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Abstract

Stochastic optimization is fundamental to modern machine learning and deep learning problems.
It provides various algorithmic frameworks, such as stochastic gradient descent (SGD), adaptive
gradient algorithm (ADAGRAD) and adaptive moment estimation (ADAM), to efficiently minimize
loss functions constructed from large-scale datasets. In this dissertation, we explore the theoretical
properties and empirical performance of bilevel optimization algorithms and the phenomenon of
large learning rates in machine learning. First, we introduce a novel algorithm, the Moving-Average
Stochastic Bilevel Algorithm (MA-SOBA), designed for solving stochastic bilevel optimization under
standard smoothness assumptions. Next, we extend the scope of bilevel optimization algorithms from
single-agent training to a multi-agent context, i.e., distributed training, by proposing the Moving-
Average Decentralized Stochastic Bilevel Optimization (MA-DSBO) algorithm. This approach
improves the per-iteration complexity of previous methods, reducing the quadratic dependency on
dimensionality to linear dependency. Lastly, inspired by the Edge of Stability (EoS) phenomenon
observed in modern deep learning, we examine the training dynamics of gradient descent in a class
of quadratic regression models with large learning rates —- a scenario that classical optimization

theory struggles to explain.
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CHAPTER 1

Introduction

In this Section, we first briefly introduce the basic setup of stochastic optimization theory as
well as the background of bilevel optimization, decentralized optimization, and large learning rates
phenomenon in deep learning. In Section 1.1, we present the preliminaries of the main topics and
include commonly-used definitions and assumptions in optimization literature. In Section 1.2, we
provide an overview of the main contents in this dissertation.

Notation. We use |-|| for £2 norm of a vector and Frobenius norm of a matrix. 1,, denotes the
all-one vector in R™. A, = {X|A\; > 0,3 ; A\; = 1} denotes the probability simplex. For a convex

compact set X', IIy () denotes the Euclidean projection onto it. (-,-) denotes the inner product.

1.1. Preliminaries
1.1.1. Preliminaries of Stochastic Optimization. Many machine learning problems can be
thought of as stochastic optimization problems as

(1.1) min f(0) = E¢ [F(6;6)],

where X is a convex compact set, and £ is a random variable that denotes the sampling process
to generate the objective function f. For example, £ can refer to a mini-batch of data points, and

F(0;&) represents the loss function evaluated based on &.

REMARK. Suppose we are given a dataset D with N datapoints, i.e., D = {(X;,y:)}Y,. A
typical choice of training objective is

N

(1.2 F0) = Y F ;X w)

i=1
where F'(6; X;,y;) represents the loss function evaluated on a single data point (Xj;,y;). We note
that (1.2) can fit into the expectation formulation in (1.1). To see this, we denote by £ the random

variable to generate B¢, a batch of data with a fixed size B uniformly sampled from the dataset. We
1



further define

1
(13) F(6;€) = B F(0; X,vy)
(Xry)EBE
We notice that
1
(1.4) E¢[F(6;6)) = L F(o:¢)
&B:CD (B)
_ 1 ‘
- Y - =F6:X.y)
ebep \(xpese (B)
= > o wFE:Xy)
(X,y)eD \&(X,y)eBe (B)
(N:l) 1
= & BPOXY
(Xy)eD \B
1
—% S FO:X0) = f0)
(X,y)eD

Here the third equality holds since we can exchange the summation order of a mini-batch and a
particular data point, and the fourth equality holds since for a fixed datapoint (X,y) € D, we
have in total (gj) batches with size B containing (X,y). This indicates that the average of the
loss functions evaluated on the whole dataset can be seen as the expectation of the loss functions

evaluated on a mini-batch of data points uniformly sampled from the whole dataset.

Unless specified, we will assume the functions of interest are continuously differentiable. We

define of the notion of Lipschitz continuity, smoothness, and convexity assumptions as follows.

DEFINITION 1.1.1. Suppose we are given a differentiable function f : R — R. For any constants
Lo, 01 >0, we say f is lo-Lipschitz continuous, when |f(01) — f(02)] < Lo ||01 — 02| for any 01,602. f
is £1-smooth, when ||V f(01) — V f(62)| < 41|61 — 02| for any 01,02. We say f is conver when there
exists a constant 1 > 0 such that f(62) > f(01) +(V f(61),02 — 01) + 5 |61 — 0||? for any 61,05. In

particular, we say f is p-strongly convexr when p > 0.
2



REMARK. For any symmetric positive semi-definite matrix A, we can verify that f(6) = (A6, 0)

is smooth and convex, since we have
IVf(01) = Vf(02)]| = [[A0r — Aba|| < [|A][5 [[61 — 62]],
and
f(02) = f(61) = (Vf(61),02 — 61)
=5 ({46, 02) — (A61,01) — 20401, 6, — 01))

=5 (A8~ 00), (62— 61)
)\

2 16, 0,

where Amin(A) denotes the smallest eigenvalue of A. Hence we know f(6) is ||Al|,-smooth and

convex.

To develop stochastic optimization algorithms, we assume that we access to unbiased estimates

of derivatives of different orders with bounded variance.

ASSUMPTION 1. Suppose we are given a function f(0) = E¢ [F(0;¢)] defined on a convex
compact set X. We assume access to unbiased stochastic function values, first-order derivatives and
second-order derivatives with bounded variance, i.e., there exist constants o1,09 > 0 such that for

any 0 € X,

E¢ [VF(6:€)] = VF(6). Ee ||VEF(6:€) — VF(O)|?] <o,
2
Ee [V2F(0;€)] = V2£(0), Ee |[V2F(0;¢) - V2£(0)[°] < o3
REMARK. To see the Assumptions hold in practice, we take a linear regression problem as

an example. Consider training a linear model under the setup in that of (1.2) and (1.3), the loss

functions are defined as

F(8: X, ) = 5((X,6) — )" 5 2 TOx
Xy)€



We can follow (1.4) to similarly verify that the unbiasedness of VF(6;&) and V2F(6;&). To see the
variances are bounded, we notice that VF(0; X,y) = XX "0 — yX,V2F(0; X,y) = XX " and thus

(1.5)

Ee [HVF(G; §) — Vf(e)!ﬂ

1 1 & 1 1 Y i
=Ec ||l 5 D XX -5 XNXT)o—| 5 DY wXi— 5D uX
(Xi,yi)€Be Jj=1 (Xi,yi)€Be j=1
- N 2 N 2
1 1 1 1
<2B¢ |5 o oxix - NZXjX_jT 1617 + 2B B > yiXi- Nzijj
L (Xi,yi)€Be Jj=1 (Xi,yi)€Be Jj=1

<+ 00

where the first inequality holds by Cauchy-Schwarz inequality, and the second inequality holds since
0 belongs to a compact set. Also we have

2
1

N
2 2 2 T 1 T
Ee [[IV2F0:6) - VSO)°] =Ee ||| D0 XXT - = DI XX[|| | < +oc.
(Xi,y:)€Be j=1
It is worth noting that the boundedness of X plays a crucial role in the upper bound of the variance
of VF(0;¢). When X is unbounded and (1.5) does not hold, then we may need to analyze the

variance of the gradients evaluted at the iterates of the algorithms. See Theorem 1 in

| | and its proof techniques for an example.

We call VF(6;€),V2F(0;€) first-order, and second-order stochastic oracles respectively. In
practice, for example, we may sample a mini-batch of data points (represented by &), and then
evaluate oracles of different orders according to the algorithmic design.

We next discuss convergence criteria of optimization algorithms. For bounded continuously
differentiable convex functions, it can be shown that there exists * such that f(6*) equals to the
minimum value of f. In deep learning, however, most loss functions constructed from deep neural
networks are highly non-convex, and finding a global minimum point is usually infeasible. We thus

consider finding first-order stationary points defined as follows.



DEFINITION 1.1.2. Suppose we are given a differentiable function f : R — R. For a positive
constant € > 0, we say 6 € R? is an e-stationary point of f, when ||Vf(¢9)H2 < e. Moreover, we say a
stochastic optimization algorithm is able to find an e-stationary point, when there exists a positive inte-

ger K such that the iterates {0}, generated by the algorithm satisfy ming<g< E [\\Vf(&k)\ﬂ <e.

Note that for non-convex functions, a 0-stationary point can be a local minima, a local maxima,
or a saddle point. In non-convex optimization, they represent critical points of interest because they
can potentially offer good enough solutions in the absence of global guarantees. Additionally, many
algorithms designed for non-convex optimization are built around the goal of efficiently converging to
these stationary points, making them a central concept in the analysis and application of non-convex
optimization algorithms like SGD | , | and Adam | , |. For a
particular stochastic optimization algorithm, we are interested in analyzing the relationship between
K and € in Definition 1.1.2, which reveals the rate of convergence or the number of samples needed

to find such a solution.

1.1.2. Preliminaries of (Decentralized) Bilevel Optimization. Despite that most machine
learning problems can be written as the optimization formulation in (1.1), which can then be solved
effectively by algorithms like SGD, there is a broad class of problems that cannot be formulated

s (1.1). We will take hyperparameter optimization as an example. In classical wisdom of machine
learning, the hyperparameter tuning process aims at finding the best hyperparameters based on the
validation dataset after model training. Note that the training and tuning are based on different
datasets and thus the optimization problems involved are different. We can write the hperparameter

optimization problem as follows.

m/\in Loal(N, 0%(N)),

s.t. 0%(\) = argmin Lipain(A, 6).
0

Here, we denote by A the hyperparameters and 6 the trainable model parameters. We use Ly, and
Lirain to represent validation loss and training loss respectively. Note that the problem considered
here has a bilevel structure, in which we can evaluate the gradients in both levels to solve this problem
through some gradient-based algorithms. The study of gradient-based hypergradient optimization

can be dated back to [ |. In general, bilevel optimization aims at solving problems with a
5



{Hyperparameter Tuning} {min A Lval(\, 0* ()\))}

L Model Training} [0* (A) = argmin gy Lerain (A, 0)}

FIGURE 1.1. Hyperparameter optimization as a bilevel optimization problem.

bilevel structure, and can be written as follows.
min () 1= 7, 0°(V),

s.t. 0"(\) = argmin g(\,0).
0

It has attracted a lot of attention in recent years due to its capabilities of handling machine learning
problems in different domains like hyperparameter optimization | , , ,
, , |, reinforcement learning | , , , ],
meta-learning | , , , , , , , ],
etc. We study the convergence rates and sample complexity of BO algorithms in Chapter 2.
Another important line of research is extending the single-agent training to decentralized set-
ting | , |, in which multiple agents, such as different devices distributed in heterogeneous
environments | ) |, work collaboratively to solve the problem. The decentralized

version of Problem 1.1 can be formulated as

min f(6)= > fi(0)
=1

Similarly, decentralized bilevel optimization can be written as

A

1 n
i @ = i 70* )
min - ®(3) n;ﬂxu»
st 0%(\) = arg min g(\, 6) Zgl A, 0),

where n represents the number of agents for solving the problem. The information related to
functions f; and g; (e.g., the data points used to generate them), is termed as local information only

available to agent ¢. Typically, each agent in the network sends (receives) certain iterates to (from)
6



their neighbors, through a given communication network, to collect the global information. The
network can be represented as a graph with vertices representing agents and edges representing the
neighboring relations between pairs of agents. See, for example, Figure 1.2 for a visualization of
different communication networks. The number of communication rounds between different agents
is denoted as the communication complexity. We will elaborate how to design the communication

process to achieve convergence for decentralized bilevel optimization in Chapter 3.
/ \ / \ — / \
\ / \ — \ /

Ring Random Ladder Complete

FI1GURE 1.2. Different communication networks for n = 8. The four graphs represent
the ring, (an instance of) the random, the ladder and the complete graph. The figure
is adopted from [ |.

1.1.3. Beyond Small Learning Rates in Optimization. Finally, we note that, from a
theoretical perspective, classical optimization theory may require the learning rates in algorithms to
be sufficiently small to achieve convergence guarantee for finding the stationary points. In practice,
however, most empirical selection of the learning rates are larger than what the theory predicts, and
usually the training process can be greatly accelerated as compared to the settings with conservative
learning rates. See, for example, the Edge of Stability (EoS) | , | phenomenon. Hence
there is a clear gap between theory and practice. We aim at providing a partial answer to this open

question in Chapter 4.

1.2. Outline of the Dissertation

Now that we have introduced the preliminaries of stochastic optimization with its applications
in machine learning, we present the outline of the dissertation in this section.

In Chapter 2, we propose a fully single-loop algorithm for solving stochastic bilevel optimization
problems. Our theoretical analysis reveals that the sample complexity of our algorithm for finding an
e-stationary point matches the optimal lower bound under standard assumptions, and thus closes the
gap between the lower bound and upper bound. Furthermore, we show that by a slight modification

of our approach, our algorithm can handle a more general multi-objective robust bilevel optimization
7



problem. For this case, we obtain the state-of-the-art oracle complexity results demonstrating
the generality of both the proposed algorithmic and analytic frameworks. Numerical experiments
demonstrate the performance gain of the proposed algorithms over existing ones.

In Chapter 3, we extend the single-agent training of bilevel problems to the decentralized
setting. We provide a novel algorithm that successfully improves the per-iteration computational and
communication complexity from quadratic dependence on dimension parameter to linear dependence,
as compared to prior works on this topic. Numerical experiments showcase the efficiency of our
algorithms on both synthetic datasets and real-world datasets.

In Chapter 4, we study the training dynamics of gradient descent with large learning rates for
a class of quadratic regression problems. Through the lens of discrete dynamical systems, we show
that the dynamics of gradient descent can exhibit five distinct phases based on different choices of

learning rates.



CHAPTER 2

Stochastic Bilevel Optimization

2.1. Introduction

Bilevel optimization is gaining increasing popularity within the machine learning community
due to its extensive range of applications, including meta-learning | , ,
, , , ) ) |, hyperparameter optimization | ) ,
, , ) |, data augmentation | , , ,
|, and neural architecture search | , , , |. The objective of bilevel
optimization is to minimize a function that is dependent on the solution of another optimization
problem. Formally, we have

(2.1) min  ¢(x) = f(z,y"(x)) s.t. y*(z) = argmin g(x,y)
rEXCRAz yeR%Y

where the upper-level (UL) function f (a.k.a. outer function) and the lower-level (LL) function g
(a.k.a. inner function) are two real-valued functions defined on R% x R%. The set X is either R%
or a closed convex set in R%  and the LL function ¢ is strongly convex. We call = the outer variable
and y the inner variable. The objective function ®(z) is called the value function. In this paper,
we consider the stochastic setting in which the f and g are expressed in the form of expectations,
Le., f(z,y) = E¢op, [F(z,4;8)], 9(2,y) = Egpup, [G(z,y; ¢)] . Stochastic bilevel optimization can
be considered as an extension of bilevel empirical risk minimization [ , |, allowing
to effectively handle streaming data (&, ¢).

In many instances, the analytical expression of y*(x) is unknown and can only be approximated
using an optimization algorithm. This adds to the complexity of problem (2.1) compared to its
single-level counterpart. Under regular conditions such that ® is differentiable, the hypergradient

V®(x) derived by chain rule and implicit function theorem is given by

(2.2) Vo(z) = Vif(z,y"(x)) — Vigg(z,y* ()" (2),



where 2*(x) € R% is the solution of a linear system:

(2.3) () = [Viyg(a,y* ()] Vaf(z,y"(x).

Solving (2.1) using only stochastic oracles poses significant challenges since there is no direct unbiased
estimator available for [V3,9(z, y*(z))] ~ and also for V®(z) as a consequence.

To mitigate the estimation bias, many existing methods | ) , ,

) 5 ) ) ) ) ) ) ; 5

, , | employ a Hessian Inverse Approximation (HIA) subroutine, which
involves drawing a mini-batch of stochastic Hessian matrices and computing a truncated Neumann
series | , |. However, this subroutine comes with an increased computational burden and
introduces an additional factor of log(¢~!) in the sample complexity. Alternative methods proposed
by [ | and [ | calculate the explicit inverse of the stochastic Hessian
matrix with momentum updates. To circumvent the need for explicit Hessian inversion and the HIA
subroutine, [2022] and [2022] propose running Stochastic Gradient
Descent (SGD) steps to approximate the solution z*(z) of the linear system (2.3). In particular,
the state-of-the-art Stochastic Bilevel Algorithm (SOBA) only utilizes SGD steps to simultaneously
update three variables: the inner variable gy, the outer variable x, and the auxiliary variable z. It was
claimed that SOBA achieves the same complexity lower bound of its single-level counterpart (® € Ci’l
) in the non-convex setting | ) |.

Despite the superior computational and sample efficiency of SOBA, there is crucial shortcoming
as the current theoretical framework assumes high-order smoothness for the UL function f and the
LL function g such that z*(x) has Lipschitz gradient. Specifically, unlike the typical assumptions
in stochastic bilevel optimization that state f € Ci’l and g € Ci’Q (A1), the current theory of
SOBA requires f € Ci’Q and g € C%’?’ (A2). The necessity of (A2) is counter-intuitive as the partial
gradients of x,y, z utilized in constructing SGD steps are already Lipschitz continuous under (A1).
Furthermore, assuming g is strongly convex and the partial gradient of the UL function with respect
to the inner variable y is bounded for all pairs of (z,y*(x)), (i.e., ||Vaf(z,y*(x))|| < Ly for all

x € X), there exists a subset relation among three function classes as indicated by

i CP'? denotes p-times differentiability with Lipschitz k-th order derivatives for 0 < k < p.
10



[ , Lemma 2.2| that
(A2) {feC?geci® c (a){fec;tgeCi?c{eeccy').

In light of this, it can be concluded that (A1) is sufficient to ensure the first-order Lipschitzness
of ®, which is the standard assumption in the single-level setting. On the other hand, it is worth
noting that under (A2) it can be shown that ® € C%Q, i.e., V®(z) and V2®(x) are both Lipschitz
continuous. It is known that higher order smoothness (e.g., Lipschitz continuity of V2®(x)) will
lead to better sample complexity | , , , |. This indicates that the
sample complexity O(e~?) obtained in | | may not be optimal under the set of
assumptions made in their work.

Therefore, a natural question follows: Is it possible to develop a fully single-loop and Hessian-
inversion-free algorithm for solving stochastic bilevel optimization problems that achieves an optimal
sample complexity of O(e~2) under standard smoothness assumptions {f € C}J’l,g € C%’Q}H? In this
paper, we provide an affirmative answer to the aforementioned question. Our contributions can be

summarized as follows.

e We propose a class of fully single-loop and Hession-inversion-free algorithm, named Moving-
Average SOBA (MA-S0BA), which builds upon the SOBA algorithm by incorporating an additional
sequence of average hypergradients. Unlike SOBA, MA-SOBA achieves an optimal sample complexity
of O(e~2) under standard smoothness assumptions, without relying on high-order smoothness.
In particular, in Section A.1.1.1 we explain how the introduced MA updates help reduce the order
of bias in hypergradient estimation, and avoid higher order Taylor expansion (which requires
higher-order smoothness of f and g) used in [ |. Moreover, the introduced
sequence of average hypergradients converges to V®(z), thus offering a reliable termination
criterion in the stochastic setting.

e We expand the scope of MA-SOBA to tackle a broader class of problems, specifically the min-max
multi-objective bilevel optimization problem with significant applications in robust machine
learning. We introduce MORMA-SOBA, an algorithm that can find an e-first-order stationary
point of the py-strongly-concave regularized formulation while achieving a sample complexity of

O(n®uy*e=?), which fills a gap (in terms of the order of e-dependency) in the existing literature.
11



(doubleoop) Complosity U971 Qg L er Loop Baich Sie
BSA | , | O(e7®) Ci’l SC and Ci’Q Neumann approx. SGD on inner o)
stocBi0 | , | O(e7?) Ci’l SC and Ci’Q Neumann approx. SGD on inner ~ O(e™})
YALSET | , | O(e7?) Ci’l SC and Ci’Q Neumann approx. SGD on inner o)
AmIGO | , | 02 Ci’l SC and Ci’Q SGD SGD on inner ~ O(e™!)
ingleloor) Complosity @71 (g L e Step Baich Sie
ITTsA | , | O(e29) Ci’l SC and Ci’2 Neumann approx. SGD O(1)
STABLE | , | O(e7?) ¢y SCand C2? Direct SGD o(1)
SOBA | , 2022] O(e7?) c;”  SCandC;” SGD SGD O(1)
MA-SOBA (Alg. 1) O(e7?) ¢y SCand C2? SGD SGD o(1)

TABLE 2.1. Comparison of the stochastic bilevel optimization solvers in the
nonconvex-strongly-convex setting under smoothness assumptions ¥ on f and g.
We omit the comparison with variance reduction-based methods (VRBO, MRBO |

: ]; SUSTAIN | : ]; SABA | , ]; SRBA |

: |; SVRB | : |; FLSA | : |; SBFW |

) ]) that may achieve O(¢~!®) sample complexity and under mean-squared
smoothness assumptions on stochastic functions F¢ and G, and SBMA | ,

| that achieves O(¢~*) sample complexity. The sample complexity corresponds
to the number of calls to stochastic gradients and Hessian(Jacobian)-vector products
to get an e-stationary point. The O notation hides a factor of log(e~!). “SC” means
“strongly-convex”.

e We conduct experiments on several machine learning problems. Our numerical results show the

efficiency and superiority of our algorithms.

Related Work. The concept of bilevel optimization was initially introduced in the work of
| |. Since then, numerous gradient-based bilevel optimization algorithms
have been proposed, broadly categorized into two groups: ITerative Differentiation (ITD) based
methods | , , , , ) ) ) ) ,
| and Approximate Implicit Differentiation (AID) based methods | , , ,

) ) ) ) ) ) ) ) )

, , , |. The ITD-based algorithms typically involve approximating the
solution of the inner problem using an iterative algorithm and then computing an approximate
hypergradient through automatic differentiation. However, a major drawback of this approach is

1 All methods also assume IVaf(z,y*(x))]| < Ly < oo for all z € X.
T ALSET can achieve convergence without the need for double loops, but it comes at the cost of a worse dependence

on k in sample complexity. The mechanisms of single-loop ALSET and TTSA are essentially the same, except that ALSET
employs single time-scale stepsizes while TTSA employs two time-scales.

12



the necessity of storing each iterate of the inner optimization algorithm in memory. The AID-based
algorithms leverage the implicit gradient given by (2.2), which requires the solution of a linear
system characterized by (2.3). Extensive research has been conducted on designing and analyzing
deterministic bilevel optimization algorithms with strongly-convex LL functions; see [ |
and references therein.

In recent years, there has been a growing interest in stochastic bilevel optimization, especially
in the setting of a non-convex UL function and a strongly-convex LL function. To address estimation
bias, one set of methods uses SGD iterations for the inner problem and employs truncated stochastic
Neumann series to approximate the inverse of the Hessian matrix in z*(z) | ,

, , , |. The analysis of such methods was refined by | ,

| to achieve convergence rates similar to those of SGD. However, Neumann approximation
subroutine introduces an additional factor of log(e~!) in the sample complexity. Some alternative
approaches | , , , , , | calculate the explicit
inverse of the stochastic Hessian matrix with momentum updates. Nevertheless, these methods
encounter challenges related to computational complexity in matrix inversion and numerical stability.

To avoid the need for explicit Hessian inversion and Neumann approximation, recent algo-
rithms | , , , | propose running SGD steps to approximate
the solution z*(z) of the linear system (2.3). One such algorithm called AmIGO | ,

| employs a double-loop approach with warm-start strategy and achieves an optimal sample
complexity of O(e~2) under regular assumptions. However, AmIGO requires a growing batch size
inversely proportional to e. Following AmIGO, [ | proposes BSGM, which avoids using
large batch size in the LL problem and warm-start strategy, but still requires double-loop framework
and large batch sizes in the UL problem. On the other hand, the single-loop algorithm SOBA |

, | achieves the same complexity lower bound but with constant batch size. Unfortunately,
the current analysis of SOBA relies on the assumption of higher-order smoothness for the UL and LL
functions. In this work, we introduce a novel algorithm framework that differs slightly from SOBA
but can achieve optimal sample complexity in theory without higher-order smoothness assumptions.

A summary of our results and comparison to prior work is provided in Table 2.1.
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In addition, there exist several variance reduction-based methods following the line of research

by [2021], [2021], [2021], [2023],

[ I, [ ]. Some of these methods achieve an improved sample complexity of O(e1%)
and match the lower bounds of their single-level counterparts when stochastic functions F¢ and G
satisfy mean-squared smoothness assumptions and the algorithm is allowed simultaneous queries
at the same random seed | , |. However, since we are specifically considering
smoothness assumptions on f and g, we will not delve into the comparison with these methods.

The most recent advancements in (stochastic) bilevel optimization focus on several new ideas: (i)
addressing constrained lower-level problems | , , , , ,

, , |, (ii) handling lower-level problems that lack strong convexity |

, , , , , , , , , , |, (iii) developing
fully first-order (Hessian-free) algorithms | , , , , , |, (iv)
establishing convergence to the second-order stationary point | , |, and (v) expanding
the framework to encompass multi-objective optimization problems | , ,

, , , |. It is promising to apply some of these advancements to our specific

framework. Moreover, in this work, we also contribute to multi-objective bilevel problems with a

slight modification of our approach. Other directions are left as future work.

