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W’]g-]Wk κhJW1kW]-Wm D-fldm S’Wmren’l Ym© /gd κhFdmd’Wk-yd, GWW’hTWkrg S’Wmren’l: ’dr1d]/-udkx:

3



–#’ Y 4-udm ]#kkd]/-#m #– r-l1k-]dr #– Ym Y’ä-/’Y’-kx g-4g #’©d’% �r Y ’dr2k/: vd ]Ym Ykr# 4dmd’Y/d #’h

/g#m#’lYk GYY’ äYrdr: #’/g#m#’lYk VYkrg äYrdr: Yr vdkk Yr ©Y/YhY©Y1/-ud #’/g#m#’lYk äYrdr 2r-m4

/gd ädr/häYr-r rdkd]/-#m ld/g#© b3z[%

o)o) N.4Wm-yW6-9m Wmc B9m6.-a26-9mr

Sg-r ©-rrd’/Y/-#m -r #’4Ym-yd© Yr –#kk#vr% Hm BgY1/d’ 3: vd ’du-dv /gd –#2m©Y/-#mYk ]#m]d1/r

’d.2-’d© –#’ l2k/-r]Ykd /’Ymr–#’lr: -m]k2©-m4 vYudkd/ 1Y]jd/r: ’d]2’r-ud 4’Y1g 1Y’/-/-#m-m4: Ym© /gd

–2m©Yldm/Ykr #– r-l1k-]-Yk ]#l1kdwdr% Hm BgY1/d’ t: vd ©dr]’-äd /gd rd//-m4 #– ]#ll2/-m4 -m/d4’Yk

Ym© ©-fd’dm/-Yk #1d’Y/#’r vg-]g 1’#u-©dr /gd ]#m/-m2#2r äY]j©’#1 #ud’ l2]g #– /gd ©-r]’d/d r1d]/’Yk

/gd#’x 2rd© /g’#24g#2/: Ym© ]#mr/’2]/ Y mdv ä-1Y’/-/-#m-m4 ld/g#© –#’ 4’Y1gr /g’#24g Y mdv -mh

/d’1’d/Y/-#m #– Y ©-r]’d/d -m/d4’Yk #1d’Y/#’% BgY1/d’r flh7 Y’d äYrd© #m /gd 1’d1’-m/ bsn[ ]#hY2/g#’d©

v-/g O’#–% MY#j- RY-/# Ym© O’#–% R/d–Ym R]g#mrgd]j: Ym© l2]g #– /gY/ lY/d’-Yk -r ©dudk#1d© r-l-h

kY’kx gd’d% Hm BgY1/d’ fl: vd ©dffimd /gd E-d©kd’ ud]/#’ –#’ rdud’Yk uY’-Y/-#mr #– /gd G#©4d KY1kY]-Ym:

Ym© dw/dm© /gd ’d]2’r-ud ä-1Y’/-/-#m-m4 r]gdld /# /gd κhr-l1k-]-Yk rd//-m4% Hm BgY1/d’ fi: vd ©dffimd

Ym© ©dr]’-äd /gd 1’#1d’/-dr #– /gd κhFGVS Ym© κhGFKDS l2k/-r]Ykd /’Ymr–#’lr% Hm BgY1/d’ 7: vd

1d’–#’l rdud’Yk m2ld’-]Yk dw1d’-ldm/r -m Y11’#w-lY/-#m Ym© ]kYrr-ffi]Y/-#m: ©dl#mr/’Y/-m4 /gd 1d’h

–#’lYm]d #– #2’ l2k/-r]Ykd /’Ymr–#’lr #m ’dYk Ym© rxm/gd/-] ©Y/Yrd/r: Ym© ]#l1Y’d /gdl /# dw-r/-m4

#mdr% E-mYkkx: vd ]#m]k2©d v-/g BgY1/d’ ; ©-r]2rr-m4 #2’ 1#/dm/-Yk –2/2’d v#’j%

Rdud’Yk #– /gd mdv ]#m/’-ä2/-#mr -m /g-r ©-rrd’/Y/-#m vd’d ©dudk#1d© v-/g /gd Y2/g#’r #– bsn[

-m /gd 1’d1Y’Y/-#m #– #2’ 1’d1’-m/: -m]k2©-m4 /gd ]#mr/’2]/-#m #– /gd κhGYY’ äYr-r: Ym© κhFGVS

Ym© κhGFKDS ©-]/-#mY’-dr: dl1k#x-m4 /gdrd ©-]/-#mY’-dr -m ädr/häYr-r rdY’]g: Ym© Y m2läd’ #–

dw1d’-ldm/r% Lx #vm ]#m/’-ä2/-#mr -m]k2©dc

• � m#udk 1d’r1d]/-ud #m r-l1kdw #’-dm/Y/-#m u-r Y u-r mY/2’Yk #’-dm/Y/-#m: vg-]g kdY©r ©-’d]/kx

/# /gd ]#mr/’2]/-#m #– /gd E-d©kd’ ud]/#’ –#’ κhKY1kY]-Ymr -m BgY1/d’ fls

• �m Y11’#w-lY/-#m r]gdld –#’ g-d’Y’]g-]Yk 1Y’/-/-#m-m4 ]Ykkd© r2älY/’-w 1Y’/-/-#m-m4: -mh

/’#©2]d© -m Rd]/-#m 3%t: vg-]g x-dk©r r-4m-ffi]Ym/ dff]-dm]x Ym© r/Yä-k-/x -m /gd r-l1k-]-Yk

]#l1kdw rd//-m4 -m Rd]/-#m fi%ts

• � ’-4#’#2r i2r/-ffi]Y/-#m –#’ /gd 2rY4d #– /gd 4’Y1g ©-r/Ym]d lY/’-w -m ]#mr/’2]/-m4 ©-r]’d/d

-m/d4’Yk #1d’Y/#’r –#’ r1d]/’Yk dläd©©-m4 Ym© 1Y’/-/-#m-m4 #– 4’Y1gr -m BgY1/d’ ts

t



• � ©dl#mr/’Y/-#m #– r1Y’rd Yk4#’-/glr: ’d42kY’-yY/-#m 1’#1d’/-dr: Ym© r1d]/’Yk 4d#ld/’x

Y11k-]Y/-#mr vg-]g lYjd /gd ©-r]’d/d -m/d4’Yk #1d’Y/#’ ]#l1Y’Yäkd /# /gd 2r2Yk KY1kY]-Ym:

-m Rd]/-#m t%t%

o)3) M96W6-9m

M96W6-9m Cdrb.-16-9m

κ /gd #’©d’ #’ ©-ldmr-#mYk-/x #– Y r-l1kdw

Bι Y κh’d4-#m: #’ /gd rd/ #– Ykk κhr-l1k-]dr -m Y ]#l1kdw

i /gd r]Ykd6’dr#k2/-#m -m©dw

j /gd k#]Y/-#m6κhr2ä’d4-#m -m©dw

k /gd –’d.2dm]x6rd.2dm]x -m©dw

m /gd m2läd’ #– κhr-l1k-]dr -m Bι

σ. τ Y κhr-l1kdw -m Y ]#l1kdw

α /gd Ωκ� 0(hr-l1kdw –Y]d #– Y κhr-l1kdw -m Y ]#l1kdw

β /gd Ωκ) 0(hr-l1kdw g2kk #– Y κhr-l1kdw -m Y ]#l1kdw

K.Krxl. Knu /gd pm#’lYk-yd©( 4’Y1g KY1kY]-Ym

Kι. K
rxl
ι . Knuι /gd pm#’lYk-yd©( G#©4d κhKY1kY]-Ym

O ©-r]’d/d #’/g#4#mYk 1’#id]/-#m Y4Y-mr/ /gd ]#mr/Ym/ ud]/#’

A /gd ’d]-1’#]Ykhvd-4g/ 4’Y1g ©-r/Ym]d lY/’-w

J.Jrxl /gd pm#’lYk-yd©( gY’l#m-] jd’mdk

G.Grxl /gd pm#’lYk-yd©( ©-r]’d/d -m/d4’Yk #1d’Y/#’

K /gd ]#m/-m2#2r KY1kY]-Ym #m r#ld Nc

G /gd ]#m/-m2#2r -m/d4’Yk #1d’Y/#’ Y4Y-mr/ /gd gY’l#m-] jd’mdk

O ]#m/-m2#2r #’/g#4#mYk 1’#id]/-#m Y4Y-mr/ /gd ]#mr/Ym/ –2m]/-#m

Fij /gd r2ä4’Y1g #– F #– r]Ykd i Y/ k#]Y/-#m j

U ij /gd ud’/-]dr #– Fij
Bij /gd κhr2ä’d4-#m #– Bι #– r]Ykd i Y/ k#]Y/-#m j

0.0P ]#mr/Ym/ ud]/#’: -m©-]Y/#’ –2m]/-#m –#’ Y rd/ R

ξe Ym d-4dmud]/#’: 2r2Ykkx #– r#ld KY1kY]-Ym uY’-Ym/

ξijωk Y κhGFKDS äYr-r ud]/#’

φi
jωk Y κhFGVS äYr-r ud]/#’

fl



Sgd 1’#©2]/-#m #– /g-r ©-rrd’/Y/-#m -mu#kudr Y /#m #– m#/Y/-#m: äd/vddm vYudkd/ -m©-]dr: r-l1k-]dr

#– uY’-#2r #’©d’: Ym© Y uY’-d/x #– ]#m/-m2#2r Ym© ©-r]’d/d: ©-fd’dm/-Yk Ym© -m/d4’Yk #1d’Y/#’r% Ud]/#’r

Y’d YkvYxr v’-//dm -m ä#k©: k-jd w% LY/’-w Ym© ud]/#’ -m©dw-m4 -r YkvYxr v’-//dm v-/g r.2Y’d ä’Y]jd/r:

k-jd VL [ei #’ Vw[e% R#ld m#/Y/-#m vg-]g -r 2rd© ]#mr-r/dm/kx -r ]#kkd]/d© -m /gd Yä#ud /Yäkd%

LYmx #– /gd ffi42’dr Ym© /Yäkdr -m /g-r ©-rrd’/Y/-#m ]Ym äd 4dmd’Y/d© 2r-m4 /gd Y]]#l1Ymx-m4

I2k-Y 1Y]jY4d LtkshrbWkdRhlokdwRhfmWkSqWmrenqlr: vg-]g vd gYud ’dkdYrd© u-Y /gd TB

CYu-r SPHONCR F-/g2ä #’4Ym-yY/-#m Y/

gssor.!!fhsgta0bnl!TAC3HCR!LtkshrbWkdRhlokdwRhfmWkSqWmrenqlr0ik%

Vd k-r/ /gdrd ffi42’dr Ym© /Yäkdr ädk#v%

o)t) I-r6 98 E-42.dr Wmc SWakdr

E-42.dr

3%ö Sgd GYY’hVYkrg vYudkd/ 1Y]jd/r φk
iωj –#’ Y ©xY©-] ©-r]’d/d r-4mYk #m N6% DY]g ’#v -r Y/

]#mr/Ym/ r]Ykd i: Ym© ©-r1kYxd© -m äk#]jr #– ]#mr/Ym/ k: Ym© uY’x-m4 /-ld 1#r-/-#m j% Sgd

r]Yk-m4 –2m]/-#mr pk ; +( Y’d -m äkY]j: vYudkd/ –2m]/-#mr pk ; 0( Y’d -m ’d©: Ym© vYudkd/

1Y]jd/ –2m]/-#mr pk ≥ 1( Y’d -m äk2d% Sgd ä#//#l ’#v ]#mr-r/r #– /gd VYkrg –2m]/-#mr%

E-42’d ©dr-4m -r Y ’d]’dY/-#m #– b5fi: E-42’d 3%fl[% öfi

3%3 Nm /gd kd–/: Y r-l1kd dwYl1kd #– Y r-4md© 4’Y1g: v-/g ud’/-]dr -m 4’dx: 1#r-/-ud d©4dr -m

4’ddm: Ym© md4Y/-ud d©4dr -m #’Ym4d% Nm /gd ’-4g/: Y ä-1Y’/-/-#m #– /gd rYld r-4md© 4’Y1g:

vgd’d /gd d©4dr vg-]g ]#m/’-ä2/d /# /gd RhemdcBts #äid]/-ud Y’d g-4gk-4g/d© -m ’d©% 3z

3%t � g-d’Y’]g-]Yk 1Y’/-/-#m /’dd: –#’ /gd 7 ud’/-]dr #– Y r-l1kd dwYl1kd 4’Y1g% Hm /gd /’dd

Yä#ud: /gd ’##/ -r U ++ : ]#m/Y-m-m4 Ykk /gd ud’/-]dr: Ym© dY]g mdw/ kdudk #– /gd /’dd ]#m/Y-mr

r2ärd/r Y/ ]#ll#m r]Ykd% Sgd kdYudr #– /gd /’dd Y’d r-m4kd/#m r2ärd/r% Hm /gd 4’Y1gr ädk#v:

/gd ’d4-#mr Fij -m©2]d© äx /gd ]#’’dr1#m©-m4 ud’/dw r2ärd/r U
i
j Y’d ©dl#mr/’Y/d©% 3ö

3%fl �m dwYl1kd #– Y g-d’Y’]g-]Yk 1Y’/-/-#m-m4 #– Y 4’Y1g: 2r-m4 Y L-mmdr#/Y ’#Y© md/v#’j bt7[%

DY]g 1k#/: –’#l kd–/ /# ’-4g/: /#1 /# ä#//#l: -m]k2©dr #md –2’/gd’ kdudk #– /gd 1Y’/-/-#m%

Ud’/-]dr vg-]g rgY’d /gd rYld ]#k#’: ädk#m4 /# /gd rYld kdudk #– /gd 1Y’/-/-#m: Ym© ud’/-]dr

fi



mdY’d’ -m ]#k#’ /# dY]g #/gd’ gYud Y mdY’d’ ]#ll#m Ym]dr/#’ -m /gd g-d’Y’]g-]Yk 1Y’/-/-#m

/’dd% 3t

3%fi Rdud’Yk -mr/Ym]dr #– Ym KhäYrd© g-d’Y’]g-]Yk 1Y’/-/-#m-m4 #– Y L-mmdr#/Y ’#Y© md/v#’j bt7[:

v-/g /gd ’dr2k/r #– 2r2Yk –2kk 1Y’/-/-#m-m4 #m /gd kd–/ -m dY]g 1Y-’: Ym© /g#rd #– r2älY/’-w

1Y’/-/-#m-m4 #m /gd ’-4g/% Sgd äk2d Ym© ’d©h]#k#’d© ud’/-]dr -m dY]g 4’Y1g Y’d /gd r211#’/

#– /gY/ ’d4-#m% Sgd /v# -m©-]dr -m dY]g kYädk Y’d /gd r]Ykd pi( Ym© k#]Y/-#m pj( 1Y’Yld/d’r:

Ym© /gd /v# 2m-–#’lkx ]#k#’d© r2ä’d4-#mr -m©-]Y/d /gd mdw/ 1Y’/-/-#m –#’ /gY/ ’d4-#m% M#/-]d

g#v /gd ’d4-#mr -©dm/-ffid© äx ä#/g ld/g#©r Y’d r-l-kY’: Ym© /gY/ Y/ kY/d’ r]Ykd 1Y’Yld/d’r:

/gd l2]g rlYkkd’ r211#’/r uY’x l#’d äd/vddm /gd /v# ld/g#©r% 3fi

3%7 Hm /g-r rlYkk 1h]#l1kdw B: d0 ∼ d3 äd]Y2rd /gdx rgY’d /gd –Y]d u1: Ym© d0 ∼ d1 äd]Y2rd /gdx

rgY’d /gd –Y]d u0% E2’/gd’ d0 ≃ d1 äd]Y2rd /gd-’ g2kk s0 ∈ B: ä2/ d0 ≃< d3: r# /gY/ d0 ∼
0
d3%

Vd gYud s0 ∼ s1 äd]Y2rd /gdx rgY’d /gd –Y]d d2: Ym© Ykr# s0 ∼
1
s1% 3;

3%; Sgd r-l1kdw /’dd ’d1’drdm/Y/-#m –#’ Y r-l1k-]-Yk ]#l1kdw vg#rd lYw-lYk r-l1k-]dr gYud

kYädkr {0. 1. 2. 4{ Ym© {3. 4. 5{% DY]g ud’/dw ’d1’drdm/r Y r-l1kdw -m /gd ]#l1kdw: Ym©

-– /gd kdm4/g #– /gd 1Y/g /# /gd ’##/ kYädkd© ∅ -r X: /gdm -/ -r Ym Xhr-l1kdw% Sgd kYädkr

–#’ /gd ud’/-]dr -m /gd r-l1kdw Y’d #ä/Y-md© äx Y]]2l2kY/-m4 /gd kYädkr #m /gd 1Y/g

/# /gY/ r-l1kdw –’#l /gd ’##/% R# –#’ dwYl1kd: /gd 2hr-l1k-]dr -m /g-r ]#l1kdw Y’d

{0. 1. 2{. {0. 1. 4{. {0. 2. 4{. {1. 2. 4{: Ym© {3. 4. 5{ tö

t%ö C-Y4’Yl rg#v-m4 /gd ’dkY/-#mrg-1 äd/vddm /gd uY’-#2r j-m©r #– #1d’Y/#’r vg#rd

d-4dm–2m]/-#mr lYx äd 2rd© –#’ YmYkxr-r #– /gd 2m©d’kx-m4 ©#lY-mr: v-/g 1Y’/-]2kY’

-mr/Ym]dr% tfi

t%3 � ©dl#mr/’Y/-#m #– /gd r-l-kY’ äYr-] ]Y1Yä-k-/-dr #– /gd KY1kY]-Ym Ym© ©-r]’d/d -m/d4’Yk

#1d’Y/#’häYrd© r1d]/’Yk dläd©©-m4r% Nm /gd kd–/ -r m#-rx rYl1kdr #– Y lYm-–#k©: Ym© #m

