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Algebraic and Boolean Methods for

Computation and Certification of Ramsey-type Numbers

Abstract

Ramsey numbers and their variants are among the most interesting and well-studied numbers
in combinatorics. This dissertation explores them through the lenses of algebraic and Boolean
methods.

Many combinatorial problems have natural encodings as systems of polynomial equations where
the system is feasible if and only if the original problem has a solution. When a system f; =--- =
fm = 0 has no solution over an algebraically closed field, Hilbert’s Nullstellensatz guarantees
the existence of a certain polynomial identity Y ", 8;fi = 1 called a certificate. The degree of
a certificate is the maximal degree of the §; and is related to the complexity of the underlying
problem. For example, if a suitable encoding of a combinatorial problem gives constant degree
bounds, then the problem is in P.

In Chapter 2, we give a general method to encode a broad class of Ramsey-type problems,
including the problems of computing Ramsey, Schur, and van der Waerden numbers, as systems
of polynomial equations and construct Nullstellensatz certificates when they have no solution.
The degrees of these certificates are given in terms of winning strategies of Builder-Painter games
which generalize the notion of the (restricted) online Ramsey numbers. Additionally, the degrees
are strictly smaller than those given by the best known general bounds for these ideals.

Later in Chapter 2 we study the classical Ramsey numbers through Alon’s Combinatorial
Nullstellensatz and construct “Ramsey polynomials” that give lower bounds for Ramsey numbers
when they are not identically zero. We call the coefficients of these polynomials ensemble numbers
and investigate their combinatorial meaning.

Our main contributions in Chapter 3 deal with computing Rado numbers. Given an equation &,
the k-color Rado number Ry (€) is the smallest number n such that every k-coloring of {1,2,...,n}
contains a monochromatic solution to £. We encode the problem of computing Rado numbers as

an instance of the Boolean satisfiability problem (SAT) by constructing Boolean formulas F¥(&)
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that are satisfiable if and only if Ri(£) > n. Using SAT solvers we determine hundreds of new
Rado number values.

We observe that many equations £ have the property that not all the integers in [n] are used
in proving upper bounds Ri(£) < n. Moreover, for certain families of equations we can describe
the integers that are used using a single set of polynomials. We exploit this property and use a
modified encoding to compute new values for infinite families of three-color Rado numbers, namely
formulas for Rs(x —y = bz), Rs(a(z —y) = (a — 1)z) for a > 3, and Rs(a(x — y) = bz) for
b>1,a>b+2 gecd(a,b) = 1.

The degree of regularity of an equation & is the largest number of colors k for which Ry(E)
is finite. We prove several new bounds on the degree of regularity for classes of linear equations,
and using this we compute the degree of regularity of ax 4 by = cz for small values of a,b, and c.
Moreover, we classify the degree of regularity for some equations of the form a(x + y) = bz; this
improves on Rado’s original result for the degree of regularity of these equations. Finally, we answer
a conjecture of Golowich and show that for all m, k > 3 there are m-variable linear equations with
degree of regularity at most k.

In Chapter 4, we study the Ramsey properties of integer sequences. A D-diffsequence is a
sequence whose consecutive differences lie in a prescribed set D. We focus on the case where D
is the set F' of Fibonacci numbers. In particular, using combinatorial words and word morphisms,
we construct a 4-coloring of Z™ that avoids 4-term F-diffsequences and a 2-coloring of Z* that
avoids b-term arithmetic progressions with common difference in F'. These colorings improve on
the best known Ramsey results for the Fibonacci numbers. We also give some related results and
experimental data on diffsequences involving Lucas and Perrin numbers.

Lastly, in Chapter 5 we show how our SAT methods can be applied to other combinatorial
problems. Here we give new bounds and exact values for Ramsey numbers involving book and wheel
graphs. Furthermore, we compute several exact values of Turdn numbers for complete bipartite
graphs and two-dimensional analogues of the Sidon-Ramsey numbers. We also apply SAT solving
to geometric problems involving angles in finite fields and compute maximal sizes of sets that avoid

certain angles in Fy.



The Appendix contains large tables of data, including a 3500-entry table of two-color Rado

numbers and colorings of large sets of integers that avoid certain monochromatic sequences.
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CHAPTER 1

Introduction

To state the contributions of this thesis, we begin with an introduction to Ramsey theory. The
discussion in Sections 1.1 and 1.2 is meant to be self-contained and accessible to non-experts; those
familiar with the subject may safely skip the proofs in these sections. Sections 1.3 and 1.4 give

background on the methods used in this thesis. Our main contributions are stated in Section 1.5.

1.1. Ramsey Theory

Ramsey theory is the study of patterns that emerge in sufficiently large mathematical objects.
In particular, it often deals with structures that are preserved under set partitioning or coloring. A
classical example is the so-called friendship theorem, which states that at a party with six guests,
there is necessarily either a group of three guests who all know each other, or a group of three
guests who are all mutual strangers. However, the same is not true of every party of five guests: if
each guest is arranged in a circle and knows only the two adjacent guests, then there is no group
of three mutual acquaintances or three mutual strangers.

This phenomenon is a special case of Ramsey’s theorem, first proven by the logician Frank

Plumpton Ramsey in 1926 [115]. The simplest version of the theorem is stated below.

THEOREM 1.1.1 (Ramsey). Fiz positive integers r and s. Then there exists an n such that every

red-blue edge coloring of K, contains either a red K, or a blue K.

A major question in combinatorics asks how small n can be. The smallest such n is called the

Ramsey number R(r,s).

DEFINITION 1.1.1. For given positive integers r and s, the Ramsey number R(r, s) is the small-
est n such that every red-blue edge coloring of K, contains either a red K, or a blue Ks. Equiva-
lently, R(r,s) is the smallest n such that every graph on n vertices contains either a clique of size

r or an independent set of size s.



We give some simple properties of Ramsey numbers below.

PROPOSITION 1.1.1. Let r and s be positive integers. The Ramsey numbers R(r,s) satisfy the

following properties.

(i) R(r,s) = R(s,r).
(ii) R(1,s) =1.
(i) R(2,s) = s.

Despite their apparent simplicity, the Ramsey numbers are notoriously hard to compute when
r,s > 3. The following quote by Paul Erdos illustrates this difficulty:

“Suppose aliens invade the earth and threaten to obliterate it in a year’s time unless human
beings can find the Ramsey number for red five and blue five. We could marshal the world’s best
minds and fastest computers, and within a year we could probably calculate the value. If the aliens
demanded the Ramsey number for red sixz and blue siz, however, we would have no choice but to
launch a preemptive attack.”

In fact, only nine such values are known, and we display them in Table 1.1 below. We omit the

entries below the main diagonal because R(r,s) = R(s,r).

TABLE 1.1. Ramsey numbers R(r, s)

T5123456789
T |1 11 1 1 1 1 1 1
9 23 4 5 6 7 8 9
3 6 9 14 18 23 28 36
4 18 25

Several of these numbers can be calculated by hand using elementary methods. The calculation
of R(3,3) = 6 is well-known, and it was featured as a problem on the Kiirschak and Putnam
competitions in 1947 and 1953, respectively [114]. The exact values of R(3,4), R(3,5), and R(4,4)
were established by Greenwood and Gleason in 1955 [63]. The following lemma is the key ingredient
in proving upper bounds for these small nontrivial Ramsey numbers, and it can also be used to

prove Ramsey’s theorem.



LeEMMA 1.1.1. The Ramsey numbers R(r, s) satisfy R(r,s) < R(r,s—1)+R(r—1,s). Moreover,
if R(r,s — 1) and R(r — 1, s) are both even, then R(r,s) < R(r,s —1)+ R(r —1,s) — 1.

PROOF. Let n = R(r,s — 1) + R(r — 1, s), and consider an arbitrary red-blue edge coloring of
K,,. We wish to show that there is either a red K, or blue K. Consider the n — 1 edges incident
to some vertex v. Then either at least R(r,s — 1) of them are blue or R(r — 1,s) of them are red
since if these both do not hold, then deg(v) < n — 1. Without loss of generality, suppose at least
R(r,s — 1) of these edges are blue. Then by the definition of R(r,s — 1), there is either a red K,
or a blue K, 1 contained in the blue neighbors of v. In the former case we are done, and in the
latter case, the graph induced by the vertices of the blue K, 1 together with v is a blue K. The
case where at least R(r — 1, s) edges incident to v are red follows by a similar argument.

Now suppose that R(r,s — 1) and R(r — 1, s) are both even, and consider an arbitrary red-blue
edge coloring of K,,_1. Let r, denote the red-degree of a vertex v, and let E, be the number of red

edges. Then we have

Z ry = 2E,.

veV

Notice that |V| =n — 1 is odd, so it follows that there is some v such that r, is even.
Now suppose for this vertex v that r, < R(r — 1,s). Since r, and R(r — 1, s) are both even,
then this inequality can be strengthened to r, < R(r —1,s) — 1. Then the number of blue edges b,

incident to v is at least R(r,s — 1), because otherwise b, < R(r,s — 1) — 1 and we would have
n—2=r,+b,<R(r—1,8)—14+R(r,s—1)—1=n—2,

a contradiction. Therefore r, > R(r — 1,s) or b, > R(r,s — 1), and the result follows from the

previous argument. ]

Ramsey’s theorem is a consequence of Proposition 1.1.1 and Lemma 1.1.1, and we can use it

to obtain a crude upper bound on Ramsey numbers.

PrROOF OF THEOREM 1.1.1. Using the facts that R(r,s) = R(s,r) and R(1,s) is finite for all
s, it follows by induction and Lemma 1.1.1 that R(r,s) is finite for all s.
We claim that R(r,s) < (r:fff) Observe that this inequality is true for r = s = 1 since

R(1,s) = 0 for all s. Now suppose it is true whenever r + s < k. If r + s = k + 1, then by Lemma
3



1.1.1, it follows that

r+s—3 r+s—3 r+s—2
< -1 -1 < =
R(r,s) < R(r ,8)+ R(r,s )_< r_9 )—i—( 1 > < .1 )

as desired. ]

Using Stirling’s approximation, the bound shown in the above proof gives the bound

R 4371
1.1 5,8) < (14+0(1l)) —/——.
(1) (5:5) < (L4 o(1) =

We can obtain a lower bound using the probabilistic method.
THEOREM 1.1.2. For all s > 3, the Ramsey number R(s,s) satisfies R(s,s) > 25/2.

PROOF. For s = 3, we have R(3,3) = 6, and the desired inequality holds. Now suppose s > 4,
and let n = 2%/2. Let p denote the probability that a randomly chosen red-blue edge coloring of
K, does not contain a monochromatic K. If this probability is positive, then we are done.

Observe that for each K, in K,, the probability that it is monochromatic is 91-(2). Since
there are (Z) copies of K, the probability that at least one is monochromatic is at most (2)217(;).

Therefore since n = 2%/2 and s! > 2% for s > 4, it follows that

s ! . s2/241—(3) s/2+1
1—-p< " 21-(2) < L217(2) < 2 S 2 < ol=s/2 - 1.
~\s ~ sl(n—s)! - s! s!
Therefore p is positive, and we are done. O

Theorem 1.1.2 and (1.1) show (roughly) that the diagonal Ramsey numbers R(s, s) satisfy
(1.2) V2" < R(s,s) < 4°.

The precise asymptotics of Ramsey numbers are a major open question in Ramsey theory, but there
have been no improvements to the bases v/2 and 4 in (1.2), which have stood since 1947 [48, 49],
until a recent preprint improved the upper bound to (4 — ¢)® for a small constant ¢ [27]. The best
lower bound R(s,s) > @325/2(1 + o(1)) was shown by Spencer in 1975 by applying the Lovisz

Local Lemma [127].



We turn back to the computation of precise values of Ramsey numbers. Lemma 1.1.1 also

enables us to calculate four of the values in Table 1.1.

PROPOSITION 1.1.2. The Ramsey numbers R(3,3), R(3,4), R(3,5), and R(4,4) satisfy

R(3,3) =6, R(3,4) =9, R(3,5) =14, R(4,4) = 18.

PRrROOF. First, we will show R(3,3) = 6. To show the lower bound R(3,3) > 6, observe in
Figure 1.1 that coloring the edges of a 5-cycle in K5 red and all other edges blue avoids a red
K3 and a blue K3. For the upper bound R(3,3) < 6, suppose towards contradiction that there is
a red-blue edge coloring of Kg that contains no red K3 and no blue K3. Consider a vertex v in
K. By the pigeonhole principle, at least 3 of the edges incident to v must be the same color, say
red. Label these three red edges {v, w1}, {v,ws}, {v,ws}. Then if the edge {w1,ws} is red, then
{v,w1,wa} is a red K3, so {wy, w2} must be blue. By similar reasoning, it follows that {wy,ws}
and {ws, w3} must be blue as well. But then the vertices w;, ws, and ws form a blue K3, which is
a contradiction.

Next we will show that R(3,4) = 9. Since R(2,4) = 4 and R(3,3) = 6 are even, by Lemma
1.1.1, we have R(3,4) < R(2,4) + R(3,3) —1 = 9. For the lower bound, the edge coloring of Ky in
Figure 1.1 does not contain a red K3 or a blue K4. Here, if the vertices are labeled 1 to 8 in order
around the circle, the edge ij (with i < j) is colored red if and only if j —i = 1,4 (mod 8).

Moving to R(3,5), applying Lemma 1.1.1 again we have R(3,5) < R(2,5)+R(3,4) =5+9 = 14.
For the lower bound, the edge coloring of K3 in Figure 1.1 does not contain a red K3 or a blue
K5. If the vertices are labeled 1 to 13 in order around the circle, the edge ij (with i < j) is colored
red if and only if j —¢=1,5 (mod 13).

For R(4,4), we have R(4,4) < R(3,4)+ R(4,3) = 2R(3,4) = 18. For the lower bound, the edge
coloring of K7 in Figure 1.1 does not contain a red K4 or a blue Ky. If the vertices are labeled 1
to 17 in order around the circle, the edge ij (with ¢ < j) is colored red if and only if j —i = 1,2,4,8
(mod 17).



FiGure 1.1. From left to right, colorings that give tight lower bounds for
R(3,3),R(3,4),R(3,5), and R(4,4)

We remark that this proof method does not give tight upper bounds for any of the other known
nontrivial Ramsey numbers. The value of R(3,6) = 18 was first proven in 1964 by Kéry [83], though
a short, elementary proof in English was given by Cariolaro in 2007 [28]. Kalbfleisch proved the
lower bound R(4,5) > 25 in 1965 [80], and one year later proved R(3,7) > 23 and R(3,9) > 36
in his thesis [81]. The next exact value was confirmed in 1968 when Graver and Yackel proved
R(3,7) <23 [61].

The calculations of the remaining known values all required extensive use of computers. Grin-
stead and Roberts established the lower bound R(3,8) > 28 and the upper bound R(3,9) < 36 in
1982 [64]. McKay and Zhang established the upper bound R(3,8) < 28 in 1992 [104]. The value
R(4,5) = 25 was established by McKay and Radziszowski in 1995 [102].

No other exact values have been computed in the past twenty-seven years, though various
bounds have been improved. The smallest unknown diagonal Ramsey number, R(5,5) is known to
satisfy 43 < R(5,5) < 48 [5,51]. The other “next” unknown values, R(3,10) and R(4,6) satisfy
40 < R(3,10) < 42 and 36 < R(4,6) < 41 [52,53,55,103].

There are many generalizations of Ramsey numbers that extend the definition to more colors

and graphs other than K, and K,. We give one version of generalized Ramsey numbers below.

DEFINITION 1.1.2. Let Gy,...,Gy be graphs. The Ramsey number R(G1,...,Gy) is the small-

est number n such that every edge k-coloring of K, contains a copy of G; in color i.

We remark that the classical Ramsey number R(r,s) is the same as the generalized Ramsey
number R(K,, K;). We will use the term “Ramsey number” to both the classical Ramsey numbers
R(r,s) and the generalized Ramsey numbers in Definition 1.1.2. In the case that G; = Kj, for

all 4, we will simply write R(j1,...,Ji) instead of R(Kj,,..., K}, ). These numbers are sometimes
6



referred to as multicolor Ramsey numbers. Greenwood and Gleason showed that R(3,3,3) = 17 [63]
in 1955, but it took over sixty years to prove the next known value, R(3,3,4) = 30 [34]. The
numbers R(G1,G2) have known formulas for some families of G; and Go, for instance Chvétal
showed that R(K p, Kp) =n(m—1)+1 [32]. However, in general computing values of R(G1, G2)
is still a difficult problem. A “dynamic survey” of the best known bounds for hundreds of Ramsey
numbers is maintained at [114].

The existence of generalized Ramsey numbers is guaranteed by the following theorem.
THEOREM 1.1.3. The Ramsey numbers R(G1,...,Gy) are finite for all Gy, ..., Gy.

PrROOF. We will prove that R(rq,...,r) is finite for all choices of 71, ..., 7. This is sufficient
because every graph Gj is a subgraph of the complete graph Ky (g,), so we have R(Gy,...,Gg) <
R(V(G1)l;- .-, [V(GR)I-

We will proceed by induction on k. For k = 2, this is simply Theorem 1.1.1. For k > 2,
assume the numbers R(r,...,r,) exist for m < k and let n = R(ry,...,rp_2, R(rg_1,7%)). We
claim R(rq,...,rx) < n. Consider a k-coloring x of the edges of K,,. Let x’ be the (k — 1)-coloring
of K,, that agrees with y except every edge assigned color k is instead assigned color £k — 1. By the
definition of n, there is either a clique of size r; in color i for some 7, 1 < i < k — 2, or else there
is a clique of size R(rx_1,7%) in color k — 1. In the former case, we are done, so suppose there is a
clique of size R(ry_1,7)) in color k — 1. Now de-identify colors k — 1 and k, so that the edges in
this clique are colored in these two colors. By the definition of R(rg_1,r), there is either a clique
of size r—1 in color k — 1 or a clique of size 7 in color k contained within this copy of Kg(,, | r,),
which is contained in K,. Therefore every coloring x produces a clique of size r; in color ¢ for some

i, and this completes the proof. O

1.2. Arithmetic Ramsey Theory

A large part of this thesis deals not with graphs, but with numbers in arithmetic Ramsey theory.
Often we are interested in solutions to an equation over the set {1,2,...,n}, which we henceforth
denote by [n]. One of the most important results in this area is Schur’s theorem, and the proof

follows quickly from the existence of the numbers R(rq,...,7%).

7



THEOREM 1.2.1 (Schur, 1916). For all integers k, there exists a number n such that every

k-coloring of [n] contains a monochromatic solution to the equation r +y = z.

PRrROOF. Let n = R(3,...,3), where there are k threes in the argument of R. Consider an
arbitary k-coloring x of [n — 1]. Assign the vertices of K,, the labels 1 through n. Let ¢ be the
k-coloring of K,, where the edge ij is colored x(|i — j|).

By the definition of n, there exists a monochromatic triangle abc with a < b < c. Let z =b—a,
y=c—"b,and 2 =c—a. Then z +y = z and x(z) = x(y) = x(z), so we are done. O

Schur’s motivation for proving Theorem 1.2.1 was to attack Fermat’s Last Theorem, and in

doing so he was able to prove that the equation ™ + y" = 2"

(mod p) has nontrivial solutions for
sufficiently large primes p.
Like Ramsey numbers, we are interested in the smallest number n where the pattern, in this

case a monochromatic solution to x 4+ y = z, appears.

DEFINITION 1.2.1. The Schur number S(k) is the smallest number n such that every k-coloring

of [n] contains a monochromatic solution to the equation x +y = z.

As a simple example, consider the Schur number S(2). It is straightforward to check that the
coloring of {1,2,3,4} where 1 and 4 are colored red and 2 and 3 are colored blue does not contain
a monochromatic solution to x + y = z. But every coloring of {1,2,3,4,5} does contain a solution.
Without loss of generality, suppose 1 is red. Then 2 is blue since 1 + 1 = 2. Moreover, 4 is red
since 2 + 2 = 4. Then 3 is blue since 1 + 2 = 3, and then 5 cannot be either color since 1 + 4 =
5 and 2 + 3 = 5. Hence S(2) = 4.

The calculation of the third Schur number S(3) = 14 is a more difficult exercise, but still doable
by hand. Computing S(k) for k > 4 is still yet more difficult, and almost surely requires machine
assistance. The number S(4) = 45 was first computed in 1966 by Golomb and Baumert using a
backtracking algorithm [56]. The largest known Schur number is S(5) = 161, which was computed
by Heule in 2017-2018 [71]. This calculation required a staggering amount of computational power
using SAT solvers and parallelized computation. The key technique used is called the cube and
conquer method, which partitions the problem into many tractable subproblems and solves them

in parallel. The computation required 14 years of CPU time, and another 36 years of CPU time
8



for the verification of the calculation. However, the cube and conquer procedure allowed this to
be done in mere days of real time on a supercomputer. The verification of this result is especially
notable because it produced a proof over 2 petabytes in size, which is arguably the longest proof
in history. We will discuss SAT solvers in detail in Section 1.3.