2.2. Proposed Framework: the MA-SOBA Algorithm

Similar to [2022], [2022], our algorithm initiates with inexact
hypergradient descent techniques and seeks to offer an alternative in the stochastic setting. To
provide a clear illustration, let us initially consider the deterministic setting. The SOBA framework

keeps track of three sequences, denoted as {xk, Yk, zk}, and updates them using D,, Dy, D, as follows:

(2.4) (inner) "t =4k — B |Vag(a®, vF) | = oF — BpD, (", 4", 2F)

(aux) 2= 2k {Thg(a,y ()2 — Vas @by (b)) |

(2.5) bias — = 2" — {ngg(wk,yk)zk - V2f(:v’“,yk)} = 2% — D (a*, yF, 2F)

(outer) zFt=2F—qy {Vlf(a:k, y* (z%)) — Vigg(a®, y*(xk))z*(xk)} = 2% — o, VO (2")

(2.6) bias — ~ z* — {Vlf(xk,yk) — V2,9(z", yk)zk} = 2% — D, (2, ok, 2F)

14



where (2.4) is the GD step to minimize g(z¥,-), (2.6) is the inexact hyper gradient descent step, and

(2.5) is the GD step to minimize a quadratic function with z*(2*) being the solution, i.e.,
o1
2" (a%) = argmin (V3yg(a", y"(@"))2, 2) = (Vo (2", 4" (a")), 2).
z

Given that the above update rule, highlighted in blue, does not involve the Hessian matrix inversion,
SOBA can directly utilize the stochastic oracles of Vi f, Vaf, Vag, V3,9, V3,9 to obtain unbiased
estimators of Dy, Dy, D, in Eq.(2.4), (2.5), (2.6). This approach circumvents the requirement for a
Neumann approximation subroutine or a direct matrix inversion. However, due to the update rule
for y, which only utilizes one-step SGD at each iteration k, the value of y* does not coincide with
y*(2¥). As a result, a certain bias is introduced in the partial gradient of z in Eq.(2.5). Similarly,
when estimating the hypergradient V®(x), another bias term arises in Eq.(2.6). Although the
bias decreases to zero as y* — y*(2*) and zF — z*(2*) under standard smoothness assumptions
as indicated by Lemma 3.4 in | |, the current analysis of SOBA requires more
regularity on f and g to carefully handle the bias; it assume that f has Lipschitz Hessian and g has
Lipschitz third-order derivative.

The inability to obtain an unbiased gradient estimator is a common characteristic in stochastic
optimization involving nested structures; see, for example, stochastic compositional optimization

| as a specific case of (2.1). One popular approach is to introduce a sequence of dual variables
that approximates the true gradient by aggregating all past biased stochastic gradients using a

) Y ? ]'

Motivated by this approach, we introduce another sequence of variables, denoted as {h*}, and update

moving averaging technique | , ,

it at k-th iteration given the past iterates . as h*™1 = (1 — 0)hF + Opw* !, where E[w**+1.7,] =
D, (2%, y*, 2¥), 0;, € (0, 1]. Following the update rule in the constrained setting (X C R%) |

, |, the outer variable is updated as 2%+ = 2¥ 4+, (HX (zF — 7hF) — xk), which is reduced to
the GD step when X = R% . Denote the stochastic oracles of Vi f(x*,y*), Vo f (2, y*), Vag(zF, ),
V2,92, y*), V2,9(z*, y¥) at k-th iteration as ub+!, u’é“, Rt {HRFL TR respectively. We present

our method, referred to as Moving-Average SOBA (MA-SOBA), in Algorithm 1.
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Algorithm 1: Moving-Average SOBA

Input. xov y07 207 hO - 07 {ak}7 {Bk}u {7]6}7 {Hk}
1 fork=0,1,..., K —1do

2 ol =2k + (HX(:I:k — ThF) — xk) 4 update z* via average hypergradient h*
3 yFtl = oF — groktl # update y* by one-step SGD
4 2L = ok oy (HF R — uéj‘H) # update z* by one-step SGD
5 AL = (1 — ) A + O (ul ™t — JHFLLP) 4 update average hypergradient h*
6 end

2.3. Theoretical Analysis

In this section, we provide convergence rates of MA-SOBA under standard smoothness conditions
on f,g and regular assumptions on stochastic oracles. We also present a proof sketch and have
detailed discussions about assumptions made in the literature. The complete proofs are deferred in

Section A.1l.

2.3.1. Preliminaries and Assumptions. As we consider the general setting in which X can
be either R% or a closed convex set in R% , we use the notion of gradient mapping to characterize
the first-order stationarity, which is a classical measure widely used in the literature as a convergence
criterion when solving nonconvex constrained problems | , |. For 7 > 0, we define the
gradient mapping of at point Z € X as G (2, V®(z),7) == 1(2 — x(zZ — 7V®(Z))). When X =R,
the gradient mapping simplifies to V®(Z). Our main goal in this work is to find an e-stationary
solution to (2.1), in the sense of E[||Gx(z, V®(Z),7)||?] < e.

We first state some regularity assumptions on the functions f and g.

ASSUMPTION 2. The functions f and g satisfy:
(a) (f € Ci’l and g € Ci’z);t;t Vf Vg,V2%q are Ly, Ly, Ly2, Lipschitz continuous.
(b) (SC LL) g is pg-strongly conve.

(¢) [ Vaf @y (@) < Ly < 0o for all z € X.

REMARK. The above assumption serves as a sufficient condition for the Lipschitz continuity
of V®, y*(x), and z*(x), as well as D, D,, and D, in Eq. (2.4), (2.5), (2.6). The inclusion of
high-order smoothness assumptions (f € C%Q and g € C%g) in the current analysis of SOBA |

, | is primarily intended to ensure the Lipschitzness of Vz*(z). However, the necessity of

such assumptions is subject to doubt, given that Vz*(x) is not involved in designing the algorithm.
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Furthermore, the Lipschitzness of f or uniformly boundedness of Vo f made in several previous
works is unnecessary. Instead, the boundedness assumption on Vs f is only required for all pairs of

(z,y*(z)) as demonstrated by Assumption 2(c).
Next, we discuss assumptions made on the stochastic oracles.

ASSUMPTION 3. For any k > 0, denote by % the sigma algebra generated by all iterates
with superscripts not greater than k : %y, = a{hl,...,hk,xl,...,xk,yl,...,yk,zl,...,zk}. The
stochastic oracles of V1 f(z*, y¥), Vaof(xF,y*), Vag(zF, y*), V2,g(xF, y*), Vi,g(xF, y*), denoted as
u];*l,u’y““, R HEHL TR respectively, used in Algorithm 2 at k-th iteration are unbiased with

. . P . .
bounded variance gwen Fy, i.e., there exist positive constants of1,0f9,041,042 such that

2
S = Vi), B[ = waset )17 < o
i 2
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In addition, they are conditionally independent conditioned on .Fy.

REMARK. The unbiasedness and bounded variance assumptions on stochastic oracles are
standard and typically satisfied in several practical stochastic optimization problems [Lan, |. It
is important to highlight that we explicitly impose these assumptions on the stochastic oracles, unlike
Assumption 3.6 in [2022], which assumes E[[|o" 1|2 7] < B2(1+ || Dy (2*, ¥, 2%)|1?)
and E[||Hk+1zk—u5+1 12| 7] < B2(1+| D5 (2*, y*, 2*)||?). In this case, B, and B, represent constants
in terms of the Lipschitz constants (L) and variance bounds (¢%). Moreover, Assumption 3.7 in

| | assumes E[||w**+1||?|.%,] < B2 holds for a constant B,, which is considerably

stronger than our assumptions and may not hold for a broad class of problems.

2.3.2. Convergence Results. We have the following theorem characterizing the convergence

results of MA-SOBA.
17



THEOREM 2.3.1. Define xi =TIy (2¥ — Th*). Suppose Assumptions 2 and 3 hold. Then there
exist positive constants c1,ca,c3, 7 > 0 such that if o, = O(1/V K), By, = crag, vk = coa, O = caay,
i Algorithm 1, then the iterates in Algorithm 1 satisfy

K

(2.7) %Z %E [Hx’; - ka? - O<\/1E> Il{kf:lE Hhk - V@(xk)HT - o(\/%)

]-o(ck)

That is to say, when uniformly randomly selecting a solution xf from {x',... %X}, the sample

which imply

¥ — My (zF — 7V (2F))

11
Kzﬂﬂ

k=1

complexity of Algorithm 1 for finding an e-stationary point is O(e~2).

REMARK. In contrast to most existing methods, in MA-SOBA, the introduced sequence of dual
variables {h*} converges to the exact hypergradient V®(z), even in the presence of estimation bias.
This attribute provides reliable terminating criteria in practice. In addition, similar results with an
extra factor of log(K) in the convergence rate can be established under decreasing oy | ,

|. We also note that Algorithm 1 only requires stochastic gradient and Hessian(Jacobian)-vector
product oracles, whose computational complexity are typically O(max(d,,d,)) with the help of
automatic differentiation techniques | , , , |. Moreover, the sample

complexity of fully first-order methods for bilevel optimization usually have worse dependency on

€| , ).
2.3.3. Proof Sketch of Theorem 2.3.1. Define
Vi = —gllek — ¥ + 0¥ — V()|
To obtain (2.7), we consider the merit function:
Wi = @(2*) —nae (@, 1) + [ly* — gl + 1127 = £,

where nx(z,h,7) = (h,zy — x) + % |z, — z|*. By leveraging the moving-average updates of ¥
(line 2 of Algorithm 1), we can obtain

K

iakE Vil = O<Z (. [HE[wkHﬂk] - V(I)($k)“2] + ai)>,
k=0

k=0
18



which reduces the error analysis to controlling the hypergradient estimation bias, i.e., |E[w*T!|.Z] —

V®(2*)||2. This term, by the construction of w**!, satisfies

Sioo ok |[|Blet 7] - Vo@h)|*| = 0 (Sio ok [k —ab[” + lo* — v ]* + [ - 4] )

It is worth noting that [ ] requires the existence and Lipschitzness of V2f and

V3g to ensure the Lipschitzness of Vz*(x) (see (2.3)) which is used in proving the sufficient decrease

k12
I

of sz — 2F||”. In contrast, based on the moving-average updates of z* and h*, our refined analysis

does not necessitate such assumptions to obtain that

kioakE [Hyk — 2} = O<k§0ak1€ {Hxﬁ_ —ka )

The proof of Theorem 2.3.1 can then be completed by choosing appropriate ay, ¢y, co,c3, 7 > 0.

+ sz

2.4. Min-Max Bilevel Optimization

To incorporate robustness in the multi-objective setting where each objective can be expressed
as a bilevel optimization problem in (2.1), the following mini-max bilevel problem formulation was
proposed in | |:

(2.8) min max ®;(x) = fi(z,y; (x)) s.t. yi(z) =argmin g;(x,y;),1 <i<n.
zeX 1<i<n y-GRdyi

Note that (2.8) can be reformulated as a general nonconvex-concave min-max optimization problem

(with a bilevel substructure):

2. O(x,\) Ai i (
9) iy e 90e) =)

Instead of solving (2.9) directly, in this work, we focus on solving the regularized version,

1 2

A——-1,
n

5
2.1 O, (2, )) == D(z,\) — =
(2.10) min max &, NEDY (z,\) 5

Note that in (2.10), we include an ¢? regularization term that penalizes the discrepancy between A
and 17" When py = 0, it corresponds to equation (2.8), and as py — +00, it enforces A = 17", leading
to direct minimizing of the average loss. It is important to note that minimizing the worst-case

loss (i.e., maxj<i<n fi(z,y}(x))) does not necessarily imply the minimization of the average loss (i.e.,
19



%2?21 fi(z,y}(x))). Therefore, in practice, it may be preferable to select an appropriate py > 0
| , , , | to strike a balance between these two types of losses.
| | considered solving a similar problem under stronger assumptions. We defer a detailed

discussion to Section A.2.2.

2.4.1. Proposed Framework: the MORMA-SOBA Algorithm. The proposed algorithm,
which we refer as to Multi-Objective Robust MA-SOBA (MORMA-SOBA), for solving (2.10) is presented
in Algorithm 2. In addition to the basic framework of Algorithm 1, we also maintain a moving-
average step in the updates of A* for solving the max part of problem 2.4.1. It is worth noting
that in its single-level counterpart without the inner variable y, the proposed MORMA-SOBA algorithm
is fundamentally similar to the single-timescale averaged SGDA algorithm proposed in the general
nonconvex-strongly-concave setting | , |. Moreover, our algorithmic framework can be

leveraged to solve the distributionally robust compositional optimization problem as discussed in

[2021].

REMARK (Comparison with MORBiT | , |). In contrast to our approach in (2.10), the
work of [ |, for the min-max bilevel problem, attempted to combine TTSA | ,
| and SGDA | , | to solve the nonconvex-concave problem as (2.9). However, we
identified an issue in [ | related to the ambiguity and inconsistency in the expectation and

filtration, which may not be easily resolved within their current proof framework. As a consequence,
their current proof is unable to demonstrate E[max;c(, lyf — yr(2*=D))12] < O(VnK~2%/%) as
claimed in Theorem 1 (10b) of | |. Thus, the subsequent arguments made regarding
the convergence analysis of z and A are incorrect (at least in its current form); see Section A.2 for
further discussions. Moreover, the practical implementation of MORBiT incorporates momentum and
weight decay techniques to optimize the simplex variable A. This approach can be seen as a means

of solving the regularized formulation in (2.10).

2.4.2. Convergence Results. We first present additional assumptions required in the analysis

of MORMA-SOBA.

ASSUMPTION 4. For any k > 0, functions ®(x), V®;(x) are bounded, functions f; are Ly-

Lipschitze continuous in the second input, and their stochastic versions are unbiased with bounded
20



Algorithm 2: Multi-Objective Robust Moving-Average SOBA

Input: x()’ /\07 {yzo}v {Z,?}, hg =0, h())\ =0, {ak}7 {Bk}v {719}7 {Hk}
1 for k=0,1,..., K —1do

2 okt = ok 4 o (Hx(xk — Tthg) — xk) # update z* via average hypergradient h];

3 AL = 2P ay (TTa, (AF + 7ahE) — AF) # update A\¥ via average gradient h¥

4 fori=1,...,n (in parallel) do

5 ny =y - Bkvfﬂ # update y¥ by one-step SGD based on (2.4)

6 zf“ =2F — (Hf“zf - ulyﬁl) # update z¥ by one-step SGD based on (2.5)

7 end

8 | BTN = (1= 0p)hk + 0 S0, A (upt! — JfT1EE)

9 # update average hypergradient h];
10 hi“ =(1- Hk)h’; + 0y, (s”“rl — 1) (/\k — %)) # update average gradient h’}\
11 end

variance, i.e., there exists Lo, Ly, 070 > 0 such that

|@i(2)] < ba, [[VOi(2)l| < Lo, [filz,y) = filz,9)| < Lylly —gll, forallz,y,§,1 <i<n,

Sf—i_l - f’l(xkayf‘)

T 2
s = (M1 TR [sf“l%] = fila",y}), E { ’ |<%f] <ajy

Ui, {ukH uktt pFtl Hl-k"'l, Jik"'l} U {3k+1} are conditionally independent under Fy,.

R R At TR AR A

We have the following convergence theorem of MORMA-SOBA.

THEOREM 2.4.1. Suppose Assumptions 2, 3 (for all f;, g;) and Assumption 4 hold. Then there
exist positive constants ci,ca,c3, Tz, Ty > 0 such that if ap = O(1/VnK), Br = c1ag, Yk = coog, O =
csay, iy < 1 in Algorithm 2, then the iterates in Algorithm 2 satisfy

K

1 1 E [ka II (xk PAVA'Y (azk))HT (’)< n’ )
e Y — 1y — Tx = )
K k=0 Tﬂ% " M?\\/E

where W, (v) := maxyea, Pu, (x,N). That is to say, when uniformly randomly selecting a solution
P from {x',... 2%}, the sample complexity (the total number of calls to stochastic oracles) of

finding an e-stationary point by Algorithm 2 is (’)(n5u;4e*2).

Theorem 2.4.1 indicates that Algorithm 2 is capable of generating an e-first-order stationary

point of min, ¥, (z) with K 2 77,5/1,;46_2. As py — 0, the problem (2.10) changes towards the

nonconvex-concave problem (2.9) and the sample complexity becomes worse, which to some extent

implies the difficulty of directly solving (2.9). We defer the proof details to Section A.1.2. For
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Problem (2.9), we adopt the definition of e-stationary point in Definition 3.5 in [ ],

and choose ) = O(y/€) to help shed light on the sample complexity.

COROLLARY 2.4.1. Under the same setup of Theorem 2.4.1, setting py = O(\/€), the sample

complezity of finding an e-stationary point of Problem (2.9) via Algorithm 2 is O(n’e—%).
plexity of finding Y p g

REMARK. Note that in Theorem 2.4.1 we explicitly characterize the dependency on n and
y in the convergence rate and the sample complexity. It is worth noting that two variants of
stochastic gradient descent ascent (SGDA) algorithms for solving the nonconvex-strongly-concave
min-max optimization problems (without bilevel substructures), have been studied in
[ ], [ |. While such algorithms are not immediately applicable to solve (2.10) due
to the presence of the additional bilevel substructure, it is instructive to compare to those methods
assuming direct access to y;(z) in (2.8). Specifically, we observe that the sample complexity of SGDA
with batch size M = O(n'?¢~1) in | | and moving-average SGDA with O(1) batch
size in [2020] for solving (2.10) assuming direct access to y;(z) will be O (niuy?*¢2) and
@) (TL5,LL;46_2)* respectively. Our results in Theorem 2.4.1 indicate that the sample complexity of
the proposed algorithm MORMA-SOBA for solving min-max bilevel problems has the same dependency
on n and p)y as the sample complexity of the moving-average SGDA introduced in | | for

solving min-max single-level problems, while also computing ¥ (z) instead of assuming direct access.

2.5. Experiments

While our contributions primarily focus on theoretical aspects, we also conducted experiments
to validate our results. We first compare the performance of MA-SOBA with other benchmark methods
on two common tasks proposed in previous works | , , , , ,

|, hyperparameter optimization for £? penalized logistic regression and data hyper-cleaning on
the corrupted MNIST data set. To demonstrate the practical performance of MORMA-SOBA, we then
conduct experiments in robust multi-task representation learning introduced in [ | on

the FashionMNIST data set | , |

2.5.1. Experimental Details for MA-SOBA. Our experiments for MA-SOBA are performed
with the aid of the recently developed package Benchopt | , | and the open-sourced

*Note that ®,, (x,A) in (2.9) is quadratic in ), and these two sample complexities are obtained under this special
case, i.e., V3f(z,y) = —pl applied to [ I, [ .
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bilevel optimization benchmark!. For a fair comparison, we exclusively consider benchmark methods
, 2018]; (i)

stocBiO | , 2021]; (iii) TTSA | , 2023] /ALSET | : |; (iv) SOBA |

that do not utilize variance reduction techniques in Table 2.1: (i) BSA |

, |. Noting that ALSET only differs from TTSA regarding time scales, we use TTSA to represent
this class of approach. Also, we omit the comparison with AmIGO | ) | below,
given that it is essentially a double-loop SOBA with increasing batch sizes. The tunable parameters
in benchmark methods are selected in the same manner as those in benchmark_bilevell.

Setup. We strictly adhere to the settings provided in benchmark_bilevel, as detailed in
Appendix B.1 of [ |. The previous results and setups of [ |

have also been available in . For

completeness, we provide a summary of the setup below.

e To avoid redundant computations, we utilize oracles for functions F¢, Gy, which pro-
vide access to quantities such as V1 Fg(2,y), VoFe(z,y), VaGo(2,y), V3,Go(z,y)v, and
V%QGq;(a:, y)v, although this may violate the independence assumption in Assumption 3.

e In all our experiments, we employ a batch size of 64 for all methods, even for BSA and
AmIGO that theoretically require increasing batch sizes.

e For methods involving an inner loop (stocBi0, BSA, AmIG0), we perform 10 inner steps per
each outer iteration as proposed in those papers.

e For methods that involve Neumann approximation for Hessian-vector product (such as BSA,
TTSA, SUSTAIN, and MRBO), we perform 10 steps of the subroutine per outer iteration. For
AmIGO, we perform 10 steps of SGD to approximate the inversion of the linear system.

e The step sizes and momentum parameters used in all benchmark algorithms are directly
adopted from the fine-tuned parameters provided by | |. From a grid

search, we select the best constant step sizes for MO-SOBA.

We have excluded SRBA | ) | from the benchmark due to its limited reported
improvement over SABA.
2.5.1.1. Hyperparameter Optimization on IJCNNI1. In the first task, we fit a multi-regularized

logistic regression model (for binary classification), and select the regularization parameters (one
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FIGURE 2.1. Comparison of MA-SOBA with other stochastic bilevel optimization
methods without using variance reduction techniques. For each algorithm, we plot
the median performance over 10 runs. Left: Hyperparameter optimization for ¢2
penalized logistic regression on [JCNN1 data set. Right. Data hyper-cleaning on
MNIST with p = 0.5 (corruption rate).

hyperparameter per feature) on the IJCNN1 data set’. The functions f and g of the problem (2.1)
are the average logistic loss on the validation set and training set respectively, with ¢? regularization

for g. Specifically, the problem can be formulated as:

min ®@)= E (). X),Y)

flw ()

1
s.t. w*(v) = argmin E ((w, X),Y)] + ~w"diag (e"', ..., ") w.
(v) B (X,Y)~Dmm[ ({w, X0, Y)] + 5 g ( )

g(v.w)
In this case, |Dirain| = 49,990, |Dyal| = 91,701, and d = 22. For each sample, the covariate and
label are denoted as (X,Y), where X € R*2 and Y € {0,1}. The inner variable (w € R??) is the
regression coefficient. The outer variable (v € R??) is a vector of regularization parameters. The loss
function £(y',y) = —ylog(y’) — (1 — y)log(1 — ¢’) is the log loss.
In Figure 2.1(a), we plot the suboptimality gap against the runtime for each method. Surpris-

ingly, we observed that MA-SOBA achieves lower objective values after several iterations compared to

ihttps ://www.csie.ntu.edu.tw/"cjlin/libsvmtools/datasets/binary.html
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all benchmark methods. This improvement can be attributed to the convergence of average hyper-
gradients {h*¥}. These findings demonstrate the practical superiority of our algorithm framework,
even with the same sample complexity results.

To supplement the comparison, we conducted additional experiments that involved comparing
all benchmark methods, including the variance reduction based method. In Figure 2.2, we plot the
suboptimality gap (®(z) — ®*) against runtime and the number of calls to oracles. Unfortunately,
the previous results obtained for MRBO and AmIGO on the IJCNN1 data set are not reproducible at the
moment due to some conflicts in the current developer version of Benchopt. As reported in

[ |, MRBO exhibits similar performance to SUSTAIN, while the curve of AmIGO initially follows
a similar trend as SUSTAIN and eventually reaches a similar level as SABA towards the end. Following a
grid search, we have selected the parameters in MA-SOBA as ai7 = 0.02, B = vy = 0.01, and 6, = 0.1.
As shown in Figure 2.2, our proposed method MA-SOBA outperforms SOBA significantly, achieving a

slightly lower suboptimality gap compared to the state-of-the-art variance reduction-based method

SABA.
SUSTAIN FSLA BSA MA-SOBA
------ TTSA StocBiO -— SOBA -— SABA
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FIGURE 2.2. Comparison of MA-SOBA with other stochastic bilevel optimization
methods in the problem of hyperparameter optimization for ¢2 regularized logistic
regression on the IJCNN1 data set. We plot the median performance over 10 runs
for each method. Left: Performance in runtime; Right: Performance in the number
of gradient/Hessian(Jacobian)-vector products sampled.

2.5.1.2. Data Hyper-Cleaning on MNIST. In the second task, we conduct data hyper-cleaning
on the MNIST data set introduced in | |. Data cleaning aims to train a

multinomial logistic regression model on the corrupted training set and determine a weight for
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each training sample. These weights should approach zero for samples with corrupted labels. The
data set is partitioned into a training set Diyain, & validation set Dy,y, and a test set Diegt, Where
| Dtrain| = 20,000, |Dyar| = 5,000, and |Diest| = 10,000. Each sample is represented as a vector X of
dimension 784, where the input image is flattened. The corresponding label takes values from the
set {0,1,...,9}. We use Y € R!? to denote its one-hot encoding. Each sample in the training set is
corrupted with probability p by replacing its label with a random label {0, 1,...,9}.

The task can be formulated into the bilevel optimization problem (2.1) with the inner variable
y being the regression coefficients and the outer variable x being the sample weight. The LL function
g is the sample-weighted cross-entropy loss on the corrupted training set with ¢? regularization. The
UL function f is the cross-entropy loss on the validation set. Precisely, the task can be formulated

into the bilevel optimization problem as below:

i P = E t(W*(1)X,Y
I/E]él‘:gtrjain‘ (V) (va)NDval [ ( (V) ’ )}
f,W=*(v))
corrupted
* . 1 v 2
s.t. W*(v) = arg min Z ot (WX;, Y, )+C|W|7,

weRd ‘Dtrain| (Xiy.}/i)NDtrain

g(v,W)

where the outer variable (v € R20:%90) ig a vector of sample weights for the training set, the inner
variable W € R19X784 and ¢ is the cross entropy loss and ¢ is the sigmoid function. The regularization
parameter C, = 0.2 following [ |. The objective of data hyper-cleaning is to train
a multinomial logistic regression model on the training set and determine a weight for each training
sample using the validation set. The weights are designed to approach zero for corrupted samples,
thereby aiding in the removal of these samples during the training process.

We report the test error in Figure 2.1(b). We observe that MA-SOBA outperforms other benchmark
methods by achieving lower test errors faster.

To supplement the comparison, we conducted additional experiments that involved comparing
all benchmark methods, including the variance reduction-based method. Following a grid search,
we have selected the parameters in MA-SOBA as o7 = 102, B = v, = 1072, and 6, = 107!, In
Figure 2.3, we plot the test error against runtime and the number of calls to oracles with different

corruption probability p € {0.5,0.7,0.9}. We observe that MA-SOBA has comparable performance to
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the state-of-the-art method SABA. Remarkably, MA-SOBA is the fastest algorithm to reach the best

test accuracy when p = 0.5.
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FIGURE 2.3. Comparison of MA-SOBA with other stochastic bilevel optimization
methods in the problem of data hyper-cleaning on the MNIST data set when the
corruption probability p € {0.5,0.7,0.9}. We plot the median performance over 10
runs for each method. Top: Performance in runtime; Bottom: Performance in the
number of gradient/Hessian(Jacobian)-vector products sampled.

2.5.2. Experimental Details for MORMA-SOBA. To demonstrate the practical perfor-
mance of MORMA-SOBA as compared to MORBiT [Gu et al., 2023], we conduct experiments in robust
multi-task representation learning introduced in Gu et al. [2023] on the FashionMNIST data set [Xiao
et al,, 2017]. We adopt the same setup as described in Gu et al. [2023], which can be summarized as
follows.