/gd ’-4g/: /v#h©-ldmr-#mYk r1d]/’Yk dläd©©-m4r 2/-k-y-m4 Y11’#1’-Y/d d-4dmud]/#’r #– /gd

KY1kY]-Ym Ym© ©-r]’d/d -m/d4’Yk #1d’Y/#’: ’dr1d]/-udkx% fi3

t%t Sgd dläd©©-m4 dwYl1kd –’#l E-42’d t%3: 2r-m4 /gd rxlld/’-] Ym© ’Ym©#lhvYkj

m#’lYk-yY/-#m –#’ dY]g #– /gd KY1kY]-YmhäYrd© Ym© ©-r]’d/d -m/d4’Yk #1d’Y/#’häYrd© r1d]/’Yk
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dläd©©-m4r% Hm ä#/g ]Yrdr: /gd ©Y/Y Ym© /d]gm-.2d Y’d -©dm/-]Yk: #mkx v-/g K ’d1kY]d© äx

Krxl: Knu Ym© G ’d1kY]d© äx Grxl. Gnu% fi;

t%fl Pdr2k/r #– Ym 2mr21d’u-rd© ]kYrr-ffi]Y/-#m dw1d’-ldm/: v-/g /gd 4#Yk #– rd1Y’Y/-m4 /gd /v#

r1-’Ykr 1-]/2’d© Y/ ’-4g/% Sgd g-r/#4’Yl Y/ /#1hkd–/ -kk2r/’Y/dr /gd ©-r/’-ä2/-#m #– ©-r/Ym]d

uYk2dr ]#m/Y-md© -m A% Sgd ]kYrr-ffi]Y/-#m -r 1d’–#’ld© ö3 /-ldr: #m]d v-/g /gd KY1kY]-Ym:

Ym© öö /-ldr v-/g /gd ]dmr#’d© ©-r/Ym]d lY/’-w: Ym© dY]g 4’dx ©Yrgd© k-md -m /gd g-r/#4’Yl

-m©-]Y/dr /gd ]dmr#’rg-1 /g’drg#k© –#’ Y /’-Yk% Sgd ä#//#lhkd–/ ]gY’/ rg#vr /gd –’Y]/-#m #–

rg#’/dr/ 1Y/gr vg#rd kdm4/g -r ädk#v dY]g /g’drg#k©% DY]g ]kYrr-ffi]Y/-#m -r -kk2r/’Y/d© -m

/gd r1-’Ykr #m /gd ’-4g/: ffi’r/ äx /gd KY1kY]-Ym: Ym© /gdm äx /gd ]dmr#’d© ©-r]’d/d -m/d4’Yk

#1d’Y/#’: -m #’©d’ #– ©d]’dYr-m4 /g’drg#k©% 73

fl%ö OY-’r #– κhr-l1k-]dr ©dl#mr/’Y/-m4 ]#mr-r/dm]x Y/ /gd-’ ä#2m©Y’x –Y]d: –#’ κ ; 0. 1% Sgd

l-wd©h]#k#’ 1Y-’r Y’d ]#mr-r/dm/: Ym© /gd rYldh]#k#’ 1Y-’r Y’d -m]#mr-r/dm/% 7fl

fl%3 � mY/2’Ykkxh#’-dm/d© 1hr-l1kdw r: v-/g mY/2’Ykkxh#’-dm/d© 0h–Y]dr d. e. f% 77

fl%t Sgd ]#l1kdw –’#l E-42’d 3%7 #m /gd kd–/: v-/g mY/2’Yk #’-dm/Y/-#m ©-r1kYxd© Yr ©-’d]/d©

d©4dr: /#4d/gd’ v-/g -/r vd-4g/d©: 2mm#’lYk-yd© r-4md© Y©iY]dm]x lY/’-w Rus0 : v-/g C1 ; H%

M#/-]d /gY/ vd-4g/r ©-fd’ ©d1dm©-m4 #m ]#mr-r/dm]x Ym© 1’drdm]d #’ kY]j #– g2kk: Ym© /gY/

/gd 1’drdm]d #– Y g2kk ]Ym rv-/]g /gd dw1d]/d© r-4m% ;ö

fl%fl � u-r2Yk-yY/-#m #– /gd ffi’r/ ffi–/ddm d-4dmud]/#’r #– Kι ; K1 –#’ O
↓
4+ω1% Nm /gd kd–/: #’-dm/Y/-#mr

gYud äddm ]g#rdm –#’ /gd /’-Ym4kdr r2]g /gY/ ξ+ gYr ]#mr-r/dm/ r-4m: vg-kd #m /gd ’-4g/: /gd

/’-Ym4kdr gYud äddm kd–/ -m mY/2’Yk #’-dm/Y/-#m% Wdkk#v -m©-]Y/dr 1#r-/-ud uYk2dr: Ym© 12’1kd

-m©-]Y/dr md4Y/-ud uYk2dr% M#/-]d g#v ξ0 –#’ /gd ’dh#’-dm/d© ]#l1kdw ädgYudr 1’d]-rdkx Yr

#md dw1d]/r gd’d –#’ Y E-d©kd’ ud]/#’% ;fi

fl%fi Nm /gd kd–/: Y u-r2Yk-yY/-#m #– /gd ffi’r/ ffi–/ddm d-4dmud]/#’r #– Kι ; K0 –#’ O4+ω0% Hm /g-r

]Yrd: /gd mY/2’Yk #’-dm/Y/-#mr Y’d Yk’dY©x r2]g /gY/ ξ+ gYr ]#mr/Ym/ r-4m% Sgd’d Y’d /v#

/x1dr #– #r]-kkY/-#mr: YmYk#4#2r /# /gd K+hd-4dmud]/#’r #– Y kY©©d’ 4’Y1g: #’ Y mY’’#v 4’-©

4’Y1g% D-4dmud]/#’r +� 5 #r]-kkY/d Yk#m4 /gd kdm4/g #– /gd 1Y/g -m /gd dw1d]/d© vYx: /gdm

6 � 0+ -m]k2©d Y ud’/-]Yk #r]-kkY/-#m vg-]g Yrr-4mr #11#r-/d r-4m /# /gd /v# #2/d’ +h1Y/gr%

G-4gd’ d-4dmud]/#’r ]#m/-m2d Y©©-m4 d-/gd’ ud’/-]Yk #’ g#’-y#m/Yk #r]-kkY/-#mr% Nm /gd ’-4g/:

;



©-fd’dm/ #r]-kkY/-#m /x1dr Y’d -kk2r/’Y/d©: –#’ d-4dmud]/#’r 0 � 2: 3 � 5: Ym© 6 � 8% Sgd

r2äh#r]-kkY/-#mr Y’d Y ’dr2k/ #– /gd d©4d -m©dw-m4: äd]Y2rd /gd’d Y’d /g’dd /x1dr #– d©4dr

-m/d’r1d’rd© v-/g dY]g #/gd’c /g#rd #m #md #– /gd /v# #2/d’ +h1Y/gr: Ym© /g#rd #m /gd -mmd’

+h1Y/g% ;7

fl%7 UY’-#2r d©4d d-4dmud]/#’r #– K0: –#’ /gd ]k-.2d ]#l1kdw ]#mr/’2]/d© –’#l /gd L-mmdr#/Y

’#Y© md/v#’j% Gd’d B0 ; 50+: r# /gd +hd-4dmr1Y]d -r g-4gkx ©d4dmd’Y/d: Yr /gd ’#Y© md/v#’j

]#m/Y-mr lYmx ]x]kdr: ä2/ –dv /’-Ym4kdr% L#’d ’d© -m©-]Y/dr l#’d 1#r-/-ud: Ym© l#’d äk2d

-m©-]Y/dr l#’d md4Y/-ud uYk2dr% Sgd /#1 kd–/ -r /gd r/Ym©Y’© E-d©kd’ ud]/#’ ξ0: -m Ym

#’-dm/Y/-#m /gY/ lYjdr ξ+ m#mhmd4Y/-ud% Sg-r gY’l#m-] ud]/#’ x-dk©r m# ]kdY’ 1Y’/-/-#m #’

r/’2]/2’d #– /gd 4’Y1g% Sgd #/gd’ /g’dd Y’d -m Ym #’-dm/Y/-#m /gY/ lYjdr ξ500 m#mhmd4Y/-ud:

Ym© –’#l kd–/ /# ’-4g/: /#1 /# ä#//#l: Y’d d-4dmud]/#’r ξ502.ξ503.ξ504% Sgd 1’#4’drr-#m

]kdY’kx ©dl#mr/’Y/dr ldYm-m4–2k 1Y’/-/-#mr #m /gd 0h’d4-#m: v-/g -m]’dYr-m4 #r]-kkY/-#m% ;;

fl%; Nmd 1#rr-äkd g-d’Y’]g-]Yk ä-1Y’/-/-#m-m4 #– Y r-l1kd 3h]#l1kdw: –’#l i ; + v-/g m# 1Y’/-/-#m

#m /gd kd–/: /# i ; 4 #m /gd ’-4g/: vgd’d dY]g #– /gd 3ö /’-Ym4kdr –#’l /gd-’ #vm r2ä’d4-#m%

B#k#’r -m©-]Y/d ©-r/-m]/ r2ä’d4-#mr% ;n

fl%e Sgd 1hGYY’ äYr-r ud]/#’r #m /gd rYld r-l1kd 1h]#l1kdw rg#vm -m E-42’d fl%;% Sgd xdkk#v:

©Y’j 4’ddm: u-#kd/ ’d4-#mr -m dY]g ud]/#’ -m©-]Y/d -/r 1#r-/-ud: yd’#: Ym© md4Y/-ud ]#l1#mdm/r% eö

fi%ö 1hGFKDS ©-]/-#mY’x #m /gd 1h]#l1kdw rg#vm -m E-42’d fl%;% Gd’d: /gd ]#k#’ r]Ykd

-r ]#mr-r/dm/ Y]’#rr dY]g ’#v pvg-]g ]#’’dr1#m©r /# /gd kdudk( /# äd//d’ u-r2Yk-yd /gd

rl##/gmdrr #– /gd dkdldm/r et

fi%3 B#Y’rdh/#hE-md pB3E( 3hFGVS ©-]/-#mY’x% Sgd xdkk#v: ©Y’j 4’ddm: Ym© u-#kd/ ’d4-#mr -m

dY]g ud]/#’ -m©-]Y/d -/r 1#r-/-ud: yd’#: Ym© md4Y/-ud ]#l1#mdm/r: ’dr1d]/-udkx% efl

fi%t B#l1Y’-r#m #– r2älY/’-w 1Y’/-/-#m-m4 v-/g –2kk 1Y’/-/-#m-m4: –#’ Y 1h’d4-#m –#’l-m4 Y ]k#rd©

/’-Ym42kY’ ldrg% Sgd ©#4 /#x ldrg -r –’#l Y F##4kd PdrdY’]g ©Y/Yrd/ bts[% DY]g 1k#/

©d1-]/r Y κhFGVS äYr-r ud]/#’: ]#l12/d© äx d-/gd’ /gd –2kk 1Y’/-/-#m-m4 ld/g#© pYä#ud(

#’ /gd r2älY/’-w 1Y’/-/-#m-m4 ld/g#© pädk#v(% Sgd Ωi. j. k( /Y4r Y’d -m©-]Y/d© -m /gd 1k#/

/-/kdr% Hm /gd ]#k#’lY1 uhqhchr: xdkk#v -m©-]Y/dr kY’4d 1#r-/-ud uYk2dr: 12’1kd kY’4d

md4Y/-ud uYk2dr: Ym© 4’ddm rlYkkhlY4m-/2©d uYk2dr% e;

e



fi%fl E-mdh/#hB#Y’rd pE3B( 3hFGVS ©-]/-#mY’x% M#/d /gY/ /g-r ©-]/-#mY’x -r m#/ 4dmd’Y/d© äx

r-l1kx ’dud’r-m4 /gd ’#v -m©-]dr #– /gd B3E ©-]/-#mY’x: ä2/ -mr/dY© äx Y’’Ym4-m4 dY]g kdudk

p’#v( äx "rd.2dm]x“% ee

7%ö Sgd ]#mr/’2]/-#m #– r-l1k-]-Yk r-4mYkr –’#l Ym -lY4d% Nm /gd kd–/ -r /gd 4’dxr]Ykd -lY4d

vd r/Y’/ v-/g% Mdw/: /gd 1-wdkr Y’d rYl1kd©: ’dr2k/-m4 -m /gd rd]#m© -lY4d% Sgdm #m /gd

’-4g/ Y’d Y 0hr-4mYk p#m /gd d©4dr( Ym© 1hr-4mYk p#m /gd /’-Ym4kdr( #m /gd r-l1k-]-Yk ]#l1kdw

–#’ld© äx /gd CdkY2mYx /’-Ym4k2Y/-#m #– /gdrd 1#-m/r% en

7%3 M#mk-mdY’ Y11’#w-lY/-#m #– Ym -lY4dh©d’-ud© r-l1k-]-Yk r-4mYk –#’ κ ; 0% nö

7%t M#mk-mdY’ Y11’#w-lY/-#m #– Ym -lY4dh©d’-ud© r-l1k-]-Yk r-4mYk –#’ κ ; 1% n3

7%fl M#mk-mdY’ Y11’#w-lY/-#m d’’#’r –#’ /gd -lY4dh©d’-ud© r-l1k-]-Yk r-4mYk: v-/g K1 d’’#’ #m

/gd kd–/: Ym© kneΩK1( d’’#’ –#’ 21 /# gYk– #– /d’lr ’d/Y-md© #m /gd ’-4g/% Sgd /#1 ©-Y4’Ylr

rg#v κ ; 0: Ym© /gd ä#//#l κ ; 1% nt

7%fi �11’#w-lY/-#m #– /gd B-/Y/-#m B#l1kdw –#’ κ ; +. . . . . 4% nt

7%7 S#1c �11’#w-lY/-#m #– /gd B-/Y/-#m B#l1kdw –#’ κ ; +. . . . . 4% A#//#lc K#4 #– /gd d’’#’

–#’ 21 /# fiz) #– /gd /d’lr ’d/Y-md©% nfl

7%; �m dwYl1kd #– 4’Y1g #’-dm/Y/-#m: 1d’–#’ld© #m Y ©dm©’-/-] /’dd% Nm /gd kd–/: vd rg#v /gd

mY/2’Yk #’-dm/Y/-#m #– /gd d©4dr -m /gd 4’Y1g% Vd 1k#/ Y rl##/g 4’Y©-dm/ #m dY]g rd4ldm/

#– /gd /’dd: r2]g /gY/ -m]’dYr-m4 ud’/dw -m©dw -r lY11d© /# /gd ]gYm4d –’#l 12’1kd /#

xdkk#v -m /gd 2r2Yk uhqhchr ]#k#’lY1% Hm /gd l-©©kd -r /gd r-4m #– ξ0ΩK0(: 1k#//d© #m /gd

d©4dr% Nm /gd ’-4g/ Y’d /gd #’-dm/Y/-#mr 4-udm äx 5-11-m4 d©4dr vgd’d ξ0ΩK0( -r md4Y/-ud

pr#: 12’1kd -m /gd l-©©kd 1k#/(% n7

SWakdr

7%ö Sgd m2läd’ #– dkdldm/ -m /gd κhr-l1k-]dr -m /gd ]#Y2/g#’rg-1 ]#l1kdw –#’ κ ; +. 0. . . . . 4 n3

7%3 Sdr/ �]]2’Y]x –#’ RULr /’Y-md© #m /’Ymr–#’lr #– LMHRS r-4mYkr -m/d’1#kY/d© /# Y ’Ym©#l

/’-Ym42kY/-#m% nfi

n
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3)o) VWudkd6r Wmc VWudkd6 OWbjd6r

� ä2-k©-m4 äk#]j #– ’dYk gY’l#m-] YmYkxr-r -r /gd E#2’-d’ /’Ymr–#’l: /’Y©-/-#mYkkx ©dffimd© –#’ Y

–2m]/-#m e ∈ K0ΩN( u-Y ben[

DeΩξ( 9; ⋂eΩξ( 9;
∏

N
eΩs(d�1ξhνs cs .

B#mr-©d’-m4 e Yr Y –2m]/-#m #ud’ /-ld: /g-r /’Ymr–#’l Ykk#vr 2r /# WmWkxyd e -m /gd –’d.2dm]x ©#lY-m%

Vgdm Y©©-/-#mYkkx ⋂e ∈ K0ΩN(: /gdm /gd -mud’rd E#2’-d’ /’Ymr–#’l D�0 9 K0ΩN( ̸→ K0ΩN( ’d]#ud’r e :

u-Y Y rxm;gdr-r #– /gd /’Ymr–#’l uYk2dr ben[c

∣
D�0 ⋂e

(
Ωs( 9;

∏

N
⋂eΩξ(d1ξhνs cξ ; eΩs( .

