (1.1.17) is equivalent to Z41(qx, —y: Cor)Ny, (@) = 0 in the ‘un-hatted’
normalization, in agreement with Theorem 2.3.4.

Further examples of in-homogeneous and homogeneous recursions for the 3; and 52 knots are

collected in Appendix B.

1.2. g-Holonomicity

g-Holonomic systems are a g-difference analog of classical holonomic ones. They are useful for
describing and measuring recursive behaviors of functions with discrete arguments. We give a brief
introduction here, deferring most technical details to the following Section 1.2.1.

Let W), be the nth g-Weyl algebra. generated by g-difference operators on n variables. Certain
WRT invariants. including the colored Jones and ADO invariants. generate W,, modules. (Here n
is the number of link components.) The ‘strength” of the recursion of a W,-module N is measured
by its hemalegical dimension.

Let F be the Bernstein filtration on W,, given by total degree in its generators [Sab93. §1.5.1].
Suppose G is an ascending filtration on a finitely generated W module N whose filtered components

GjN are finite dimensional over C(g). and compatible with F in the sense that
(1.21) FiWy  GpN C G N

Given any such good filtration.? there exists a unique Hillert polynomial p such that dimg(g) GiN =

p(i) for i > 0.

DEFINITION 1.2.1. (Homological Dimension.) For a finitely generated W module N with good
filtration G, the degree of the Hiltert pclyncmial p is the homological dimensicn ¢f N as a W,

module. It is dencted d(N)

Intuitively, d(N) is the growth rate of the filtered components of N. It does not depend on
the choice of filtration [Sab93, Thm 1.5.3]. The lower d(V) is, the more linear relations there are

between elements of N. There are bounds on the homological dimension.

2When N = W,,(f) is cyclic, the filtration given by F;N = (F;W) (f) satisfies these requirements.
8



THEOREM 1.2.2. (Bernstein's Inequality) [Sab93] Let W,, te the q-Weyl algeltra of rank n
and N a finitely generated W,, module.  Then either d(N) = 0, in which case N = 0, or else
n<d(N)<2n

A W,, module N is called ¢-hclonemic when d(N) = n or 0. Any generator of a cyclic ¢-
holonomic module is likewise called g-holonomic. The central result of this dissertation is that the
ADO invariants are a g-holonomic family. This is a necessary condition of the AJ conjecture. which
further claims that the recursion relations are a quantized version of the A-polynomial [CCG *94al].

The closure properties of g-holonomic functions under addition. multiplication, multi-sums,
etc. are consequences of universal algebraic features of g-holonomic modules. In particular the
closure properties are independent of the actual functional spaces on which ¢g-Weyl algebras are
represented.

To maintain a reasonably self-contained and pedagogical exposition. we will review basic defi-
nitions and examples of g-holonomic modules in Section 1.2.1, following the classic work of Sabbah
[Sab93]. which in turn was based on work of Bernstein |[Ber71], Sato, Kashiwara. and others on
D-modules. In the process we will introduce the functional spaces Vp,, relevant for the diagram
invariant Gp defined in Section 2.2.1.

Other good references include the classic |Zei90, WZ92], as well as the more recent survey
|[GL16]. There are powerful derived methods available to study generalizations of ¢-Weyl modules
and functors among them, such as [KS12]. We will not require or discuss these methods.

In Section 1.2.2 we explain how standard closure properties of g-holonomic modules apply to
Gp. Then in Section 2.2.3 we emulate |GLO5] to prove that Gp is g-holonomic — by verifying
that all the building blocks of Section 2.2.1 are g-holonomic and that their composition to form Gp

preserves this property.

1.2.1. g-holonomic modules and functions. Let C; = C(g) denote the field of fractions in

a formal variable ¢. Recall the ¢-Weyl algebras in n pairs of variables

Wn:(cqlxlt o T Y1, "',yn]/I‘Clq
(1.2.2)

n

9
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Namely. these consist of polynomials (resp. Laurent polynomials) in 2n non-commutative formal

variables x;. y; (resp. xfﬁ yzi) subject to the relations

yitj = 4" 25y yie§ = ™ sy
(123) I‘Clq . T = Xjx; I‘Cl;]t . xijl = $§/x§ (5, 8/ S {:l:]})
YiY5 = YjYi Yiys =Y i

as well as the implicit relations xix;] = Yiy; -1

Both algebras have a notion of a g-holonomic module, though their respective definitions differ
some. The notion of ¢g-holonomic W,, modules is based on homological dimension. which quantifies
the quasi-periodicity of the module elements under the action of W,,. Homological dimension is

based on the Bernstein Filtration FeW,, given by total degree in x and .
(1.2.4) FrW, = (Cq<x“yb st.a+ b <k).

where we write a = Zj a; for a multi-index a = (a;.....a,). Given a left W,-module M. an
ascending filtration FeM is called a ‘good filtration” if the associated Rees module is a finitely
generated module for the Rees algebra of W,,. In particular, this implies that the filtrations on W,
and M are compatible (i.e FW, - FoM C Fp.¢M), and that each F; M is finite-dimensional.

Remarkably. for every good filtration there exists a Hilbert polynomial p such that dimc, F, M =
p(k) for k> 0. The degree of the Hilbert polynomial is denoted d(M) and called the heamalogical
dimension of M. It is independent of the choice of good filtration. In other words, d(M) is the
polynomial order of growth of the filtered components of any good filtration.

The g-analogue of Bernstein’s inequality guarantees that if M is a finitely generated W,, module
and has no monomial torsion® then d(M) > n. We are interested in the case when the homological

dimension is as small as possible.

DEFINITION 1.2.3. A left W,,-module M is called g-holonomic if it is finitely generated, has no

monemial torsion, and either M =0 or d(M) =n

Since elements of E,, may have arbitrarily large negative degree. the components of the Bernstein
filtration will be infinite dimensional. Being g-holonomic is instead defined in terms of homological

3Given a left W,-module M , its monomial torsion mtor(M) C M is the subspace consisting of v € M such that
b= it eaprytt ynt € W,

10
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codimension. Given a left E,-module M. its homological codimensicn ¢(M) is the smallest integer

k such that Ext]]]f:n(M, E,) # 0.

DEFINITION 1.2.4. A left E,-module M is called g-holonomic if it is finitely generated and
M=0crcM)=n

Results in [Sab93. Sec. 2| show that for any finitely-generated E,-module M one has ¢(M) < n
(an analogue of Bernstein's inequality), and that M is g-holonomic if and only if Ext]]]f:n(M E,) =0
for all k # n.

There is a close relationship between E, and W,, modules. First. E, has a natural right W,-

module structure, which provides a map from (left) W,, modules to E,, modules, i ¢
W,-mod — E,,-mod

(1.2.5)
M  — E,®w, M.

Note that the kernel of this map consists precisely of W,-modules with monomial torsion. Con-
versely, any finitely-generated E,-module M can be written as M = E,, ®w, N for some N (e.g.
the W,,-span of the generators of M). A simple result of [Sab93. Sec. 2] is

ProprOSITION 1.2.5. A left E,-module M is g-hcloncmic if and only if there exists a g-holonomic

left W, module N with M = E, ®w, N

1.2.1.1. Cyclic modules. We will mainly be interested in cyclic modules. i e. modules of the
form M =E,v or N = W,v generated by a single element v. In the case of W,,-modules, a useful

observation is that every cyclic module has a canonical good filtration, given by

In the case of E,-modules, another structural result of [Sab93. Sec. 2] shows that
PROPOSITION 1.2.6. Every g-hclonemic E,,-module is cyclic

We recall that any cyclic module may be written in the form

(1.2.7) M = En/ Anng_(v) or N = Wn/Anan(v) ,
11



where the annihilation ideal Anna(v) = {a € As.t. av = 0} is the left ideal in the algebra A = E,,
or W, consisting of elements that kill the generator.

For a cyclic module M. being g-holonomic roughly implies that the annihilation ideal has at
least n independent generators. This can be made precise by introducing the characteristic variety
charM € (C*)?": by (e g) Prop. 7.1.9 of [KS12]. M is g-holonomic if and only if dim(charM) = n.
The corresponding statement for D-modules is a classic result in the theory. ¢f [Kas77]. A weaker.
specialized result. which is sufficient for all the examples we need to consider in this paper, is the

following:

LEMMA 1.27 Let M = E,v te a cyclic E,-module whose annihilation ideal contains elements
Ofthé form pj(x)yjd] +QJ($) fOT each ] = 1', e Ny with pj(x) Qy(x) € (Cq|$]', xn]; Pj.q; e 0. Then

M is g-hclonomic

Proor. We will prove that the associated W,-module N = W, v is ¢g-holonomic, by showing
that the dimensions of the filtered components FyN = (F W, )v obey dim FpN < Ck™ for some
fixed constant C'. Then it follows from Prop. 1.2.5 that M = E,v is ¢g-holonomic.

Choose any k > max{n.dj.....dp}. The filtered component Fj N is certainly spanned by all the

bn

oty with a + b < k. However, the relations

monomials z% v 1= xﬁ”x?ﬁy?l LY
(1.2.8) (p(2)y; Y + qi(x))v =0, Jj=1..n
make some of these monomials redundant, and reduce the dimension. Let ¢; = degmj pj(x). Then.
for any j. we observe that if z%y%v is divisible by y;lj . the relations (1.2.8) imply that it is sufficient
to consider % such that degmj x* < ¢;. In other words. F;N is spanned by
(1.2.9) {xaybv a+b<k. ajbj>0forallj. andforallj b; > d;onlyifa; < cj}

We seek an upper bound for dimension of this space of monomials. Let d = max{d;,....d,}
and ¢ = max{cy,...,c,}. For each 0 <m < n, let

a;j.b; <k for all j.
Sm 1= < (a.b) b; > d for exactly m values of j.

and b; > donlyifa; <c

12



Then |J;,,_, Sm contains the set of (a, b) such that 2% is in the set (1.2.9). and we can count
n

(1.2.10) Sm = d"""k—-d+1)"™(k+1)"""c™ < Cpk™. 0<m<n
m

for some constants C), (depending on m.n.c.d). Thus
n n
dmFN <> S < (D C) ",
m=0 m=0

so that the homological dimension of N is at most n. and N is a g-holonomic W,, module. We

conclude that M ~ E,, ®w, N is likewise g-holonomic. U

1.2.1.2. The functicn spaces Vp, . The cyclic modules relevant to this work arise from a par-

ticular representation of the W and E algebras. For any non-negative integers m and n, we define
(1.2.11) Vim.n = {functions : Z™ — V,,}.

where V,, is the field of rational functions in q%, {x%}?:], {Zij}Zj:] as in (2.2.7). (Recall that the
diagram invariant Gp is valued in V,,.) We will think of V,,,, as a vector space over the fraction
field C4 = C(q). The appearance of the continuous variables z;, z;; is a departure from the setting
of the colored Jones polynomial.

