Semigroups of Polyhedral Lattice Points: Convexity, Combinatorics, and Algebra
By

CHENGYANG WANG
DISSERTATION

Submitted in partial satisfaction of the requirements for the degree of
DOCTOR OF PHILOSOPHY
in
MATHEMATICS
in the
OFFICE OF GRADUATE STUDIES
of the
UNIVERSITY OF CALIFORNIA
DAVIS

Approved:

Jesus A. De Loera, Chair

Fu Liu

Anne Schilling
Committee in Charge

2024



(© Chengyang Wang, 2024. All rights reserved.



Contents

Abstract

Acknowledgments

Chapter 1. Introduction
1.1. Key concepts and preliminaries
1.2.  Convexity theorems in affine semigroups
1.3.  Weighted Hilbert function and series
1.4. s-weighted Ehrhart theory

1.5. Kakeya’s conjecture

Chapter 2. Convexity in (Colored) Affine Semigroups
2.1. Helly and Tverberg theorems for semigroups

2.2. Carathéodory type theorems for semigroups

2.3. Colored numerical semigroups

Chapter 3. Weighted Graded Semigroup Algebra
3.1. Weighted Hilbert function and series
3.2. Weighted Ehrhart rings and series

Chapter 4. s-weighted Ehrhart Theory
4.1. Proofs of Theorem 1.4.1 and other results
4.2. Applications

4.3. Experiments

Chapter 5. Kakeya’s Conjecture
5.1. Kakeya’s criterion

5.2. Kakeya’s conjecture

ii

iv

10
14
18
21

24
24
28
30

37
37
39

44
44
48
93

o7
o7
60



Bibliography

iii

64



Semigroups of Polyhedral Lattice Points: Convexity, Combinatorics, and Algebra

Abstract

This dissertation explores problems of convexity, combinatorics, and algebra associated with
semigroups of polyhedral lattice points.

In Chapter 2, we first attempt to generalize and extend three well-known convexity theo-
rems, including Helly theorem, Tverberg theorem, and Colorful Carathéodory theorem, to affine
semigroups. We define a novel notion, chromatic representations of semigroup elements, this is
in contrast to the colorful theory developed by Bérany et al. Later, we focus on one-dimensional
affine semigroups, numerical semigroups, and study the number of chromatic solutions in numerical
semigroups.

In Chapter 3, we generalize the classical Hilbert functions and Hilbert series of a semigroup
algebra to have weightings. We list three ways to add weightings, ¢-weighting, r-weighting, and s-
weighting, and study their relationships. We find that the ¢g-weighting can derive other weightings.
Later, we specialize to the special family of semigroup algebras, the Ehrhart rings. We study
and extend the properties of h*-nonnegativity and Ehrhart—Macdonald reciprocity for the Ehrhart
series under these three weightings.

In Chapter 4, we focus on the Ehrhart functions under the s-weighting and give a practical
method to evaluate the s-weighted Ehrhart function. Specifically, we construct a new polytope, the
weight-lifting polytope, and build a connection between the s-weighted Ehrhart function and the
classical Ehrhart function. Later, we present several applications and experiments of our method
in combinatorial representation theory and number theory.

In Chapter 5, we discuss a long-standing conjecture, Kakeya’s conjecture, which brings a sur-
prising connection between numerical semigroups and symmetric polynomials. We give partial
results, prove the conjecture for two variables, and outline a general computer proof for an arbi-

trary number of variables.
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CHAPTER 1

Introduction

Semigroups are one of the simplest algebraic structures in mathematics but they have some
unexplored results. They appear in many areas of mathematics. In probability theory, semigroups
are associated with the Markov process [62]. In functional analysis, operator semigroups provide
solutions of linear constant coefficient ordinary differential equations in Banach spaces [51]. In
knot theory, semigroups are used to understand the knot structures [34].

This dissertation focuses on the semigroups of lattice points in polyhedral cones and their
connections to convexity, combinatorics, and algebra. We present four contributions in this in-
troduction, proofs and technical details will appear in the following chapters. This dissertation
contains new versions of some results I published in [41], [37], and two more papers that are in

preparation.

1.1. Key concepts and preliminaries

A semigroup is a set with an associative binary operation. For example, a subset of integers
with the minimum or maximum operation forms a semigroup. In our context, we only consider

semigroups with the standard addition operation.

DEFINITION 1.1.1. For an integer matriz A € Z¥", the affine semigroup generated by A,
denoted as Sg(A), is the additive semigroup of all non-negative integer combinations of the column

vectors of A, i.e.,
Sg(A) = {b eR%: Ax =b, for some x € Z",x > 0}.

For a given set of integral vectors V.= {v1,..., vy}, we also use S = Sg(V') to denote the affine

semigroup generated by the matriz with column vectors vi,...,Vy,.



1 1 1 0
ExaMpPLE 1.1.1. Let A = , then Sg(A) = , , , , .
0 2 3 0 0 2 3 0

See Figure 1.1.
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FIGURE 1.1. The visualization of a part of the affine semigroup in Example 1.1.1.

Affine semigroups lie in the intersection of algebraic geometry, combinatorics, commutative
algebra, convex discrete geometry, and number theory. They are the combinatorial building blocks
of toric varieties [33], and they find countless applications in optimization and number theory [14,
15,19,21,25,29,47,78,80).

If we relax the condition from the non-negative integer combinations to non-negative real com-

binations, then we can associate an affine semigroup with a polyhedral cone.

DEFINITION 1.1.2. For an affine semigroup generated by the integer matrizc A € Z¥™, its
associated (conver polyhedral) cone, denoted as Cone(A), is the set consisting of all non-

negative real combinations of the columns of A, i.e.,
Cone(A) = {b e R?: Ax = b for some x € R",x > 0}.

1 11
EXAMPLE 1.1.2. Let A = (same as Example 1.1.1), then the associated cone of

0 2 3
Sg(A), Cone(A), is the shaded unbounded region in Figure 1.2.

There are some properties of affine semigroups which are important to us. An affine semigroup
is pointed if it has no nontrivial subgroup. This is equivalent to Cone(A) containing no positive

dimensional linear subspace of R?. For example, the affine semigroup in Example 1.1.1 is pointed
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FiGURE 1.2. The visualization of a part of the cone in Example 1.1.2.

since it only contains a subgroup {(0,0)}. However, if we consider B = , then the affine
0 0

semigroup Sg(B) is not pointed since it contains a nontrivial subgroup Z x {0}. An affine semigroup

is trivial if it only contains the zero element.

DEFINITION 1.1.3. An affine semigroup S = Sg(A) is normal with respect to an integral lattice

L if Sg(A) = Cone(A) N L.

ExaMpPLE 1.1.3. The affine semigroup in Example 1.1.1 is not normal to the standard integer

1111
lattice Z2. However, if we include more generators and consider B = , then the

01 2 3

affine semigroup Sg(B) is normal with respect to the lattice Z2.

In this dissertation, we would like to introduce some colors to distinguish the generators of an

affine semigroup.

DEFINITION 1.1.4. An £-coloring on the column vectors of a matriz A is a partition {Z;}i_,
of the n column indices set of A. A column vector v; is associated with the color c if the index

1 € Z.. A, denotes the submatriz of A with color c.

DEFINITION 1.1.5. For an {-coloring {Ii}le on the matrixz A, a colored affine semigroup,
denoted as Sg(A1, A, ..., Ay), is the affine semigroup generated by A with the given coloring on

the gemerating column vectors.

The colored affine semigroup has the same algebraic structure as the affine semigroup, however,

the coloring changes the way of representing an element using the generators. For a solution vector

3



x of Ax = b, the support of x, denoted supp(x), is the set of coordinate indices i such that
x; # 0. For a solution vector x of Ax = b and an ¢-coloring {Ii}le, the vector x uses a color c if

i € supp(x) for some i € Z...

DEFINITION 1.1.6. For a solution vector x of Ax = b and an {-coloring {Z;}!_,, the solution
X 18:
(a) k-chromatic if x uses at least k different colors;
(b) monochromatic if x is not 2-chromatic (i.e., supp(x) C Z. for some c);
(¢) chromatic if x uses all available colors (i.e., |supp(x)(\Z.| > 1 for all ¢); and

(d) colorful if no 2 columns of identical color are used (i.e., |supp(x)(\Z.| <1 for all c).

Some terms in Definition 1.1.6 have subtle distinctions. Example 1.1.4 shows some differences,

and in particular neither chromatic nor colorful implies the other.

EXAMPLE 1.1.4. Let A = [916 11 14 12 13] and b = 70. Let Z; = {1,2}, T, = {3,4}, I3 =

{5,6} being a 3-coloring of A. Consider
Ax=b, x>0, xeZb

The solution x = (6,1,0,0,0,0) is monochromatic. The solution x = (3,1,0,1,0,1) is chromatic
since each color is used, but not colorful since two distinct columns from Z; are used. The solution
x = (0,1,0,2,0,2) is both chromatic and colorful since exactly one column is used from each color.

Lastly, the solution x = (0,0, 2,0,4,0) is colorful, 2-chromatic, but not chromatic.

Among all semigroups, one special class of affine semigroups consisting of only natural numbers
receives a lot of interest. For an integral n-dimensional vector a = (a1, as, ..., a,) € Z™, the vector
a is primitive if ged(ag, ag, .. .,a,) = 1. A numerical semigroup [73] is an affine semigroup gen-
erated by a, where the matrix a = (a1,...,a,) € ZZ; is a positive primitive integral n-dimensional
vector. For example, Let a = (4,6,7), then Sg(a) = {0,4,6,7,8,10,11,12,13,...} is a numerical
semigroup.

Numerical semigroups are associated with many interesting and important invariants. For a

numerical semigroup Sg(a), A gap element is a natural number which cannot be generated by a and
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the gaps, denoted as G(Sg(a)), is the set of all gap elements. For example, let a = (4,6,7), then
G(Sg(a)) = {1,2,3,4,5,9} is the gaps of numerical semigroup Sg(a). For a numerical semigroup
Sg(a), the Frobenius number, denoted as F(a) or F(Sg(a)), of this numerical semigroup is the
largest integer in the gaps [72]. For example, let a = (4,6,7) and G(Sg(a)) = {1,2,3,4,5,9}, then
F(a) = F(Sg(a)) =9 is the Frobenius number of numerical semigroup Sg(a).

Similarly, we will consider colored numerical semigroup which is both a numerical semigroup
and a colored affine semigroup. We define an important invariant related to colored numerical
semigroup. For a colored numerical semigroup Sg(Aj, Ag,...,Ay), the k-chromatic Frobenius
number, denoted as CFy(A1, Ag,...,Ay), is the largest integer b such that Ax = b has no k-
chromatic integral solution.

Besides numerical semigroups, another special class of affine semigroups arising from polytopes
is also a focused area of research. For a set S C R?, the conic hull of S, denoted as Cone(S), is

the set of all conical combinations of S, i.e.,

k
Cone(S) = {Z a;ix; | x; € S04 € R>0,k € N} )

i=1
Given a polytope P C R?, we will identify R? as the level 1 hyperplane of R4t!, therefore, the
polytope is naturally lifted to R4, The polytopal cone generated by P, denoted as Cp, is the
conic hull of the lifted P. The polytopal semigroup, denoted as Sgp, is Cp N Z%. The minimal

generating set of Sgp is called the Hilbert basis of Sgp.
ExaMPLE 1.1.5. We give an example of a polytopal cone in dimension three. See Figure 1.3.

Then we shift our attention to algebra. Fix a coefficient field K, the Laurent polynomial ring
with d variables over the field K, Rilt = K[t,t7!], is the ambient ring that we consider in this
dissertation. Its monomials are throughout abbreviated by t* := t{* ---t3?, a = (a1,...,aq4) in 74,
We often think of monomials as lattice points and rely on their lattice geometry for our analysis.
Affine semigroups are also very common and important ingredient in K-algebra. For an affine
semigroup M C Z¢, the semigroup algebra, denoted as K[M], is K[t® |a € M] C RE. Let G be

an Abelian group, A G-grading on a ring R is a decomposition R = @ . Ry of Abelian groups

geG
such that RyRy C Ryqp, for all g, h € G, and R is called a G-graded ring. In this dissertation, we
5



FiGUrE 1.3. The visualization of a part of a polytopal cone and a polytopals semi-
group.

are mainly interested in a Z-graded semigroup algebra, K[M] with a Z-grading ¢. The theory of
graded semigroup algebras, in particular their Hilbert functions, has been fundamental in algebraic
combinatorics, commutative algebra, and algebraic geometry (see the books [79,83]).

Graded semigroup algebras arising from the polytopes are of great interest.

DEFINITION 1.1.7. For a polytope P C R?, the Ehrhart ring of P, denoted as A(P), is the

graded semigroup algebra of the semigroup Sgp with a Z-grading ¢((x,n)) = n. Specifically,
A(P) =K[t®™ | a e nPNZY).
EXAMPLE 1.1.6. Let P = [0, 2], then
K13 oK 1113 oK 22 oK-3t2 oK - tit3

A(P) =
K-ty OK-tits OK- 2ty

oK -1



FIGURE 1.4. The visualization of the polytopal semigroup.

The Hilbert function and the Hilbert series are critical tools to understand these graded algebras.

For a graded semigroup algebra K[M] with a Z-grading ¢, the multivariate Hilbert function is

Ey(t,n)= >  t°

aeM,p(a)=n
and the Hilbert function is

Ey(1,n)= Y L

aceM,p(a)=n

The multivariate Hilbert series is
Fy(t,z) = Z t220@ = ZEM(t,n)a;”
acM n>0
and the Hilbert series is
Fy(1l,2) = Z 2@ = ZEM(I,n)x".
acM n>0

If the graded semigroup algebra is an Ehrhart ring, then the Hilbert function and the Hilbert
series are also called Ehrhart function and Ehrhart series, which are investigated in Ehrhart
theory [20,48]. More generally, in the work by Okounkov [69], Kaveh and Khovanskii [60] and
Lazarsfeld and Mustata [63] graded semigroup algebras come from lattice points of a convex body,

the Newton-Okounkov body.