� ©dmr-/x Y’42ldm/ u-Y ]#l1Y]/kx r211#’/d© rl##/g –2m]/-#mr -r r2ff]-dm/ /# dw/dm© /gd E#2’-d’

/’Ymr–#’l Ym© -mud’r-#m –#’l2kY /# K1ΩN( b7s[%

Hm/2-/-udkx: e äd-m4 r2ff]-dm/kx rl##/g ldYmr -/ l2r/ uY’x rk#vkx: vg-]g -r d.2-uYkdm/ /# /gd

/’Ymr–#’l uYk2dr –#’ g-4gd’ –’d.2dm]-dr äd-m4 rlYkks /g-r -r Y ud’x ©dr-’Yäkd 1’#1d’/x% E#’ dwYl1kd:

-– e ∈ BnΩN( Ym© e. >e. . . . . >ne ∈ K0ΩN(: /gdm ⋂eΩξ( ∈ MΩξ�n(% B#mud’rdkx: -– ⋂e ∈ MΩξ�Ωn)0)β(( –#’

r#ld ϵ / +: /gdm e ∈ BnΩN( ben[%o

kd/ 0P ©dm#/d /gd -m©-]Y/#’ –2m]/-#m –#’ /gd rd/ R% M#/-]d /gY/
�
DΩd�}s}(

(
Ωξ( ∈ MΩξ�1(: Ym©

�
DΩ0=�0ω0[(

(
Ωξ( ∈ MΩξ�0(s /gdrd dwYl1kdr -kk2r/’Y/d /gd /x1-]Yk 1gdm#ldm#m /gY/ /gd ©d]Yx #– ⋂e -r

flknaWkkx rdmr-/-ud /# /gd rl##/gmdrr #– e -m /-ld: r# /gY/ Y r-m4kd ©-r]#m/-m2-/x -m e #’ Y ©d’-uY/-ud

#– e Yfd]/r /gd ©d]Yx #– /gd dm/-’d /’Ymr–#’l: vg-]g: d%4%: -m]’dYrdr /gd m2läd’ #– ]#dff]-dm/r /gY/

lYx äd mdd©d© /# ’d1’drdm/ e /# Y 4-udm Y]]2’Y]x äx ©-r]’d/d ldYmr bfi7[%

oSgdrd Y’d k##rd &#2m,r /# -kk2r/’Y/d /gd ]#mmd]/-#m)

öz



L2k;-r]Wkd ;’Wmren’lr Y-l /# Y©©’drr /g-r vdYjmdrr äx ]#mr/’2]/-m4 /’Ymr–#’l uYk2dr vg-]g Y’d

rdmr-/-ud #mkx kn]Wkkx -m ]gYm4dr /# rl##/gmdrr: Y/ ©-fd’dm/ r]Ykdr -m ä#/g /-ld Ym© –’d.2dm]x: Ym©

dwg-ä-/ ©d]Yx 1’#1d’/-dr Y11’#1’-Y/d /# /g#rd k#]Yk Ym© /’Ymr-dm/ 1gdm#ldmY% Sgd vWudkd; ;’Wmren’l

-r r2]g Ym dwYl1kd: ]#mr/’2]/d© –’#l Y –Yl-kx #– /’YmrkY/-#mr Ym© ©-kY/-#mr #– Y11’#1’-Y/d ©-fd’dm]-m4

pvYudkd/( Ym© Yud’Y4-m4 pr]Yk-m4( –2m]/-#mr%

� vWudkd;: #’ ln;gd’ vWudkd; ψ ∈ K1ΩN( l2r/ rY/-r–x |ψ|1 ; 0: Ym©

∏

N
ψΩs( cs ; ⋂ψΩ+( ; + .

r# /gY/ –2m©Yldm/Ykkx: -/ #r]-kkY/dr% � r]Wk-mfl e2m];-nm ϕ: Ykr# jm#vm Yr Y eW;gd’ vWudkd;: l2r/

rY/-r–x |ϕ|1 ; 0 b7s[% V-/g /gd /’YmrkY/-#m #1d’Y/#’ ©dffimd© Yr

SteΩs( 9; eΩs� t( .

Ym© ©-kY/-#m #1d’Y/#’ ©dffimd© –#’ r / + Yr

CreΩs( 9;
0\
r
e

)
s

r

(
.

/gd vYudkd/ –Yl-kx -r ]#mr/’2]/d© –’#l Y11k-]Y/-#mr #– ©xY©-] ©-kY/-#m Ym© /’YmrkY/-#mr /# ψ: v-/g

r]Ykdr r ; 1i Ym© /-ld 1#r-/-#mr t ; 1ij –#’ i. j ∈ R% Vd ©dffimd bfi7[

ϕiωjΩs( 9; S1ijC1iϕΩs( ;
0\
1i

ϕ

)
s� 1ij

1i

(
.p3%ö(

ψiωjΩs( 9; S1ijC1iψΩs( ;
0\
1i

ψ

)
s� 1ij

1i

(
.p3%3(

Ym© /gd ]#m/-m2#2r vYudkd/ /’Ymr–#’l #– Y –2m]/-#m e ∈ K1ΩN( Y/ r]Ykd r ; 1i Ym© /-ld 1#r-/-#m

t ; 1ij Yr b7s[

VeΩi. j( 9; }e.ψiωj⟩ ;
∏

N
eΩs(

0\
1i

ψ

)
s� 1ij

1i

(
cs .p3%t(

R211#rd /gd vYudkd/r {ψiωj{iωj∈R –#’l Y e’Wld: r# /gY/ ∃A. A / + v-/g A ≤ A: r2]g /gY/

A|e|11 ≤
∫

iωj

|}e.ψiωj⟩|1 ≤ A|e|11 –#’ e ∈ K1ΩN( .3

3Vgdm κ 0 A: /gd vYudkd/r !#’l Y /-flg/ –’Wld)

öö



Sgdm /gd’d dw-r/ ,2Wk vWudkd;r zψiωj Ym© ,2Wk r]Wk-mfl e2m];-nmr zϕiωj: v-/g vg-]g vd ]Ym ’d]#mr/’2]/

e -m /gd rdmrd #– K1 bfi7[c

eΩs( ;
∫

j∈R
}e.ϕih2wωj⟩ zϕih2wωjΩs( )

∫

j∈R

ih2w∫

i:�∞
}e.ψiωj⟩ zψiωjΩs( .p3%fl(

Sgdrd ©2Yk –2m]/-#mr rY/-r–x ä-#’/g#4#mYk-/x ’dkY/-#mr v-/g /gd #’-4-mYk #mdr b7s[c

p3%fi(


ψiωj. zψi−ωj−

〈
; δΩi � i′(δΩj � j′( –#’ i. i′. j. j′ ∈ R .


ϕiωj. zϕiωj−

〈
; δΩj � j′( –#’ i. j. j′ ∈ R .


ϕiωj. zψiωj−

〈
;


ψiωj. zϕiωj−

〈
; + –#’ i. j. j′ ∈ R .

vgd’d δ -r /gd 2r2Yk J’#md]jd’ ©dk/Y% Vd Yrr2ld /gY/ ψ.ϕ rY/-r–x ä#/g /gd –’Yld ]#m©-/-#m: Ym©

–2’/gd’ /gY/ dY]g zψiωj ; ψiωj: Ym© zϕiωj ; ϕiωj: r# /gY/ ψ.ϕ –#’l n’;gnflnmWk vWudkd;r% Sg-r Ykk#vr –#’

dff]-dm/ -l1kdldm/Y/-#m #– ä#/g YmYkxr-r Ym© rxm/gdr-r v-/g /gd ]#m/-m2#2r vYudkd/ /’Ymr–#’l: Ym©

–#’ ©-r]’d/dh/-ld r-4mYkr% Cdffimd /gd r1Y]dr

Si 9; ro]m Ω{ϕiωj{j∈R( .

Vi 9; ro]m Ω{ψiωj{j∈R( .

Sgdm /gd ä-#’/g#4#mYk-/x ’dkY/-#mr p3%fi( x-dk© /gd #’/g#4#mYk ’dkY/-#mr

Vi ⊥Vi− –#’ i ̸; i′ .

Si ⊥Vi .

Ym© /gd r1Y]dr {Si{i∈R –#’l Y l2k;-’drnk2;-nm W11’nw-lW;-nm: ©dr]’-äd© äx /gd ’dkY/-#mr b7s[: b3fi[

e ∈ Si ⇐⇒ C1e ∈ Si)0 .

Si ⊃ Si)0 .

{+{ ;
⋃

i∈R
Si .

K1ΩN( ;
∫

i∈R
Si .
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E-mYkkx: äd]Y2rd Si ; Si)0 ±Vi)0: vd ]Ym ]#mr/’2]/ vYudkd/r ϕiωj.ψiωj Yr k-mdY’ ]#lä-mY/-#mr

#– ffimd’hr]Ykd r]Yk-m4 –2m]/-#mrc

p3%7(

ϕiωjΩs( ;
∫

j−∈R
gΩj′ � 1j(︷ ︷√ ︸

:}τiσjωτi�0σj−⟩

ϕi�0ωj−Ωs( .

ψiωjΩs( ;
∫

j−∈R
fΩj′ � 1j(︷ ︷√ ︸

:}φiσjωτi�0σj−⟩

ϕi�0ωj−Ωs( .

vgd’d g. f Y’d ]Ykkd© k#vh1Yrr Ym© g-4gh1Yrr ffik/d’r ’dr1d]/-udkx b7s[: Ym© Y’d ]’-/-]Ykkx -m©d1dm©dm/

#– i: Ykk#v-m4 ]#mr/’2]/-#m #– /gd vYudkd/ /’Ymr–#’l 12’dkx –’#l ’d1dY/d© Y11k-]Y/-#m #– /gd ffik/d’

’dkY/-#mr p3%7(: ’Y/gd’ /gYm dw1k-]-/kx ]#mr/’2]/-m4 /gd vYudkd/ –Yl-kx: Ym© -mmd’ 1’#©2]/r Y4Y-mr/

dY]g –2m]/-#m -m -/% Dw1k-]-/kx: /gd rxm/gdr-r –#’l2kY p3%fl( äd]#ldr

p3%;( eΩs( ;
∫

j∈R
bih2wΩj(ϕih2wωjΩs( )

∫

j∈R

ih2w∫

i:�∞
ciΩj(ψiωjΩs( .

vgd’d

p3%e(

biΩj( 9; }e.ϕiωj⟩ ;
∫

j−∈R
gΩj′ � 1j(bi�0Ωj

′( .

ciΩj( 9; }e.ψiωj⟩ ;
∫

j−∈R
fΩj′ � 1j(bi�0Ωj

′( .

Sgd bi ‘r Ym© ci ‘r Y’d ]Ykkd© /gd r]Wk-mfl ]ndff]-dm;r Ym© vWudkd; ]ndff]-dm;r: ’dr1d]/-udkx%

M#v vd l#ud /# ä2-k©-m4 /gd ©-r]’d/d vYudkd/ /’Ymr–#’l: Ym© ]#mr-©d’ Y ©xY©-] ©-r]’d/d r-4mYk

d ∈ NM : vgd’d M ; 1m+ : m+ ∈ R≥+% SYj-m4 i ; + /# äd /gd ffimdr/ kdudk: Ym© i ; il]w /# äd /gd

]#Y’rdr/ v-/g il]w ≤ m+: vd ©dffimd /gd ffimdr/ r]Yk-m4 ]#dff]-dm/r /# äd i2r/ /gd r-4mYk -/rdk–: r# /gY/

b+Ωj( 9; Vd [j: j ; 0. . . . . M % Tr-m4 p3%7(: vd ]Ym /gdm #ä/Y-m /gd bi . ci ]#dff]-dm/r –#’ i / +s äd]Y2rd

#– /gd ffim-/d m2läd’ #– r]Ykdr i Ym© /-ld 1#r-/-#mr j: /gd –#’l2kY r-l1k-ffidr /#

p3%n( Vd [m ;

1m+�ih2w�0∫

j:+

bih2wΩj(ϕih2wωjΩm( )

1m+�i�0∫

j:+

ih2w∫

i:0

ciΩj(ψiωjΩm( .

Sgd ’d]2’r-ud r/’2]/2’d #– /gd ]#dff]-dm/ ]Yk]2kY/-#m kdm©r -/rdk– /# Y EWr; TWudkd; S’Wmren’l YmYk#h

4#2r /# /gd EYr/ E#2’-d’ S’Ymr–#’l pEES(: #mkx v-/g Y –Yr/d’ /-ld ]#r/ #– MΩM( #1d’Y/-#mr: ’Y/gd’

/gYm MΩM kneM( b3o[%

öt



Sgd vYudkd/ /’Ymr–#’l r2]]dd©r Y/ -©dm/-–x-m4 –dY/2’dr #– r-4mYkr Y/ uY’-#2r /-ldhr]Ykdrs g#vdud’:

/gd ’dr#k2/-#m #– /gd /’Ymr–#’l -r k-l-/d©: -m /gY/ /gd’d -r Ym dw1k-]-/ -mud’rd ’dkY/-#mrg-1 äd/vddm
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–Y]dr 4dmd’Yk-ydr /gd -©dY #– Y ©-’d]/d© d©4d gYu-m4 Y gdY© ud’/dw Ym© Y /Y-k ud’/dw: Ym© -r "mY/2’Yk“

äd]Y2rd -/ ©-rYkk#vr r-/2Y/-#mr YmYk#4#2r /# Y ©-’d]/d© d©4d v-/g /v# gdY©r #’ /v# /Y-kr% Hm dw-r/-m4

k-/d’Y/2’d: /g-r ]g#-]d #– 1Y’-/x -r #–/dm /Yjdm Yr Ym Yrr2l1/-#m: #’ ©dudk#1d© Yr Y ]#mrd.2dm]d #–

©dffim-m4 #’-dm/Y/-#m #’ ä#2m©Y’x lY1r v-/g ’dr1d]/ /# 1d’l2/Y/-#m 1Y’-/x: Yr -m bo5: �11dm©-w B[%

B#mr-©d’ /gd ]Yrd κ ; 0% � 0hr-l1kdw d ; {ue. ui{: h , i: -r d.2-uYkdm/ /# Y ©-’d]/d© d©4d

–’#l ue /# ui % Sgd /v# –Y]dr #– d Y’d /gd r-m4kd/#mr {ue{ Ym© {ui{: Ym© m#/-]d m]sΩd. {ue{( ; �0:

Ym© m]sΩd. {ui{( ; 0% Tr2Ykkx ui -r ]Ykkd© /gd gdY© #– /gd ©-’d]/d© d©4d: Ym© ue /gd /Y-k% E#’ Y

κhr-l1kdw σ: kd/ σmf 9; {α -r Y –Y]d #– σ | m]sΩσ.α( / +{ äd /gd mW;2’Wk gdW,r #– σ: Ym© k-jdv-rd kd/

σms 9; {α -r Y –Y]d #– σ | m]sΩσ.α( , +{ äd /gd mW;2’Wk ;W-kr #– σ% Sgdm: {ui{ -r /gd mY/2’Yk gdY© #–

d: Ym© {ue{ -r /gd mY/2’Yk /Y-k #– d%

E’#l /gd ©dffim-/-#m #– mY/2’Yk 1Y’-/x: -/ -r ]kdY’ /gY/ –#’ Ymx κhr-l1kdw σ: Yr σ gYr κ) 0 –Y]dr:

-– κ -r #©©: /gdm |σmf| ; |σms| ; ι)0
1 : Ym© -– κ -r dudm: /gdm

]]|σmf|� |σms|
]] ; 0% Hm #/gd’ v#’©r: /gd

–Y]dr #– σ Y’d Yr dudmkx Yr 1#rr-äkd 1Y’/-/-#md© äd/vddm /gd mY/2’Yk gdY©r Ym© mY/2’Yk /Y-krs vd rYx

/gd mY/2’Yk gdY© Ym© mY/2’Yk /Y-k rd/r Y’d aWkWm]d,%

� r-l1k-]-Wk ]nl1kdw B -r Y ]#kkd]/-#m #– r-l1k-]dr ]k#rd© 2m©d’ r2ärd/r: vgd’d -– σ ∈ B:

/gdm α ⊂ σ ;⇒ α ∈ B% Hm 1Y’/-]2kY’: -– σ ∈ B: r# ©#dr dY]g –Y]d #– σ% Kd/ κl]wΩB( 9;

l]v {κ |σ ∈ B -r Y κhr-l1kdw{: Ym© kd/ Bι ©dm#/d /gd rd/ #– κhr-l1k-]dr -m B –#’ dY]g κ ; +. . . . .κl]w%
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Ch42.c 3p7p Hm /g-r rlYkk 1h]#l1kdw B: d0 ∼ d3 äd]Y2rd /gdx rgY’d /gd –Y]d u1: Ym©
d0 ∼ d1 äd]Y2rd /gdx rgY’d /gd –Y]d u0% E2’/gd’ d0 ≃ d1 äd]Y2rd /gd-’ g2kk s0 ∈ B:
ä2/ d0 ≃< d3: r# /gY/ d0 ∼

0
d3% Vd gYud s0 ∼ s1 äd]Y2rd /gdx rgY’d /gd –Y]d d2: Ym©

Ykr# s0 ∼
1
s1%

Vgdm κ / κl]w: Bι ; ∅% Vd Ykr# ’d–d’ /# B Yr Y κh]nl1kdw /# m#/d /gY/ κl]wΩB( ; κ% Kd/ Y

κh’dfl-nm #– B ’d–d’ /# Ymx m#mhdl1/x r2ärd/ #– Bι: Ym© kd/ Y κhr2ä’d4-#m ’d–d’ /# Ymx r2ärd/ #– Y

κh’d4-#m%

Kd/ B äd Y r-l1k-]-Yk ]#l1kdw: Ym© σ. τ ∈ Bι: –#’ r#ld κ / +% Vgdm σ. τ rgY’d Y –Y]d: /gdx

Y’d vdWjkx W,iW]dm;: ©dm#/d© äx σ ∼ τ % Sgd-’ rgY’d© ä#2m©Y’x –Y]d -r ©dm#/d© acΩσ. τ(% H– σ ∼ τ :

Ym© -m Y©©-/-#m: /gdx ä#/g rgY’d Y ]#h–Y]d: /g-r ]#h–Y]d -r ]Ykkd© /gd-’ g2kk: ©dm#/d© äx gkΩσ. τ(% H–

σ. τ ∈ B: σ ∼ τ : Ym© gkΩσ. τ( ∈ B: /gdm σ. τ Y’d r;’nmflkx W,iW]dm;: ©dm#/d© äx σ ≃ τ % H– σ ∼ τ : ä2/

σ ≃< τ -m B: /gdm σ. τ Y’d κhW,iW]dm;: ©dm#/d© σ ∼ι τ %

�m n’-dm;d, r-l1kdw σ –2’/gd’ gYr Ym #’-dm/Y/-#m nπ ∈ {±0{: vg-]g -m©-]Y/dr vgd/gd’ -/r 1Y’-/x

v-/g -/r –Y]dr -r /gd rYld Yr: #’ #11#r-/d /#: -/r mY/2’Yk 1Y’-/x% Vgdm nπ ; )0: vd rYx σ -r -m mW;2’Wk

n’-dm;W;-nm% E#’ dwYl1kd: Y ©-’d]/d© d©4d d ; Ωue. ui( –#’ h , i -r -m mY/2’Yk #’-dm/Y/-#m: vg-kd -–

h / i: nd ; �0% �m n’-dm;d, r-l1k-]-Wk ]nl1kdw -r Y r-l1k-]-Yk ]#l1kdw vg#rd ldläd’r Y’d #’-dm/d©%

�m #’-dm/d© ]#l1kdw B ]#m/Y-mr Y/ l#r/ #md #’-dm/Y/-#m –#’ Ymx 4-udm r-l1kdw: -m /gd rdmrd /gY/

σ.σ′ ∈ B. U Ωσ( ; U Ωσ′( ;⇒ nπ ; nπ− %

MY/2’Yk #’-dm/Y/-#m ©#dr m#/ Y]]#2m/ –#’ r-l1kdw #’-dm/Y/-#m% "Ek-11-m4“ /gd ©-’d]/d© d©4d d

]#’’dr1#m©r /# rv-/]g-m4 /gd r-4m #– nd #m /gd #md gYm©: Ym© /# rv-/]g-m4 /gd gdY© Ym© /Y-k ud’/-]dr

#– d #m /gd #/gd’% �mYk#4#2rkx: /gd gdW, rd; σf Ym© ;W-k rd; σs #– Ym #’-dm/d© r-l1kdw σ ]#mr-r/

#– /g#rd –Y]dr α rY/-r–x-m4 n� m]sΩσ.α( / + Ym© n� m]sΩσ.α( , +: ’dr1d]/-udkx% Sgdrd rd/r Y’d Ykr#

äYkYm]d©: Yr v-/g /gd mY/2’Yk gdY©r6/Y-kr% E-mYkkx: äx -m/’#©2]-m4 –Y]d #’-dm/Y/-#mr Yr vdkk: vd

]#mr-©d’ /gd ’dkW;-ud n’-dm;W;-nm #– Ym #’-dm/d© r-l1kdw σ v-/g ’dr1d]/ /# -/r #’-dm/d© –Y]d α: Yr

3;



r-l1kx

pdkΩσ.α( 9; nπn� m]sΩσ.α( .