Another celebrated theorem in arithmetic Ramsey theory is van der Waerden’s theorem, which
concerns arithmetic progressions, sequences of the form z,x+d, ...,z + ({—1)d. Van der Waerden
attributed the statement of the theorem to Baudet, but in fact it was originally conjectured by

Schur while he studied the distribution of quadratic residues over Z, [60].

THEOREM 1.2.2 (Van der Waerden, 1927 [130]). For all positive integers k and ¢, there exists
a smallest number n = w({; k) such that every k-coloring of [n] contains a monochromatic £-term
arithmetic progression, i.e. a sequence of the form x,x+d,z+2d,...,z+ ({—1)d for some positive

integer d.

The numbers w(¢; k) are called van der Waerden numbers. There exist elementary proofs of
van der Waerden’s theorem using a double induction (see [60] or [91]), but we omit them here.

As with Ramsey numbers, finding precise bounds on van der Waerden numbers is difficult,
and perhaps even more so. The best known lower bounds are due to a finite field construction
due to Berlekamp [13], who showed w(p + 1;2) > p2P. The upper bounds given for w(¢; k) in the
original proof of van der Waerden’s theorem grow like the notorious Ackermann function. Shelah
later made a striking improvement in [124], giving upper bounds that were primitive recursive,
but are nonetheless described as “wowzer” functions in [60] due to their fast growth. The best
known bounds today are due to Gowers [59], who showed w(/; k) < 22k22e+9. While a massive
breakthrough, this bound is still huge compared to the values of known van der Waerden numbers
(see Table 1.2 below). It is a major open question what the “true” bounds for van der Waerden
numbers are; Graham asked whether w(/;2) < 2 and offered a $1000 prize for an answer [91].

Schur’s theorem has a number of generalizations, the most notable of which is Rado’s theorem,
proven by Schur’s Ph.D. student Richard Rado. The full version of theorem extends Schur’s theorem
to arbitrary systems of equations with integer coefficients. To state the theorem, we need to use

the following definition.



TABLE 1.2. Table of van der Waerden numbers w(¢; k)

k
/ 2 3 4
3 9 27 76
4 35 293
5 178
6 1132
DEFINITION 1.2.2. Let A be an £ X m matriz, and denote the columns of A by a1,...,a,. We

say that A satisfies the columns condition if there ezists a partition {C1,...,Cx} of {1,...,m}
such that the following conditions hold. Define s; = Zjeci a; to be the vector sum of the columns
whose indices are in C;.

(i) s1=0

(i1) sk can be written as a (rational) linear combination of the elements of U <; <y {aitiec; for

all k> 2.

THEOREM 1.2.3 (Rado, 1933 [113]). Let Az = 0 be a system of linear equations with integer
coefficients. Then for every positive integer k, there exists an n such that every k-coloring of [n]

contains a monochromatic solution to Ax = 0 if and only if A satisfies the columns condition.

We will be most interested in the case where there is only a single equation, in which case

Theorem 1.2.3 becomes the following.

THEOREM 1.2.4. Let £ be the equation Zgl a;z; = 0 in the variables x; with nonzero integer
coefficients a;. Then for every positive integer k, there exists an n such that every k-coloring of [n]
contains a monochromatic solution to £ if and only if there exists a nonempty subset of the a; that

sums to 0.

We will prove only Theorem 1.2.4, but the proof of Theorem 1.2.3 is similar. We present this
proof because for one direction the coloring construction involved is similar to those in Chapter
3, and the other direction serves as a nice application of van der Waerden’s theorem. Before the

proof, we need the following two corollaries which extend van der Waerden’s theorem.

COROLLARY 1.2.1. Let a,b,k,f € Z+ with a < b. Then every k-coloring of [bw(¢; k)] contains

a monochromatic £-term arithmetic progression whose gap is a multiple of a.

10



PROOF. Let x be an arbitrary k-coloring of [bw(¢;k)]. Define a coloring x' of [w(¢;k)] by
X'(z) = x(azx). By van der Waerden’s theorem, there is an /-term arithmetic progression y,y +
d,...,y+ (—1)d with X' (y) = X (y+d) =--- = xX'(y+ (¢ — 1)d). But then x(ay) = x(ay + ad) =
<o =x(ay +a(l — 1)d), so ay,ay + ad,ay + 2ad, . .. ,ay + a({ — 1)d is a monochromatic arithmetic

progression with gap ad as desired. O

COROLLARY 1.2.2. Let n = w({; k), and suppose the set S := a[l,n] = {a,2a,...,na} is k-

colored. Then S contains a monochromatic (-term arithmetic progression.

PROOF. Let y be an arbitrary k-coloring of S. Then define the k-coloring ' of [n] by x/(x) =

Xx(az). By van der Waerden’s theorem, there is an arithmetic progression z,z +d, ...,z + ({ —1)d
with () = --+ = X/(# + (¢ — 1)d). Then x(az) = x(ax + ad) = --- = x(az + ad({ — 1)),
so ax,ar + ad,...,ar + ad(f — 1) is a monochromatic ¢-term arithmetic progression contained in
S. O

We are now able to prove Theorem 1.2.4.

PROOF OF THEOREM 1.2.4. We follow the proof given in [91]. Fix an equation &: Y ", a;z; =
0 with a; # 0 for all i. Suppose first that there is no subset of the a; that sums to zero. Let p
be a prime that does not divide any sum of a nonempty subset of the a;. We will construct a
(p — 1)-coloring x of the positive integers that contains no monochromatic solutions to &.

Each positive integer  has a unique p-ary expansion = = 23:0 cjpj with 0 < ¢; < p—1. Let
J* be the smallest j such that c¢; # 0, and let x(z) = ¢;+.

Suppose for the sake of contradiction that xq,...,x,, is a monochromatic solution to £ with
x(z1) = -+ = x(zm) = a. Let e be the smallest positive integer such that there is some index i
with p€ { z;. Now let I = {i:z; = o (mod p°)} and let I’ = [m]\ I = {i: 2; =0 (mod p°)}, and
note that I is nonempty. Now consider the equation £ modulo p: we are left with

0= Zcmi = aZ:EZ- (mod p°).
icl i€l
Since 1 < o < p —1, we have p° | >, xi, and so p | Y, ;. Recall that I is nonempty, so this is

a contradiction.

11



For the other direction, we proceed by induction on the number of colors k. Let S be the
largest subset of the a; that sums to 0. Without loss of generality, suppose S = {a1,...,a,} and
a1 > 0. If r = m, then the solution 1 = --- = z, = 1 is monochromatic, so suppose r < m.
Let s = Z;-”:TH a;, and observe that s # 0. Set x1 to be a positive integer large enough so that
x1+s > 0, and set 29 = --- = x, = 1 + s, and set 41 = -+ = xp, = a1. Then we have
Yoty air; = a1x1 + Yo ai(w1+5) + Dk L aiar = a1y — ay(z1 4+ 5) +ars = 0,50 (T1,.. ., Th)
is a monochromatic solution.

Now suppose the theorem holds for k£ colors, and we will show that it holds for £ + 1 colors.
Let Rj(€) denote the smallest number n such that every k-coloring of [n] contains a monochro-
matic solution to £. We once again suppose that Y : ;a; = 0 with 7 < m maximal and let
5= i .1a; #0. Moreover, let A:= 37", |ay.

We will show that Ri+1(E) < Aw(Rg(E) + 1; k) =: n. Let x be an arbitrary (k + 1)-coloring of
[n]. As with the & = 1 case, we will set z9 = 23 = -+ =z, and z,41 = - -+ = 2y, so that £ becomes
the three-variable equation a1 (z1 — z2) + sz, = 0.

Since 1 < |s| < A, by Corollary 1.2.1, there is a monochromatic (Ry(E) + 1)- term arithmetic
progression whose gap is a multiple of |s|. Let y,y +d|s|, ...,y + Ri(E)d|s| be such an arithmetic
progression.

There are now two cases to consider. First, assume there exists some element z € [Ry(€)] such
that x(zdai) = x(y). If s > 0, then setting x1 = y, x2 = y + zday, ,;, = zday is a monochromatic
solution to &£, and if s < 0, then =1 = y + zdai, xs = y, £, = zda; is a monochromatic solution.
Otherwise, we have x(zda1) # x(y) for 1 < d < Ry(&), so the set {da1,2day, ..., Ri(E)dai} has

only k colors, so by the induction hypothesis and Corollary 1.2.2, the proof is complete. [l

We will refer to both Theorem 1.2.3 and Theorem 1.2.4 as Rado’s theorem. We also introduce

the notion of regularity, which will simplify the statements of many of our results.

DEFINITION 1.2.3. An equation £ is k-regular if there exists an n such that every k-coloring of
[n] contains a monochromatic solution to £. If € is k-reqular for all k > 1, then we say that £ is

reqular.

12



For example, Schur’s theorem states that the equation x + y = z is regular. Rado’s theorem
states that the equation 2z + 3z9 — 5x3 — 7x4 = 0 is regular since 2 + 3 — 5 = 0, but the equation
221 + 229 — x3 = 0 is not since no subset of the coefficients sums to 0.

Some of the central numbers in this thesis are the Ramsey-type numbers associated to Rado’s
theorem, which are appropriately called Rado numbers. We study the Rado numbers in great detail

in Chapter 3.

DEFINITION 1.2.4. Given an equation £ and integer k > 1, the Rado number Ry (E) is the
smallest number n such that every k-coloring of [n] contains a monochromatic solution to €. If no

such number exists, then we say Ry(E) = oco.

Note that the Schur numbers S(k) are simply the Rado numbers Ry(x+y = z). An interesting—
and difficult—question is when Rado numbers for a given equation are finite (exist) and when they
are not. For example, Ro(2z + 2y = z) = 34, but R3(2x + 2y = z) = oo. There is a known

characterization of 2-regular linear equations, which was also given by Rado.

THEOREM 1.2.5. For m > 3, the equation Y ;" a;z; = 0 is 2-regular if and only if there exist

coefficients a; and a; with opposite sign.

However, there is no known general characterization of k-regular equations for arbitrary k.

Another interesting statistic is the degree of reqularity of an equation.

DEFINITION 1.2.5. The degree of regularity of an equation &, denoted dor(E), is the largest

integer k for which & is k-regular. If € is reqular, then we say dor(E) = oo.

From the example above, we see that dor(2z + 2y = z) = 2. Rado made several observations
on the degree of regularity in his thesis, and proved the following results for three variable linear

homogeneous equations (see also [18]).

THEOREM 1.2.6 (Rado). The following results on degree of reqularity hold.

(i) If £ is the equation a(x +y) = z with a € Q and a # 2* for all k € Z, then dor(£) < 3.

(i) For all k € Z, dor(2*(z +y) = 2) = o0 or dor(2¥(x +y) = 2) < 5.
13



(iii) Let a,b,c,ac € Z. If a # 0 and p is a prime such that p { abc(a + b), then dor(azx + by +
pYcz) = oo or dor(ax + by + p%cz) <5
(iv) Let a,b,c € Z. If o, B,y € Z are pairwise distinct and p 1 abe, then dor(p®ax + p°by +

plez) < 7.

In general it is difficult to determine the degree of regularity of a given equation. The question
of whether there is an equation of degree of regularity exactly k was raised by Rado and answered

in 2010 by Alexeev and Tsimerman [2], who showed that the equation £ given by

k

9i P
ZQi_lxi: _1+22i_1 2o
=1

=1

has degree of regularity precisely k. Notice, however, that the equation £; has k + 1 variables. If
the number of variables is fixed, then the answer is not so clear. That is, given a fixed m, for every
k > 1, can we find a linear homogeneous equation £ in m variables with dor(€) = k7 Rado himself

conjectured that the answer is no, and this is known as Rado’s boundedness conjecture.

CONJECTURE 1.2.1 (Rado’s boundedness conjecture). Given a positive integer m, there is a
universal constant A = A(m) such that every linear homogeneous equation £ in m variables is

reqular or satisfies dor(€) < A(m).

In other words, Rado’s boundedness conjecture says that nonregular equations in a fixed number
of variables have a bound on their degree of regularity. The only nontrivial case where this is known
is for m = 3; Fox and Kleitman proved that A = 24 is sufficient [54].

We end our discussion of Rado numbers and regularity here, but we will return to and build
upon these results in Chapter 3. The next two sections give background on the methods used in

this dissertation.

1.3. Boolean Satisfiability

Many of the problems in this thesis can be encoded in terms of the satisfiability of Boolean
formulas. The Boolean satisfiability problem (SAT) is of fundamental importance in computer
science and complexity theory (see [126] for an introduction). SAT was shown by Cook and Levin

to be NP-complete, and there is no known polynomial-time algorithm to decide whether a given
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formula is satisfiable. However, recent computational advances have produced powerful tools known
as SAT solvers that can determine the satisfiability of large Boolean formulas and are often efficient
in practice.

We recall the following standard terminology, all of which can be found in [21]. A literal is a
Boolean variable x or its negation, which we denote Z. A clause is a logical disjunction of literals,
e.g. xVyVz A formula ¢ is in conjuctive normal form (CNF) if it is a logical conjunction of
clauses, e.g. ¢ = (xVy) A (ZV2)A(zVyVz). We will sometimes write clauses as sets of literals
and formulas as sets of clauses, e.g. ¢ = {{z,y},{7, 2}, {z,y,2}}. All formulas we consider will
be written in conjunctive normal form, and this is the standard input for most SAT solvers. A
formula is satisfiable if there is a truth assignment to the variables such that at least one literal in

each clause is true, and unsatisfiable otherwise.

1.3.1. Algorithms for satisfiability. The core algorithm behind many modern SAT solvers
is Conflict-Driven Clause Learning (CDCL), though they are equipped with numerous prepro-
cessing methods, heuristics, and other procedures to solve instances efficiently. We will discuss
only a barebones version of the CDCL algorithm, but a thorough treatment can be found in [21].
A key procedure for simplifying clauses in the formula is unit propagation. Consider the formula
o1 = {{z1, T2, x3}, {ma}, {T2, x4}, {ZT1, w4} .{x1, 22, T4} }. Notice that if ¢, is satisfiable, then zo must
be assigned true. Then we can remove the literal Zs from each clause where it appears and delete
each clause where zo appears, so ¢; is equivalent to the formula ¢o = {{x1, 23}, {4}, {Z1,24}}.
Now we see that x4 must be assigned true and obtain ¢3 = {{x1,z3},{Z1}}. Applying unit propa-
gation two more times, we set 1 to false and x3 to true, and obtain the satisfying assignment x; =
false, x9 = x3 = x4 = true.

CDCL begins by selecting a variable, assigning it true or false, and then applying unit propa-
gation to build an implication graph. The vertices of the implication graph are literals, and there
is a directed edge (x,y) if x being assigned true is the “reason” y is assigned true; more precisely,
an edge (x,y) is constructed when there is a clause C' containing & and y, and all other literals
in C' besides y are false. In the example above, the implication graph is zo — x4 — 1 — x3. A
conflict in the implication graph occurs when a literal and its negation are both vertices (assigned

to true). When a conflict occurs, we find a cut in the implication graph that led to the conflict
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FiGUure 1.2. Illustration of the implication graph for Example 1.3.1. Each node is
of the form ¢Q@d, which corresponds to the literal £ being assigned true at decision
level d. The cut is displayed in red.

and learn a new clause that contains the negations of all the literals on one side of the cut edges.
The solver then backtracks to an appropriate decision level and begins the search anew. We give

an illustration of CDCL and the implication graph with a simple example.
ExAMPLE 1.3.1. Consider the formula
¢ = (12‘1 \/ZZ‘Q) A (1_71 Vl‘g\/l‘4) A (1‘4\/i‘5 \/1‘6) AN (i’g\/i'5\/i‘6) AN (:E5\/$7\/£L'8) VAN (."Z‘4\/:f7\/$9) AN (SL‘l \/."Z‘g\/:L‘g).

Suppose x1 is arbitrarily assigned to true. Then x5 is assigned false by unit propagation. At
the next decision level, x4 is assigned false, and then x3 is assigned true. Continuing, we assign xs
true, then a conflict arises: xg must be assigned both true and false. Since the assigning xs, @4,

and x5 to true led to this conflict, we learn the clause (3 V x4 V Z5).

1.3.2. SAT solvers and combinatorics. In recent years, SAT solvers have proven to be
extremely useful in computing precise bounds for Ramsey-type numbers. Among the first such
results are the calculations of the van der Waerden numbers w(6;2) and w(4;3) [86,87]. Another
significant result is the solution to the Pythagorean triples problem, which asks for the Rado number
Ro(z? + y? = 22); a monetary prize for this result was also offered by Graham. Heule, Kullmann,
and Marek proved that Ro(z? + y? = 22) = 7825 in [74]. This was notable on a theoretical level

because it was not known at the time whether 22 + y? = 22
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whether Ry (22 + y? = 2?) < oo when k = 3. On a computational level this was also remarkable
because of the sheer size of the proof, which, like the proof of S(5) = 161, required terabytes of
memory to produce. These computational successes are founded in part on the cube and conquer
paradigm. Cube and conquer pairs a CDCL solver with a complementary look-ahead solver to
partition a hard CNF formula ¢ into cubes. A cube is simply a partial assignment to the variables
in ¢. The look-ahead solver selects variables according to a heuristic and splits the formula into
(potenitally millions of) subproblems that consist of ¢ together with unit clauses that make up a
cube. The heuristics involved in this partitioning attempt to make each subproblem much easier
to solve, and then subproblems can be passed to the CDCL solver independently and in parallel.
Empirical data suggests that cube and conquer often performs better than running a single CDCL
or look-ahead solver. We will not discuss the finer details of cube and conquer or the heuristics

involved here, and we refer the reader to [71,73,74].

1.3.3. Proofs of unsatisfiability. Computer-generated results are often met with skepticism.
Perhaps the most famous proof by computer is the proof of the Four Color Theorem by Appel and
Haken [6], part of which included checking nearly two-thousand cases with computer assistance.
This raises a fundamental question: does “the computer says this result is true” really constitute
a proof? Computers are prone to bugs, crashes, and other inexplicable errors, so one might argue
that computer results are more like experiments than rigorous proofs. SAT solver proofs are no
different; the solvers themselves are complicated programs that involve thousands of lines of code.
How can we say that they work correctly one-hundred percent of the time, especially on large, hard
problems with long solve times? This is a valid concern: subtle errors have in fact been found
in otherwise well-trusted, state of the art solvers [79]. Some of this is a matter of philosophy:
Are humans really more reliable? Contradictory results have been published in top mathematics
journals (see [85,123]). It is not unusual to find small errors or typos in peer-reviewed literature.
For these reasons there is a growing movement to formalize and catalog results in LEAN in libraries
such as mathlib (see https://github.com/leanprover-community). Another common complaint
about computer-generated proofs is that they are inelegant, or not understandable by humans.
While this is often the case (the 2000-terabyte proof of S(5) = 161 is hardly bedtime reading, for

instance), again, we ask: Are human proofs really better? One of the famous long human proofs is
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the classification of finite simple groups, a result that spans thousands of pages and many authors.
Is the proof fully understood? This is not meant as an insult to the contributors to this result, but
rather to say that there are few, if any, mathematicians who could recreate the proof alone.

So why, then, should one trust a SAT solver proof? If a formula ¢ is satisfiable, then the solver
outputs a truth assignment to the variables (a certificate) which can be verified to satisfy each clause
in ¢ efficiently. But when ¢ is unsatisfiable, the answer is less clear. For unsatisfiable instances,
solvers can output a proof which can then be checked independently by a simpler, more trustworthy
algorithm. A commonly used proof format is DRAT (deletion resolution asymmetric tautology). A
DRAT proof consists of a sequence of clauses C; that preserve satisfiability of the original formula
¢, i.e. ¢pU Ule{Ci} is equisatisfiable to ¢ for all k. At any time some of these clauses can be
deleted from the proof; this is done in practice to save space when the proof is verified. A proof of
unsatisfiability culminates in the empty clause, which is by definition unsatisfiable. The clauses C;

are called RAT clauses, which are defined as follows.

DEFINITION 1.3.1. A clause C' has the property AT (asymmetric tautology) with respect to a
formula ¢ if pUC := ¢ U UZEC’{{E}} results in a conflict. In other words, assigning all the literals
in C to false and applying unit propagation results in a conflict.

A clause C has the property RAT (resolution asymmetric tautology) with respect to ¢ if there
exists a literal £ € C such that for all clauses D € ¢ with £ € D, the clause C' U (D \ {f}) has

property AT with respect to ¢.