Setup. We consider binary classification tasks generated from FashionMNIST where we select
8 “easy” tasks (lowest loss ~ 0.3 from independent training) and 2 “hard” tasks (lowest loss ~ 0.45

from independent training) for multi-objective robust representation learning:
o “easy” tasks: (0,9), (1,7),(2,7),(2,9), (4,7),(4,9),(3,7), (3,9)

e “hard” tasks: (0, 6), (2, 4)
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For each task i € [10] above, we partition its data set into the training set Dgrain’ validation set DZ‘-’al,

and test set DI**. We also generate 7 (unseen) binary classification tasks for testing:
e “casy” tasks: (1, 9), (2, 5), (4, 5), (5, 6) e “hard” tasks: (2, 6), (3, 6), (4, 6)

We train a shared representation network that maps the 784-dimensional (vectorized 28x28
images) input to a 100-dimensional space. To learn a shared representation and per-task models
that generalize well on each task, we aim to solve the following problem:

representation

——N—
min_ max P;(F) = E | WS (E)oReLU(EX) +b;(E),Y
EcR100x784 1<i<n (X,Y)N'D;’al
Wi (E)
s.t. =
bi (E)
weight bias
. =~ =~ 9 .
arg min E ¢ W; oReLU(EX)+ b; ,Y || +p[Will7,1<i<n.

W;ER10X100 b, cR10 (X,Y)~Dirain

-~

9i (E£,(Ws,b:))

Each bilevel objective ®; in this setup represents a distinct binary classification “task” i € [n] with
its own training and validation sets. The optimization variable is engaged in a shared representation
network, parameterized by the outer variable E € R190X784 along with per-task linear models
parameterized by each inner variable (W;, b;). The UL function f; is the average cross-entropy loss
over the Dival, and the LL function g; is the ¢? regularized cross-entropy loss over Dgrain. Each sample
is represented as a vector X of dimension 784, where the input image is flattened. The corresponding
label takes values from the set {0,1,...,9}. Weuse Y € R0 to denote its one-hot encoding.

In the experiment, the regularization parameter in the LL function p = 5 x 107%. The
implementation of MORBiT follows the same manner described in | |. Specifically, the
code of MORBAiT | , | uses vanilla SGD with a learning rate scheduler and incorporates

momentum and weight decay techniques to optimize each variable:

e Outer variable: learning rate = 0.01, momentum = 0.9, weight decay — 1074
e Inner variable: learning rate = 0.01, momentum = 0.9, weight decay — 1074

e Simplex variable: learning rate = 0.3, momentum = 0.9, weight decay = 10~*
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FIGURE 2.4. MORMA-SOBA () = 0.01) vs. MORBiT on robust multi-task representation
learning.

In addition, MORBiT adopts a straightforward iterative auto-differentiation to calculate the
hypergradient without using Neumann approximation of the Hession inversion.
For the implementation of MORMA-SOBA, the regularization parameter py in 2.10 is set to be

0.01. All remaining parameters are chosen as constant values, as listed below:

e Outer variable: 7, = 1, o = 0.02, e Simplex variable: 7, = 1, = 0.02
e Inner variable: 8 = 0.02 e Average gradient: 0, = 0.6

e Auxiliary variable: v, = 0.02

Both evaluated methods use batch sizes of 8 and 128 to compute g; for each inner step and f;
for each outer iteration, respectively.

In Figure 2.4, we compare our algorithm with the existing min-max bilevel algorithm MORBiT |

, | in terms of the average loss ((1/n) >, ®;) and maximum loss (max; ®;). The results
demonstrate the superiority of MORMA-SOBA over MORBiT in terms of lowering both the max loss
and average loss at a faster rate. In addition to Figure 2.4, which showcases the performance
on 10 seen tasks used for representation learning, we present Figure 2.5. This figure displays the
maximum /average loss values against the number of iterations on test sets consisting of 10 seen
tasks and 7 unseen tasks. Our approach, MORMA-SOBA, demonstrates superior performance in terms

of faster reduction of both maximum and average loss.
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FiGURE 2.5. Comparison of MORMA-SOBA with MORBiT in the problem of multi-
objective robust representation learning for binary classification tasks on the Fash-
ionMNIST data set. We aggregate the results over 10 runs for each method. Left:
Performance on test sets of seen tasks; Right: Performance on unseen tasks.

2.5.3. Moving Average vs. Variance Reduction. Through empirical studies, we have
demonstrated that our proposed method, MA-SOBA, achieves comparable performance to the state-of-
the-art variance reduction-based approach SABA using SAGA updates | , |. In this
context, we would like to highlight the key difference and relationship between these two methods.

We start with presenting the update rules of the sequence of estimated gradients {g*} for the
variance reduction techniques SAGA | ) | and our moving-average method (MA) for
the single-level problem:

SAGA (finite-sum:) min 137" | f;(z)
j=1

The SAGA update is designed for finite-sum problems with offline batch data. At each iteration
k, the algorithm randomly selects an index iy € [n] and updates the gradient variable g* using a
reference point Z;, , which corresponds to the last evaluated point for V f;, . However, it should be
noted that SAGA requires storing the previously evaluated gradients V f;(z;) in a table, which can
be memory-intensive when sample size n or dimension d is large. In the finite-sum setting, there
exist several other variance reduction methods, such as SARAH | ) |, that can be

employed to further enhance the dependence on the number of samples, n, for bilevel optimization
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problems. However, the SARAH-type method requires double gradient evaluations on each iteration

of zF and xF~1:

MA (expectation): min E¢[f(x;§)]
g% = (1 —ap)g" ! + oy V f(ah; R

Unlike variance reduction techniques, the moving-average methods can solve the general
expectation-form problem with online and streaming data using a simple update per iteration. In
addition, the moving-average techniques offer two more advantages:

Theoretical Assumption. All variance reduction methods, including SVRG | ,

|, SAGA | , 2011], SARAH | , 2017], STORM | , 2019,
and others, typically rely on assuming mean-squared smoothness assumptions. In particular, for
stochastic optimization problems in the form of min,{f(z) = E[F(x, )]}, the definition of mean-
squared smoothness (MSS) is: (MSS) E¢[||VF(z,&)—VF(2/,€)|? < L?||z —2'||*>. However, MSS is
a stronger assumption than the general smoothness assumption on f: ||V f(z) =V f(2)| < L||xz—2/|.
By Jensen’s inequality, we have that MSS is stronger than the general smoothness assumption on
[ IVf(z) = V@@)]? <Ee[|VF(x,&) — VE(2/,€)||%]. In this work, the theoretical results of the
proposed methods are only built on the smoothness assumption on the UL and LL functions f,g
without further assuming MSS on F¢ and G4. It is worth noting that a clear distinction in the lower
bounds of sample complexity for solving the single-level stochastic optimization has been proven
in [ |. Specifically, they establish a separation under the MSS assumption on Fg
and smoothness assumptions on f (O(e~1%) vs. O(e72)). Thus, it is important to emphasize that
MA-SOBA achieves the optimal sample complexity O(e~2) under our weaker assumptions.

Practical Implementation. Variance reduction methods often entail additional space com-
plexity, require double-loop implementation or double oracle computations per iteration. These
requirements can be unfavorable for large-scale problems with limited computing resources. For
instance, in the second task, the runtime improvement achieved by using SABA is limited. This
limitation can be attributed to the dimensionality of the variables v (with a dimension of 20, 000) and
W (with a dimension of 10 x 784). The benefit of using variance reduction methods is expected to be

less significant for more complex problems involving computationally expensive oracle evaluations.
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2.6. Conclusion

In this work, we propose a novel class of algorithms (MA-SO0BA) for solving stochastic bilevel
optimization problems in (2.1) by introducing the moving-average step to estimate the hypergradient.
We present a refined convergence analysis of our algorithm, achieving the optimal sample complexity
without relying on the high-order smoothness assumptions employed in the literature. Furthermore,
we extend our algorithm framework to tackle a generic min-max bilevel optimization problem within

the multi-objective setting, identifying and addressing the theoretical gap present in the literature.
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CHAPTER 3

Decentralized Stochastic Bilevel Optimization

3.1. Introduction

Many machines learning problems can be formulated as a bilevel optimization problem of the

form,

min - ®(z) = f(z,y"(x))

(3.1)

s.t.  y*(x) = argmin g(z,y),
yEeRY

where we minimize the upper level function f with respect to x subject to the constraint that y*(z)
is the minimizer of the lower level function. Its applications can range from classical optimization
problems like compositional optimization | , | to modern machine learning problems
such as reinforcement learning | , |, meta learning | , ,

, ) , ) , |, hyperparameter optimization | , ,

, |, etc. State-of-the-art bilevel optimization algorithms with non-asymptotic
analyses include BSA | , |, TTSA | \ |, StocBiO | , ],
ALSET | , |, to name a few.

Decentralized bilevel optimization aims at solving bilevel problems in a decentralized setting,
which provides additional benefits such as faster convergence, data privacy preservation and robustness
to low network bandwidth compared to the centralized setting and the single-agent training |

, |. For example, decentralized meta learning, which is a special case of decentralized bilevel
optimization, arise naturally in the context of medical data analysis in the context of protecting
patient privacy; see, for example, [ ], | 1, [ |.
Motivated by such applications, the works of [2022], [ ], [2022],

| | proposed and analyzed various decentralized stochastic bilevel optimization (DSBO)

algorithms.
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From a mathematical perspective, DSBO aims at solving the following problem in a distributed
setting:
1
;2%}, () = - Zfi(iﬂay*(%))
(3.2) =

: 1
st y*(x) =argmin g(z,y) =~ > _gi(z,y),
yeRa nia

where x € RP y € R?. f; is possibly nonconvex and g; is strongly convex in y. Here n denotes the
number of agents, and agent ¢ only has access to stochastic oracles of f;, ¢;. The local objectives f;

and g; are defined as:

filz,y) =B, [F(z,y;0)], g9i(z,y) = Eennp,, [G(z,y;€)] .

Dy, and Dy, represent the data distributions used to generate the objectives for agent i, and each
agent only has access to f; and g;. In practice we can replace the expectation by empirical loss,
and then use samples to approximate the gradients in the updates. Existing works on DSBO
require computing the full Hessian (or Jacobian) matrices in the hypergradient estimation, whose
per-iteration complexity is O(¢?) (or O(pq)). In problems like hyperparameter estimation, the lower
level corresponds to learning the parameters of a model. When considering modern overparametrized
models, the order of ¢ is hence extremely large. Hence, to reduce the per-iteration complexity, it is
of great interest to have each iteration based only on Hessian-vector (or Jacobian-vector) products,

whose complexity is O(q) (or O(p)); see, for example, [ .

3.1.1. Our contributions. Our contributions in this work are as follows.

e We propose a novel method to estimate the global hypergradient. Our method estimates the
product of the inverse of the Hessian and vectors directly, without computing the full Hessian or
Jacobian matrices, and thus improves the previous overall (both computational and communication)
complexity on hypergradient estimation from O(Ng¢?) to O(Ngq), where N is the total steps of the
hypergradient estimation subroutine.

e We design a DSBO algorithm (see Algorithm 5), and in Theorem 3.3.2 and Corollary 3.3.1 we
show the sample complexity is of order O(e~2log %), which matches the currently well-known

results of the single-agent bilevel optimization | , |. Our proof relies on weaker
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assumptions comparing to [ |, and is based on carefully combining moving average
stochastic gradient estimation analyses with the decentralized bilevel algorithm analyses.

e We conduct experiments on several machine learning problems. Our numerical results show the
efficiency of our algorithm in both the synthetic and the real-world problems. Moreover, since our
algorithm does not store the full Hessian or Jacobian matrices, both the space complexity and the

communication complexity are improved comparing to [ ], [ |.

3.1.2. Related work. Bilevel optimization. Different from classical constrained optimization,
bilevel optimization restricts certain variables to be the minimizer of the lower level function, which
is more applicable in modern machine learning problems like meta learning | , ,

, , , | and hyperparameter optimization | , ,

, |. In recent years, | | gave the first non-asymptotic

analysis of the bilevel stochastic approximation methods, which attracted much attention to study

more efficient bilevel optimization algorithms including AID-based | , , , ,

) ) , , , , , |, ITD-based

| , , , , , , , , , |, and

Neumann series-based | , , , , , | methods. These methods

only require access to first order stochastic oracles and matrix-vector product (Hessian-vector and

Jacobian-vector) oracles, which demonstrate great potential in solving bilevel optimization problems

and achieve O(e~2) sample complexity [ , , , | that matches

the result of SGD for single level stochastic optimization ignoring the log factors. Moreover, under

stronger assumptions and variance reduction techniques, better complexity bounds are obtained
[ , 20212, , 2021, , 2021, | 2022a).

Decentralized optimization. Extending optimization algorithms from a single-agent setting
to a multi-agent setting has been studied extensively in recent years thanks to the modern parallel
computing. Decentralized optimization, which does not require a central node, serves as an important
part of distributed optimization. Because of data heterogeneity and the absence of a central
node, decentralized optimization is more challenging and each node communicates with neighbors
to exchange information and solve a finite-sum optimization problem. Under certain scenarios,

decentralized algorithms are more preferable comparing to centralized ones since the former preserve
35



data privacy | , , , , , , , | and have
been proved useful when the network bandwidth is low | , .

Decentralized stochastic bilevel optimization. To make bilevel optimization applicable
in parallel computing, recent work started to focus on distributed stochastic bilevel optimization.
FEDNEST | , | and FedBiO | , | impose federated learning, which is
essentially a centralized setting, on stochastic bilevel optimization. Existing work on DSBO can be
classified to two categories: global DSBO and personalized DSBO. Problem (3.2) that we consider
in this paper is a global DSBO, where both lower-level and upper-level functions are not directly
accessible to any local agent. Other works on global DSBO include | |,

[2022], [2022]*. The personalized DSBO | , | replaces y*(x) by the local one

yi(z) = argmin cpq gi(7,y) in (3.2), which leads to

min  ®(x) = %Zfz(xay:(x))
i=1

TERP
(3.3)
s.t. y/(x) =argmin g;(z,y),i=1,...,n.
yEeRY
To solve global DSBO (3.2), [ | proposes a JHIP oracle to estimate the Jacobian-
Hessian-inverse product while | | introduces a Hessian-inverse estimation subroutine
based on Neumann series approach which can be dated back to | |. However,

they both require computing the full Jacobian or Hessian matrices, which is extremely time-consuming
when ¢ is large. In comparison, computing a Hessian-vector or Jacobian-vector product is more
efficient in large-scale machine learning problems | ) |, and is commonly used in
vanilla bilevel optimization | , , , , , | to avoid
computing the Hessian inverse. In personalized DSBO (3.3), local computation is sufficient to
approximate V f;(x, y?(z)), and thus does not require computing the Hessian or Jacobian matrices
and single-agent bilevel optimization methods can be directly incorporated in the distributed regime.
In our paper we propose a novel algorithm that estimates the global hypergradient using only

first-order oracle and matrix-vector products oracle. Based on this we further design our algorithm

*Here we point out that although [ | claim that they solve the global DSBO, based on equations (2)
and (3) in their paper ( ), it is clear that they are only solving a special case
of global DSBO problem. See appendix A.5.2 for detailed discussion.
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TABLE 3.1. We compare our Algorithm 5 (MA-DSBO) with existing distributed
bilevel optimization algorithms: SPDB | , |, DSBO-JHIP |

|, and GBDSBO | , |. The problem types include Perbonahzed—
Decentralized Stochastic Bilevel Optimization (P-DSBO), and Global-Decentralized
Stochastic Bilevel Optimization (G-DSBO). In the table we define d = max (p, ).
’Computation’ (See Section A.5.3 for details) and ’Samples’ represent the computa-
tional and sample complexity of finding an e-stationary point, respectively. @ hides
the log(%) factor. ’Jacobian’ refers to whether the algorithm requires computing full
Hessian or Jacobian matrix. "Mini-batch’ refers to whether the algorithm requires
their batch size depending on €.

ALGORITHM PROBLEM COMPUTATION SAMPLES JACOBIAN MINI-BATCH
SPDB P-DSBO O(dn~te?) O(nte?) No YES
DSBO-JHIP G-DSBO O(pge™3) ~(’)(e_3) YEs No
GBDSBO G-DSBO  O((¢? log(%) +pg)n~te?) 0(11_16_2> YESs No
MA-DSBO G-DSBO O(de™?) O(e?) No No

for solving DSBO that does not require to compute the full Jacobian or Hessian matrices. We
summarize the results of aforementioned works and our results in Table 3.1.

Notation. We denote by Vf(z,y) and V2f(z,y) the gradient and Hessian matrix of f,
respectively. We use V, f(z,y) and V, f(z,y) to represent the gradients of f with respect to « and
y, respectively. Denote by V?Ey f(z,y) € RP*1 the Jacobian matrix of f and V12/ f(x,y) the Hessian
matrix of f with respect to y. || - || denotes the ¢5 norm for vectors and Frobenius norm for matrices,
unless specified. 1,, is the all one vector in R™, and J,, = lnlz is the n x n all one matrix. We use
uppercase letters to represent the matrix that collecting all the variables (corresponding lowercase)
as columns. For example Xj = (14, ..., Tn k), Yk( ) = (ygti, o yr(f)k> We add an overbar to a letter

to denote the average over all nodes. For example, Zj, = + Zl 1T ks yk =1 ZZ 1 yl k

3.2. Preliminaries

The following assumptions are used throughout this paper. They are standard assumptions
that are made in the literature on bilevel optimization | , , , ,

| and decentralized optimization | ,

Y ) Y Y )

) ) ) ? 7 ) ]

ASSUMPTION 5 (Smoothness). There exist positive constants g, Lo, L1, Lg1, Lgo such that
or any i, functions fi, Vfi, Vgi, V2g;i are Lso, L¢1, Ly, Lgo Lipschitz continuous respectively,
f I 9, 9,

and function g; is jig-strongly convex in y.
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AssuMPTION 6 (Network topology). The weight matriz W = (w;;) € R™ ™ is symmetric and
doubly stochastic, i.e.:

W=WT" Wiln=1a, wi>0,Vij,
and its eigenvalues satisfy 1 = X1 > Ag > ... > Ay, and p := max{| Az, | A\n|} < 1.

The weight matrix given in Assumption 6 characterizes the network topology by setting the
weight parameter between agent 7 and agent j to be w;;. The condition p < 1 is termed as ’spectral
gap’ | , |, and is used in distributed optimization to ensure the decay of the consensus

E[|Xe—2Z 1, 2]

- , among the agents, which eventually guarantees the consensus among

error, i.e.,

agents.

AssUMPTION 7 (Gradient heterogeneity). There exists a constant 6 > 0 such that for all
1<i<n,xeRP yecRl

1 n
1Vygi(z,y) — - Zvygl(x,y)H <.
=1

The above assumption is commonly used in distributed optimization literature (see, e.g.,
[ |), and it indicates the level of similarity between the local gradient and the global
gradient. Moreover, it is weaker than the Assumption 3.4 (iv) of [ | which assumes
that V,gi(z,y;§) has a bounded second moment. This is because the bounded second moment

implies the boundedness of V,g(z,y), as we have

IVyg(z,y)|1* <E[||[Vyg(z,y) — Vyg(z, ;9% + [ Vyg(z,y)|?

=E [||Vy9(z,y;€)||?] — uniformly bounded,

where the equality holds since we have E [||X|[|?] = E [| X — E[X]|?] + |[[E [X] ||* for any random
vector X. It directly gives the inequality in Assumption 7. However Assumption 7 does not imply
the boundedness of V,g(z,y) (e.g., gi(z,y) = y 'y for all 7 satisfies Assumption 7 but does not have

bounded gradient.)

ASSUMPTION 8 (Bounded variance). The stochastic derivatives, V fi(x,y; @), Vgi(x,y; ), and

V2gi(z,y; &), are unbiased with bounded variances 0]20, 0371, 0372, respectively.

Note that we do not make any assumptions on whether the data distributions are heterogeneous

or identically distributed.
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3.3. DSBO Algorithm with Improved Per-Iteration Complexity

We start with following standard result in the bilevel optimization literature |
| that gives a closed form expression

) ) ) Y ) Y )

of the hypergradient V®(z), making gradient-based bilevel optimization tractable.

LEMMA 3.3.0.1. Suppose Assumption 5 holds. The hypergradient V®(x) of (3.2) takes the
form:

(3.4)
Vo (z) = % (Z foi(w,y*(ff))> ~ V2, g(z,y* (@) (Vg(x,y* ()" [; (Z Vyfi(w,y*(fﬂ))” :
=1 =1

We also include smoothness properties of V®(x) and y*(x) in Section A.4 in the appendix.

3.3.1. Main challenge. As discussed in [ | and [ |, the main
challenge in designing DSBO algorithms is to estimate the global hypergradient. This is challenging

because of the data heterogeneity across agents, which leads to

3.5 v2 * vQ * -1 1 g vQ ) * vQ . * -1

(3.5) 9@,y (7)) (Vyg(x,y™(2)) — # — > V2 gilx, (@) (Vagi(z,y; (2)
i=1

where y}(z) = argmin ;cpq gi(x,y). This shows that simply averaging the local hypergradients does
not give a good approximation to the global hypergradient. A decentralized approach should be

designed to estimate the global hypergradient V&(x).

To this end, the JHIP oracle in [ | manages to estimate
n n -1
(Z V3,9, y*(%))) <Z Vogi(z, y*(fﬂ)))
i=1 i=1
using decentralized optimization approach, and [ | proposed to estimate the global

Hessian-inverse, i.e.,
n -1
(Z vzgxx,y*(x)))
i=1

via a Neumann series based approach. Instead of focusing on full matrices computation, we consider

approximating

n -1 n
(3.6) z = (Z Vzgz(q:,y*(x))> (Z Vyfl(az,y*(x))> .
i=1 i=1
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According to (3.4), the global hypergradient is given by

1 - * *
(3.7) Ve(z) = D (Vafile,y* (@) = Vi,0i(z,y" (x))2).
i=1
From the above expression we know that as long as node i can have a good estimate of V. f;(z, y*(z))
and V%ygi(x,y* (z))z, then on average the update will be a good approximation to the global

hypergradient. More importantly, the process of estimating z can avoid computing the full Hessian

or Jacobian matrices.

3.3.2. Hessian-Inverse-Gradient-Product oracle. Solving (3.6) is essentially a decentralized
optimization with a strongly convex quadratic objective function. Suppose each agent only has

access to H; € S‘iﬁq and b; € R, and all the agents collectively solve for

n n n -1 n

68) S H =Y b o = (Z H> (Z bi> .
i=1 i=1 i=1 i=1

From an optimization perspective, the above expression is the optimality condition of:
z€RI N 4

1 < 1
(3.9) min — Zl hi(z), where h;(z) = §zTHiz b 2.

Hence we can design a decentralized algorithm to solve for z without the presence of a central server.
Based on this observation and (3.7), we present our Hessian-Inverse-Gradient Product oracle in

Algorithm 3.

Algorithm 3: Hessian-Inverse-Gradient Product oracle

1: Input: (H(k) b(k)), for 0 <t < N accessible only to agent i. Stepsize v, number of total

i,t 0 et
iterations IV, d%) = —b%), SE,’B) = —b,(ko)a and Zz‘(l(g)) =0.

(k)

Output:z; ; on each node.

2: fort=0,1,....,N —1do
33 fori=1,...,ndo
(k) (k) (k)
4: Zie1 = Do Wiz — iy
(k) _ gk (k) (k
5: Sit+1 = Hi,tllzi,tﬂ - bz’,t)+17
k) k) (k k)
6: dz(,t+1 =37 wijd;’,t + Si,t)Jrl - Sz(,t )
7. end for
8: end for
9:

It is known that vanilla decentralized gradient descent (DGD) with a constant stepsize only

converges to a neighborhood of the optimal solution even under the deterministic setting |
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, |. Therefore, one must use diminishing stepsize in DGD, and this leads to the sublinear
convergence rate even when the objective function is strongly convex. To resolve this issue, there are
various decentralized algorithms with a fixed stepsize | , , , ,

, , , , , | achieving linear convergence on a strongly
convex function in the deterministic setting. Among them, one widely used technique is the gradient
tracking method | , ) ) ) ) ) , |, which
is also incorporated in our Algorithm 3. Instead of using the local stochastic gradient in line 4 of

Algorithm 3, we maintain another set of variables dz(];)Jrl in line 6 as the gradient tracking step. We

will utilize the linear convergence property of gradient tracking in our convergence analysis.

Algorithm 4: Hypergradient Estimation
: Input: Samples ¢ = (¢ 0,...,0in), & = (&.0,-.-,&,n) on node 7.
: Run Algorithm 3 with Hi(f:) = Vf/gi(xi,k, Z/E?;&,t), bﬁf? =V, fi(zi, yg); ¢it) to get zz(l?\),

T T k
o Set ujk = Vafi(wig, yz-(,k); $i0) = Vi, 9i (i ks y§,k);§i,o)z§,&-
: Output: u;; on node i.

N =

=~ W

Note that for simplicity we write Hi(,’:) = Vggi(%‘,k, yi(?];); &i+) in line 3 of Algorithm 4, however,
the real implementation only requires Hessian-vector products, as shown in Algorithm 3, and we do

not need to compute the full Hessian.

3.3.3. Decentralized Stochastic Bilevel Optimization. Now we are ready to present our
DSBO algorithm with the moving average technique, which we refer to as the MA-DSBO algorithm.
In Algorithm 5 we adopt the basic structure of double-loop bilevel optimization algorithm |

, , , , , | — we first run T-step inner loop (line 4-8) to
obtain a good approximation of y*. Next, we run Algorithm 4 to estimate the hypergradient. To
reduce the order of the bias in hypergradient estimation error (see Section 3.3.5.1 for details), we
introduce the moving average update to maintain another set of variables r; . as the update direction
of x. The using of the moving average update helps reduce the order of bias in the stochastic
gradient estimate. It is worth noting that similar techniques have been used in the context of nested
stochastic composition optimization in [ ], [ ]. Note

that all communication steps of our Algorithms (lines 4 and 6 of Algorithm 3, lines 6 and 11 of

Algorithm 5) only include sending (resp. receiving) vectors to (resp. from) neighbors, which greatly
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Algorithm 5: MA-DSBO Algorithm

1: Input: Stepsizes ay, B, iteration numbers K, T, N, yﬁ) =0, and x; o = r;0 = 0.

2: for k=0,1,...., K —1do

) _ (T)
3 Yik = Yik—1-

4: fort=0,1,....,T—1do

5 for:=1,...,ndo

6 v = 0 wigygh — Broty with off) = Vygi(eie yii E7)
7 end for

8: end for

9:  Run Algorithm 4 and set the output as w; .
10 fori=1,...,ndo

11: Ti i1l = D5y WigTjk — QKT k-

12: Tigr1 = (1 — ap)mip + apl k.