Kd/ F ; ΩU.D( äd Y r-l1kd ©-’d]/d© 4’Y1g% Vd lYx YkvYxr Yrr#]-Y/d Ym #’-dm/d© r-l1k-]-Yk 0h

]#l1kdw zF v-/g F: Yr –#kk#vr% Dm2ld’Y/d U ; {u0. . . . . um{% E#’ dY]g ue ∈ U : vd gYud Ω{ue{.)0( ∈
zF: Ym© –#’ dY]g Ωue. ui( ∈ D: vd gYud Ω{ue. ui{. remΩi�h(( ∈ zF% V-/g /g-r ]#mudm/-#m: /gd #’-dm/Y/-#m

#– /gd 0hr-l1kdw ]#’’dr1#m©r /# /gd Y4’ddldm/ #– /gd d©4d ©-’d]/-#m v-/g /gd 4k#äYk #’©d’-m4 #– /gd

ud’/-]dr%

E2’/gd’: /gd’d Y’d lYmx 1#rr-äkd vYxr /# ]#mr/’2]/ g-4gd’h#’©d’ ]#l1kdwdr /gY/ ’d1’drdm/ g-4gd’h

#’©d’ r/’2]/2’d #– /gd 4’Y1g F% E#’ dwYl1kd: vd lYx ]#mr/’2]/ /gd κh]k-.2d ]nl1kdw JιΩF( –#’

dY]g κ ∈ !: vgd’d κl]wΩJιΩF(( ≤ κ: Yr –#kk#vr% E#’ dY]g –2kkxh]#mmd]/d© r2ä4’Y1g #– F #m ud’/-]dr

uV0 . . . . . uVι− –#’ κ
′ ≤ κ) 0: vd gYud

]

{uV0 . . . . . uVι−{.
∑

0≤e,i≤ι−

remΩXi � Xe(



 ∈ JιΩF( .

M#/-]d /gY/ zF ; J0ΩF(s Y©©-/-#mYkkx: vd v-kk Yä2rd m#/Y/-#m Ym© ’d–d’ /# ä#/g F Ym© zF Yr F vgdm

/gd 2rY4d -r ]kdY’ –’#l ]#m/dw/% Vg-kd /gd’d Y’d lYmx r-l1k-]-Yk ]#l1kdwdr /gY/ ’d1’drdm/ Y 4’Y1g

vg-]g Y’d m#/ κh]k-.2d ]#l1kdwdr: äd]Y2rd r-l1k-]-Yk ]#l1kdwdr Y’d ]k#rd© 2m©d’ /Yj-m4 r2ärd/r #–

/gd 2m©d’kx-m4 2m#’-dm/d© r-l1k-]dr: vgdmdud’ δ ∈ B: /gd ]#l1kd/d r2ä4’Y1g #m /gd ud’/-]dr -m δ -r

Y r2ä4’Y1g #– F%

Kd/Wι äd /gd r1Y]d #– ’dYkhuYk2d© –2m]/-#mr #m Bι –#’ dY]g κ ∈ {+. 0. . . . .κl]wΩB({% H– vd v-rgd©

/# k-–/ /gd m#mh©d4dmd’Y]x ]#m©-/-#m #m B: vd ]#2k© -mr/dY© ’dr/’-]/ dY]g Wι /# /gd rd/ #– Wk;d’mW;-mfl

–2m]/-#mr #m Bι: r2]g /gY/ –#’ e ∈ Wι Ym© σ. τ ∈ B: vd gYud U Ωσ( ; U Ωτ( ;⇒ nπeΩσ( ; nσeΩτ(% Hm

/gd ]Yrd #– 4’Y1gr: W+ ]#mr-r/r #– –2m]/-#mr /Yj-m4 uYk2dr #m ud’/-]dr: #’ 4’Y1g r-4mYkr% W0 ]#mr-r/r

#– –2m]/-#mr #m d©4dr: #’ d©4d 5#vr% � –2m]/-#m -m W0 -r 1#r-/-ud vgdm /gd ]#’’dr1#m©-m4 5#v

©-’d]/-#m Y4’ddr v-/g /gd d©4d #’-dm/Y/-#m: Ym© md4Y/-ud vgdm /gd 5#v ©-rY4’ddr% �m Yk/d’mY/-m4

–2m]/-#m e ∈ W0 v#2k© rY/-r–x eΩzd( ; �eΩd(: –#’ d Y ©-’d]/d© d©4d Ym© zd /gd 5-11d© d©4d% W1

]#mr-r/r #– –2m]/-#mr #m #’-dm/d© /’-Ym4kdr%

F-udm Ym #’-dm/d© r-l1k-]-Yk ]#l1kdw B: –#’ dY]g κ ∈ {+. 0. . . . .κl]w{: /gd an2m,W’x n1d’W;n’

-r Y k-mdY’ #1d’Y/#’ Aι 9 Wι)0 ̸→ Wι: vgd’d –#’ σ ∈ Bι)0: α ∈ Bι: /gd ]#’’dr1#m©-m4 lY/’-w

3e



dm/’-dr Y’d VAι[�π ; pdkΩσ.α(% K-jdv-rd: /gd ]nan2m,W’x n1d’W;n’ –#’ dY]g κ ∈ {+. 0. . . . .κl]w{ -r

i2r/ Aι
� 9 Wι → Wι)0: /gd Y©i#-m/ /# Aι% Sgd dw1’drr-#m #– /gd dm/’-dr #– Aι Yr /gd ’dkY/-ud

#’-dm/Y/-#m äd/vddm r-l1kdw Ym© –Y]d r244dr/r /gY/ /gdrd Y’d Y mY/2’Yk vYx /# ]#mr/’2]/ –2m]/-#mr

/Yj-m4 k#]Yk r-4md© Yud’Y4dr: Y]]#’©-m4 /# Y©iY]dm]x -m /gd r-l1k-]-Yk ]#l1kdw%

Hm ©-r]’d/d ©-fd’dm/-Yk 4d#ld/’x: Aι
� ]#’’dr1#m©r /# /gd ,-r]’d;d dw;d’-n’ ,d’-uW;-ud: -r -m/d’h

1’d/d© Yr /gd ,-r]’d;d ,-fd’dm;-Wk b7fi[: Ym© Y]/r Yr Y ffi’r/h#’©d’ ©-fd’dm]d #1d’Y/#’ #– /gd 4’Y1g

r-4mYk% OY’/-]2kY’kx: –#’ Y 4’Y1g r-4mYk d : Ym© Y ©-’d]/d© d©4d d ; Ωt. u( v-/g df ; {u{: ds ; {t{:

p3%3ö( VA�+ d [d ; nuVd [u � ntVd [t .

Hm /gd r/Ym©Y’© 4’Y1g rd//-m4: nt ; nu ; 0: Ym© r# VA�+ d [d ; Vd [u � Vd [t: Ym© /gd ’dr2k/-m4

d©4dhuYk2d© –2m]/-#m Y]/r Yr /gd ©-r]’d/d 4’Y©-dm/% K-jdv-rd: Aι ]Ym äd -m/d’1’d/d© Yr /gd ,-r]’d;d

]n,-fd’dm;-Wk% �mYk#4#2rkx: –#’ Ym d©4d 5#v ω : Ym© Y ud’/dw u:

p3%33( VA+ω [u ; nu

]


∫

d8da:{u{

�
∫

d8ds:{u{



 Vω [d .

Ym© /Yj-m4 nu ; 0: VA+ω [u ;
∣〉

d8da:{u{�
〉

d8ds:{u{

(
Vω [d% Sgd ’dr2k/-m4 4’Y1g r-4mYk Y]/r Yr /gd

©-r]’d/d ©-ud’4dm]d #– /gd d©4d 5#v%

E#’ /gd mdw/ ]Yk]2kY/-#m #mkx: 4-udm Y ©-’d]/d© d©4d d: kd/ t) ’d–d’ /# -/r gdY©: Ym© t� ’d–d’ /#

-/r /Y-k% B#lä-m-m4 D.r% p3%3ö: 3%33(:

VA+A
�
+ d [u ; nu

]


∫

d8da:{u{

�
∫

d8ds:{u{



 VA�+ d [d

; nu

]


∫

d8da:{u{

�
∫

d8ds:{u{



 �
nt) Vd [t) � nt� Vd [t�

(

; nu

]


∫

d8da:{u{ ip ds:{u{

nuVd [u �
∫

t8d:Ωtωu( ip d:Ωuωt(

ntVd [t



p3%3t(

; Vℓ[uVd [u �
∫

t∼u
ntnuVd [t .

3n



Hm D.% p3%3t(: vd rdd /gY/ dY]g r2l r-l1kx x-dk©r Y r2l #ud’ ud’/-]dr Y©iY]dm/ /# u: Ym© /gY/ /gd ffi’r/

i2r/ ]#2m/r /gdl: x-dk©-m4 /gd 2r2Yk ©d4’dd ud]/#’: vg#rd dm/’-dr vd ©dm#/d Vℓ[u% SYj-m4 nt ; 0 –#’

Ykk ud’/-]dr: vd ’d/’-dud /gd 2r2Yk 4’Y1g KY1kY]-Ym: Ym© ’d]#ud’ ä#/g /gd r/Ym©Y’© -m]-©dm]d lY/’-w

-©dm/-/x A+A�+ ; K+: Ym© /gd r/Ym©Y’© ©-fd’dm/-Yk 4d#ld/’x -©dm/-/x chu ep]c ; �% B#mud’rdkx:

-m 4dmd’Yk: vd –#’drgY©#v Y 1gdm#ldm#m 2m©d’kx-m4 l2]g #– /gd r-l1k-]-Yk rd//-m4c vg-kd d©4d

#’-dm/Y/-#m -m /gd -m]-©dm]d lY/’-w ©#dr m#/ Yfd]/ /gd ’dr2k/-m4 KY1kY]-Ym: /g-r -r #mkx /gd ]Yrd –#’

mW;2’Wk n’-dm;W;-nmr #– d©4dr v-/g ’dr1d]/ /# ud’/-]dr: Ym© –2’/gd’ ’dh#’-dm/-m4 ud’/-]dr lYx x-dk© Y

©-fd’dm/ KY1kY]-Ym%

R-4mYk 1’#]drr-m4 #m r-l1k-]-Yk ]#l1kdwdr Y’-rdr Yr Y mY/2’Yk 1’#äkdl -m /gd rd//-m4 vgd’d ’-]gd’

r/’2]/2’d -r -m]#’1#’Y/d© -m ©Y/Y: /gYm i2r/ r]YkY’ –2m]/-#mr Ym© 1Y-’v-rd ’dkY/-#mrg-1r bet[% F-udm

Y ©-r]’d/d ©#lY-m: ©Y/Y lYx -m]k2©d g-4gd’h#’©d’ -m/d’Y]/-#mr äd/vddm ud’/-]dr: Ym© r# mY/2’Ykkx

äd ’d1’drdm/d© Yr –2m]/-#mr #’ r-4mYkr #m Y gx1d’4’Y1g bn[% Hm bfiz[: lY/’-w ©Y/Y -r ’d1’drdm/d© Yr

r-4mYkr #m Y ä-1Y’/-/d 4’Y1g -m©dwd© äx /gd lY/’-w‘r ©-ldmr-#m kYädkr% R-l-kY’kx: κh/dmr#’ ©Y/Y ]Ym äd

’d1’drdm/d© Yr r-4mYkr #m Y κh2m-–#’l: κh1Y’/-/d gx1d’4’Y1g -m©dwd© äx /gd /dmr#’‘r ©-ldmr-#m kYädkr%

Nmd lYx YkvYxr Yrr#]-Y/d Y κhr-l1kdw v-/g Y gx1d’d©4d #– ]Y’©-mYk-/x κ)0 -m Y gx1d’4’Y1gs vgdm

#’-dm/Y/-#mr Y’d Y©©-/-#mYkkx 1Y’/ #– /gd ©Y/Y #’ gYud Y mY/2’Yk -m/d’1’d/Y/-#m: Ym© vgdm ©Y/Y ]Ym

äd mY/2’Ykkx -m/d’1’d/d© #m r2äh #’ r21d’rd/r #– /gd ud’/-]dr -m Y gx1d’d©4d: /gdm -/ äd]#ldr 2rd–2k

/# –’Yld /gd ’dkduYm/ ©Y/Y 1’#]drr-m4 Yr Y 1’#äkdl #– r-4mYk 1’#]drr-m4 #m Ym #’-dm/d© r-l1k-]-Yk

]#l1kdw%

G-4gd’h#’©d’ YmYkxr-r -r Ykr# 1#rr-äkd v-/g r1Y/-Yk ©Y/Y: r]Y//d’d© ©Y/Y: Ym© 1#-m/ ]k#2©r% �

r-l1k-]-Yk ]#l1kdw lYx äd dff]-dm/kx ]#mr/’2]/d© #m Y ld/’-] r1Y]d: –#’ dwYl1kd: Yr -m /gd U-d/#’-rh

P-1r ]#l1kdw boz3[: vgd’d –#’ Y ffiwd© ©-r/Ym]d c: Y r-l1kdw σ -r 1’drdm/ -m /gd ]#l1kdw vgdmdud’

/gd ©-Yld/d’ #– σ ©#dr m#/ dw]dd© c% Dff]-dm/ Yk4#’-/glr dw-r/ –#’ ]#mr/’2]/-m4 uY’-#2r r-l1k-]-Yk

]#l1kdwdr –’#l 4’Y1g ©Y/Y: r2]g Yr ]k-.2d: U-d/#’-rhP-1r: Ym© v-/mdrr ]#l1kdwdr: Ym© –#’ 1d’–#’l-m4

]#ll#m #1d’Y/-#mr #m r-l1k-]-Yk ]#l1kdwdr: r2]g Yr /gd r-l1kdw ;’dd ©Y/Y r/’2]/2’d boz[: Y r-l1k-ffid©

ud’r-#m #– vg-]g vd 2rd /# ’d1’drdm/ r-l1k-]-Yk ]#l1kdwdr% Sgd /’dd ’d1’drdm/r dud’x r-l1kdw -m /gd

]#l1kdw Yr #md ud’/dw: Ym© -r ’##/d©: v-/g /gd ’##/ ’d1’drdm/-m4 /gd dl1/x rd/% DY]g –Y]d/ p-%d%:

lYw-lYk r-l1kdw( -r ’d1’drdm/d© äx Y kdY– #– /gd /’dd: Ym© dY]g ud’/dw -r kYädkd© v-/g /gd lYw-l2l

ud’/dw -m©dw m#/ xd/ kYädkd© äx Ymx #– -/r Ym]dr/#’ ud’/-]dr% Hm E-42’d 3%;: /gd /’dd r/’2]/2’d Ym©

tz



Ch42.c 3psp Sgd r-l1kdw /’dd ’d1’drdm/Y/-#m –#’ Y r-l1k-]-Yk ]#l1kdw vg#rd lYw-h
lYk r-l1k-]dr gYud kYädkr {0. 1. 2. 4{ Ym© {3. 4. 5{% DY]g ud’/dw ’d1’drdm/r Y r-l1kdw
-m /gd ]#l1kdw: Ym© -– /gd kdm4/g #– /gd 1Y/g /# /gd ’##/ kYädkd© ∅ -r X: /gdm -/ -r Ym
Xhr-l1kdw% Sgd kYädkr –#’ /gd ud’/-]dr -m /gd r-l1kdw Y’d #ä/Y-md© äx Y]]2l2kY/-m4
/gd kYädkr #m /gd 1Y/g /# /gY/ r-l1kdw –’#l /gd ’##/% R# –#’ dwYl1kd: /gd 2hr-l1k-]dr
-m /g-r ]#l1kdw Y’d {0. 1. 2{. {0. 1. 4{. {0. 2. 4{. {1. 2. 4{: Ym© {3. 4. 5{
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w -m Nc% Pd]Ykk /gd BY2]gx 1’-m]-1Yk uYk2d o.u.: ©dffimd© –#’ Ym -m/d4’Yk #1d’Y/#’ F v-/g jd’mdk F:

vgd’d FΩw. x( -r r-m42kY’ vgdm w ; x: äx

o.u.FeΩw( 9; khl
β→+

∏

NS\AαΩv(
FΩw. x(eΩx( cx .