The space Vp,, has a left action of E,,, (and hence of its sub-algebra W,,,,) defined as
follows. Let us relabel the last m pairs of generators of of Eyyy, as zi. yi ~ Ti—n. Gi—n (i > n), SO

that

Where relff are as in (1.2.3). Let f: Z™ — V,, denote a function in V, . The m pairs of generators

T1.Y1. .- . Tm. Ym have a familiar action



The other n pairs of generators x1.y1.. ... Zn.Yn have an action on V,,, induced from that of E,

on the codomain V,,. which is given by

. £6ij .
+ .1 . + + Tj = gTvIE;
(1.2.14) x; : multiplication by z;". Yoo ) )
ls..5. £50,0 *50i5
zje 20t e

A more intuitive way to understand the action of [E, 1+, on Vi, is to fix ¢ to be a generic complex

@i%i/2 for a; € C. Then the generators x; (resp. ;)

number and to set z; = ¢% and z; = ¢
of E, 4, act as multiplication by ¢® (resp. ¢%) and the generators y; (resp. ;) act by shifting
a; — a;+1 (resp. a; — a;+1). In particular, the awkward transformation of zj, in (1.2.14) is just
that induced from a shift in «;.

Unfortunately. we will need to keep ¢ a formal algebraic variable (we cannot set it to a generic

complex number) in order to gain control over the specialization to the ADO invariant later on.

Explicitly. the induced action on f € Vy,  is

(x;t ' f)((l], "",am) = ,CE?:f((l], "'7am)"
(1.2.15) .
1
(g flar..am) = flar. .am) o a2 ﬁQZU (G # i) 20 = qFafz

It is straightforward to check that the g-commutation relations of E,,, are respected by these
combined actions.

With the above action, any function f € V,,, generates a cyclic module for E,, 4,

(1.2.16) My = Epymf >~ Epppn/ Anng, (f).

DEFINITION 1.2.8. We say that the function f is g-holonomic if the correspending By, 4y, -module

My 1s q-hcloncmic

Similarly. f generates a cyclic W,,,,,-module Ny = W,, ., f = W, 1, / Annwy, . (f). Note that
such a W, ,,-module can never have monomial torsion, because the W,,,, action on V,, ,, extends
to an K1, action, for which the generators ;. y;. Z;. §; are invertible. By Prop. 1.2.5. if Ny is a
g-holonomic Wy, p,-module. then My is a g-holonomic [, p,-module.

1.2.1.3. Ezamples. We list some classic examples of g-holonomic functions f € V,, , which will

be useful in proving the g-holonomicity of the diagram invariant Gp. In what follows we use a; to

14



denote a discrete variable and «; for a continuous one. The actions of the z;. y;. ;. and ; are as
in (1.2.13) and (1.2.14).
Constant and delta functions.

The constant function f(aj.....an) =1 (f € Vi) has annihilation ideal

(1.2.17) Anng (f) =Engmlyi — 1.9 — 1)?:1}”:1-,

n—+m

and is ¢g-holonomic by an application of Lemma 1.2.7.

The delta function in discrete variables h(aj.....an) = 6g,,0 04,0 is annihilated by the ideal
(1.2.18) Ann]En+m(h) =Epym(yi — 1.2 — 1)?:1}”:1 '

It is g-holonomic by Lemma 1.2.7 applied with the z; and ¢; swapped. This swap, written more
precisely as the map sending (&;. 9;) — (¥;. 53;]), is an automorphism of E,,y,, known as Mellin or
Fourier transform, ¢f [Sab93. Sec. 1.3].

We also consider a cyclic E,,1,-module M = E, +,,v with annihilation ideal
(1.2.19) Ann]En+m(v) =Epim(z — 1,95 — l)?zlg»n:] .

It is g-holonomic, by Lemma 1.2.7 now with the z; and y; swapped. This plays the role of the cyclic
module generated by a delta-function in the continucus variables, namely f = 6(z1—1) -« d(zp—1).
However. such a Dirac delta-function does not exist in our algebraic functional space V,,. so the
cyclic module M = E,,;,,v is not embedded in Vy, .

Indicator functions.

Generalizing the delta-function example above, the indicator function

1 az<a; <as
(]220&) 19|a2’a3](a1) =X € V30

0 else
is annihilated by the elements (&1 — ¢&3)(93—1). (&1 —22) (g2 —1). and (&1 — 23) (&1 — ¢ L@2) (71 — 1).

and thus by Lemma 1.2.7 is ¢g-holonomic for E5. Its half-infinite cousin

1 a1<a2

(]'2'201)) ’l9a1§a2 = ’19(,00.@2]((1]) = 19|a1’00)(a2) = € Voo
0 else

15



has annihilation ideal containing (&2 — ¢ &1)(92 — 1) and (Z2 — 1) (%1 — 1). and thus is g-holonomic
for Eo. Specializations of these functions to constant aj. as, and/or az are similarly g-holonomic.
Linear exponentials.

The linear functions
(1.2.21) fla)=q¢" inVio and g¢g=x1in Vo1
are both g-holonomic, with annihilation ideals
(1.2.22) Ann(f) =Ei(g1 —¢q) and Ann(g) =Ei(y1 - q).

More generally. given any non-zero integer vectors A = (4. ... Am) inZ™and A= (4y.....4,) in

Z". we consider the linear function in Vy, , given by

j j j 1A 1A,
(1.2.23) Flar. .. am) = g2 29224 = gphiottgdman 20 42
Its annihilation ideal in E,,, has generators
Ui — q%Ai A; even ' Yi — q%Ai A;even
(1.2.24) $ (i=1,....,m) and <« (i=1,...n).
g2 —qd A;odd yi =t Ajodd
and thus is g-holonomic by a direct application of Lemma 1.2.7.
Quadratic exponentials.
The quadratic functions
(1.2.25) flay) = qaf inVyy and g=z}inVy,

are g-holonomic with annihilation ideals Ei (91 — ¢23) and Eq(y; — qz3). respectively. (Recall the
2

specialization z; — C;;/ 2, under which z; depends quadratically on «;.) Similarly, the quadratic

function

2

(1.2.26) flay) = qéal inVip and g=zin Vo,

are g-holonomic with annihilators Eq (7% — ¢24%) and Eq(y? — ¢®22). We may also consider mixed

quadratic functions such as

(]'2'27) f(a]) = $§L1 in V].’] .
16



which is g-holonomic with annihilation ideal Ann(f) = Eo(y1 — Z1. 91 — x1).
More generally, let A € Z™. A € Z™ be non-zero integer vectors. let B : Z™ x Z™ — 7 and
B 7" x Z" — 7Z be symmetric bilinear forms. and let C': Z" x Z™ — Z be a bilinear map. Then

the function f in V,, , given by

(1.2.28) fla) = g3Blaa)+3Aa 3034 B

1 - 1 i lc., . 14, .
IS Biajai+i ,A.a.H 3 ”a]H 3 ZH B;;
= q2 21] (X e} 221 1 ':Ei ':Ei Zij

A i

]
is g-holonomic. Its annihilation ideal is cumbersome to write down in general form because it
depends on whether various parameters are even or odd. but possible to analyze. It is generated
by expressions of the form ¢;—(monomial in ¢t 2t 3% or g}?—(monomial in ¢*. 2%, 2%) and by
yi— (monomial in ¢%, 2F, £%) or y?—(monomial in ¢t 2. 2%), foreachj=1....mandi=1....n

Thus being g-holonomic follows directly from Lemma 1.2.7.

Warning! The function f(a;) = q“fli (f € V1o) is well known to nc¢t be g-holonomic. ¢f |[GL16. Ex.

2.2]. Similarly, the analogous ‘cubic” functions involving continuous variables, such as g(a;) = x?f
(g € Vi1) and h(a1) = 2] (h € V1.1) are not g-holonomic.
g-Factorials.

Many types of g-factorials (or quantum dilogarithms) are g-holonomic. For a € Z. we recall the

g-Pochhammer symbol (2.1.10) given by
(1-2)(1-gqx) (1-¢*'z) a>1
(1.2.29) (z:q)a =<1 a=0
0 a< -1

This is an element of V; 1 and its annihilation ideal contains® (—¢~1)(j+22—1) and (1—x)y+iz—1,

hence by Lemma 1.2.7 it generates a g-holonomic Es-module.

1.2.2. Closure properties. A notable feature of g-holonomic modules is that they are closed

under many algebraic operations. These closure properties enabled Garoufalidis and Leé to efficiently

4Note that the (z — qil) factor in the first equation accounts for setting (x;¢)e = 0 at negative values of a; at all
positive a, the function (z;q)e = 0 is simply annihilated by § + &z — 1.
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prove that the colored Jones invariants of knots formed a g-holonomic family. They are of similar
importance here.

We review some of the closure properties that will be used in the current work. as they apply
to our functional spaces V,,, containing both discrete and continuous variables. Even though
the initial application to Jones polynomials |GLO5] only involved acting on functions of discrete
variables. the closure properties themselves are much more general. They all derive from purely
algetraic properties of g-holonomic E,-modules, which make no reference to representations in a
particular functional space. If one happens to be working with cyclic E,-modules generated by
functions. the algebraic closure properties can simply be applied to that setting. This perspective
was also espoused in the survey |GL16].

Thus, altogether, there is nothing mathematically novel in this section. Our goal is to illustrate

how established closure properties apply in our setting.

ProrositioN 1.2.9 Closure properties Suppcse that f.g € Vp,, are g-holonomic, with

arguments a = aj.....am

(a) (Additicn and Multiplication) The functions f4+g € Vi and fg € Vi are q-hclonomic
(b) (Shifts) Cheose vectors ¢ € (Cy\ 0)" and d € Z™ Then

(1.2.30a) flav+disam+dm) gy cins fori=1....n
15 q-hcloncemic

(c) (Linear transformations) Let A € Mat(n x n’,Z), C € Mat(n x m/,Z) and D € Mat(m x

m/.Z) We define a g-halonemic function h(a') € Vs, given by

(1.2.30b) h(a") = f(Dad") A

- q“%
Ezxplicitly, the transformation of the x s here is x; — H;’?/:] qCi' %t Hzlz] x:}“’ Important

special cases include specializations of discrete variatles:
(1.2.30c)  f(a1.....am—1.am) € Vimn q-holonemic = f(ay.....am-1.0) € Vip_1.n q-hclonomic:
specializations in continucus variatles:

(1.2.30d) fla) € Vimn q-hclonemic = f(a)
18
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and extensions in Loth types of variatles: when m < m’ and n < n', we can view f € Vyp,
as an element of Vi (a function independent of any extra a or x variatles), and f Leing
q-holenomic for By, implies that f is g-hclonomic for By as well

(d) The sum cuver a discrete variatle
(1230C) h(alf"'famfam+]):: Z f(al',"",amfl',b)t gEVer],n

is likewise q-hclonomic  Similarly, when they converge, the half-infinite sums

Z f((l]."" ',am*]',b) and Zm: f((l],"',am,],b)

b=am b=—cc

are g-holonomic functions in Vyn; and > o flai....,am—1.b) is g-hclonemic in V1 5,

ProOF. The proofs of these statements are essentially identical to the arguments given in
|GLO5., GL16].