13:  end for

14: end for

15: Output: zx = %Z?:l Ti K-

reduce the per-iteration communication complexity from max{pq, ¢>} of GBDSBO (see line 8 and 11
of Algorithm 1 in [2022]).) to max{p,q}.
We now introduce our notion of convergence. Specifically, the e-stationary point of (3.3) is

defined as follows.

DEFINITION 3.3.1. For a sequence {Z}_, generated by Algorithm 5, if

. _ 2 <
min E[[ V(@)% <

for some positive integer K, then we say that we find an e-stationary point of (3.3).

The above notion of stationary point is commonly used in decentralized non-convex stochastic
optimization | , |. When € = 0, it indicates that the hypergradient at some iterate Ty

is zero. The convergence result of Algorithm 5 is given in Theorem 3.3.2.

THEOREM 3.3.2. Suppose Assumptions 5, 6, 7, and 8 hold. There exist constants T 0 < ¢1 < ¢o

such that in Algorithm 5 if we set v € (c1,¢2), T > 1, and

w=0( ) m=e( ) K=ok,

"The constants are independent of K and the details are given in the appendix.
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then we have

1 E[ka—i‘kl—rnﬂ 1
1 ;; T 2 pu— —_— 1 n = e
oﬁlgnKE[” ()] _O<\f[{>’ 0SkLK n O(K)

Note that this theorem indicates that the consensus error is of order O (%), and for any positive
constant e, the iteration complexity of Algorithm 5 for obtaining an e-stationary point of (3.2) is

O(e~2). Moreover, we have the following corollary that gives the sample complexity of our algorithm.

COROLLARY 3.3.1. Suppose the conditions of Theorem 3.3.2 hold. For any € > 0, if we set
K=0 (6_2) , N = @(log%), and T = 1, then in Algorithm 5 the sample complezity to find an

e-stationary point is O(e~?log(L)).

It is worth noting that T" > 1 in Theorem 3.3.2 implies, to some extent, that by setting a
single timescale, more inner loop iterations will not help improve the convergence result in terms
of K. This observation partially answers the decentralized version of the question ‘Will Bilevel
Optimizers Benefit from Loops?’ mentioned in the title of [ |. Tt is interesting to study
how setting T" dependent on other problem parameters will improve the dependency on problem
parameters in the final convergence rate. The hypergradient estimation algorithms (i.e., HIGP oracle
and Algorithm 4) provide an additional O(log %) factor in the sample complexity, which matches

| |. To further remove the log factor, | | applies warm start
to hypergradient estimation and uses mini-batch method (whose batch sizes are dependent on e~ 1)
to reduce this complexity and eventually obtain O(e~2). It would be interesting to study how to
apply the warm start strategy to remove the log factor in our complexity bound without using
mini-batch method. One restriction of Theorem 3.3.2 is that we do not obtain the convergence rate
(’)(ﬁ), i.e., the linear speedup in terms of the number of the agents. The recent work of
| | achieves linear speedup. However, some of their assumptions are restrictive (see Section
A5 for a detailed discussion). Besides, according to Table 3.1, our Algorithm is more efficient and
preferable when min{p, ¢} > n since we improve the per-iteration computational and communication
complexity from max{pq, ¢*} in [ | to max{p, ¢}. It would be interesting to study
how to incorporate Jacobian-computing-free algorithm in DSBO under the mild assumptions without

affecting linear speedup.
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3.3.4. Consequences for Decentralized Stochastic Compositional Optimization. Note
that our algorithm can be used to solve Decentralized Stochastic Compositional Optimization (DSCO)

problem:

z€RP

, 1 — 1 —
(3.10) min  ®(z) = - Zf’ - Zgj(:z) ,
i=1 =1
which can be written in a bilevel formulation:

min  ¢(z) = iZfz(y*(x))

TERP
(3.11) "
* 1 1 T T
s.t. y*(x) =argmin — <y y— gi(x y) ,
() =argmin 37 (07— 0o
To solve DSCO, | | proposes D-ASCGD and its compressed version. Both of

them have O(e~2) sample complexity. However, their algorithm requires stronger assumptions (see
Assumption 1 (a) in | |) and needs to compute full Jacobians (i.e., Vg;(z;¢)),
which lead to O(pge=2) computational complexity. By using our Algorithm 5, we can obtain
O(max(p, ¢)e~2) computational complexity, which is preferable in high dimensional problems. We

state the result formally in the corollary below; the proof is immediate.

COROLLARY 3.3.2. Suppose the conditions of Theorem 3.3.2 hold. For any € > 0, if we set
K=0 (6_2), N = @(log%), and T = 1, then the sample complexity of using Algorithm 5 to
find an e-stationary point of Problem (3.11) is O(e2 log(%)), and the computational complexity is

@(max(p, q)e2).

3.3.5. Proof sketch. In this section we briefly introduce a sketch of our proof for Theorem

3.3.2 as well as the ideas of the algorithm design. Throughout our analysis, we define the filtration as

n
T T
]:k: =0 (U{yz(70)a "'7y§7k)7m’i,0, vy Ly T5,05 ey T’i,k}) .

i=1
3.3.5.1. Moving average method. The moving average method used in line 12 of Algorithm 5
serves as a key step in setting up the convergence analysis framework. We focus on estimating

K
Y EI7l + 7 = Ve(@)?]
k=0

1
K
44



which provides another optimality measure for finding the e-stationary point since we know

E [[IVe(zx)]*] .

N |

E [|I7:)1” + 7% — VO(2)|1%] >

It can then be shown that by appropriately choosing parameters (see Lemma A.4.0.11 and A.4.0.12

for details), we obtain

K K
%ZE [17]% + ||7x — V®(21)]*] = O ( Z [IE (x| Fr] — W(m)\?]) :

k=0 k:
which implies that it suffices to bound the hypergradient estimation error, namely, the second term
on the right hand side of the above equality. The moving average technique reduces the bias in
the hypergradient estimate so that we can directly bound E [||E [ag|Fy] — V®(Z1)||?] instead of
E [||ar — V®(Zx)||?], and the former one makes use of the linear convergence property of the gradient
tracking methods, which is elaborated in the next section.

3.3.5.2. Convergence of HIGP. Define
—1 n
v =y (@), A = (Z V5 gi xk,yk)> <Z Vyfi(a?k,y;’é)> :
i=1 i=1

To bound the hypergradient estimation error, a rough analysis (see Lemma A.4.0.13) shows that
_ _ - T (T (T %
B [IE [axl 7] — VO @) ] =0 (B 13 — 21 T2 + 1% = 5172 + 5" - 7]
k
+E[IE [28 - 201A] 12+ 1B [2017] - 221]),
where the first two terms on the right hand side denote the consensus error among agents, and can be
bounded via techniques in decentralized optimization (Lemma A.4.0.7). The third term represents
the inner loop estimation error, which can be bounded by considering its decrease as k increases

(Lemma A.4.0.8). Our novelty lies in bounding the last two terms — the consensus and convergence

analysis of the HIGP oracle. Observe that by setting
20 =B ZD1R] 4 =B [dD1F] 58 =B [sD1R],

) jt

we know from Algorithm 3



k) k
zt—l—l = wad( + Sgt)—i-l - Sz(t)’

(k)

s (1)) 54

T
it —vygz(lemyzk { ))7

— Vyfi («Ti,ka Yik

which is exactly a deterministic gradient descent scheme with gradient tracking on a strongly convex

and smooth quadratic function. Hence the linear convergence results in gradient tracking methods

can be applied, and this also explains why + can be chosen as a constant that is independent of K.

Mathematically, in Lemmas A.4.0.9 and A.4.0.13 we explicitly characterize the error and eventually

obtain the final convergence result in Theorem 3.3.2.
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FIGURE 3.2. (?-regularized logistic regression on MNIST.

3.4. Numerical experiments

In this section we study the applications of Algorithm 5 on hyperparameter optimization:

min Tllzn:fi(/\,w*()\)),
i=1

AeRP

s.t. w'(A\) =argmin — gi(\w),
( ) weR4 n; ‘
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where we aim at finding the optimal hyperparameter A under the constraint that w*(\) is the optimal
model parameter given A\. We consider both the synthetic and real world data. Comparing to
hypergradient estimation algorithms in | | and [2022], our HIGP oracle
(Algorithm 3) reduces both the per-iteration complexity and storage from O(g?) to O(q). All the
experiments are performed on a local device with 8 cores (n = 8) using mpidpy | )

| for parallel computing and PyTorch | , | for computing stochastic oracles. The

network topology is set to be the ring topology with the weight matrix W = (w;;) given by

1—
J, for some w € (0,1).

Wi = W, Wiit1 = Wiji—1 = 5

Here w19 = w1, and wy pt1 = wy,1. In other words, the neighbors of agent 4 only include ¢ — 1 and

i+ 1fori=1,2,...,n with 0 and n + 1 representing n and 1 respectively.

3.4.1. Heterogeneous and normally distributed data. Following | ],

[ |, | |, fi and g; are defined as:

fidw) = > Y(yer/w),

(xe,ye)EDfi
1 p
ghw) = D dlyerlw)+ 5y e,
(Ieﬂye)GDi =1

where ¢ (x) = log(1 + e™*) and p = 200 denotes the dimension parameter. A ground truth vector w*
is generated in the beginning, and each x. € RP is generated according to the normal distribution.
The data distribution of x, on node 4 is (0, 42). Then we set 3, = xeTw +e¢-z, where € = 0.1 denotes
the noise rate and z € RP is the noise vector sampled from standard normal distribution. The task
is to learn the optimal regularization parameter A € RP. We also compare our Algorithm 5 with
GBDSBO | , | and DSBO-JHIP | , | under this setting with dimension
parameter p = 100. Figures 3.1(a), 3.1(b) and 3.1(c)* demonstrate the efficiency of our algorithm
in both time and space complexity. Due to space limit, we include our additional experiments in

Section A.3.

IThe word "block" is a term used in tracemalloc module in Python (see
) to measure the memory usage, and we keep track of the number of the communicated blocks
between different agents as a direct measure for communication cost.
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3.4.2. MINIST. Now we consider hyperparameter optimization on MNIST dataset |

, |. Following [ |, we have
1 T
fi()‘vw) = |D/| Z L(xe wvye)v
' (xevye)epé
1 - 1 c p
gi()\aw) = ‘D’ Z L($e wvye)—{_cizze)\jwz?j’
" (e ,ye)ED; L

where ¢ = 10, p = 784 denote the number of classes and the number of features, w € R*P is the
model parameter, and L denotes the cross entropy loss. D; and D) denote the training and validation
set respectively. The batch size is 1000 in each stochastic oracle. We include the numerical results of
different stepsize choices in Figure 3.2. Note that in previous algorithms | , ,

) ] one Hessian matrix of the lower level function requires O(c?p?) storage, while in our
algorithm a Hessian-vector product only requires O(cp) storage, which improves both the space
and the communication complexity. The accuracy and the loss curves indicate that our MA-DSBO
Algorithm 5 has a considerably good performance on real world dataset. Note that this problem has

larger dimension, and the other algorithms took more time so we do not do the comparison.

3.5. Conclusion

In this paper, we propose a DSBO algorithm that does not require computing full Hessian
and Jacobian matrices, thereby improving the per-iteration complexity of currently known DSBO
algorithms, under mild assumptions. Moreover, we prove that our algorithm achieves @(6_2) sample
complexity, which matches the result in state-of-the-art single-agent bilevel optimization algorithms.
We would like to point out that Assumption 7 (or bounded second moment condition in
| |) requires certain types of upper bounds on ||Vyg(x,y)|, which may not hold in decentralized
optimization (see, e.g., [ ). It is interesting to study decentralized stochastic
bilevel optimization without this type of conditions, and one promising direction is to apply variance
reduction techniques like in | |. It is also interesting to incorporate Hessian-free

methods | , | in DSBO, and we leave it as future work.
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CHAPTER 4

Training Dynamics of Gradient Descent for Quadratic Regression

4.1. Introduction

Iterative algorithms like the gradient descent and its stochastic variants are widely used to
train deep neural networks. For a given step-size (or learning rate) parameter n > 0, the gradient
descent algorithm is of the form w1 = w® — nVL(w®) where ¢ is the training objective function
being minimized, which depends on the loss function and the neural network architecture and the
dataset. Classical optimization theory operates under small-order step-sizes. In this regime, one can
think of the gradient descent algorithm as a discretization of so-called gradient flow equation given
by w(t) = —Vf(w(t)), which could be obtained from the gradient descent algorithm by letting n — 0.
Additionally, assuming that the objective function ¢ has gradients that are L-Lipschitz, selecting a
step-size 1 < 1/L guarantees convergence to stationarity.

In stark contrast to traditional optimization, recent empirical studies in deep learning have
revealed that training deep neural networks with large-order step-sizes yields superior generalization
performance. Unlike the scenario with small step-sizes, where gradient descent dynamics follow
a monotonic pattern, larger step-sizes introduce a more intricate behavior. Various patterns like
catapult, (also related to edge of stability), periodicity and chaotic dynamics in neural network
training with large step-sizes have been observed empirically, for example, by
[2020], [2020], [2021], [2021], [2022],

[ I, [ |, | |. A recent work by [ |
also empirically observe that the boundary between stable and divergent training behaviour, in terms
of hyperparameters (including the step-size parameter), exhibits a fractal structure. Furthermore,
the necessity for step-size schedules to include large-order step-sizes to expedite convergence and the
ensuing chaotic behavior has also been observed empirically outside the deep learning community

by | |, much earlier.
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Faster convergence of gradient descent with iteration-dependent step-size schedules that have
specific patterns (including cyclic and fractal patterns) has been examined empirically by
[1971], [2017], [2021], [2021], [2022],
and | |, with [ | and [ | proving the
state-of-the art remarkable results; see also | , Section 1.2] for a historical
overview. Notably, the stated faster convergence behavior of gradient descent requires large order
step-sizes, very much violating the classical case. More importantly, the corresponding optimization
trajectory, while being non-monotonic, exhibits intriguing patterns | ) |.
Considering the aforementioned factors, gaining insight into the dynamics of gradient descent
with large-order step-sizes emerges as a pivotal endeavor. A precise theoretical characterizing of the
gradient descent dynamics in the large step-size regime for deep neural network, and other such non-
convex models, is a formidably challenging problem. Existing findings (as detailed in Section 4.1.1)
often rely on strong assumptions, even when attempting to delineate a subset of the aforementioned
patterns, and do not provide a comprehensive account of the entire narrative underlying the training
dynamics. Recent research, such as | l, | |, and [ |,
has pivoted towards comprehending the dynamics of quadratic regression models based on a local
analysis. These models offer a valuable testing ground due to their ability to provide tractable
approximations for various machine learning models, including phase retrieval, matrix factorization,
and two-layer neural networks, all of which exhibit unstable training dynamics. Despite their seeming
simplicity, a fine-grained understanding of their training dynamics is far from trivial. Building in
this direction, the primary aim of our work is to attain a precise characterization of the training
dynamics of gradient descent in quadratic models, thereby fostering a deeper comprehension of the

diverse phases involved in the training process.
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FIGURE 4.1. Phases of cubic-map based dynamical system in (4.2) parameterized
by a. Sub-figure 4.1(a) corresponds to the monotonic phases, where the dynamics
monotonically decays to zero. Sub-figure 4.1(b) corresponds to the generalized
catapult phase where the dynamics decays to zero but is non-monotonic in a specific
manner. Sub-figure 4.1(c) corresponds to the periodic phase, where the dynamics
decays and settles in a period-2 orbit (i.e., shuttles between two points) but never
decays to zero. Sub-figures 4.1(d) and 4.1(e) correspond to the chaotic phase (see
Definition 4.2.1) and divergent phases, respectively. Note that the order of z-axis
and y-axis in Sub-figures 4.1(d) and 4.1(e) are different from the rest.

Contribution 1. We perform a fine-grained, global theoretical analysis of a cubic-map-based
dynamical system (see Equation 4.2), and identify the precise boundaries of the following
five phases: (i) monotonic, (ii) generalized catapult, (iii) periodic, (iv) Li-Yorke chaotic, and
(v) divergent. See Figure 4.1 for an illustration, and Definition 4.2.2 and Theorem 4.2.3 for
formal results. We show in Theorem 4.3.2 and 4.3.3, that the dynamics of gradient descent
for two non-convex statistical problems, namely phase retrieval and two-layer neural networks
with constant outer layers and quadratic activation functions, with orthogonal training data
is captured by the cubic-map-based dynamical system. We provide empirical evidence of the

presence of similar phases in training with non-orthogonal data.
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We also empirically examine the effect of training models in the above-mentioned phases, in
particular the non-monotonic ones, on the generalization error. Indeed, provable model-specific
statistical benefits for training in catapult phase are studied in [ | and
| |. [ | proposed to induce controlled chaos in the training trajectory to obtain
better generalization. Approaches to explain generalization with chaotic behavior are examined
in | | based on a relaxed notion of statistical algorithmic stability.
Although our focus is on gradient descent, related notions of generalization of stochastic gradient
algorithms, based on characterizing the fractal-like properties of the invariant measure they converge
to (with larger-order constant step-size choices) have been explored, for example, in
| ], | |, | |, and [ |. Hence, we also
conduct empirical investigations into the performance of generalization when training within the

different non-monotonic (and non-divergent) phases and make the following contribution.

Contribution 2. We propose a natural ergodic trajectory averaging based prediction
mechanism (see Section 4.4.2) to stabilize the predictions when operating in any non-monotonic

(and non-divergent) phase.

4.1.1. Related works. General results. | | empirically examine the
catapult phase particularly in neural networks with one hidden layer and linear activations, the
phase in which the linear approximation of the model becomes less informative. In this case, they
observe that the loss does not have monotonic decrease but eventually converges when the curvature
(maximum of the eigenvalue of the Neural Tangent Kernel | , |) stabilizes at a value
less than 2/(step-size). Similar oscillations with convergence behavior have been also observed in

[ |, which empirically demonstrate that the sharpness (largest eigenvalue of the
Hessian matrix of the loss) in gradient descent on neural networks training hovers just above the
value 2/(step-size), indicating that gradient descent usually operates in the regime they call Edge
of Stability (EoS). This is also formally studied in | |. | | propose
self-stabilization as a phenomenological reason for the occurrence of catapults and EoS in gradient
descent dynamics. [ | investigate how gradient descent monotonically decreases
the sharpness of Gradient Flow solutions, specifically in one-dimensional deep neural networks.

Although they do not formally prove the existence of chaos in the dynamics, they conjecture its
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possibility. | | and | | explore sharpness reduction flows, related to

the above findings. | | prove that large step-sizes in gradient descent
can lead to the learning of sparse features. | | investigate the EoS phenomenon for
logistic regression. | | theoretically explore the chaotic dynamics (and related

stochasticity) in gradient descent for minimizing multi-scale functions under additional assumptions.
While being extremely insightful, their results are fairly qualitative and are not directly applicable
to the cubic maps analyzed in our work. As we focus on specific models, our results are more precise
and quantitative.

Specific Models. | | and | | studied gradient descent
dynamics for minimizing the functions £(u,v) = (u?v? — 1)? and £(u) = (u? — 1)?, respectively. Both
works primarily focused on characterizing period-2 orbits and hint at the possibility of chaos without
rigorous theoretical justifications. Furthermore, their proofs are relatively ad-hoc and significantly
different from ours. [ | provided empirical evidence of periodicity and chaos for
training a fully-connected neural network using gradient descent. However, their theoretical results
are not applicable to quadratic regression models. | | examined the Edge of Stability
(EoS) between the monotonic and catapult phase for minimizing ¢(u,v) = l(uv), where [ is convex,
even, and Lipschitz. Their analysis is not directly extendable to the quadratic regression models
we consider in this work. See also the discussion below Theorem 4.2.3 for important technical
comparisons. [2022] analyzed additional benefits (e.g., taming homogeneity) of gradient
descent with large step-sizes for matrix factorization. | | also studied stochastic
gradient descent with large step-sizes for the case when the loss function £(u) = au? for a € R.
Note in this case that the point 0 is the minimum when a > 0. However, when a < 0, the point
0 is a maximum. In this setup, [ | precisely characterize the behaviour of SGD for
converging to a minimum or a maximum, in terms of the step-size parameter, initialization and the
noise distribution of the stochastic gradient.

| | explored gradient descent dynamics for a class of quadratic regression
models and identified the EoS. [ ,b] also studied the catapult phase and EoS for a
class of quadratic regression models. [ | examined the EoS in the context
of Sharpness Aware Minimization for quadratic regression models. The above works are related to

our work in terms of the model that they study. However, none of the above works characterize the
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five distinct phases (with precise boundaries) like we do, along with precise boundaries. Furthermore,
our analysis is distinct (and is also global®) from the above works and is firmly grounded in the rich
literature on dynamical systems.

Dynamical systems. Our results draw upon the rich literature available in the field of
dynamical systems. We refer the interested reader to [ I,
| |, | |, | |, and [ | for a book-level introduction.
Birfurcation analysis of some classes of cubic maps has been studied, for example, by

[1053], 1953, [1955] and [1992]. Some

of the above works are rather empirical, and the exact maps considered in the above works differ

significantly from our case.

4.2. Analyzing a discrete dynamical system with cubic map

Notations and definitions. We say a sequence {z}}7°  is increasing (decreasing), if z;11 > 4
(x¢41 < x¢) for any t. Moreover, it is strictly increasing (decreasing) if the equalities never hold.
For a real-valued function f and a set S, define f(S) = {f(x) : x € S}, and f®)(z) := f(f*EV(x))
for any k € N, with f(O(z) = 2. The preimage of z under f on S is the set f~'(z) := {y € S :
f(y) = xz}. We say a property P holds for almost every x € S or almost surely in S, if the subset
{z € S : property P does not hold for x} is Lebesgue measure zero. A critical point of f is a point
x satisfying f’(z) = 0. We call zg a period-k point of f, when f*) (o) = zo and f@ (zq) # zg for
any 0 < ¢ < k — 1. The orbit of a point xg denotes the sequence { f (t)(:vo)}fio. A point zg is called
asymptotically periodic if there exists a periodic point yg such that limy ..o | f® (x0) — f® (yo)| = 0.
The stable set of a period-k point z is defined as W*(zg) := {x : limyy oo fF) (x) = :1:0.} .

The stable set of the orbit of a periodic point xg is the union of the stable sets of all points in
the orbit of xg. A point zq is an aperiodic point if it is not an asymptotically periodic point and the
orbit of xg is bounded. We say a fixed point xg of f is stable if, for any € > 0, there is a § > 0 such
that for any z satisfying |z — zo| < 8, we have | £ (x) — 2¢| < € for all n > 0. The fixed point z is
said to be unstable if it is not stable. The fixed point zq is asymptotically stable if it is stable and
there is an § > 0 such that lim, . f(™(z) = x¢ for all z satisfying |z — xo| < 6. A period-p point

xo and its associated periodic orbit are asymptotically stable if zq is an asymptotically stable fixed

*Analysis in [ | and [ | is also global, but not applicable to our model.
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point of fP). A point zo € R|J{+00, —00}\S is called an absorbing boundary point of S for f with
period p, for some p € {1,2}, if there exists an open set U C S such that limy_,o f®%) (3) — z for
ally e U.

We now introduce two quantities that are common in dynamical systems theory to study the
stability properties. The Schwarzian derivative of a three-times continuously differentiable function

f is defined (at non-critical points) as

(4.1) Sf@) = (f"(@)/f (@) = 1.5 (f"(2)/f'(x))*, where f'(z) # 0.

It is widely used for its sign-preservation property under compositions; see, for example,
| |. Specifically, the stability of a fixed point is related to the sign of the Schwarzian
derivative at that point. Positive values may indicate instability, while negative values suggest

stability. The Lyapunov exponent of a given orbit with initialization x( is defined as
1 n—1
J— 1 P / .
Lf(xo) = lim - Z;log | ().
—

It is another related quantity associated with the stability properties of dynamical systems and is used
to measure the sensitive dependence on initial conditions | , |. Chaotic systems typically
exhibit positive Lyapunov exponents, reflecting their sensitive dependence on initial conditions.
Similarly, a negative Lyapunov exponent is a characteristic of stable systems. Finally, we also define
the sharpness of a loss function is defined as the maximum eigenvalue of the Hessian matrix of the
loss.

Bifurcation analysis. Our main goal in this section is to undertake a bifurcation analysis of
the following discrete dynamics system defined by a cubic map. For a > 0, first define the functions

g and f, parameterized by a, as
(4.2) ga(2) =22 +(a—2)2+1-2a=(2+a)(z—2)+1 and fu(2) = 2g.(2).
Next, consider the discrete dynamical system given by

(4.3) zt41 = fa(2t) = 219a(21).-
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Note that for any a,e > 0 and zp > 2+ € or 29 < —a — €, we will have lim;_, |2¢| = +00. Hence, we
only study the case when zy € [—a,2]. We will show in Section 4.3 that the dynamics of the training
loss for several quadratic regression models could be captured by (4.3). The parameter a in (4.2) for
the models will naturally correspond to the step-size of the gradient descent algorithm.

We next introduce the precise definitions of the five phase that arise in the bifurcation analysis
of (4.2). To do so, we need the following definition of chaos in the Li-Yorke sense | ,

|. Li-Yorke chaos is widely used in the study of dynamical systems and is also directly related
to important measures of the complexity of dynamical systems, like the topological entropy |

, , , |. We also refer to [2001] and

[ | for its relationship to other notions of chaos and related history.

DEFINITION 4.2.1 (Li-Yorke Chaos | , |). Suppose we are given a function f(x).
If there exists a compact interval I such that f : I — I, then it is called Li-Yorke chaotic |

; ) , | when it satisfies

o For every k = 1,2, ... there is a periodic point in I having period-k.
e There is an uncountable set S C I (containing no periodic points), which satisfies for any p,q € S
with p # g, limsup, o [ fP(p) = fP(g)] > 0, liminf;,o0 | FO (p) — fD(q)| = 0, and for any p € S

and periodic point g € I, limsup,_,.. |f®(p) — f®(q)| > 0.

To define the 5 phases in particular, we consider the orbit {f*) (z)}]25 generated by a given

function f defined over a set I, in which the initial point = belongs to.

DEFINITION 4.2.2. Given a function f(x) defined on a set I, we say the discrete dynamics is in

the

e Monotonic phase, when {|f*)(x)[}22, is decreasing and lim, o | f™) (2)| = 0 for almost every
xel.

e Generalized' catapult phase, when {|f*) (x)|}32,,, is not decreasing for any m, and for almost
every x € I lim, o0 | f" ()| = 0. We say such sequences have catapults.

e Periodic phase, when f is not Li-Yorke chaotic, {|f*)(z)|}32, is bounded and does not have a

limit for almost every x € I, and there exists period-2 points in I.