Kd/ >κ ’d–d’ /# /gd #2/vY’© m#’lYk ©d’-uY/-ud #m >Φ: Ym© kd/ x ̸→ σΩx( äd /gd r2’–Y]d ldYr2’d

#m >Φ% � ’dkY/-#m r#ld/-ldr ]Ykkd© Nn-rrnmqr -m;dfl’Wk en’l2kW bfi5: Bg% fl D.% t%;[ r/Y/dr /gY/ –#’

e ∈ B0ΩΦ(: vd gYud KGe ; e : vgd’d G -r /gd -m/d4’Yk #1d’Y/#’

GeΩw( 9;
∏

Γ
JΩw. x(eΩx( cx .

t;



Y4Y-mr/ /gd gW’lnm-] jd’mdk

JΩw. x( ;






�0
1 |w� x| c ; 0

� 0
1ξ km |w� x| c ; 1

� 0
Ω1�c(ψS |w� x|1�c c ≥ 2 .

Gd’d ωc 9; 1ξS,1

�Ωc<1( -r /gd r2’–Y]d Y’dY #– /gd 2m-/ äYkk -m N
c Ym© | · | -r /gd D2]k-©dYm m#’l% E2’/gd’:

–#’ e ∈ B1ΩΦ( ∩ B0ΩΦ(: vd ]Ym 2rd F’ddm‘r -©dm/-/-dr bfi5: Bg% fl D.% pö%3([ /# ffim© /gY/

o.u.GKeΩw( ; o.u.

∏

Γ
JΩw. x(KeΩx( cx ; eΩw(�

∏

>Γ

)
JΩw. x(>κΩx(eΩx(� eΩx(>κΩx(JΩw. x(

[
cσΩx( .

Ad]Y2rd J -r vdYjkx r-m42kY’: G -r ]#l1Y]/: Ym© r# /gd –2m]/-#m #m /gd KGR dw-r/r Ym© /gd 1’-m]-1Yk

uYk2d -r 2mmd]drrY’x b7o: Sgd#’dl 3%3n[% Hm bs5[: -/ -r #ärd’ud© /gY/ /gd –2m]/-#mr e –#’ vg-]g

GKe ; KGe ; e : rY/-r–x /gd mnmhkn]Wk an2m,W’x ]nm,-;-nmr pMKAB(c

pt%3(
∏

>Γ
JΩw. x(>κΩx(eΩx( cσΩx( ; �

0

1
eΩw( ) o.u.

∏

>Γ
eΩx(>κΩx(JΩw. x( cσΩx( –#’ dY]g w ∈ >Φ .

G#v ’dr/’-]/-ud #– Y rd/ #– ä#2m©Y’x ]#m©-/-#mr Y’d /gd MKABq Hr K d.2-11d© v-/g /gd MKABr

drrdm/-Ykkx rdk–hY©i#-m/q Sgd Ymrvd’ -r jm#vm /# äd Yff’lY/-ud –#’ c ; 0. 1: Ym© vd r2r1d]/ -/ /# äd

/’2d -m 4dmd’Yk: vg-]g vd –#’lYk-yd -m Y ]#mid]/2’ds vd v-kk Yrr2ld /g-r ]#mid]/2’d -r /’2d –#’ /gd

’dlY-m©d’ #– /gd ]gY1/d’%

�nmicb62.c t%3%öp Jd; P 9; B1ΩΦ(∩B0ΩΦ( ]nmr-r; ne r2ff]-dm;kx rlnn;g e2m];-nmr nm Φ ⊂ Nc:

W r2ff]-dm;kx rlnn;g ,nlW-ms rWx: >Φ ∈ B1: 2r-mfl ;gd mn;W;-nm ne b1�[p Jd; K0 9; ΩD.K( ,dmn;d

;gd 2man2m,d, ,-fd’dm;-Wk n1d’W;n’ W];-mfl nm ;gd ,nlW-m D 9; {e ∈ P | e rW;-rffidr MJ�B {p Sgdm

K0 -r drrdm;-Wkkx rdkehW,in-m;: gWr W ]nl1kd;d rd; ne d-fldme2m];-nmr v-;g mnmyd’n d-fldmuWk2d: Wm, gWr

G Wr -;r -mud’rdp

PdlW.jr) Sgd ]’-/-]Yk Yrr2l1/-#mr vg-]g B#mid]/2’d t%3%ö ’dkx #m Y’d r2ff]-dm/ rl##/gmdrr

#– /gd d-4dm–2m]/-#mr #– G: Ym© /gd dl1/x m2kk r1Y]d #– K0: Ym© r# #– G% Hm /gd ]Yrdr c ; 0. 1:

-/ -r jm#vm /gY/ G gYr Y /’-u-Yk m2kk r1Y]d b5z:n5[% E#’ c ≥ 2: Y k-/d’Y/2’d rdY’]g ©-© m#/ ’d/2’m

Y ]kdY’ 1#r-/-ud ’dr2k/: ä2/ b7o: Sgd#’dl fl%3z[ -r r244dr/-ud% R-m]d G -r ]#l1Y]/ Ym© rdk–hY©i#-m/:

vd lYx ffim© Ym #’/g#m#’lYk äYr-r #– K1ΩΦ( ]#mr-r/-m4 #– -/r d-4dm–2m]/-#mr: Ym© /gd #mkx 1#/dm/-Yk

te



m#mhd-4dmuYk2d -m /gd r1d]/’2l -r λ ; +s gdm]d /gd -l1#’/Ym]d #– /gd m2kk r1Y]d% J’drr: -m /2’m

]-/-m4 Gagmd’: dw1kY-mr Y –’Yldv#’j vgd’d –#’ -m/d4’Yk #1d’Y/#’r v-/g Y vdYjkx r-m42kY’ jd’mdk:

#– vg-]g G -r Y 1’-m]-1Yk dwYl1kd: /gd E’d©g#kl Yk/d’mY/-ud ]Ym äd 2rd© /# k-–/ /gd d-4dm–2m]/-#mr

–’#l i2r/ K1 /# B+s -%d%: ]#m/-m2-/x% b7o: Sgd#’dlr ;%fi: ;%7[ Ykr# ©dudk#1 Gok©d’ ]#m/-m2-/x B0ω�

#– /gd r-m4kdh Ym© ©#2äkdhkYxd’ 1#/dm/-Ykr ©dffimd© #m >Φ -m D.% pt%3(% Sgd rl##/gmdrr ]kYrr P -r

]g#rdm r2]g /gY/ /gd O#-rr#m Ym© F’ddm‘r -©dm/-/-dr g#k©: r2]g /gY/ e ∈ P ;⇒ KGe ; e : Ym© /gd

12m]gk-md -r /gY/ -– /gd d-4dm–2m]/-#mr #– G Y’d jm#vm /# äd -m R: /gdm vgdm Ωλ. e( -r Ym d-4dm1Y-’ #–

G: Ge ; + ;⇒ KGe ; e ; +: Ym© r# λ ̸; +% H– vd Yrr2ld /gd k-–/-m4 r/’Y/d4x ]Ym äd dw/dm©d© /#

P: #’ #/gd’v-rd /gY/ /gd d-4dm–2m]/-#mr #– G Y’d -m R: Ym© r# /gd m2kk r1Y]d #– G -r /’-u-Yk –#’ c ≥ 2:

/gdm l#r/ #– /gd ]#mid]/2’d –#kk#vr /g’#24g Y r/’Y-4g/–#’vY’© Y11k-]Y/-#m #– /gd r1d]/’Yk /gd#’dl%

Vd r/#1 rg#’/ #– 1’#u-m4 drrdm/-Yk rdk–hY©i#-m/mdrr: /g#24g -/ rddlr .2-/d k-jdkx%

L.n1nrh6hnm t%3%öp Jd; P.K0 ad Wr -m Bnmid];2’d tp3po: Wm, r211nrd ;gW; ;gd d-fldme2m];-nmr ne

G W’d -m Pp Sgdm K0 -r rxlld;’-]: gWr W ]nl1kd;d rd; ne d-fldme2m];-nmr v-;g mnmyd’n d-fldmuWk2d:

Wm, gWr G Wr -;r -mud’rdp

L.nn8p Sgd m#/Y/-#m gd’d -r /gd rYld Yr -m B#mid]/2’d t%3%ö% �r G -r ]#l1Y]/ Ym© rdk–hY©i#-m/:

/gd d-4dmuYk2dr #– G gYud z Yr Y k-l-/ 1#-m/: Ym© + -r m#/ -m /gd r1d]/’2l: Yr Ge ; + ;⇒

KGe ; e ; +% Gdm]d G gYr Y ]#l1kd/d rd/ #– d-4dm1Y-’r {Ωee.λe({e: Ym© r# K gYr Y ]#l1kd/d rd/

#– d-4dm1Y-’r {Ωee. 0<λe({e% Ad]Y2rd K Ym© G ]#ll2/d –#’ dY]g ee: /gdx rY/-r–x /gd MKAB pt%3(:

Ym© r# /gd ee –#’l Ym #’/g#m#’lYk äYr-r –#’ D% Gdm]d: /gd –#’lYk #1d’Y/#’ K0 -r rxlld/’-]: Yr

e. f ∈ D ;⇒ }Ke. f⟩ ; }e.Kf⟩: v-/g Kf ∈ B+ΩΦ(% ⋄

Pd4Y’©-m4 drrdm/-Yk rdk–hY©i#-m/mdrr: vd jm#v /gY/ B+ΩΦ( -r ©dmrd -m K1ΩΦ(: Ym© /gY/ /gd 1’d]-rd

©#lY-m #– f /gY/ rY/-r–x Kf ∈ K1ΩΦ( -r /gd Rnankdu r1W]d G1ΩΦ( bo[% Hm 1’-m]-1kd: 1Yrr-m4 –’#l

–2m]/-#mr /# ©-r/’-ä2/-#mr: Ym© –’#l #’©-mY’x /# vdYj ©d’-uY/-udr: Ym YmYk#4#2r Y’42ldm/ /# /gd

1’##– #– O’#1#r-/-#m t%3%ö 4#dr /g’#24g: –’#l vg-]g vd ]#2k© ]#m]k2©d /gY/ K0 -r drrdm/-Ykkx rdk–h

Y©i#-m/% Vd r/#1 rg#’/ #– /g-r ]kY-l äd]Y2rd vd ©# m#/ jm#v vgd/gd’ f ∈ G1ΩΦ( 42Y’Ym/ddr /gd

’dr/ #– /gd Yrr2l1/-#mr: /gY/ f rY/-rffidr /gd MKAB%

Sgd MKAB gYr /gd ©dr-’Yäkd 1’#1d’/x /gY/ /gd –2m]/-#mYk –#’l #– G -r -m©d1dm©dm/ #– /gd ©#lY-m

Φ% Hm #’©d’ /# ffim© Ym -m/d4’Yk #1d’Y/#’ vg-]g ]#ll2/dr v-/g –2m]/-#mr rY/-r–x-m4 /gd Md2lYmm

tn



]#m©-/-#m >κe • + #m >Φ: mY/2’Ykkx vd ]Ymm#/ g#1d –#’ r2]g Y gY11x ]#-m]-©dm]d% Nmd ]#mrd.2dm]d

#– /g-r -r /gY/ m# ”-m/d’dr/-m4‘ –2m]/-#mr rY/-r–x ä#/g /gd Md2lYmm ]#m©-/-#mr Ym© /gd MKAB: -m /gd

rdmrd /gY/ Ykk r2]g –2m]/-#mr rY/-r–x ä#/g /gd Md2lYmm Ym© C-’-]gkd/ ]#m©-/-#mr%

L.n1nrh6hnm t%3%3p Bnmr-,d’ ;gd enkknv-mfl ;g’dd r2ar1W]dr ne B1ΩΦ( ∩ B0ΩΦ( e2m];-nmrc

M 9; {e
]] >κe • + nm >Φ{ : A 9; {e

]] e rW;-rffidr MJ�B { : Wm, C 9; {e
]] e • + nm >Φ{ .

Sgdm vd gWud ;gW; A ∩M ⊂ C Wm, A ∩C ⊂ M p

L.nn8p E-’r/: kd/ 2r ©dffimd #1d’Y/#’r P. S 9 B0Ω>Φ( ̸→ B0Ω>Φ(: r2]g /gY/

PeΩw( ;

∏

>Γ
eΩx(JΩw. x( cσΩx( Ym© SeΩw( ; o.u.

∏

>Γ
eΩx(>κΩx(JΩw. x( cσΩx( .

Sgdrd Y’d r-l-kY’ /# r-m4kd6©#2äkd kYxd’ 1#/dm/-Ykr: ä2/ ©dffimd© #m /gd ä#2m©Y’x% M#/d /gd r-4m

©-fd’dm]d äd/vddm ]#’’dr1#m©-m4 #1d’Y/#’r -m bt3[% M#v: r211#rd e ∈ A ∩M % Sgdm: vd l2r/ gYud

/gY/

+ ; �0
1
eΩw( ) o.u.

∏

>Γ
eΩx(>κΩx(JΩw. x( cσΩx( ; �

)
0

1
H � S

(
eΩw( –#’ w ∈ >Φ%

H/ -r vdkkhjm#vm /gY/ /gd ©#2äkdhkYxd’ 1#/dm/-Yk #m Φ 4dmd’Y/d© äx Y ä#2m©Y’x –2m]/-#m f dw/dm©r

]#m/-m2#2rkx /# /gd ä#2m©Y’x v-/g /gd uYk2d Ω01H � S (f bt3: Sgd#’dl t%33[% Sg-r 1#/dm/-Yk r#kudr

/gd C-’-]gkd/ ä#2m©Y’x uYk2d 1’#äkdl: #– ffim©-m4 Y –2m]/-#m gY’l#m-] #m Φ vg#rd ä#2m©Y’x uYk2dr

]#-m]-©d v-/g Y 4-udm –2m]/-#m #m >Φ% Ad]Y2rd /g-r r#k2/-#m -r 2m-.2d: /gd lY1 Ω01H�S ( -r -mud’/-äkd

bt3: Sgd#’dl t%flzY[% Gdm]d: vd ]#m]k2©d /gY/ e • + #m >Φ: r# /gY/ e ∈ C%

Hmr/dY©: r211#rd e ∈ A ∩ C% Sgdm YmYk#4#2rkx: vd ffim© /gY/ vd ’d.2-’d PΩ>κe( • + #m >Φ%

H/ -r vdkkhjm#vm /gY/ /gd r-m4kdhkYxd’ 1#/dm/-Yk #m Φ 4dmd’Y/d© äx Y ä#2m©Y’x –2m]/-#m f dw/dm©r

]#m/-m2#2rkx /# /gd ä#2m©Y’x v-/g /gd uYk2d Pf bt3: Sgd#’dl t%3fi[% Gdm]d >κe 2m-.2dkx r#kudr /gd

C-’-]gkd/ 1’#äkdl –#’ uYm-rg-m4 ä#2m©Y’x ©Y/Y: Ym© -/rdk– uYm-rgdr #m >Φ% Sg2r e ∈ M % ⋄

Hm k-4g/ #– /g-r: vd v-kk ]#l1’#l-rd äx rddj-m4 #2/ Ym #1d’Y/#’ vg-]g ]#ll2/dr v-/g rnld #–

/gd Md2lYmm –2m]/-#mr: Ym© r# #ä/Y-m Y vdYj ©d1dm©dm]d #m /gd ©#lY-m% Pd]Ykk /gY/ –#’ –2m]/-#mr

rY/-r–x-m4 /gd Md2lYmm ä#2m©Y’x ]#m©-/-#mr: /gYmjr /# F’ddm‘r -©dm/-/x: /gd ’Ym4d #– K -r #’/g#4#mYk
flz



/# ]#mr/Ym/ –2m]/-#mrc

}Ke.0Γ⟩ ;
∏

Γ
Ke ;

∏

>Γ
>κe ; + .