For (a), let M = E,1pnf and N = E;,4 g be the modules generated by f and g. The E; -
module generated by the sum f + g is a sub-quotient of the (algebraic) direct sum M @& N, and
both sub-quotients and direct sums of ¢g-holonomic modules are g-holonomic [Sab93]. Similarly.
the Ey,4m-module generated by fg is a submodule of the algebraic tensor product M ®c, [+ N:
and tensor products of g-holonomic modules are g-holonomic [Sab93].

For (b). we may simply note that for any ¢ € (C;)" and d € Z™, there is an automorphism
of the algebra E, 1, given by v : (x;. Zj. yi. 9;) — (ciz;. qdjij, yi.9j). and a corresponding linear

automorphism of V,, , sending

(1.2.31) h(ai.....am) + h<a1+d17"'7am+dm)xiHcixifori:l,...,n

as in (1.2.30a) that intertwines the automorphism 7 of the algebra. The property of being g-

holonomic is preserved by any such automorphism.

For (¢). we assemble A. C. D into an (n + m) x (n’ + m/) matrix
A 0

C D
19
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This linear transformation defines a function F : (C*)"t™ — ((C*)"/‘Lm/ under which the pullback

of coordinates is F*x; = H;L;L]m xéj” This in turn induces an inverse image functor F' b Ein-
mod— K,/ ,,»-mod. which is shown in [Sab93. Sec. 2.3] to preserve g-holonomic modules. Letting
M = E,;nf. one finds that the module N = E,,,vh generated by the function in (1.2.30b) is a
sub-quotient of F' (M ). and so g-holonomic.

For (d). we use the result of [Sab93. Sec 2.4] that the algebraic convolution product of ¢-

holonomic modules is g-holonomic. For any h(a;, ... a,,) and h'(a;. ..., ay, ). the function
(1.2.33) hsp b= Z h(ay,...b+an)h'(ar.....=b) € Vin.
b=—cc

when it exists, generates a submodule of the algebraic convolution product (E,i,h) * (E,imh').
and thus is ¢g-holonomic. Then we recall that indicator functions (1.2.20a) are g-holonomic. The
summation given by (1.2.30e) is obtained by convolving f (extended to an element of V42 ,) with
an indicator function: similarly, the half-infinite and infinite sums below (1.2.30e) are obtained by

convolving f with half-infinite indicator functions and with the constant function. respectively. [
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CHAPTER 2

The ADO Invariants are a g-Holonomic Family

2.1. An Extension of the Drinfel’d-Jimbo Algebra

Here we consider a particular quantum group whose representation category is used to con-
struct the ADO invariant. This object was first fully established in [GPMTO09], though ideas of
its formulation were already present in [ADQO92, Oht02]. For more details about the unrolled
quantum group and its representation theory see [CGPM15c, GPM18|.

Let ¢ be a formal variable. Fix a positive integer r > 2, and let (2, = eﬂrL_l be a 2rth-root of
unity. Let K, be the subring of C(q) consisting of elements with no poles at ¢ = (2. A K,-module
can be specialized at ¢ = (o, by tensoring with the module K, /(g — (o).

Consider the C(q)-algebra U, = U,(sl2) generated by E. F, K. K~! with relations
(2.1.1) KF=q?FK., KE=¢EK. KK '=K!'K=1 and |E F]= %

This is a Hopf algebra with co-product. co-unit. and antipode defined on generators by:

NE)=1E+E®K, e(E) =0. S(E)=-EK™ !,
(2.1.2) ANF)=K'@F+F®1l  eF)=0. S(F)=-KF.
ANK)=K®K. e(K) =1, S(K)=K 1

The Hopf algebra U, is usually called the Drinfel’d-Jimbo quantum group.
The unrclled quantum group Z/Igr = Ugr(,ﬁ[g) is the C-algebra generated by E. F. K. K~'. H
with relations (2.1.1) specialized to ¢ = (., together with the relations

(2.1.3) HK =KH. |H E|=2E. |H. F]=-2F

The algebra Ugr is a Hopf algebra with coproduct. counit and antipode defined as above on

K*. E. F and defined on the element H as

(2.1.4) AH)=H®l+1®H,  eH)=0. SH)=-H
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To connect with the ADO invariant. we will further pass to the central quotient
—H  —H
(2.1.5) U, = U, (sl) = UL, /(E". FT).

2.1.1. Representations of Ugr. Let V' be a finite-dimensional Ugr module. An eigenvalue
A € C of H is called a weight and the associated eigenspace is called the weight space. We say V
is a weight module if it splits as a direct sum of weight spaces and ¢! = K as operators on V. i.c.
Kv = (3,”v for any weight vector v with Hv = Av. Let Repyt Ugr denote the category of finite
dimensional weight modules of Ugr.

Consider the following two families of modules. For a € C. let V,, be the representation in

Repy,t Ugr with a basis {vg,....v,—1} on which the Ugr—action is given by
a—itl _ ~ —(a—it1) i1 —(it1)
(2' 1 6) E’UZ' _ C2r C2r7] Vi1, F’UZ' _ C2r <27" - Vi1,
C2r - C2r C2r - C2r
H’UZ' = (Oé - 2’L')’UZ', K’UZ' = C2Ta72ivi

where v_1 = v, =0. When a € (C\ Z)U (—1+ rZ) the module V,, is simple and called typical. As
we will now discuss, when a € Z\ (—1+ rZ) the module V,, is not decomposable — it has a simple
submodule which is not a direct summand.

For each n € Z>g. let Si be the usual (n+ 1)-dimensional irreducible highest weight U,-module
with highest weight n. The module S{ has a basis {sg. s1..... s,} on which the U-action is given

by Ks; = ¢" %s; and

n—i+1 _ —(n—i+1) i+1 _ o —(i+1)
(2]7) ESZ' = 4 (]7] Si—1. FSZ' = %SZ}]
q—4q qg—4q

where s_1 = s,41 = 0. If n € {0..... r — 1} then by setting ¢ = (o, and Hs; = (n — 2i)s;, the
U,;~module St becomes a simple Ugr—module Sp. In general, if m € {0,....r — 1} and k € Z then

we can define a simple (m + 1)-dimensional U gr—module Sm+kr With basis {sg..... S, } on which the

Ugr—action is given by
Hs; = (m+ kr — 2i)s;. Ks; = ¢mthr=2ig,

and (2.1.7) with ¢ = (o and n = m + rk (here we set s_1 = $;,4+1 = 0). Notice that the definitions

of Vi.,_1 and Sj,_1 coincide.
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LEMMA 2.1.1. Every irreducitle representation of RCthUgT is iscmorphic to exactly cne of
the modules in the list:
o Spikr, form=0..r—2andk € Z,

eV, forae (C\Z)U(-1+rZ)

PRrROOF. An argument analogous to that of finite dimensional slo-modules (see for example
|[Kas95. Section V.4]) shows the following: 1. Every non-zero finite dimensional weight Ugr—
module has a highest weight vector and 2. If W is furthermore a simple module then it is uniquely
determined up to isomorphism by its highest weight A € C. The lemma then follows from the fact

that the highest weights of modules in the above list are in bijection with the elements of C. (I

When a = n+ kr, n =0, ....r — 2. the module V,, is no longer irreducible. Instead. there is a

non-split short exact sequence

0— Sn+k7“f2(n+]) — Vn+k7‘ — Sn+k7« — 0

CQT

n+kr—2(n+1) to

where the first morphism is determined by sending the highest weight vector of S
Up+1 and the second morphism is given by sending the highest weight vector V,, g, to the highest

weight vector of S G2r  The families

n+kr'
{VQ}OZG((C\Z)U(*]+7‘Z) and {Sg}nezzo
are used to define the ADO invariant and colored Jones polynomial. respectively.

2.1.2. The ribbon structure on RCPthgr- Here we recall that Repg, Ugr is a ribbon
category, for details see for example [GPMT09, CGPM15c., GPM18| We will describe the
ribbon structure in terms of dualities and a braiding. This formulation follows [GPM18]. where
it is shown that a ribbon category can be defined as a pivotal braided category satisfying certain
compatibility constraints on the natural twist morphism defined from the braiding and dualities.
This structure will be used while defining link invariants.

Since Ugr is a Hopf algebra, Repy,; Ugr is a monoidal category where the unit 1 is the 1-
dimensional trivial module C. Moreover. Repy Ugr is C-linear: hom-sets are C-modules. the
composition and tensor product of morphisms are C-bilinear, and End —u (1) = CIdg. We

ROth u<2r
will often denote the unit 1 by C.
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Duality. Let V and W be representations in Repy, Ugr Let vg. ... .v,_1 be a basis of V' and

vg. ... v}y the dual basis of the dual space V* = Homc(V.C). The duality morphisms

CB?VV:(C—)V(XV*, vy VeV = C
r—1
oS we feuwns fw)
coevy: C = Vi@V vy VeVt C
r—1
1+ Zv: ® K" 1, w® fr (K7 w)
=0

define a pivotal structure on Rep,, Ugr |GPM18]. Taking V = V., the cup and cap morphisms

can be written

r—1
(2]8) C&V: 11— Z CQT(Til)(aizi)’UZ & v;, E: Vi & ’U; — Cgr(lir)(aizi)(sij'
=0

Braiding. In [Oht02], Ohtsuki truncates the usual formula of the h-adic quantum R-matrix

to define an operator on V & W by

(2.1.9) — (y, HEH/2 (Cor — Cor 1) L k
o ZCZT C27‘2C27‘ )E®F

where the g-factorial (a k a g-Pochhammer symbol or quantum dilogarithm |[FK94]) is given by

n—1

H(l —xpf) ifn>0
(2.1.10) (z:p)n 1= ¢ k=0

0 otherwise

and (o, X ®H/2 ig the operator given by
C27“H®H/2(v & ’U/) = C2r>\>\//2v ® v

for weight vectors v and v’ of weights of A and \'. We call R the truncated R-matriz. It is not
an element in Ugr ® Ugr, but its action on the tensor product of two objects of Rep, Ugr is a
well-defined linear map. Moreover, R gives rise to a braiding cyyy : VW — W&V on Repy, U gr

defined by v ® w — 7(R(v ® w)) where 7 is the permutation x ® y — y ® x. The inverse of the
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operator R is

= ¢ (Cor — Cor ), k H®H/2
(21.11) =D (-1 N EF @ FF | ¢, ~HOH/2
k=0 (C2r <27" )k
For later reference. we compute the coefficients of R acting on v, ® wy € Vo, ® Vi
1y — 1)2k f )
R(vg @ wp) = 2 Z E Ve @ F wy
k=0
iy - (q72(a7a+]): (]72 k(q2(b+]): )k
= g2 Z )hghlama=b=1) (qzzq)z)k ) Va—k & Wy
k=0
r—1
o 1o 8 ((] 2(a— a+] )k(q2 b+] )
(2.1.12) =) (—1)FgMlememtTlga e (q 2 =i Va—k & Whik
k=0

where >‘5+k =B —-2(b+k)and \Y , = a— 2(a — k) are the weights of wy;1, € V3 and va—j, € Vi,

respectively and ¢ = (o,. A similar calculation reveals the following coefficients for the inverse:

r—1 —2(a—a+1) 2(b+1).
1yayB k
2118) B ram ) = S 1) P ooy WD T Oy
k=0

again with ¢ = (s, .