THere, we use the term generalized to distinguish from [ | who consider the case of a single
spike in the training loss.
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e Chaotic phase, when the function f is Li-Yorke chaotic and {|f*)(z)[}32, is bounded for almost
everyx € I.

e Divergent phase’, when lim,_,« |f" (x)| = +0c0 for almost every x € 1.

We emphasize here that our use of the word “phase” refers to the whole sequence {|f®(z)[}%,,
and the categorization is with respect to the different step-sizes. As an illustration, in Figure 4.1, we
plot the five phases for the parameterized function and its discrete dynamical system defined in (4.2)
with initialization 1.9, i.e., x = fék) (z0), wo = 1.9. We have the following main result for different

phases of dynamics.

Bifurcation diagram Lyapunov exponent

2.0

151

1.04

0.5

x 0.0
—0.5
~1.0
—1.54
—2.04
0.00 0.‘25 0.‘50 0.‘75 1.60 l.l25 l.‘50 1.'}5 2.60 50.00 0.‘25 0.‘50 0._}5 1.(‘)0 1.‘25 l.‘50 l."fS 2.00
a a
(a) (b)

FI1GURE 4.2. Bifurcation diagram and Lyapunov exponent. Initialization zy = 0.1.

THEOREM 4.2.3. Suppose fq(2) is defined in (4.2). Define zi41 = fo(z:) with zp sampled

uniformly at random in (—a,2). Then there exists a. € (1,2) such that the following holds.

e Ifa € (0,22 — 2], then almost surely limy_,o0 |2¢| = 0 and |2 is decreasing, and hence the
dynamics is in the monotonic phase.

o Ifa € (2v2 — 2,1], then almost surely lim; o0 |2¢| = 0 and |z have catapults, and hence the
dynamics is in the generalized catapult phase.

o Ifa € (1,a), then there exists a period-2 point in (0,1). z € (—a,2) for all t. If there exists an
asymptotically stable periodic orbit, then the orbit of zy is asymptotically periodic almost surely,

and hence the dynamics is in the periodic phase.

fWe do not further sub-characterize the divergent phase as it is uninteresting.
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o Ifa € (ax,2], fo is Li-Yorke chaotic. z; € (—a,2) for all t. If there exists an asymptotically stable
periodic orbit, then the orbit of zg is asymptotically periodic almost surely, and hence the dynamics
1s in the chaotic phase.

o Ifa€ (2,400), then limy_, |2¢| = +00 almost surely, and hence the dynamics is in the divergent

phase.

From a pure optimization perspective, Phase 1 and 2 are the most relevant, as training loss
actually minimized. However, from a generalization perspective, similar to other works | ,

, , , , | we empirically observe that often times phases
2, 3 and 4 lead to comparatively improved generalization for various models.

Connections with sharpness and EoS. As we will see in Section 4.3, the training loss and
sharpness of a special class of quadratic regression models can be written as functions of z;, and
hence their dynamics can be explicitly given by Theorem 4.2.3. As a byproduct of our theory, we
reveal that the EoS phenomenon happens in the catapult phase and quantify the limit that the
sharpness eventually converges to, which matches the empirical observations in | |
and [ ].

As a direct application of Theorem 4.2.3, we have the following result characterizing the

dynamics generated by n different functions.

COROLLARY 4.2.1. Suppose fqo(2) is defined in (4.2), and we are given 2n positive scalars
ai, p; for 1 < i < n. Define zl(t“) = fai(zi(t))7 L(z®, p) =30, pi(zi(t))Q. Then for almost all
20 e {z: —a; < 2z <2} we have
e If0 < maxj<i<na; <1, then limt%ooL(z(t),p) =0 . Moreover, if 0 < maxi<i<pn @; < 2V2 — 2,

the sequence {L(z®), p)}2, is decreasing.

o If 1 < maxjcicna; <2, then {L(2), )}, is bounded and does not converge to 0.

° If maxi<i<np @; > 2, then limy_, oo L(Z(t),p) = 4-00.

We highlight here that even if we know from Theorem 4.2.3 the dynamics of each individual

zi(t), explicitly characterizing the phase of L(z(t), p) is not trivial. To see this, we provide one simple

example as follows.

N 111 n
St= {8 = {Lg g hs S= (80 = {1,



where S3 is obtained by switching the (2 — 1)-th and 2i-th terms in S;. Sequences S; and Sy
are decreasing to 0, and S3 is in the catapult phase. We can verify that both {S%n) + Sén)} and
{Sgn) + S:gn)} are converging to 0 but the former is decreasing while the latter is in the generalized
catapult phase. This implies that the summation of a decreasing sequence and a catapult sequence
can be either decreasing or catapult, which makes analyzing the dynamics of the weighted summation
L(z(t),p) non-obvious. As we will see in Section 4.3.1, the above result gives the training dynamics
of generalized phase retrieval and a two-layer neural network with quadratic activation functions on
n orthogonal data points.

In Figures 4.2(a) and 4.2(b) we numerically plot a bifurcation diagram for a € (0,2) and
Lyapunov exponent scatter plot with initialization zp = 0.1. The main ingredients in proving
Theorem 4.2.3 are the following Lemmas 4.2.3.1, 4.2.3.2, and 4.2.3.3. Note that by straightforward

computations, we have
(4.4) F0)=1-2a€(~1,1) = ac (0,1).

This implies 0 is a asymptotically stable fixed point when a € (0,1). This type of local stability
analysis is standard in dynamical systems literature | , , , |, and has
been used in analyzing the training dynamics of gradient descent recently | , ,

, |. However, such results are limited to only local regions. In contrast, the following

results provide a global convergence analysis.

LEMMA 4.2.3.1. Suppose 0 < a <1 and —a < zg < 2. Then we have

o (i) —a <z <2 for any t, and f, does not have a period-2 point on [—a,2].
e (ii) If zg is chosen from [—a,2] uniformly at random, then lim;_,o 2 = 0 almost surely. Moreover,
if 0 < a < 2v2—2, then almost surely |z 1| < |z| for all t. If 2v/2 — 2 < a < 2, then almost

surely {|z¢|}52o has catapults.

LEMMA 4.2.3.2. Suppose 1 < a <2 and —a < zg < 2. Then we have

o (i) —a <z <2 for any t, and fqo(z) has a period-2 point on [0, 1].
e (ii) There exists a, € (1,2) such that for any a € (ax,2), fq is Li-Yorke chaotic, and for any

a € (1,a.), fo is not Li-Yorke chaotic.
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e (iii) If there exists an asymptotically stable orbit and zy is chosen from [—a, 2] uniformly at random,

then the orbit of zg is asymptotically periodic almost surely.

LEMMA 4.2.3.3. Suppose a > 2. zy is chosen from |[—a,2] uniformly at random. Then

limy_,o0 |2¢| = 400 almost surely.

In Lemma 4.2.3.2, part (iii), we assume the existence of an asymptotically stable periodic point.
Note that such a point must have negative Lyapunov exponent | , |. It is possible to
obtain particular values for a under which f,(z) has an asymptotically stable orbit. For example,
a can be chosen such that |f!(p)f.:(q)] < 1, where p € (0,1) is a period-2 point with f,(p) = gq.
In Figure 4.2(b) we plot the Lyapunov exponent of f, at the orbit starting from zp = 0.1. It is
interesting to explicitly characterize the set of a values in (1,2) such that f,(z) has an asymptotically
stable periodic orbit. Furthermore, we conjecture that a, defined in Lemma 4.2.3.2 is the smallest

number a € (1,2) such that (1 — 2a)/3 is a period-3 point. The above two problems are challenging

and left as future work.

4.3. Applications to quadratic regression models

We now provide illustrative examples based on quadratic or second-order regression models,
motivated by the works of | | and [ |. Specifically, we consider a
generalized phase retrieval model and training hidden-layers of 2-layer neural networks with quadratic

activation function as examples.

4.3.1. Example 1: Generalized phase retrieval. Single Data Point. Following
| |, it is instructive to study the dynamics with a single training sample. Consider the following
optimization problem on a single data point (X, y):

V(X Tw)?

xT
5 +cX  w,

(4.5) min {£(w) = 1 (gw; X) ~ y)?}, where g(u; X) =

where v, ¢ are arbitrary constants. The above model, with v = 2 and, ¢ = 0 corresponds to the
classical phase retrieval model (also called as a single-index model with quadratic link function). We
refer to [ | and [ | for an overview, importance
and applications of the phase retrieval model. We would like to point out that the analysis of

seemingly simple models is already non-trivial and has been done in various ways. For example,
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single-data-point setting | ) , , |, simple-model setting |

, |, etc. Different from existing works that mostly focus on asymptotic or local analysis
that only hold when certain quantities are sufficiently large or small (small step-sizes |

, , , , ) |, large network size | , , |), in the
following result we provide a refined global analysis on solving (4.5) that does not contain any big-O

notation.

THEOREM 4.3.1. Suppose we run gradient descent on (4.5) with step-size to be n. Define
(1) (® 2 ) ¢’ 2
(4.6) e i= g X) —y, 2=y [ X]7 e, a= (yy+ 5 )0l XIP

Then we have (i) zi41 = fo(2:) and thus Theorem 4.2.3 holds for f, and z:; (it) The sharpness is
given by Amm(v%(w(ﬂ)) = ?’Zinﬂ

Comparison with existing results. An interesting conclusion from the above theorem is
that, under certain cases the step-size 1 should depend on the model initialization. For example when
e > 0 then we should have 7y || X || () = 2y < 2, since for zg > 2 we have lim;_, |2;| = oo (see,
e.g., discussions under (4.3)). Note that [ | studied a related neural quadratic model
(see their Eq. (3)). Here, we highlight that their results do not cover our case. Indeed, defining
Nerit = 2/)\maX(V2£(w(0))), according to their claim, catapults happen when et < 7 < 27crig. In
our notation, this condition is equivalent to 2 < 329 + 2a < 4. However this cannot happen because
if the initialization zg is sufficiently small, say zp = O(e), then we know the previous condition
become 1 — O(e) < a < 2 — O(¢e). However, according to Lemmas 4.2.3.1 and 4.2.3.2, we have that
for 1 < a < 2 the training dynamics is in the periodic or the chaotic phase and z; (and thus the loss
function) will not converge to 0. Our theory (Lemma 4.2.3.1) suggests that catapults for quadratic
regression model happens for almost every zg € (—a,2) provided that 2¢/2—2 < a < 1. This intricate
observation reveals that extending the current results on the catapult phenomenon from the model
in [ | to our setting is not immediate and is actually highly non-trivial.

Relationship with Sharpness and EoS. We also notice that, interestingly, in the monotonic
and catapult phases (i.e., 0 < a < 1), we have the limiting sharpness satisfy limy_,c Amax(V20(w®)) =

2a/n = (2yy + ¢2) || X||*. In particular, for the catapult phase (2v/2 — 2 < a < 1) the sharpness
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converges to 27“ € (4\/?7_4

, %], which theoretically and quantitatively explains the empirical obser-
vations of EoS in | |. More importantly, the notion of EoS only provides a coarse
characterization of the oscillations of the limiting sharpness at the interface of the monotonic and
catapult phase. For the quadratic models that we study, the limiting sharpness exhibits a more
nuanced behaviour as identify in Theorem 4.3.1, while also recovering and extending existing results
on EoS.

Multiple Orthogonal Data Points. We now consider gradient descent on quadratic regression
on multiple data points that are mutually orthogonal. Suppose we are given a dataset {(Xj, y;)}"
with X = (X1,..., X,,) " satisfying XX T = diag(|| X1]?, ..., | X,]|?). Similar orthogonality conditions
are widely used in the literature on sparse linear regression to understand the optimization or

statistical properties | , , , |. Consider the optimization problem

(4.7) min () == i) = 5 D (g(ws Xo) — i),
=1 =1

where /;(w) and g(w; X;) are as defined in (4.5).

THEOREM 4.3.2. Define the following:

2
(4.8) aD(X;) = e(X,) + v X w?, B(X,) ==y + (C(‘;‘;))Q, o (X;) = 2L ”fi” ,
(4.9) V(X)) 1= g(w®; X)) = yi, 2! = 5 (X)W (X)), a; = BX:)kn(Xi):

If we run gradient descent on solving (4.7) with step-size 1, then we have (i) zi(tﬂ) = fai(zgt)) and

3z£t)+2ai
7 .

thus Theorem 4.2.3 hols for fq, and zft). (ii) The sharpness Amax(VZ(w®)) = max;<;<,,

For this setup, the above theorem shows that the loss function is a summation of the loss on

each individual data point. Recall that the training loss takes the form

n n (t)y2 n (t)y2

1 2 1 (%) n(z;")
4.1 )y — E ®.x)—qy) = — E ¢ = —
(4.10) fw™) 2n <g(w i) yz) 2n = K2 (X;) — 22?2 el

1=

Setting p; = we can deduce that the dynamics of £(w®) is given by Corollary 4.2.1. This

__n_
20272 X"
leads to the following Corollary.

COROLLARY 4.3.1. Under the setup in Theorem 4.3.2, for almost all 2% ¢ {z:—a; <2z <2}

we have
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o If0 < maxi<j<pna; <1, then limy_,o E(w(t)) =0 . Moreover, if 0 < maxj<j<pn a; < 22 — 2, the
sequence {L(w®)}2, is decreasing.
o If1 < maxj<i<na; <2, then {E(w(t))},?io is bounded and does not converge to 0.

o [f maxi<i<na; > 2, then limy_, E(w(t)) = +o0.

Under the orthogonality assumption, the loss functions defined on each data point exhibit a
non-interacting behavior. Removing this orthogonality condition entirely is highly non-trivial. It

would be interesting to extend our setting to the nearly-orthogonal one in [ |, and

[2023].

4.3.2. Example 2: Neural network with quadratic activation. In this section, we consider

the following two layer neural networks with its loss function on data point (Xj,y;) defined as:
: g\, v; Aq) = \/%j_l vjo \/&uj vy e 9 g\u, v; A4 Yi

where the hidden-layer weights u; € R? are to be trained and outer-layer weights v; € R are held
constant, which corresponds to the feature-learning setting for neural networks. Also m is the width
of the hidden layer and o is the activation function. Define U = (uy, ..., u,,). When the activation

function is quadratic and v; = 1 for all ¢, the loss function becomes

(4.12) mt}nf(U) = %Z@(U) = % Z <\/:7Ld Z(X]Tul)Q — yj)2.

j=1 j=1 i=1

As in the previous example, we assume XX | = diag(|| X1/, ..., || X»||*). We then have the following

result on the gradient descent dynamics of the above problem.

THEOREM 4.3.3. Define the following:

J

m 2 (1) 2
0 _ 1 T o 0 2l XallTe” 201Xy
(4.13) e = Z(XZ u; ') = yi, 2 = mdn

Vind &

If we run gradient descent on solving problem (4.12) with step-size 1, we have zi(tﬂ) = fu (zl-(t)) and

thus Theorem 4.2.3 and Corollary 4.5.1 hold for ((U®).

The orthogonal assumption that XX = diag(||X1]|?,...,||Xn||?), helps decouple the loss

function across the samples and makes the evolution of the overall loss non-interacting (across the
63



training samples). In order to relax this assumption, it is required to analyze bifurcation analysis
of interacting dynamical systems, which is extremely challenging and not well-explored | ,
|. In Section A.6.2, we present empirical results showing that similar phases exists in the general

non-orthogonal setting as well. Theoretically characterizing this is left as an open problem.

4.4. Experimental investigations

Before we proceed, we remark that the original PDF files for all the figures are provided as a
part of the supplementary material for the sake of easier visualization. The naming convention is as
follows: (i) each sub-folder correspond to the respective figure numbers and (ii) each file within a
sub-folder is named according to matrix conventions. For e.g., file 1x3.pdf in sub-folder Figure 1

corresponds to Figure 4.1(c), and file 1x1.pdf in sub-folder Figure 3 corresponds to Figure 4.3.

4.4.1. Gradient descent dynamics with orthogonal data for model (4.12). Experimen-
tal setup. We now conduct experiments to evaluate the developed theory. We consider gradient
descent for training the hidden layers of a two-layer neural network with orthogonal training data,
described in Section 4.3.2. Recall that d, m, and n represents the dimension, hidden-layer width,
and number of data points respectively. We set d = 100, m € {5,10,25},n = 80. We generate the
ground-truth matrix U* € R¥™ where each entry is sampled from the standard normal distribution.
The training data points collected in the data matrix, denoted as X € R™*?, are the first n rows of a
randomly generated orthogonal matrix. The labels are generated via the model in Section 4.3.2, i.e.,
Yi = ﬁ Z;ﬂ’:l (XZT uj)2 + €; where ¢; is scalar noise sampled from a zero-mean normal distribution,
with variances equal to 0,0.25,1 in different experiments.

We set the step-size 1 such that maxi<;<, a; defined in Theorem 4.3.2 belongs to the intervals of
the first four phases. In particular, we choose 0.3,0.9,1,1.2,1.8 for m = 5,10 and 0.3,0.9,1,1.2,1.6
for m = 25 (for each m, 0.9 and 1 are both in the catapult phase, and we pick 1 since it is the largest
step-size choice allowed in the catapult phase). The numbers 0, 1,2, 3, 4 of the plot labels correspond
to these step-size choices respectively. In Figure 4.4 we present the training loss curves in log scale
and the sharpness curves for m = 25. The horizontal axes denote the number of steps of gradient

descent. In Section A.6.1, we also provide additional simulation results for different hidden-layer
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FIGURE 4.3. Test loss with and without averaging: The chaotic versions of purple and
red lines correspond to the test error without averaging. The corresponding smooth
versions refer to the test error with averaging. The plot demonstrates the benefit of
ergodic trajectory averaging based predictions (according to Definition 4.4.1), as the
averaging based predictions become more stable across the iterations. Numbers 3,4
denote different stepsize choices (see Section 4.4.2 for details).

widths. From the training loss curves (left column) and the sharpness curves (middle column) we

can clearly observe the four phases® thereby confirming our theoretical results.

4.4.2. Prediction based on ergodic trajectory averaging. A main take-away from our
analysis and experiments so far is that gradient descent with large step-size effectively resembles a
randomized gradient descent procedure with a special type of noise, i.e., the randomness here is with
respect to the orbit it converges to (in the non-monotonic phases).11 Recall that this viewpoint is
also put-forward is several works, in particular [Kong and Tao [2020]. Hence, a natural approach is to

do perform ergodic trajectory averaging to reduce the fluctuations (see right column in Figure 4.4).

DEFINITION 4.4.1. For any given point X € R%, and any training iteration count t, the ergodic
trajectory averaging based prediction, ¢, for the point X is given by 3 == % Zle g(w(i); X), where

w® corresponds to the training trajectory of the gradient descent algorithm trained with step-size 1.

Another way to think about the above prediction strategy is that the ergodic average approxi-
mates, in the limit, expectation with respect to the invariant distribution (supported on the orbit
to which the trajectory converges to). In particular, Figure 4.4 right column, for the orthogonal
setup, we see that as the noise increases, training in the chaotic regime and performing ergodic

§Here, we do not plot the divergent phase here for simplicity.
Tone way to show this formally is by connecting large step-size GD with slow-fast deterministic systems; see, for
example, Chevyrev et al. [2020], Lim et al. [2022].
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trajectory averaging provides a fast decay of training loss. A disadvantage of the ergodic averaging
based prediction strategy described above is the test-time computational cost increases by O(t), per
test point.

Figure 4.3 plots the testing loss for the model in (4.12), when trained with two values of large
step-sizes (n = 48,60). We observe that the ergodic trajectory averaging prediction smooths out the
more chaotic testing loss. However, we also remark that from the plots in Figure A.7l, operating with
slightly smaller step-size choice (n = 36) achieves the best testing error curves. See Section A.6.2 for
additional observations. In the literature, ways of artificially inducing controlled chaos in the gradient
descent trajectory has been proposed to obtain improved testing accuracy; see, for example,
| |. We believe the ergodic trajectory averaging based prediction methodology discussed above
may prove to be fruitful to stabilize the testing loss in such cases as well. A detailed investigation of
provable benefits of the ergodic trajectory averaging predictor, is beyond the scope of the current
work, and we leave it as intriguing future work.

Additional Experiments. We also provide the following additional simulation results in the
appendix: (i) Section A.6.2 corresponds to non-orthogonal training data. We also include testing
loss plots, and (ii) Section A.6.3 corresponds to training the hidden-layer weights of a two-layer
neural network with ReLLU activation functions and non-orthogonal inputs.

Take-away points from experiments. The main take-away points from the above experiments
are the following: (i) in the case of orthogonal data, the experiments confirm the theoretical results
in Section 4.3, (ii) in the case of non-orthogonal data, the experiments show that similar phases
(including the chaotic phases) exists in the training dynamics, and (iii) ergodic averaging based

prediction stabilizes the test error along the GD trajectory.

4.5. Conclusion

Unstable and chaotic behavior is frequently observed when training deep neural networks
with large-order step-sizes. Motivated by this, we presented a fine-grained theoretical analysis of a
cubic-map based dynamical system. We show that the gradient descent dynamics is fully captured
by this dynamical system, when training the hidden layers of a two-layer neural networks with

quadratic activation functions with orthogonal training data. Our analysis shows that for this class

H Figure A.7 provides a detailed comparison across various step-sizes, for different noise variances.
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-3.0

of models, as the step-size of the gradient descent increases, the gradient descent trajectory has
five distinct phases (from being monotonic to chaotic and eventually divergent). We also provide
empirical evidence that show similar behavior occurs for generic non-orthogonal data. Our results
also indicate a subtle interplay on the relation between step-size and the initialization provided
to the gradient descent algorithm in terms determining which phase the training trajectory will

operate in. Finally, we empirically examined the impact of training in the different phases, on the
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FIGURE 4.4. Hidden layer width = 25, with orthogonal data points. Rows from top
to bottom represent different levels of noise — mean-zero normal distribution with
variance 0,0.25,1 respectively. The vertical axes are in log scale for the training
loss curves. The second column is about the sharpness of the training loss functions.
Numbers 0,1, 2,3,4 denote different stepsize choices (see Section 4.4.1 for details).

generalization error.

dynamics with generic non-orthogonal training data, which involves undertaking non-trivial bifurca-

tion analysis of interacting dynamical systems, (ii) moving beyond quadratic activation functions

Immediate future works include: (i) developing a theoretical characterization of the training
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and two-layer neural networks, and (iii) developing tight generalization bounds when training with
large-order step-sizes. Overall, our contributions make concrete steps towards developing a fine-
grained understanding of the gradient descent dynamics when training neural networks with iterative

first-order optimization algorithms with large step-sizes.
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APPENDIX A

Additional Experiments, Proofs, and Discussions

A.1. Proofs of Theorems in Chapter 2

We will prove Theorems 2.3.1 and 2.4.1 in Section A.1.1 and A.1.2 respectively. In each section
we will first establish the relations between the optimality measure (see Vj in Section 2.3.3) and the
gradient mapping, which reduce the proof of main theorems to proving the convergence of primal
variables (¥ in Theorem 2.3.1 or (z*, A¥) in Theorem 2.4.1) and dual variables (h* in Theorem
2.3.1 or (hE, h’f\) in Theorem 2.4.1). Then we will prove the hypergradient estimation error, primal
convergence and dual convergence separately. In our notation convention, the superscript k£ usually
denotes the iteration number and the subscript i represents variables related to functions f;,g;. L
with being a function # denotes its Lipschitz constant.

Next we state some technical lemmas that will be used in both sections.

LEMMA A.1.0.1 (Lemma 10 in [ |.). Suppose f(x) is p-strongly conver and

L-smooth. For any v and v < u-%L’ define x* = x — 4V f(z), 2* = argmin f(x). Then we have

[ — 2| < (1 = )|z — =7

LEMMA A.1.0.2. Define k = max(Lyy, Lvy)/pg, 2*(z) = (Vggg(x,y*(:n)))fl Vo f(z,y*(x)).
Suppose Assumption 2 holds. Then ®(x) is differentiable and V®(z) is given by Then ®(x),y*(z),
2*(x) are differentiable and V®(x),y*(x), 2*(x) are Lye, Ly, L.-Lipschitz continuous, and

* * * -1 *
(A1) Vo(z) = Vif(z,y"(x)) = Visg(z,y" () (Viag(z.y* () Vaf(z,y"(2)),

(A.2) Vy(x) = —Vig(z,y"(2)) (Vg (z,y* ()

The constants are given by

L L L¢Lg2
Ly*:—vg:()(ﬁ), L. = 1+L§*< vi 3229> =0 (),
Hg Hg Hg
2LviLvy+ L2Lw2, 2L¢Ly,Lg2, + Ly L2 Lt L2, L2
Lys = Luj + ftvg f 9, ftvg g ng_|_ f ng:O(/{3)

g 2 T
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Moreover, we have

Ly

(A-3) 2% ()]} < o

PROOF. See Lemma 2.2 in [2018] for the proof of (A.1) and (A.2), Lipschitz

continuity of V® and y*. For the Lipschitz continuity of z* we have for any z, Z, we know

|2*(@) - (@)
= (Fhg(a.y @)™ Vaf @y (@) = (Vho(@.y @) Vaf @y @)
<[ (Fhag@,y* @) 7 Vot @y (@) = (Vo v (@)~ Vasla,y* @)
+| (v529<:z,y*<5c>>)‘1 Vol (2.y" (@) = (Vo(@ " () Vaf(@y"@)|
<Ly H Va9 (. y*( H [V329(x, 5" (2)) = V3,9(2,y" ()] H Viag(z,y*(x )))_1H

+ ;7 IVaf (2, y"(2)) = Vaf (&, y" (D))

LiLg = Ly 7 T
su”WHw F + lly (x) - <x>\|2+ﬂw!x—x||2+ ly*(2) = y=(@)II”
g g

<L ||z — 2|,

where the first inequality uses triangle inequality, the second and third inequalities use Assumption
2, and the fourth inequality uses Lipschitz continuity of y*(z). The inequality in (A.3) holds since

g(z,-) is pg-strongly convex and ||Vaf(z,y*(x))|| < Ly (Assumption 2). O

LEMMA A.1.0.3 (Lemma 3.2 in | ). For any closed convex set X, and the
function nx(x,h,T) defined in Section 2.3.3 is differentiable and Vny is Ly, -Lipschitz continuous,

with the closed form expression and constant given by

1 - -
Vinx(x, h,7) = —h+ ;(x —d),Vanx(z,h,7) = d — 2, Ly, = 2¢/(1 + 1/7)2 + (1 +1/2)2,
where d is defined as d = argmin ge x{(h,d — z) + 5= [|d — z||*} = Iy (z — 7h), which satisfies

(A.4) (h—i—l(d—m),d—@ZO, foralld e X.
T
70



A.1.1. Proof of Theorem 2.3.1. For simplicity, we summarize the notations that will be used

in Section A.1.1 as follows.