The RAT property is useful for two reasons: it can be checked in polynomial time, and the
processing and solving steps done by SAT solvers can be translated into RAT clauses. We will
not discuss the implementation of the verification algorithm or the generation of DRAT proofs by

solvers, but more details can be found in [72], for example.

1.4. Polynomial Systems of Equations and Solvability

Another way we encode combinatorial problems is through systems of polynomial equations.
There is a rich body of literature surrounding the relationships between combinatorics and poly-
nomials. We could not hope to detail the full extent of this work in this thesis. Here we give some

highlights that are relevant to our work, and we refer the reader to the forthcoming survey [39].
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Among the first instances of this paradigm is the graph coloring ideal given by Bayer [10].
Recall that a graph G = (V, E) is k-colorable if there is a function x : V' — {1,...,k} such that

x(u) # x(v) for all {u,v} € E.

ENCODING A. Given a graph G = (V, E), the following system of equations has a solution over

C if and only if G is k-colorable.
aF—1=0 WweV,

k=0 Y{u,v} € E.

8
S

i=0
Each vertex has a corresponding variable x,, and the first set of equations forces each x, to be
assigned a k-th root of unity, which in turn correspond to the k colors. The second set of equations
forces adjacent vertices to take on different roots of unity (colors); this can be seen by rewriting

k—ak)/(xy — 2,) = 0. Moreover, there is a one-to-one correspondence between

the equations as (x
proper k-colorings of G and solutions to this system of equations.
When a system of equations over an algebraically closed field has no solution, Hilbert’s Null-

stellensatz says that there exists a polynomial identity that certifies this fact.

THEOREM 1.4.1 (Hilbert, 1893 [75]). Let fi = -+ = fm = 0 be a system of equations over an
algebraically closed field K. Then this system has no solution if and only if there exist polynomials

«; such that
m
Zaifi = 1.
i=1

The identity Y ;" a5 f; = 1 is called a Nullstellensatz certificate. The degree of a certificate is
the maximal degree of the polynomials «;, though we note that some authors define the degree to
be the maximal degree among all «; f;. The certificate degree is a rough measure of how difficult it
is to prove that a system has no solution; systems with higher minimum Nullstellensatz degree are
in some sense “harder” to refute. There is a more precise link between computing Nullstellensatz
certificates and complexity theory. We say that an problem of size n has an O(g(n))-encoding as a
system of polynomial equations if the number of variables, number of equations, and the bit-sizes of

the number of monomials, all coefficients, and all exponents in the equations are all at most g(n).
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For example, Encoding A is an O(n?)-encoding for graphs of order n. Given an N P-complete
problem L with an O(g(n))-encoding for some polynomial g(n), under the assumption P # NP,
for every n > 0 there must be instances I of L, where the minimum degree of a Nullstellensatz
certificate is at least n (for a detailed proof, see [99]).

The fundamental idea behind this fact is that computing Nullstellensatz certificates is equivalent
to solving a linear system of equations. For a fixed degree d, one can write out the certificate
polynomials «; as arbitrary polynomials of degree d, expand the identity > ", a;f; = 1, and
equate the coefficients of the monomials on both sides. The resulting system is a linear system
in the coefficients of the «;. If this new linear system has no solution, then one can increment d
and try again with a larger system. This is the Nullstellensatz Linear Algebra algorithm (NulLA)
developed in [42].

There are bounds on the degrees of Nullstellensatz certificates for general systems of linear
equations, so NulLA is indeed an algorithm. However, these bounds are exponential and sharp
in the most general case. Kolldr [84] showed for all algebraically closed fields K, there exists a
a polynomial system f; = --- = f,;, = 0 of degree d > 2 in n variables whose minimal degree

Nullstellensatz certificate has degree d”*. One such system is

d d—1 d d—1 d d—1
g == —Ty_1 = Tp-1T, —1=0.

Fortunately, there is a significant improvement on this bound when the systems of equations have
additional structure. Brownawell [23] observed that result of Lazard [93] gives a linear bound on

the Nullstellensatz certificate degree in these cases.

LEMMA 1.4.1. Let K be an algebraically closed field, and let fi = --- = f, = 0 be an infeasible
system of equations of degree at most d. If the f; have no common zeros at infinity, then the system

has a Nullstellensatz certificate of degree at most n(d — 1).

While Lemma 1.4.1 gives a stark improvement over the exponential degree bounds, even a linear
degree bound is far from practical. A non 3-colorable graph on a modest 20 vertices whose minimal
certificate degree is the maximum possible in Lemma 1.4.1 would require solving for the coefficients

of (28) > 10" monomials for each equation in Encoding A. The practical success of NulLA is in
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part due to many optimizations, for instance modifying Encoding A to be an encoding over F
rather than C, and adding redundant “degree cutting” equations that do not affect the feasibility
of the system but lower the certificate degree. But more remarkably, the extensive computational
experiments done in [42] and [99] did not find a certificate degree of degree more than four, even
on difficult benchmarks.

Since the hypothesis P # NP is widely regarded as true, we should expect to find a family of
instances whose minimal degree Nullstellensatz certificates grow. However, it seemed difficult to

“in the wild,” and it was not obvious how

find a graph with high minimal Nullstellensatz degree
to construct one. A few years later, Lauria and Nordstrom [92] constructed a family with linear
degree growth using a reduction from the so-called functional pigeonhole principle, which had
previously known lower bounds in the polynomial calculus proof system. While this quashed any
hopes of NulLLA as a polynomial-time algorithm for 3-coloring, the point remains that in practice,
Nullstellensatz certificate computations can be effective.

A related problem is to find combinatorial interpretations for Nullstellensatz certificates. For
Encoding A (using Fs instead of C), De Loera, Hillar, Malkin, and Omar characterized graphs that
have a degree one minimal Nullstellensatz certificate in terms of oriented cycles [41]. Moreover,
this class of graphs can be recognized in polynomial time. Another combinatorial characterization
of these graphs that does not impose any directed graph structures is given in [94]. No such
characterization is known for graphs whose minimal degree Nullstellensatz certificate is equal to
4 or higher (note that degrees 2 and 3 are not possible; see [99]). In [100], Margulies, Onn,
and Pasechnik study the partition problem, which takes as input a set of positive integers and

asks whether it can be partitioned into two disjoint subsets whose sums are equal. The following

encoding describes this problem using polynomial equations over C.

ENCODING B. Given a set S = {s1,...,s,} of integers, there is no partition of S into two

equal-sum subsets if and only if the following system of equations has no solution over C.

x?—le,ViE& Zsixi:O.
€S
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They characterize the form of minimal degree certificates using Encoding B in terms of carefully
chosen subsets of [n], and moreover give combinatorial interpretations for the monomials involved

in the certificates as well as their coefficients.

1.5. Contributions

Broadly stated, the contributions of this dissertation deal with both the theoretical and practical
complexity of computing Ramsey-type numbers. On the theoretical side, we study encodings of
“Ramsey-type” problems using polynomial equations and ideals. For each problem, we give a
sequence of polynomial systems that become feasible precisely when the Ramsey-type number is
reached. The solutions to these system correspond to “Ramsey colorings” of the respective objects
(integers, graph edges, points, etc.) for the problem, meaning those colorings that successfully
avoid the given monochromatic substructure.

Using these encodings, we give a general framework to construct Nullstellensatz certificates
for these infeasible systems. These certificates have combinatorial meaning in terms of Builder-
Painter games. The Builder-Painter game was first described in [36] for the classical Ramsey
numbers. We fix graphs G1,..., Gy and an integer n. The game is played on the graph K,, and
each turn Builder selects an edge, and Painter assigns it a color in [k]. Builder’s objective is to
construct a monochromatic copy of G; in color 4 for some i; Painter’s goal is to delay this as long
as possible. Notice that if n > R(Gq,...,Gy), then Builder is guaranteed to win eventually. The
restricted online Ramsey number R(Gl, ..., Gg;n) is the smallest number of turns for which Builder
is guaranteed a victory no matter what Painter does. In the case G; = K, for all ¢, we simply
write ];?(rl, ..., TE;m) for R(Gl, ..., Gr;n). These certificates have degree strictly smaller than the
maximum given in Lemma 1.4.1, and the minimal degree is bounded above by generalizations of
the restricted online Ramsey numbers. Our results for the graphical Ramsey numbers are given

below.

THEOREM 2.3.1. The Ramsey number R(G1,...,Gg) is at most n if and only if there is no
solution to the following system over Fo, where K,, = (V, E) is the complete graph on n vertices.

Moreover, when the system has solutions, the number of solutions to this system is equal to the
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number of graphs of order n that avoid copies of G; in color i. In particular, when k =2, Gy = K,

and Gy = K, this is the number of Ramsey graphs RG(n,r,s).

(23) pH,i = xi,e =0 \V/’L', 1 S /) S k, VH g Kn, H = GZ',
ecE(H)
k
(2.4) Ger=14) @ie=0 Ve € E,
=1
(2.5) Uije = Tielje = 0 Vee E, Vi, j, i 75 J-

When k = 2, G1 = K,, and G2 = K, the Ramsey ideal RI(n,r,s) is ideal of the polynomial

ring E[x17e,x2,e]eeE(Kn) generated by the polynomials prr, qe and u; j.. Then we have

RI(n,r,s) 2 RI(n,r+1,s) D--- D RI(n,n,s) D RI(n,n+1,s) = RI(n,n+2,s) = ...
and
RI(n,r,s) 2 RI(n,r,s+1)2--- 2 RI(n,r,n) 2 RI(n,r,n+1) = RI(n,r,n+2)=...

THEOREM 2.3.2. If n > R(Gh,...,Gy), then there is an explicit Nullstellensatz certificate of
degree R(Gl, ..., Gr;n) — 1 that the statement R(G1,...,Gk) > n is false using the encoding in
Theorem 2.3.1. In particular, in the case of 2-color classical Ramsey numbers, this implies that if
n > R(r,s), then there exists a Nullstellensatz certificate of degree R(r,s;n) — 1 that the statement

R(r,s) > n is false.

We emphasize that graphical Ramsey numbers do not have any special properties that are used
to prove Theorems 2.3.1 and 2.3.2. In fact, a similar encoding and certificate construction work
for Ramsey-type problems, which we define precisely in Chapter 2. Ramsey-type problems include
some of the most famous in Ramsey theory, including the problems of computing Schur, Rado,
van der Waerden, and Hales-Jewett numbers. We will also define a Builder-Painter game for other
Ramsey-type problems in Chapter 2. These results are consolidated in our metatheorem, Theorem

2.3.3 which is a generalization of Theorems 2.3.1 and 2.3.2 to other Ramsey-type problems; the
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bounds of the certificate degrees are given in terms of analogues of the restricted online Ramsey
numbers.

Our second contribution in Chapter 2 deals with Alon’s Combinatorial Nullstellensatz. This is a
popular technique where combinatorial problems are encoded by a single polynomial f(x1,...,zy),
and the combinatorial property of interest is true depending on whether f vanishes or not at
certain testing points. This approach has been used with great success in many situations (see, for
example, [4,46,66,77,82,118,132] and the references therein).

We show that lower bounds for Ramsey numbers can be obtained by showing that a certain
Ramsey polynomial f, s, is not identically zero. Its coefficients are new combinatorial numbers
E, kr,g which we call ensemble numbers. We show that F, . g equals the number of ways to
choose two distinct edges from k-tuples of r-cliques inside K, such that, every edge in a subgraph
H is chosen an odd number of times and every edge in its complement H is chosen an even number
of times. We give a detailed example computing a value of E,, ;. , i in Section 2.3.

Theorem 2.4.2 shows that the numbers E,, . . g can be used to find lower bounds for the diagonal

Ramsey number R(r,r), and it is an analogue of Theorem 7.2 in [4].

THEOREM 2.4.2. If

SN NG
s (- 0) mn s 2 (Q)-0))

k even

for some H, then R(r,r) > n.

The use of NulLA or the Combinatorial Nullstellensatz as a practical means to compute or
certify upper bounds for Ramsey numbers is limited. We encountered difficulty attempting to
certify bounds for numbers as low as R(3,4), and it is unlikely that NulLA can compute new Ramsey
number upper bounds due to the size of the polynomial systems involved. Our computational focus
shifted to the Rado numbers, and inspired by the successes in computing S(5) and Ra (2% +1y? = 2?),
we turned to SAT solvers.

Our first computational contribution is the calculation of many new Rado numbers for three
variable linear homogeneous equations ax + by = cz. These computations were carried out by SAT

solvers and use an encoding that, given an equation £ and positive integers k& and n, produces a
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formula F¥(€) that is satisfiable if and only if Rx(€) > n. This encoding is based on the one given
in [71] and is described in Chapter 3.

THEOREM 3.6.1. The values of the following Rado numbers are known.
(i) Ro
(ii) Rs(a(x —y) =bz) for 1 <a,b<15.

(i1i) R3(a(x +y) =bz) for 1 < a,b < 10.

x4+ by =cz) for 1 <a,b,c<20.

(a
(
(
(iv) Rs(ax + by = cz) for 1 < a,b,c <6.
(v) Ry(x —y =az) for 1 <a <A4.

(

(vi) Ra(a(z —y) = z) for 1 <a <5.

Most of the values given in Theorem 3.6.1 are new, though some of the lower values were
previously known. The results of Theorem 3.6.1 suggest that several patterns hold for the Rado
numbers R3(a(x —y) = bz), 1 < a,b < 15, and we show that these patterns continue for higher

values of a and b.

THEOREM 3.4.1. The values of the following Rado numbers are known:
(i) R3(x —y = (m—2)2) =m3 —m? —m —1 form > 3.

(ii) R3(a(z —y) = (a — 1)z) = a® + (a — 1)? for a > 3.

(iii) R3(a(x —y) =bz) =a® forb>1, a > b+ 2, ged(a,b) = 1.

These are among the first infinite families of three color Rado numbers that are known. In
particular, a corollary of Theorem 3.4.1 is an exact formula for the generalized Schur numbers
given by S(m, k) = Ri(z1+ -+ + Tm—1 = =) for k = 3, though we note this result was obtained
independently in [22]. In Chapter 3 we also prove several results on degree of regularity. These

results, combined with additional computations, yield the following.

THEOREM 3.6.2. The degree of regqularity of the equation ax 4+ by = cz is known for all 1 <

a,b,c <5.

We are also able to give the degree of regularity for every equation of the form a(z + y) = bz

with a,b € Z* satisfying a < 5 or b < 2.
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THEOREM 3.6.3. Let a,b € Z with gcd(a,b) =1 and either a <5 or b < 2. Then

© a=b=1, ora=1,b=2,
dor(a(z +y) =bz) =92 a>2b orb > 4a,

3 otherwise.

A simple corollary of Theorem 3.6.3 is an improvement on Theorem 1.2.6 (ii), a complete

characterization of the degree of regularity for the equations a(z + y) = bz with § = 2t
COROLLARY 3.6.1. Let a,b € Zt with & = 2°, ¢ € Z. Then

o f£=-1,0,
dor(a(z+y) =bz) =

2 otherwise.

We also answer a related conjecture of Golowich [57].

CONJECTURE 3.6.1. For each positive integer k there is an integer m(k) such that for any
m > m(k), any linear homogeneous equation in m variables with nonzero integer coefficients not

all of the same sign is k—regular.

This conjecture suggests that for a given k and sufficiently many variables, 2-regularity implies
k-regularity. However, we give counterexamples showing that this is not enough, and for all m, k > 3

there is a linear homogeneous equation in m variables that is not k-regular.

THEOREM 3.6.4. For all m,k > 3, there is a linear homogeneous equation £ in m variables that

1s not k-reqular. In particular,
k=1
1+ F o1 = [(m—1)%2 ]z,
18 not k-reqular. Thus Conjecture 3.6.1 is false.

As a corollary, for m > 3 there exists a linear homogeneous equation in m variables with degree

of regularity exactly 2.
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COROLLARY 3.6.2. For all m > 3, there is a linear homogeneous equation £ in m variables with

dor(&) = 2. In particular,
dor(xy + -+ Tm_1 = (m — 1)%2,,) = 2.

In Chapter 4, we study Ramsey-type results involving two types of sequences, diffsequences and
arithmetic progressions with prescribed gap set. We recall some terminology from [91]. Given a set
D, a D-diffsequence is a sequence where the differences between consecutive terms are all elements
of D. The Ramsey-type number associated to diffsequences is denoted n = A(D, ¢; k), the smallest
number n such that every k-coloring of [n] contains a D-diffsequence of length ¢. For arithmetic
progressions, we define the number n = n(APp,¢; k) to be the smallest number n such that every
k-coloring of [n] contains an arithmetic progression of length ¢ whose common difference lies in D.
If the numbers A(D, ¢; k) exist for all £, then we say that D is k-accessible. The largest k for which
D is k-accessible is called the degree of accessibility of D, denoted doa(D). Similarly, if the numbers
n(APp,; k) exist for all £, then we say the set APp is k-regular, and the largest k for which APp
is k-regular is called the degree of regularity of APp, denoted dor(APp) (note the similarity to the
definition of degree of regularity for equations, defined in terms of the Rado numbers).

Landman and Robertson studied the existence of and bounds for the numbers A(D, ¢; k) for
various choices of D, with particular emphasis on translates of the set of primes [90]. More recent
work by Clifton [33] and Chokshi, Clifton, Landman, and Sawin [31] has examined diffsequences
involving sets such as D = {2 : i > 0} and given bounds on A(D, ¢;2).

Another interesting choice for D is the set of Fibonacci numbers F = {1,2,3,5,8,13,...}.
Ramsey results involving sequences that satisfy the Fibonacci recurrence, among other linear re-
currences, have been studied in [16,69,89,108,109]. Landman and Robertson showed that F' is
2-accessible and left the matter of determining doa(F') as an open question [90,91]. In [7], Ardal,
Gunderson, Jungi¢, Landman, and Williamson showed that dor(APr) < 5 by constructing an ex-
plicit 6-coloring of ZT that does not contain any monochromatic 2-term F-diffsequences. Moreover,
they proved that 1 < dor(APr) < 3 and gave several values of A(F,/¢;k). Our results build upon
the work in [7]: we give improvements on the bounds for dor(APr) and doa(F'). In particular, this

shows doa(F') = 1.
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THEOREM 4.2.1. The degree of accessibility of the Fibonacci numbers F' is at most three.

THEOREM 4.2.2. The set APr of arithmetic progressions whose gaps are Fibonacci numbers is

not 2-reqular. Moreover, dor(APr) = 1.

We conclude Chapter 4 by studying diffsequences when D is the set L of Lucas numbers or set
P of (nonzero) Perrin numbers. We show in Proposition 4.3.1 that dor(L) < 3, though this proof
is far simpler than that of Theorem 4.2.1. In addition, it is simple to modify the SAT encoding for
Rado numbers to suit our sequences. We give experimental results and compute values of A(L, ¢; k)
and A(P,¢; k) via SAT solving.

Chapter 5 gives some miscellaneous computational results. In Section 5.1 we use SAT solvers
to compute bounds for Ramsey numbers involving book and wheel graphs B, and W,. The precise

definitions of these graphs are given in Section 5.1.
THEOREM 5.1.1. R(B4, Bs) = R(Bs, Bg) = 19, R(W5, Wy) > 15.

Section 5.2 showcases applications of our SAT methods to other combinatorial problems. We
give several tables of experimental data involving Turdn numbers, Sidon-Ramsey numbers, and sets
avoiding angles in vector spaces over finite fields. In Section 5.3, we mention some open questions

raised in this thesis and suggest methods and avenues for future research.
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CHAPTER 2

Ramsey Theory and Hilbert’s Nullstellensatz

2.1. Ramsey Numbers and Complexity Theory

While we know in practice computing Ramsey numbers is extremely difficult (and considered
harder than fighting a war with an alien civilization), it is not clear what is the appropriate com-
putational complexity class to show hardness of computing Ramsey numbers R(r, s). For example,
the closely related arrowing decision problem asks whether given three graphs F, G, H is there is a
red-blue edge-coloring of F' that contains neither a red G or a blue H? This decision problem was
shown to be in co-NP for fixed choices of G, H [24]. Later Schaefer [122] showed that in general
it is in the polynomial hierarchy to answer this queries, but it is not clear what to do with this
complexity question when F, G, H are complete graphs Ky, K., Ks because there is only one value
R(r, s) for each input N, r, s, hence it is not clear how it can be hard for any of the usual classes
like NP. See details in [24,67,122].

In recent years, Pak and collaborators [78,111,112] have proposed another way to measure
complexity is by looking at counting sequences. We propose that their point of view could be
another way to assert hardness of R(r, s) by counting of Ramsey graphs: Ramsey (r, s)-graphs, are
graphs with no red clique of size r, and no independent set of size s. Clearly, the number of vertices
of a Ramsey (r, s)-graph is less than the Ramsey number R(r,s). We are interested in the number
of Ramsey graphs on n vertices denoted by RG(n,r,s). What is the complexity of counting the
sequence of numbers { RG(n,r, s)}°° ;7 From Ramsey’s theorem this sequence consists of R(r, s)—1
positive numbers and then an infinite tail of zeroes.