M#v: kd/ O äd /gd #’/g#4#mYk 1’#id]/-#m #m/# /gd #’/g#4#mYk ]#l1kdldm/ #– /gd -m©-]Y/#’ –2m]/-#m

0Γs /gY/ -r: OeΩw( 9; eΩw(� 0
}Γ}

∑
Γ eΩx( cx% Sgdm -– e rY/-rffidr /gd Md2lYmm ä#2m©Y’x ]#m©-/-#mr:

vd gYud OKe ; Ke %

E2’/gd’: äd]Y2rd /gd r#k2/-#m #– /gd Md2lYmm ä#2m©Y’x uYk2d 1’#äkdl -r 2m-.2d 21 /# Y ]#mr/Ym/

bt3: Sgd#’dl t%flz][: /gd #mkx gY’l#m-] –2m]/-#mr /gY/ rY/-r–x /gd Md2lYmm ä#2m©Y’x ]#m©-/-#mr

Y’d /gd ]#mr/Ym/ –2m]/-#mr% Gdm]d: vd rg#2k© -m]k2©d /gd ]#m©-/-#m
∑
Γ e ; +: #’ Oe ; e -m #2’

©dffim-/-#m #– /gd Md2lYmm ]kYrr: v-/g ’dr1d]/ /# ffim©-m4 Y ]#ll2/-m4 -m/d4’Yk #1d’Y/#’% Drrdm/-Ykkx:

vd Y’d /Yj-m4 Y .2#/-dm/ äx /gd öC r2är1Y]d #– ]#mr/Ym/ –2m]/-#mr: r-m]d vgdmdud’ OKe ; Ke : e

©-fd’r äx Y ]#mr/Ym/ –’#l Y –2m]/-#m f –#’ vg-]g OKf ; Kf Ym© Of ; f% F-udm Ym #’/g#m#’lYk

äYr-r –#’ /gdrd –2m]/-#mr: vd lYx /gdm kY/d’ ]#l1kd/d -/ äx -m]k2©-m4 0Γ Yr Y äYr-r ud]/#’%

Sgd -muY’-Ym]d #– /gd Md2lYmm –2m]/-#mr 2m©d’ O ©dr]’-äd© Yä#ud r244dr/r /gY/ /gd #1d’Y/#’

FG 9; OGO lYx ]#ll2/d v-/g r#ld #– /gdl%3 H/ -r -mr/’2]/-ud /# rdd /gY/ FG -r Ykr# Y rdk–hY©i#-m/

-m/d4’Yk #1d’Y/#’: Ym© /# jm#v -/r jd’mdk% S# v-/: vd ]#l12/d

OGeΩw( ; GeΩw(� 0

|Φ|

∏

Γ
GeΩy( cy ;

∏

Γ
JΩw. x(eΩx( cx � 0

|Φ|

∏

Γ

∏

Γ
JΩy. x(eΩx( cx cy

;

∏

Γ

)
JΩw. x(� 0

|Φ|

∏

Γ
JΩy. x( cy

[
eΩx( cx

pM#/d /gd 2rd #– JΩy. x( ; JΩx. y(( ;

∏

Γ

)
JΩw. x(� 0

|Φ|
G0ΓΩx(

[
eΩx( cx .

Kd/ E Ωx( 9; 0
}Γ}G0ΓΩx(: Ym© g 9;

0
}Γ}

∑
Γ E Ωx( cx% Ad]Y2rd O Ym© G Y’d rdk–hY©i#-m/: vd dw1d]/ /gY/

GOeΩw( ;
∑
ΓVJΩw. x(� E Ωw([eΩx( cxs ]Yk]2kY/-m4 dw1k-]-/kx: vd ffim©

GOeΩw( ;
∏

Γ
JΩw. x(

)
eΩx(� 0

|Φ|

∏

Γ
eΩy( cy

(
cx

;

∏

Γ
JΩw. x(eΩx( cx �

∏

Γ
E Ωw(eΩy( cy

;

∏

Γ
VJΩw. x(� E Ωw([ eΩx( cx .

3Gd’d: G ’d!d’r /# /gd gY’l#m-] jd’mdk)
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Yr ©dr-’d©% Sg2r:

FGeΩw( ;
∏

Γ
VJΩw. x(� E Ωw([eΩx( cx � 0

|Φ|

∏

Γ

∏

Γ
VJΩy. x(� E Ωy([eΩx( cx cy

;

∏

Γ
VJΩw. x(� E Ωw(� E Ωx( ) g[ eΩx( cx ;9

∏

Γ
FGΩw. x(eΩx( cx .

Hm #md ©-ldmr-#m: -/ /2’mr #2/ /gY/ vd ’d]#ud’ /gd 2r2Yk Md2lYmm F’ddm‘r –2m]/-#m /g-r vYx% E#’

/g-r r1d]-Yk ]Yrd: /gd’d -r /gd -l1#’/Ym/ 1’#1d’/x /gY/ dud’x ]#mmd]/d© #1dm rd/ -r Ym #1dm äYkks

gdm]d v-/g#2/ k#rr #– 4dmd’Yk-/x vd lYx /Yjd Φ ; Ωa. a(%

L.n1nrh6hnm t%3%tp Jd; Φ ; Ωa. a(p Sgdm:

FGΩw. x( ; JΩw. x( )
0

1Ωa� a(

])
w� a) a

1

(1

)

)
x � a) a

1

(1
(
)
a� a

01
.

L.nn8p Vd ]Ym dw1k-]-/kx ]#l12/d E Ym© g% Sg-r x-dk©r

E Ωx( ;
0

a� a

∏ a

ℓ
�0
1
|y � x| cy ; � 0

3Ωa� a(

�
Ωa� x(1 ) Ωx � a(1

(

; � 0

1Ωa� a(

)
x � a) a

1

(1

� a� a

7
.

Ym©

g ; �a� a

7
� 0

1Ωa� a(1

∏ a

ℓ

)
x � a) a

1

(1

cx ; �a� a

7
� 1

5Ωa� a(1

)
a� a

1

(2

; �a� a

5
.

Ad]Y2rd 1<7� 0<5 ; 0<01: /gd ]#mr/Ym/ /d’l -r ]#’’d]/ Ym© vd gYud /gd ’dr2k/% ⋄

E#’ Ω+. 0(: /g-r ’d©2]dr 1’d]-rdkx /# FM –’#l pt%ö(% Sg-r ldYmr vd lYx ’d1’drdm/ FM dm/-’dkx

-m /d’lr #– J: vg-]g -r /gd jdx /# #ä/Y-m-m4 /gd ’-4g/ ©-r]’d/d -m/d4’Yk #1d’Y/#’ äx .2Y©’Y/2’d%

Vd gYud i2r/ rddm /gY/ vd lYx v’-/d /gd #mdh©-ldmr-#mYk Md2lYmm F’ddm‘r –2m]/-#m Yr

FM Ωw. x( ;

∏ 0

+

∏ 0

+

�
JΩw. x(�JΩy. x(�JΩw.v( )JΩy. v(
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DwYl-m-m4 dY]g -m/d’-#’ /d’l: lH -r ©-Y4#mYk: Ym© /gd /v# #/gd’ /d’lr rgY’d /gd r211#’/ #– Sl:

r1Y’rd Ym© 12’dkx #fh©-Y4#mYk: /Yj-m4 /gd ]#lä-md© 1#r-/-ud uYk2dr Vl0Sl �A∗
l[ei ; l� VA∗

l[ei /

+% Vd ]Ykk /g-r lY/’-w VJ∗
l[ei 9;

0
1Ωlδei ) l � VA∗

l[ei( /gd ]dmrn’d, gW’lnm-] jd’mdk: Ym© -/ -r

dwY]/kx vgY/ vd ]#l12/d -m #’©d’ /# #ä/Y-m /gd ©-r]’d/d -m/d4’Yk #1d’Y/#’ Gl ; OJlO ; OJ∗
lO %

K-jdv-rd: dYr-kx –#kk#v-m4 –’#l /gd Y’42ldm/ -m D.2Y/-#m t%t%t: kd/ Jrxl∗
l ; ΦJ∗

lΦ: Ym© /gdm

Grxl
l ; OφJ

rxl
l Oφ ; OφJ

rxl∗
l Oφ%

�r Ym dwYl1kd: ’d]Ykk -m R2ärd]/-#m t%t%3: vgdm vd Yrr2ld© dY]g VA[ei , θs /gdm A∗
ϵ ; A:

0Sϵ ; I � H: Ym© -m /g-r ]Yrd /gd ]dmr#’d© gY’l#m-] jd’mdk -r J∗
ϵ ; 0

1ΩθI � A(: Ym© #– ]#2’rd:

-/r dm/’-dr Y’d 1#r-/-ud% Sg-r -kk2r/’Y/dr g#v /gd gY’l#m-] jd’mdk rg#2k© äd rddm –2m©Yldm/Ykkx Yr

m#mhmd4Y/-ud: äd]Y2rd #m]d /gd 1’#id]/-#mr Y’d Y11k-d© -m #2’ ]Yk]2kY/-#m #– G: vd Y’d YkvYxr –’dd

/# Y©© Y ]#mr/Ym/ /# dud’x dm/’x #– �A%

Mdw/: ]#mr-©d’ ]dmr#’-m4 /gd ©-r/Ym]d lY/’-w –#’ /gd ]#l1kd/d 4’Y1g Fb Y/ l ; ϵ�0% Sgdm

VJ∗
l[ei ;

0

1

)
0

ϵ
δei )

)
0

ϵ
� dvoΩc1ei(

[

)

(
;

0

1ϵ

�
δei ) dvoΩc1ei(VdvoΩ�c1ei(� ϵ[)

(
.

vg-]g ldYmr vd Y’d dfd]/-udkx 1d’–#’l-m4 rne; ;g’drgnk,-mfl #m /gd vd-4g/r: i2r/ Yr -r /x1-]Ykkx

1d’–#’ld© vgdm ]#mr/’2]/-m4 Ym© r1Y’r-–x-m4 Ym Y©iY]dm]x lY/’-w –’#l r]Y//d’d© ©Y/Yf%

Pd/2’m-m4 /# /gd r1Y’rd ]#l12/Y/-#m: ffimYkkx: vd ©# m#/ dw1k-]-/kx –#’l Gl #’ G
rxl
l s -mr/dY©: Yr

/x1-]Yk v-/g d-4dmr#kud’ k-ä’Y’-dr k-jd �PO�BJ b75[: vd r-l1kx 1’#u-©d /gd ltk; –2m]/-#m p -m I2k-Y

1Y’kYm]d( vg-]g 1d’–#’lr -mh1kY]d l2k/-1k-]Y/-#m #– Gl p#’ Grxl
l ( äx Y ud]/#’% �r Φ -r ©-Y4#mYk:

fHm !Y]/: /gd -mr/’2]/-#mr -m lYmx 1’#l-mdm/ 1Y1d’r r2]g Yr b�[ ’d]#lldm, gY’, /g’drg#k,-m4: k-jdkx !#’ r-l1k-]-/x
’Y/gd’ /gYm Ym #1-m-#m #m r#!/ ur) gY’, /g’drg#k,-m4)

fin



VJrxl∗
l [ei ; Vψ[eVψ[i VJ

∗
l[ei gYr /gd rYld r1Y’r-/x r/’2]/2’d Yr J∗

l% Kd/ g 9; J∗
l0 Ym© F 9; Jrxl∗

l ψ%

Sgd md]drrY’x –2m]/-#m ]Ym äd dYr-kx ©d/d’l-md© äxc

w ̸→ Glw ; J∗
lw�

0

m

)
g�w� Ω0�g( Ω0�w(

m

(
0� 0�w

m
g : Ym©

w ̸→ Grxl
l w ; Jrxl∗

l w� 0

ψ�ψ

)
F�w� Ωψ�F( Ωψ�w(

ψ�ψ

(
ψ � ψ�w

ψ�f
F .

V-/g /gdrd r/d1r -m 1kY]d: vd Y’d Yäkd /# ]Yk]2kY/d ©-r]’d/d -m/d4’Yk #1d’Y/#’häYrd© dläd©©-m4r

v-/g #–/dm #mkx Y rlYkk l2k/-1kd -m ’dr#2’]d 2rY4d Ym© dwd]2/-#m /-ld #ud’ Ym d.2-uYkdm/ KY1kY]-Ym

dläd©©-m4: dudm /g#24g /g-r dläd©©-m4 Y11dY’r /# ]Y1/2’d –Y’ l#’d r/’2]/2’d #– /gd 4’Y1g% Hm

�k4#’-/gl ö: vd ©d/Y-k /gd l#©-ffid© ud’r-#m #– C-ijr/’Y‘r Yk4#’-/gl: v-/g #2’ dw1k-]-/ I2k-Y ]#©d:

Ym© -m]k2©d /gd chrslWs Ym© bdmrnqdc|chrslWs r1Y’rd lY/’-w ]#mr/’2]/#’r Yk#m4r-©d -/% Hm

E-42’d t%fl: vd ©dl#mr/’Y/d /gd 1#vd’ #– /gd mdv dläd©©-m4r /# r#kud Y 1’#äkdl vg-]g -r #–/dm

/’-]jx: -– m#/ -l1#rr-äkd: –#’ /gd d.2-uYkdm/ KY1kY]-Ym -l1kdldm/Y/-#m% Sgd 4#Yk -r /# rd1Y’Y/d /v#

m#-r-kxhrYl1kd©: /g-]j r1-’Yk äYm©r #– /gd –#’l p ; aθ)a: äx ]#mr/’2]/-m4 /gd 2r2Yk FY2rr-Ym jd’mdk

–’#l D2]k-©dYm ©-r/Ym]d Ym© 1Y’/-/-#m-m4 /gd ’dr2k/-m4 4’Y1g% � äYm©v-©/g #– ξ
ℓ v#2k© ]Y2rd /gd

r1-’Ykr /# ld’4d -m/# Y r-m4kd Ymm2kY’ rgY1d: Ym© lYjd ]kYrr-ffi]Y/-#m -l1#rr-äkd% � "©-ff]2k/“ ’d4-ld

äd4-mr Y/ +.4ξℓ : Y–/d’ vg-]g /gd KY1kY]-Ym E-d©kd’ ud]/#’ v-kk 4dmd’Ykkx #mkx ’d]#ud’ /gd /’2d ]kYrrdr

v-/g r-4m-ffi]Ym/ ffimdh/2m-m4 #– /gd jd’mdk 1Y’Yld/d’r: -– Y/ Ykk% E#’ /g-r dw1d’-ldm/: vd 4dmd’Y/d öfizz

1#-m/r: v-/g 1Y’Yld/d’r a ; 0
1ξ . a ; 0: Ym© äYm©v-©/g +.5ξℓ % Sgd /#1hkd–/ r1-’Yk #m /gd ’-4g/ -r Y

/x1-]Yk ’dr2k/ #– KY1kY]-Ym ]kYrr-ffi]Y/-#m: vgd’d äk2d Ym© ’d© -m©-]Y/d /gd ]kYrr-ffi]Y/-#m p-%d%: /gd r-4m

#– /gd E-d©kd’ ud]/#’(% B#mud’rdkx: vd ffim© /gY/ /gd -m/d4’Yk #1d’Y/#’häYrd© ]kYrr-ffi]Y/-#m -r l2]g

l#’d ’#ä2r/: Yäkd /# ’dk-Yäkx ’d1’#©2]d /gd 1kYm/d© ]kYrr-ffi]Y/-#m –#’ Y v-©d ’Ym4d #– ]dmr#’rg-1

/g’drg#k©r pYm© r#ld/-ldr v-/g m# ]dmr#’rg-1 ’d.2-’d©(: –Y’ ©dd1d’ -m/# /gd ©-ff]2k/ ’d4-ld /gYm

–#’ /gd KY1kY]-Ym% Gd’d vd 1d’–#’ld© öö –2’/gd’ ]kYrr-ffi]Y/-#m Y//dl1/r: 2r-m4 /gd E-d©kd’ ud]/#’

#– Gl: ]dmr#’d© Y/ /gd uYk2dr -m )399: 249: 299: 179: 149: 1z9: z69: z29: 89: 59:

29[: vg-]g Y’d ]g#rdm /# r1Ym /gd m#/Yäkd –dY/2’dr -m /gd g-r/#4’Yl Y/ /#1hkd–/% Sg-r g-r/#4’Yl

-kk2r/’Y/dr /gd ©-r/’-ä2/-#m #– ©-r/Ym]d uYk2dr ]#m/Y-md© -m A: Ym© /gd 4’dx ©Yrgd© k-mdr: ’dY© ’-4g/h/#h

kd–/: -m©-]Y/d r2]]drr-udkx rlYkkd’ /g’drg#k©r Y11k-d© /# G% Sgd ä#//#lhkd–/ ]gY’/ rg#vr /gd –’Y]/-#m

#– rg#’/dr/ 1Y/gr vg#rd kdm4/g -r ädk#v dY]g /g’drg#k©: Ym© r# Y11’#w-lY/dkx 4-udr /gd ffikk-m4 –’Y]/-#m

7z



–#’ /gd ]#’’dr1#m©-m4 r1Y’rd Al% DY]g ]kYrr-ffi]Y/-#m -r /gdm -kk2r/’Y/d© -m /gd r1-’Ykr #m /gd ’-4g/:

-m ©dr]dm©-m4 /g’drg#k© #’©d’: ’dY© kd–/h/#h’-4g/: /#1h/#hä#//#l% M#/-]d /gY/ kdYu-m4 /gd dw/’dldkx

k#m4 rg#’/dr/h1Y/gr -m /gd 4’Y1g Y]/2Ykkx ©YlY4dr /gd ]kYrr-ffi]Y/-#m: Ym© gd’d: Y 1d’–d]/ ’dr2k/ -r

Y]g-dud© äd/vddm /g’drg#k©r ötz Ym© tzz: ]#ud’-m4 Y11’#w-lY/dkx Y /g-’© #– /gd 1#rr-äkd ’Ym4d #–

/g’drg#k©r: Ym© ’dr2k/-m4 -m ©-r/Ym]d lY/’-]dr v-/g ffikk-m4 –Y]/#’ ’Ym4-m4 –’#l 3zh7fi)% Sgd d.2-uYkdm/

KY1kY]-Ym gYr Y ffikk-m4 –Y]/#’ #– Yä#2/ fi): /g#24g -/ –Y-kr /# Y]g-dud Ymx ldYm-m4–2k ]kYrr-ffi]Y/-#m%

E2’/gd’ ’d©2]/-#m #– /gd /g’drg#k© dfd]/-udkx ’d©2]dr /gd 4’Y1g /# l#r/kxh©-r]#mmd]/d© "©2r/“: Ym©