In this dissertation, we will introduce three weighted versions of the Hilbert function and Hilbert
series. These weighted versions carry much more information, and from them, one can recover the

basic form we showed above.

DEFINITION 1.1.8. Let K[M] be a graded semigroup algebra with a Z-grading ¢. Fori=1,...,r,

let wi: RT = R, a s w;(a) be a weight. We now define weightings using these w;’s:

(1) The q-weighted multivariate Hilbert function and q-weighted multivariate Hilbert series of

M relative to wq,...,w,, denoted as E]q\’jul’“"wr and F;\If““’wr respectively, are given by
E%wlv--~7wr (q’ t, n) — Z qiﬂl(a) .. .q;ﬂr(a)ta’
acM,p(a)=n

Fg/}wl""’wr(q,t,fﬂ) — ZEq HWL ooy W "(q,t,n)z"

The q-weighted Hilbert function and q-weighted Hilbert series of M relative to wq, . .., w,

are given by,

E%ﬁwlw’wr (q’ 17 n) — Z qivl (a) ... q;LdUT(a)7
aeM,p(a)=n

FZ(\ZU}I"": (q,1,2) ZEq,wh W "(q,1,n)z"

(2) The r-weighted multivariate Hilbert function and r-weighted multivariate Hilbert series of

M relative to wq, ..., w,, denoted E;f’l’“"wr and F]T/’[wl"“’w’" respectively, are given by
w;(a)

Ey " (q,t,n) = Z H qu t?,

aeM,p(a)=ni=1

F]@wl,...,wr(q’t7x) — ZET’ yW15..., W q’t,n)



The r-weighted Hilbert function and r-weighted Hilbert series of M relative to wy, . . ., w,

are given by

E;‘\;[wh...,wr (q’ 1,77,) _ Z H Z ql :

aceM,p(a)=ni=1 =

Fyr(q, 1, z) ZE”"I’ (g, 1,n)x"”

When there is only one weight function w: R* — R, a +— w(a). We define the third weighting

USINg w:

(8) The s-weighted multivariate Hilbert function and s-weighted multivariate Hilbert series of

M relative to w, denoted EY}" and Fy;" respectively, are given by

Ey/(t,n) = Z w(a)t®, and Fy3(t,z) ZES“’ (t,n)z
aceM,p(a)=n

The s-weighted Hilbert function and s-weighted Hilbert series of M relative to w are

given by

Ey/(n) = Z w(a), and Fy/'(z ZE“U

acM,¢p(a)=n
EXAMPLE 1.1.7. Let M = N and w(a) = a?,
(1) Fi(q,t,x) =14 ¢'tlat + ¢*t?2% + 323 + ...
2) Fi’ (g, t,2) =14+ (¢ + Dttat + (P + @3+ ...+ De2a? + ...
(3) Fyi' (g, t,2) = 1+ 1ttal + 46222 + 9222 + ...

Hilbert function and series obtain many fascinating results in Ehrhart rings, see [20,23,48,83]
and references therein. For example, the Ehrhart series always has a rational form, the numerator of
the rational form always has non-negative coefficients [77] and Ehrhart—-Macdonald reciprocity [76]
holds. In Section 1.3.2, we will discuss in detail what properties are preserved after weighting.

Lastly, we temporally switch our attention from semigroups to symmetric functions. Later
in Section 1.5, we will explore the mysterious relationship between semigroups and symmetric

functions. Let R, = K[z, x2,...,z,] denote the polynomial ring in n indeterminate variables over

9



a field K with characteristics 0, the ring of symmetric polynomials, denoted as A, is the
invariant space R5» of the polynomial ring R,, under the standard permutation of symmetric group
Sh.

There are many well-known basic building blocks of symmetric polynomials in A,,, here we
introduce two of them. The elementary symmetric polynomials in n variables z1,...,z,,

written eg(z1,...,x,) for Kk =1,...,n are defined by
ep(T1, ..., xp) = Z Ty ... T,
1<ii<...<jk<n
The power sum symmetric polynomial of degree k in n variables x1, . .., z,, written p(x1, ..., z,)

for k=0,1,..., is the sum of all k-th powers of the variables. Formally,

n
pr(T1, ... xy) = me
i=1

DEFINITION 1.1.9. For a ring of symmetric polynomials in n variables A,,, a set of n symmetric
polynomials, {f1, fa,..., fn}, forms a fundamental system (of the fraction field of A,,), if any

rational symmetric function of x;’s can be expressed as a rational function of f;’s.
EXAMPLE 1.1.8. {p1,p2...,pn} is a fundamental system of A,,.
Now we present our primary contributions in the following sections.

1.2. Convexity theorems in affine semigroups

The Affine semigroup is the algebraic-combinatorial analog of its associated (convex polyhedral)

cone, so we explore the following question in this dissertation.

QUESTION 1.2.1. How far can one generalize the convex geometry theorems of Helly, Tverberg,

and Carathéodory to affine semigroups?

Helly’s theorem, a basic result in convex geometry, states that given a finite family F of convex
sets in R? if every collection of d + 1 sets in F intersects, then the entire family intersects [35].
Helly-type theorems appear in many variations [12, 35, 38]; for example, Doignon’s theorem, an

integer version of Helly’s theorem, states that if every collection of 27 sets in F intersects at an

10



integer point, then the whole family intersects at an integer point [46]. In Section 2.1, we prove a

new variation for affine semigroups.

THEOREM 1.2.1 (A Helly theorem for affine semigroups). For each m € Zxq, there ezists a
constant N(m) € Z>1 such that the following holds: given any finite family F = {Si1,...,5.} of
affine semigroups in Z'™, and letting C; be the associated cone of S; for each i, if the intersection of

any N(m) affine semigroups in F is nontrivial, then S1 N ---N S, is nontrivial. More specifically,

(1) if each S; is pointed and C1,...,Cy do not cover R™, then N(m) = m;
(2) if each S; is pointed and C4,...,C, cover R™, then N(m)=m+ 1; and
(3) if some S; is not pointed, then N(m) = 2m.

Carathéodory’s theorem states that given a pointed cone C' C R? every element z € C is
generated by at most d extreme rays of C'. In wide contrast to Theorem 1.2.1, obtaining a variant of
Carathéodory’s theorem for affine semigroups (i.e., a bound on the number of generators needed to
generate any given element) is much more complicated. In particular, for general affine semigroups,
it is impossible to obtain such a bound in terms of ambient dimension d alone; one must also take
into account, for instance, the coordinates of the semigroup generators (see [3] and all the references
there). A special case of particular interest is when S = Sg(A) is normal, every element of S can
be generated by at most 2d — 2 generators [75], though this bound is not tight [24].

Colorful variations of Helly’s, Carathéodory’s, and Tverberg’s theorems have been a key topic
in combinatorial convexity [11,38]. In this vein, we consider colored affine semigroup and some
notions of a colored affine semigroup which we introduced in Section 1.1. Item (a) and item (c)
of Definition 1.1.6 also appear in [13,71]. It is worth mentioning that the same type of ideas are
studied for real solutions in [10,13,66]; here, we require integer solutions, and the theory becomes
more subtle.

We briefly argue that these notions in Definition 1.1.6 arise naturally when modeling man-
ufacturing diversity requirements. The notion of colorful has already been connected to linear
programming and game theory in [38,66]. When dealing with indivisible goods, this kind of inte-

ger programming requires affine semigroups. Imagine your company produces batteries with three

11



ingredient providers (call them red, green, and blue). They each sell the same resources or ingredi-
ents to you, which are represented by vectors (say different types of metals or chemicals). However,
due to trade agreements, one cannot produce a battery with parts coming from one provider alone
(no monochromatic solutions are allowed). Since batteries must be built with parts from at least
two providers, solutions then have to be 2-chromatic. Or regulations can be even more strict,
requiring batteries to be built with ingredients from all three providers (chromatic solutions). An-
other possible type of restriction is that a company may only contribute at most one ingredient
to the creation of your product (colorful solutions). In some scenarios, it should be possible to
purchase the same ingredient from different providers to cover demand. As such, we allow the same
column to appear more than once, but with a different color.

Colorful versions of Helly’s and Tverberg’s theorems for affine semigroups follow from Theo-
rem 1.2.1 (Corollary 2.1.1 and Corollary 2.1.2), but obtaining a colorful version of Carathéodory’s
theorem for affine semigroups turns out to be a bit more subtle.

With the above definitions in hand, we recall a colorful variation of Carathéodory’s theorem
due to Barany. Given d+ 1 nonempty subsets 71, ..., Ty 1 C R? Bardny’s theorem states that any
point = € conv(7y) N---Nconv(Ty41) can be expressed as the convex combination of d + 1 points,
with one point from each T} [10]. Considering each set Tj as a color class, Bardny’s theorem has
the following interpretation: given a colored generating matrix A and an element b € Cone(A), if a
monochromatic solution exists for each color, then a colorful solution exists. In discrete convexity,
the colorful Carathéodory theorem has been intensely studied [42,43,65].

Returning once again to affine semigroups, suppose an element b of a colored affine semigroup
has a monochromatic solution for each color. Can one guarantee b also has a colorful solution?
What about a chromatic solution? Note, an answer of “yes” to either question would constitute
a variant of Barany’s theorem for affine semigroups. Turns out, the answer to the latter question
is indeed “yes” for all but finitely many b (Theorem 1.2.3), but the former question has an over-
whelmingly negative answer, as the following result demonstrates in two different ways. Note that

the families described therein can be easily lifted to higher dimensions.

THEOREM 1.2.2. Bdrdny’s colorful Carathéodory theorem fails to extend to affine semigroups.
12



(a) There exist colored affine semigroups with arbitrarily many colors in R, formed by a
family F of normal affine semigroups and an element b such that b has a monochromatic
solution for every color but yet has no colorful solutions and no chromatic solutions (in
fact, every solution for b is monochromatic).

(b) There exist colored affine semigroups with arbitrarily many colors in R*, formed by a
family F of normal affine semigroups and infinitely many elements b such that b has a

monochromatic solution for every color and has no colorful solution.

We now turn our attention to chromatic solutions. Theorem 1.2.2(a) demonstrates the “all but
finitely many” hypothesis in Theorem 1.2.3 cannot be dropped. We note that this hypothesis may
seem unnatural to those in convexity theory. Still, such theorems arise frequently in semigroup
theory, where the finitely many exceptions can be attributed to the important notion of gaps or

holes describing exceptions in semigroup membership [50].

THEOREM 1.2.3 (A chromatic Carathéodory theorem for affine semigroups). In any colored
affine semigroup S, all but finitely many elements b € S with a monochromatic solution for each

color also have a chromatic solution.

In Section 2.3, we focus on numerical semigroups [73], a special case of affine semigroups. They
are often referred to as a knapsack problem [61], numerical semigroups are fundamental and look
simple, but are often a source of very challenging problems [1]. One old and classical problem is
the Frobenius coin-exchange problem, which asks for the largest monetary amount that cannot be
obtained using only coins of specified denominations. Here, we consider the chromatic Frobenius

problem, i.e., the chromatic Frobenius number. Our main results in this direction are as follows.

THEOREM 1.2.4. Fiz k > 1 and a colored numerical semigroup S = Sg(A1,...,Ay).

(1) There are only finitely many elements of S that are not k-chromatic, and as such, the
k-chromatic Frobenius number CFy(S) is well-defined.

(2) The problem of computing the colored Frobenius number CF(S) is NP-hard.

(8) The number of distinct k-chromatic solutions of a positive integer b coincides with a quasi-

polynomial function in b for sufficiently large b.

13



1.3. Weighted Hilbert function and series

We have introduced weighted Hilbert functions and series in Definition 1.1.8. Let us look at
some examples and review prior work on these three manners of assigning weights. First of all,
the s-weighted Hilbert series is the most studied so far. If w = 1, we recover the classical Hilbert
function and Hilbert series of K[M], respectively. But even in general, the s-weighted Hilbert series
is the power series expansion of a rational function; see [22]. In the case of the semigroup M coming
from dilations of a polytope we have s-weighted Ehrhart functions and s-weighted Ehrhart series,
which have been developed in several papers, see [8,9,22,27] and references therein. To the best
of our knowledge research on g-weightings is less expansive, the first paper on the subject comes

from Chapoton [30] where he only looks at the g-weights of degree 1, thus when w is linear.

1.3.1. What do we know in general? In Section 3.1.1, we show that g-weighted multivariate

Hilbert series is the most general weighted Hilbert series of what we considered.

PROPOSITION 1.3.1. Both r-weighted multivariate Hilbert series and s-weighted Hilbert series

can be recovered from q-weighted multivariate Hilbert series.

In general, if weight is not a linear function, then its weighted Hilbert series can have a com-

plicated compact form.
EXAMPLE 1.3.1. Let M = N and w(a) = a?, then
Fi% (g, t,z) =1+ gttt + ¢t 4 P03
Interestingly, if we specialize t = 1 and x = 1, then it agrees with a special case of the Lambert
series for Liouville’s function, and the sum is related to the Jacobi theta function.

As the next result shows, the hypothesis that w; is linear for ¢ = 1,...,r is essential to prove

that the g-weighted graded semigroup algebra is finitely generated.

PROPOSITION 1.3.2. Let M be N and w(a) = a?, then the ring

w — a2a
AYM] =K[¢* z* | a € N]

is not Noetherian. In particular, Ay [M] is not finitely generated as a K-algebra.

14



When weights are linear and the given semigroup M has a nice structure, then we can conclude

that all the Hilbert series we considered are rational functions just as in the traditional case.

THEOREM 1.3.1. If wi(a) = v]a + b;’s are linear weights and the multivariate Hilbert series
of the original semigroup algebra K[M] is a rational function. The q-weighted multivariate Hilbert
series, the q-weighted Hilbert series, the r-weighted multivariate Hilbert series, the r-weighted Hilbert

series, and the s-weighted Hilbert series are all rational functions.