The #SAT problem asks how many satisfying assignments there are to a given Boolean formula
¢. For any given r and s, it is possible to construct formulas whose satisfying assignments are in one-
to-one correspondence with Ramsey (r, s)-graphs. We defer the details to Encoding C in Chapter

5. We give some examples of RG(n,r,s) in Table 2.1, which are computed using the #SAT solver
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RELSAT [9]. The hardness of R(r, s) can then be rephrased as the question of whether the counting

function RG(n,r,s) is in #P.

TABLE 2.1. Tables of RG(n,r,s) for small n,r,s.

n | RG(n,3,3) | RG(n,3,4) | RG(n,3,5) | RG(n,3,6) | RG(n,3,7) | RG(n,4,4)
1 1 1 1 1 1 1

2 2 2 2 2 2 2

3 6 7 7 7 7 8

4 18 40 41 41 41 62

) 12 322 387 388 388 892

6 0 2812 5617 5788 5789 22484

7 0 13842 113949 133080 133500 923012

8 0 17640 2728617 4569085 4681281 55881692
9 0 0 55650276 | 220280031 | 245743539 | 4319387624

2.2. Polynomial Ideals, Ramsey-type Problems, and Analogues of Restricted Online

Ramsey Numbers

Our first contribution, Theorem 2.3.1, reintroduces the sequence { RG(n, r, s) }°°; as the number
of solutions of certain zero-dimensional ideals over the polynomial ring Fa[x1, ..., z,]. The solutions
are indicator vectors that yield all Ramsey graphs (note, here they are not counted up to symmetry
or automorphism classes). Some simple properties of RG(n,r, s), such as the fact that RG(n,r,s) <
RG(n,r+1,s), follow immediately from Theorem 2.3.1, and the first value of n for which the system
of equations in Theorem 2.3.1 has no solution is equal to the Ramsey number.

The proof of Theorems 2.3.1 and 2.3.2 do not rely on the graph-theoretic properties of Ramsey
numbers specifically, and in fact they apply to a much larger class of problems in Ramsey theory.
In particular, we can modify the encoding in Theorem 2.3.1 to suit several well-known problems in
Ramsey theory, such as computing Schur, Rado, and van der Waerden numbers. We express these

problems using the general framework below.
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DEFINITION 2.2.1. Let k be a positive integer, and let {S,} be a sequence of sets. For c in [k],
the set of colors, let PS be a subset of S,. A triple A := ({Sn},{P5}; k) is a Ramsey-type problem
if the following hold:

(i) S; € Siq1 fori>1,
(ii) Py CPiy fori>1,1<c<k,
(iii) There exists an integer N such that for all i > N and every k-coloring of S; there is a

color ¢ and some element X € P{ where each element of X is assigned color c.

The smallest such N is called the Ramsey-type number for A, and is denoted R(A).

We see that in the problem of computing classical Ramsey numbers R(r,s), we have S, =
E(K,) = {(i,j) : 1 < i < j < n}. The families P} and P2 consist of all the sets of edges
of induced subgraphs of K, containing r and s vertices, respectively. As another example, the
problem of computing Schur numbers asks for the smallest n such that every k-coloring [n] contains
a monochromatic solution to the equation z +y = z. In this case we have S,, = [n], and for all ¢
we have PS = {{z,y, 2} : {z,y,2} C [n],z+y = z}.

We will see in Section 2.3 that the encoding in Theorem 2.3.1 can be modified to give bounds
for many other Ramsey-type numbers, including Schur, Rado, van der Waerden, and Hales-Jewett
numbers [60,91]. As mentioned, these bounds are given in terms of a certain two-player game.
One of the first connections between Ramsey theory and games is the Hales-Jewett theorem, which
roughly says that certain generalizations of tic-tac-toe cannot end in draws [68]. More general
“Ramsey games” were introduced by Beck [11]. A particular game he studied was the van der
Waerden game in which two players select alternately select integers from [n] and a player wins when
they have selected a length ¢ arithmetic progression. Beck went on to introduce the (unrestricted)
online Ramsey numbers R(r, s) in [12], and Kurek and Ruciriski independently studied them in [88].
The online Ramsey numbers are defined similarly as their restricted counterparts, except Builder
is not restricted to K,, and instead may choose any edge from an infinite set of vertices. Work by
Conlon [35] has shown that for infinitely many 7,

R(r,r) <1.0017" (R<g’ T)>,
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for infinitely many r, giving an exponential improvement for the online Ramsey numbers versus

the number of edges in K, ,). Another recent result [36] gives the lower bound

R(r,r) > 2@-V@)r-00),

We are most interested in the restricted online Ramsey numbers R(r,7;n) and their analogues
for other Ramsey-type problems. For diagonal Ramsey numbers, the best known upper bound
is R(r,m;n) < () — Q(nlogn) when n = R(r,r) [58]. We can define numbers analogous to the
restricted online Ramsey numbers for Ramsey-type problems in terms of another Builder-Painter
game. For a fixed n, we define this game as follows.

For each turn, Builder selects one object from S,, and Painter assigns it a color in [k]. Builder
wins once there is a color ¢ and an element X € P; where every element of X is assigned color
c. Define the number Ry (P}, ..., PE:S,) to be the smallest number of turns for which Builder is
guaranteed a victory. We will call these numbers restricted online Schur, Rado, van der Waerden,
etc. numbers as appropriate. In this notation, the restricted online Ramsey number R(r, s;n) is
equal to Ro(PL, P2; S,,) with P, and S,, defined as above for the Ramsey number R(r, s). Theorem
2.3.3 generalizes Theorems 2.3.1 and 2.3.2.

THEOREM 2.3.3. Let A = ({Sn},{P:}; k) be a Ramsey-type problem. Then for each n, the
Ramsey-type number for A is strictly greater than n if and only if the following system of equations

has no solution over Fy.

pX,c5:ch,s:0 VXGPS,lSCSk
seX
k
qszzl—i—in,s:O Vs € Sy,
=1
Ui j,s = Tj,sTj,s = 0 Vs €S, Vi,j, 1<i<j<k.

If n > R(A), then the minimal degree of a Nullstellensatz certificate for this system is at most
Ri(Pyy .. Pl Sn) — 1.
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Moreover, the number of solutions to this system is equal to the number of k-colorings of Sy,

such that for every color c, each set X € P: contains an object that is not assigned color c.

For example, in the case of Schur numbers, the number of solutions to this system is exactly
the number of k-colorings of [n] that do not contain any monochromatic solutions to = +y = z.
In Section 2.3 we give some examples of values of R(r,s;n) and R(P}, ..., Pk.S,) and discuss the

Nullstellensatz certificates for the associated polynomial systems.

2.3. Ramsey and Hilbert’s Nullstellensatz

We have seen in Section 1.4 that combinatorial problems, including coloring, finding inde-
pendent sets, partitions, etc. can be encoded as a system of polynomial equations (see, e.g.,
[10,25,40,44,45,76,98,101]). A Nullstellensatz certificate for such a combinatorial polynomial
system is therefore a proof that a combinatorial theorem is true. We are interested on bounding
the Nullstellensatz degree for our Ramsey systems.

Recall from the discussion in Section 1.4 that while the most general bounds for Nullstellensatz
certificates are exponential, Lemma 1.4.1 shows that for “combinatorial ideals,” the bounds are
much better, linear in the number of variables. Over finite fields there are degree bounds that
are independent of the number of variables [62], and a recent paper [105] gives substantial im-
provements to these bounds. The bounds we give in Theorems 2.3.2 and 2.3.3 for our systems of
equations are better than the above bounds. Moreover, it has been documented that in practice
the degrees of Nullstellensatz certificates of NP-hard problems (e.g., non-3-colorability), tend to
be small “in practice” (see, for example, [43,94,99] and the references therein), especially when
the polynomial encodings are over finite fields. Note also that when we know the degree of the
Nullstellensatz certificate, one can compute explicit coefficients of the Nullstellensatz certificate
using a linear algebra system derived by equating the monomials of the identity. This has been
exploited in practical computation with great success, see [42,43,94].

We now prove Theorem 2.3.1 of our encoding for Ramsey numbers over Fy below.

PROOF OF THEOREM 2.3.1. Suppose there is a solution x to the system over Fo. For each
edge e of K, and each color 7, the system has a variable x; .. The polynomials u; ;. guarantee

that for a given e, at most one variable z; . is nonzero. From the polynomials g., we then see that
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exactly one index ¢ such that z; . = 1, and let ¢(x) be the coloring x where x(e) is this index.
Color each edge e of K, with the color x(e). In the equations involving the polynomials pg, for
each subgraph H of K,, with H = G}, there is at least one edge e in H with z; . = 0. Therefore
x(e) # i, so there is no monochromatic copy of G; in color i.

Conversely, if we have a coloring x of the edges of K, with no monochromatic G; in color ¢,
then let 1(x) be the solution x where

1 if x(e) =1,
Tie =

)

0 otherwise.

One can check easily that x satisfies the system of equations. The maps ¢ and v are inverses of
each other, and so the number of solutions to the system is equal to the number of colorings of K,
with no monochromatic G; in color i.

For the first chain of ideals, observe that for a fixed 7, the polynomial [].. B(H) Tie divides
HeeE(H,) zi. if and only if H is a subgraph of H'. Since every copy of K, in K,, contains a copy
of K, as a subgraph, in the ideal RI(n,r + 1,s), every polynomial of the form HeeE(H,) Zi e With
H' = K, is divisible by a generator HeeE(H) zie of RI(n,r,s) with H = K,. The ideals in the
chain are equal for » > n since in this case K, is not a subgraph of K,. The proof for the second

chain of ideals is similar. O

Before we prove Theorem 2.3.2, we show a special case as a warm-up example. There is a

simple certificate of the fact that R(r,2) < r.

ExaMpLE 2.3.1. For all r, there exists a Nullstellensatz certificate of degree (g) — 1 of the

statement R(r,2) <.

PROOF. Label the edges of K, from 1 to n = (g) The following identity is a certificate that

R(r,2) < r. Polynomials in parentheses are part of the system of equations in Theorem 2.3.1.
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l=O4z11+z21)+z11(l+ 212+ 222) +211212(1 + 213+ 223) + ...
+x11x12 Tip—1(1 + 210+ T2p)
+ o1 +x11(222) 21121 2(223) + - Fx1x12 0 Tp—1(T2n)

+ (11 21n)

In the proof of Theorem 2.3.2, we show how to translate a strategy for Builder into a Null-
stellensatz certificate. This method can be used to construct a certificate for all (known) upper
bounds for R(Gy,...,Gs). Notably, better strategies for Builder yield lower degree certificates. In
Example 2.3.1, this is not a concern since the order in which Builder selects edges does not matter,
and in fact R(r, 2) = (;) Painter can simply use the first color for every edge, and Builder wins
only when all (;) edges are selected.

The proofs of Theorems 2.3.2 and 2.3.3 are similar, and in fact Theorem 2.3.2 follows from

Theorem 2.3.3, but for the sake of concreteness we begin with Theorem 2.3.2.

PROOF OF THEOREM 2.3.2. Number the edges of K, from 1 to (g) A t-turn game state g is
a set {(ei,c1), (€iy,¢2),-- -, (e, c)} of pairs of edges e;; € E chosen by Builder and colors ¢; € [k]
chosen by Painter. A game is complete if there is some color ¢ € [k] where Painter has colored a
monochromatic G, in color ¢. Let d := R(Gl, ..., Gg;n). If Builder follows an optimal strategy for
choosing edges, then the game lasts at most d turns, that is ¢t < d.

For a t-turn game state g, define the monomial 7(g) to be

t
W(g) = H xcj,ez‘j :
Jj=1

Similarly, for any monomial f = Hz.:l Tej e, with distinct e;;, let o(f) denote the game state

{(eil’cl)’ (61'27 02)3 SRR (eita Ct)}'
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We will describe an algorithm to construct a Nullstellensatz certificate of the form

(2.1)

k
S Buipmit+ Y Yete = 1.

1=1 H=G, eck

Denote the left-hand side of Equation 2.1 by L. For each i € [k], initialize By ; to 0 for all

H = @G;.

(1)
(2)
3)

Initialize v, to O for all edges e except e1, and set 7., := 1. Then repeat the following:

Expand and simplify L so that L is a sum of monomials. If L = 1, then we are done.
Otherwise, at least one term in L is a nonconstant monomial f.
If o(f) is a completed game state, then pg; divides f for some color ¢ and H = G;. Then

set

f .

H.i

BH,i < BH,i +

This results in L < L + f, which cancels the original f in the certificate since it is an
expression over Fy, which has characteristic 2.
If o(f) is not a completed game state, then let e be an edge that Builder should choose in

an optimal strategy from the game state o(f). Set

’Ye<_'76+f-

Since fqe = [+ Zle fxie, we obtain L < L+ f + Zle fie. This results in the
cancellation of f in L, but adds k additional terms (one for each of Painter’s k choices for
coloring e) to L. Note that if o(f) is a t-turn game state, then o(fz;.) is a (t + 1)-turn

game state for all 7.

By the symmetry of K,, it does not matter which edge Builder selects first. Therefore each

nonconstant term that appears in L corresponds to a game state where Builder (but not necessarily

Painter) has followed an optimal strategy. Since terms that correspond to completed games are

cancelled out in step 3, this procedure terminates, resulting in a Nullstellensatz certificate. Because

Builder follows an optimal strategy, the maximal degree of any term in any -, is d— 1, so the degree

of the certificate is d — 1.
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To illustrate the importance of Builder’s strategy in this method, observe that one can construct
a degree 7 certificate for the statement R(3,3) < 6 using the following strategy that mimics the
proof in Proposition 1.1.2: For the first five turns, Builder selects each edge incident to some vertex
v. No matter how Painter colors these edges, three must be colored the same color. Call these
edges vwi, vwe,vws. Then for the next three turns, Builder selects the edges wiws,wiws, and
wows, and Painter must construct a monochromatic triangle. However, if Builder plays poorly and
selects, for example, the edges (1,2),(2,3),(3,4), (4,5),(5,6),(1,6),(1,4),(2,5), and (3,6), then no
matter what Painter does there are no monochromatic triangles, and this leads to a higher degree
certificate.

The proof of Theorem 2.3.2 shows that the polynomials can “simulate” a tree of Builder-Painter
games. However, in general the degrees of certificates can be strictly smaller than the bounds given
in Theorems 2.3.2. For example, a result from [88] implies R(3,3;6) = 8. However, there exists
a Nullstellensatz certificate of degree 5 using the encoding in Theorem 2.3.1, which is better than

the bound given in Theorem 2.3.2. We now give the proof of Theorem 2.3.3.

PROOF OF THEOREM 2.3.3. Let A = ({Sn},{PS}; k) be a Ramsey-type problem. A t-turn
game state g after ¢ is a set {(s;,,c1), (8iy,2), ..., (si,,ct)} of objects s € S, chosen by Builder and
colors ¢; € [k] chosen by Painter. A game is complete if there is a color ¢ € [k] and some element
X € Pf where Painter has colored all the elements of X color c. Let d := Ri(Py; Sy,). If Builder
follows an optimal strategy for choosing edges, then the game lasts at most d turns, that is ¢t < d.

For a game state g, define the monomial 7(g;) to be

t
7r(gt) = H xcj,sij :
j=1

Similarly, for any monomial f = H§:1 Tejsi, with distinct s;;, let o(f) denote the game state

{(Silacl)> (Si27 CQ)a R (sita Ct)}'

We will describe an algorithm to construct a Nullstellensatz certificate of the form

(22) Z BX,ch,c + Z Ysds = 1.

(X,C)Gpn s€Sn
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Denote the left-hand side of Equation 2.2 by L. Initialize 8x . to 0 for all (X,c) € P,. Let s*
be an object that Builder selects first in an optimal strategy. Initialize ys« to 1 and v, to 0 for all

other s € S,,. Then repeat the following:

(1) Expand and simplify L so that L is a sum of monomials. If L = 1, then we are done.
(2) Otherwise, at least one term in L is a nonconstant monomial f.

(3) If o(f) is a completed game state, then px . divides f for some (X, ¢) € P,. Then set

/BX,C — BX,C +

,C

This results in L < L + f, which cancels the original f in the certificate since it is an
expression over Fay, which has characteristic 2.

(4) If o(f) is not a completed game state, then let s be an object that Builder should choose

in an optimal strategy from the game state o(f). Set

Vs < s + f-

Since fqs = f + Zle fxis, we obtain L < L+ f + Zle fx;e. This results in the
cancellation of f in L, but adds k additional terms (one for each of Painter’s k choices for
coloring s) to L. Note that if o(f) is a t-turn game state, then o(fz;,) is a (t + 1)-turn

game state for all 7.

For each nonconstant monomial f that appears in L, its corresponding game state o(L) is one
where Builder (but not necessarily Painter) has followed an optimal strategy. Since terms that
correspond to completed games are cancelled out in step 3, this procedure terminates and results
in a Nullstellensatz certificate. Because Builder follows an optimal strategy, the maximal degree of

any term in any 7y is at most d — 1, so the degree of the certificate is at most d — 1. ([l

As an application of Theorem 2.3.3, let £ be a linear equation, and let Ry (€) denote the k-color
Rado number for &£, the smallest n such that every k-coloring of [n] contains a monochromatic
solution to €. Let X,, ¢ be the set of all solutions over [n] to £. Let PS := X,, ¢ for all c. If Ri(E)

exists, then ({[n]}, {PS}; k) is a Ramsey-type problem, and we have the following corollary.
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COROLLARY 2.3.1. Let & be the linear equation Z;Zl a;y; = ag with a finite Rado number
Ri(E). Let Xpe = {(my,...,my) : 22:1 a;m; = ag, 1 < m; < n} be the set of solutions over [n]

to £. Then for every n, the following system has no solution over Fo if and only if n > Ry (E).

t
Hl’i,mj =0 V(ml,...,mt) GXTM‘:? 1 <4<k,
j=1
k

1—1—233@-7”1:0 1<m<n,
i=1
TimTjm = 0 1<m<n1<i<j<k.

The degree of a minimal Nullstellensatz certificate for this system has degree at most

Ri(Xne, ..., Xne;[n]) — 1.

EXAMPLE 2.3.2. Let £ denote the equation 2+3y = 3z, and let Xg ¢ be the solutions to £ over [9]
as above. It is known that R2(€) = 9 [91]. However, Builder can select, in order, the integers 4,6,9,3,
and 7 to win the Builder-Painter game in at most 5 turns: since (6,4, 6) is a solution, 4 and 6 must
be different colors, and then since (9,6,9) and (3, 3, 4) are solutions, 4 and 9 must be one color and 3
and 6 are the other color. But then (3,6,7) and (9,4, 7) are solutions, so there is a monochromatic
solution no matter which color Painter selects for 7. Therefore Ro(Xog, Xog;[9]) < 5, and the
minimal degree of a Nullstellensatz certificate for the system of equations in Corollary 2.3.1 is at

most 4. In fact, some computations show the minimal degree is 2.

FiGURE 2.1. Depiction of the game in Example 2.3.2. Leaves of the tree denote
completed games where Builder has won.
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Similarly, the encoding in Theorem 2.3.1 for the Schur number S(2) = Ra(x +y = 2) also
gives an example of Nullstellensatz certificates that are smaller than the ones given by games. It is
well-known that S(2) = 5, and from the encoding in Theorem 2.3.3, we have S(2) < 5 if and only

if the following system of equations has no solutions over F.

1+x1; +x2; =0, 1<1 <5,
Ti1Ti2 = 0, Ti2Ti4 =0,
i1 3Tia = 0, X 1747i5 =0, 227 37;5 = 0. i1=1,2

A computer search shows that the number R2<X5’$+yzz, X5.24y=2; [0]) = b, where X5 54, is
the set of positive integer solutions to # +y = z in [1,5]. The following identity (over Fs) is a
degree 3 Nullstellensatz certificate for the above system of equations, which is an improvement on

the bound in Theorem 2.3.3.

1= (962,5 + 214715 + x1,5962,3$2,4)(1 +x11 + l‘2,1)+
(T1121,3 + T21%25 + 1,121 5824 + T1,1%2,3T2,5 + T1,3%1,5T24 + T1421,522,1)(1 + T12 + 222)+
(x1,1225 + X24%15 + 21,121 5%24) (1 + 21,3 + 22,3)+
(15 + 211213215 + 21,121 3%22 + T12221%25) (1 + 214 + 224)+
(I+z11213)(1 + 215 + 225)+
(X183 + X23%25 + T24%1 5)x11%1,2 + (T2121 5 + T2,122,5)T1,2T2,4
(25 + T1,4%1,5)T21222 + (£1121,3 + T1,101,5 + T1,3%3,5)T22%2.4 + (T1,5 + 2,2)T1,121,3%1 4+
(x1121,4215) + T24(21 221 301 5) + 21,5(T2,122,3T2,4) + T1,2(T2,1224%25) + T1,1(22,2223%25).