2.2. The ADO Invariant

A cousin of the WRT family of invariants |[RT90], the ADO invariant is based on a functor
from a category formalizing link diagrams to the category of representations detailed in Section
2.1.1. This section is meant to provide a concise review of this invariant. along the way establishing
notation.

We consider framed oriented tangles whose components are colored by objects of Repy, Ugr.
Such tangles are called Rep,, Uq clored rittons. Let RR epu ng be the category of Repy, Ugr-
colored ribbons [Kas95, XIV.5.1]. The well-known Reshetikhin-Turaev construction defines a

C-linear functor

F "R,Ropmugr — Repy Z/IC2

(for details see ¢ g [Kas95, Turl6]). The value of any Repy, u” ¢o,~colored ribbon under F' can be

computed using the six tuilding tlocks, which are the morphisms . X. x. (. v in RROp 77
wt “ (o
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The functor F' transforms these building blocks as follows:

F(X)=T7¢cR, F(v) :caﬁvv, F(wv) :cgvv,
(2.2.1)

—

F(X)=7ocR' F(n) :67‘/, F(n) =evy .
where 7(v ® w) = w ® v permutes the factors. Vertical lines are sent to the identity morphism and
reversing the direction of an arrow is equivalent to coloring instead by the dual module.
Suppose T is a (1. 1) tangle whose endpoints are both colored with the irreducible representation

V € Repyt Ugr. By definition F(T') € End (V). Since V is simple, this endomorphism is

Ropwt ng
the product of the identity Idy : V' — V with an element (T") of the ground ring of Repy, Ugr, ie
F(T)=(T)Idy.

Let L be the closed link obtained by joining the loose ends of 7. Then

F(L):F(V) :<T)F(Idv>

=(T)F ( OV) = (T)(evy o coevy) = (T) qdimROp at (V).
wt 2r

(2.2.2)

When V =V, is typical. direct calculation shows that quantum dimension vanishes:

. — —
(2.2.3) qdlmROthagr(Va) = (evy, ccoevy,)=0.

Details may be found in [GPMTO09]. Thus. from equation (2.2.2) we have that F(L) = 0 if any
component of L is colored by a typical module V.

In [ADO92]. Akutsu, Deguchi, and Ohtsuki showed that one can replace such a vanishing
quantum dimension in equation (2.2.2) with a moadified dimensicn d(V') and obtain an invariant
which is now known as the ADO invariant. This process was extended to a general theory in
|GPMTO09]. We will briefly recall this construction.

The aforementioned madified dimensicn d is given on the set of typical modules by

r(1-r) G = G (H)
C2rra - C2r77aa

r—2

(22.4) d(va) =[] 1 = Gt

C2ra+r7j - <27" ~ladr=j

§=0
Let L be a Repy, U, gr—colored framed link with at least one component colored by a typical module

Va. Cutting this component, we obtain a (1. 1) tangle T,. Then [GPMTO09, Prop. 35] implies
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that the assignment

L F'(L) = d(Vy)(T,)
is independent of the choice of diagram and cut component and yields a well-defined isotopy in-
variant of L. This is the ADQO invariant.
In the remainder of this paper we will assume that all colors are typical modules. Given a link

with colors Vg,...., V,,. we will choose without loss of generality to cut the component colored

Vo, . The corresponding ADO invariant defines a function
(225) Np(C©\Z)" 5 C. Nj(ar...an) = d(Va, (Tay).

Establishing g-holonomic properties of this family of functions for r» > 2 is the central focus of this
paper.

The diagrammatic calculus summarized here computes the ADO invariant in a blackboard
framing. One may use the ribbon element in the category (or add extra loops to a diagram) to
change to an arbitrary framing. Changing the framing of the i-th strand by ¢ units multiples the

ADO invariant by a prefactor
(226) C2T%¢|a2+2(]77‘)a]'

2.2.1. A two-step reconstruction of the ADO invariant. For analyzing the ¢g-holonomic

properties of the ADO invariant Nj. it will be useful to split its construction into two steps:
(1) Cut an n-strand link L to get a (1.1) tangle T" with a particular choice of diagram D,

arranged so that all crossings are of the form £ or X. To this diagram we will associate

a function Gp : Z — V,,, where

11 1
(227) VnZ:(C(q57$12,"'.$72l,,2]],2]2,"',Znn)

is the ficld of rational functions in the 1+n+ n(n+1) = $(n+1)(n+2) formal variables

=

1
q2. {x}} . and {zij}gj:], with z;; = z;;. We call the function Gp the diagram invariant.

(2) For each r € Z>5 we specialize the variables in Gp(r) as
(2.2.8) ¢ = (o' 5’32/2 = (o2 = (g2

to get the ADO invariant Nj(«). It will follow from the construction of Gp that this

specialization is well defined. More compactly: if we write Gp(r: x%, z: q%) to explicitly
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emphasize the dependence on x. z. g for each value of r, then

(2.2.9) Nj(a) = Gp(r: (2" /2. (@Y% (5,12
aj
I
as as
as ag |
ar ay

FiGure 2.1. Labeled tangle diagram whose closure is a 31 knot.

We assign each component of the tangle a distinct variable xi.....z, These parameterize
the typical modules which color the diagram. By convention the unique open component will be
given x1. We also label each arc with a distinct parameter aj. .... a,,. which parameterize basis
elements of the relevant typical module. Arcs end at crossings regardless of whether they are the
upper or lower strand. A general (1. 1) tangle diagram with C crossings and U disjoint flat unknot
components has 2C' + U + 1 arcs. See Figure 2.1,

We decompose the diagram D into crossings. cups, and caps. To each of these building blocks

we associate a function of m + 1 variables ay, ..., an,. r. which is valued in V,,, as follows:

(2.2.10a)

a

b
'\/ ~ R¥Y|w;, aj]
d ™ |

C

= 09709 < 9> (—33z')aicq(cfa)(HbHHszZiﬁ;%;C 2. 2
(@7%1q7 %) a—c
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(2.2.10b)

a /b )
INET o (R )
d}xc i

3 B o B (q2(a7])$'f2: q72 B (q2(b+]): (]2 B
= 080 c Vs (— ) Fglem D ato=1) 2“bzij]x§-’x§” é 2.)“2 ¢ Ja—c
(€% ¢%)a—c
(J,q s ealxi] =1 ama s eZIxi] — q2a(7“f])$gfr
(2.2.10¢)
a a a a 1
\_A o] = 1 R mpfai] = 0l
Here we have used a. b. ¢, d to denote the subset of arc variables ay. ..., a,, present at a particular
crossing. We have also used
1 a=b 1 a<b
(22]0(21) 5a,b =X . ﬂagb =X
0 otherwise 0 otherwise

We are thinking of each of the maps R|z;.z;], R™!|z;, z;]. €|z;]. €*|xi]. n]xi]. n*[x;] as functions of

the full set of arc variables a;.. ... am, together with » — though they are independent of the arc

variables that do not appear in the building block under consideration.
We similarly rewrite! the modified quantum dimension (2.2.4) associated to component labeled

T; as

. 1 1 1

(2.2.10¢) dz;] = 31;[2 P — prp = (—xi)rilqar(rﬂ)*]7((]4%2: N

thought of as a function of all m + 1 integer variables. which depends non-trivially only on r.Each
function in (2.2.10a)-(2.2.10e) has domain Z™"! and is valued in V.

We define a function Gy Z™+ — V,, by multiplying together together the functions associated

to every crossing, cup, and cap in the diagram: a function d|z] for the open link component (labeled

10ne might wonder why we did not “analytically continue” the simpler formula on the right hand side of (2.2.4) to
-1
obtain d|z;] = fqér(lfr) %. The answer is that (2.2.10¢) turns out to be g-holonomic. whereas this latter
. —T.

expression is not!
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x1 by convention): and delta-functions dq, 0. d4,, 0 for the two arcs at the open ends of the (1,1)

tangle (labeled. say. a; and a,,). Schematically.

(2.2.11) Gplar....am:T) = dlxl]éal-,Oéam-,OHRH R HeHe* Han* .
N n "\ > N

AoX
From this we define the diagram invariant Gp : Z — V, as the multi-sum of GB over the arc
variables

(2.2.12) Gpl(r) = > Gplar. ... am: )

ai,...,am€|0,r—1]™
The multi-sum in (2.2.12) reproduces the composition of building blocks (2.2.1) by summing over
the basis elements of the typical representations. Once we fix r > 2 and specialize ¢ = (o,
x; = (™. and z;; = (2,%% /2, cach of the functions R. R~ 1. e. ¢*, n.n*. d above simply becomes a
matrix element of the building blocks from (2.2.1). This can be seen by comparing with the formulas
(2.1.12), (2.1.13). (2.1.8). (2.2.4). Finally, the specialization of Gp(r) as in (2.2.8) reproduces the
ADO invariant Nj (o).

Ezample: The labeled diagram of a (1.1) tangle whose closure is a 31 knot is shown in Figure
2.1. There are seven arcs with associated variables a;. . . .. a7 and one component with associated

variable x1. The corresponding diagram invariant is

r—1
Gp(r) = > d[21]6a, 000, 0REL 64 |w1. 21| RGZE 21, 21 ] RE 68 1, 21)€), |71]1a, |21]
ay;.a,=0

2.2.2. Poles and relation to the colored Jones. It follows from its construction in Section
2.2.1 that the ADO invariant is a meromorphic function.

The only non-monomial denominators that appear in the functions RE, ™). n®*) d of Section
2.2.1 are (¢*2?:¢?),—1 in the modified dimension d|z;] and (¢ ¢*)a—c. (¢7%:¢"%)a—c in the R-

matrices. A short exercise shows that the denominators in the R-matrices divide the numerators,
b+1)..2 2(b+1). 2
)k and 4 ;42)

R TZq  belong to Clg, ¢ !] for all k.b € Z>o. Thus after simplification

)k

the only possille denominator in Gp(r) is ] — ;"

as both 422

Moreover, only integral powers of x, z, ¢ appear: and the only place that z;; (resp. z;j]) appears
is as a prefactor in the R function (resp. R~! function) for positive (resp. negative) crossing of

components i and j. Altogether this implies that
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ProOPOSITION 2.2.1. For eachr > 1,

1 - Cy;
(2'2']3) G[D)(’I") € W H Zij] '(C|$it-,"'1x7jz:tqi]t
BRI =1

where Cy; is the linking matrix of the criginal framed link L (Cy; teing the framing of the i-th

compenent)

Recall that the ADO invariant Nj(«) is obtained from Gp by the specialization ¢ — (or.
z; — (5. and z;; — Cg;aj/z in (2.2.8). Proposition 2.2.1 then translates into the following functional

properties of the ADO invariant,.

COROLLARY 2.2.2.