]kYrr-ffi]Y/-#m 1d’–#’lYm]d ©d4’Y©dr%

�k49.-6gl o C-ijr/’Y‘r �k4#’-/gl: R1Y’r-ffid© v-/g Sg’drg#k© pI2k-Y(

! �
etl�rhnl chijrsqW-f..�arsqWbsFqWog: rqb..Hms, clWw + Hme(

chrsr + roWqrdudb-)rqb[: )909[: mu-f((

G + MqhnqhsxPtdtd=Hms:DknWs53{-(
G)rqb[ + 909

ufhid ;hrdlosx-G(
t + cdptdtd;-G(
c + chrsr)t[
eno u hl ntsmdhfganqr-f: t(

Wks + lhm-c & vdhfgsr-f()t: u[: clWw(
he Wks } clWw ]] -u ,′ ehmcmy-chrsr()z[ >> Wks } chrsr)u[(

chrsr)u[ + Wks
G)u[ + Wks

dlc
dlc

dlc

chrsr
dlc

chrslWs-f..�arsqWbsFqWog, clWw+Hme( + qdctbd-
gbWs:
-chijrsqW-f: h, clWw( eno h ′ z.mu-f((

(

bdmrnqdc|chrslWs-f..�arsqWbsFqWog: clWw..QdWk( + qdctbd-
gbWs:
-

ehmcmy-chrsr( >< mycr /< roWqrdudb-mycr)z[: clWw 0/ mycr)1[: mu-f((
eno chrsr ′ -chijrsqW-f: h, clWw( eno h ′ z.mu-f((

(
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Ch42.c tp5p Pdr2k/r #– Ym 2mr21d’u-rd© ]kYrr-ffi]Y/-#m dw1d’-ldm/: v-/g /gd 4#Yk #–
rd1Y’Y/-m4 /gd /v# r1-’Ykr 1-]/2’d© Y/ ’-4g/% Sgd g-r/#4’Yl Y/ /#1hkd–/ -kk2r/’Y/dr
/gd ©-r/’-ä2/-#m #– ©-r/Ym]d uYk2dr ]#m/Y-md© -m A% Sgd ]kYrr-ffi]Y/-#m -r 1d’–#’ld©
ö3 /-ldr: #m]d v-/g /gd KY1kY]-Ym: Ym© öö /-ldr v-/g /gd ]dmr#’d© ©-r/Ym]d lY/’-w:
Ym© dY]g 4’dx ©Yrgd© k-md -m /gd g-r/#4’Yl -m©-]Y/dr /gd ]dmr#’rg-1 /g’drg#k© –#’
Y /’-Yk% Sgd ä#//#lhkd–/ ]gY’/ rg#vr /gd –’Y]/-#m #– rg#’/dr/ 1Y/gr vg#rd kdm4/g -r
ädk#v dY]g /g’drg#k©% DY]g ]kYrr-ffi]Y/-#m -r -kk2r/’Y/d© -m /gd r1-’Ykr #m /gd ’-4g/:
ffi’r/ äx /gd KY1kY]-Ym: Ym© /gdm äx /gd ]dmr#’d© ©-r]’d/d -m/d4’Yk #1d’Y/#’: -m #’©d’
#– ©d]’dYr-m4 /g’drg#k©%
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BG�OSDP fl

Pdbtpr-ud �hPdf-nm OTps-s-nm-mf

M#v: vd /2’m /# /gd jdx -m4’d©-dm/r #– /g-r ©-rrd’/Y/-#mc ©dudk#1-m4 Y E-d©kd’ ud]/#’ r2-/Yäkd –#’

1Y’/-/-#m-m4 κh’d4-#mr: Ym© l2k/-r]Ykd /’Ymr–#’lr r2-/Yäkd –#’ ’d1’drdm/-m4 –2m]/-#mr #m κh’d4-#mr%

5)o) R-l1kdw B9mr-r6dmbx Wmc 6gd G9c4d IW1kWb-Wm

Pd]Ykk /gd ä#2m©Y’x #1d’Y/#’r VAι[�π ; pdkΩσ.α( -m/’#©2]d© -m Rd]/-#m 3%fl% Sgdx ’d1’drdm/

©-r]’d/d ©-fd’dm/-Yk #1d’Y/#’r dm]#©-m4 /gd r/’2]/2’d #– r#ld 1Y’/ #– Y r-l1k-]-Yk ]#l1kdw: Ym© r#

]Ym äd ä2-k©-m4 äk#]jr /#vY’©r Y r1d]/’Yk YmYkxr-r #– –2m]/-#mr #m /gY/ r-l1k-]-Yk ]#l1kdw% E#’

YmYkxy-m4 –2m]/-#mr #m κhr-l1k-]dr v-/g κ / +: vd v-kk ]#mr/’2]/ #1d’Y/#’r äYrd© #m /gd Gn,fld

JW1kW]-Wm: #’ κhJW1kW]-Wm% Ad–#’d ]#mr-©d’-m4 vd-4g/r: /gd ]nla-mW;n’-Wk κhKY1kY]-Ym -r ©dffimd© –#’

κhr-l1k-]dr Yr

Kι 9; A
�
ι�0Aι�0 )AιA

�
ι .

Vd ’d–d’ /# /gd knvd’ Ym© 211d’ κhKY1kY]-Ymr Yr K∨
ι 9; A

�
ι�0Aι�0 Ym© K∧

ι 9; AιA
�
ι : ’dr1d]/-udkx%

E#’ /gd ’dr/ #– /g-r rd]/-#m: kd/ σ. τ äd #’-dm/d© κhr-l1k-]dr% Pd]Ykk #2’ m#/Y/-#m Ym© ©dffim-/-#mr

–’#l Rd]/-#m 3%fl: vgd’d vgdm σ ∼ τ : vd ©dm#/d /gd ä#2m©Y’x acΩσ. τ( äx α: Ym© vgdm σ ≃ τ : vd

©dm#/d /gd g2kk gkΩσ. τ( äx β%

M#v: r211#rd σ ∼ τ % Sgdm ©dffimd /gd ]nmr-r;dm]x #– σ. τ äx

bnmΩσ. τ( 9; �nπnσ m]sΩσ.α( m]sΩτ.α( ; � pdkΩσ.α( pdkΩτ.α( .

Vgdm σ � τ : vd rd/ bnmΩσ. τ( ; +% Vd rYx σ. τ Y’d ]nmr-r;dm; #’ gYud ]nmr-r;dm; n’-dm;W;-nm vgdm

bnmΩσ. τ( -r 1#r-/-ud: Ym© -m]nmr-r;dm; vgdm /gd rYld -r md4Y/-ud% R211#rd: -m Y©©-/-#m: σ ≃ τ %

Sgdm ©dffimd /gd g2kk ]nmr-r;dm]x #– σ. τ äx

gbnmΩσ. τ( 9; �nπnσ m]sΩβ.σ( m]sΩβ. τ( ; � pdkΩβ.σ( pdkΩβ. τ( .
7t



Ch42.c 5pop OY-’r #– κhr-l1k-]dr ©dl#mr/’Y/-m4 ]#mr-r/dm]x Y/ /gd-’ ä#2m©Y’x –Y]d:
–#’ κ ; 0. 1% Sgd l-wd©h]#k#’ 1Y-’r Y’d ]#mr-r/dm/: Ym© /gd rYldh]#k#’ 1Y-’r Y’d
-m]#mr-r/dm/%

K-jdv-rd: vgdm σ ≃< τ : gbnmΩσ. τ( ; +% Vd rYx σ. τ Y’d g2kkh]nmr-r;dm; vgdm gbnmΩσ. τ( -r 1#r-/-ud:

Ym© g2kkh-m]nmr-r;dm; vgdm /gd rYld -r md4Y/-ud%

M#/-]d /gY/ -– σ. τ Y’d ]#mr-r/dm/: /gdm α ∈ σf ⇐⇒ α ∈ τ s: Ym© u-]d ud’rY% K-jdv-rd: -–

σ. τ Y’d -m]#mr-r/dm/: /gdm α ∈ σf ⇐⇒ α ∈ τf: Ym© u-]d ud’rY% Gdm]d: ]#mr-r/dm/ r-l1k-]dr 2rd

/gd-’ rgY’d© ä#2m©Y’x –Y]d -m #11#r-/d vYxrs #md ]#mr-©d’-m4 -/ Y gdY© –Y]d: Ym© /gd #/gd’ Y /Y-k

–Y]d% Hm]#mr-r/dm/ r-l1k-]dr 2rd /gd-’ rgY’d© ä#2m©Y’x –Y]d -©dm/-]Ykkxs ä#/g ]#mr-©d’-m4 -/ d-/gd’

Y gdY© –Y]d #’ /Y-k –Y]d% Hm /gd ]Yrd #– κ ; 0: /v# ©-’d]/d© d©4dr Y’d ]#mr-r/dm/ vgdm /gdx finv

-m/# dY]g #/gd’ Y/ /gd-’ ä#2m©Y’x ud’/dw: Ym© Y’d -m]#mr-r/dm/ vgdm /gdx ]nkk-,d Y/ /gd ä#2m©Y’x

ud’/dw: d-/gd’ ä#/g 1#-m/-m4 /#vY’© -/: #’ ä#/g 1#-m/-m4 YvYx% BYrdr –#’ κ ; 0. 1 Y’d ©dl#mr/’Y/d©

-m E-42’d fl%ö

� jdx #ärd’uY/-#m -r /gY/ /gd m#/-#mr #– ]#mr-r/dm]x Ym© g2kkh]#mr-r/dm]x Y’d dwY]/kx n11nr-;ds

]#mr-r/dm]x v-/g ’dr1d]/ /# /gd rgY’d© ä#2m©Y’x -r -m]#mr-r/dm]x v-/g ’dr1d]/ /# /gd rgY’d© g2kk:

Ym© u-]d ud’rY%

FcllT fl%ö%öp Jd; κ / +p En’ r;’nmflkx W,iW]dm; n’-dm;d, κhr-l1k-]dr σ. τ : vd gWud ;gW;

bnmΩσ. τ( ; � gbnmΩσ. τ( .

L.nn8p Kd/ α ; acΩσ. τ(: Ym© β ; gkΩσ. τ(% Sgdm kd/ X ; ιΩβ \ σ( Ym© l ; ιΩβ \ τ( äd /gd

1#r-/-#mr -m β 4-udm äx p3%ön(%
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E-’r/: r211#rd X , l% Sgdm vd l2r/ gYud /gY/ ιΩσ \ α( ; l� 0: Ym© ιΩτ \ α( ; X% Gdm]d:

bnmΩσ. τ( ; �nπnσ m]sΩσ.α( m]sΩτ.α(

; �nπnσ Ω�0(lΩ�0(V)0

; nπnσ m]sΩβ. τ( m]sΩβ.σ(

; � gbnmΩσ. τ( .

Yr ©dr-’d©% H– -mr/dY© l , X: /gdm ιΩσ \α( ; l: Ym© ιΩτ \α( ; X� 0% E’#l /gd’d /gd 1’##– 1’#]dd©r

-©dm/-]Ykkx Yr -m /gd X , l ]Yrd% ⋄

S# -kk2r/’Y/d /g-r ’dr2k/: ]#mr-©d’ Y mY/2’Ykkxh#’-dm/d© 1hr-l1kdw r: Yr -m E-42’d fl%3: v-/g mY/2’Ykkxh

#’-dm/d© 0h–Y]dr d. e. f% M#/-]d d. e ∈ rf: f ∈ rs% Bgd]j-m4 dY]g 1Y-’: Ωd. e( Y’d g2kkh-m]#mr-r/dm/ ä2/

]#mr-r/dm/: Ωd. f( Y’d g2kkh]#mr-r/dm/ ä2/ -m]#mr-r/dm/: Ym© Ωe. f( Y’d g2kkh]#mr-r/dm/ ä2/ -m]#mr-r/dm/%

E’#l /gd ©dffim-/-#m -/ -r ]kdY’ /gY/ 5-11-m4 /gd #’-dm/Y/-#m #– r ]Ymm#/ ]gYm4d /gd g2kkh]#mr-r/dm]xs

gd’d vd rdd /g-r -r äd]Y2rd /gd ldläd’rg-1 #– rf. rs /gdlrdkudr ld’dkx rv-/]g% M#v: ]#mr-©d’ 5-1h

1-m4 /gd #’-dm/Y/-#m #– r#ld d©4d: v-/g#2/ k#rr #– 4dmd’Yk-/x d% Sg-r v-kk gYud /v# dfd]/rc /# 5-1

/gd r-4m #– gbnmΩd. e( Ym© gbnmΩd. f( ©-’d]/kx: Ym© /# rvY1 /gd ldläd’rg-1 #– df. ds: vg-]g v-kk 5-1

/gd r-4m #– bnmΩd. e( Ym© bnmΩd. f(% S# r2llY’-yd: vgdm d©4dr finv -m/# dY]g #/gd’ Yk#m4 /gd-’

ä#2m©Y’x ud’/dw: Ym© r# 2rd /gY/ ud’/dw -m n11nr-;d vYxr: /gdx Y’d -m /2’m 2rd© äx /gd /’-Ym4kd /#

vg#l /gdx Y’d –Y]dr -m -,dm;-]Wk vYxr% B#mud’rdkx: vgdm d©4dr ]nmfi-]; Y/ /gd-’ ä#2m©Y’x ud’/dw:

Ym© r# 2rd /gY/ ud’/dw -m -,dm;-]Wk vYxr: /gdx Y’d -m /2’m 2rd© äx /gd /’-Ym4kd /# vg#l /gdx Y’d

–Y]dr -m n11nr-;d vYxr%

� ]#’#kkY’x #– KdllY fl%ö%ö -r /gd vdkkhjm#vm –Y]/ /gY/ /gd ©-r]’d/d ]#©-fd’dm/-Yk: Yr Y ]#ä#2m©h

Y’x #1d’Y/#’: rY/-rffidr Aι�0Aι ; � b7fi[% Hm #/gd’ v#’©r: "/gd ä#2m©Y’x #– Y ä#2m©Y’x -r dl1/x“%

�n.njjT.u fl%ö%öp En’ Wmx n’-dm;d, r-l1k-]-Wk ]nl1kdw B Wm, κ / +:

pfl%ö( Aι�0Aι ; � .

7fi



Ch42.c 5p3p � mY/2’Ykkxh#’-dm/d© 1hr-l1kdw r: v-/g mY/2’Ykkxh#’-dm/d© 0h–Y]dr d. e. f%

L.nn8p Kd/ α ∈ Bι�0.β ∈ Bι)0% Sgdm

VAι�0Aι[�α ;
∫

π∈Bι

VAι�0[�π VAι[πα ; n�nα
∫

π∈Bι

m]sΩσ.α( m]sΩβ.σ( .

Sgd ffimYk r2l uYm-rgdr –#’ Ymx σ /gY/ ©#dr m#/ rY/-r–x α ⊂ σ ⊂ β% H– α ⊂< β: m# σ rY/-rffidr /g-r

]#m©-/-#m Ym© /gd r2l uYm-rgdr: x-dk©-m4 /gd ©dr-’d© ’dr2k/% N/gd’v-rd: /gd’d Y’d 1’d]-rdkx /v#

©-r/-m]/ κhr-l1k-]dr σ0.σ1 rY/-r–x-m4 /g-r ]#m©-/-#m: Ym© vd gYud acΩσ0.σ1( ; α: gkΩσ0.σ1( ; β% Ax

KdllY fl%ö%ö: Ym© m#/-m4 m]sΩ·. ·( ∈ {±0{:

+ ; bnmΩσ0.σ1( ) gbnmΩσ0.σ1( ; �nπnσ Ωm]sΩσ0.α( m]sΩσ1.α( ) m]sΩβ.σ0( m]sΩβ.σ1((

; m]sΩσ0.α( m]sΩσ1.α( ) m]sΩβ.σ0( m]sΩβ.σ1( .

Gdm]d m]sΩσ1.α( ; � m]sΩσ0.α( m]sΩβ.σ0( m]sΩβ.σ1(: Ym© vd ]#m]k2©d /gY/

VAι�0Aι[�α ; n�nα Ωm]sΩσ0.α( m]sΩβ.σ0( ) m]sΩσ1.α( m]sΩβ.σ1((

; n�nα
�
m]sΩσ0.α( m]sΩβ.σ0(� m]sΩσ0.α( m]sΩβ.σ0( m]sΩβ.σ1(

1
(
; + .

Yr ©dr-’d©% ⋄

Ax /Yj-m4 /’Ymr1#rdr: -/ -r -lld©-Y/dkx ]kdY’ /gY/ /gd rYld g#k©r /’2d –#’ /gd ©-r]’d/d ©-fd’dm/-Ykc

–#’ dY]g κ / +: A�ιA�ι�0 ; �%

77



Sg-r –Y]/: vg-]g vd‘kk ’d–d’ /# Yr /gd gnlnknflx 1’n1d’;x: -r /gd r/Y’/-m4 1#-m/ #– ©-r]2rr-m4 /gd

1’#1d’/-dr #– Kι -m b7fi[: -m]k2©-m4 /gY/ K∧
ι Ym© K∨

ι Y’d #’/g#4#mYk: Ym© x-dk©r /gd vdkkhjm#vm Gn,fld

,d]nl1nr-;-nmc

pfl%3( Nm ; hlΩA�ι�0(± hlΩAι(± idpΩKι( .