1.3.2. Weighted Ehrhart functions and series. In Section 3.2, we specialize in Ehrhart
rings and the Ehrhart series.

Ehrhart theory has been the subject of much attention for its applications in Combinatorics
and Commutative Algebra. Several beautiful weighted generalizations have been presented. For
example, Brion and Vergne [22] presented in 1997 a generalization of Ehrhart’s theorem in the
context of Euler-Maclaurin formulas where the points are counted with “weight” given by a function
f,ie., E;f(n) = > aenpnzd /(). Later Chapoton introduced the g-analogue of Ehrhart functions.
In what follows we will investigate when some classical results in Ehrhart theory extend to this
weighted version.

1.3.2.1. Nonnegativity of h* coefficients. It is a famous result of R.P. Stanley in Ehrhart theory
that the numerator of the rational function representing the Hilbert series is a polynomial of
nonnegative coefficients. From Theorem 1.3.1, we know that especially when K[M] is an Ehrhart
ring of a polytope P, then all Hilbert series we considered are rational functions. Could it be that
Stanley’s result extends to the weighted Ehrhart series? Inspired by the fact that the numerator
of the Ehrhart series always has nonnegative coefficients, Chapoton investigated this in [30] the
numerator of univariate g-weighted Hilbert series and noticed that such nonnegativity result does
not hold anymore.

Here, we give a sufficient, but not necessary, geometric condition to show when the nonnegativity

result holds.

DEFINITION 1.3.1. For a lattice polytope P C R and r linear functions w;: R — R (i =
1,...,7), we say a triangulation T of the polytope P is (wi,...,w,)-compatible if every simplex

S € T satisfies that the multiset of weight vectors on the vertices of S is identical.
15



EXAMPLE 1.3.2. Let w(ay, az) = aj+ag, the square ABC'D has a w-triangulation { ABC, ADC'},
since both simplices have the weight vector (0, 1,2). However, the diamond ABEC does not have
a w-triangulation, since the triangle ABC has the weight vector (0,1, 2), the triangle BC'E has the
weight vector (1,2,3) or the triangle ABE has the weight vector (0,1, 3), the triangle ACE has

the weight vector (0, 2, 3).

w=23

w=2
2

w=1 D C E
1

w=0 B
A B
0 2

FiGure 1.5. Example of compatible triangulation and non-compatible triangula-
tion.

THEOREM 1.3.2. If w;’s are linear weights and a lattice polytope P has a (w1, . .., w,)-compatible
triangulation T, then the numerator of the rational form of its q-weighted Hilbert series has positive

coefficients. Nevertheless, this is only a sufficient condition for nonnegativity.

Example 1.3.3 shows that the condition of Theorem 1.3.2 is not necessary.
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EXAMPLE 1.3.3. Let the polytope be P = conv((0,0,0),(1,0,0),(1,1,0),(1,1,1),(2,1,1)) and

a linear function be w(ty,to,t3) = t1 + t2 + t3, we calculate that its g-weighted Hilbert series is:

1+ ¢%x
(1 —2)(1 —gz)(1 = ¢?z)(1 - ¢*x)

The g-weighted Hilbert series satisfies the nonnegative coefficients property but the polytope has

no w-compatible triangulation.

1.3.2.2. Reciprocity for weighted Ehrhart series. When the graded semigroup algebra K[M] has
the Ehrhart ring structure, we are inspired by the Chapoton’s reciprocity result for the g-weighted
Hilbert series for only one weight. We prove the reciprocity properties for both the g-weighted

Hilbert series and the s-weighted Hilbert series.

DEFINITION 1.3.2. For an Ehrhart ring K[M] = A(P) for a polytope P C RY,

(1) We define interior q-weighted multivariate Hilbert series as
Fowrvr (g ¢, ) = Z ql—wl(—a) o q;wr(*a)taxadJrl‘
acCone(P°)Nzd+1
We define interior q-weighted Hilbert series as
F]@?ly...,wr (q7 ]-7 x) — Z q;wl(ia) . q;wT(fa):L_ad+1 )
acCone(P°)NZ4+1
(2) We define interior s-weighted Hilbert series as
Fi/’[%’(x) = Z w(—a)zatt,
acCone(P°)Nzd+1
EXAMPLE 1.3.4. Let P = [0,2] and w(a1, az) = a?az, then
(1) FIo(a,t,z) = ¢ titda! + ¢*titda? + Pt3da? + ¢ St5tda? + . . ..
(2) FI(a,1,2) = ¢'a! + ¢®2® + ¢®2® + ¢'822 + . ...
(3) Fyjo(z) = (-1)at + (-2 -8 —18)z? +....

17



THEOREM 1.3.3. If w;’s are linear weights and K[M] is an Ehrhart ring of a polytope P of
dimension d, then the q-weighted multivariate Hilbert(Ehrhart) series satisfies the reciprocity prop-
erty, i.e.,

R I T B (i ) e e CR O
Lastly, we look at the reciprocity in the case of the s-weighting of Ehrhart rings.

THEOREM 1.3.4. Let P C RY be a rational polytope and h(a) = Hfill Z;ﬁ:l Pij(ai)vfji with Pyj;’s

are polynomials and v;; are nonzero complex numbers, then

(1) FJf/’[h (t,z) and FJf/’[}ﬁ (t,z) are rational s-weighted multivariate Hilbert series,

(2) they satisfy the reciprocity relation,
s,ho(p—1 —1\ _ d+1 18,k
Fy (¢ ™) = (=)™ Fype (t,2).

1.4. s-weighted Ehrhart theory

A computational problem arising throughout the mathematical sciences is to compute or at

least estimate,

(1.1) Ep¥n)= Y  wx).

xEnPNZ4

One can prove E;w(n) is a quasi-polynomial in the sense that it is a function in the variable
n which is a sum of monomials up to degree d + e, where e = deg w, but whose coefficients «; are

periodic functions of n € N:
d+e

EZY(n) = Z a;n'.
i=0
The leading coefficient of Efp’w (n) is given by the integral of w over the polytope P. These integrals
were studied in [16], [17] and more recently in [8].
We will illustrate many important examples of such s-weighted Ehrhart problems in Section 4.2.
For now, note they appear in enumerative combinatorics [5], algebraic combinatorics [7,30], sta-

tistics [31,44], and in symbolic integration and optimization [8,39], among others.
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We now outline the main contributions. The main theorem is a surprisingly simple way to
evaluate the function E3"(n) where P is a rational polytope and w(x) is a very general weight
function. The key idea is that we build a new polytope, the weight-lifting polytope P*, for which
these functions become simply Ep«(n), in other words, just a “standard” lattice point counting
function. This way (often) the s-weighted Ehrhart polynomial P is equivalent to the (usual)
Ehrhart polynomial of P*. Clearly, P* will depend on both P and w:

THEOREM 1.4.1 (The existence of weight-lifting polytopes).  Let P be a rational convez poly-
tope in the form {x | Ax = b,x > 0}, where A € Z°*% b € Z°. Let Q(x1,...,x4) be the parametric
family of rational convex polytopes parameterized by x1,...,xq, given by

d
Q(.’E]_,...,SUd) = {y ‘ Cy = indi_’_e?y 2 O} )
i=1
where C € Z™*¢,d;,e € Z". Using Q define w(x) to be the multivariate Ehrhart quasi-polynomial

function in n variables that counts the number of lattice points in the parametric polytope Q(x1,. .., zq)

when x; are chosen integers, i.e.,
w(xy,...,xn) = |Q(z1,...,2q) NZ|.

(a) There is a weight-lifting polytope P* C R¥*¢ defined by

X X b
P = A* = ,x>0,y>0
y y —e
where
A 0
A* = ,
d, d» --- d, -C

for which the summation of the lattice points of P weighted by w equals the number of
lattice points of P*.
(b) Moreover, when e = 0, the construction is parametric in the sense that the weight w is a

homogeneous function, then for all n € N, we have (nP)* = n(P*), and

E5"(n) = |(nP)* N 24| = [n(P*) N 2| = Ep- (n)
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REMARK 1.4.1. To the best of our knowledge the first version of Theorem 1.4.1 appeared in
print in work by Ardila and Brugallé (see [7, Section 4]), but in [7] the weights w(x) were special
polynomials and in that case, some of the consequences we show were not possible. In Section 4.1, we
present a direct constructive/algorithmic proof of Theorem 1.4.1 and describe several interesting
special cases depending on the type of Ehrhart quasi-polynomials (in particular, we recover the

results of [7]).

REMARK 1.4.2. The second half of Theorem 1.4.1 uses special weights that are by construction
non-negative. But we note that most of the proof of the theorem works even when w(x) takes
negative or zero values over P. The function E7"(n) still makes sense, but what we obtain is not
a traditional Ehrhart polynomial, because, for example, the leading coefficient could be negative,

and volumes are never negative.

REMARK 1.4.3. Theorem 1.4.1 says the weight w(x) can be any Ehrhart quasi-polynomial.
In Section 4.1, we carefully discuss many ways to express polynomials in terms of these quasi-
polynomial weights. A key point is that Theorem 1.4.1 is more versatile and expressive because it
applies to more functions than just polynomial weights. In fact, Section 4.1 shows w can have many
different representations (e.g., polynomials), some more efficient than others. To demonstrate the
power in Section 4.2 we present applications to Combinatorial Representation Theory and Number

Theory.

Corollary 1.4.1 below is a notable new consequence of Theorem 1.4.1 that can be applied to many
problems of interest. For example, these ideas can be applied to the integration and maximization
of Kostka numbers, Littlewood—Richardson coefficients, and any other combinatorial invariant that

is given by an Ehrhart quasi-polynomial.

COROLLARY 1.4.1. Let w be weight obtained from an Ehrhart quasi-polynomial function of a
parametric polyhedron Q, whose parameters are defined over the lattice points of a polytope P.
Here P, Q,w are just as in Theorem 1.4.1. Using the weight-lifting polytope construction of Theo-

rem 1.4.1 one can integrate and mazximize w over P as follows:

e One can compute the integral fpw(x)dx reformulated as a volume computation of the

weight-lifting polytope P*.
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e One can solve the mazimization problem and determine maxycpnzaw(x). It reduces to
counting the lattice points of a finite sequence of weight-lifting polytopes which contain

each other and can be read from P* efficiently.

We sketch the proof of Corollary 1.4.1 in Section 4.1.

1.5. Kakeya’s conjecture

In the ring of symmetric polynomials A,,, we consider an interesting question which is finding
a set, {f1, f2,..., fn}, such that it is sufficient to use only these f;’s to generate all symmetric
polynomials in n variables. If only addition and multiplication are allowed, then there are sev-
eral well-studied candidates such as symmetric elementary polynomials, symmetric homogeneous
polynomials, symmetric power sum polynomials, and Schur polynomials. However, if addition,
multiplication, and division are all allowed, then the complexity of the question increases rapidly
since the division operation enlarges the way of generating symmetric polynomials and there will
be more candidates. Here, we only focus on the symmetric power sum polynomials to reduce the
difficulty. According to the definition we provided in previous Section 1.1, we restate the question

formally in this way.

QUESTION 1.5.1. Given n positive integers, ¢; < co < ... < Cn, decide whether the set
{Deys Pegs - -+ s Pe, b form a fundamental system or not?
Besides the system, we give earlier in Example 1.1.8. Borchard gave a system {p1, ps, ..., pan—1}

by excluding the first n—1 even indices. Vahlen [82] extended it by excluding the first few multiples
of v and gave a system {p1,...,Pu—1,Pu+1s- - P2—1,P20+1, - - + > Phv—1s Pkvt1, - - -, P} Ludwig [84]
took a different approach by excluding some large indices and gave a system {p1, ..., pg, i, 1 , D1, }
where k +1 < lp41 < ... <1, <2k+1and k < n < 2k + 1. Kakeya [54,55] gave a relatively
complete description of the fundamental system. Specifically, Kakeya proved that if the set of pos-
itive integers {ci1, 2, ..., cn } forms a gap of a numerical semigroup, then {p¢,, pey, - - -, De, } forms a
fundamental system. In the same paper, Kakeya conjectured that this gap set condition might be

the equivalent characterization of the fundamental system.
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CONJECTURE 1.5.1 (Kakeya’s Conjecture). {pe,,Peys---»Pe,} forms a fundamental system if

and only if the index set {c1,ca,...,cn} forms a gap of a numerical semigroup.

Kakeya’s conjecture reveals an unexpected and mysterious relationship between the theory of
symmetric polynomials and the theory of numerical semigroups.

We will present an equivalent condition on when {pc,, Peys - - - , Pe,, } forms a fundamental system.
Kakeya found this criterion and used it to prove his results. However, his proof contains a small

gap, and we will fill in this gap here.

THEOREM 1.5.1 (Kakeya’s criterion). For any positive integer n, suppose the coefficient field E

containing N, is algebraically closed, then the following statements are equivalent:

(1) The set {pc,,Deys - - -+ De, } forms a fundamental system.

(2) The series Log (%) can be identified as 0 by checking only coefficients of n terms
i=1"1

tt2, ..., and t°.
(8) The system of n polynomial equations with A; unknowns,
Ge (A1, Ag,. .. A,) =0

Gey(A1,Ag, ... A,) =0

(1.2) ,
\Gcn(Al,Ag, AR =0
has the unique solution in E™, namely, (A1, Az, ..., A,) = (0,0,...,0).
(4) Polynomials can be distinguished by their coefficients at the terms t°*,t°, ..., and t°* under

the formal logarithm map.

(5) The system of n polynomial equations with c; unknowns,

FC1 (O[]_,O[Q, .. .7O[n) — (_1)01%
— (—1)e2Pe

(13) ch(al,ag,,,,7an) —( 1)02 c22 )
Fe,(an,ag,...,an) = (—1)nka




has the unique solution in E™, namely, (a1, a9, ..., ap) = (e1,€2,...,€p).
Theorem 1.5.1 motivates us to study those polynomial equations.

DEFINITION 1.5.1 (Kakeya variety). For any positive integer n, n positive integers c1 < cg <

... < cn and algebraically closed field E,

e Kakeya variety Kay(ci,ca,...,cn) of the form 1 in E is the set of solutions of Equa-
tion (1.2).

e Kakeya variety Kas(cy,ca,...,cn) of the form 2 in B is the set of solutions of Equa-
tion (1.3).

CONJECTURE 1.5.2. The dimension of any Kakeya variety is 0.