(1) If L is a kncot (n = 1 strands), the ADC invariant Nj : C\Z — C may te extended to a
mercmorphic function of a = a1 € C with at most simple poles at each integer

(11) If L is a link with n > 1 strands, the ADC invariant Nj : (C\Z)"™ — C may te extended
to a holemerphic function of a = (aq. ... ) € C

(ii1) For any n, N is quasi-pericdic, satisfying

n
(22]4) Ni(alt e Oy +2T1 Oén) = ( HCQTzrcﬁaj)NE(a]t cn O "",an)
Jj=1

In cther words, Ny is a section (holemorphic if n > 1, meremorphic ifn =1) ¢f a complex

line tundle on (C/2rZ)" determined Ly the linking matriz Cj;

The relations in (2.2.14) are those mentioned in Section 1.1.1. They are our motivation for

excluding r-dependent recursion relations from our g-holonomic systems.

PRrROOF. For (i) we observe that after specializing ¢ = (2, and z1 = (2,“. the modified quantum
dimension may be rewritten as on the right hand side of (2.2.4), so the only denominator that
could give rise to poles is (o,"" — (2, " = 2isin(ma).

For part (ii). recall that the ADO invariant does not depend on which strand is cut to represent
the initial link diagram as a (1,1) tangle. From (2.2.13) and the reasoning of Part (i), it follows
that there are no poles in «; for ¢ = 1. Since ADO can be constructed with a different choice of

cut strand it follows that there can be no poles in a; either.
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Part (iii) follows from observing that, with the exception of the zgij prefactors. the expression
(2.2.13) is a function of the z; = (o,%, which satisfy ¢571%" = (i, The prefactors zg“ = Cgrécﬁaiaf’

lead precisely to the quasi-periodicity (2.2.14). O

In the case of a knot, the residues of the poles at integer values of a are related to colored Jones
polynomials. This is because for « = N — 1 (with N € Z\rZ), the typical module V,, becomes
reducible and contains as a simple quotient the module Sy _1 used to define the N-th colored Jones

polynomial. This expectation was made precise in [CGPM15b. Cor. 15], which we restate here:

ProprosITION 223 (|CGPM15b, Cor. 15]) Let K te an criented knot with framing ¢. Let
r > 2 and let N € Z\rZ Let J%(q) € Clgt] dencte the N-th colored Jones polynomial of K,

normalized so that Jx,”kmt(Q) =gV - ¢ ™)/(g—q ') Then

,L']fr

(2.215) Resa=y-1 Vg (a) = S DNy ().

sin ( "

Note that the right hand side differs slightly from that in [CGPM15b]. The r-dependent
prefactors differ due to a different normalization for the modified dimension d|V,]. The extra
(_1)N+(N—1)¢> appears because the pivotal structure and ribbon element in the category Ugr(ﬁlg)—
mod discussed above — the only pivotal structure that exists for generic @« € C — differs from
the pivotal structure and ribbon element used in the standard definitions of the colored Jones
polynomial.

We remark that at a = N — 1 with NV € rZ, the ADO invariant does not have a pole. and may
simply be evaluated. In particular, it was shown some time ago by J. Murakami and H. Murakami
[MMO1] that N} (r—1) coincides with the re-normalized Jones polynomial Jr(Cor). where Jn(q) =

f{fqilN Jn(q). as well as with the Kashaev invariant [Kas97]|. This observation allowed Kashaev's
N —q

famous volume conjecture to be reformulated in terms of colored Jones polynomials.

2.2.3. Gp is g-holonomic. Our next goal is to prove that the diagram invariant Gp defined
in Section 2.2.1 is g-holonomic. Specifically. for an n-component tangle. we show that G generates
a g-holonomic module for a g-Weyl algebra with n 4 1 pairs of generators: x1.yi..... Tn.yn acting

by multiplication and g-shifts of the variables z; in Gp. together with Z. ¢ acting by multiplication

by ¢" and shift r — r + 1.
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Proving that G is ¢g-holonomic in this sense is a straightforward generalization of the classic
results of Garoufalidis and Lé [GLO5] on the Jones polynomial. We adapt the methods there to
the function spaces to which Gp belongs.

With the machinery of ¢g-holonomic modules in place. we obtain

PROPOSITION 2.2.4. The diagram invariant Gp(r) defined in Section 2 2.1, which is an element

of Vin. generates a g-holonoemic module for By q

PrOOF. All the individual functions (2.2.10) associated to crossings. cups, and caps that get

multiplied to define G} in (2.2.11) are g-holonomic in Vp, 1. Specifically:

e The discrete delta-functions d4,0 € V1,0 that enter the final product G}, are g-holonomic
(Example (1.2.18)).
)7"7]

qér(rJr])i](—]# € V].’] can be

e The modified quantum dimension d|z;] = (—x; A2

assembled as a product of

(1) A g-factorial m, which was explained to be g-holonomic below (1.2.29), and in
which we use Prop. 1.2.9b to shift z; — ¢%x; and r — r — 1.

(2) A general quadratic exponential xgq%TQ as in Example 1.2.28. in which we shift z; —
— 2.

(3) A linear exponential x;]qér as in Example (1.2.23), in which we shift z; — —x;.

(4) An overall constant ¢~ 1.

All these pieces are g-holonomic functions in V; 1. so Prop. 1.2.9a guarantees their product

will be g-holonomic as well.

e The cup and cap functions 7,|z;] = 1. €,4]|x;] = 1. are constant and therefore g-holonomic

by Example 1.2.17.

The cup and cap functions 7} |z;] = ¢**1="27~1 and € [z;] = ¢~ *x;, both in Va1 (the
discrete variables are a and r). are products of general linear and quadratic exponentials,
as in Examples 1.2.23. 1.2.28.

e The R-matrices Rg”glxi, xjl. (Rfl)g’clzlwi, xj] € V5,2 are products of discrete delta-functions
(Example (1.2.18)), indicator functions (Example (1.2.20)). linear and quadratic exponen-

tials (Examples 1.2.23, 1.2.28). and ¢-factorials (Example (1.2.29)), all with various shifts
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(Prop. 1.2.9b) and linear transformations (Prop. 1.2.9¢). Some of the g-factorials involve
q~? rather than ¢%: but can be put into the same form as Example (1.2.29) by observing

that

(2.2.16) (y:a Ha= ()% Dy .

which is a ‘standard” g-factorial multiplied by linear and quadratic exponentials. Thus

R. R 1le V5.2 are g-holonomic.

By Prop. 1.2.9c, the above functions remain g-holonomic when extended to V41, The
product of Gy € V11, of these g-holonomic functions is g-holonomic by Prop. 1.2.9a. The final
diagram invariant Gp € Vi, is obtained from Gy by summing over every discrete variable. and
then specializing the bounds of each summation to be 0 and r — 1. It is therefore g-holonomic by

Prop. 1.2.9d (for the summations) and Prop. 1.2.9¢ (for the specializations). O

2.3. Specializing to a Root of Unity

We proved in Proposition 2.2.4 that G generates a g-holonomic E,,;1-module for any (1.1)-

tangle diagram . The relevant action of E,, ;1 = (quxf yf xf, yi it g}i] on functions f € Vi,

(including Gp) is given by

2

e df

:f'_>fr|—>r+]'

i feaf
(2.3.1)

. 1 1
Uit 2L s g,z v qR iz, 2 v T}z

NN

We would now like to prove that the ADO invariant N7 is g-holonomic in the sense detailed below.
The ADO invariant is a topological invariant of the framed, oriented link L obtained by closing the
tangle with diagram D.

We recall from Section 2.2.1 that the ADO invariant is obtained from Gp by setting q% = Cgr%,
x% = Cgrai/ 2 and Zij = Cgraiaj/ 2 More succinctly. if we make explicit the dependence on z. z. ¢ in

Gp(r. x%, z:q). then
(2.3.2) Ni(a) = Go(ri G ™% (1 ?).

As prefaced in the introduction, explaining what it means for functions defined at roots unity

q = (o to be holonomic is a subtle matter. By Corollary 2.2.2. we may think of the ADO invariant
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at each fixed r as an element of the functional space

(2.3.3) N} € V") .= {quasi-periodic. meromorphic functions : (C/2rZ)" — C} .
: PERET > 2rCijoy
with periodicity of the form f(ou.....a; +2r ... an) = (7 flaa. ... aj. ... ay) for some (un-

specified) Cj;. Each space Vy(f) has an action of the g-Weyl algebra at a 2r-th root of unity

(2.3.4) ) = Clat .y o ] iy — Gl
given by
(235) $Zf(a): g;f(a) ylf(a):f(alal+lan) (fEV;LTU

However, due to the quasi-periodicity in Part (iii) of Corollary 2.2.2. it is also clear that at each
fixed r the ADO invariant of an n-strand link will trivially satisfy n independent recursion relations
( Hj x;%Cijyizr — ])NE =0 (i =1.....n). where Cj; is the linking matrix of L. In order to obtain
a topologically interesting statement. we work in a family. considering all » € N>o at once.

Consider the evaluation maps

E, --» g
(2.3.6) evy
A(,CE,yl Q) = A($ Y. CQT) ‘
(2.3.7) Z|f] ={A € E, ev.(A)f. =0 for all but finitely many r € N},

throwing out any 7's for which ev,(A) is not defined. Then we say:

DEFINITION 2.3.1. The family of functions {fr € Vy)}reN is q-holenemic if the associated

cyclic module By, /T|f] is q-hclenomic

We will prove in this section that the family of ADO invariants {NE € V}P}Dz of any framed.
oriented link L is g-holonomic. We will also prove that the associated ideal Z|Np] is contained in

the annihilation ideal of the colored Jones polynomial of L.

2.3.1. Quantum Hamiltonian reduction. We introduce a preliminary result that will help
us relate the annihilation ideal of Gp and the family of ADO invariants. The result is purely

algebraic in nature. independent of particular functional spaces.
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Suppose we have a left ideal Z,, C E,, and a nonzero element c in C,. Then we can construct a

left ideal Iy(i”]ﬁc) C E,,_1 by first taking the intersection of Z,, with the subalgebra

-1

(2.3.8) Eno1=Colat i oty yi g o)/ (wimy — 9290072

n—1:

C E,.

in which z,, is central (because y,, is no longer present). and then specializing z,, = ¢, noting that

E, 1~ IEn,l/(xn — ¢). All together,

(23.9) I = (L NEat) .

Explicitly. the elements of Z, and Iy(i”]ﬁc) are related as follows: A(x1,91.....%n—1.Yn—1) i in

7@ =) if and only if it has a lift Ain 1T, independent of ¥, such that A = A S

n—1

Passing from the associated module E,, /Z,, to E,,_; /Iﬁ{”ﬁc) is a version of quantum Hamiltonian
reduction. In this case, the reduction is with respect to a multiplicative moment map x,,. and central
character ¢.?> Quantum Hamiltonian reduction is a familiar operation in the study of D-modules
and representation theory. ¢f |EG02, CBEGO07, Los12, Jor14]. which is generally expected to
preserve holonomic modules (since it is the quantization of a Lagrangian correspondence). We will

use the following result. whose proof is the subject of Appendix A:

PROPOSITION 2.3.2. Forn > 2, let Z,, C E,, te a left ideal, and ZetIﬁffﬁc) = (Iﬂf@n,]) e ©

E.—1 as ateve If E,/Z, is a q-hcloncmic Ep-module then En,l/Iy(i”ﬁC) 15 a q-holonomic Ey_1-

module

A useful way to relate Hamiltonian reduction to more elementary operations on g-holonomic
modules is the following. Let v be the generator of E,,/Z,, and let 5£n) denote the generator of the
module E, /(y1 — 1,....yn—1 — 1.2, — ¢), a ‘delta-function” module in the final variable z,,. Just
like Example (1.2.19), this delta-function module is g-holonomic. We denote by E, (v ® 5£n)) the
submodule of the tensor-product-module (E,v) ® (Enégn)) generated by v ® 5£n).