Recall the van der Waerden number w(/; k) is the smallest n such that every k-coloring of

[n] contains a monochromatic ¢-term arithmetic progression [60]. Let AP, , denote the set of all
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(-term arithmetic progressions in [n]. Then setting P§ := AP, ¢ for all ¢, then ({[n]}, {P5}; k) is a

Ramsey-type problem as well.

COROLLARY 2.3.2. For every n, the following system has no solution over Fo if and only if

n>w(l;k).

t
IL%WZO V(ma,...,my) € APpy, 1 <i<k,
7j=1
k

L+ wim =0 1<m<n,
i=1
$i,mxj,m:0 1<m<nl1<i<j<k.

The minimal degree of a Nullstellensatz certificate for this system is at most

RT(APn’k, . 7APn,k§ [n]) — 1.

The number of solutions to this system is the number of k-colorings of [n] that contain no t-term

momnochromatic arithmetic progressions.

We give one last consequence of Theorem 2.3.3. For fixed parameters ¢ and n, a combinatorial
line is a nonconstant sequence of points v!,... v!, where v’ € [t]* such that for every coordinate
J, the sequence (v§)§:1 is either constant or ’U;- = ¢ for all 5. The Hales-Jewett number HJ(t, k) is
the smallest number n such that every k-coloring of [¢]” contains a monochromatic combinatorial
line [60]. Let L, denote the set of all combinatorial lines on t". If we set P5; = Ly, for all ¢, then

({[t]™, {P5}; k) is a Ramsey-type problem.

COROLLARY 2.3.3. For every n, the following system has no solution over Fy if and only if

n>HJ(tk).
t
mej:() V(vl,...jvt)ELtm, 1<i<k,
j=1
k
L+ @ip =0 ve
i=1
TipZjp =0 velt",1<i<j<k.
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The number of solutions to this system is the number of k-colorings of [t|" that do not contain any

monochromatic combinatorial lines.

2.4. Ramsey and Alon’s Combinatorial Nullstellensatz

In this section we introduce a way to encode the problem of finding a lower bound for R(r, s) in
terms of properties of a single polynomial. We also define a family of numbers E,, ;. , g whose values
can provide bounds for R(r,r). The following theorem of Alon, the “Combinatorial Nullstellensatz,”
has been used to solve many problems in combinatorics and graph theory (see, for example, [4,46,

66,77,82,132] and the references therein).

THEOREM 2.4.1 (Alon, [(4]). Let F be a field, and let f € Flxy,...,xy]. Let deg(f) = > 1" ti
with each t; a nonnegative integer, and suppose the coefficient of [[;—, xfl is nonzero. Then

if Si,...,Sn are subsets of F with |S;| > t;, then there exist s; € Si,...,8, € Sp such that
f(s1,...,80) #0.

Here we apply the Combinatorial Nullstellensatz to show that lower bounds for Ramsey numbers
can be obtained by showing that a certain polynomial is not identically zero. Consider the following

polynomial, where K,, = (V, E) is the complete graph on n vertices:

(23)  f(@) = from@) = ] > e @ 11 2, vt (;>

ScV, |S|=r \e€E(S) SCV, |S|=s \ecE(S)

Every 2-coloring of the edges of G corresponds to an assignment ¢ : {x¢}eer — {—1,1}. If an

edge e is colored with the first color, then we set ¢(z.) = 1, and if e is colored with the second

color, then ¢(x.) = —1. Then f(c(x)) = 0 if and only if G contains an r-clique in the first color
or an s-clique in the second color. Therefore if f(c(x1),...,c(z|g)) = 0 for all colorings ¢, then
R(r,s) <n.

Since we only consider the values of f on {—1, 1}|E |, we may instead consider the multilinear

representative of f in the ideal <x§ — 1> This representative can be obtained by deleting each

eckE”
variable with an even exponent from each term in f. By Theorem 2.4.1, this representative is the
zero polynomial if and only if R(r,s) < |V|.
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In the proof of Theorem 2.4.2, we focus on the case when r = s and study the polynomial f; ;..
Before proving Theorem 2.4.2, we give an example of a value of an ensemble number E,, ;. ;. ;7, which
are coefficients of the multilinear representative of f,. ;.. We recall the definition of E,, ;. , i below.

We call a collection of k r-cliques a (k,r)-ensemble. For each clique in the ensemble, we select
exactly two edges, and if each edge in H is selected an odd number of times and each edge of H is
selected an odd number of times, then we call this a valid covering of a subgraph H. The ensemble
number E, i, i is the total number of valid coverings of H counted from all (k,r)-ensembles of
K,.

If H is the graph on five vertices with edge set {(1,2),(1,5)}, then E533n = 8. The figure
below depicts all eight ways. Each graph has an associated (3, 3)-ensemble £, and each 3-clique in
€ is assigned a distinct color ¢ € {red,green,blue}. The two edges from that 3-clique are colored c.
Edges colored with more than one color are drawn as multiple edges. In the upper left figure, for
example, the associated ensemble is {{1,2,3},{1,3,4},{1,4,5}. The edges (1,2) and (1, 3) were
chosen from the clique {1, 2,3}, the edges (1,3) and (1,4) were chosen from the clique {1, 3,4}, and
the edges (1,4) and (1,5) were chosen from the clique {1,4,5}. The edges of H are chosen exactly
once, and all other edges are chosen zero or two times. Note that for some (3, 3)-ensembles, such

as {{1,2,3},{1,2,4},{3,4,5}}, it is impossible to choose edges in H an odd number of times.

VIS PN
> o

ONENO @O ®

We now prove Theorem 2.4.2.
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PROOF OF THEOREM 2.4.2. We will use the symbol = to denote equivalent representatives in

the ideal I := <:cg — Consider the product of the two terms in f that arise from a fixed

1>e€E'

r-subset S of V. Expanding this product and using the relations 22 = 1 gives

> e ()T e () SETR (R (4]

ecE(S) ecE(S) {e,e’}E(E(QS))

Taking the product of these terms over all r-subsets of V' gives

(2.4) f(z)

2. + r)_(r>2

SCVl—][S|=r {676/§E(25)) o <2 2

After expanding the product, we may write f as a sum of monomials of the form [] .p xbe.
Two monomials of this form are equivalent modulo I if and only if the parity of b. is the same for
all edges e. If H is a subgraph of G, it follows that every monomial that satisfies the condition
that b is odd if and only if e € E(H) is equivalent to the squarefree monomial mp := HSGE(H) Te.
Therefore, f is equivalent to a sum of the form
(2.5) f= Z AFmM.

HC@

We now calculate the coefficients ap in terms of E,, ., 1.

In the expansion of the right-hand side of (2.4), we have the following combinatorial interpre-
tation of the terms. Each term in the product corresponds to an r-subset S of V. For each S, the
term represents a choice of picking either a pair of edges (one of the 2z.x. terms in the sum), or

zero edges (the term (5) — (;)2) from E(S). Therefore the coefficient ap is

r)_k

(r) (;
(2.6) ap = kZO2k ((2)2 - <2>> Bt

If ap is nonzero for some graph H, then the multilinear representative of f is nonzero, and by

Theorem 2.4.1 there exists a coloring of K, that makes f nonzero, and in this case it follows that
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R(r,r) > n. Setting the expression (2.6) to be not equal to zero and rearranging terms by the

parity of k concludes the proof. O

As an example, we give the values of E, 1, g for n = 5,7 = 3, and H a graph of order five with
an even number of edges. We denote by G; the graph with edge set {{1,2},{1,3},{2,3},{1,4}}
and G the graph with edge set {{1,2},{2,3},{3,4},{3,5}}.

g 012 3 4 5 6 7 8 9 10

H
Ks 1 0 0 20 30 132 220 540 585 460 60
PsUK, 0 1 2 8 44 106 280 496 612 413 86
KoUK,UK; |0 0 4 12 28 124 276 484 628 404 88
K4 0 0 3 4 36 132 242 588 516 428 99
G 0 0 2 8 32 120 292 504 592 392 106
Gs 0 0 1 10 34 114 292 510 590 390 107
P; 0 0 1 8 40 112 282 520 592 384 109
Cy UK, 0 0 2 8 28 136 272 504 612 376 110
KyUK;3 0 0 0 12 36 108 292 516 588 383 108
Ki4 0 0 0 8 24 120 328 504 552 392 120
[en 0 00 6 30 118 318 514 554 386 122
Go 0 00 4 36 116 308 524 556 380 124
P 0 0 0 4 32 132 288 524 576 364 128
C,UK, 0 0 0 4 36 116 308 524 556 380 124
Ky UK3 0 0 0 4 36 108 348 444 636 340 132
PsUK, 0 0 0 0 24 128 344 512 520 384 136
KoyUK,UK; |0 0 0 0 20 144 324 512 540 368 140
K 00 0 0 0 144 400 480 480 400 144

Unfortunately, we were unable to find any nontrivial patterns in the above data, and it appears to

be difficult to compute the numbers E,, ;. . ; in general.
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CHAPTER 3

Rado Numbers, SAT Solvers, and Degree of Regularity

3.1. Rado Numbers

Recall that for a given equation &, the k-color Rado number Ry (E) is the smallest number n such
that every k-coloring of [n] induces a monochromatic solution to &, or infinity if no such n exists.
In the latter case, this is equivalent to the existence of a k-coloring of Z* with no monochromatic
solution to & (see [91]).

The 2-color Rado numbers for various types of equations (linear, nonlinear, nonhomogeneous,
etc.) have been studied the most widely, and many computations can be found in, for example,
[74,106,117,121]. Here we focus on homogeneous three-variable linear equations. These are an
interesting case for two reasons. First, Rado numbers for two variable linear homogeneous equations

are completely known.
PROPOSITION 3.1.1. For all k € Z™", the Rado number Ry(ax = by) satisfies

1 ifa=0b,

oo otherwise.

A proof of Proposition 3.1.1 can be found in [106]. The second reason is that Rado numbers for
(linear homogeneous) equations in m = 3 variables bound those for equations with m > 3 variables.
For k = 2 colors, this is useful because we know exactly when Ry(€) is finite by Theorem 1.2.5.

The following proposition is also given in [106].

PROPOSITION 3.1.2. Suppose an equation £ can be obtained from setting equal some of the

variables in the equation £. Then Ry(E) < Ri(E') for all k.

For instance, we see that Ry(w+2z+y = 2z) < Ro(2x+2y = z) by setting w = y. Unfortunately,

there is no known formula for the general family of Rado numbers Ry(ax + by = cz), a,b,c¢ > 0.
46



However, formulas for the Rado numbers Ra(a(z — y) = bz) and Ra(a(x + y) = bz) are known.
The first proof for the former family is attributed to an unpublished work of Burr and Loo, but a
proof can be found in [91]. The formula for the latter family is due to Harborth and Maasberg,
and it includes fourteen cases. Both formulas are quasipolynomial in a and b subject to algebraic
conditions on a and b. Other special cases of 2-color Rado numbers are known as well, for instance
a formula for RQ(Z?;II a;x; = Ty —c) was proven for ¢ = 0 by Guo and Sun [65] and then extended
for constants ¢ > 1 — 211_11 a; by Schaal and Zinter [120].

There are some computations of 3-color Rado numbers scattered throughout the literature
[106,116,119], but Rado numbers with more than two colors have not been studied as often. We
present a systematic study of these numbers.

Recall that the generalized Schur numbers are given by S(m,k) = Rg(z1+ -+ + Tm—1 = Tp,).
In [17] it was shown that S(m,3) > m3 —m? —m —1, and it was conjectured in [1] and later proved
in [22] that S(m, 3) = m3—m2—m—1. Myers showed in [106] that the numbers Ry (z—y = (m—2)z)
give an upper bound for S(m, k), and several more values of Ri(z —y = (m — 2)z) were shown to
be equal to S(m, k), thus giving exact values for more generalized Schur numbers. Myers went on

to make the following conjecture in [106].

3

CONJECTURE 3.1.1 (Myers). R3(z —y = (m — 2)z) =m> —m? —m — 1 form > 3.

In this chapter we focus on computing Rado numbers for three variable linear homogeneous
equations using SAT-based methods described in Section 3.2. In particular, we show Conjecture
3.1.1 is true. Our main result is Theorem 3.4.1, which was stated in Section 1.5, and as a corollary

we obtain the following.
COROLLARY 3.1.1. S(m,3) =m3 —m? —m — 1 for m > 3.

Theorem 3.6.1 gives calculations for many 3-color and 4-color Rado numbers. We collect the
3-color Rado number values we computed in Theorem 3.6.1 in Tables 3.1 to 3.8. We also give
the additional values Rs(ax + ay = bz) for 3 < a < 6, 11 < b < 20 as well as our values
for Ry(a(x —y) = bz) in Section 3.8 (Tables 3.9 and 3.10). Underlined entries in these tables

correspond to equations whose coefficients are not coprime.
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TABLE 3.1. 3-color Rado numbers R3(a(x —y) = bz)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 14 14 27 64 125 216 343 512 729 1000 1331 1728 2197 2744 3375
2 43 14 31 14 125 27 343 64 729 125 1331 216 2197 343 3375
3 94 61 14 73 125 14 343 512 27 1000 1331 64 2197 2744 125
4 173 43 109 14 141 31 343 14 729 125 1331 27 2197 343 3375
5 286 181 186 180 14 241 343 512 729 14 1331 1728 2197 2744 27
6 439 94 43 61 300 14 379 73 31 125 1331 14 2197 343 125
7 638 428 442 456 470 462 14 561 729 1000 1331 1728 2197 14 3375
8 889 173 633 43 665 109 644 14 793 141 1331 31 2197 343 3375
9 1198 856 94 892 910 61 896 896 14 1081 1331 73 2197 2744 125
10 1571 286 1171 181 43 186 1190 180 1206 14 1431 241 2197 343 31
11 2014 1508 1530 1552 1574 1596 1618 1584 1575 1580 14 1849 2197 2744 3375
12 2533 439 173 94 2005 43 2053 61 109 300 2024 14 2341 379 141
13 3134 2432 2458 2484 2510 2536 2562 2588 2574 2530 2541 2544 14 2913 3375
14 3823 638 3039 428 3095 442 43 456 3207 470 3113 462 3146 14 3571
15 4606 3676 286 3736 94 181 3826 3856 186 61 3795 180 3835 3836 14
TABLE 3.2. 3-color Rado numbers Rsz(a(zx + y) = bz)
a
b 1 2 3 4 5 6 7 8 9 10
1 14 o0 00 00 00 00 00 00 00 00
2 1 14 243 00 o0 00 o0 00 o0
3 54 54 14 384 2000 oo 00 00 [e's) o0
4 oo 1 108 14 875 243 4459 oo 00 o)
5 oo 105 135 180 14 864 3430 3072 12393 oo
6 |oo 54 1 54 750 14 3087 384 243 2000
7 oo 455 336 308 875 756 14 1536 8748 7500
8 oo oo 432 1 1000 108 2744 14 8019 875
9 oo oo b4 B8 1125 54 3087 1224 14 6000
10 oo oo 1125 105 1 135 3430 180 7290 14
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TABLE 3.3. Rs(ax + by = z) TABLE 3.4. Rs(ax+by = 2z)

1 2 3 4 5 6 1 2 3 4 5 6
b
14 43 94 173 286 439 1 1 14 54 oo 70 126
2 oo 1093 oo 2975 4422 2 14 61 43 181 94
3 00 00 00 (%) 3 243 oo 395 648
4 00 00 00 4 oo oo 1093
5 00 00 5 00 00
6 00 6 o0
TABLE 3.5. Rs(ax+by = 3z) TABLE 3.6. Rs(ax+by = 4z)
1 2 3 4 5 6 ¢ 12 3 4 5 6
b
54 1 27 54 89 195 1 Joo oo 1 64 100 oo
2 54 31 oo 140 108 2 1 oo 14 oo 54
3 14 109 186 43 3 108 73 105 oo
4 384 220 oo 4 14 180 61
5 2000 1074 5 141 oo
6 fo'e] 6 31
TABLE 3.7. R3(ax+by = 5z) TABLE 3.8. Rs(ax+by = 6z)
1 2 3 4 5 6 ¢ 1 2 3 4 5 6
b
co 45 60 1 125 150 1 oo 40 81 oo 1 216
2 105 1 oo 125 70 2 54 8 1 90 27
3 135 100 125 108 3 1 oo 135 14
4 180 141 oo 4 54 oo 31
5 14 300 5 750 241
6 864 6 14
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Recall that if the number Ry (€) is finite for a fixed k, we say that the equation & is k-regular. If
£ is k-regular for all k > 1, we say £ is reqular. The degree of reqularity of an equation &£, denoted
dor(€) is the largest k for which £ is k-regular. For example, Ro(2x + 2y = z) = 34, but we will
see that R3(2z + 2y = z) = 00, so dor(2z + 2y = z) = 2. When £ is regular, we say dor(€) = oo,
so dor(x +y = z) = oo by Theorem 1.2.1. It is possible to define degree of regularity for coloring
other sets besides ZT, for example Z, Q, or other rings R as in [18,54]. We are concerned only
with the positive integers here, though some of our results can be extended to larger sets.

One of the most interesting open questions concerning regularity is Conjecture 1.2.1, Rado’s
boundedness conjecture. In [54] Fox and Kleitman showed that Rado’s boundedness conjecture is
true if it is true for the case of homogeneous equations. They also proved the first nontrivial case
of the conjecture by showing that if a linear homogeneous equation in three variables is 24-regular,
then it is regular. However, it is not known if 24 is the best possible constant. Moreover, in [54],
several coloring lemmas give more precise bounds on the degree of regularity of 3-variable linear
homogeneous equations. We contribute further improvements on their results and compute the
degree of regularity of all sufficiently small equations ax + by = cz. In particular, we were unable
to find any nonregular, 4-regular equations of the form ax + by = cz.

This chapter is organized as follows: In Section 3.2 we describe our SAT encoding and the
computational methods we used to compute Rado numbers. Sections 3.3 and 3.4 show how to
obtain the lower and upper bounds, respectively, for the numbers in Theorem 3.4.1. Section 3.5
gives several lemmas used to obtain improved bounds on the degree of regularity of certain families
of equations. We accumulate all of these results to prove Theorem 3.6.1 and our other theorems on
degree of regularity in Section 3.6. The remainder of the chapter contains more computational data
and details on our methods. Section 3.7 gives additional details on the computational aspects of this
project. Sections 3.8 and 3.9 contain additional tables of Rado numbers and degrees of regularity
for various equations. Finally, Section 3.10 gives additional details on part of the method used to

prove Theorem 3.4.1.
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3.2. SAT Solving and Encoding

In this section we explain how to encode the problem of finding Rado numbers as an instance
of SAT and describe additional techniques used to increase performance. The code used for our
computations can be found at [30].

Given an equation £ and positive integers n, k, we construct a formula F¥(&) that is satisfiable
if and only if there exists a k-coloring of [n] that does not contain a monochromatic solution to £.
Therefore if F¥(&) is satisfiable, then Ry (£) > n, and otherwise Ry(£) < n. We use the variables
v§ that are assigned the value true if and only if the integer j is colored with color i. Following
the language used in [71], a formula F¥(E) consists of three different types of clauses: positive,

negative, and optional.

e Positive clauses encode that every number j is assigned at least one color, and are of the
formvjl-\/11]2-\/~--\/v§c for1 <j<n.

e Negative clauses encode that there are no monochromatic solutions to £. If (z1, xo, ..., Tm)
is a solution to &, then its corresponding negative clauses are 0, V.-V, for 1 <i<k.
Every solution € [n]™ contributes these k negative clauses to F(&).

e Optional clauses encode that every number j is assigned at most one color, and are of the
form 17;1 V ’D;-Q for 1 <j<nand1<i; <is <k. These clauses are not strictly necessary
since they do not affect the satisfiability of F¥(&), but they ensure that satisfying assign-

ments are in one-to-one correspondence with k-colorings of [n] that avoid monochromatic

solutions to £.

EXAMPLE 3.2.1. The clauses in the formula F}(x +y = z) are:

Positive clauses:

(U{ vV U% Vv z‘f) A (v% vV v% vV zj) A (1/'% vV v% vV 1,)’) A ('vi vV UZ vV 1*:1;)
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Negative clauses:

(U] VT1 VT3) A (T3 VT VT3) A (T3 VT7 VTgA
(U] V Ty VT A (T3 VTV TY) A (T VT3 VLA

(T3 VOIVT3) A (T3 V15 VT3) A (U3 VT3 VTIA

Optional clauses:

If we input Fj(z +y = 2) into a SAT solver, it will output satisfiable. The 3—coloring 1,2, 3, 4,
for example, avoids monochromatic solutions. We remark that even though some clauses, such as
vt Vol Vo, contain redundant literals, these literals are removed in a preprocessing step.