In Section 5.2, we attempt to solve Conjecture 1.5.1 by searching for nontrivial solutions of
Equation (1.2) or Equation (1.3) and showing directly Frac(Ay,) # K(pe,, Peys - - - » Pe,, ). Combining

the above two strategies, we prove the conjecture when there are two variables.
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CHAPTER 2

Convexity in (Colored) Affine Semigroups

This chapter first discusses technical details about how convexity theorems can be extended to
colored affine semigroups, and then we take a closer look at the fundamental properties of colored

numerical semigroups.

2.1. Helly and Tverberg theorems for semigroups

To prove Theorem 1.2.1, we recall three fundamental results about affine semigroups that,
together, ensure a nontrivial intersection of affine semigroups occurs precisely when their associated

cones intersect nontrivially (Proposition 2.1.1).

LeEMMA 2.1.1 ( [23, Corollary 2.11(a)]). The intersection of two affine semigroups is again an

affine semigroup.

REMARK 2.1.1. If a semigroup S = Cone(A)NA for some lattice A, then the minimal generating
set of S, called the Hilbert basis of A, can be computed [26]. If the generators of two affine
semigroups S; and Sy are given via matrices A and B, then one can compute the generators of

S1 NSy by constructing a rational cone
C={(x,y) >0: Ax — By =0},
finding its Hilbert basis, and then mapping each Hilbert basis element (x,y) — Ax.

LEMMA 2.1.2. For any affine semigroup S C Z2, if Cone(S) contains an integral point p, then

kp € S for some positive integer k.

LEMMA 2.1.3. For affine semigroups, taking finite intersections commutes with taking the as-

sociated cone: if Sy,...,Sy, C Z% are affine, then Cone(_; Si) = i, Cone(S;).
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PROPOSITION 2.1.1. The intersection (), S; of affine semigroups Si,...,S, C 7% contains a

non-zero element if and only if (), Cone(S;) contains a non-zero element.

PROOF. Apply all parts of Lemma 2.1.1, Lemma 2.1.2, and Lemma 2.1.3. O

PROOF OF THEOREM 1.2.1. Let C; = Cone(S;) for each i, and let G = {C1,...,C,}. By

Proposition 2.1.1, it suffices to show in each case that C7 N --- N C,, is nontrivial.

a).

Consider the unit sphere S%~! ¢ R?. If a convex cone C contains a non-zero element,
then C will intersect the unit sphere. Hence, instead of proving the family G intersects
at a non-zero element, it suffices to prove G’ = {C; NS, ... C, NS? 1} has nonempty
intersection. Since G does not cover R%, G’ does not cover S4~1. Therefore, for any point
q € S not covered by G’, there exists a homeomorphism f : ST\ {¢} — R, under

which it suffices to prove the family
G" = {f(CinsT),... f(C, NS}

has nonempty intersection. To this end, we employ a topological variant of Helly’s the-
orem [59], which states that for a finite family of closed sets in R?, if the intersection of
every d + 1 members is contractible, then the intersection of the family is contractible.
Now, each C; is a rational polyhedral cone and therefore topologically closed, and if
S; has only the trivial subgroup, then C; is pointed. Since each C; is closed and pointed,
so is any intersection of the C;’s. We can conclude that each set f(C; N'S™1) is closed in
R?1 and in particular that the intersection of any N = d of the sets in G” is nonempty
and contractible. As such, applying the aforementioned topological Helly’s theorem to G”

completes the proof.

. If each S; has only the trivial subgroup, then each C; is pointed, and thus C; \ {0} is

convex for each i. As such, if every N = d + 1 of the C;’s intersects nontrivially, then the

claim in this case follows from Helly’s theorem for convex sets in R

. In this case, we employ a j-dimensional variant of Helly’s theorem [35], which states that

for a family of finite convex sets in R, if the intersection of every 2d members is at least

1-dimensional, then the intersection of the family is at least 1-dimensional. This can be
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applied directly, as any intersection of rational cones that contains a nonzero point must

be at least 1-dimensional.

In each of the above cases, C7; N --- N ), contains a non-zero element. ]

We now illustrate that each choice of N in Theorem 1.2.1 is the best possible.

EXAMPLE 2.1.1. Let ¢; be i-th standard basis in R?.

a). Let E = {ej,...,eq}, and consider the affine semigroups S; = Sg(E \ {e;}). The intersec-
tion of any d—1 contains a non-zero element, as e; € () ki S; for each ¢, but the intersection
of all d affine semigroups is trivial.

b). Let P be any d-simplex with the origin in its interior and vertices set denoted V =
{v1,...,v441}, and consider the affine semigroups S; = Sg(V \ {v;}). We can verify that
v; € ;S for each i, but (; S; is trivial.

c). Let £ ={e1,—e1,...,e4,—eq}. Consider the affine semigroups
St =Se(E\{-e;}) and S =Sg(E\ {ei})
for each i. Any 2d — 1 of the above affine semigroups share a non-zero element, as
te; €81 NS, _N---NSeN---NSyy NSy

for each 7, but the only point common to all 2d is the origin.

We close this section with two corollaries of Proposition 2.1.1. The first is an analog of the

colorful Helly’s theorem [35], which asserts that given d + 1 finite families Fi, ..., Fg11 of convex

sets, if for every choice of transversal Sy € Fi, So € Fa, ..., Sg+1 € Faqt1, the intersection

S1 M-+ N Sgq1 is nonempty, then for some j, the sets in F; have nonempty intersection. The

second is an analog of Tverberg’s theorem [81], which states that for any set D of (d+1)(r—1)+1

points in R?, there exists a point p (not necessarily in D) and a partition of D into r blocks, such

that p belongs to the convex hull of each block. Note that both are “partial” analogs, as all affine

semigroups therein are required to be pointed.

26



AL/ /7

NN

/S ST

FIGURE 2.1. Depiction of the families with d = 2 in Example 2.1.1(b) (left) and
Example 2.1.1(c) (right).
COROLLARY 2.1.1. Let Fi,...,Fn be finite families of pointed affine semigroups in Z¢. If for
every choice of a transversal S1 € Fi, Sa € Fa, ..., Sqr1 € Fat1, the intersection S1N--- N Sgt1
contains a non-zero element, then there is a family F; such that all semigroups in F; intersect at

a non-zero element.

PROOF. Following the proof of Theorem 1.2.1(b), replacing each affine semigroup with its
associated cone with the origin removed yields d + 1 families of convex sets in R¢, to which one can

readily apply colorful Helly’s theorem [38]. O

COROLLARY 2.1.2. Fiz a pointed affine semigroup S = Sg(A) C Z¢ given by |A| = k generators.
If E > d(r — 1) 4+ 1, then there exists a r-coloring of S such that some element p € S has a

monochromatic solution of every color.

ProOF. By Proposition 2.1.1, we must show that there exists a partition Aq,..., A, of A such
that some non-zero element p € Cone(A) lies in Cone(A4;) for each i. Since S has only the trivial
subgroup, Cone(S) is pointed, so by taking a cross-section of Cone (A), it is equivalent to show
that given a set D of k points in R?~!, there exists a r-coloring of D and a point p that lies in the
convex hull of each color class. Since k > ((d — 1) + 1)(r — 1) + 1, this is exactly the statement of

Tverberg’s theorem. O
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gi g; gi
Si| (0,1,2) (1,7,9) (2,9,9)
Sy | (0,34) (1,911)  (2,5,5)
Sy | (0,7,8) (1,13,15) (2,-3,-3)
Sy | (0,15,16) (1,21,23) (2,-19,-19)
Ss | (0,31,32) (1,37,39) (2,-51,-51)
Se | (0,63,64) (1,69,71) (2,-115,-115)

TABLE 2.1. The family of semigroups in Proposition 2.2.1 with n = 6.

PROBLEM 2.1.1. Generalize Corollary 2.1.1 and Corollary 2.1.2 to families of (not necessarily

pointed) affine semigroups.

2.2. Carathéodory type theorems for semigroups

The semigroup version of the colorful Carathéodory theorem fails strongly. We provide two

counterexamples; Table 2.1 contains an example of one, and Example 2.2.1 illustrates another.

PROPOSITION 2.2.1. Fizn > 1, and consider the family of semigroups F,, = {S; = Sg(¢9i, 9., 9/},

where
=(0,2'=1,2"), gi=(1n+2"-1,n+2"+1), ¢/ =(2,2(n—2)+1,2(n—-2")+1)

and 1 <i <n. Letting p = (3,3n — 1,3n + 2), we have p € S; for each i, and the only expressions

for p as a sum of generators from across the S;’s are those of the form
p=gi+gi+9
for each i.

ProoOF. Consider an arbitrary expression for p as a sum of generators from the S;’s. We claim
any expression for p must have the form p = g;+ gj +g;., where i, j, and k are not necessarily distinct.
Indeed, some generator gj must appear, since the first coordinate of p is odd, and from there, some
generator g; must appear since the last 2 coordinates of p differ by 3. The first coordinate of p then
forces the third and final generator in the expression to have the form g;/. This proves the claim.
Examining second coordinates in any such expression, we see 2° + 2/ = 281 which is impossible

unless i = j = k. O
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EXAMPLE 2.2.1. Let Z; = {1,2,3}, Zo = {4,5,6}, Z3 = {7,8,9}, and

0o 1 2|0 1 2|0 1 2
A=10 32 631 33 61|3 35 57
1 34 632 35 614 37 57

The element p = (3,95,98) has monochromatic solutions
(1,1,1,0,0,0,0,0,0), (0,0,0,1,1,1,0,0,0), and (0,0,0,0,0,0,1,1,1),

but no 3-chromatic solutions.

PROOF OF THEOREM 1.2.2. Proposition 2.2.1 implies part (a) upon noting that all affine semi-
groups therein are normal since their generating matrices have determinant —1 (see [14, Chapter 8,

Corollary 2.6]). For part (b), for each family F,, in Proposition 2.2.1, consider the family
F'={SxZ>y:5 € F,}
of semigroups of the form
S X Z>o = Sg((91,0),...,(gr,0),(0,1)) whenever S =5Sg(g1,--,9r)-

For each k > 1, the element (p, k) lies in S X Z>q for each S € F, and the only expressions for (p, k)
as a sum of generators of the semigroups in F' are obtained by concatenating an expression for
(p,0) with k copies of (0,1). According to the proof of Proposition 2.2.1, the only way to generate
(p,0) is (gi,0) + (g,0) + (g/,0) for some index i. This solution violates the condition of being
colorful because three different vectors of the same color are part of the expression for (p, k). Note
that in the previous construction, (0, 1) appeared many times with different colors. The definition

of colorful is violated because the vectors (g;,0), (g;,0), (¢/,0) are of the same color. O

The family in the above proof can be adjusted to use different vectors, of different colors, by
replacing the instances of (0, 1) with vectors from (0, 1), (0, 2), (0, 3), ..., so that the infinitely many

vectors (p, klem(1,2,3,...,s)) still do not have a colorful representation since (p,0) does not.
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PROOF OF THEOREM 1.2.3. Let S = Sg(Ay,...,A;) and S’ = ﬂle Sg(A4;). If an element
b € S has a monochromatic solution of each color, then b € S’, so it suffices to prove there are only
finitely many elements of S’ with no chromatic solution. By Lemma 2.1.1, S’ is finitely generated,

say with minimal generating set G. Therefore, each b € S’ can be written as b = Y Agg with

geG

each Ay € Z>o. We will prove that if ) p Ag > £, then b has a chromatic solution. In fact, under
this assumption, we can collect terms in this sum to form an expression b = s1 + -+ sy as a
sum of £ nonzero elements of S’. Each s; thus has a monochromatic solution in S of color i, and

concatenating these monochromatic solutions yields a chromatic solution for b. ([l

2.3. Colored numerical semigroups

In this section, we turn our attention to colored numerical semigroups and the chromatic Frobe-
nius problem. Before restricting to this case, however, we prove the following general result, which

forms the backbone of the proof of Theorem 1.2.4 but holds for any colored affine semigroup.

THEOREM 2.3.1. For a colored affine semigroup S = Sg(A1,...,As), the set
S(A, k) = {Ax : x is k-chromatic}

equals the union of finitely many translated copies of S.

ProoF. Consider the map ¢ : Z%; — Sg(A) sending each standard basis vector e; to the i’th

column Ae; of A, and let
E=pYS(A k) ={z¢c 7%, : x is k-chromatic}.

Note that E is closed under the additive action of Z>q, as = + e; is nonzero in every entry that x
is nonzero. By Dickson’s lemma [45], any subset of Z%,y has finitely many minimal elements under

the component-wise partial order, so
E=(Z +x)U---U(Z + ;)

for some z1,...,x, € E. Applying ¢ to the above equality completes the proof. U
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2.3.1. Chromatic Frobenius numbers. For the remainder of this section, fix a colored nu-
merical semigroup S = Sg(A;1,..., Ay), where Ay, ..., Ay partition A = {aq,...,a,} with ged(A) =
1. The set of gaps of S, denoted G(A) = Zx>¢ \ S, is then a finite set with F(A) = max(G(A)) (this
follows from Bézout’s identity, see [73]). Analogously, the k-chromatic gaps are the integers in the
set G(A, k) = Z>o \ S(A, k), so that CFy(Ay,...,Ar) = max(G(A,k)).

The following provides upper and lower bounds for CFg(A;, ..., Ay), and in particular verifies

G(A, k) is a finite set, as claimed in Theorem 1.2.4(1).
COROLLARY 2.3.1. The colored Frobenius number satisfies
min(m(A, k)) — 1 < CFg(A1, ..., Ap) <min(m(A,k)) + F(A),
where m(A, k) = U=k 2ier 4i-

ProoOF. By Theorem 2.3.1, S(A, k) equals the union of finitely many translations of copies of
S. More can be said, as

SAk= |J S+v

veEm(Ak)
Therefore, if b < min(m(A4,k)) — 1, then b & S(A, k) since b ¢ S + v for any v € m(A, k), and if
b > min(m(A, k)) + F(A), then b € S(A, k) since b — min(m(A4,k)) € S. O
PROOF OF THEOREM 1.2.4(1). Apply Corollary 2.3.1. O

We also obtain the following chromatic generalization of the well-known formula F(a,b) =

ab — (a + b), which holds whenever ged(a,b) = 1.
COROLLARY 2.3.2. We have
CFe({a1},..., {ae}) =a1+ -+ ar+ F(A),
and in particular CFo({a1}, {a2}) = aras.
PROOF. Proceeding as in the proof of Corollary 2.3.1, if each A; is a singleton,

S(A0) =S+ a1+ +ay,
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and as such, CFy({a;},...,{ar}) = a1+---+ap+F(A). When ¢ = 2, this then yields CFa({a}, {b}) =
F(A) 4+ a+b=ab. O

REMARK 2.3.1. The chromatic Frobenius number is not always represented as the Frobenius
number and some generators from each color class. For instance, CFy({a, c}, {b}) = ab whenever

c > ab.
Before proving Theorem 1.2.4(2), we prove the following lemma.