Let us also consider the map of rings f* : (quxf, Lxt] e (quxf, xfik]] given by f*(x;) = x;
for 1 <i<mn—1and f*(z,) = ¢. There is a corresponding inverse-image functor f': E,-mod —

E,—1-mod defined in [Sab93. Sec. 2.3]. It is explained in the proof of Prop. 2.3.2 in Appendix A

2Vcry similar reductions were used in [Dim13] to construct quantum A-polynomials from ideal triangulations of knot
complements. The construction there was not yet rigorous. but could hopefully be made so using Prop. 2.3.2.
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that
(2.3.10) B, /T ~ fH (B, (0 @ 57)).

With this in hand, it follows from the fact that taking tensor products. passing to submodules. and
inverse images all preserve g-holonomic modules that E,,_4 /Iﬁfflﬁc) must be g-holonomic as well.
We note that the quantum Hamiltonian reduction discussed above is closely related to special-
ization of variables. in the case of cyclic E,-modules generated by functions. For example, if E,, acts
on some space of functions of (1. ..., x,). and the function f(xy.....x,) generates a cyclic module
E.f =E,/Z,. 7, = Anng, (f). then the specialization f.(z1....,n—1) := f(21....., Typ_1. ) generates

—c)

a module E,, 1 f. = E,,_1/Z,,_1. such that the Hamiltonian-reduction ideal Ir(ff] above satisfies
Iy(i”]ﬁc) C Z,-1. In other words, the specialized module E,_1 f. is a quotient of E,,_ /Iy(ff]ﬁc).
Thus, a corollary of Proposition 2.3.2 is that when f is g-holonomic its specialization f. must be
g-holonomic as well. This was already established in Proposition 1.2.9c. The virtue of the alge-

braic formulation of quantum Hamiltonian reduction above is that it applies even when considering

modules that are not generated by functions: that is how we will use it in the next section.

2.3.2. The ADO invariants are a ¢g-holonomic family. We are now ready to prove one
of our main results. by using quantum Hamiltonian reduction to implement the specializations

q" = —1 in the ADO invariants.
THEOREM 2.3.3. Let L te a framed, criented link with n components. Then the family of ADC
invariants {N] },>2 is g-holonemic for E,, In other words, the asscciated ideal
(2.3.11) Z|NL] :={A € E, ev,(A)N; =0 for all tut finitely many r}
as in (2.3.7) defines a qg-holonomic E,—module E,, /T|Np]
PROOF. Choose a diagram D of a (1.1) tangle whose closure is L. as in Section 1.2, and let

Gp(r: x%, T q%) € V1,» be the associated diagram invariant. From Proposition 2.2.4, we know that

Gp generates a g-holonomic left E,, 1 1-module via the action given in (2.3.1). Denote its annihilation

ideal by

(2.3.12) Tni1 = Anng
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and construct the reduced ideal

(2.3.13) 7Y = (L, NE,)

n

CE,

z=-1 =
asin (2.3.9). This is quantum Hamiltonian reduction at ¢ = —1. It eliminates the ¢ variable (which
shifted 7 — r + 1) and sets the & variable (which acted as multiplication by ¢") to —1.

We claim that Iy(fﬁ*]) C Z|Ng]. To see this, choose any A(x.y:q) = A(x1.Y1. ... Tn. Yn: q) €
Iy(fﬁ*]). By the definition of Iy(fﬁ*]), there exists A(x. &.y: q) € E, = Cqlzi.y1. ... Tn. yn. &) C
E, 11 such that

(2.3.14) Alz. 2 =-1,y.q) = A(z.y: q) and Az, z,y: q)GD(r:x%,z:q).

Choose any nonzero polynomial f(q) € Clg| such that f(q)A(x.y: q) and f(q)A(z. Z.y: ¢) both have

evaluations at ¢ = (o, for all » € N. (Recall that all singularities came from poles.) From the first

equality in (2.3.14), we have f((o)A(x, Z.y: Cor) = f(Car)A(x. y: (o) for all 7. Combining this with

the second equality in (2.3.14). evaluated at ¢ = (2r. we have
1
(2.3.15) f(Gr)A(z. y: Cor)Gp(ri 22, 2: (or) = 0.

We may further specialize 23 = e5% and 2 = 5% as in (2.3.2). leading to

(2.3.16) f(Car)Alz. y: Cor) N () = 0

for all r, with action (2.3.5). Since f({2,) can only vanish at (at most) finitely many values of
r € N, we find that A(x.y: (o) € Z|Ng].

From Proposition 2.3.2 we know that the module En/I,(fﬁfl) is g-holonomic. Moreover,
since ZW 77V ¢ Z|Ng]. we find that K, /Z|Np]| ~ (En/L(fH*]))/(IINL]/I,(ZQH%)) is a quotient
of E, /L(Liﬁfl). Since quotients of g-holonomic modules are g-holonomic by [Sab93. Cor. 2.1.6]. it
follows that E,, /Z|Np] is g-holonomic. O

2.3.3. Relation to the AJ conjecture. Finally. we can relate the recursion relations satisfied
by the ADO family to those satisfied by the colored Jones polynomials. Let L = K be an oriented

knot with framing ¢.

THEOREM 2.34. Let I|Nk] € E; le the ideal in Theorem 2 3.3 that annihilates the ADC

family. Let (JN(Q)>NGN te the sequence of colored Jones polynomials of K. Then for every element
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A(z.y:q) € Z|Ng] we have
(2.3.17) Alg 'z (=) 'y q) In(q) = 0.

where @ acts as multiplication ty ¢ and y acts ty shifting N — N + 1

PRrOOF. From Corollary 2.2.2 we see that the poles in Ny (a) come entirely from the denomi-
nator (o, " — (o~ " in the modified quantum dimensions. Then, noting that

1 1 (_l)Nfl
2.3.18 Reso=N-1—g——==a = Resa=n- - '
( ) CSa=N ]Czrm o Pa=N-15; sin(ma) 2mi

we may rewrite Proposition 2.2.3 to say that

(2.3.19) (G5~ G INK(@) = (20 "sin ;) (—1) VD9 1y (Cor) |

Also note that with y acting as a shift a — a+1 we have y(¢§. — (5,%) = (¢, — (5,%)(—y). and

SO

(2.3.20) Ay Gr)Ng(a) =0 & Al —y: Gr)(Go — G Ni(a) = 0.
Similarly. with y acting as a shift N — N + 1 we have y(—1)Y = (=1)¥(—y). so
(2.3.21) A, y: Cor) (1) N VN () =0 & Alw. (—1)%: Cor) I (Car) = 0.

Let A(zx.y:q) be any element of the ideal Z|Ng]. For every value of r such that A(z.y:q) is

non-singular at ¢ = (2, we have A(x,y: (27 )Ng(a) = 0: and then from (2.3.19)—(2.3.21) we obtain

(2.3.22) Alg 'z (= 1)y Gon) IN(CP) = 0.

1

(The extra shift z — ¢~z is made to ensure that x acting as ¢® on the ADO is compatible with x

Nfl)

acting as ¢V (rather than ¢ on the colored Jones.) Now consider the functions

(2.3.23) By(q) = Alg 'z, (-1)"y:q)In(g) €C,. NeN

Due to (2.3.22). each rational function By (q) has zeroes at an infinite set of distinct points ¢ = (o,
(Note: there are at most finitely many poles in By(q). and if they occur at roots of unity. the
corresponding values of r may be thrown out without affecting this argument.) Each function

By (q) must therefore be identically zero. O
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We have shown that, up to an algebra automorphism that rescales (z.y) — (¢~ . (=1)9%1y).

the annihilation ideal Z|Ng| of the ADO family is included in the annihilation ideal of the colored

Jones function. If we further assume the AJ Conjecture of [Gar04b, Guk05b], it follows that:

COROLLARY 2.3.5. (Assuming the AJ Conjecture of |Gar04b] ) Let K le a knot with framing
¢ and let A(z.y: q) te any element of the ADC ideal Z|Nk| that admits evaluation al ¢ =1 Then
A(m. (=1)?110: 1) is divisitle ty the A-polyncmial A(m.t) of K

The converse of Theorem 2.3.4 is proven in [Wil20, Thm 66]: that the colored Jones annihilation
ideal is included in the ADO annihilation ideal. Taken together. these results imply that the two

annihilation ideals can be identified. Computations in Appendix B confirm this identification.
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CHAPTER 3

Future Directions

It has been conjectured |Guk05a, Gar04a] that the g-difference operators which annihilate the
colored Jones polynomial are defined by modules of quantized character varieties coming from knot
complements. We have shown that such g-holonomic systems also appear for quantum invariants
constructed using modified traces, which implies that the original conjecture holds beyond the
semisimple case. This section proposes some lines of inquiry which would explore this relationship

between recursive properties of quantum invariants and quantized character varieties.

3.1. The Quantum A-Polynomial

A pivotal next goal is to give a rigorous quantization of the A-polynomial [CS83] in terms
of the quantum character stacks of [JLSS21]. These character stacks enjoy an excision property.
which means the skein modules can be built from a 3d triangulation of the knot complement. while
resolving the issues facing the quantization procedure detailed in [Dim11].

Quantum character stacks are non-commutative moduli spaces defined for surfaces with marked
points on the boundary. The relevant surfaces consist of T and G regions, separated by one
dimensional B-interfaces. The moduli spaces of [JLSS21] track the G- and T- local systems over
the appropriate regions, along with B-reductions along interfaces and framing data along specified
segments of the boundary:.

This would be a major step towards resolving the AJ conjecture |(Gar0O4a, Guk05a]. which
predicts that a (yet-undefined) quantization of the A-polynomial annihilates the colored Jones
polynomial |[RT90]. This work would place the quantum A-polynomial in the context of the
Kapustin-Witten twist of N' =4 4d Yang-Mills theory |[KWO07, BZBJ18]. which is also expected
to manifest the colored Jones polynomial as a partition function. Significant incremental progress
has been made towards solving the AJ conjecture. but this proposal represents a distinct approach

centered on its physical formulation |[Guk05al].
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The A-polynomial of a knot K is defined by a lagrangian in the SLs C character variety of
the torus. It consists of those characters which extend to the interior of the knot complement
S$3\ K [CCG*94a]. 1 will translate this classical construction into the quantum setting by first
considering the 4-punctured sphere, thought of as the boundary of an ideal tetrahedron A. The
triangulated surface has a quantum coordinate ring which acts on the tulk module. Defining and
constructing this module is a central part of the project.