We will use this SAT encoding to prove Theorem 3.6.1. In Section 3.7 we give practical details

on this encoding and how to generate formulas efficiently.

3.3. Lower bounds for Rado Number Families

In order to prove Theorem 3.4.1, we require lower bounds for each equation. The main results of
this section are explicit colorings that give general lower bounds for the three families of equations
in Theorem 3.4.1. The following lemma gives a general lower bound on the Rado numbers Ry (a(z —

y) = bz) for any number of colors k.
LEMMA 3.3.1. Suppose a,b > 1 and gcd(a,b) = 1. Then Ry(a(z —y) = bz) > a*.

PROOF. Let v,(n) denote the highest power of a that divides n. Then v, : [1,a* — 1] —
{0,1,...,k—1} defines a k—coloring of [1, a* — 1] that has no monochromatic solutions of a(x —y) =

bz. To see this, suppose (x,¥, z) is a monochromatic solution in color ¢. If x < y, then there is
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no z € [1,a" — 1] that satisfies a(x — y) = bz, so suppose > y. Then z = a‘z’ and y = a%y/,
where a { ', 3. Since ged(a,b) = 1, v4(2) = v4(b2) = va(a(z — y)) = va(a“T (2 —y)) > c+1,a

contradiction. 1
For the case b = a — 1, we have an improved lower bound on R3(a(z —y) = (a — 1)2).
LEMMA 3.3.2. R3(a(z —y) = (a —1)2) > a® + (a — 1)2.

PROOF. We will construct a coloring of [1,a® + (a — 1)? — 1] that induces no monochromatic

solutions to a(x — y) = (a — 1)z. Define

0 v,(i) =2 or (v,(i) =0 and (i < a®> —a or i > a® — a)),
X(0) =191 wv,(i) =1,

2 otherwise.

Let (z,y, z) be a positive integer solution to a(z —y) = (a — 1)z. Suppose x(x) = x(y) = 0. If
va () = va(y) > 2, then since a and a— 1 are relatively prime, v, (z) = vo((a—1)z) = vo(a(z—y)) >
3, and x(z) # 0. If vy(z) = 2 and ve(y) = 0, then v,(2) = vela(z —y)) = 1, so x(z) = 1.
The case vq(z) = 0 and v,(y) = 2 is similar. Note that z > y since z must be positive. If
va(z) = va(y) = 0, x > a® —a and y < a® — a, then a(x —y) > a(a® — a?) > (a — 1)(a® — a).
Then 2z € [a® — a,a® + (a — 1)? — 1]. Since (a — 1)z = a(z — y), it follows that v,(z) > 1, so
va(2) # 0. But the only value z € [a® — a,a® + (a — 1) — 1] with v4(2) > 2 is a3, so x(2) # 0. Now
if va(z) = va(y) =0 and 2,y € [1,a® —a) or z,y € (a®> —a,a®>+ (a—1)?> — 1], then z —y < a® —a, so
(a—1)z =a(z —y) < a®—a?. Then v,(2) € {1,2}. If v4(2) = 1, then x(2) = 1 # 0. If v,(2) = 2,
then z > a? and (a — 1)z > a® — a2, a contradiction.

Now suppose x(z) = x(y) = 1. Then v,(2) = vg(a(x —y)) > 2, so x(z) # 1.

If x(z) = x(y) = 2, then either v,(x) = v,(y) = 0, or * = a3. In the former case we have

3 — 42, but this is impossible

va(2) = va(a(z —y)) > 1. We have z # a? since this implies * —y = a
since x,y € [1,a® — (a —1)% — 1], and it follows that x(z) # 2. If z = a3, then y # a® and v,(y) = 0.
Therefore v,(2) = ve(a(x —y)) =1, so x(z) # 2.

Therefore there are no monochromatic solutions to a(x —y) = (a — 1)z. O

We illustrate the colorings given by Lemmas 3.3.1 and 3.3.2 in Figures 3.1 and 3.2.
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1234567891011 1213 141516 17 18 19 20 21 22 23 24 25 26

12345678910111213 14 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

FIGURE 3.1. 3-colorings of [26] and [63] that avoid monochromatic solutions to

3(x —y) = z and 4(z — y) = z, respectively.

1234567891011 1213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30

1234567891011 121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68
69 70 71 72

FIGURE 3.2. 3-colorings of [30] and [72] that avoid monochromatic solutions to
3(x —y) = 2z and 4(z — y) = 3z, respectively.

We also require a related result from [17] that constructs explicit colorings that give lower
bounds for the generalized Schur numbers. We will see that this result, along with Proposition

3.1.2, gives the tight lower bound for the Rado numbers R3(z + (m — 2)y = 2).

LEMMA 3.3.3 (Beutelspacher and Brestovansky). The generalized Schur numbers S(k, m) satisfy
S(k,m) >mkF —mFt —mk2 ... —m — 1,

3.4. Modified SAT Encoding and Proof of Theorem 3.4.1

In this section we prove Theorem 3.4.1 using an encoding of the Rado number problem similar
to that in Section 3.2. The key difference is that in this new encoding, indices of variables are
indexed by polynomials rather than fixed integers.

Let £ be a linear equation in m variables, and let S be a set of polynomials. Let C C S™
be a set of solutions to £. The variable v’ is assigned the value true if and only if the expression
s € S is assigned color ¢. Positive and optional clauses are constructed similarly to the method
in Section 3.2. The negative clauses are constructed from the solutions in C. For example, if
S={ia:1<i<7} and & is the equation  — y = 5z, then (z,y, 2) = (7a,2a,a) is a solution. If
(7a,2a,a) € C, then we add the negative clause 91, Vo3, V 9} to our formula. The following lemma
formalizes this procedure and describes how to use these formulas to compute Rado numbers for

families of equations.
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LEMMA 3.4.1. Let ¥ = {o1,...,0¢} be a finite alphabet of parameters. Let £ be a linear
equation in the variables x1, ..., xy with coefficients in 3. Let S be a set of expressions over %,
and let C' C S™ be a set of solutions to £. We define Fj, s (E) to be the corresponding formula for

the k-color Rado number generated by the clauses from C as follows.

Fi.sc(€) := Posy s N Negi,c N\ Opty g, where

Posy,s == [\ (\/ v;'> ,

==
<3
ogdg.

Negic == /\
(81,-58m)EC =1 j=1

Optrs:= N\ J\ (@ voD)

s€S 1<i1<ia<k

Let AC ZF. If1 < s(a) = s(ay,...,ap) < f(a) foralls € S, a € A and Fi, s(&) is unsatisfiable,
then Ri(€) < f(a) for all a € A.

In other words, if substituting values for parameters in a formula F' always gives a valid formula,
i.e., one whose variables with indices bounded between 1 and n, then the unsatisfiability of F' gives
an upper bound on the Rado numbers for a family of equations. For each equation £ in the family,
F is an unsatisfiable subformula (possibly with some variables identified, for instance vy, and v,z
are the same when a = 2) in the corresponding Rado number formula for £. Such formulas are also

called unsatisfiable cores. We give a simple example to illustrate the idea behind Lemma 3.4.1.

EXAMPLE 3.4.1. Let £ be the equation z + (a — 2)y = z for a parameter a. Consider the Rado

numbers Ry(£) = a? —a—1fora > 3. Let S = {1,a — 1,a,a® — 2a + 1,a> — a — 1}. Then the
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formula F3 (&) is

(01 V 0}) A (vg V 02) A (Vg1 V0a_1) A (Vg2 a1 V Va2 o 1) A (Vg g V V22_y 1A

(01 V Tq_1) A (7 VT5_1) A (Tg2_sq1 V Ta1) A (Toz_ggyq V Ta1)A

1, 1,1 2, 2 )
(Ul \4 Vg \4 va2—2a+1) A (vl \ Vg2_gq-1 v va2—2a+1)/\

1,1, =1 2,2 )
(1}1 Vo,V Ua272a+1) A (Ul v Va2 g1 v Ua272a+1)/\
1 1y = ) 2., -2
(Tt VULV U2y 1) N Wy VU VT2, )N
1,2 1., =2 1 ) _1 i) 1 _9
(U VT A (T, VT3) A (T VT,_1) A (vag_hJrl Vv va2_2a+1) AN(Tp2_ gy VUi, )

It a routine check that for all @ > 3 and p(a) € S we have 1 < p(a) < a®? —a — 1. The formula

F, 5(£) is unsatisfiable, so Lemma 3.4.1 implies Ro(€) < a? —a — 1 for a > 3.

The formula in Example 3.4.1 is simple enough that one could show it is unsatisfiable by hand.
But for more colors and formulas with many clauses, this becomes far more difficult, and SAT
solvers are necessary. We are able to prove Conjecture 3.1.1 using Lemma 3.4.1 and a solver’s

assistance.

PROOF OF THEOREM 3.4.1. For the Rado numbers R3(x —y = (m — 2)z), in Lemma 3.4.1 let
Y = {m}, and let € be the equation z —y = (m —2)z. The set S is a family of 685 polynomials and
the set C contains 9468 solutions to €. It is straightforward to show that 1 < s(m) < m*—m?—m—1
for all m > 3 and all s € S. The formula F3 g(€) was shown to be unsatisfiable in 0.03 seconds

2

by SATCH, proving R3(x —y = (m — 2)z) < m® —m? —m — 1 for m > 3. By Proposition 3.1.2

and Lemma 3.3.3, we have R3(£) > S(m,3) > m3 —m? —m — 1 for m > 3, and so R3(z —y =
(m—2)z) =m3 —m? —m —1 for m > 3.

For the Rado numbers Rs(a(z —y) = (a — 1)z), let ¥ = {a}, and let £ denote the equation
a(x —y) = (a —1)z. We constructed a set S of 1365 polynomials and a set C' of 20811 solutions to
£. Tt is again straightforward to show that 1 < s(a) < a® + (a — 1)? for all @ > 16 and all s € S.
The formula F3 g (£) was shown to be unsatisfiable in 0.05 seconds by SATCH, proving R3(E) <
a®+ (a—1)? for a > 16. By Lemma 3.3.2 and Theorem 3.6.1, it follows that R3(€) = a® + (a —1)?

for a > 3.
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For the Rado numbers R3(a(z — y) = bz), let ¥ = {a,b}, and let € denote the equation
a(x—y) = bz. We constructed a set .S of 40645 polynomials and a set C' of 490897 solutions to €. All
polynomials p(a, b) were verified to satisfy 1 < p(a,b) < a® for all integers a, b satisfying a > 16,b >
1, and a > b+ 2 using the software GLOPTIPOLY 3 [70]. Some additional valid inequalities were
added to the region specified in GLOPTIPOLY 3 using elementary calculus techniques. The formula
F3 5.c was shown to be unsatisfiable in 1.72 seconds by SATCH, proving R3(a(x — y) = b2) < a®
for all (a,b) satisfying a > 16, b > 1, and @ > b+ 2. By Theorem 3.6.1 and Lemma 3.3.1,
R3(a(x —y) = bz) = a® fora > 3,b > 1,a > b+ 2 with ged(a,b) = 1.

For each of these formulas, the sets S and C were constructed using a heuristic search procedure.
We give details of this procedure in Section 3.10.

O

We remark also that the sets S are not necessarily of minimum, or even minimal size. The
problem of extracting general a minimal unsatisfiable core of an unsatisfiable formula is in general
difficult [107]. We have made no serious effort to optimize the sizes of S and C, and this would be
an interesting direction for future research.

An interesting consequence of Theorem 3.4.1 is that it gives an upper bound for the “restricted

online” Rado numbers from Chapter 2.

COROLLARY 3.4.1. The following bounds for restricted online Rado numbers hold.
(i) Ry(x —y = (m —2)z;m3 —m? —m — 1) < 685 for m > 3.

(ii) R3(a(z —y) = (a — 1)z;a® + (a — 1)?) < 1365 for a > 16.

(i) Rs(a(z —y) = bz;a®) < 40645 for a > 16,b>1, a > b+ 2, ged(a,b) = 1.

PROOF. Given an equation F with coefficients a and possibly b that belongs to one of the three
families, let S be the corresponding set of polynomials from the proof of Theorem 3.4.1. Builder
can evaluate all of the polynomials in S at @ and b and choose only integers from the resulting set.
The SAT solving computations of the proof of Theorem 3.4.1 then guarantee Builder’s victory in

at most |S| turns. O

In particular, Corollary 3.4.1 shows that the restricted online Rado numbers for these families

are bounded by a constant while the ordinary Rado numbers themselves grow.
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3.5. Coloring Lemmas for Degree of Regularity

Working towards the goal of computing the degree of regularity and Rado number for as many
equations as possible, in this section we collect several results on colorings that avoid monochromatic
solutions. These colorings give upper bounds on the degree of regularity of certain equations, and
this allows us to avoid doing unnecessary computations. We are especially interested in cases
where we can show that the degree of regularity of an equation is at most three. In these cases a
computation of a (finite) 3-color Rado number is a proof that the degree of regularity equals three.

The following result gives two algebraic conditions that guarantee an upper bound on the degree
of regularity for a class of equations. Roughly speaking, if certain coefficients in an equation are
too large or small compared to the sum of all the coefficients, then this prevents k-regularity. A

version of the first condition was proved in [54].

LEMMA 3.5.1. Let € be the equation a1x1+ 4 Gm—1Tm—1 = AmTm with a1 < as < -+« < a1
and a; > 0 for all i. Let S := 27;_11 a;. Then & is not k-reqular if one of the following conditions
holds:

1

k—1 o1
(i) S < Z;—,Q (i) S < aftam "'

1
PrOOF. For the first condition, let d := (i> ""' Define the coloring x(n) := [log,n]

am

(mod k). Suppose (z1,...,%,) is a solution to &, and let M := max{xi,...,xm-1}. Let i be

. . m-1_ .
the unique integer such that M € (d'~!,d’]. Then z,, = z“alinfwi < dFIM o< dtRLl By

k—1 .
hypothesis we have d¥~1 < (%) . Therefore z,, > M > M > d'. We have shown that

m am

X(xm) € [t + 1,0+ k — 1], so x(zm) # x(M) and there are no y-monochromatic solutions to &.
11
For the second condition, suppose S < a; 'am, “~' and that (z1,...,2,,) is a solution to &.

1
Again let M = max{x1,...,Zm—1}, and let d = ((%) "' Define a k-coloring x(n) = [log,(n)]

1 1

. . 1—-L_

(mod k). Suppose M € (d't1,d'], so x(M) =i (mod k). Note d < 1 since a; < S <= ay "am **
m_l . . .

implies a1 < ay,. Then xz,, = Emalimal% < % < dM < d't'. Moreover, z,, > % =d1M >

d*®. Therefore [loggzm] € [i +k — 1,3+ 1], so x(7,) # x(M) and there are no y-monochromatic

solutions to £. O
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Recall that for any prime p, the p-adic valuation v,(x) is the largest integer n such that
p" divides z. Many useful colorings come from p-adic valuations and studying the divisibility
properties of an equation’s coefficients. Indeed, this idea is used directly in the proof of Rado’s
theorem (Theorem 1.2.4). We will freely use the fact that v,(zy) = v,(x) + vp(y) for all integers x

and y. In [54] the following result was shown:

LEMMA 3.5.2. Suppose £ is an equation of the form ax + by + cz = 0 with vy(a), vy(b), vp(c) all

distinct for some prime p. Then £ has degree of regularity at most 3.

If the condition in Lemma 3.5.2 is strengthened to distinct p-adic valuations modulo 3, then we

obtain an improved bound on the degree of regularity.

EXAMPLE 3.5.1. Let £ denote the equation = + 2y = 4z. Consider the 3-coloring x(n) = va(n)
(mod 3), so that, for example, x(2) = x(2%) = x(27) = --- = 1. If (x,5, 2) is a solution to & and
x(z) = x(y) = x(2), then ve(x), v2(2y), and va(4z) are all distinct since these values are all different

a+1

modulo 3. Let a = min{va(z),v2(2y),v2(42)}. Then reducing each side of £ modulo p**" gives a

contradiction. Therefore x induces no monochromatic solutions to £.
The following lemma generalizes the proof in the example above.

LEMMA 3.5.3. Let & be the equation > -, a;x; = 0. If there is a prime p for which v,(a;) #

vp(a;) (mod k) for alli # j, then £ is not k-regular.

PROOF. Define a k-coloring x(n) := vp(n) (mod k). Suppose (z1,...,Zy) is a monochromatic
solution to €. Then wy(a;x;) # vp(ajz;) for i # j since these values are distinct modulo k. Let

o = min™  {vy(a;z;)}. Then > " a;z; Z0 (mod p**1), so - a;x; # 0, a contradiction. O

The following two results are similar to Lemma 5 and Lemma 6 in [54]. Here we show that
under additional assumptions on v,(a + b) and v,(b + ¢), respectively, it follows that the degrees
of regularity of certain equations are at most six, which is stronger than the corresponding best
bounds in [54]. We also show that another hypothesis on the order of a particular group element

further improves this upper bound to four.
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LEMMA 3.5.4. Let £ denote the equation ax + by + cz = 0. If £ is not regular and 0 =
vp(a) = v,y (b) = vy(a + b) < vp(c) =: r, then dor(£) < 6. If additionally the element —ab™! in the

multiplicative group G = Z;r has even order, then dor(E) < 4.

PROOF. Since v,(a) = v,(b) = 0, let g := —ab™! € G. Since a +b % 0 (mod p"), it follows
that g is not the identity element of G. Let I denote the graph with vertex set {1,...,p" — 1} and
edges (z,y) if = gy (mod p") (see Figure 3.3 for an example). Since vp(a + b) = 0, it follows
that —ab™' # 1 (mod p), so I' is loopless. Then I' is a union of disjoint cycles, and each cycle
has size %i(g) for some i. If ord(g) is even, then all of the cycles in I" have even length, and so
I' is 2-colorable (note the conditions 0 = v,(a) = v,(b) = vp(a + b) imply p # 2). Otherwise, I' is
3-colorable since each vertex has degree at most 2. Let C] be a proper vertex coloring of I' that
uses the fewest number of colors. We will construct a (4- or 6-) coloring C' to show that £ is not 4-
or 6- regular and conclude dor(£) < 4 or dor(€) < 6, respectively.

Let ¢ := p?". For all n € N, write n = ¢®n’ with n’ # 0 (mod ¢). Define the coloring Cs to be

1 ifn/ 20 (modp"),
CQ(TL) =

2 ifn" =0 (modp").

Let C be the product coloring

) = (C1(n'),1) if Co(n) =1,

(Cy(n/p"),2) if Ca(n) = 2.
We claim that C is a coloring with no monochromatic solutions to &£.

Suppose (x,7, z) is a monochromatic solution to £. Write x = ¢%2’,y = ¢®y/, 2z = ¢"%' with
2,y 2" 1 ¢ and ax + by + cz = 0. Without loss of generality, we may assume that at least one of
a, B, and 7y is zero, and in each case we will show a contradiction.

Suppose first that Cy(z) = Co(y) = Ca(2) = 1.

Case 1: Suppose a = 0. Then if § > 0, then we may reduce £ modulo p” to obtain a
contradiction since b,c¢ = 0 (mod p"), but az # 0 (mod p"). So we may assume 3 = 0. Now

suppose ax + by =0 (mod p"). Then y = gx (mod p"). But this is impossible since = and y would
60



have different colors by the coloring C; (recall that I' is loopless). Therefore ax +by # 0 (mod p”),
and so ax + by 4+ cz # 0 (mod p"), a contradiction.

Case 2: The case § = 0 is similar to the case a = 0.

Case 3: Suppose v = 0 and «, 8 > 0. Then az + by =0 (mod ¢), but cz # 0 (mod q), and so
ax + by + cz # 0 (mod q), a contradiction. Therefore & = 0 or § = 0, and the proof follows from
one of the previous cases.

If Co(z) = Cy(y) = Ca(z) = 2, then in all cases we may divide 2,7/, and 2’ by p", and the
proof follows similarly.

0

LEMMA 3.5.5. Let £ denote the equation ax + by + cz = 0. If € is not reqular and 0 = vp(a) <
vp(b) = vp(c) = vp(b+¢) =: r for some prime p, then dor(E) < 6. Write b = p"b' and ¢ = p"c.
If additionally the element g := —b'c¢™1 in the multiplicative group G = Z;s has even order, then

dor(&) < 4.