— k+1 _  k+1 k+1_k
K= maX(Lva LVQ)/:“’Q? w =Up  — J 2

. —1
yF = y*(a*) = arg min 9(z*,y), 28 = (V3.9(2",y5)) " Vaf (2", vf),
yeR%Y

(A.5) O(2) = f(,y" (@), el o) = min {{h,d - )+ 5 [ld - al*}.

In this section we suppose Assumptions 2 and 3 hold. We assume stepsizes in Algorithm 1 satisfy
Br = c1ak, Yk = coqg, Ok = csayg, where ¢y, ca, c3 > 0 are constants to be determined. We will utilize

the following merit function in our analysis:

1 1 2 1 2
Wi = ®(zF) — inf &(z) — —nx(a® W 1)+ = Hyk —F + = sz —2F
zeX C3 C1 C2

-~ -~

W1 W2

By definition of nx, we can verify that W, 1 > 0. Moreover, as discussed in Section 2.3.3, we consider

the following optimality measure:
1
(A.6) Vi = ;Hl’i — 2|2+ || — Vo ®) %

Next we characterize the relation between V; and gradient mapping of problem 2.1.

LEMMA A.1.0.4. Suppose Assumptions 2 and 3 hold. In Algorithm 1 we have

1 2
=) ka — Iy (2% — 7V®(2h)) H < 2Vj.

PROOF. Note that we have
ka - HX(xk — TV@(mk)) H2 SQ( Hxi — azkHZ + HHX(a:k - Thk) - Hx(xk — TV@(:U’“))HQ)
§2( Hxlj_ - ka2 + 72 Hhk — Vq)(xk)HQ) =272V,

where the first inequality uses Cauchy-Schwarz inequality and the second inequality uses the non-

expansiveness of projection onto a closed convex set. This completes the proof. O

Then we bound the variance of w**! and Hhk“ — th
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LEMMA A.1.0.5. Suppose Assumptions 2 and 3 hold. In Algorithm 1 we have

2
e T e

2 202,L2
(A7) Topfos1 = Oy + 207 5 [sz - } , 0% =0F1+ ZZ L
g
2
E [Hhkﬂ - th ] < 07 s
2 2
(A.8) o2, = 202E [Hh’“ = Vo) + [[Blt 7] - Vet ] 0202

PRrROOF. We first consider w*. Note that
wEtl B[t F] = uft — E[uft) 2 — (Jk+1 _E [JHI"%“D k.
Hence we know

2
o[-z '1]

=|

<o} + 205, )

2 2 2
Wbt~ |7 %] +E [Hﬁ“ ~E [75]| y%] |

2022L2
SU%J‘*‘ g2 f

2 2

)

2

2
2 k_ k
+ 20y 5 Hz — Z

2 k_ k
+ 20y 5 Hz — 2

2
g
where the first equality uses independence, the first inequality uses Cauchy-Schwarz inequality, and

the second inequality uses (A.3). This proves (A.7). Next for ||[h*+! — h¥|| we have
k1 _ pkl?
s -]
2 2
—02E th - E[wk+1|yk]H yyk] + 2R kaﬂ - E[wkﬂy%]H yk}
2 2
<20°E [Hh"‘ - vq>(xk)H gzk] + 202K [HE[wka] - V@(xk)H \%] + 0202 41,

which proves of (A.8) by taking expectation on both sides. g

REMARK. We would like to highlight that in (A.7), we explicitly characterize the upper bound
of the variance of w**!, which contains E [sz — szQ] and requires further analysis. In contrast,
Assumption 3.7 in [ | directly assumes the second moment of D! is uniformly
bounded, i.e., E [HD;HQ} < B? for some constant B, > 0. Note that D! in | | is
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the same as our w**! (see (2.6), line 5 of Algorithm 1 and definition of w**! in (A.5)). The second
moment bound can directly imply the variance bound, i.e., E [HD; —E [Di] HQ} <E “’D;}ﬂ < B2
This implies that some stronger assumptions are needed to guarantee Assumption 3.7 in

[ |, as also pointed out by the authors (see discussions right below it). Instead, our refined

analysis does not require that.

A.1.1.1. Hypergradient Estimation Error. Note that Assumptions 3.1 and 3.2 in
[ | state that the upper-level function f is twice differentiable, the lower-level function g is three
times differentiable and V2 f, V3¢ are Lipschitz continuous so that 2, as a function of 2* (see (A.5)),
is smooth, which is a crucial condition for (31) and (81) in | | (v*(z!) in their
notation), which follows the analysis in Equation (49) in [ |. In this section we show
that, by incorporating the moving-average technique recently introduced to decentralized bilevel
optimization | , |, we can remove this additional assumption. We have the following

lemma characterizing the error induced by y* and 2.

LEMMA A.1.0.6. Suppose Assumptions 2 and 3 hold. If the stepsizes satisfy

2 1 0.06u
(Ag) Bk; < —, Yk < min (a g>7
fg + Lvg dpg’ 0,
then in Algorithm 1 we have
K ) K ) K
Sk | = ot ] < 0 S ot =] 4 Gt o 2)
k=0 k=0 k=0
K 5 K 5 K
(A.10) N Mzk i ] <0 Y oy [Hx’i ~ | } FCot Oy (Zag)
k=0 k=0 k=0
where the constants are defined as
212, 1 2 2c10, 4
Cyz = Y ) 0= E |: y() - yg } ) C 1= L ;

2
5L% ( Ly, 2L2.  4L2%
zx — 1

M\ Hg cang oy
502 /L2

C.o= f(v ; 1) LB [y - )] + B[]l - 2]
Mg Mg Cllu’g CQ,U,g

2
z,1 — 72 2 + 1 : + .
IJ/g /-‘Lg Mg ,Ug
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PROOF. We first consider the error induced by y*. We have

2 1
n (1 n ) ‘
ﬁk,ug
2 2
+ ( Y +oe,€>L2
5]’6 Hg

where the first inequality uses Cauchy-Schwarz inequality: [lu+v|? < (1 + o)( llull® + 1 | v]|? )

k1 2

Hy’““ yf“H (1 + Brpg) Hz/’““ —yk yitt =k

(A11) < (1+ Bung) [+ = o

for any vectors u,v and constant ¢ > 0. Thanks to the moving-average step of z¥, our analysis of

k+1

Hy ny is simplified comparing to that in [ |. Also,

E [Hyk“ — ny2 !5‘7@] =E [Hyk — B Vag(a®, y¥) — yF — Bp(0F T — Vag(a, y’“))H2 I%]

2
(A.12) SHyk—ﬁkvzg(ﬂf’“,yk)—yf + BRozy < (1— Bupg) Hy — )

+B gla

where the first inequality uses Assumption (3) and Lemma A.1.0.1, and the second inequality uses
Lemma A.1.0.1 (which requires strong convexity of g, Lipschtiz continuity of Vag, and the first
inequality in (A.9)). Combining (A.11) and (A.12), we know

E [Hym k+1H @]

ol kK| ; 2 k|| 2 2
< (1 + Brpg) (1 = Brpg) Hy — .|| T <5k + ak)L —x H + (1+ Brg) Broga
Hg
2 20212,
<(1 — Brtg) Hyk —yf| =k - ﬂf’“H + 2807,
Britg
where the second inequality uses [ < m < ;Tlg Taking summation (k from 0 to K) on both

sides and taking expectation, we know

’gﬁkugE [Hyk_yf 2] <E |- o2l*] + 3 2;:# [)‘$+_$ | ] +Zzﬁ o2,

which proves the first inequality in (A.10) by dividing ¢;ty on both sides. Next we analyze the error

induced by z*. Our analysis is substantially different from | |:
2 2
szﬂ 725“” <1+ “YWg) H k+1 ZfH " (1 n 3 > ‘Zf-l-l 725”
Vklg
2 302 2
i < (o2 e (G50 et a1
Vklg
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where we use Cauchy-Schwarz inequality in the first and second inequality, we use the facts that

k+1

Vy* is Lipschitz continuous. For Hz — 22,

convex setting:

=zF — yp(H*2F — ul;) — 2k
=27 — 1 Vag(a", yF) 2N + 0 Vaf (@, y7) — 2F — i (HMT — Vipg(ak, yF)) 2F

(s — Vaf (a*,yF))
which gives
E [szﬂ — zf
A

bt A -

2
|<%c]

2
+ 713052;,2 szH + 71%012‘,1

= ([~ Tk N — ) — e (Thaalat )2k — Vot )|+ Rt || + et
<(1+ WQ) |7~ g, ) - B[

w142

+ 27,30’272 <sz — zf

)1]% (v22g< )k = Vhaglah y)2h 4 Tapah ) - Vaf ek o) )|

> + 71%‘7120,1
Vel 2
((1 + 5 g) (1- 'qug)2 + 27,%02’2) sz — 2k

4
+ (7’“ 42y > (L%Q (
Ibg 229

(A.14)

(1) -

where the first inequality uses Assumption 3, the second inequality uses Cauchy-Schwarz inequality

k|| k||

*

2
+ 27707 5 ‘ z

z

+ L2V2f> Hyk - yf

2 2
4 LV2 Lf
g (J’“ + 2797 > (j}g +Lfe> Hy’“ —yF

2 202, L2
+< 92 !
g g

9

+Ufl>'7k»

and the definition of z¥, the third inequality uses Cauchy-Schwarz inequality and the fact that

g is pg-strongly convex, and the fourth inequality uses Cauchy-Schwarz inequality, (A.3) and

3,3
—Tls 4 27,%03’2 + 7’3“ ¢ < 0, which is a direct result from the bound of 7, in (A.9). It is worth

noting that our estimation can be viewed as a refined version of (72) - (75) in | |
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Combining (A.13) and (A.14) we may obtain

2
E {sz-&-l _ ZfHH |~%c]

2

—{L‘

2
L%] + (3% +a )L2

|

Hg
L2, L2 2
< (14 20 | (1= ) b (00 ) (T )
3 3 Lbg ,ug
LY 2062LF | 5\ o <3% >L2 P
+ ( + ) : +o Vi + «||xy —x H
3 "2 BT s
2 2
2[4y, 1072 29} Lyz,4L7 2
_ (1 _ ’Yklulg) sz _ Zf + Tk 4 Vi + VMg 2229 + L?[ Hyk _ yic
Mg 3 3 Ky
2 ( 2 713#9) (30% 2) 12 k||
‘o, | e+ + + o x T H
2 5yL2 /LY, 40?2, 2
S(l—’ykug)sz—zf + f( 229 +1> Hy —yF +20w’yk+ k=2 xﬁ—ka ,
Hg Mg Ykltg
where the equality uses the definition of o2 in (A.7) and the third inequality uses Yy, i Taking

summation (k from 0 to K) and expectation, we know

K K 2 2
Z’)’kﬂgE [sz—zf ] SE[HZO—ZSHQ} + f(?g—i—l)E [Hyk—yf
k=0 k=0 Mo Hg

|

4
+22a 3 ke [t ).
k=0 9

This completes the proof of the second inequality in (A.10) by dividing capy on both sides and
replacing ZkK:O aiE [Hyk — ny2] with its upper bound in (A.10). O

LEMMA A.1.0.7. Suppose Assumptions 2 and 3 hold. We have

2

2 2
HE[M“;%] - V@(xk)H <3((L%; + Lks,) Hyk — ok + 12, sz ok

PrOOF. Note that we have the following decomposition:

E[w"|.%,] — V& (zF)

=E[us | 7] = Vif (@b yb) — (B [/ 7] 24— Vag(a®,yh)ek)
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=Vif (@b, yF) = Vi f (@, o8) = Vig(ah o) (25 = 2F) = (Tho(eb,ob) - Vig(a®, ),
which, together with Cauchy-Schwarz inequality, implies the conclusion:

[t 120 - voh)|” <3| wiratvh) - arah )| + 3| Vieh )k - o)

:

2
+3|(Viag(a",F) — Phg(ah, b)) 2k

2
2 k
+ngHz — 2

This completes the proof. ]

<3 ((L%f +L3:,) Hy’“ —yt

A.1.1.2. Primal Convergence.

LEMMA A.1.0.8. Suppose Assumptions 2 and 3 hold. If

T2 c3 1
A15 < mi 1), r<1 e3< —
(A.15) G = Tt (2OC3’ 27 (csLve + Lvny) > )

then in Algorithm 1 we have

= Ak k k||? 2 = k k+1 2

Z E [Hac+ -z H ] S;E (Wo 1] +3ZakE |:HVCI)(J,‘ ) — E[w"" \fk]H ]
k=0

K K
1 2
(A.16) + 3 E a,E [Hhk - V<I)($k)H ] + E (aiag’QE [sz —2F
k=0 k=0

2
] + aiai).
PRrROOF. The smoothness of ®(z) and ny (Lemmas A.1.0.2, A.1.0.3) imply

L 2
(A.17) () — d(2*) < ap(VO(2F), 2% — 2F) + % Ha:kJrl — ka

and

nX(mka hkv 7-) - 77X(~Tk+17 hk+17 7_)

1 L 2 2
<(—hF 4 2 (b - xljr)7xk _gktly 4 <l,li _ gk Rk Ry V2nx ( kaﬂ _ ka I Hthrl _ th )
T

2
:ak<hk,xi — xk) + % Hxi — ka + 9k<hk,xi —zF) — Hk(wkﬂ,acf“|r — xk)

" LVan ( ka+1 B kaQ N Hhk+1 B thg)
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0 2 L 2 2
<k Hxi — a:kH — 9k<wk+1,xi —zF) + 7V277X ( kaﬂ — ka + Hth — th ),

where the first inequality uses Ly;,,-smoothness of V7, and the second inequality uses the optimality

condition (A.4) (with d = 2¥). Hence by computing (A.17) + (A.18)/c3 and taking conditional
expectation with respect to % we know
s
o -

SCl3 (E [nX($k+1,hk+177)‘%€} . nx($k,hk,7)> + @(xk) —E [@(:ﬂc#ﬂﬂk]

L L 2
T (V(H) — Blu | By, ok — )+ T Vi) [t = 2|
€3

cigma -]
203

=Wi1 — E [Wit1,1]Fk) + an(VE(2") — Ew* ], ok — 2F)

n (e3Lyae + Lvyy)
203

ot = B [l - e
C3

2 1 2
W1 — E [Wis11| 3] + ak(T |ve@) - Bt 2|+ ||k -2 )

||k k|? K+l ok
A9 Tt = g e -1
( ) + 4T R + 2037 7
where the second inequality uses Young’s inequality and %k (CSLVQ‘Z);LVW;«) < F, Lun, < g when
(A.15) holds. Note that by (A.8) we know
(A.20)
E Hhk‘-i-l hk‘H
037'
S1OC3204W3 [Hhk Vo (x H i HE (w7 — H ] 5030% o2
T
2 _2
1OCSQ§UQ’QE [sz L 2}
T
2 2
<% [Hhk _v<I>(xk)H ] 1 oxE [HE[wml,y} Vo(x H } +afo? +ajol,E [Hz ok ]

where the second inequality uses (A.15). Taking summation and expectation on both sides of (A.19)

and using (A.20), we obtain (A.16). O
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A.1.1.3. Dual Convergence.

LEMMA A.1.0.9. Suppose Assumptions 2 and 8 hold. In Algorithm 1 we have
Zak]E [Hhk vah)| }
1 2 i 2
<_E [Hhﬂ — V()| } n 22 E [H]E[wk“]ﬁ’k] - v¢>(xk)H }
9 K
} + Zc;;aiai.
k=0

(A.21) + 2qu’ ZakE {Ha@ - H } + 203092 Z%E [

PROOF. Note that by moving-average update of h*, we have

pR+L V(I)(karl)
=(1 = )" + Op (W' — E[w" 7)) + OLE[w* T .F] — Vo (")
=(1 — ;) (hF — VO (zF)) + 0 (E[w* T Z] — VO (2F)) + VO (2F) — VB (2F )

+ Gk(wk“ — E[wk+1|3?k])

Hence we know
(A.22)

E [Hhk-i-l B v@(g}kﬂ)H? !ﬂk]
_ H(l —90)(RF — V(b)) + 0 (B[ 1] — VB () + Vo (ak) — wp@:’f“)HQ

2
4 2R [ wh+l E[wk“\y‘k]H m}
2

(V(I)( M) = vo(aFt) +9iai,k+1

2
<(1—6)||r* - v<1>(xk)H + 0y, HE[wHHﬁk] — Vo(z*) +

(7
<(1-6y) |n* - Vo H +29kH]E (W Zy] — Vo(z )Hz
+92k [vat) ~ va@ |+ 602
<(1- ) Hhk Vo H +29’“HE (W17, — V(I)(xk)‘r_'_%Hxi—ka2+9%03,k+la

O

where the first equality uses the fact that ¥ h* 2*+1 are all .#}-measurable and are independent

of wht1 given %, the first inequality uses the convexity of ||-||* and (A.7), the second inequality
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uses Cauchy-Schwarz inequality, the third inequality uses the Lipschitz continuity of V@ in Lemma
A.1.0.10, and the update rules of **!. Taking summation, expectation on both sides of (A.22),
dividing ¢3 and using (A.7), we know (A.21) holds. O

A.1.1.4. Proof of Theorem 2.3.1. Now we are ready to prove Theorem 2.3.1. From Lemma
A.1.0.4 we know it suffices to bound Vj. By definition of Vj in (A.6), (A.16) and (A.21) we have

(A.23) ZaszVk Z( [Hx+—xM+akE[Hhk Vo (z H])
gl A ST el

+5§:akIE U\V@(:c’“)—ﬂﬂ[ k41 2] H] (1+ 2¢3) 922%1[5 [Hz _
k=0

]
1 0 X 2
2R Woul + L[| - VoG] + (1 + e (kzoak)
<2050 o - o+ L [~ vwia| ]
k=0

3
9 K
|+ 28,3 s [ - o
k=0

K
2 1
+;E[W071]+%E |:Hh0_ H :| +63 (ZOJ%)

k=0

K

2 2

+15> il {(L%f—i—Lngg) Hyk_yf +L2ngzk_zf ]
k=0

gcvﬂ2io"“1@[Hx+—xH]Jrcvhzaklamhk Vo (z H]+Cvo+cvl<§:ai>,

T
k=0 k=0

where we assume
(A.24) (1+ 2¢3)0; y0n < LY,

in the second inequality. The constants are defined as
212 1

Coe = 15(L3 + L3p2,) Cya + 16 L3 Cp + —32 » Con =3,
3

1
Cuo = 15(L% ; + L2a,)Cyo + 16L%,C. o + ;E (Wou] + —E [Hho _ Vcb(xo)m ,
3
Cor = 15(L%f + L3s,)Cy1 + 1613, Coq + (1 + c3)o,

80



Using constants defined in Lemma A.1.0.6, we know

8 4 6 5 2

K K K K K 1

Clpw = (’)(2 + 5+ 2),th =0O(1),Cpp = (’)( + =+ ),C,J,l = O(c1K” + car?).
51 ¢ G5 cg ¢y T

Hence we can pick o, = O(1/VK), 7 =0 (k71), c1 = O(1), c2 = O(1), 3 = O(1) so that the
conditions ((A.9), (A.15) and (A.24)) in previous lemmas hold, and 7 = ©(k~*) such that

Cpa® = O(K87?%) <

L\')M—t

Plugging in all the constants in (A.23), we have
5
k
*ZEV’“ —2K kZ_OT?E [H“‘x | }WLZE[H}L - Ve ] )

Then we have %ZszoE[Vk] = O(k®/VK). which, together with Lemma A.1.0.4, proves
Theorem 2.3.1.

A.1.2. Proof of Theorem 2.4.1. In this section we present our proof of Theorem 2.4.1. For

simplicity, we summarize the notations that will be used in our proof as follows.

Lyr= max L L —maXL Loz, —maxL2 = max
VIS8, Y e PV T 28 Ve Ve T 0 SV Hg 1<i<n Hai>
n
_ k+1 _ k+1 k k+1 k+1 _k
K= ma‘X(LVfa ng)/ug’ Uy, - g’;'[, ) Z )‘ Jz Z; )7
i=1

A= Ae(af) = argmax @, (28, 1), yi; = y; (¢¥) = arg min g;(2",y),

AEA, ity
T —
i) = fi(z,y; (2)), o* = (q)l(mk)a >‘I’n($k)> ) 2 (V2291( 7yf,i)) 1v2fi($kay>{ii)v
U(z) = ax Dy (2, 0) = e <Z/\iq)i($) -5 - )

h,7) = (h,d — — ||d — here X = X or A,,.
nx(x,h,7) = 521)1(1{ x>+ || z|? }, where or

In this subsection we suppose Assumptions 2, 3 hold for all f;, g; and Assumption 4 holds. We
suppose stepsizes in Algorithm 2 satisfy 8y = ciag, Y& = caay, 0 = czay, where c¢1, co,c3 > 0 are

constants to be determined. We will utilize the following merit function in our analysis:

. . 1
Wi, = Wit + Wio, Wiy = W;S ) 4+ W,ff, W,Ell) = U(zF) — @, (2%, \F) - gfmn()\kv —h5, )
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2

).

2 1
N
C2

n
( ky 1 k pk s 1
ka = 2(@") — Inf U(@) = Zna (e, by, ma), Wi = Z (a ‘

Zi T Rwg

k k
Yi — Ysii

By definition of ¥, ny,na, , we can verify that Wéll) >0, 7 ,521) > 0. Moreover, as discussed in Section

2.4.2, we consider the following optimality measure:

(A.25)

_
Vi =

T2

2

ko ok
okt 4]
X

2 1 2 2
h,{g—vléw(xk,xf)” +ﬁHAi—A’fH +Hh’§—V2<I>M(xk,)\k)H .
A

Vk’lz Optimality of min problem Vk,25 Optimality of max problem

The following lemma provides some smoothness of functions that we will use in our proof.

LEMMA A.1.0.10. Functions VY(-), Vi®,, (-, A), V1®(:,A), V1P, (z,:), V1P(z,-), Vad,, (-, N),
Vo, (z,-) are Lyy, Lvs, Ly, Lv,a,,,Lv o, ,Lv,s,, , pr-Lipschitz continuous respectively, with

constants given by Lyy = M% (L%) + bq;Lv@) + Ly, Lvlq>w\ = vaqm)\ = ﬁLq;.

PRrROOF. For VU we first notice that the nonconvex-strongly-concave problem in (2.10) can be

reformulated as a bilevel problem:

1,
A— "

min ¥(z) = ®,, (z, A*(z)) s.t. A" (x) = argmin (—®,, (z,))) = % .

zeX AEA,

2 n
i=1

By Lemma A.1.0.2 we know

VU (2) =V1®y, (2, N(2)) = V3eDpy (2, (2)) (V304 (2, X7 (2))) ' Vo, (2, X (2))

:;A;‘(a:)wi(a:) + :A (V& (2),..., VO, (x)) : — (A*(x) B 1,1>

1 o 1 o
ORI CEFPILIC

from which we know V¥(-) is Lyy-Lipschitz continuous since
[i(2)V®i(x) — Pi(Z) VO (2)]|
<[[@i(2)V@i(x) = i(2)VPi(Z) | + [|[Pi(2) Vi (T) — i(Z)VPi(Z) |

< (L3 +boLva) |z —y| .
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Note that for any fixed A € A,, and z,Z € X, we have

(A.26) Vi®u, (2, 3) = V1id(z,A) = Y AiVE(x),
=1

(A.27) V1,0, (2, ) = Vidy, (7, M) = | Y X (VEi(x) — V(7))

=1

S Lv(p ”l‘ — .Ci'” .

Similarly, for any fixed z € X and A\, A € A,, we know

(A.28) Hvl% (2, ) — V1, (z, X)H - Hi(xi ~)V®i(2)
=1

< vito -3

(A.26), (A.27) and (A.28) imply V1®,, (-, A), V1®(-, \) are Lye-Lipschitz continuous and V1 ®(z, ),
Vi@, (z,-) are Ly, ,, -Lipschitz continuous. Finally, for Vo®,,, (2, A) we have V@, (2, )
= (By(x), ..., Pr(z)) " — pin (A= 12)  and thus functions V@, (-, A), Vo@,, (z,") are y/nLo,

px-Lipschitz continuous respectively. O

Next we present a technical lemma that will be used in analyzing the strongly convex function

over a closed convex set.

LEMMA A.1.0.11. Suppose f(x) is p-strongly convex and L-smooth over a closed convex set
X. For any 7 < 1 define x4 = Hx(z — 7V f(z)) and ., = argmin .y f(2), we have (1 —

L
VI=T) 2 — 2] < lle = 4]
ProOOF. By Corollary 2.2.4 in | | we know

1 1
~(w—ape—a) > ol -l + 5l — o+ 5 oy — )

1
— (5545 ) o= ol ullo = 2l - plo 210 - )

which implies |z — z4| [z — 2. > (@ — 24,2 — 2.) > §|z— zy|? 4+ r |z — x|, where r =

T ’fr . < % Applying Young’s inequality to the left hand side of the above inequality, we know
1412 2 2 2 2 . .
T = ai P + g lr = 2P > g lle = 2P + rlle — 2., which gives o — 2| >

(1-v1=2r) ||z — 2| > (1 = /T=7p) |z — 2| . This completes the proof. O

The next lemma shows the relation between the stationarity used in Theorem 2.4.1 and our

measure of optimality Vj, in (A.25).
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LEMMA A.1.0.12. Suppose Assumptions 2, 3 hold for all f;, g; and Assumption 4 holds. If

Tapa = 1, then in Algorithm 2 we have

1 2 1 2 2
Lt I RS N R T !
2 2 /1 2 2
ot < & (G bt =+ k-t ),
Hx \T)

which imply H%(mk — Hx(xk — TxVﬁ)M(azk, /\k))) H2 + Hx\k — )\fH2 < max (2, /%2) V.
z A

PRrROOF. The first inequality follows (A.1.0.4):

ka — 1y (xk — V1P, (:1:]“, )\k)) H2
<a( [ — k"4 e (ot — o) —a (e — 791, 29| )

2 2
SQ(Hxi—ka +T§ h’;—V;[(I)M(xk,)\k)H ),

where the first inequality uses Cauchy-Schwarz inequality and the second inequality uses the non-
expansiveness of projection onto a closed convex set. Note A\ = argmin ¢ A, Puy (zF,\) is a
minimizer (over the probability simplex) of a py-smooth and py-strongly convex function ®,,, (zF, ).