LEMMA 2.3.1. If 1 < k < ¥, then CFg(A) < CFry1(A). Moreover, if gcd(A\ A;) = 1, so that
F(A\ A;) and CFy_1(A1,..., A1, Aig1, ..., Ay) both exist, then

CFe(A1,..., Ag) < CFpq (A1, Aicr, Aiy, -, Ag) + min 4

PRrROOF. The first claim follows from the fact that S(A, k) C S(A,k+1).
In what follows, let A = (Ay,...,A¢) and B = (A1,...,4;-1,4i11,...,Ay). For the first
inequality, we must prove that if & > CF,_1(B) + min A4;, then b € S(A,¢). Since b — min 4; >

CFy_1(B), we know b — min 4; € S(B,¢ — 1), so we can write
b—mind; =d\+---+a_+a++a;+ec,

where ¢ € Sg(A\ 4;) and each a), € Aj. This implies b € S(A,¢).
For the final inequality, we must prove that if b > CFy(A) + F(A \ 4;) — min 4; + 1, then
be S(B,¢—1). Since b— (F(A\ A;) —min A; + 1) € S(A,¢), we can write

b— (F(A\A) —minA; +1)=a} +---+a,+---+a,+c,
where ¢ € Sg(A) and each aj, € Aj. Notice a; —min A; +1 > 0 and ¢ > 0, which imply
d=a,—minA; +1+F(A\ A4) +c>F(A\ 4)
and in particular ¢ € Sg(A \ 4;). Hence,

b=ay+- - +ai +ag+otat+d €SB L-1),
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as desired. O

PROOF OF THEOREM 1.2.4(2). For each k € Z~, let P(k) be the statement that computing
CFr(Ay1, Ag, ..., Ay) is NP-hard for all £ > k. We will prove the statement by induction on k. First,
when k = 1, the colored Frobenius number coincides with the classical Frobenius number. Hence,
the statement P(1) is true since the computation complexity of the classical Frobenius number is
NP-hard [72].

For the inductive step, supposing the statement P(m) is true, we will find a polynomial-time
reduction to prove P(m+1). We do so by proving that there exists a natural number b, which can

be found in polynomial time, such that:

a). if £ > k, then CFyy1(2A41,...,24,{b}) = 2CFy(A1,...,A¢) + b (here, 2A = A+ A); and
b). if £ = k, then CFy1(A1,..., Ag, {b}) = CFp(A1,..., Ay) +b.

Indeed, the above claims immediately yield a polynomial-time reduction, so the statement P(m+1)
is true.

For simplicity, let A = (44,..., Ay). We will prove claim (a) by proving the following statement:
if £ > k, then for any odd b with b > 2CFj;1(A) — 2CFi(A) and b > 2CF(A),

CFk_H(QAl, .o, 24y, {b}) = 2CFk(A1, ceey Ag) + b.

If a number p > 2CF;(A) + b, then by the choice of b, p > 2CFj1(A).

When p is even, then g > CFry11(A). By the definition of colored Frobenius numbers, % has a
(k+1)-chromatic solution in the colored numerical semigroup Sg(A1, Ag, ..., A;). Hence we can con-
struct a (k+1)-chromatic solution of p in the colored numerical semigroup Sg(2A41,2A4s,...,24,{b}).

When p is odd, then pT_b > CF;(A). By the definition of colored Frobenius numbers, p7_b has a k-
chromatic solution in the colored numerical semigroup Sg(Ai, Aa, ..., A¢). Hence we can construct
a k + 1-chromatic solution of p in the colored numerical semigroup Sg(2A;,2As,...,24.,{b}).

If p = 2CFk(A) 4 b, then p—b = 2CF;(A). By the definition, pT_b has no k-chromatic solution in
colored numerical semigroup Sg(Aq, As, ..., Ay). Hence, p—b has no k-chromatic solution in the col-
ored semigroup Sg(2A4;,2As,...,2A,). Since b > 2CFy(A), p—tb will be negative for ¢t > 2. Overall,

p has no k + 1-chromatic solution in the colored numerical semigroup Sg(2A;,2As,...,2A,, {b}).
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We now consider claim (b), we will prove the following statement: for any b > CF,(A),
CF[+1(A17 cee 7Afa {b}) = CF[(Ala ce 7A5) + .

If a number p > CFy(A) + b, then p — b > CF;(A). By the definition of the colored Frobenius
numbers, p — b has a ¢-chromatic solution in Sg(Aj, ..., Ay), hence p has a k + 1-chromatic solution
in Sg(Ay,...,Asb).

If p = CFy(A) 4+ b, then p — b = CFy(A). By the definition, p — b has no k-chromatic solution
in Sg(Ai1,...,Ap). Since b > CFy(A), p — tb will be negative for ¢ > 2. Therefore, p has no
k + 1-chromatic solution in Sg(Aj,..., As {b}).

When ¢ > k, we can choose b > 2(min A; + --- + min Ay + F(A)), and when ¢ = k, we can
choose b > min A; + - - -+ min Ay + F(A). By Corollary 2.3.1 and the definition of colored Frobenius

numbers, when ¢ > k,
b>2(min Ay + -+ min Ay + F(A)) > 2CF,(A) > 2CFy1(A) > 2CFg(A);

when £ = k,
b > min Ay + - -+ 4+ min Ay + F(A) > CFy(A).

These b’s satisfy the requirements.
To complete the proof, we note that since F(A) has some trivial bounds like the product of
a;’s and there are efficient algorithms to compute the minimum of a set, b can be easily found in

polynomial-time. O

2.3.2. Counting chromatic solutions. In the remainder of this chapter, we examine
fr(b; Ay, ..., Ay) = # {k-chromatic solutions of b} .

for a given colored numerical semigroup S = Sg(A1,..., Ay).

Recall that a function g : Z>o — C is said to be quasi-polynomial of period N if

g(n) = pi(n) whenever n =14 mod N,
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for some polynomials po, ...,pn—1. Moreover, a function f : Z>o — Cis eventually quasi-polynomial
if there exists a quasi-polynomial function g such that f(n) = g(n) for all but finitely many n € Z>o.
Fix a field k and let R = k(x1,...,2,]. A Z>¢-grading of R is specified by choosing deg(z;) =

a; € Z>o and then defining
deg(x'a5? - 28) = Cra1 + Eaag + -+ + Enan.

An element of R is homogeneous of degree b if all of its terms have degree b, and an ideal I C R is
homogeneous if I can be generated (as an ideal) by homogeneous elements. The b-graded piece of

a homogeneous ideal [ is
Iy, = spang {r € I : r is homogeneous of degree b},

and the Hilbert function of I is the function hy : Z>g — Z>o given by hj(b) = dimy I;. For example,
if R =Kk[x,y], deg(x) = 2, deg(y) = 3, and I = (x°,%°), then

Rig = spany {z?, 2892, 23y, 451,

so hg(18) = 4 and h;(18) = 3. We direct the reader to [67] for background on Hilbert functions,

and on the following theorem of Hilbert.

THEOREM 2.3.2 (Hilbert). Fiz a Z>o-graded polynomial ring R over a fieldk and a homogeneous

ideal I C R. The Hilbert function of I is eventually quasi-polynomial.

PROOF OF THEOREM 1.2.4(3). Fix a field k, let R = k[z1,x9,...,2,], and fix a colored nu-

merical semigroup S = Sg(Aj, ..., Ay) with A = {ay,...,a,}. The map
¢ : {monomials in R} — S
x§1x§2 xSt £1a1 + Eaag -+ Enan.
induces a natural bijection between the monomials in R and representations of elements of S. The

preimage of 1 induces a grading on R that sets deg(x;) = a; for each i, with one graded piece R,

for each b € S, and the monomials in Ry each correspond to a representation of b.

35



én

Now, a monomial xllx? ---xy’ € R corresponds under v to a k-chromatic representation

precisely when the nonzero &’s lie in at least k distinct color classes. As such, if x11x§2 by
corresponds to a k-chromatic representation, then so does any monomial multiple (this is essentially

the proof of Theorem 2.3.1). As such, the monomials in
I= <x§1 m§2 . 1:%” 1 &1a1 + a2 + - -+ + &pay is k-chromatic),

are precisely those that correspond to a k-chromatic representation under ¢, and thus the number
of monomials in I of degree b is exactly fx(b; Ai,...,As). Applying Hilbert’s theorem completes
the proof. O
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CHAPTER 3

Weighted Graded Semigroup Algebra

This chapter discusses technical details about the relations among the g-weighted Hilbert series,
r-weighted Hilbert series, and s-weighted Hilbert series. Then we specialize to Ehrhart theory and

extend the properties of nonnegativity and reciprocity of the Ehrhart series.

3.1. Weighted Hilbert function and series

Recall weighted Hilbert functions and series in Definition 1.1.8. We first want to know how

they are related to each other.

3.1.1. What do we know in general? We prove that ¢-weighted Hilbert series is the most

general weighted Hilbert series.

PROOF OF PROPOSITION 1.3.1. Note that

wz(a)+1 -
l—q H'e[( QJ) w;(a)
H Z q t2r o(a H ( ) taxqﬁ(a) _ Z < rj q; j ta$¢(a)’
i=1 \ j=0 i=1 1—q ) [T (1 — ) el

and for any fixed index set I,

Hq;ma) t2g0(a) = g1 @) qur(@)gazd(a)
Jel

Qk:17k¢l ‘

Wy, W (—q5) WL yeee W
Therefore, Fj" " (q,t,2) = ey <%> (F](\;/[wl w (q7t7x)‘qk:17k¢l>.
Note that

— w (a) qw(a)ta$¢(a)
q,t=1

= w(a)z?®)

q,t=1

[q . ;q <qw<a>tax¢<a)>]

therefore, Fy/"(z) = [ 8@ (qu(q,t,:z))}

at=1

Then we prove that the assumption of a linear weight is necessary.

37



PROOF OF PROPOSITION 1.3.2. A monomial ¢" " is in Ay’[M] if and only if there is a partition
A of n, denoted A k- n, such that the sum of the squares A2 + A3 + - - is equal to m. Consider the
following ideals of R

Ii=(¢"2" | 1<i<k), k>1.

It suffices to show that I,_1 C I for £ > 2. We claim that quxk € Iy \ Ix—1. We argue by

=

contradiction assuming that qkzxk € I_1. Then,
2 2
qk J}k _ (qm$n)(qz xl)
for some ¢™z™ € AP[M] and 1 <i <k — 1. Hence, there is a partition (n1,...,ny) of n such that

n=mnip+- - +ng, m:n%+---+ng, n; € N,
k=n4i=ni+-+ne+i, X=m+i®=ni4+ - 4nf+i%

(ni4-+n+i)2=n?+-- +n24+i2

Hence, from the last equality, we get n; = 0 for ¢ = 1,...¢4, n = 0,m = 0, and consequently

k= qiza:i for some 1 < i < k — 1, a contradiction. ]

¢z
In what follows we will need to do monomial substitutions. We note this can be carried on in

practice by the following lemma.

LEMMA 3.1.1. [18, Theorem 2.6] Let us fix k, the number of binomials in the denominator of

a rational function. Given a rational function sum g of the form

g@) =S o
i€l H (1 — xvij)

j=1
where u;, vi; are integral d-dimensional vectors, and a monomial map 1 : C* — C? given by the

lin whose image does not lie entirely in the set of poles of g(x).

variable change x; — 2252 . 2
Then there exists a polynomial time algorithm which computes the function g(¢¥(z)) as a sum of

rational functions of the same shape as g(z).
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With the help of the above monomial substitution lemma, we can prove the under the linear

weight assumption, all weighted Hilbert series have rational forms.

PROOF OF THEOREM 1.3.1. The multivariate Hilbert series of the monomial algebra K[M]

with a Z-grading ¢ is

Z t2 0@

aeM

Recall that t* is the abbreviation of ¢{*---¢3*. By Lemma 3.1.1, we can apply the following
monomial substitutions: t; +— ¢ - g2 1, ..., tg = ¢ - g *tq. Then by the linearity of
weights w;’s,
tax(z)(a) H q;’Ia e q;’lataxqﬁ(a)
Lastly, we can just multiply the series by qll’1 . -qf?’“. Therefore, if the multivariate Hilbert series
has a rational form, then the monomial substitution gives a rational form for the g-weighted mul-
tivariate Hilbert series. Hence, by Proposition 1.3.1, the rest of the Hilbert series are all rational

functions. U

3.2. Weighted Ehrhart rings and series

To yield more interesting results, we have to concentrate on Ehrhart theory.

3.2.1. nonnegativity of h* coefficients. We first use the partition technique to extend the

nonnegativity of h* coefficients.

PROOF OF THEOREM 1.3.2. We can construct a disjoint partition of P using the triangulation
T, P = UgerS* with S* being possibly removing several facets of S. Note that the g-weighted

Hilbert function is additive with respect to disjoint union. Therefore,

quwlzu-ywr q,W1,...,W
EY; (a,1,n) = > EL""(q,1,n),
SeT

and similarly,

F (@ 1m) = 3 B (a,1,m).
SeT
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Since S* is a simplex with several facets possibly removed, using [20, Theorem 3.5], it is easy to

see that its g-weighted Hilbert series has the following rational form

hs+(q, z)
[T (1 — g gror (i) )

with v; being the vertices of S* and hg+(q, z) € N]q, z].