Nmd ’dYr#m vd dl1gYr-yd /g-r 1#-m/ -r /gY/ –#’ Ymx ]g#-]d #– a∨. a∧ ∈ N: /gd d-4dmud]/#’r #–

a∨K∨
ι ) a∧K∧

ι Y’d -©dm/-]Yk /# /g#rd #– Kι: Ym© /g#rd v-/g m#myd’# d-4dmuYk2d Y’d d-/gd’ 12’dkx Ym

d-4dmud]/#’ #– K∨
ι #’ K∧

ι s /gd ]#’’dr1#m©-m4 d-4dmuYk2dr –#’ /gd k-mdY’ ]#lä-mY/-#m Y’d r-l1kx r]Ykd©

äx a∨ #’ a∧ ’dr1d]/-udkx% Hm bo5[: a∨. a∧ Y’d ’dr/’-]/d© /# äd 1#r-/-ud: Ym© 2rd© /# vd-4g /gd ’dkY/-ud

-l1#’/Ym]d #– /gd k#vd’ Ym© 211d’ κhKY1kY]-Ymr -m Y r1d]/’Yk dläd©©-m4 2r-m4 Kι%

�m#/gd’ ]#mrd.2dm]d #– KdllY fl%ö%ö -r Ym dw1k-]-/ ’dkY/-#mrg-1 äd/vddm /gd #fh©-Y4#mYk dkdldm/r

#– K∧
ι Ym© K∨

ι % F-udm Y r-l1k-]-Yk ]#l1kdw B Ym© σ. τ ∈ Bι: σ ̸; τ : kd/ VT [πσ 9; 0π≃σ äd /gd κh

g2kk lY/’-w: Ym© kd/ VA[πσ 9; 0π∼σ äd /gd κhY©iY]dm]x lY/’-w% Rd/ VA[ππ ; VT [ππ ; +% Kd/

VT [πσ 9; 0� VT [πσ äd /gd -m©-]Y/#’ –#’ /gd kW]j #– Y κhg2kk% M#/-]d /gY/ T ; A⊙T : vgd’d ⊙ ©dm#/dr

/gd GY©YlY’© p-%d%: dkdldm/hv-rd( 1’#©2]/%

L.n1nrh6hnm fl%ö%öp Jd; σ ̸; τ ad κhr-l1k-]drp Sgdm

)
K∨
ι

[
πσ
; � bnmΩσ. τ(VA[πσ Wm,

)
K∧
ι

[
πσ
; � gbnmΩσ. τ(VT [πσ .

rn ;gW;

VKι[πσ ; � bnmΩσ. τ(VA[πσ VT [πσ .

L.nn8p Nm /gd #md gYm©:

)
K∨
ι

[
πσ
;

˜
A�ι�0Aι�0

[

πσ
;

∫

�∈Bι�0

pdkΩσ.α( pdkΩτ.α( ; nπnσ
∫

�∈Bι�0

m]sΩσ.α( m]sΩτ.α( .

Sgd /d’l #– /gd r2l –#’ Y 4-udm α v-kk uYm-rg 2mkdrr α -r Y –Y]d #– ä#/g σ Ym© τ s -m #/gd’ v#’©r: -/

uYm-rgdr 2mkdrr σ ∼ τ : Ym© #mkx –#’ /gd ©-r/-m]/ /d’l α∗ ; acΩσ. τ(% Gdm]d:

˜
A�ι�0Aι�0

[

πσ
; � bnmΩσ. τ(VA[πσ .

7;



Nm /gd #/gd’ gYm©:

˜
AιA

�
ι

[

πσ
;

∫

α∈Bι)0

pdkΩβ.σ( pdkΩβ. τ( ; nπnσ
∫

α∈Bι)0

m]sΩβ.σ( m]sΩβ. τ( .

Sgd /d’l #– /gd r2l –#’ Y 4-udm β v-kk uYm-rg 2mkdrr β gYr ä#/g σ Ym© τ Yr –Y]drs -m #/gd’ v#’©r:

-/ uYm-rgdr 2mkdrr σ ≃ τ : Ym© #mkx –#’ /gd ©-r/-m]/ /d’l β∗ ; gkΩσ. τ(% Gdm]d:

)
K∧
ι

[
πσ
;

˜
AιA

�
ι

[

πσ
; � gbnmΩσ. τ(Tπσ ; bnmΩσ. τ(VT [πσ .

Ym© r# ffimYkkx:

VKι[πσ ; � bnmΩσ. τ( ΩVA[πσ � VT [πσ ( ; � bnmΩσ. τ(VA[πσ VT [πσ .

Yr ©dr-’d©% ⋄

Vgdm ]#mr/’2]/-m4 /gd 4’Y1g KY1kY]-Ym -m /gd r/Ym©Y’© rd//-m4: /gd ©dffim-/-#m -r 2r2Ykkx 4-udm

Yr K+ ; C �A –#’ Ym Y11’#1’-Y/d ©-Y4#mYk lY/’-w C ’d1’drdm/-m4 ud’/dw ©d4’ddr: Ym© Y p4dmd’Ykkx

©dmrd( lY/’-w A ’d1’drdm/-m4 Y©iY]dm]x% M#v vd ]Ym 1’#]dd© -m ’dud’rd: Ym© -m–d’ /gd Y11’#1’-Y/d

m#/-#m #– Y©iY]dm]x äd/vddm /v# κhr-l1k-]dr –’#l /gd κhKY1kY]-Ym%

E-’r/: vd ]#l12/d /gd k#vd’ ©d4’ddr Ym© 211d’ ©d4’ddr: ’dr1d]/-udkx: vg-]g /#4d/gd’ 4-ud /gd

©-Y4#mYk ©d4’dd lY/’-wc

)
K∨
ι

[
ππ

;
∫

�∈Bι�0

pdkΩσ.α(1 ;
∫

�∈Bι�0

0{� hr � e�ac ie π{ ; κ) 0 .

Ym©
)
K∧
ι

[
ππ

;
∫

α∈Bι)0

pdkΩβ.σ(1 ;
∫

α∈Bι)0

0{π hr � e�ac ie α{ ;
0

κ) 0
VT0[π .

Cdm#/d /gd ]#’’dr1#m©-m4 ©-Y4#mYk lY/’-w Cι 9; ch]eΩΩκ ) 0(0 ) 0
ι)0T0(% Mdw/: ]#mr-©d’ /gd #fh

©-Y4#mYk dkdldm/r #– Kι% M#/-]d /gY/ /gd m#mhmd4Y/-ud ]#l1#mdm/ A⊙T -r m#myd’# #mkx –#’ r-l1k-]dr

vg-]g Y’d Y©iY]dm/: ä2/ m#/ r/’#m4kxhY©iY]dm/: r# 1’d]-rdkx vgdm /gdx Y’d κhY©iY]dm/% M#v: ©dffim-m4

/gd r-4md© κhY©iY]dm]x lY/’-w Rι u-Y

VRι[πσ ;






bnmΩσ. τ( σ ∼ι τ

+ #/gd’v-rd
.
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vd ]#m]k2©d /gY/ Kι ; Cι � Rι% Gdm]d: ;gd ]nla-mW;n’-Wk κhJW1kW]-Wm ’d1’drdm;r r-flmd, W,iW]dm]x

ad;vddm κhW,iW]dm; r-l1k-]dr: u-W ;gd-’ ]nmr-r;dm]x% Hm 1Y’/-]2kY’: /g-r ldYmr /gY/ 4-udm Y r-l1k-]-Yk

]#l1kdw B: Kι ]Ym äd ]#l12/d© –’#l i2r/ mY/2’Yk #’-dm/Y/-#mr: vg-]g ©d1dm© #mkx #m /gd r-l1kdw

ud’/-]dr: Ym© /gd #’-dm/Y/-#mr #– dY]g κhr-l1kdw -m Bι%

MY-udkx: ]#mr/’2]/-m4 /gd ä#2m©Y’x lY/’-]dr Aι�0. Aι /gdm ’d.2-’dr r21d’52#2r r-4m -m–#’lY/-#m

8 /gd #’-dm/Y/-#m #– dY]g ldläd’ #– ä#/g Bι�0 Ym© Bι)0% Sg-r r-/2Y/-#m dwY]/kx l-’’#’r /gY/ #–

/gd 4’Y1g KY1kY]-Ym K+% Hm #’©d’ /# ]#mr/’2]/ K+ –#’ Ym 2m©-’d]/d© 4’Y1g –’#l ä#2m©Y’x lY/’-]dr:

#md l2r/ Yrr-4m Ym Y’ä-/’Y’x ©-’d]/-#m /# dY]g d©4d: Ym© /gd ’dr2k/-m4 KY1kY]-Ym -r -m©d1dm©dm/ #–

/gY/ ]g#-]d #– ©-’d]/-#mr% Hm /gd kYm42Y4d #– κhr-l1k-]dr: #md l2r/ Yrr-4m /# dY]g 0hg2kk Ym Y’ä-/’Y’x

#’-dm/Y/-#m ]#mr-r/dm/ v-/g /gd mY/2’Yk #’-dm/Y/-#m: -%d%: r# /gY/ dY]g ’dr2k/-m4 #’-dm/d© 0hr-l1kdw gYr

#md gdY© Ym© #md /Y-k: Ym© /gd ’dr2k/-m4 κhKY1kY]-Ym -r /gdm -m©d1dm©dm/ #– /gd ]g#-]d #– #’-dm/Y/-#mr%

Sg-r -r ]kdY’ –’#l /gd ’dkduYm/ k-mdY’ Yk4dä’Y Yr vdkks -– r ∈ Ω±0(}T ΩD(}: Ym© Λ ; ch]eΩr(: /gdm

ΛΛ� ; Λ1 ; H: Ym© /gd ’dr2k/ #– ]gYm4-m4 /gd #’-dm/Y/-#mr -m F r2]g /gY/ d©4d de -r 5-11d© vgdm

re , +: -r

zA+ ; A+Λ . r2]g /gY/ zK+ ; zA+ zA+
� ; A+Λ

1A�+ ; A+A
�
+ ; K+ .

Hm]k2©-m4 /gdrd Y’ä-/’Y’x #’-dm/Y/-#mr #är]2’dr /gd –Y]/ /gY/ /gd KY1kY]-Ym ©#drm‘/ ©d1dm© #m /gdl%

5)o)o) Vd-4g6dc Wmc m9.lWk-ydc κhIW1kWb-Wmr)

Vd v-kk l#/-uY/d /gd -m/’#©2]/-#m #– Y vd-flg;d, r-l1k-]-Yk ]#l1kdw: äx ffi’r/ ]#mr-©d’-m4 /gd rxlh

ld/’-]Ykkx m#’lYk-yd© 4’Y1g KY1kY]-Ym

Krxl+ 9; C
�0<1
+ A+C0A

�
+C

�0<1
+ ;

∣
C
�0<1
+ A+C

0<1
0

(∣
C
�0<1
+ A+C

0<1
0

(�
.

vgd’d C+. C0 Y’d ©-Y4#mYk lY/’-]dr: vg#rd ©-Y4#mYk ]#m/Y-mr /gd vd-4g/r #– ud’/-]dr pB+( Ym© d©4dr

ΩB0( ’dr1d]/-udkx% Hm /g-r ©-r]2rr-#m #mkx: vgdm σ -r Y κhr-l1kdw: vd v-kk Yä2rd m#/Y/-#m Ym© 2rd cπ

/# ’d–d’ /# /gd Y11’#1’-Y/d dm/’x -m Cι: Ym© 2rd σ ∼ α /# ’d–d’ /# α äd-m4 Y –Y]d #– σ% E#’ dY]g

ud’/dwhd©4d 1Y-’ Ωu. d( vd ]Ym Yrr#]-Y/d /gd vd-4g/ pdu 9;
}
cd<cu: Ym© /gdm vgdm d ; Ωt. u(: /gd

vd-4g/ #– /gd ud’/dw 1Y-’ Ωt. u( -r /gd 1’#©2]/ pdupdt% Sgd ©-Y4#mYk #– K
rxl
+ gYr /gd –#’l

VKrxl+ [tt ;
∫

d∼t
p1dt .
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Ym© Y r/Ym©Y’© ]#mrd.2dm]d #– m#’lYk-y-m4 /gd KY1kY]-Ym -r /# /Yjd /g-r r2l /# äd ö –#’ dY]g t:

vg-]g -m /2’m –#’]dr ct ;
〉

d∼t cds -%d%: /gd r/Ym©Y’© Yrr2l1/-#m /gY/ ud’/dw vd-4g/r Y’d ]#mr/’Y-md©

/# äd /gd r2l #– Ykk Y©iY]dm/ d©4d vd-4g/r% Vd ]Ym v’-/d /g-r ]#mr/’Y-m/ Yr C+ ; ch]eΩ|A+|C00(: #’

d.2-uYkdm/kx C+0 ; |A+|C00: v-/g /gd Yär#k2/d uYk2d /Yjdm dkdldm/hv-rd%

M#v: kd//-m4 Cι 4dmd’Ykkx ’d–d’ /# Y ©-Y4#mYk lY/’-w ]#m/Y-m-m4 κhr-l1kdw vd-4g/r: vd 1’#]dd©

Yr -m bo5[ Ym© ©dffimd /gd rxlld;’-]Wkkx mn’lWk-yd, κhJW1kW]-Wm Yr

Krxlι 9; ��
ι�0�ι�0 )�ι�

�
ι .

vgd’d �ι 9; C
�0<1
ι AιC

0<1
ι)0% Sgd vd-4g/ –#’ Y 1Y-’ #– r-l1k-]dr -r m#v ]#l1#rd© #– ä#/g Ym 211d’

pg2kk( Ym© k#vd’ pä#2m©Y’x( vd-4g/: Ym© –’#l O’#1#r-/-#m fl%ö%ö: vd jm#v /gY/ /gd /#/Yk vd-4g/ -r

/gd ,-fd’dm]d #– /gdrd: dudm vg-kd /gd-’ ]#m/’-ä2/-#m /# /gd ©-Y4#mYk ©d4’dd /d’l -r /gd r2l%

M#/-]d /gY/ –#’ /gd 211d’ m#’lYk-yd© KY1kY]-Ym: /gd ]#m©-/-#m ch]eΩ�ι�
�
ι ( ; 0 -r: i2r/ Yr -m

/gd κ ; + ]Yrd: d.2-uYkdm/ /# /gd ]#mr/’Y-m/

pfl%t( Cι0 ; |Aι|Cι)00 .

r# /gY/ /gd r-l1kdw vd-4g/r Y’d i2r/ ©d4’ddr #– /gd g2kk vd-4g/r% E#’ /gd k#vd’ m#’lYk-yd© KY1kY]-Ym:

-m bo5[: /gdx ]#mr/’Y-m /gd Ωκ� 0(hr-l1kdw ä#2m©Y’x vd-4g/r -m /gd YmYk#4#2r vYx: v-/g Cι�00 ;

|Aι�0|Cι0: r# /gY/ ä#2m©Y’x vd-4g/r Y’d /gdlrdkudr ©d4’ddr: r2ll-m4 /gd r-l1kdw ©d4’ddr -m /2’m%

� ©-fd’dm/ 1’-m]-1kd© ]g#-]d -r /# #ärd’ud /gY/ /gd k#vd’ KY1kY]-Ym 5-1r /gd ’#kdr #– ä#2m©Y’x Ym©

g2kk: r# /gY/ vgdm vd Y11kx /gd ]#m©-/-#m ch]eΩ��
ι�0�ι�0( ; 0: vd ffim©

V��
ι�0�ι�0[ππ ; cπ

∫

�∼π

c�0� ; 0 .

r# /gY/ cπ ;
�〉

�∼π c
�0
�

(�0
; gΩ{c� | α ∼ σ{(: /gd gW’lnm-] r2l #ud’ /gd r-l1kdw ©d4’ddr: -mr/dY©

#– ©-’d]/kx /Yj-m4 /gd-’ r2l% V’-//dm -m lY/’-w –#’l: /g-r ]’dY/dr /gd ]#mr/’Y-m/

pfl%fl( C�0ι 0 ; |Aι�0|�C�0ι�00 .

M#v: /gdrd /v# ]#mr/’Y-m/r #m Cι0 r244dr/ /v# vYxr /# 1’#]dd©% E-’r/: vd lYx Yrr2ld /gY/

Cι -r ffiwd© äx /gd 211d’ KY1kY]-Ym ]#mr/’Y-m/: Ym© /gdm r#kud /gd k#vd’ KY1kY]-Ym ]#mr/’Y-m/: rYx

;z



Rus0 ; 0
3





+ 1 �0 0 +

1 + 1 + 0

�1 1 + 1 �1

0 + 1 + 1

+ 0 �1 1 +





Ch42.c 5ptp Sgd ]#l1kdw –’#l E-42’d 3%7 #m /gd kd–/: v-/g mY/2’Yk #’-dm/Y/-#m ©-rh
1kYxd© Yr ©-’d]/d© d©4dr: /#4d/gd’ v-/g -/r vd-4g/d©: 2mm#’lYk-yd© r-4md© Y©iY]dm]x
lY/’-w Rus0 : v-/g C1 ; H% M#/-]d /gY/ vd-4g/r ©-fd’ ©d1dm©-m4 #m ]#mr-r/dm]x Ym©
1’drdm]d #’ kY]j #– g2kk: Ym© /gY/ /gd 1’drdm]d #– Y g2kk ]Ym rv-/]g /gd dw1d]/d© r-4m%

-m Y kdYr/hr.2Y’dr rdmrd: /# ffiw Cι�0% Sg-r kdYudr /gd g2kk vd-4g/r Cι)0 –’dd /# uY’x: Yr -m12/

©Y/Y /# ]#mr/’2]/-m4 Krxlι % �k/d’mY/-udkx: vd ]Ym Yrr2ld /gY/ Cι -r ffiwd© äx /gd knvd’ KY1kY]-Ym

]#mr/’Y-m/: Ym© /gdm r#kud /gd 211d’ KY1kY]-Ym ]#mr/’Y-m/ /# ffiw Cι)0% Sg-r 1’#u-©dr Y 1’-m]-1kd©

vYx /# ]#mr/’2]/ /gd m#’lYk-yd©: vd-4g/d© κhKY1kY]-Ym vgdm /gd vd-4g/ ©Y/Y -r r211k-d© #m /gd

ä#2m©Y’-dr: -mr/dY© #– #m /gd g2kkr%

E’#l Krxlι vd lYx ©dffimd /gd 2r2Yk vd-4g/d© 2mhm#’lYk-yd© κhKY1kY]-Ym Kusι : Ym© /gd ’Ym©#lh

vYkj m#’lYk-yd© Knuι : vg#rd d-4dmud]/#’r v-kk äd /gd äYr-r –#’ #2’ ä-1Y’/-/-#m-m4c
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