PROOF. Since vp(b+ ¢) = r and v,(b') = vp() =0, g € G and g is not the identity element
of G. Let I' denote the graph with vertex set {1,...,p" — 1} and edges (z,y) if x = gy (mod p").
Then I' is a union of disjoint cycles, and each cycle has size %i(g) for some ¢. Note that I' is not
loopless since vy,(b+c) = r. If g has even order, then I' is 2-colorable, and otherwise I' is 3-colorable.
Let C1 be a proper vertex coloring of I' that uses the fewest number of colors. We will construct a
(4- or 6-) coloring C' to show that £ is not 4- or 6- regular and conclude dor(€) < 4 or dor(€) < 6,
respectively.

Let ¢ := p?", and for all n € N, write n = ¢®n/ with n/ # 0 (mod p?"). Define the coloring Cy

to be

1 ifn/#0 (modp"),
Ca(n) =

2 ifn =0 (modp").
Let C be the product coloring
(C1(n),1) if Cy(n) =1,
C(n) =
(Ci(n'/p"),2) if Ca(n) = 2.
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5 4 B3¢ 46

7 8

FIGURE 3.3. 2-coloring of graph with vertex set [8] and edges (z,y) if x = 2y

(mod 9).
Suppose (x,y, z) is a monochromatic solution to £ with respect to C. Write z = ¢®2/,y = Py, 2=
q"7 with 2/,y/, 2’ ¥ g and ax + by + cz = 0. Without loss of generality, we may assume that at least
one of «, 3, and ~y is zero, and in each case we will show a contradiction.

Suppose Ca(z') = Cy(y’) = C2(2') = 1. Case 1: Suppose o = 0. Then azx + by + cz #Z 0
(mod p"). Case 2: Suppose a > 0 and 8 = 0. Then if v > 0, then ax + by + ¢z Z 0 (mod q), so
assume v = 0. If by + cz = 0 (mod q), then z = 2/ = —b'¢~'y’ (mod p”). But by coloring Cj it
follows that z and y have different colors, a contradiction. The case v = 0 is similar.

Suppose Ca(z') = Ca(y') = C2(2') = 2. If a = 0, then ax + by + cz Z 0 (mod ¢). The cases

B8 = 0,7 =0 are similar to above. ]

3.6. Proofs of Theorem 3.6.1 and Results on Degree of Regularity

We begin this section with a proof of Theorem 3.6.1. Most of the work was carried out by

computer, though we use Lemma 3.5.1 when the Rado numbers are infinite.

PROOF OF THEOREM 3.6.1. For each finite number Ry (ax+by = cz), we produced a k-coloring
of [Ri(ax + by = cz) — 1] that contained no monochromatic solutions to ax + by = cz and verified

using a SAT solver that the formula ng( ax +by = cz) from the encoding in Section 3.2 is

ax—l—by:cz)(

unsatisfiable. For the remaining cases, we concluded R3(ax+by = cz) = oo using Lemma 3.5.1. [
We are now able to prove Theorem 3.6.2.

PROOF OF THEOREM 3.6.2. Let £ denote the equation ax + by = cz. For each triple (a, b, c)
that satisfies 1 < a,b,c < 5 and a < b, we performed the following calculations. If a nonempty
subset of {a,b, —c} sums to zero, then dor(£) = oo by Theorem 1.2.4. If v,(a), v, (b), and vy(c) are
all distinct modulo 3 for some prime p, or if one of the inequalities a + b < % or a+b < +/ac holds,

then dor(€) = 2 by Lemma 3.5.3, Lemma 3.5.1, and Theorem 1.2.5.
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In all other cases we see that dor(€) < 3 by either Theorem 3.6.1, Lemma 3.5.1, Lemma 3.5.4,

or Lemma 3.5.5. The computation of a finite Rado number in Theorem 3.6.1 gives dor(€) =3. O

Recall from Theorem 1.2.6 (ii) that Rado proved the following result on the family of equations
a(r +y) = bz.

THEOREM 3.6.1 (Rado). If a/b # 2F for all k € Z, then dor(a(z + y) = bz) < 3.

The following lemma strengthens Rado’s result to include the case when a/b = 2% for some

integer k.

LEMMA 3.6.1. R3(x 4y =bz) =00 forb >4, and Rs(a(x+y) = z) = oo for a > 2. Moreover,
dor(a(z+y) =0bz) <3 unlessa=b=1ora=1,b=2.

PROOF OF THEOREM 3.6.3. Let a,b € Z", and assume gcd(a,b) = 1. Denote by &, the
equation a(z + y) = bz. Theorem 1.2.4 says dor(E,p) = oo if and only if a=b=1o0ora=1,b=2.
For all other a and b, Theorem 1.2.5 and Theorem 1.2.6 give 2 < &, 5 < 3.

From Lemma 3.5.1 (i), we have &, is not 3-regular if 2a < %—z, and from Lemma 3.5.1 (#7), it
follows that &, is not 3-regular if 2a < v/ab. After rearranging, we see that a(z + y) = bz is not
3-regular if @ > 2b or b > 4a. Then in these cases we immediately have dor(&,p) = 2. For the
remaining cases, the Rado number calculations from Theorem 3.6.1 (see Tables 3.2 and 3.9) give

dor(Eqp) = 2. O
We now prove Theorem 3.6.4 and Corollary 3.6.2

PROOF OF THEOREM 3.6.4 AND COROLLARY 3.6.2. The proof of Theorem 3.6.4 is immediate
from Lemma 3.5.1 condition (i) since S =m — 1 < [(m — 1)%] = Corollary 3.6.2 follows from

Theorem 1.2.5 and setting £ = 3 in Theorem 3.6.4. O

3.7. Rado CNF File Generation

For the remainder of this chapter, we discuss some of the computational details from our

calculations. The steps for computing a Rado number for a given linear equation £ are the following;:

e Generate the CNF file encoding F¥(&), including symmetry-breaking clauses if desired.

e Determine the satisfiability of F¥(£) with a SAT solver.
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e Adjust n to find the smallest n for which F¥(€) is unsatisfiable.

In the following subsections, we explain how to achieve each step of the computation procedure.

3.7.1. Generating CNF Files. The first step in computing a Rado number is writing a
formula F¥(€) to a file in DIMACS .cnf format (see [21], Chapter 2). For many Rado numbers,
especially those with 3 or fewer colors, this step took far longer than the actual SAT solving. This
is in contrast to the paper [71], where the solutions to the single equation x 4+ y = z in [161] can
be generated easily, but the solving process is extremely difficult. Our work involved computing
with thousands of easier instances and larger values of n. The main bottleneck is negative clause
generation since it requires enumerating all solutions to £ in [n], and there are O(n?) solutions for
the three-variable case.

For efficient solution generation to homogeneous linear equations, we used the built-in function
isolve in MAPLE to parameterize the solutions. We then used SYMPY to parse the output of

MAPLE and generate the solutions with values in [1, n].

EXAMPLE 3.7.1. If we want to generate all integer solutions in the interval [1,1000] for the
equation 43x — by = 13z, we can feed 43x — 5y = 13z into MAPLE’s isolve function, which gives
the output

{r=1i,y=6i—13j,z =i+ 5j}.
Since we want all integer solutions within [1,1000], we can loop 4 from 1 to 1000 and manipulate
the inequality
1 <y=6i—135 <1000

into an inner loop where 5 is looped from [%ﬁﬁi] to Ll:l?,fj For z, we can simply check whether

1 <4455 <1000 is satisfied or not inside the loops to determine if (z,y, z) is a solution.

Some of the formulas in our computations contain millions of clauses, and writing these clauses
to a file is a time-consuming part of CNF file generation. For example, the CNF file which encodes
Fia07(52 + 5y = 192) contains more than 20 million clauses, of which only 65588 are positive or

optional.
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.cnf

The algorithm to generate all the positive and optional clauses is done though PYTHON. Since
the parameterization of the equation £ is also passed to PYTHON, we also used PYTHON to generate

the CNF files.

3.7.2. Symmetry Breaking. Symmetry breaking is a SAT solving technique that can lead
to significant speedups by preventing the solver from looking in isomorphic areas of the search
space. In our case, permuting colors in a coloring has no effect on whether it avoids monochromatic
solutions to a given equation. Therefore, it can be helpful to add additional clauses to our formula
to forbid color permutations.

We can break this symmetry in the formula Fj(z +y = 2), for example, by adding the clauses
(v1) and (v3). These clauses force number 1 to be red and number 2 to be blue. In general, if £ is
a linear homogeneous equation in three variables and we have a solution (z,y, z) where two of x, y,
and z are equal to each other, then we can add clauses that force the two equal variables to be the
first color and the remaining variable to be the second color. For Rado numbers Ry (&) with k& > 3,
we can also add clauses that break the symmetries on the other colors (see [71]).

Generating a larger set of symmetry breaking clauses with more sophisticated preprocessing is
more difficult and requires far more time than normal file generation. We included only a simple
preprocessing step in our solving process. The benefit of this preprocessing becomes more apparent
when n and k£ grow. Without symmetry breaking, SATCH takes nearly 15 minutes to determine

that F f5(x+y = z) is unsatisfiable, but only a few seconds after adding symmetry breaking clauses.

3.7.3. SAT Solvers. Most of the SAT solving computations were done with the solver SATCH
v0.4.17, developed by Biere [19]. We initially used SATCH because it is remarkably fast at proving
upper bounds for many 3-color Rado numbers and relatively easy to use. For example, SATCH is
able to prove the upper bounds for the values in the first column and last row of Table 3.1 in under
10 seconds for each equation. Later, as we moved towards larger CNF files and more colors, SATCH
started to struggle. We also experimented with CADICAL [20] and the multithreaded SAT solver
GLUCOSE [8]. In general, SATCH performed better on smaller instances, but GLUCOSE solved larger

instances up to two times as quickly.
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3.7.4. Binary Search. In order to compute the exact value of a Rado number Ry(E), we
often must determine the satisfiability of F¥(&) for many values of n. A convenient property of
the formulas F¥(&) is that if m < n, then we can obtain the formula F¥ (£) simply by deleting all
the clauses that contain variables v;- with j > m. Therefore, once we have a formula F¥(&) that
is unsatisfiable, we have an upper bound Ry(€) < u, and we no longer need to do any solution
(negative clause) generation. After obtaining a lower bound Ry () > ¢ with a satisfiable formula
Ff(ﬁ), we can compute the exact value of the Rado number Ry (€) using binary search to jump
between ¢ and u. Our initial guesses for suitable bounds on Ry (E) were made largely through trial

and error. However, even with the poor estimates 10 < R3(z —y = bz) < 5000 for 1 <b < 15, it is

possible to compute the exact values for all of these numbers in under two hours.
3.8. Additional Rado Number Calculations
In this section we give additional bounds and exact values for various Rado numbers.

3.8.1. 3-color Rado Numbers. Table 3.9 gives Rs(ax+ay = bz) for 3 < a <6, 11 < b < 20.

TABLE 3.9. Rs(ax + ay = bz)

11 | 2019 847 1958 1188
12 o] 54 2400

[—=

13 oo 1710 3445 1963
14 oo 455 3675 336
15 oo 5408 54 105

16 00 oo H725 432
17 00 oo 8330 4743
18 0 oo 12069 54
19 00 oo 16397 6726
20 o0 [e's) o0 1025
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3.8.2. 4-color Rado Numbers. Table 3.10 gives some values for the 4-color Rado numbers

Ry(a(x — y) = bz). These numbers are considerably more difficult to compute than Rz(a(x —y) =

bz), and it took the solver CADICAL [20] up to 20 hours to prove some of the upper bounds.

Notably, Ry(x —y = (m —2)z) = m* —m3 —m? —m — 1 for 4 < m < 6, which implies S(4,4) =

171, S(5,4) = 469, and S(6,4) = 1037 by Lemma 3.3.3 and Proposition 3.1.2.

TABLE 3.10. Ra(a(z —y) = b2)

1 45 56 81

=V R V]

1037

469 > 225 45

256 625

171 45 103 56

3.9. Degree of Regularity Values

Tables 3.11 to 3.15 give the values of dor(ax + by = cz) for all a,b,c with 1 < a,b,c < 5.

TABLE 3.11. dor(ax + by =
z)

TABLE 3.12. dor(ax + by =
22)

a a
1 2 3 4 5

b b
1 00 00 00 00 00 1
2 oo 2 3 2 3 2
3 oo 3 2 2 2 3
4 oo 2 2 2 2 4
5 co 3 2 2 2 5
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TABLE 3.13. dor(ax + by = TABLE 3.14. dor(az + by =

3z) 4z)
a a
1 2 3 4 5 1 2 3 4 5
b b
1 |3 o0 oo 3 3 1 |2 2 oo oo 3
2 oo 3 o0 2 |2 oo 2 oo 2
3 |oo o0 o0 oo o 3 oo 2 3 o 3
4 |3 2 oo 3 3 4 oo o0 o0 00 00
5 |3 3 o~ 3 3 5 |3 2 3 oo 3
TABLE 3.15. dor(ax + by =
52)
a
1 2 3 4 5
b
1 |12 3 3 oo o
2 |3 3 o 2 o~
3 |3 o 3 3 ™
4 oo 2 3 3 o™
5 |oco o0 00 00 o0

3.10. Heuristic Search Procedure in Proof of Theorem 3.4.1

Here we detail the method FINDPOLYNOMIALS which we used to find the sets S of polynomials
in the proof of Theorem 3.4.1. We give the version of FINDPOLYNOMIALS used for the equation
a(x —y) = (a — 1)z. The procedures for the other two equations were similar, but had minor
modifications.

In brief, we initialize S to a set of polynomials Sy, and we use an auxiliary set of “gaps” G to
add more polynomials to S. The procedure BOUNDEDINTEGERPOLYNOMIAL returns true if and
only if all of its arguments are polynomials p(a) € Za] that satisfy 1 < p(a) < a® + (a — 1)?

for all @ > 16. The FINDPOLYNOMIALS procedure is not guaranteed to produce a set of clauses
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that yields an unsatisfiable formula, and it took several attempts to come up with suitable choices
for the initial sets Sp and Go. As an example, for the equation a(x — y) = (a — 1)z, we set
So = {l,a — 1,a,a+ 1,a® — 1,a%,a> + 1,a%,a® + (a — 1)?}, Go = {1,a — 1,a,(a — 1)?,a?}, and
maxlIterations = 3. Files containing the polynomials and clauses used in our formulas can be found

in [30].
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Algorithm 1 FINDPOLYNOMIALS(Sy, Go,maxIterations)

S+ Sy
G+ Gy
for i = 1 to maxIterations do
for p,q in S do
r 2
if BOUNDEDINTEGERPOLYNOMIAL(r) then
G+ GuU{r}
end if
end for
forpe S, ge G do
ry<p+(a—1)q
if BOUNDEDINTEGERPOLYNOMIAL(ry) then
S+ Su{rs}
end if
r-<p—(a—1)g
if BOUNDEDINTEGERPOLYNOMIAL(7r_) then
S+ Su{r_}
end if
end for
end for
C+0
for p,q € S do
T p
y<p—(a—1)qg
Z + aq > Here (x,y, 2) is a solution to a(x — y) = (a — 1)z.
if BOUNDEDINTEGERPOLYNOMIAL(z, y, z) then
S+ SU{x,y,z}
C+ CU{{zx,y,z}}
end if
end for 70

return S, C




CHAPTER 4

Diffsequences and Arithmetic Progressions Involving Fibonacci

Numbers

The main goal of this chapter is to prove Theorems 4.2.1 and 4.2.2, which are stated in Section
1.5. Recall that a D-diffsequence is a sequence z1, ...,z satisfying x;11 —xz; € Dfor 1 <i< /-1
and that A(D,¢; k) is the smallest n such that every k-coloring of [n] contains a monochromatic ¢-
term D-diffsequence. Our proofs of these results involve combinatorial words that produce colorings
that avoid either F-diffsequences or arithmetic progressions with gap in F' of a certain length. The
search for these words was aided by the Online Encyclopedia of Integer Sequences (OEIS) and the
computational power of SAT solvers. We also use SAT solvers to compute other exact values of
A(D, ¢; k) for other sets D.

This chapter is organized as follows. In Section 4.1, we formally define some of the objects
studied in this paper and recall some well-known properties of Fibonacci numbers and combinatorial
words. Section 4.2 contains the proofs of Theorems 4.2.1 and 4.2.2. We conclude in Section 4.3

with some experimental data.

4.1. Combinatorial Words and Fibonacci Numbers

In this section we collect several results that are used in the proofs of Theorems 4.2.1 and 4.2.2.
We also fix the following notation for numbers and objects used throughout this chapter.

Welet F':= {1,2,3,5,8, ...} denote the set of Fibonacci numbers, and let G := {1,4,17,72,...} =
{% : fe F}NZ. We let f,, be the n-th term of the Fibonacci sequence, where f; = fo = 1 and
fot1 = fn + fno1 for n > 2. Similarly, we set g, = f‘ST” We denote the Lucas numbers /¢, by
bo=2,41=1,4, =4Ly,_1+ £,_o for n > 2. For any real number r, we denote the fractional part of
r by {r} :=r —[r]. We let ¢ denote the golden ratio ¢ := 1+T\/g When a number A(D, ¢; k) does
not exist, we write A(D, ¢; k) = oo, and similarly for n(APp, ¢; k).
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The following lemma consists of two well-known results that give exact formulas for the Fi-

bonacci numbers f,, and Lucas numbers #,, in terms of ¢.

LEMMA 4.1.1. The following identities for Fibonacci numbers f, and Lucas numbers £, hold.

(i) fn:%fornZI.
(ii) £yp = " + (=)™ for n > 0.

There are straightforward proofs of Lemma 4.1.1 using induction or generating functions (see

[131], for example). An immediate consequence of Lemma 4.1.1 is the following identity.
COROLLARY 4.1.1. Forn > 2, %" — fao1 = (=)l

We recall several standard definitions on combinatorial words (see [15] or [3] for an introduc-
tion). A word is a (possibly infinite) sequence of symbols of a finite, nonempty alphabet ¥. Given
two words wy and weq, we write wyws for the concatenation of wy and ws. A word morphism is a
map « from the set of words over an alphabet X to the set of words over an alphabet ¥/ satisfying
a(zy) = a(x)a(y) for all words x and y. Practically speaking, we need only specify a morphism on
Y, and the word «a(x) is obtained by replacing each instance of o in x by a(o), for each o € X.

In this thesis we consider only words over the alphabet {0, 1}. Of particular interest is the n-th

Fibonacct word F,,, which is given by
FO = O, F1 = 01, Fn = n_an_g if n Z 2.

The infinite Fibonacci word is the limit Fipy = 010010100100. .., the unique word that contains F,
as a prefix for all n. We use the infinite Fibonacci word to define two new words, S and 7', which

provide us colorings used in the proof of Theorems 4.2.1 and 4.2.2, respectively.

DEFINITION 4.1.1. Let p be the word morphism given by 0 — 10, 1 — 01, and let v be the word

morphism given by 0 — 1, 1 — 00. The words S and T are given by
S := u(Fs) =1001101001..., T :=v(Fx)=1001100100....

The morphism p is known as the Thue-Morse morphism. The fixed point of x (which is unique

up to binary complement) is the famous Thue-Morse infinite word 0110100110010. .., which has
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many interesting properties. One motivation for Thue’s study of his eponymous word was pattern
avoidance. Thue showed that it is overlap-free, meaning it does not contain any consecutive string
of the form 0x0x0 or 1zlzl (see [15] for a proof in English). In this light it is not surprising that
1 should appear in the construction of words avoiding the patterns of diffsequences and arithmetic
progressions.

The following lemma lists some key properties of the words F, S, and T. In particular, it
shows that I is Sturmian. Sturmian words are well-studied and have several useful properties
(see [3], Chapter 9). In particular, the positions of the ones in a Sturmian word are given by
terms in a Beatty sequence, a sequence of the from a,, = |na| for some positive irrational «. This
property allows us to determine the positions of ones in S and T' as well. We refer the interested

reader to [14], [3], and the references therein for additional results on Sturmian words.

LEMMA 4.1.2. The following results on the words Fu, S, and T hold.

(i) The infinite Fibonacci word Fy, satisfies

0 ifn=|mo| for some integer m,
Foo(n) =
1  otherwise.

(it) If n # |mq| for all integers m, then there exist integers m’ and m” such that n+1 = |m/¢|
andn—1=|m"¢|.
(iii) The word S satisfies

0 ifnis even and § = [m@| for some integer m,
1 ifnis even and § # |m¢| for all integers m,

0 ifn is odd and "T‘H # |mae| for all integers m,

\1 if n is odd and ”T‘H = |ma¢| for some integer m.

(iv) The word T satisfies

1 ifn=2|me¢| —m for some integer m,
T(n) =

0 otherwise.
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PROOF. The statement (i) was proven in [128]. The statement (ii) follows easily from the fact
that 1 < ¢ < 2, and (4i7) follows from (i) and the definition of S. The proof of (iv) was originally
given by Michel Dekking on the OEIS entry A287772 for vF. For completeness, we give a slightly
different proof here.