F](\%}*l’m’wr (q7 1, n) =

Y

Since T is (wy,...,w,)-compatible, the denominator is same for every S € T, without loss of

d+1(

generality, we can denote it as [] —q%“iz),

> ser hs(a,2)

F](\I/’IWI,.MWT (qv 17 n) = d
[ (1 — qiz)

To see that this rational form is reduced, we can simply degenerate ¢ = 1 and use the classical

Ehrhart theory. g

3.2.2. Reciprocity for weighted Ehrhart series. Then we apply the monomial substitu-

tion technique to extend the reciprocity for g-weighted Ehrhart series.

PROOF OF THEOREM 1.3.3. Apply Stanley’s reciprocity theorem for rational cones [20] to the
polytopal cone Cone(P) spanned by P, which states that

S @\ ) " () = ot ST g

acCone(P)NZI+1 acCone(P°)NZ4+!1

and by Lemma 3.1.1, apply the appropriate monomial substitutions: t¢; — qfl’i coeqyity for i =
,dand tgyq — ql1 A+l - gy Td+1td 12
For (ai,...,aq,n) € Cone(P) NZ4*!, by the linearity of weights w;’s, we can see
T

()™ ()™ (k)™ = (@)™ ()™ )™ ()™ ()™ @)

Similarly, for a € Cone(P°) N Z4+1,

t3h-tgt — ARSI R
Lastly, we multiply the both sides by qul gl O
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COROLLARY 3.2.1. FT oLt (gl g7t 271) can be represented by interior g-weighted multi-

variate Hilbert series.

PROOF.
TyW1,..., Wr —1 —1 -1\ __ jel QW7 e W —1 ,—1 -1
Fia e = 3 (R () )
Cr
(

—(— 1)d+1 Z (leljfél q]))> (F](\Iffl, . -(q7t,x)|qk:17k¢1).

ICr] %
U

Extending the reciprocity for s-weighted Ehrhart series is more complicated. We first prove a

naive reciprocity lemma.

LEMMA 3.2.1 (Naive Weighted Reciprocity Lemma).

o Assume the polytope P is simplicial, i.e., the vertices of P, {v;}, form a basis of R+,

e Assume h(a) is separable and multiplicative with respect to the basis {v;}, i.e., there exist
univariate functions h; such that h(a) = hi(oaq)---hgyi(ager) with a = agvy + -+ +
Ad+1Vd+1-

e Assume hi(z) = 22%:1 Pij(z)vj; where Pij’s are polynomials and v;; are nonzero complex
numbers.

Under these assumptions,

(1) FJf/’Ih (t,x) and Fiﬂ (t,x) are rational s-weighted multivariate Hilbert series,

(2) they satisfy the reciprocity relation,
hop—1  — h
Eyt (07t = (=)™ Eye (t,2)

PROOF. Denote ¢ = {d ¢v; : 0 < ¢; < 1} as the fundamental parallelepiped generated by
{v;}. For any a € Cone (P) N Z*!, we can represent a = a1vy + -+ + agy1Vay1. Decompose it

into integer parts and fractional parts, we have

a= |ar]vi+-+ [agy1] Ve H{aa}vi + -+ {agr}var -

integral parts fractional parts
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For simplicity, we denote the fractional parts as r € ¢. Then

Z h(a)t2z?®)

acCone (P)NZI+1

,h
Fyp'(t, )

d+1

— 3 I1 (h tlalvige <LaiJvi>> 4T 00

a1vi++agy1vay1 €Cone (P)NZA+1 i=1

oo d+1

:ZZ S TT (Ritns + {aihyemeviat e graoto

red) n1=0 ng+1=0 i=1

d+1 [e%S)
=211 (Z hi(ni + {oi} e Vi@ ) ),

red) i=1 \n;

Similarly, for any a € Cone (P°) N Z¥*!, we can decompose it into

a=[ar|vi+ -+ [agi1]Vars — {—a}pvi + -+ {—air1}vata) -

integral parts fractional parts

Denote the fractional part as r € . Then

Fil(t,x) = > h(—a)t2z?@

acCone (P°)Nzd+1

d+1

_ 3 I1 (h a; ) tfeilVig? ([aﬂvz)) T p(T)

a1vit-+agr1var1€Cone (Po)NZA+T i=1

co d+1

:ZZ Y H( it {— a})tmvzxqs(mvz)).t—rx<z><—r>

regm=l1 ng+1=114=1
d+1 0o
= Z H (Z hi(—n; + {_ai})tnivi$¢(nivi)> T o)
According to the assumption and the equivalent characterizations of rational power series. For each

r € {, generating functions

Gi(t,z) := Z hi(n; + {ai})t"ivix“b("ivi) and G;(t,x) Z hi(—n; + {_ai})tmwxqb(nm)

n;=0 n;=1

are rational. In particular, they satisfy the reciprocity property, i.e.,

Gi(t™h 2™ = (=1)Gi(t, z).
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Therefore,
d+1
Fsh t_ — Z H t_l —1)) . (t—l)r(x—l)qb(—r)
rc$ i=1
d+1

=S T (-1)Gilt,2)) - t772%C) = (~1) P F A (8, ).

rcd i=1

Then we show that polynomials can be decomposed nicely.

LEMMA 3.2.2. Assume h(a) = HdJrl ZJ 1 Pij(ai)y;; with Pij’s are polynomials and v;; are
nonzero complex numbers, then h(a) can be decomposed into finite terms where each term is sepa-

rable and multiplicative with respect to any basis {v;} of R4,

mdg41 al Ad41

PROOF. Only need to prove when h(a) = aj*' ---a, /" 9" -+ 7,4} . Suppose a = ajvi+---+

O 4+1Vd+1, then we can simply replace a; by ajvi; + -+ + agy1v4+1,4 to get

d+1 d+1
h(a) = H(awu + o+ @gp1vas) ™ H 7?1U1’i+"'+°‘d+wd+1,i
i—1 i=1
d+1
= Z X H g )
d+1

=Y ac []4
K i1

Lastly, we can extend the reciprocity by directly applying the above two lemma.

Proor orF THEOREM 1.3.4. Using the fact that every rational polyhedral cone can be triangu-
lated into simplicial cones and the Inclusion-exclusion principle, we can assume that C' is simplicial.
Then apply Lemma 3.2.2, we can assume h(a) is separable and multiplicative with respect to a

basis. Finally, we can apply Naive Weighted Reciprocity Lemma 3.2.1. g
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CHAPTER 4

s-weighted Ehrhart Theory

This chapter discusses further the s-weighted Ehrhart functions. We construct a weight-lifting
polytope and we can use it to evaluate the s-weighted Ehrhart function as a classical Ehrhart func-
tion. We present a few applications and computational experiments via the method of constructing

the weight-lifting polytopes.

4.1. Proofs of Theorem 1.4.1 and other results

Here we present proofs of Theorem 1.4.1 and some variations of it.

PROOF OF THEOREM 1.4.1. Note that there is a natural projection map 7w : P* — P via
(x,y) — x. It suffices to show that for any fixed x € P NZ%, w(x) = |7~ (x) N Z*¢|. Recall
that (x,y) € 7~ !(x) if and only if Ax = b and Cy = Zle x;b; + e where x > 0,y > 0. Given
x € PNZ% we see that (x,y) € 771(x) N Z¥¢ if and only if y € Q(x1,...,24) NZE. Hence, for a
fixed x € PNZI, |77 (x) N Z9¢| = |Q(x) N Z¢| = w(x).

We now consider the second part of Theorem 1.4.1. We show that P* is parametric with respect

to b in the following sense. If P = {x: Ax = b,x > 0}, then

X x b
P* = A = , x>0,y >0

y y —e

Therefore, nP = {x : Ax = nb,x > 0} and

X X nb
(nP)* = A* = , x>0,y >0
y y —€

Given e = 0, we can see that (nP)* = n(P*). By the first part of the proof we conclude,

E3Y(n) = |(nP)* N Z%¢| = |[n(P*) N 29| = Ep-(n). O
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Now we outline more results and corollaries of Theorem 1.4.1. From now on we deal with the
most general quasi-polynomial weighted case, i.e., w(x) is a non-constant quasi-polynomial as in

the statement of Theorem 1.4.1.

EXAMPLE 4.1.1. Consider the (m — 1)-dimensional standard simplex
Apor={y ly1+-+ym =14 >0}

Then —2Ap-1 ={y | y1 + + +ym=-2-1,y; > 0}.

DEFINITION 4.1.1. A function w(t) is a late-dilated Ehrhart quasi-polynomial if
w(t) = [(t —c)QNZE,

where ¢ € Z and Q is a rational polytope.

ExaMpPLE 4.1.2. The function (mt_l) is a late-dilated Ehrhart polynomial in the variable ¢,
because (") = [(t —m+ 1)Ap_1 NZ™|.

COROLLARY 4.1.1.  Let wy,wa,- - ,wq be late-dilated Ehrhart quasi-polynomials, i.e., w;(t) =
[(t — ¢;)Q; NZ%| where Q; = {yi | Ciyi = dj,yi > 0} and C; € Z"*% d; € Z™,¢; € Z. Consider
a rational polytope of the form P = {x | Ax = b,x > 0} C R? where A € Z**% b € Z° and the
multivariate function w(x) = H?:l w;(x;). There exists a weight-lifting polytope P* C R% of P,
where d* =d+e1 + -+ + eq, such that

3 w(x) = ‘P* nzd

x€PNZ4

PROOF. We need only show that there is a rational polytope Q(z1,...,z4) of the form given
in Theorem 1.4.1 for which w(x) = |Q(z1,...,xq) NZT " F¢d| and then apply Theorem 1.4.1. Let
Q(x1,...,mq) = ngl(:ci — ¢;)Q;. Specifically, Q(z1,...,z4) has the form

d; 0
Y1 C -~ 0 Y1 0 )
=x1| |+t zd ' +ey>0;,. ]
: 0
Yd 0 - Cy4/ \yu
0 dy
J
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COROLLARY 4.1.2. For every monomial w(x) = x* = a{"x5?---x5?, there exists a weight-

lifting polytope P* C RY where d* = d + 2|a| = d + 2 Z?Zl o such that

S w(x) = ]P* nzd

x€PNZ4

PROOF. By Corollary 4.1.1, we just need to show that z;" is a late-dilated Ehrhart polynomial.
It is well known that (k4 1)% is the Ehrhart polynomial of the «;-dimensional hypercube of length

k. In particular, the hypercube has the form

Y1 !
10 0 10 0
1
) o1 -0 O0O1 ---0 .
n0 =3 "] L U = w020y O
21 S 21
1
0 0 1 0 O 1
Za; Zaj

COROLLARY 4.1.3. For every polynomial w(x) = Y o7 CaX® = Y 5 Ca®] 25? - aim, there
exist |I| weight-lifting polytopes P} indexed by the exponents of monomials such that
> wl@) =Y e lPanz”|.
xePNZ4 ael

PRroOOF. This follows directly from Corollary 4.1.2 U

REMARK 4.1.1. Corollary 4.1.3 implies that if w(x) is a polynomial with || nonzero monomials,
then we can compute the sum of lattice points of P weighted by w by counting integral points in

|| weight-lifting polytopes.

We give another two corollaries of Theorem 1.4.1.

n

COROLLARY 4.1.4. Consider the polynomial w(x) = [[;_, ($i+o“'_1).

) There exists a weight-

lifting polytope P* C RY where d* = d + || such that

3 w(x) = ]P* nzd

x€PNZ4
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PRrROOF. Recall that (xiJrai_l) is the Ehrhart polynomial of the standard (a; — 1)-simplex 1 =

a;—1

Y1 + -+ + Yo, With y; > 0. In particular, the simplex has the form

Y1 Y1
nQi =< i ||t ]| [ =ntmzo0
yozi ?/ai
Applying Corollary 4.1.1 gives the weight-lifting polytope from the statement. O

COROLLARY 4.1.5. Consider the polynomial w(x) = H‘Z:l (,7',). There exists a weight-lifting

Qg —

polytope P* of the dimension d* = d+ [a] such that ¥ycpga w(x) = [P* N2

PROOF. The function (")) is a late-dilated Ehrhart polynomial because (xlofof; 1) is the
Ehrhart polynomial of the standard (a; — 1)-simplex. Applying Corollary 4.1.1 gives the weight-

lifting polytope from the statement. O

Note that {(I?i;l) | k=1,2,...} and {(,",) | K =1,2,...} are two well-known bases of the

vector space of polynomials in x.

COROLLARY 4.1.6. For every monomial w(x) = x® = ("' --- 2, there exist at most (a1 +
1)+ (ag + 1) weight-lifting polytopes Pj indexed by the vector B and P C R where d* = d + | 8]
such that

Z w(x) = 205 ’PE nzt|.

x€PNZL BLa

PROOF. Let vg(z) be one of the two binomial bases described above. We can transform the

monomial basis {z* | k =0,1,2,...} into the binomial basis,

il o

Ly Ty~ - 'xgd = Z C(O‘a B) " VB (331)”52 (x2) T Uﬁd(xd)'
BLa

By Corollaries 4.1.4 and 4.1.5, for each 3 and each polynomial vg, (x1)vg,(z2)---vg,(x4), there

exists a corresponding weight-lifting polytope P C RA+I8, O

REMARK 4.1.2. In Corollary 4.1.2 we express the weighted sum of lattice points of P using
a single P* ¢ R¥2lel. but in Corollary 4.1.6 we express this sum using at most (o + 1)(a +

1)+ (aq + 1) polytopes of lower dimension Pj C RA+I8I,
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PROOF OF COROLLARY 1.4.1. Applying Theorem 1.4.1 to P gives a weight-lifting polytope
P* for which EZ"(n) = Ep«(n). Applying a classical result relating the volume and lead coefficient
of the Ehrhart quasi-polynomial of P* completes the proof. Both E3"(n) and Ep«(n) are quasi-
polynomial functions of n, and concretely, this equality implies that their leading coefficients are
the same.

We can then replace integration of w(x) over P with computation of the leading coefficient of
Ep«(n), which is equivalent to computing the volume of P*. Note that this transformation can be
carried out in several steps whose complexity is polynomial in the size of the input describing P*.