Bulk modules are then constructed for arbitrary triangulated 3-manifolds by gluing together
the bulk modules of individual tetrahedra. Working with triangulated knot complements, we arrive
at an algebraic and quantum version of the lagrangian which defines the A-polynomial. Recovering
an expression for the quantum A-polynomial involves identifying the meridian and longitude of the
boundary torus as elements in quantum coordinate ring of the boundary torus. The quantum A-
polynomial is expected to be a two-variable non-commutative polynomial in terms of these elements.

As this construction depends on the choice of an ideal triangulation. proving invariance under
the 2-3 Pachner move will be crucial. Furthermore, this invariance was the fundamental problem
faced by the construction in [Dim11], where triangulations with self-folded tetrahedra could lead
to trivial results. A major benefit of working in the framework provided by [JLSS21] is that the
extra information tracked by decorated character stacks will produce non-trivial bulk modules even
in the presence of self folded tetrahedra.

Goals:

e Formulate the decorated skein module of a 3-manifold using quantum character stacks.

e Give a triangulation-independent reformulation of the quantum A-polynomial [Dim11]

based on the bulk module of knot complements.

e Compute the quantum A-polynomial of the 31.47. 52 knots. using fixed triangulations.

3.1.1. Beyond SLs. The classical A-polynomial is a knot invariant defined by a lagrangian
in the SLy C-character variety of a torus [CS83]. The proposed construction of the quantum A-
polynomial from cluster coordinates on decorated character stacks likewise focuses on the SLy C
case. A natural next step would be to leverage the generality of decorated character stacks to

construct quantum A-polynomials based on SL,, C-local systems for n > 2.
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In [Sik05]. SU(n)-quantum invariants were introduced which coincide with those of the Kauff-
man bracket for n = 2 and Kuperburg bracket for n = 3. For any three manifold M, the SU(n)-skein
module is isomorphic to the coordinate ring of the SL(n)-character variety of 71 (M) [Sik05]. Fur-
thermore. for any simple complex Lie algebra g. there is a quantum torus W, whose action on an
appropriate function space captures the recursive properties of G-quantum invariants [Sik08].

An SL,,-bulk module built from the coordinates of |[JLSS21] should have a natural interpreta-

tion as a module of Wy, . giving more weight to SL,, versions of the AJ conjecture.

3.2. Representation Theory and Recursion

This dissertation adds to the growing collection of quantum invariants known to be g-holonomic
|[GLO5, Garl2, GLL18, BDGG20]. The relevant proofs, including the central result of this
work, have focused on the expression of these invariants as functions, which are obtained from
some category of representations C through a standard procedure. The idea behind the proposed
project is simple: the g-holonomicity of a quantum invariant depends on the category used to
construct it. Motivated by that. I hope to formulate g-holonomicity as a categorical notion.

My approach would be to first categorify the action of the quantum tori discussed in Section
1.2, and then the definition of homological dimension. The relevant quantum tori are generated
by g-difference operators, which have natural candidates for categorification to Rep,(G). Namely.
the multiplication M of (1.2.13) becomes a grading shift and the shift L becomes tensoring with a
distinguished object. An early check on these candidates is whether they g-commute after decate-
gorification. Following [BGHL14]. I believe that decategorification is given by zeroth Hochschild
homology. This homology acts as a categorical trace and is used in the construction of WRT

invariants, where it provides the notion of quantum dimension.

Goals:

Categorify the action of g-difference operators, to the category Rep, G.

Reformulate homological dimension as a property of morphisms in Rep, G

Prove the equivalent of Bernstein’s Inequality for categories.

e (Re)-prove that the colored Jones polynomial is g-holonomic, using the categorical per-

spective.
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APPENDIX A

Proof of Proposition 2.3.2

We give here an elementary proof of Proposition 2.3.2, on quantum Hamiltonian reduction. We

use the same notation as in Section 2.3.1.

PROPOSITION 2.3.2. Forn > 2, let L, C E, te a left ideal, and ZetIﬁffﬁc) = (Iﬂfﬁin,l) oo ©

E,.—1 asin (2.3.9). IfE, /I, is a g-hclonomic Ey,-module then En,l/Iy(i”ﬁC) s a q-holonomic By _q-

module

Without loss of generality, we may assume ¢ = 1. Otherwise we may use the automorphism of

E,, given by

(ziy) i<n—1
(A1) (@i yi) = <

(cxiyi) i=mn
to intertwine the reduction at z,, = ¢ with reduction at z,, = 1.

Let Z,, be the annihilation ideal of v, so that v generates the cyclic E,-module E, /Z,. Let us

denote by

(A2) Enf] = (Cq|$itt yit $7:|L:7]1 Z/i[f]]/(yz% - q5”=733yz) : and E] = (quxr:lz:t yr:::]/(ynxn - q$nyn)

the standard ¢-Weyl algebra in the first n — 1 pairs of variables and the last pair, respectively. We

introduce the ‘delta-function” module
(A.3) M) =Ey/(z, — 1) = E;60,
with formal® generator 6(1) satisfying (z,, — 1)5(]) = 0, and its extension to an E,-module

(A4) Mg:En/(y]—]yn,]—]$n—]):En5(n)

]Rccall the delta functions in continuous variables are not in the function spaces Vp,.n, so we must describe them
formally, in terms of their annihilation ideals.
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with formal generator 6™ satisfying (y; ])5( M =0fori=1...n—1and (z, — ])5(") = 0. Both
Mf and M? are g-holonomic (for E; and E,. respectively). as in Example (1.2.19).

It is also useful to recall that the tenscr proeduct of E,-modules U & W has underlying vector
Fluww) = (yu) @ (yfw),

In contrast, the exterior product of an E,_i-module U and an E;-module W is defined to have

space U @c,|+) W and action z; Fuw) = (xiu) QUW=u® (33 w), y

underlying vector space U ®¢, W and action x;t(u ®Rw) = (x;tu) ® w. yzi(u ®w) = (yziu) ® w for
i<n-1and 2t(u®@w) =u® (zfw). yF(u®w) = v (yFw). A special case is the exterior
product of the algebras themselves, E, 1 K E; ~ E,.

Now let M denote the submodule of the tensor product (E,/Z,) ® Mg generated by v ® 8,

(A.5) M =E,(v®s™).

M is g-holonomic because g-holonomic modules are closed under taking tensor products and passing

to submodules (Section 1.2.2. |[Sab93. Cor. 2.1.6, Prop 2.4.1]). We will show that

LEMMA A.1. M decompaoses as an extericr product of B,_1 and Eq1 modules

(A.6) M ~ (Ep_y /T YR MT

whase first factor is precisely the module B, /7, m”H]) in the statement of Prep 2.3 2

Proor oF Propr. 2.3 2. Assuming Lemma A.1. the most efficient way to prove the proposition

is to consider the map

(A7) f: ((C*)nil - ((C*)n f(xl', "",xn*]) = (,CE], s Tp—1. ])

and to apply the associated inverse image functor f' to M. Explicitly. the inverse image functor
f} : E,-mod — E,_1-mod acts on an E,,-module U by tensoring it over E, with the (E,_;.E;)

bimodule

(A.8) £ = (quxf, xfﬂ/(xn - 1) ® E, ~ (2, — ])En\En

Colot .. k]

Thus in general f'U = E®g, U ~ (2, — 1)U\U. In the case of the product M = (E,- 1/I m”H] )

Mf . the inverse image functor just removes the M f factor. giving

(A.9) FM =By )zl
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Since inverse image (the zeroth cohomology of the derived inverse image of [Sab93. Prop. 2.3.2])

mnﬁl)

preserves ¢g-holonomic modules, E,_;/Z " is g-holonomic. O

Comparing to W,-modules gives an alternative proof that M = En_1/ I mnﬁl ) X Mf being
(mnﬁl)

g-holonomic implies that E,_{/Z " is g-holonomic. We include this for completeness.
Denote by w the generator of E,,_4 /I m”H ) and let Npo1 =W, qw=W,_1/(Z mnﬁ] ﬂW 1).

The canonical good filtration on this module is given by
(AlO) kan,] = {ﬁw dcgm.’yﬁ < k}

where degm’y denotes total degree in z1. ...y 1 and y1. ... yp—1. Let dx = dimg, FrNp—1.
Similarly. let N = W, (v K 6M)). By |GL16. Prop. 3.4]. N is a g-holonomic W,, module.
The filtration (A.10) can likewise be defined on ]V . tracking total degree in the 2n variables

Tl T Yl . Yn. Let dy, = dimg, }"kN As a vector space. N decomposes as
(A.11) N =W, (w V) = (W,_1w) &c, (W16D) = (W,_1w) &c, Cqlya]

we find that fkﬁ ~ @];:0 Fr—tNn_1 @y’ so dy = Z];:o dy. or equivalently di = dj, — di_1. Since
N is g-holonomic, there is a polynomial p(k) of degree n such that dy = p(k) for all sufficiently
large k. Therefore, d, = s(k) — s(k — 1) is a polynomial of degree n — 1 for all sufficiently large
k. whence N,_1 is also g-holonomic. Then by Prop. 1.2.5. E,_1/Z," mnﬁl) =E,—1 ®w,_, Np—1 is

g-holonomic.

PrOOF OF LEMMA A 1. We introduce a Z-grading on E, given by degree with respect to

(k)

Yn. With graded components E,, +

= Enf]yfy where IE’nf] = (quﬁEy]i Ty qy yy:lL:—]', %ﬂﬂ/(yz% -
q‘sijxjyi) as in (2.3.8). With respect to this grading. M? of (A.4) may be given the structure of a

graded module. Indeed.
(A12) M)~ Cylaf. .2 | ],

and we take the graded components to be Mg(k) = (quxf xffl]yfl. The tensor product (E, /Z,)®
M? and its submodule M = E.(v® 5(")) inherit the Z-grading from M?. Explicitly. the graded
components are

(A.13) M® =B, (yhv @ yho™) .
46



It follows that the annihilation ideal Anng, (v ® 5(")) must be generated by elements that are
homogencous in y,. Combined with the fact that y, is invertible. we find that Anng, (v ® 5("))
can be generated entirely in degree zero, 7. ¢ its generators can be chosen to be elements of E,_1.
Moreover, we have x,, — 1 € Anng, (v ® 6™), since (z, — 1) (v Q™) = v @ (&, — 1)6( = 0. All

together, the annihilation ideal takes the form
(A]4) ADD]En(’U & 5(n)) = En(pl', Pl Tn — ]) = En(pl Tn=1: Pl xp=1:Tn — ])

for some py.....py € IAF:n,]. We have used the fact that z,, is central in IEn,l to simply set z1 = 1 in

the p;’s, as indicated. This establishes a product decomposition
(A15) M =En1/(p1 syt Dt ape1) BE1/ (20— 1) = s 1 /(D1 =1 . Pt 1) KM

It remains to show that the ideal E,,_1(p1 z,=1. ... D¢ z,,=1) appearing on the left hand side of
this product is equivalent to Iﬁfffl) = (Z, N IAF:n,]) z,=1. The following observation is key: for
any [ € IEn,l, we can use the g-commutation relations to order variables in each monomial in 3
such that z's are placed to the left and y’s are placed to the right. Then, using y;(v ® dz,.c) =
(Yiv) @ (Yidzn.c) = (Yiv) @ 0g,,.c for i < n and x;(v ® dz,.c) = (V) ® Iy, . for all i, we find that
B (v®d™) = (Bv)®@d™ forall B e E,_1. More so. using (x, — 1)6(™ = 0 we can extend this to

(A.16) B (v®6™) = (Bv) Q6™ = (8 4210) @™ = B, 1 (1”& ™).