By (), the positions of the zeros in Fi, are given by the sequence |m¢]|, and by the definition
of v, every 1 in T is obtained from a 0 in F,. It therefore suffices to show that v maps the 0 at
position [m¢] to the 1 at position 2 [m¢| — m. This is easy to verify for m = 1, and suppose it
holds for m = k.

We consider two cases, noting that |(k+ 1)¢| — |k¢| € {1,2} for all integers k. First, if
|(k+1)¢| — |k¢| = 1, then the k-th and (k+ 1)-th zeros in Fix are adjacent, and so in T, the k-th
and (k4 1)-th ones are adjacent. By the induction hypothesis, the k-th one is in position 2 k¢ | — k
and the (k + 1)-th one is in position 2 |k¢| —k+1=2|(k+1)¢| — (k + 1) as desired.

Now suppose |(k + 1)¢| — |k¢] = 2. Then there is a one between the k-th and (k + 1)-th zeros
in F,. Therefore in T, by the definition of v and the induction hypothesis, the (k + 1)-th one is in
position 2 |k¢| —k+3 =2|(k+ 1)¢] — (k+ 1), which completes the proof. O

4.2. Proofs of Theorems 4.2.1 and 4.2.2

In this section we prove our main results, Theorems 4.2.1 and 4.2.2. In each case we construct
a coloring of Z* and show by contradiction that it does not contain a suitable monochromatic
diffsequence or arithmetic progression. Our main technique in the proofs of Theorems 4.2.1 and 4.2.2
is constructing a sequence of numbers {m;¢} whose fractional parts are either strictly increasing or

strictly decreasing. If there exist ¢ and j such that [{m;¢} —{m;¢}| > 1, then this is a contradiction.

4.2.1. Proof of Theorem 4.2.1. To prove F' is not 4-accessible, we must find a 4-coloring
of Z with no k-term F-diffsequences for some positive integer k. Instead of working directly with
such a 4-coloring, we will use a 2-coloring that avoids k-term G-diffsequences. The following lemma

shows that the existence of this 2-coloring is enough to prove that F' is not 4-accessible.

LEMMA 4.2.1. Suppose G is not 2-accessible, i.e., A(G,k;2) = oo for some k. Then F is not

4-accessible.
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PROOF. Let x : Z* — {1,2} be a 2-coloring of Z* that does not contain a monochromatic

k-term G-diffsequence. Then define a 4-coloring x’ : ZT — {c11,¢1,2,¢21,¢22} by

CI,X(n+1) n Odd,
X'(n) =
CZX(%) n even.
Now suppose towards contradiction that y’ contains a k-term monochromatic F-diffsequence ny, ..., ng.

By the construction of y/, each term in the diffsequence has the same parity. Suppose first

that nj,...,n; are all odd. Then n;+; — n; is even for 1 < ¢ < k — 1. Moreover, observe
that y(“521) = -+ = x(™1). Therefore ni+21+1 — ikl = Ml e Gifor 1 < < k-1, s0
”1T+1, cees "’“TH is a k-term G-diffsequence, a contradiction. If we assume instead that nq,...,ng

are even, then we can reach a contradiction by a similar argument, which completes the proof. [J

The following result gives several bounds on differences of fractional parts, and it is central to

the proof of Theorem 4.2.1.

LEMMA 4.2.2. The following bounds hold.

(i) Suppose x3 —x1 = % with g; € G even. If x1 = [m1¢] and xo = [mag] for some integers

mq and mo, then

—3i+1 _
{mao} — {mi1¢} < % < —0.38.

(ii) Suppose xo — x1 = % with g; € G odd. If x1 = [m1¢] and o +1 = [ma¢| for some

integers mi1 and ma, then

36 — 6
4

{mag} — {mi¢} < < —0.28.

(iii) Suppose xo — x1 = % with gi € G odd and i > 1. If z1 + 1 = [m1¢| and xo = [mad]

for some integers my and mo, then

{mag} — {mi1o} < y < —0.52.
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Proor. For (i), we have
mag —m1g — {mag} + {mid} = vz — a1 = & = 1

and after rearranging and applying Corollary 4.1.1, we have

My —my = I3 {mag} — {m1¢} _ f3i1 B ¢—3i N {mao} — {mlgb}.

4¢ 10) 4 4 10)

Since g; is even, it follows from the definition of ¢; that i is even, so f3;—1 =1 (mod 4). Observe
also that %ﬁmm} < 1. Because my—m; is an integer, it follows that either {ma¢p} —{mi¢} =
(b(&) or {mag} — {mi1o} = o(1 — 3 ) However, the latter case is impossible since we
must have | {ma¢} — {mi1¢}| < 1, but (b(l -1+ ¢ ) > 1 for all +. The minimum value of 7 is 2,
so we have

< —0.38

—3i+1 _ -5
g} — fmg} = =0 < T2

4
for all 4.
The proofs of the remaining parts are similar. For (ii), since g; is odd, g; = % with ¢ odd.

Then we have

i+ 3 i 3
g _ s

map —m1p — {mag} + {mid} =2 +1 -1 = 5 = 4

|

Rearranging and applying Corollary 4.1.1 gives

faic1 | ¢ {moo} — {m1¢}
P +%+ J

Here, note that f3;_1 =1 (mod 4) and 1 < 7 —|— % < 2. By a similar argument as above, it
follows that either {ma¢} — {mi1¢} = —¢ (2¢ 34 ¢_ ) = 3¢:6 = o {magp} — {mip} =

0] (1 — (i -3+ df?ﬂ.)) = 77¢4_6 - LjHI. Since ¢ > 1, it follows that —7¢4_6 ¢ a

ma2 —my1 =

> 1 and the

latter case is impossible. Therefore {ma¢} — {mi¢} = 3¢;6 - ¢7T+1 < 3(754_6 < —0.28 for all 1.

For (iii), we again have g; = % with ¢ odd. Then we have

9i—3 _fsu 3
2 4 2

map —migp — {mag} + {mi¢} =2 — (11 +1) =

Rearranging and applying Corollary 4.1.1 gives
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fsicn ¢33 {mag} — {m1¢}'

Mz —mp = — + 1 —%%— 3
Here we have —1 < 1 — % < 0, so it follows that either {map} — {mi1¢} = —¢ (i - % + ‘bji) =
_ ~3i41 . ) —3; _ 341
%—d’ 17— > lsince i > 1, or {'mg(b}—{muﬁ}:qﬁ(—l—(%—%—i-gb4 )) = 645¢—¢ .
The former case is impossible, so {mag} — {mi¢} < @ < —0.52 for all 1. O

We are now equipped to prove Theorem 4.2.1.

PROOF OF THEOREM 4.2.1. By Lemma 4.2.1, it is sufficient to find a 2-coloring of Z* that
contains no monochromatic 4-term G-diffsequences. We will show that the coloring x(n) = S(n),
where S(n) is the n-th symbol in the word S, satisfies this property.

Throughout this proof, we assume that yi,y2,ys,ys is a 4-term G-diffsequence, and we will

show a contradiction. First, consider the following finite state machine.

Geven Godd

Suppose S(y1) = S(y2) = S(y3) = S(ya) with y;41 — y; = gj, for some g;, € G and i = 1,2,3. For
each diffsequence, we have a sequence of states q1, g2, g3, ¢4, and a sequence of transitions tq,ts, t3.
If y; is even, then we set ¢; := Qepen, and if y; is odd, we set ¢; := ¢oqq- The transitions t¢; are
determined by the transition arrow that takes ¢; to ¢;+1, so that, for example, if g1 = ¢epen and

G2 = qodd, then t; = b. For each y;, set

4 if y; is even ,

vt if g, s odd .
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By Lemma 4.1.2, for each i there is a unique integer m; that satisfies

(

|m;io| if y; is even and S(y;) = 0,

|m;¢|] —1 if y; is odd and S(y;) = 0,

T; =

|mip| +1 if y; is even and S(y;) = 1,

|m;¢] if y; is odd and S(y;) = 1.

We are done if we show that {m4¢} — {m1¢} < —1, which is a contradiction. By Lemma 4.2.2,

for all 7 we have that

—0.38 ift; =a,
{mip16} —{mig} < ¢ —0.28 ift; = b,
—0.52 ift; = c.
By examining all the combinations of values for t1, to, t3, we see that {m4¢} — {m1¢} < —1 unless

t1 = to = t3 = b. But this case is impossible since consecutive transitions cannot both be b, and

the proof is complete.

4.2.2. Proof of Theorem 4.2.2. The proof of Theorem 4.2.2 is similar to the proof of The-
orem 4.2.1. We will show that the 2-coloring induced by 7' = v(Fx) has no monochromatic 5-term
arithmetic progressions whose gaps are in F. The following lemma is a technical result which is

essential for the computations in the proof of Theorem 4.2.2.

LEMMA 4.2.3. Let f, be the n-th Fibonacci number, and suppose € € {—4,0,4} and n > 13.
Then the following identities hold:

()

fn+6 _2(_¢)—n
{2¢—1}_ 5 | ome
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where .

#\/05—5)6 ifn=0 (mod4),
%\/05—5)5 ifn=1 (mod4) and e € {0,4},
11—574\/5 ifn=1 (mod4) and e = —4,
Cne =

D e 2o (mod 4,
%\/0575)6 ifn=3 (mod4) and e € {0,4},

%\/5 ifn=3 (mod4) and e = —4.

(ii) HgfiJ is even if and only if one of the following cases holds:

ec=0andn=0,1,2,3,510 (mod 12),
e c=4andn=0,2,3,9,10 (mod 12),
e c=—-4andn=0,1,2,57,10,11 (mod 12).

Proor. By Lemma 4.1.1, we have

fn+e fnte " — (—¢)_” € ln 2(_¢)—n €
4.1 = = +—===-—————+—
(4.1) 20 — 1 V5 5 NGRS ) V5
Note that the Lucas numbers ¢, are periodic modulo 5 with period 4, so %" = m + g for

some m € Z and r € {1,2,3,4}, with r depending only on the value of n modulo 4. Therefore,

if n is sufficiently large, then {gg—fi} = —W + {% + %} Moreover, for n > 13, we have
2<—¢)—”)
5

< .001, and some straightforward calculations give part (7).

For part (ii), we take the floor of both sides of Equation 4.1. If we write ¢, = 10m + r for

m € Z with 0 < r <9, we observe that

N R

and we see that the parity of H{;fiJ is dependent only on € and the value of r. (The term 72(_?%

is negligible since n > 13 and the Lucas numbers are nonzero modulo 5.) The Lucas numbers are
periodic modulo 10 with period 12, and a straightforward check of all the possible values of € and

n (mod 12) gives the result. U
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We now prove Theorem 4.2.2.

PROOF OF THEOREM 4.2.2. Suppose towards contradiction that 7' contains a 5-term arith-
metic progression x1,xe, x3, x4, x5 with common difference f,, € F and T(z1) = -+ = T'(z5). We
first consider the case where T'(x;) = 1 for all i. By Lemma 4.1.2, for all ¢ there exists a positive
integer m; such that x; = 2 [m;¢| — m;.

Therefore for i = 1,2, 3,4 we have

miv1 —m; = 2(|mip19] — [mid]) + x; — ziv1 = 2(Imit10] — [mig]) — fa,

so mjy1 —m; + f is even, hence m;11 — my; and f, have the same parity. After simplifying further,

we obtain
Mip1 —m; = 2(mip1¢0 — {mip10} — mid + {mig}) — fa,

which implies

2¢>fi 1 2¢2_ 1 ({miy10} — {mig}).

Mit1 — Mi =

Since %({miﬂtﬁ} —{m;¢})| < 1, it follows that either m; ; —m; = L%{—le or miy; —m; =

[2;&1]. By the parity argument above, m;+1 — m; is equal to the value in {L%J, [%]} that

has the same parity as f,. Therefore we have

(4.2) {mit10} — {mig} =

The Fibonacci number f, is even if and only if n is a multiple of 3, and so by using Equation
4.2 and Lemma 4.2.3, we can now calculate the differences {m; 16} — {m;p}. Note that these
differences are dependent only on f,, so they are equal for all ¢. If the absolute value of these
differences is at least %, then there are no 5-term arithmetic progressions with 7'(z;) = 1 for all 1.

We give the values of {m;+1¢}—{m;¢}, rounded to three decimal places, of f,, below for 1 <n < 12:
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no| fo | {mit10} — {mi¢}
12| 1 618
3 2 -1
4 3 -.382
5) 5 .854
6 8 472
7 13 -.910
8 21 -.438
9 34 .889
10 | 55 451
11 | 89 -.897
12 | 144 -.446

For n > 13, using Equation 4.2 and Lemma 4.2.3, we see that {m;;1¢} — {m;¢} is approximately
\_/—%, %, %, or \_/—% when n is congruent to 0, 1, 2, or 3 modulo 4, respectively. We see that
[{mit1¢0} —{mi¢}| > % for all n, and so in fact there are not even any 4-term arithmetic progressions
x1,x2,x3, x4 with gaps in F with T'(x;) =1 for i = 1,2, 3,4.

We now move to the case T'(z;) = 0. First, observe that the string 11 never appears in
the word F,,, hence the string 000 never appears in T. Moreover, each 0 in T is adjacent to
another 0. Consequently, if T'(x) = 0, then either T'(x —2) = 1 or T'(x + 2) = 1. For each z;,
choose y; € {x; — 2,x; + 2} such that T(y;) = 1. Therefore, if x;11 — x; = f, for all i, then
Yir1 — Yi € {fn — 4, fn, fn + 4} for all i. By Lemma 4.1.2, for all i there exists an m; such that
yi = 2 [mio| —m,;.

Our analysis is now similar as above. Notice again that m;11 —m; and f,, must have the same

parity since

miy1 —m; = 2(|mip10] — [mid]) + vi — yir1 = 2(|miy10] — [mig]) — (fn + ),

and ¢; € {—4,0,4}.
81



Rearranging and using a similar argument as above, we have m;+;—m; = LWJ Or Mjt1—M; =

[JJ_&H, where ¢; € {—4,0,4}. Therefore we have

2¢0—1 +€; f +€;
___— ( — { f € }) 1 mz—‘,-l mi ’V fzd)—e —| Y
2¢0—1 f4ei f [te€i

2 ( { . }) o mit1 my; L Zd)f J .

We again calculate the first several values of {mi;1¢6} — {m;¢} when e = +4 below.

(4.3) {miy10} — {mig} =

no| fot4 | {mi1é} — {mid} no| fo—4 | {mip16} — {mi¢}
12| 5 854 12| -3 382
3 6 -.764 3 -2 1
4 7 -.146 4 -1 -.618
) 9 1.090 5) 1 .618
6 12 708 6 4 .236
7 17 -.674 7 9 1.090
8 25 -.202 8 17 -.674
9 38 -1.111 9 30 .652
10 59 .687 10 51 215
11 93 -.661 11 85 1.103
12 148 -.210 12 140 -.682

If ¢; = 4, then by Lemma 4.2.3, for n > 13, the values of {m;;1¢} — {m;¢} are approximately

(within .001 of) one of the values

22-V5) g 20=E) 06 2B2VE) a3 2V5

V5 ' Vb 5 Vb
depending on whether n = 0, 1,2, or 3 modulo 4, respectively. Similarly, if ¢; = —4, then the values

of {mit16} — {m;¢} are approximately (within .001 of) one of the values

2B-V5) _ 683, ST 2VO 2V5 658, 22— V) 011, 221 =V5) v5)

V5 V5 V5 V5

again depending on whether n = 0,1, 2, or 3 modulo 4, respectively.
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Let d; := {mjt16} —{m;¢}. If |d;| > 1 for any i, then we are done immediately. First, one can
show that d; > 0 if and only if ¢, =0 and n = 1,2 (mod 4), or ¢, =4 and n =2 (mod 4) or n =5,
or e, =—4 and n # 0 (mod 4).

Note also that |d;| > 1 when ¢, =4 and n =1 (mod 4) and when ¢; = —4 and n = 3 (mod 4).
Therefore these two cases are impossible, and considering the remaining possibilities of n (mod 4)
and ¢;, we see that d; always has the same sign regardless of ¢;.

Observe that if €¢; = 4, then ¢;11 = 0 or €;4+1 = F4. Using the approximations for d; for large
n and considering all possible sequences of ¢; for i = 1,2, 3,4, we have |dy + do + d3 + d4| > 1 in all

cases (in fact, |dy + d2 + d3| > 1 unless n = 4), which concludes the proof.

4.3. Experimental Results and Further Questions

In this section we give some results on A(D,¢;k) and n(APp,¥¢; k) for different sets D and
discuss some open questions. Our primary method for computing these values is the SAT solver
CaD1CAL [20].

For each number A(D,¢;k) (or n(APp,{; k), we construct formulas ¢, that are satisfiable if
and only if A(D,¢;k) > n (or n(APp,¥;k) > n). These formulas are constructed in essentially
the same way as our formulas for Rado numbers in Chapter 3. The set of variables in each ¢, is
{v§:1<i<mn, 1<ec<r} The variable v§ is assigned true if and only if integer i is colored
color c. We again use positive, negative, and optional clauses. Positive and optional clauses are
exactly the same as we saw in Section 3.2. The only small difference is that now negative clauses
ensure that there are no monochromatic D-diffsequences (or arithmetic progressions with common
difference in D). If x1,..., 2k is a k-term D-diffsequence (or arithmetic progression with common
difference in D), then we include a clause of the form

¢ Vol V- VTS

T T2 T

for all colors ¢ and all k-term diffsequences (or arithmetic progressions with common difference in
D)withl1 <z <--- <z <n.
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The formula ¢,, is the conjunction of all positive, negative, and optional clauses for the given
parameters n, D, k,r.

We first consider the set of Lucas numbers L = {2,1,3,4,7,11,...} and doa(L). It is easily
shown that no Lucas number is a multiple of 5, so A(L, 2;5) = oo since coloring each integer its con-
gruence class mod 5 avoids 2-term L-diffsequences. The following result gives a slight improvement

and shows doa(L) < 3.

PROPOSITION 4.3.1. Let L be the set of Lucas numbers. Then A(L,3;4) = oco. In particular,

L is not 4-accessible and doa(L) < 3.

PROOF. Define a coloring x : Z1 — [4] as follows:

¢

1 ifn=1,7 (mod 8),
2 ifn=24 (mod ),

3 ifn=3,5 (mod3y),

4 ifn=0,6 (mod38).

We suppose towards contradiction that x1,xs, x3 is a 3-term L-diffsequence with x(z1) = x(x2) =

X(x3). Observe that the Lucas numbers are periodic modulo 8 and congruent to
2,1,3,4,7,3,2,5,7,4,3,7,2,1,... (mod 8),

so no Lucas number is congruent to 0 or 6 modulo 8. Thus by the definition of x, one can check
that we must have 9 —x1 = 2 (mod 8). But then we must have that x3 — x9 is congruent to either

0 or 6 modulo 8, which is a contradiction. ]

Table 4.1 gives some additional computed values of A(L, ¢; k).

We next study the set P = {2,3,5,7,10,12,17,22, ... }, the set of nonzero Perrin (or “skiponacci”)
numbers p,, which are given by p1 = 3, po = 0, p3 = 2, and p, = pn_2 + pp—3 for n > 4. Ta-
ble 4.2 gives some values of A(P,¢;k). The most difficult computation was the upper bound

A(P,3;5) < 107, which required over 5 hours using CADICAL. For this computation we produced
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TABLE 4.1. Table of numbers A(L, ¢; k)

¢
I 2 3 4 5 6 7
2 |3 5 7 13 15 21
3 |4 13 22 51
4 |5 o
5 | o0

TABLE 4.2. Table of numbers A(P,¢; k)

14
I 2 3 4 5 6 7
2 5 9 13 19 23 31
3 7 17 28 43
4 13 35 81
5 18 107
6 25
7 | > 5000

a certificate of unsatisfiability for the upper bound; this used over 3.3GB of memory. In contrast,
CADICAL gives the lower bound A(P,3;5) > 107 in merely two seconds, outputting the 5-coloring
of [106] shown in Table 4.3.

Color Color class
1 {1, 5, 8, 12, 16, 23, 27, 31, 38, 42, 46, 53, 57, 64, 68, 72, 79, 83, 87, 94, 100}
2 {2, 13, 20, 24, 28, 35, 39, 43, 50, 54, 61, 65, 69, 76, 80, 84, 91, 95, 99, 102, 106}
3 { 3,4, 11, 15, 19, 26, 30, 34, 41, 45, 49, 56, 60, 67, 71, 75, 82, 86, 90, 97, 98}
4 {6, 7, 14, 18, 22, 29, 33, 37, 44, 48, 52, 55, 59, 63, 70, 74, 78,