For the second claim, we start by recalling an elementary fact. Let S = {s1,...,s,} be a set of
non-negative real numbers. Then max{s; | s; € S} = limp_ ,’“/2521 sé‘? . The arithmetic mean of
S is at most its maximum value, which in turn is at most as big as >, s;. We apply these ideas to
the set S = {w(a) | a € P NZ?}. This gives upper and lower bounds for each positive integer k:

> w(a)*

aePNZ

et < : < k= Uy
Pz <max{w(a):a e PNZL} < Z w(a)k = Uy

aEPNZ

As k — oo, Lj and Uy approach this maximum value monotonically (from below and above,
respectively). Trivially, if the difference between the (rounded) upper and lower bounds becomes
strictly less than 1, we have determined max{w(x) | x € P NZ% = [L;]. Thus the process

terminates with the correct value. Finally, the key value in the sequences Lj and Uy is the term

Efgwk (n) = > w(a). Corollary 4.1.1 describes how to construct the weight-lifting polytope
aenPNZE
P* corresponding to the pair P and w(a)F. O

4.2. Applications

Theorem 1.4.1 has applications beyond integration and maximization of Ehrhart quasi-polynomials.
In this section, we discuss how to use it to find new algebraic combinatorial identities by carefully
choosing the polytope P and reinterpreting the weight function w in terms of Ehrhart quasi-

polynomials of some polytopes ;.
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4.2.1. Weighted Ehrhart in number theory. Simultaneous Core Partitions. We first
describe an area in which weighted Ehrhart machinery has already been applied to prove a signifi-
cant result. Let A be a partition and H(\) denote its multiset of hook lengths. The partition A is
called an a-core partition if no element of H () is divisible by a. If A is both an a-core partition and
a b-core partition, then we say that it is an (a, b)-core partition. There is extensive literature about
statistical properties of sizes of simultaneous core partitions [32,68]. Anderson proved that if a
and b are relatively prime positive integers then the number of (a, b)-core partitions is — (ajb) [4].
Johnson proved a conjecture of Armstrong, showing that the average size of an (a, b)-core partition
is (a+b+1)(a—1)(b—1)/24 [53]. Johnson’s proof fits into the framework of weighted Ehrhart
theory.

Suppose that a and b are relatively prime positive integers. It is not hard to show that a-core
partitions are in bijection with elements of A, = {(co,...,ca—1) € Z*: >, ¢; = 0}. Let 74(x) be the
remainder when z is divided by a. We use cyclic indexing for elements ¢ € A,, that is, for k € Z we
set ¢ = ¢, (k) Simultaneous (a, b)-core partitions are in bijection with the elements of A, satisfying
the inequalities ¢; 1 p—c¢; < L%J foreachi € {0,1,...,a—1} [53, Lemma 23]. In this way, we see that
(a, b)-core partitions are in bijection with integer points in a rational polytope SC,(b). The size of
the a-core partition corresponding to ¢ = (¢, ...,cq—1) is ha(c) = § Z?:_ol (¢ +ic;) [63, Theorem
22]. Therefore, Anderson’s theorem is equivalent to computing the number of integer points in
SC,(b), and Johnson’s theorem is equivalent to computing Zcesca(b) ha(c).

Johnson computes this weighted sum of lattice points by relating it to a sum over the subset
of integer points (2o, ..., zq—1) of the dilation of the standard simplex bA,_; that satisfy > iz; =0
(mod a). Johnson then shows that the sum he needs to compute is equal to 1/a times the sum of
a quadratic function w taken over all integer points of bA,_1. In order to conclude, he applies a
result from Euler-Maclaurin theory, which is a version of the first part of Corollary 1.4.1, and also

applies a version of weighted Ehrhart reciprocity that appears in [7].

By Corollary 4.1.3, there exists a family of weight-lifting polytopes P* € R%" such that

Z w(zr) = an

zEbA4_1NZe acl

PNzt
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It seems likely that further study of these kinds of weight-lifting polytopes can lead to new tech-

niques in the study of simultaneous core partitions.

Numerical Semigroups. A numerical semigroup S is an additive submonoid of Ny = {0, 1,2,...}
with finite complement. The elements of Ny \ S are the gaps of S, denoted G(S) = {h1,...,hy}.
The weight of S is defined by w(S) = (h1+---+hg) —(14+2+---+g). The motivation for studying
w(S) comes from the theory of Weierstrass semigroups of algebraic curves [6, Chapter 1, Appendix

Numerical semigroups containing m are in bijection with integer points (z1,...,2Zmy—1) in the

Kunz polyhedron P,, C R™™ 1, which is defined via bounding inequalities
x¢+xj2xi+jifi+j<m, xi+xj+12xi+j_mifi+j>m.

Let NS(m,g) be the set of numerical semigroups containing m with genus g. These semigroups
are in bijection with the integer points of P,,,, the polytope we get from P, by adding the
additional constraint » x; = g. For a more extensive discussion of the connection between nu-
merical semigroups containing m and integer points in the Kunz polyhedron, see [56, Section 4].
If (k1,...,km—1) corresponds to a semigroup S, then w(S) = 237" ki(k; — 1) + S0 ik

% (Z ) (1 + > Yk ) There has been recent interest in the statistical properties of weights
of semigroups, see [58, Section 5] and [57].

By Corollary 4.1.3, there exists a family of weight-lifting polytopes P € R%" such that

Yo ow®) = D> w®) =) ca

SeNS(g,m) SEPm,gNZ™—1 ael

Prnz .

Studying this family of polytopes and applying a version of Corollary 1.4.1 suggests an approach
to the following two questions:
1. What is the maximum of w(S) for S € NS(g,m)?

2. For fixed m, what is the main term in the expression for ZSENS(g,m) w(S) as g — o0o?

4.2.2. Weighted Ehrhart in combinatorial representation theory. There is a long tra-
dition of using lattice points of polytopes in representation theory (see [40] and the references

there). Here, as an application of Theorem 1.4.1, we provide new connections.
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Maximizing Kostka numbers. Fix a partition A - n and let SSYT(\) denote the set of semi-

standard Young tableaux of shape A. The Schur function s) is

sx(x) = Z ol = Z Koz,

TeSSYT(X) a€comp(n)

where comp(n) is the set of weak compositions n and K, is the Kostka number that counts the
number of tableaux in SSYT(\) with content a. Evaluating sy at 1 = 1,29 = 1,...,2y =

1;-TN+1 = 0,.%']\[.;,.2 = 0, PN yields

SSYTOAN) = Y K,

a€N-comp(n)

where SSYT' (A, N) is the set of semi-standard Young tableaux of shape A and entries bounded by
N and N-comp(n) is the set of weak composition of n with N parts.

A weak composition of n with N parts is a lattice point in the scaled standard (N — 1)-
simplex nAn_1. The Kostka number K), equals the number of lattice points in the Gelfand—
Tsetlin polytope GT'(A, ) (see e.g., [40]), so w(a) = K), is a weight function. There have been
contributions to understanding the behavior of K, as (), «) vary and an example is [52] in which
it is shown that they are log-concave. Applying the method in Corollary 1.4.1 one can use the

weight-lifting polytope given by Theorem 1.4.1 to compute maz e N-comp(n)Kra-

Robinson—Schensted—Knuth (RSK) identity. Fix partitions u, v F n and recall the famous
RSK identity (for details see e.g., [70]):

> KK = Ny

AFn

The left sum is over partitions of n and the summands are products of Kostka numbers. In fact,

the left side of the identity is a weighted sum over the lattice points of
(4.1) P={xeR" |z 4+ - +z,=n,51 > 23>+ > x5 >0}

This is because the weight function w(\) = Ky, K, is the number of lattice points in the Cartesian

product GT' (A, ) x GT (A, v) of two Gelfand-Tsetlin polytopes. The right-hand side of RSK, N,
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is the number of lattice points in the transportation polytope

Matpn(p,v) = 4 (Zijh<ig<n | Zzij = Mz‘,zzij =vj,2i5 20
Z ‘

)

While RSK provides more information (e.g., a bijection), Theorem 1.4.1 gives a new polytope

whose number of lattice points is the sum ) ,, . Ky, Ky,

COROLLARY 4.2.1 (A new RSK-like identity). There exists a weight-lifting polytope P*(u,v) C
RYH20 yhich is combinatorially different from Maty, »(p, v) such that
* 2
> KKy = [P*(p,v) N 227,
AFn
Littlewood—Richardson Coefficients. Schur functions are central objects in representation

theory and combinatorics. The skew Schur function for partitions A, p - n is

3)\/#('7;) = Z K)\/V,axa7

a€comp(n)
where the sum is over all compositions of n and K/, , counts the number of skew semi-standard
Young tableaux of shape \/v and weight . The Littlewood—-Richardson rule (see e.g., [74]) ex-
presses the skew Schur functions in terms of Schur functions,
syu(@) =Y ysu().
vhn
Comparing the expression of the coefficient of the monomial % yields
Kyjva = ZCZ\WKW-
vhn
The Littlewood—Richardson coefficient C;/\w counts the number of lattice points in the hive polytope
Hli‘y (see e.g., [28]). Applying Theorem 1.4.1 to the simplex in (4.1) and w(v) = Ci\vaaa which

counts the number of lattice points in H ﬁ‘,/ x GT (v, a), we obtain the following corollary.

COROLLARY 4.2.2. There exists a weight-lifting polytope P*(\/u, ) C R™H2 guch that

Z C;))yKua =|P* (N, ) N Z"2+2"].
AFn
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4.3. Experiments

4.3.1. Integration over polytopes. We present an experiment related to symbolic comput-
ing. Let P be a d-dimensional rational convex polyhedron inside R" and let w € Q[zy,...,z,]
be a (homogeneous) polynomial with rational coefficients. We consider the problem of efficiently
computing the exact value of the integral of the polynomial w over P, denoted fp wdm, where dm
is the integral Lebesgue measure on the affine hull of the polytope P. For rational input, the out-
put will always be a rational number fp fdm (Integration over polytopes was studied extensively
n [16], [17] and more recently at [8,36].).

Integration over polytopes is in general an important but difficult problem. (see [8,49] and the
references therein). Our contribution starts from an old observation: It is known the computation
of the leading coefficient of Ef,’w (n) is the same as computing the integral of w over the polytope
P (see [8]). But the new Theorem 1.4.1 provides a new avenue of compute that leading coefficient
because E5" (n) = Ep«(n). We can replace integration with computation of the leading coefficient
of a usual Ehrhart leading coefficient or direct volume computation.

In the papers [36] the authors released an integration software implemented in LattE (code is
available from https://www.math.ucdavis.edu/~latte/) several fast algorithms for integration.
They depend on two main facts. The first key fact is integrals of arbitrary powers of linear forms
can be computed in polynomial time Therefore, to integrate an input polynomial LattE decom-
poses it into a finite sum of powers of linear forms, ), coll, )M | using the well-known identity
shown by Waring’s theorem. The second fact is we can triangulate any polytope and just do the
integral over simplices, then add the pieces. For all details of the LattE Integration algorithms and
implementation see [2,8,16,17,36].

We implemented our new algorithm in SAGE, we call it the WLPvolume algorithm. We used
Theorem 1.4.1, to find the weight-lifting polytope and then we computed its volume using the
existing LattE code. We compared this with LattE Integration as implemented in [36] and available
in the latest LattE release. Table 4.1, Table 4.2 present a comparison of the LattE Integration
method and the WLPvolume method. The columns represent the dimension of the polytope and
the rows mean the degree of the integrand. Each cell has two running times, the integration method

is the top one, and the WLPvolume method is the bottom one.
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Table 4.1 is the case when we integrate a monomial over the standard simplex. The LattE
integration method is extremely slow when both dimension and degree are high. LattE’s algorithm
needs to turn one monomial into a sum of powers of linear forms and often thousands of linear forms.
In the last case, it did not even finish. In contrast, the largest computation of the WLPvolume
method was 3 seconds. Table 4.2 is the case when we integrate the power of a linear form over the
standard simplex. The performance reverses and the WLPvolume method is extremely inefficient
when both dimension and degree are high. The WLPvolume algorithm often needs to decompose

the constructed weight-lifting polytope into thousands of simplicial cones to compute the volume.

Dimension of the simplex
Deg 1 2 3 4 5 6 7 8 9 10
1 0.01 0.00 0.00 0.01 0.01 0.02 o0.01 0.02 0.02 0.06
0.00 0.01 0.01 0.02 0.02 0.02 0.03 0.05 0.06 0.08
9 0.00 0.01 0.01 0.01 0.01 0.04 0.12 041 1.43 5.13
0.01 0.01 0.01 0.03 0.04 0.06 0.10 0.13 0.21 0.31
3 0.01 0.00 0.00 0.02 0.04 0.21 1.01 5.12 25.87 123.82
0.00 0.01 0.03 0.03 0.09 0.13 0.21 0.35 0.55 0.80
4 0.00 0.00 0.01 0.02 0.11 0.80 5.38 3549 222.07 1345.95
0.01 0.01 0.03 0.07 0.13 0.27 045 0.74 1.18 1.73
5 0.00 0.01 0.01 0.04 0.29 2.55 21.53 166.20 1282.92 -
0.01 0.02 0.06 0.12 0.25 0.48 0.87 1.39 2.21 3.32

Tow
3

TABLE 4.1. Integration(upper) v.s. WLPvolume(lower): one monomial [[
the standard col-simplex.

over

4.3.2. Weight of numerical semigroups. As we described in Section 4.2.1, numerical semi-
groups containing integer m with genus g are in bijection with the lattice points inside the Kunz
polytope P,, 4 and the weight of a numerical semigroup becomes a quadratic polynomial on the same
polytope. Therefore, we can study the average weight of these finitely many numerical semigroups
for each m and g.