Hence we know from Lemma A.1.0.11 that

Ab —)\kHQ

ui‘
<2 (14 /1= i) H)\k —TIa, (A + 7y Vo, (2%, AF)) HQ

<or? (14 /T ) ([ = M| T, (4 ) = T, F 4 720, 4 4
<272 (14 VT =) *( H)\ﬁ _ A’fHZ T Hh’; — Vad,, (aF, /\’“)H2),

where the second inequality uses Cauchy-Schwarz inequality and the third inequality uses non-

expansiveness of the projection operator. Setting 7huy = 1 completes the proof. ([l

LEMMA A.1.0.13. Suppose Assumptions 2, 3 hold for all f;, g; and Assumption 4 holds. In

Algorithm 2 we have

(A29) E [Hwkﬂ - E[w’fﬂm]m <02 i1
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2 2
(A30) E U — Rk ] <07 g E:[Hh§+1__h§H ] <o? b
n 2 202, 2
kllk Lk 2
Jg},kﬂ =0, + 202,2 ZEP\Z z =zl ] oo = 01%,1 + Zg !
i—1 g

U}%x’k = 207E]

ko vi®,, (2", Ak)H2 + HE[wk+1|9k] — V1®,, («F, )\k)Hz] +0h0r i
J}ka = 02K [Hh’f\ — V2<I>M(xk7 )\k)‘ﬂ + n@,%cr]%,o.
PrROOF. We first consider w”*. Note that
! — |7 Z X (k! — Bk | 7] — (S = B2 2F)
Hence we know

2
E |:Hwk+1 o E[wk+1|y]€]H ’yk:|

n
9 2 2 2
=3 4)° (& [ - Bt |13 + [ - sz 1] )
=1
n 2
SZ)‘f<O-fl+20—g2) fz +202 Zz_zf,z’ >
i=1
2
§012c71+ 972 f + 20 222)\k z —z*l
Taking expectation on both sides proves (A.29). Next for th“ — h’;H we have
2 2
||+t = 0t 1] ot |t - mpur 212 + 8 [t - w1

§2%E[

2 2
- wiat 193] + 268 | [t - aaah 122 + bt
which proves the first inequality of (A.30). Similarly we have

2
E [Hh§+4 —-hﬁH \éﬁk}

:%EU

2
g@ﬁE[Hhﬁ——V@@uk@W,Akw‘\9%}-+n320%m

2

1,
H — Bl + (V- 20|17

2
+ O2E [HSW—E[S’HH%]H yﬁk]
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which proves the second inequality of (A.30). O

A.1.2.1. Hypergradient Estimation Error.

LEMMA A.1.0.14. Suppose Assumptions 2, 8 hold for all f;,g; and Assumption 4 holds. In

Algorithm 2 if the stepsizes satisfy

P /1 0.06u
(A.31) By < —2——, 7 < min ( )
fg + Lvg dpg’ 07,

then we have

K n 9 K 9 n K
Zakﬂ*} [Z ’ yr =k, } < nCyy Zaklﬁl [Hx’i - q;’fH ] + ZCyi,O + nCyJ(Zai)
k=0 i=1 k=0 i=1 k=0

K n 9 K 9 n K
S i [Z ok ok } <nCe Y oiE [Hxi ~ | ] +3 " Cug+nCe <Z az>
k=0 i=1 k=0 i=1 k=0

where constants Cyg, Cy 1,Cy, Cy 1 are defined in Lemma A.1.0.6. Cy, 0,C~, 0 are defined as

5L% L3 1
= 0_ 017 — f V329 |: 0_ .0 2:|
vi,0 Cl/_,(,gE [H?Jz y*,zH i| ) Czi,o /ng < IU,Z + 1> Cyi,o + CQTLg]E sz Z*,zH .

PrOOF. Note that the proof follows almost the same reasoning in Lemma A.1.0.6. Since
k

Assumptions 2 and 3 hold for all f;, g;, by replacing y*,y¥, 2*, 2¥ with yf , yfﬂ-, zf, z, ; respectively,

we have similar results hold for each 1 <i < n,

K 9 K 9 K
Zak}E “ Yk —y'*ii ] < nyZakE [Hxﬁ_ —mk‘H ] +Cy0+C 71<Zai>,
k=0 k=0 k=0
K 2 K 2
(A.32) Z oE [ zf — zfz ] < Cus ZakIE [Hx’i — x’fH ] +Cho+Cia (Za%)
k=0 k=0 k=0
Taking summation on both sides of (A.32), we complete the proof. U

The next lemma shows that the inequalities above will be used in the error analysis of

[Efw*+1|F5] — V1@ (aF, Ab)||

LEMMA A.1.0.15. Suppose Assumptions 2, 3 hold for all f;,g; and Assumption 4 holds. We

Y

have

k k
Ri T R

2
+ 1%, |

2 n
HE[MM—”‘%“] — V1<I>M(95/’€7 )\k)H < 2:3)\5-€ {(L%f + szgg) ‘ yf - yfz
i=1
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k
- Z*,i

2
2 k
+ ng Z;

2 n
Bl 17 - v <3 vk {(L%f + L3n,) ok = ok
i=1

)
8n L2 )\’“—/\kQ ih’“—ch ’wkz
A

PrOOF. Note that we have the following decomposition:

E[w* 1| F4] — V1, (o, 1)

n

—E[uf+| 7] ZA Vifilah ki) = YA (B A - Viagilah, k)2t )
=1

=S VG - Vi) - Vo) (- )
=1

(A.3) - [Fhateb o) - Vot ko] 2.}
which, together with Cauchy-Schwarz inequality, implies

2
[ETAREARR NP

n 2 n 2
<3| NV fia®, ) = Vafila® uk )| 43D N Viagi (@, uf) (2F = 2E)
=1 i=1
n 2
+3 Z (Vlzgz( ayi) V12gz( 73/3:1))25@
i=1
k; k 2 9 k k 2
<23/\ L f+L ) ’ _y*,i +LVg 2 _z*,i )

Similarly we have
E[w* %] — V(b)) = E[w"™ . F] — Vi@, (28, \F) + V1, (25, \F) — V1@, (2%, \F).

Applying Cauchy-Schwarz inequality, Assumption 2 and Lemma A.1.0.10 to the above equation and
(A.33), we know

HE[wka] - V\If(:zk)HQ

n 2

Z Af(vlfi(xka yr) — Vlfi(xkay* i)

=1

<4 +4 Z >\ Vmgz 795:)('25 - Z»l::z)

87



2

n

k k k
Z(v%wi(ﬂf 7yi) Vlzgz( 7y*,¢))2*,i
i=1

gz:: /\’“{L p+ L) ||k

which together with Lemma A.1.0.12 completes the proof.

‘ 2

4 Hvlcb(;c’f,xf) — VB2, AR

+4

k
R ’

2
2 k
+ ng Z;

k
y*,i

2 2
} +4nL2 H)\’“ Y

A.1.2.2. Primal Convergence.

LEMMA A.1.0.16. Suppose Assumptions 2, 8 hold for all f;,g; and Assumption 4 holds. If

o < min 7'5 c3 c3 TLT)\L(ZI)
b= 20c3" 27, (cslve + Lyny) 4ma(Lvgs, +c3in)’ Ly + Lys’ )’

1 1
A.34 <1, — 1, e3< -
( ) Te < 1, Tapx =1, c3 < min (10 L )

then in Algorithm 2 we have

K . 9
> %48 ot —a*]]
k=0 ¥

<’g [W( ]+22akE [HE (w7 — H ]

it 2509

K K
2] 1
+ S oyE [HE[wk“L?fk] - vlcbm(xk,xk)H ] 5> uE U
k=0 k=0

K n K
2

+0§722azE[Z/\f bk, }Hazag,

k=0 =1 k=0
K )
§ ot -]

-
k=0 A
9 @ 1 K 9 K n 9
k koK 2 ko ok

?E [Wm} +2kZOGkE |:Hh)\—V2‘I);M(.T ;A )H } +4LszoakE[‘ 1 Yi = Yui ]

K K
2
(A.35) + 13nL3 E aiE [Hxﬁ - ka } +naj2c70 E oz

k=0 k=0

PROOF. The proof of the first inequality in (A.35) is almost the same as that in (A.1.0.8). Note

that by replacing ®, h*, W1 with W, hx, Wk,l, we know

1823

Tx

88



nglf E[ k+1 1’Jk] + g (Tw

2 5
k k
_ _° R ‘
T o H + 2637},; [

Vo) - |

2
- hf«H ‘fik} ,

o -o*)

(A.36) + ok

4Tz

Similar to (A.20), from (A.30) we have that

5 2
C7‘2E U i ]
31y
10c302 ? 7 Besc
< [ - w0, AN+ [t - Vi a9 k2
2 xr

Z _Z*z

10c302 0'
ka2 [Z/\k
<%y “
-2

(A.37) +ajol,E [ >N
=1

|
2
Vléuk(mk,/\k)H } + [HE[wk“\y‘k] —Vlcbm(xk,/\k)H } +alo?

1

where the second inequality uses (A.34). Taking summation and expectation on both sides of (A.36)

k k
2 T R

and using (A.37), we obtain the first inequality in (A.35). For the second inequality in (A.35), the

Ly g-smoothness of ¥(x) and Ly, -smoothness of nx in Lemma A.1.0.10 imply

2

9

(A.38) UM — w(zh) < ap(VO (), 2% — 2%y + Lyw kaﬂ

!
2

— X

Na, (N, =hS,m0) = na, T =hiH )

<(h} + ;(Ak DL IP LD L RO LA LR R A
i (e o)

—ag(—hf, b — AF) +—H)\k AV L | S PL —%)>
(e -

<——H)\k AkH + O (s =y (AR —%),Ai—m

L 2
(A39) 4 (HA’““ X[ [ ) .
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We also have

q)u)\ (.Z'k, )\k‘) o @ﬂ)\ (.’Ek+1, )\k-i-l)

2 2

n
—" ktlg (k1 12N NS px{lye 1
:i:1(xi<1>i(x)—xi+ <1>Z-(ac+))+7 e el
2 2
— 0k, Bk) (kD ¢k+1>+M<‘)\k+1_)\k+)\k_1n _‘)\k_ln >
’ ’ 2 n n

1 2
(A = NEFL ) s VL — R g (W 2 N < X B AT
1,
=ar (A — N2 E[s"T 7] — i (W — ;)> + ap(A\F = AE @F — E[sF .7 ])
g T e et e
1,
<ap(NF = N B[S Z] — (W - ;)> + ap(A\F =AY % — E[sFT .7 ])
2
+ % HAkH — )\kH — ak(vlq)(xk,)\k),xﬁ_ —zF) + /nLe H)\k"'l — )\kH H:L"ﬁ_ — mkH

L 2
(A.40) + % H:Uk+1 - CL‘kH .

where the inequality uses Lemma A.1.0.10 and (¢) in Assumption 2 to obtain
n
WL @ — of ) = B AT (@i(a") — (™))
i=1
2

n

L

< g )\f+1(<V<I>¢(3:k),mk — xRy 4 7;1) Hmk - xk‘HH )
i=1

L 2
< — ap(V10(aF, Ak),xﬁ_ — 2y 4 V/nLe HAkH - )\kH Hﬁﬁ_ - ka + % ka'H - ka .

Taking conditional expectation with respect to .%; on (A.38) + (A.39)/c3 + (A.40), we know
Ak Ik k(|2
| |
W — B[ W 11 5] + (VO (F) - Vi@(aF, AF), 2k — a)

L L
(A - N @ gl gy 4 Lot Lve) ; V) ||+ k|

(Lwna, +c3pr)
263

. L e L R el R MY

C3

< 1521) —E [ng-)ll‘yk} +opv/nLa [N = XY [|2f — =¥
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n

b ol [N — 2| (zum oy ) 4 o AL < X¥] ot —a*|

i=1

2 2(L L
o(Eve +Lve) ok w2 | Qe BT, TN gk k2 TR [R5 = 17 12

+ 2 203

< B [ 1153 + o 0 [0 = M+ anma ok - o))

Fau (g V=¥ 23 ZHyl ) (o I = X 4 20m 2 ek - o))

aknT)\L?{)

(Adl) + =

v n
e A (15 = g [17 17
where the second inequality uses Lemma A.1.0.10, and the third inequality uses Young’s inequality

af (L, +espn)

and the conditions on ay (see (A.34)): gh — ———1—— >0, a2(Lyy + Lyo) < agnmyL3,.

Recall that in Lemma A.1.0.12 we have

(A.42) HAk — Ak

2 2 9 2
<9 HA’_‘; _ )\kH + = Hh’; - v2<1>M(z’f,Ak)‘ :
HX

and by (A.30) we know

Lyna, k+1 k k k

—2n g AT — BRI | < 2esaf (un +1)° Ry —Vad,, (2%, A9)| | + nafo

C3Tx

A4 < R |0 - Vo, (2 A0)||” 202
( . 3) =7 A PASTIN (JI ) ) + nakof,O'
where the second inequality uses 2c3(uy+1)% < 1, o < 1in (A.34). By (A.41), (A.42), and (A.43):

2w ([ - 2| <2m [ - W]+ S - var. b

2
] + 13axnLiE [Her — ka } + na%afc’o,

n

+ 4akL§E[ yr =y,
i=1

which implies the second inequality in (A.35) by taking summation. O

A.1.2.3. Dual Convergence.

LEMMA A.1.0.17. Suppose Assumptions 2, 8 hold for all f;,g; and Assumption 4 holds. In

Algorithm 2 we have

K
Z ailE U
k=0

2
BE = V10, (2F, 00| }
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1 IE[Hh _V1d,, (2%, \) )| } +3kzoakﬂ§: [HE (W] — V1@, (28, \F) ‘”

3LV<I> [ k|| 3”L<1> ko \k
+ | o |[[35 =¥
2 ; 4 Z
2 2 2
] +C3Jw2ak,
=0

n
T 20302, zazE[Z AF
k=0 =1

K
S aE [Hh’; — Vo, (aF, )\’“)“2]
k=0

k k
Zi T R

1
<_E [th—%c%(xo’m)” } + 30, L3 ZE[ —

]

(A.44) 3nL¢ ZakIE [Hx* H ] + 3“’\ Z: o E [H)\k — )\kH ] —I—ncgafoz:ak

PROOF. The proof is similar to that of Lemma A.1.0.9, except that we now have another A* to
handle. Since V1®(z,\) = V1@, (2, ) for all (z,\) (see (2.10)), for simplicity we omit subscript
px in Vi@, (x, A) in proof. Note that by moving-average update of hk, we have

WAL W (L, AR
=(1 — 0p)hE + 0 (W — B[ .Z]) + 0L E[w™ T .F] — V@ (2T AT
=(1— ) (hE — V1 & (2", \F)) + 0L (B[w* T .Z] — V1@ (2F, \F))

+ V1<I>(9ck, )\k) o vlq)($k+1, )\k-l-l) + Qk(wk+1 . E[wk—i-l‘:gk])

Hence we know

e |

- H(1 —G0)(BE — VB2, AF)) 4 O (B[ 2] — Vid(zF, AF))

2
_ Vl@(xk+17 /\k+1)H ’Lg;k]

2 2
+VB(aF, Y — V(2R Wl)H +O°E [Hwkﬂ - E[wk“@k]H L%]

<(1—6) ||hs — V1@(2", A7) H + 0300 ki
1 2
+ 0 || (B .F] — Vi (a®, A)) + 0—(V1<I>(:pk, AF) = Vi @(a" T M)
k
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<(1-6y)|

2 2
P = 10k, )|+ 80, |[BLwt 7] - T1@(h X[+ 0202

2 2
+ o [Tt X - D10 0] [T ) - Tk )|
b k

2 2
<(1-6) ( hE @ (o, )\k)H + 36, HE[wk“m] ~ Vi 0(a, A’“)H
R 2 2
(A45)  + e%k <L2W Hx’i . ka +nl? HA’; . )\kH ) + 0202 41,

where the first equality uses the fact that z*, \¥, h’;,xkﬂ, Mt are all .Z-measurable and are

k+1

independent of w**! given .%, the first inequality uses the convexity of ||-||* and (A.29), the second

inequality uses Cauchy-Schwarz inequality, the third inequality uses the Lipschitz continuity of V{®
in Lemma A.1.0.10, and the update rules of zF*1 and A\*+1. Taking summation, expectation on
both sides of (A.45), dividing c3, and applying (A.29), we know the first inequality in (A.44) holds.
Similarly we have
h’;\+l o v2(bu>\ ($k+17 Ak-‘rl)
1
:(1 _ ek)hl)c\ + 05 (Sk-l-l _ M)\/\k + MAl) _ v2<1>u)\(xk+1’)\k+l)
n
—(1 = 0) (h§ = Va®y (2, X)) + 0 (B[ 5] — Va0 (a", X))

+ Vad,, (28, A7) = V@, (2P M) 4 6 (8P — E[s"T.7)).
where the second equality uses Vo®,, (2%, \¥) = Vo®@ (2%, AF) — py ()\k — 17") So we know
E [th§\+1 V(2 >\k+1)H2 |¢%f]
= [|(1 = B) (B = T2, (25, A)) + 0 (B[4 2] - Vo, A
+ Ve, (%, AF) — Vo, ("1, A’“H)HZ +O2E [Hsk“ _ R[S H2 \fik}

2
<(1-6) Hfﬁ; — V(2 Ak)H + nbo%,

1 2

0, (VTI)M (xkv Ak) — Vo, ($k+1a )‘k+1))

+ 0y, HE[SHH%] — Vo®(zF \F) 4

2 2
<(1-6y) Hh’§ ~ Vo, (aF, Ak)H + 36, HE[SHH%] ~ Vad(ak, /\k)H +nbo%,

3 2 2
+ (|22 (X5 = Do (@) [ [V, (X = Do (@A)
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2
<(1 = 04) [P = Vo, (a8, 29)

_y*z

3 2
(A.46) +9a< L2 Hx+ —x H +MAH)‘k )\kH >—|—n9kaf0,
k

where the third inequality uses Lemma A.1.0.10 and the fact that

E[8k+1’ﬂk] = (fl(xk7yllc)’7fn(xk)yz)>T7v2(p(xkaAk) = (fl(xk)yf,l)v '--7fn(xk7yf,n))—r

Taking summation, expectation on both sides of (A.46), and dividing c3, we know the second

inequality in (A.44) holds. O

A.1.2.4. Proof of Theorem 2.4.1 and Corollary 2.4.1. Now we are ready to present our main

convergence results. Note that by Lemmas (A.1.0.16) and (A.1.0.17), for V1 we have

K

iakxa[vk,l] =3 %E [fo; _ ka + éakza U

k=0 ¥

ks ZakE [EEEE ;§E [(

3

TINERG

Vi®,, (wka >‘k> HQ]

< Za [W] + Le [0 - im0 + 2%%*? et t120 - vt

K 2 3nL
43 om0 - T a0 ]+ 25 S ]
k=0

2k — 2k,

K n 9 K
(A.47) +(1+203)a§722a%ﬂ3[2)\§ k. ]+(1+03)05<Za2>.
k=0 =1 k=0

By Lemma A.1.0.15 we know

420@@ [HE W] — Vi, (2F, AF) Mjuzzakﬂ«: [HE [+ 7] vq;(x’“)Hg]

k=0
& 2
*, 1

K 2 1 2
(A48)  + 16nLiayE] H)\’i - AkH toa Hh’; — Vo, (aF, A’“)H ]
= A

K n
SZakE[Z2O <(L2vf+L2vgg) 2F— 2
k=0 i=1

2
+ L3,

k k
Yi = Ysii
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Choosing
(A.49) (1 + 2¢3) 02 Oy o0 < ng

n (A.47), and using (A.48), we know

ZakIEVkl <C”1”22 [H — H ] + Coy ZakE[

K

o 2 2

+ Conti Y SE [H/\’i - } + Coviy § ' E [Hh’; ~ Vb, (a8, 09)| ]
k=0 A k=0

z qu)m(xk»)\k)Hz]

K
(A.50) +Coy 0+ Coy <Z a;%),
k=0

where the constants are defined as

32 1
Cop .z =20n (L% v+ LV2 )Cyz + 21nL%, 4Cea + CW, Coy s = 5
3
3 16nL2
Cvl,)\ = <16 + 2> nLQ, Cvl,hA = 5 cI>’
C3 125
n n 9 )
Cur0 =20(L3; + L%, (Z cyi,()) +21L%, (Z Cm) +=F [Wé,ﬁ)}
i=1 i=1 x

1
+ B[ - V19,62
3
Cuy 1 =200 (L3 + L32,) Cy1 + 21nL3,C. 1.

For V}, 2 we have

K K 9 K 9
S aEVia] =3 i‘;;E [HA& =¥ ] +3 @E [Hh’; = Vo, (1) }
k=0 k=0

k=0
5 9 K 9 1 K 2
< e s s el - vt |
3 120 k=0

2 1 1 - ?
B[] 4 B[]~ Vs, (a0 |°] + 703 ZakELl! o=k

(s 3) s Yoz ok - o] it et ).

k=0
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which implies

it )]

kioaklﬁl ng <C’v2m7 ii’;lﬁl [HJ:JF—:L‘ H } + Coy by ZakE D

k=0 <

K
o 2 2
F Oy [H)\ﬁ | } b Com S E [th; — Vo 5| }
k=0 A k=0

K
(A.51) + Cyo + Cogt ( > ai)
k=0
where the constants are defined as
3 3 1
C’Uz,r :7nL?‘Cy$ + (13 + 02) nL%{h CUthz =0, Cvz,)\ = & Cvz,hx = §a
3 3

Clopo =TL (Zc 0) + iE (W] + Cl?)IE (11 = V2, (22, 0°)]]

=1

Coo1 :77’1/.[/%0317]_ +n(l+ 63)0'?,0.

According to the definition of the constants in Lemmas A.1.0.6 and A.1.0.14, we could obtain (for

simplicity we omit the dependency on & here)

1 1
thx =0 < + + C > C’Ul,h;c - =0 (].) Cvl 2\ = O <’I’l + ;) ’Cvl,ho\ =0 (n> ,
3

Cl 02 3 2 Mi
Cvl,O—O< + ‘|‘ +*+ Cp1=0 ncl+n02)’

c1 2 3 Ty 3Ty

1 1

CU2’I =0 + n + ’ CUthI = O’ C’U27>\ =0 2> Cv2,h>\ =-=0 (1)7

Cl 63 63 2

n 1
Cuo0=0 < + ) , Cyp1 = O (ner +n+nes) .

C1 C3

Hence we can pick ay, c1, ca, 3, 7y, T such that o = O(1/vVnK), ¢1 =ca =+/n, c3 =0(1), 7, =
O (pux/n), 7™ = 1/uy, which leads to Cvl’xrf < %, Cro,zCoy AT Tf < %, CUQ’)\T?\ < %, and the
conditions ((A.31), (A.34), and (A.49)) in previous lemmas hold. Moreover, using the above

conditions in (A.50) and (A.51), we can get

K K K
. 1 . 3
E aiE [Vk,l] < 5 E aiE [Vk,l] + C’UL)\T)Q\ E aiE [Vk,g] +O(n)
k=0 k=0
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K K K
- 1 - -
D aE[Vio] < 5> aB[Via] + Copary Y oiE[Via] +0 (vn).
k=0 k=0 k=0

Combining the above two inequalities, we have

e -o(e) He-oli)

k=0

which completes the proof of Theorem 2.4.1 since we have

1 el Mot e )

x

2
S%E[ka — T (2% — 7, V1B, (25, A)) ||

2
+ SB[ (o* — 7V, (@8) — e (oF = 7 V1@, (2, X5) ]

2 k k Eoyvky) (2 2 k k|2 ¥ AnL3 -
gﬁ]E[Hx — Ty (2" = 7 V1@, (2%, X)) [T+ 2nLEE[|A* — X2 ||] < 4E[Via] + 2 E[Vi 2]
T A

where the second inequality uses non-expansiveness of projection operator and \/nLg-Lipschitz
continuity of V1@, (z,) in Lemma A.1.0.10. Note that we have n? in the numerator since we
explicitly write out the Lipschitz constant Ly, ¢ oy

To prove Corollary 2.4.1, we notice that by choosing py = O(y/€), we have

2

1,
IV @y (2, A) = VO(2, V)|* < 1 || A~ = 13 = O(e),

and thus under the same setup of Theorem 2.4.1, we know from Section D.2 of | |
that any e-stationary point of Problem (2.10) is an e-stationary point of Problem (2.9). Hence the

corresponding sample complexity is O(n’e=*).

A.2. Discussions on the Prior Works Related to Chapter 2

A.2.1. Regarding [ ]. In this section, we discuss several issues in the current form
of | |, which introduces a Multi-Objective Robust Bilevel Two-timescale optimization
algorithm (MORBiT).

The primary issue in the current analysis of MORBiT arises from the ambiguity and inconsistency
regarding the expectation and filtration. As a consequence, the current form of the paper was unable

to demonstrate E[max;ep, lyF — y; (z=D)||2] < O(/nK~2/%) claimed in Theorem 1 (10b) of
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[ |. The subsequent arguments are incorrect. We discuss some mistakes made in
| | as follows.