Now. if 8 € Z, N E, 1 = Anng 71(1)) then Bv = 0, so (A.16) implies 3 4,—1 € Anng, (v ® §).

From the form of the annihilation ideal (A.14), we therefore have

B an-1€E_1(P1 zn=1. . Dt zn=1)

Conversely. suppose that v € E,,_1(p1 2,=1: ... P¢ 2,,=1). SO that (71})@5(") = 0. We now observe?

that the map IEn,lv — (IEn,lv) @ 6 of left En,l—modules has kernel (z,, — ])En,lv. Therefore,

(yv) ® 6 = 0 implies that there exists v € IEn,l such that yv = (x, — 1)Jv: or equivalently

2Explicitly: (En,lv) ® 6™ is a submodule of the tensor product of modules (En,lv) ® (En,ld (”)), which by definition

has underlying vector space (En—1v) ® (En,ld(”)). But E,,_ 16 ~ Cq|z1, ... zn]/(xn — 1). Thus. noting
Cqlzy ... Iviz]
that x, — 1 is central in En,l, the full tensor product becomes (En,lv) ® (En,ld(”)) ~ (En,lv) ®
Cqlaf ... ai) Cqlaf ... ai)

Cylz1, s n) /(g — 1) ~ (En,lv)/((:ﬂn — 1)En,1v). Therefore, the map (En,lv) — (En,lv) ® 6™ has kernel

contained in (zn, — 1)FEnr—1v; and one can check that the kernel also contains (zn, — 1)En—1v.
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that there exists 4 € E,_; such that 4v = 0 and 4 en=1 = 7 (just set ¥ = ~v — (z, — 1)7%). Since

4 € Annz (v)=7Z,N ]En,l, it follows that v € (Z,, N En—]) — glen=1) O

IEnfl rn=1 - “n-—1
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APPENDIX B

Further Examples and Computations

The Jones polynomials for the zero-framed 31 and 52 knots are readily computed using a general

formula for p-twist knots [Mas03, Hab00] (see also [GS10]):

(B.1) ZZ 1)+ g HpiG D56 (@ = (g Okl ™™ @)rla™ ™ a)
k=0 j=0 (¢ Dktj+1(T @k '

In our normalization and choices of chirality, we have

N -N N -N

qg —dq =1, — qg —dq -2, _
(B.2) I (q) = FJ}TQ Y, TN (q) = FJ}TQ (7%,

We computed ADO invariants directly. using the (1. 1)-tangle diagrams in Figure B.1, and then
changing the framing from blackboard to zero framing. We performed computations for 2 < r < 11,
For convenience, we introduce the normalization

C2r

2r 27“

Let X" = an — 27" g = (o x = ¢5.. and X = gn — =" The ADO invariants for 31 and 52

(B.3) Nju(a) o= (icg) S = Sor o).

are shown in Figures B.2 and B.3, respectively.
Inhomogeneous recursion relations for the colored Jones polynomials of 31 and 52 were found

in [GLO5, GS10]. In the current normalization. the recursions take the form

(B.4) (¢—q Ak (z.y:q)JK (@) = Bx(q": q)

Where for 37 the operators in (B.4) are

Az (z.y:q) = ¢*zfy — 1

Bs, (1 q) = ¢*z(q*a* - 1)
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)

]

FIGURE B.1. Tangle diagrams whose closures are the 37 (left) and 52 knots (right).

r | N, (o)

2 | —Xx0

3| 2X0) 4 gx™

4 | @2X™ 4 x6) 4 g2x 1)

5 | 2X9 — 4X(5) +¢X®

6 | ¢2X1 — (M 4 x6) 4 x1)

72X 13 9) — qﬁx(7) — X 42X

8 | g2X(15) 11) O — ¢gtx6) 4 xB)

9 | 22X _ Ax(3) _ o6x01) _ 3x(M _ 7x6) _ 8x1)

10 | 2X (19 — ¢dx(5) _ (6 x(13) _ 2x09) _ 6x (N _ 6x6) 4 2x0)
11| 2X@D — dix (7 _ ¢6x(15) _ o x (1) _ ;5 x9) _ g4 x(5) _ 410 x(3)

FIGURE B.2. The ADO invariant for the knot 31.

For 31 they are

Asy(z,y:q) = —¢*8(1 - 22 (1 - ¢*at)a'y® — q(1 - ¢®2*)(1 - ¢'%2%)
— " (1 - ¢*z")(1 - ¢®xM2'(1 - ¢*2* — ¢"(1 — ) (1 — ¢")a" + ¢®(1 + ¢©)2® + 2¢"2® — ¢"%2')y?
+ (1= q*2h)(1 = ¢"%2") (1 - 2¢%2% — (1 + ¢°)z* + ¢*(1 = ¢*)(1 = ¢")a® + ¢'2® — ¢"22'%)y
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3¢° + 5¢° 4+ 7¢" 4+ 3¢° + 7¢° + 7¢® — 4¢% + 1) XD

2¢" 4+ 5¢% + 10¢" + 6¢° + 9¢° + 5¢* + 12¢° + 2¢> +5q+3) X (15)
3¢° — 9¢° — 6¢7 — 11¢° — 8¢° — 14¢* — 10¢° — 9¢* — 3¢ — 12) X (13)
6¢° — 8¢% — 4¢" — 15¢° — 6¢° — 18¢* — 9¢° — 15¢% — 2¢ — 13) X (1))
3¢° — 9¢°% — 5¢" — 12¢% — 7¢° — 15¢* — 9¢° — 10¢% — 3¢ — 12) X
2¢° + 5¢° 4+ 9¢7 4+ 7¢% + 8¢° + T¢* + 10¢° + 3¢> + 4¢ + 3) X (D
4¢° + 465 + 7¢7 + 3¢° + 6¢° + 2¢* + 6¢° — 3¢*) X )

2 | —2xB) - xM)
31(2¢2 - 1)XO) +2¢2X0) 4 2¢2XD
41 (2¢° = 2)XD + (3¢ — )X + (3¢ = DX 4 (2¢* - )X
51 (2¢° — = 2)X9 + (2¢° + 2¢° - 2)X T + (2¢> + 24> + ¢ - 3)X )
+2¢3 + * +q-2)X® + (& + ¢# - 2)X D
6 | —(4¢* +2) X — (6¢* +2) X — (6¢* + )X ) — (4¢* 4+ 2)XB) — 2x(1)
7| —(¢* +2¢% — 2¢> + 1) X3 4 (4¢° — 2¢* — )X 4 (5¢° — 2¢* 4 2¢° — )X )
+(6¢° — ¢* +3¢° = 2¢ + 29 - VXD + (5¢° - 2¢* +3¢* — ¢* + ¢ - )X
+3¢° = 2¢" + ¢ - 2 - HXO) — (P + ¢ - ¢ + 2)X(”
8 | —(2¢° +2¢* — 2% + 2)X 19 + (g0 — 3¢ - q —5) X139 4 (3¢5 — ¢* — 3¢% — 9)X (11
+(7¢5 = 3¢2 = 10) X + (7¢% — 3¢® — 10) X7 4 (4¢5 — ¢* - 3q R
+(q8 = 3¢* —2¢2 — ) XB) — (g8 +2¢* — @2 + 1)X<1>
9 | —(4¢° = 4¢* + DX UD — (4¢° + 4¢® — 2¢" +4¢) XD — (2¢° + ¢* + 5¢° + Tq + 5) X 19)
+Hg® +2¢* = 3¢° — 6¢% — 11 - 8)X 1) 4 (3¢° — ¢* — 7¢* — 10g — 12) X9
+(2¢° + ¢* = 2¢° — 7¢> —10q — 8) X — (¢° + 2¢* + 4¢° + 2¢> + 6¢ + 5) X )
—(3¢° +2¢* + 3¢° — > +29)X®) — (3¢° + ¢* — 3¢ + )X W)
10 | —(q% — 4¢>) X1 — (6¢° + 4¢* — 2) X7 — (8¢5 +10¢* + 4¢> + 4)X<15>
— (65 + 14¢* 4+ 10¢ + 14) X 13) — (22¢* 4 8¢ + 22) X 11 4 (8 — 22¢* — 8¢% — 22) X )
—(6¢° + 14¢* + 10> + 14) XD — (9¢° + 8¢* + 6¢* + 3) X (®) — (7q +2¢* +¢? - 2)XB)
~(3¢° — ¢* — 24 = )XW
11| —(2¢7 — ¢° — 2¢* — 2¢% — 2¢ +2) X)) — (2¢° 4+ 6¢7 + 4¢° — 4¢* + 4¢® — 6¢% — 2) X(19)
—(
—(
(
(
(
—(
—(
—(2q

945¢" +3¢° — 2¢* +3¢° — 5¢° = 3)X®) — (2¢" — ¢° — ¢* — 2¢° = 29+ 1) XV

FIGUure B.3. The ADO invariant for the knot 55.
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6 —6
®—q
Boa(w:q) = ¢'a° +¢'(1+ ¢°)a” = ¢’ (1 + @) + - — 7 (=¢"a” + ¢2")

— (1 + )2 — ¢P(1 + D)2 — P,
These imply homogeneous recursions
(B5)  Ax(z.y: q)J(q) = Bx(z:q)y — Br(qz: )] Ak (v.y: ) JN (@) =0 (K =31. 53),

just as in the figure-eight example (1.1.11) in the Introduction.
We checked explicitly for each 2 < r < 11 that the ADO invariants satisfy inhomogeneous

recursions

As, (z.y: Gr) NG, (@) = (1% = 1+ (5,2")Bs, ((5.. Gor)
(B.6)

Asy (2. y: Gor)NE (@) = (287 = 3+ 2(5,%™) B, ({5 Gor)

with exactly the same A and B polynomials. Again, these imply homogeneous recursions

(B.7) A2,y Cor)Ni(@) =0  reNsy (K =35, 52):

with the same Ag(z.y: q) = ‘BK(x: q)y — Bg(qz: q)]AK(a:, y: q). Note that the prefactors (22" —

14+ 2727) and (22%" — 3 + 2272") appearing in (B.6) may be factored out from the homogeneous
recursion (B.7). since they commute with y and just behave like overall constants.
In terms of the standard normalization of the ADO invariant used in the main body of the

paper (N rather than N k). the homogeneous recursions take the form

(B.8) Ag(qr. —y: Gar)Ni(a) =0 7€ N>y (K =31. 52).

in perfect agreement with Theorem 2.3.4.
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