Note that the weight of a numerical semigroup with genus ¢ is the sum of elements in the gaps
minus the sum from 1 to g and elements in the gaps are distinct ¢ integers ranging from 1 to 2g — 1.
So roughly speaking, the weight of a numerical semigroup has a quadratic growth with respect
to the genus g. Specifically, we are interested in the average weight growth among the numerical
semigroups containing integer m with genus g. Hence, we implemented the weight-lifting method

via the Latte software to collect some data for 3 < m < 8 and g < 200.
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Dimension of the simplex
Deg 1 2 3 4 5 6 7 8 9 10
9 0.01 0.01 0.01 0.01 0.01 0.01 0.01 o0.01 0.01 0.02
0.01 0.01 0.01 0.02 0.01 0.01 0.02 0.01 0.03 0.03
3 0.01 0.00 0.01 0.00 0.01 0.02 0.01 o0.01 0.01 0.01
0.01 0.01 0.02 0.02 0.01 0.02 0.03 0.03 0.04 0.05
4 0.00 0.01 0.01 0.01 0.01 0.00 0.00 o0.01 0.02 0.02
0.01 0.01 0.01 0.02 0.02 0.03 0.03 0.07 0.11 0.15
5 0.00 0.01 0.01 0.00 0.02 0.01 0.01 o0.01 0.01 0.01
0.01 0.01 0.02 0.02 0.03 0.05 0.10 0.17 0.32 0.54
6 0.00 0.01 0.00 0.01 0.00 0.01 0.01 o0.01 0.01 0.01
0.00 0.01 0.02 0.03 0.04 0.08 0.21 0.41 1.48 3.43
7 0.01 0.00 0.00 0.00 0.02 0.02 0.01 o0.01 0.01 0.02
0.01 0.02 0.02 0.03 0.06 0.19 0.53 1.61 6.42 14.95
3 0.00 0.01 0.01 0.01 0.00 0.01 0.01 o0.01 0.01 0.01
0.01 0.02 0.03 0.04 0.10 0.33 1.13 5.49 20.54 72.00
9 0.00 0.00 0.01 0.01 0.01 0.01 o0.01 o0.01 0.02 0.01
0.02 0.03 0.03 0.04 0.15 0.76 2.85 16.05 76.25 236.78
10 0.00 0.01 0.01 0.01 0.01 0.00 0.01 o0.01 0.02 0.01
0.02 0.02 0.02 0.06 0.30 1.43 6.68 38.55 231.76 1694.71

TABLE 4.2. Integration(upper) v.s. WLPvolume(lower): a power of a linear form
(3" cix;)™" over the standard col-simplex.

The results are presented in Figure 4.1. For each m and ¢, we first calculate the sum of
weight over numerical semigroups containing integer m with genus g, then calculate the number of
these numerical semigroups. Dividing these two numbers, we get the average weight of numerical
semigroups containing m with genus g. Lastly, we divide the average weight by genus square. We

can observe that all quotients have convergence behavior.
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FI1GURE 4.1. Curve plot of the quotient of average weight and genus square.
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CHAPTER 5

Kakeya’s Conjecture

This final chapter discusses Kakeya’s generating function method and amends his proof with

the help of Galois theory. Then we discuss two possible ways to tackle Kakeya’s conjecture.

5.1. Kakeya’s criterion

In this section, let ¢t be an indeterminate variable other than x;’s and let E be a field containing
the ring of symmetric polynomials in n variables, A, then we consider the collection of all degree

n polynomials in variable ¢ with the coefficients in E and the constant term 1, i.e.,

n
{1—!—20@#:0@61@}.

Next, we can consider the formal Taylor series for Log (1 +> 0 aiti) with respect to variable t,

n 00
Log (1 + Z aiti> = ZFk(al,ag, . ,an)tk,
i=1 k=1

where F}’s are polynomial functions in «;’s. In particular, the closed form is

Cha
— E 1)) ZATA
Fk(al,ag,...,an) )\}_k( 1) l()\) s

where a) is a shorthand notation for the monomial ay, vy, - .. @y, , {(A) is the length of the partition

A and C), is the coefficient of the term «) in the (a; +ag + ... + an)lo‘).
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ExamMPLE 5.1.1. When n = 2,

Fi(ag, a0) = —%7

Fy(aq,a2) = O;% %,
F3(aq,a2) o;:f QQ;OQ,
Fy(a, az) Of - 3045042 %7

In summary, the polynomials F}’s determine all the coefficients in the formal Taylor series
expansion of Log (1 4+ Y1 a;t?).
On the other hand, by considering the algebraic closure of the field E, the polynomial can be

completely factorized into linear terms,

n

n
1+ ait' = [J@+70).
=1

j=1

In particular, the coefficient «; is the i-th elementary symmetric polynomial of r;’s, ie., o; =

ei(r1,72,...,m,). Then take the formal logarithm with respect to variable ¢, we yield
n ) n n
Log (1 + Z aitz> = Log H (1+rt) | = Z Log (1 +;t).
i=1 j=1 j=1

Recall the formal Taylor series expansion of Log(1 + r;t) with respect to variable ¢,

[ee] 7,]?
Log (1+rit) =Y <(—1)ké> t*.

k=1

Therefore,

n . e 'S ,7" geee ,Tn
Log <1 + Ze@'(rl,TQ, e '?Tn)tl> = Z <(_1)kpk( : 2]€ )> tk

=1 k=1

Hence, these yield well-known algebraic equations, the Newton’s identities, in terms of e;’s and p;’s.

Fi(e1,ea,. .. en) = (—1)FLE,
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Given n positive integers ¢; < ¢3 < ... < ¢, and suppose that the set {p¢,, Peys - - - De, } forms
a fundamental system, then e;’s can be expressed as a rational function of p.,’s. This implies that
if the coefficients of t%’s in the series expansion of Log (1 +> 0 aiti) are determined, then the
coefficients, «a;’s, of the polynomial are uniquely determined. In other words, polynomials can be
distinguished by their coefficients at the term t“’s under the formal logarithm map.

Kakeya took a very similar approach as above. Instead of considering Log (1 +>0, aiti),
Kakeya considered formal Taylor series expansion of

n i n n
Log (%) = Log (1 + ; Oziti> — Log (1 + ; eiti> .

And he concluded that this series can be identified as 0 by checking only coefficients of n terms

tr t2, ..., and t°». Moreover, Kakeya also utilized the following decomposition of rational polyno-
mials

L+30, a;tt B Azt Agxgt I Apxnt

1+leem_ 1+3:1t T+aot " 14 apt

=14+ ( DR (ALY + Aoz + .. 4+ Aaf)t*,
k=1

where A; € E and is uniquely determined by «a;’s. Therefore,

1+Zﬂ_1aiti> . K
Log | &=L ) = N" Gu(Ay, Ag, ..., Ap)tE.
g(uz“em > Gl Ao

Specifically,

c
Gk(Al,AQ, ... ,An> — Z(_l)l()\) l()f))\?
Ak

where () is a shorthand notation for the monomial (y,(y, ...y, and ¢; is a conventional notation

for (=1)%(A1z} + Agxh + ... + Apa2l).

ProOOF OF THEOREM 1.5.1. We will only prove the equivalence between item 1 and item 4,
since item 5 (resp. item 3) is just the algebraic translation of item 4 (resp. item 2) and item 2 is a

reformulation of item 4.
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The ”item 1 = item 4” part has been proved by the above argument. We will prove the
“item 5 = item 1” part by contrapositive. Suppose the set {p¢,,Pey,---,Dc, } does not form a
fundamental system, then e; ¢ K(pe,, Pey,y - - -, Pe, ) for some .

According to the determinant test (Theorem 10.83 [64]), the set {pcy,Pey,---,Pec, } are alge-
braically independent over K, therefore, K(pc, , Peys - - - » Pe,, ) /K is a transcendental field extension of
degree n. Recall that K(eq,es, ..., e,)/Kis also a transcendental field extension of degree n, hence,
K(e1,ea, ... n)/K(pPeysDeyy - - - Pe,, ) is an algebraic field extension. So if e; & K(pey, Degs - - - 5 Pe,, ) for
some 4, then there must exist a minimal polynomial P(x) € K(p¢,,Deys - - -5 Pe,,)[] and deg P > 1
such that P(e;) = 0.

Since E is algebraically closed and E D Frac(A,) 2 K(ei,ea,...,en) 2 K(peysDegy-- 3Py ),
there exists an intermediate field E O L O K(p¢,,Deyy - - -5 Pe,) such that L is a splitting field of
the polynomial P(z). L is a Galois extension since every minimal polynomial in characteristics 0
is irreducible and hence separable. Since the degree of P(x) is strictly greater than 1, then e; has
a Galois conjugate €; in L. Since the Galois group acts transitively on the roots of polynomials,
there exists a field automorphism op, of L/K(pe,, Peys - - - e, ) such that e; &5 . Since E is alge-
braically closed and hence algebraic over L, then by the Isomorphism Extension Theorem, the field
automorphism oy, of I can be extended to a field automorphism o of E.

It is easy to verify that (og(e1),or(e2),...,o0r(ey)) is another solution of the polynomial equa-

tions in E™ other than (eg, es, ..., ey), since og fixes the element in K(p¢,, peys - - -5 Deyy )- O

5.2. Kakeya’s conjecture

In this section, we focus on presenting several possible ways of cracking Conjecture 1.5.1.

5.2.1. Searching for nontrivial solutions of Equation (1.2) or Equation (1.3). Using
the idea we discussed in Theorem 1.5.1, Kakeya managed to prove that if an index set {c1, ca, ..., ¢}
forms a gap of a numerical semigroup, then Equation (1.2) has the only trivial solution, which
implies that {pc,, Deys - - - » Pe,, } forms a fundamental system. It is natural to try what we can derive
from the condition that an index set {c1, ca, ..., ¢, } does not form a gap of a numerical semigroup.
This means that we need to search for nontrivial solutions of polynomial equations, however, in

general, there is no known criterion that can guarantee the existence of nontrivial solutions.
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THEOREM 5.2.1. If an index set {c1 < ca < ... < ¢p} does not form a gap of numerical
semigroup but the index subset {c1 < ca < ... < cp—1} forms a gap of numerical semigroup, then

{PeysDegy - -+ s Pe, b does not form a fundamental system.

ProOOF. We will use the criterion Item 3 of Theorem 1.5.1 to prove the statement.

Since the subset of the first n — 1 indices {¢; < ¢ < ... < ¢,—1} forms a gap of numerical semi-
group, then by induction, we can prove that the first n — 1 polynomial equations of Equation (1.2)
implies that (., = 0,(¢, = 0,...,(,,_, = 0. This can simplify the last polynomial equations of
Equation (1.2) to

CxCx
5.1) > (=1)!™ = 0.
( Acn l()\)
AiFc;Vi=1,...,n—1

Recall that {c¢; < c2 < ... < ¢,} does not form a gap of numerical semigroup, so ¢, can be
represented as the sum of at least two integers in N\ {¢; < ¢2 < ... < ¢,—1}, namely, the above
polynomial equation contains terms other than (.

Recall that ¢; = (—1)" (A2} + Agab + ... + Aual), if we can prove that (., # 0. then we find

a nonzero solution of (A4, As,..., A,). So we can denote (., by z, then
(—xl)cl (—ﬂ?g)cl “e (—ﬂ?n)cl Al 0
(—.1‘1)02 (—1'2)62 o (—l‘n)cz Ag B 0
(—z1)" (—zx2) ... (—zp)™ An z

Note that the matrix is an invertible generalized Vandermonde matrix, V¢, ¢, ., and we denote

its determinant as D,,, for simplicity, we can see that A;’s are linear with respect to the variable z,
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hence, (;’s are linear with respect to the variable z. Specifically,

x :
G=[cey o o] | = [y o ] Vet |
_An_ _Z_

_ det (‘/;1,02,...,C,L,1,i) Y= DZ
det (‘/:311C27---7Cn7115n) Dcn

So Equation (5.1) becomes a univariate polynomial of z. The coefficient of the linear term z is

L . . . Dy, D
—1 which is nonzero. The coefficient of the quadratic term z? consists of sum of % where
A, A2 F# ¢1,¢9,...,¢h—1 and A1 + Ao = ¢,,. We will show that the coefficient contains a monomial

of x;’s.
Among all A1, A2 appeared in the coefficient of 22, we consider the one with \; being maximal.

We can order (c1,...,¢,—1,A1) and (c1,...,cn—1,A\2),

61<...<Ci_1<Ci<CZ'+1<...<Cj<)\1<Cj+1<...<Cn_1

Cl<...<Ci_1<)\2<CZ‘<...<C]'_1<C]‘<C]‘+1<...<Cn_1.

2¢c; . Cit1+¢Ci citci1 A+c; 2c¢; 2Cn—1 - . .
Then z7% - ;%! CitAa g Cit1 i GGl MG 2C “"~! is a monomial appeared in the

Ti1 Ty Tit1 j j+1 Tifa T Tn
Dy, Dy,. And by the choice of maximal A, we can see this monomial doesn’t appear in other

determinant products. So the coefficient of 22 is nonzero.

Hence, the polynomial equation of z has a nonzero solution. ]

5.2.2. Showing directly Frac(A,,) # K(pe,, Peys - - - Pey )

PROPOSITION 5.2.1. For any integers 1 < c¢1 < co, p1 = X1 + T2 cannot be represented as a

. . _c c1 _ .C2 c2
rational function of p., = x{' + x5! and pe, = x7* + x5°.

PrOOF. Prove by contradiction.

g(pc1 yPeg )

Moo p) with ged(g, h) = 1. Since the rational form is reduced and all the power
c15Pco

Suppose p; =

sum polynomials are homogeneous functions, the rational form contains exactly one power of p,
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and one power of p.,. Since 1 < ¢; < ¢z, we can always find a root v of 1 4+ ¢t> = 0 such that
14+~ # 0 and 14+ # 0. Then we can let x1 = 1 and x3 = v, namely, p; # 0,p., # 0 and p., = 0.

If the power of p., and the power of p., appear in the numerator, then we will observe an invalid

relation 1 = %.

If the power of p., and the power of p., appear in the denominator, then we will observe an

invalid relation 1 = %

If the power of p., and the power of p., appear separately, then we will observe either 1 = % or

_1
=L 0
COROLLARY 5.2.1. Kakeya’s conjecture is true when n = 2.

Proor. By Proposition 5.2.1 and Theorem 5.2.1. g
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