We start by looking at Lemma 8 (informal) and Lemma 14 (formal) in | | that
characterize the upper bound of £*+1) — £(*) where £F) = B[S, /\l(»k)&(m(k))]. Here, the function ¢;
is the function ®;(z) in our notation. The paper incorrectly asserted that £¥ = Y"1 | Agk)E[ﬁi(x(k))].
To see why, let .Z;, denote the sigma algebra generated by all iterates (x,y, A\) with superscripts
not greater than k. It is important to note that both {/\l(»k)} and z®) are random objectives given
the filtration .#;. The ambiguity lies in the lack of clarity regarding the randomness over which
the expectation operation is performed. In fact, we can rewrite the claim of Lemma 14 in

[ | without hiding the randomness. Let L) =" | /\Z(-k)&(x(k)). Then, we have

n 2
(A52) L0 20 <O(a) (Z M [l - y?‘(x““)H)
i=1

<max; ey ||lyf T —yr () H2

2

)

- é HwkH - wkHQ + O(yn) + O(«) th’“) —E[RP | ﬁk]‘

where «, 8,7 are step sizes for x, y, and X respectively. We hide the dependency for constants in

their assumptions for simplicity. In addition, we want to emphasize that, unlike our notation, h;’“)

and hf\k) are stochastic gradients at step k. Therefore, hgk) and hg\k)

are random objects given .%y.
By taking expectations over all the randomness above, we can see that Lemma 14 in [ |
is incorrect because it writes in the form of maxE[-] instead of E[max(-)]. Therefore, the subsequent
arguments regarding the convergence of x,y, \ are incorrect, at least in the current form.
Regardless of the error, one may be able to proceed with the proof by utilizing Eq.(A.52) since
our ultimate goal is to demonstrate the convergence of E[max;ep, [lyF — v (2F=1)||?]. One possible
direction is to utilize the basic recursive inequality of max;c(y Hyf+1 — y#(x®))||2. Observe that

for each i € [n], we can establish the following inequality similar to Lemma 13 in | |

without hiding the randomness:

2
+0(8%) | - ERE1LA| + 0B~y @), nE) — B 7)

y7 ’ y?Z 72

o — @) < (1- OGug8))

i o () ==
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However, the order of taking the expectation over the randomness and the maximum over ¢ € [n]
adds complexity to the problem. The last inner-product term can only be zero when first taking
expectation given .#,. When applying Young’s inequality to bound this term, it inevitably introduces
terms such as O(B)Hh?g [h(k |- ZL]||? or O(1 )Hyz(k) — y#(x®*=1D)||2, which make it challenging to
proceed further with the convergence analysis.

Finally, we remark about the choice of the stationarity condition used in [ |.

Although the algorithmic aspect in [ | is motivated by [ |, the notion
of stationarity for A in [ | is different from [ |. Under the notion of
stationarity in | | (Definition 3.7) @4 /9(-) is the Moreau envelope of ®(-), which is

defined after taking the max over y (i.e., A in our notation) in Definition 3.5 in [ ],
and a point x is e-stationarity when qu)l/% )|| < e. It is unclear if (10a) and (10c) in

| | will imply similar convergence results under the notion of stationarity in Definition 3.7 in

[2020a].

A.2.2. Regarding [ ]. [2022] considered a multi-block min-max bilevel
optimization, which shares similarity with Problem (2.10) we consider. However, we note that their

Assumption 2.2 on the LL function g; requires V3,9;(z,y; () = gl , and is much stronger than ours

and that in | |. For example, for any 0 < p1y < Ly and
9 2L, 0 0 O ) .
V209i(%,9i; C) = or with equal probability
0 0 0 2,

indicates that V3,9;(z,y;) = diag(Ly, f1g) = p1g] can hold even if V3,9;(z,yi;¢) = ugl does not hold
for any ¢. Further, they do not characterize the dependence on p, in the final complexity. Hence we

omit a detailed comparison with [2022].

A.3. Additional Experiments on Heterogeneous Data of Chapter 3

To introduce heterogeneity, we set r as the heterogeneity rate, and the data distribution of z.
in Section 3.4.1 on node i is N'(0,4% - 7?). In Figure A.1(a), A.1(b) and A.1(c) (and similarly for
A.1(d), A.1(e), and A.1(f)) we set r as 0.5,1.0, and 1.5 respectively. The accuracy and loss results

demonstrate that our algorithm works well under different heterogeneity rates.
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FIGURE A.1. (*-regularized logistic regression on synthetic data.

A.4. Proofs of Theorems in Chapter 3

Figure A.2 represents the structure of the proof. For convenience we restate our notation

convention here again:

e We use the first subscript (usually denoted as i) to represent the agent number, and the
second subscript (usually denoted as k or t) to represent the iteration number. For example
x; ), represents the x variable of agent i at k-th iteration. For the inner loop iterate like y§27
the superscript ¢ represents the iteration number of the inner loop.

e We use uppercase letters to represent the matrix that collecting all the variables (corre-
sponding lowercase) as columns. For example X, = (214, ..., Tn k) 5 Yk(t) = (yit,)g, ,ys)k)

e We add an overbar to a letter to denote the average over all nodes. For example, z; =
r i B = 5 Sl

e The filtration is defined as

n
(T) (1)
‘Fk =0 U{yz"() 7"'7yi7k y L3052y L ks 75,05 o0y T’i,k}
i=1
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FIGURE A.2. Structure of the proof

We first state several well-known results in bilevel optimization literature (see, e.g., Lemma 2.2

in [2018].).

LEMMA A.4.0.1. Suppose Assumptions 5 and 8 hold, we know V®(z) and y*(x) defined in (3.2)

are Lg and Ly« -Lipschitz continuous respectively with the constants given by

2L¢1Lo1 + LyoL? 2L,1LsoLg2+ L? L L,oL?,L L
(A53) Lo = Ly + —L—on 102700 | Z20d 270702 T 2 20 | 20220 d 20y 2ol
/Lg /’Lg lu’g Mg

The following inequality is a standard result and will be used in our later analysis. We prove it

here for completeness.

LEMMA A.4.0.2. Suppose we are given two sequences {ay} and {by} that satisfy
ap+1 < dap + b, ap >0, by >0 forallk >0

for some 6 € (0,1). Then we have

k
ak+1 < (5’”10,0 + Z bz(skiZ
=0

aq

PROOF OF LEMMA A.4.0.2. Setting ¢; = g, we know

Cit1 < ¢+ b; - 571 for all i > 0.
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Taking summation on both sides (i from 0 to k) and multiplying 6!, we know for k > 0,

k
api1 < 6 ag + Z bio* T,
i—0

which completes the proof. O

The following lemma is standard in stochastic optimization (see, e.g., Lemma 10 in

[2017).

2

LEMMA A.4.0.3. Suppose f(x) is p-strongly convex and L — smooth. For any x and n < L

define v+ = x —nVf(x), * = argmin f(x). Then we have
lat =2 < (1 =)z — 27|

Next, we characterize the bounded second moment of the HIGP oracle. Note that Algorithm 3
is essentially decentralized stochastic gradient descent with gradient tracking on a strongly convex

quadratic function.

LEMMA A.4.0.4. Suppose we are given matrices A; and vectors b; such that there exist 0 < p < L
such that pI < A; X LI for1 < i < n. W = (w;;) satisfies Assumption 6. The sequences

{xir}, {six} and {v;} satisfy for any k >0 and 1 < i < n,

n n
Tjk+1 = g WijTjk — ASjk, Sik+1 = g WijSjk + Vik+1 — Vik, Vik = Ai,kxi,k - bi,k7 Si,0 = V5,0,
Jj=1 Jj=1

E[Aix] = A, Ebig] =bi, E[|Aig — 4il1*] <03, E[||big — bsl|%] < o3

Moreover, we assume A; i, Tj 1, by are independent for any i,j € {1,...,n}, {A;}]_, are independent

and {b; .};_, are independent. Define

-1
1 — 1 «
51 = 0f + L%, 53 = o + max ||, 2" = (nZAz) (nzbz) :
=1 =1

18 2 2~2 18 2 92~9
C1 =907 + 60?57 + u, Cy = 1267 + 907 + 120°L%5% + &7
n
N 60’0262 18020252
Cs = 6020'%, Cy = 20-5 + % 4 <90-% + n11> Hx*”2’



’ (L+p) .\
c= ( (3atllz*|* + 03), 0, 7 C4> M= 0 My Myl
Mz Msy Mss
2 1+ p? 1+
M =1—au, Mis= <+2a >01, Moy = , Mos a? ,02
Iz 2 IL—p
14 p? 14 p? 14+p2 1+4p
31 =7 501 Ma 1= 2 2, M33 5 1=, 30
If a0 satisfies
o 5 3a’0}
<1+7>(1—a“)+ <l—-ap, 0<a; <a<a for some0 < ay < as,
n

2
(A.54) p(M) <1— %, and M has 3 different positive eigenvalues,

then we have

3 \&2

* _ % 2« _
E [lonn - ') < (- a [Jaw - o) + (22 + 207) DE [, - 2"

ao? 20 * 12 2
+— Qo [|2”(" + 03),

(1+P) 21+ p?
1-—

Spi1 — Spr1l T2 1+ _ 1+ X, — 2,172
H k+1 k+1 H :| p2 ClE [ka o x*HZ] + p2 CQE |:|| k k || :|
n 1-p 1—0p n

1+p% 1 Sy — 5,172 1
(A55) +< +o + 0’ Csa > [H r— skl ]Jr +p° Cu.
2 1—0p n 1—p?

IA

[ X421 — Bl 1Xk =22 T[* + QIISk— 7

IN

Moreover, we set P such that M = P - diag(\1, Ao, A3)P~1 with 0 < A\3 < Ay < A1 being eigenvalues

and each column of P is a unit vector. Define Cp; = || P||2||P~!|2, we have

e » 1 i
o (1B [1 — a1 I7] 2 [, - 30 ]

(A.56)
2 X, 2 S 2 5C
<30y (1_63w> (i 1o o)+ & [l S, 5Ol
(A.57)
: 20 S Xo|® + 10> T , 10Cle .
L [1xe1?) < o0 (1= 228 (i [ — ) + g | POLE IS SOOI g
I
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PROOF OF LEMMA A.4.0.4. Note that by definition of 67 and 5 we have

E [ Aiel®] = E [l i — Aill*] + 413 < of + L = 67,

(A.58) E [[16i41%] = E [[bis = bill*] + [16:]]* < 03 + max [[b:]* = 5
By si0 = v;,0 we know 59 = vp. From the recursion we know
Sk+1 = Sk + Vg1 — Uk,

and hence s = 5 by induction. For z; we know

Tppr — "
* a a
=Ip—at - Z(Ai,kwi,k —bik)
i=1
. o B O — B o —
=Tp — 2" — D (Aizp —bi) + - > (A — bi) — - > (Aigwik —bik)
i=1 i=1 i=1
a— B . QO — - O — B
=7 ﬁ ZAi (.’Ek —x ) + ﬁ Z Ai,k(xk — ﬂfi,k) + E Z((AZ — Ai,k)itk + b@k — b,’).
i=1 i=1 i=1

Using the above equality, E[A; ;] = A; and E [b; 1] = b;, we know

E [||Zx11 — 2*||°]

(0] " Oé i
=E I — — A; — — Az T — T; 2
||< - E ) Ty — o + ;:1 k(T fl‘,k)”]
+ E HE — A )Tk + bie — )|

+E

<(I - % ZAz> (@k —2%) + %Zz‘h’,k(fk — Tik), % > ((Ai = A f)Zg + big — bi)>]

i=1 =1 i=1

ap 2 = * (2 2 a25.% - 7 2
< (14 %) - a?s [l -] + (142 ) Sl el

2 2 n
(6 « _ ~2 =
+ 55 (n0%E [klP] + n0) + oy ST E [0kl + 53113 — i)
=1

« N . 2a a?\ &2 _
_ (1 + 7’“‘) (1 — ap)’E [z — 2°)2] + ( +a?+ ) ;) [ka - kaﬂ
n 2n /) n
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o? (302
s ( 391 E [z +o%)

n

« 30202 " 2 &2 _
< [( “ —ap)? + 1] E [||z — =*||?] + ( + 2a ) R [HXk —z1 7|2
n 0 n
2
0]
;(301H93 1>+ 03)

3|

3 N 2a _ a? N
<(1- a8 [J - 2'1P] + (22 4 202) DB 10— 20 TI7] + % G| + ).

The first inequality holds because we have

n

Oé " «
E (I “ Z Ai ) B — ")+ Y Aik(@e = wik), — > ((Ai = Aig) T + bi — b))
i=1

=1

=E ZAzk Ty — Tik),

3\@

((Ai —Aik)Tk + big — bi)>]

=E ZAzk xk_xzk)

3\@

I M: 1[]=

2 n
Oé _ T AT _ (6 _ - _
=3 E 1 E [($k — Zik) Ai,k(Ai - Ai,k)xk] < o2 E 1 E [U%||a:k||2 + U%ka — :ci7k||2] ,
1= 1=

the second inequality uses ||Z4]|? < 2||Zx — 2*||* + 2||z*||?, and the third inequality uses (A.54). For

| Xpr1 — Zre11' || we know
[ Xki1 = Zea |7 = [ XeW — 21T — a(Sg — 517

A 59 < 1—02 21X, — 7,172 2/72 2115, — 5,172
(A.59) < 22 PoNXe — 21 |7 + T a”||S — 8,1 [|”

The inequality uses Cauchy-Schwarz inequality and the fact that

_— T 117 T
1XW = 32 T| = || (X — 217 W—— =1 (w-=—) (Xe—a1T) |
11" T o
SIW = —— 2l X — 251 || < pll Xi —zp1 ],
where the last inequality uses Assumption 6. For ||Sj, — 5x1 7 ||* we know
1Ske1 = Spr 17|17 = [|SW = 8617 + Vigq — Vie — Bpa 17 + 0172

— p? 2p° 117
< (14 S YISk = s P (1 2 ) 10 = Vi) (1= 2 ) 1P
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14 p?
1— p?

_1+p
2

(A.GO) HSk — gleH2 + ”Vk+1 — VkHQ.

For V41 — Vi we have
E [[[Vit1 = Vill]

= ZE 1 Ai 1 (@i — 2ig) + (Aigpsr — A + A — A k) xig + (b — by + b — bigs1)]?]
=1

= ZE (114G 1 (@i 1 — i) + (A1 — A)zigll® + (A — Aig)zikl?]
i=1

+ D E lIbik — bill> + 15 — bigra ]
i=1

‘]

n
<Y B 20| Appa (@ign — wan)I® + 20 (Aigrn — Ad)zirl® + [1(Ai — Aig)wik
=1

+ 3 B [llbik — bill* + (16 = bipsa [1*]
=1

<267E [[| Xps1 — Xi[|*] + 307E [[| X4 [|?] + 2n03.
For || Xi41 — Xk|| we know

E [|X5t1 — Xil?] = E [| X6 W — Xi — aS,W|?]
:E[H(Xk—jmlT)UV—aD——a@%ﬂf—gkfw——anTHﬂ
<3|W — 1IBE | Xk — 217 2] +3020%E [k — 51" [12] + 3na?E [|l54
<6E [| Xy — 2117 [12] + 30%%E [|| ) — 5171
—%3a%i§E[HX¢Hﬂ-+o§—%2L2E[HX@——xk1WP—+onk—aﬁHﬂ)

3a20?
=(6+ 60’ LA)E || Xe — 21" 2] +30%p%E [||Si — 51T |2] + LE |

1 Xk 1]
+3na’E [||7x — 2*|?] + 3003,

where the second inequality holds since

1 n
=) (Aigig — big) |l
I3 (A mu]

=1

E [||5%] =E
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el Sa Y AN A Ay LT A (2
—E HEZ((AM A)aig — (bik bz))+nZ(Am,k A,xk)—anAZ(xk :v)H]

=1 i=1 i=1

1 & 1
=3 D R [I(Aig — Akl + lIbig — bill*] + —SE
=1

1Y ((Asig — Air) + As(Zr — 96*))||2]

=1

o3 2L2

2
o - - *
<TE[IX6l?] + 2 + 2B X - 2172 + nllax - 2]
n n

n
Hence we know

2 2 2 2 2 2

E [ Vi1 = Vill*] < 267E [[| Xpr1 — XilI*] + 307E [|| Xl|*] + 2n03

<252 {(6 +6a2L2)E [HXk - jkﬂuﬂ +3a2p%E [Hsk - gkﬂuﬂ +3n0E [|1z, — 2*|?] }

6020252
+ <30% +—11

> E [HXkHQ] + (2na§ + 6a20§6%)
<nCiE [|7x — 2*||2] + CoE [||Xk - gzkﬂn?} + a’C4E [||sk . gkﬂn?} +nCy,
where the second inequality uses
1l < 8 {15 = 26172 + nll2 — 2| + mlla” ]

The above inequalities and (A.60) imply

1 _
;E [||Sk+1 - 5k+11T||2}

1+ p? B
< lISk = s
n
1+2 " X—ElTZ S—§1T2
+ p2 <ClE [”fk—l‘ ||2]+C2E [”kkH + a’C3E M +Cy
1—p n o
L0 0k e — 2] 4 L2 o [ =2l T
< ChE —z* ~TF oop |12k T RS T
S0 (12 xu]+1_p2 ) -
1+p* 14p° Sk — 51727 1+ p?
+ 14 + p2030é2 E H k k ” + p204.
2 1—p n 1—p

Now if we define

. Xy — 2172 Sk — 51|27\ "

n n
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a? . 1+ p? T
o= (ol +od) 0 SEE o) d=| 0 M .
M3y Msy  Msg
2\ - 1+ p? 214 p?
Mllzl—aﬂ, Mlgz 74‘20( () MQQ— 9 ,M23_Oé 1—p2
1+ p? 1+ p? L+p2 1402, 5
Mz = ——=Cq, M3y = Cy, M3z = C!
31 =2 1, M32 1= 2 2, Ms3 5 +1—p2 307,

then by (A.55) we know I';11 < MT; + ¢ for any 4, and thus

k
Dip1 <MD +c¢< ... < MM + Z M'e,
i=0
where all the inequalities are element-wise. By (A.54) we know there exists an invertible matrix
P € R3*3 such that M = P -diag(A, A2, A3)P~ 1, and 0 < A3 < Ay < A\ < 1— QO‘T” Without loss of

generality we may assume each column of P (as an eigenvector) is a unit vector. Hence we know

k k
: _ 2a _ 2a
(A6D) 1314 = [P diagOF M D P e < (1- 222 ) Pl o = o (1- 222
where we define Cyy := ||P||2|[P71||2 in the last equality. Note that since we choose P such that

each column is a unit vector and M = P - diag(A1, A2, A\3)P~!, P is uniquely determined and C);
is a continuous function of o and other constants (o1, o2, p, L, max; ||b;||, ||[z*], n, p). On the

other hand, observe that

k k k k k
1Y " MPllz = || Y P diag(Ai, Xy, Xy) P~ V|2 = || P - diag (ZALZNQ,ZA@) P,
=0 i=0 ; X X

1 < 3CM’
1—N\ 204

(A.62) < C)y - max
(2
where the last inequality uses the upper bound of the eigenvalues. For (A.56) we have
1 x4 1112 1 — 1112
max  ~E [||Xk — 1T } “E [||Xk 71T }
n n
2 _ - *
<ZE|I1Xe - &2+ nljz — 2| < 2v2|T

k—1 k—1
<2V2|M*To + ) Mie| < 2V2(| M*[|2|Toll + 11 Y M2 el])
=0 =1
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m k 3Cy
<220 (1 3> ITol| +2V2- —H |

2 Xo — 7ol |? — 50172 2

n o

2 Xall2 2
<30 <1-°”‘) (E[||xo—q:*||2]+E[” ol + ISP | 5Ol
3 - an

where the fifth inequality uses (A.61) and (A.62), and the seventh inequality uses the fact that
[ Xo — Zol || = || Xo ( - %) || < Xol|l (same for Sp). (A.57) can be viewed as a corollary of the

above inequality by noticing that
~E [|IXcll”] < E [HXk 2172 + nllz*|?]

2
n
k 2 2
2 X S 10C

Q

Remark:

e Lemma A.4.0.4 characterizes convergence results of decentralized stochastic gradient descent
with gradient tracking on strongly convex quadratic functions. Moreover, it also indicates
that the second moment of Xj can be bounded by using (A.57), which will be used in
proving the boundedness of second moment of Zt(k) of our HIGP oracle.

e If we consider the same updates under the deterministic setting, then o; = 03 = 0 and
thus ||c|| = 0 by definition, which indicates the constant term in (A.56) vanishes (i.e., linear

convergence). We will utilize this important observation in the next lemma.

LEMMA A.4.0.5. Suppose Assumptions 5, 6 and 8 hold. In Algorithm 3 define

18v202 (025 + L2 )
Cl = 90'372 + 6’72(0'372 + L;l) + 9, ng’ 9, 5

187202 ,(02 5 + L2 )
Co = 12(02,2 +L§,1) + 903,2 + 12’}/2L371(g§72 + Lg,l) + 9,2 ng72 a.1)
6’)/20'2(0'2 +L2 ) 18’)/202 (0_2 —|—L2 )
Cs = 6p"(05 + Ly 1), Ca =207 + ———25 00 4 (907 5 4+ —— 250200y o,
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My Mz O

7 2 L?‘O 2 (1+p%) '
=1—13 . 0 C M =
c n Ug,Z Mg +Uf sy Yy 1_,02 4 ) 0 M22 Mgg ;
Mgy Msz Mss
2’y 1+p2 1+p2
M =1-1pg, Miz= <+2’Y2> (0g2+ Lgn)s Moz = ==, My =",
Hg P
1+ p? 1+ p? 1+p2 1+
Ms1 = 7 pZC’l, Mszz = pZC’z, Mgy = — 4 v 5Cs7?
—p 1—p 2 1— p?

Define M to be matriz M and C)y to be Cpp when 042 = oy = 0. If v satisfies

2 2

3v°o
<1+759)(1—w9)2+Tg’2<1—7ug, 0 <y <7 <92 for some 0 <y <7,

B 2 .
(A.63) max <p(M), p(M)) <1- ');)Hg’ both M and M have 3 different positive eigenvalues,

then for any 0 <t < N we have

(A.64)
2 2
_(k 1 k Lo 10Cu|lell | 2L%0
E[IEPI7] < B [1Z01717] < o2 =60 | =52 + a3+ 13, | + + =
lu’g ,Yll/g lu‘g
(A.65)
Ly [0 _ 07 2] 12 2y \" (Fho | 12
EHIE[Zt ~ AR 12 <30y (1- . L)

PROOF OF LEMMA A.4.0.5. Note that (A.64) is a direct results of Lemma A.4.0.4 by noticing

that
zt—i—l waz]t vd; t)’ (()k) =0,
zt+1 = Zw jd; k) + Sz t+1 - SS?? 5’? Hf'i) z(li) - bS??
B[4} m} Vigi@in ul))s E |15 = Vigi(iw y i PF < o2
E [0 17] = Vudioin u), E [0 - yfi<xi,k,y§£>>||2|fk] <ot
for any £ > 0,1 <i <mn, and t > 0. Assumption 5 also indicates that
tgl = V2gi(winyly) = Loal, |IVyfi@imuia) < Lo
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Hence we know by (A.57),

S [ERREARE A PPRIEEA

29119\ "* [ Lsf, 0? 100 212
<6Cum (1_ Wg) ( o/, +UJ2€+L3”,O>+ alle 10 < 42

3 2 Vit 2

which proves (A.64). To prove (A.65), we notice that in expectation, the updates can be written as

E Zt+1|ﬂ] Zw” [§§)|fk] —AE [dg?lﬁ}, 20 g,

E |d 7| = wa |d17| + B[00 — B |sE1A

E _Si,t)‘}—k} VZQz(szk,yZ( k)) [ 5,’?|Fk] - Vyfi(ﬂﬁi,k,yg))-

The updates of E [zi(i)]]:k} can be viewed as a noiseless case (i.e., 042 = 05 = 0) of Lemma A.4.0.4.

Using this observation, (A.56), and the definition of ||c|| and M, we know (A.65) holds. O

Now we provide a technical lemma that guarantees (A.54) and (A.63). For simplicity we can

just consider (A.54).

LEMMA A.4.0.6. Let M be the matriz defined in Lemma A.4.0.4. There exist 0 < a1 < g such

that o € (a1, a2) and

3 2 2
(A.66) (1 + %) (1—ap)?+ % <1-ap,
2
(A.67) p(M) <1— %, and M has 3 different positive eigenvalues.

PROOF OF LEMMA A.4.0.6. Note that (A.66) is equivalent to
ot

6a
u3a2+T—,u<0,

which implies any a1, asg satisfying

V90] +n2pt — 302

nus

(A.68) O<ap <ag <
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will ensure (A.66). Next we consider (A.67). Define

3
QO()\) = det()\I — M) = H(/\ — M“) — M23M32()\ — MH) — M12M23M31.
=1

We know that a sufficient condition to guarantee (A.67) is

2o
(A.69) o(1— — > 0, p(My1) <0, (M) >0, ©(0) <0, My > Mo,
since this implies 0 < My < M1 =1 —au <1 — QO‘T“ and

© <1 - 2?) (M) <0, p(Mi1) - p(Maz) <0, o(Ma2) - (0) <0,

which together with continuity of ¢ indicate the roots of p(A) = 0 (i.e., the eigenvalues of M, denoted

as A1, A2, Az in descending order) satisfy

2
0<)\3<M22<)\2<M11<)\1<1—%.

The condition ¢(Mi1) < 0 is automatically true by definition of ¢ and M, and for the rest of the

conditions in (A.69) we have

2o
1—-———|]>0

2
_ap [ (1=p* 2ap\ (1=p* 2ap 140> 5\ [(1+p° >
Sa-pi(a) = 3 [( 5 3 >< 5 3 1_p203a =2 Cora

1+ p2\? 2
() ca? (22 £ 202) 62 >0,
1—p? I
©(Mag) > 0 < Moz ((M11 — Maa) Mz — MiaMsy) > 0 < (Mg — Mag)Msy — MiaMsz; >0

1—p? 1+ p? 1+ p? 2
Spa(a) :_< P —a,u) +pC +Z2Cl <Ma—|—2042> 51 >0,

2 1—p2 % 1-
(by definition of Cy, Cy > 0 when a = 0)

©(0) <0< =M1 (MaaMssz — MazMsg) — MiaMazs M3z < 0 <= MagMsz — MazMszg > 0

2
L+ p? 1+ 1497 1+ p? 5
Sps(a) = 5 ( 5 + 1= 2 Csa =2 Coa” > 0,

1—p?

Mg > My & a<
2p
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Hence a sufficient condition for (A.69) is

1—p
2u

p1(a) >0, p2(a) >0, p3(a) >0, a <

Given the expressions of ¢;(a) above, we know they satisfy ¢;(0) > 0. Hence we can define g to be

the minimum positive constant such that ¢1(8)p2(8)¢3(5) = 0, and

94 24_321_2
OéQ:HliIl( 0-1_{'”/45 0-1 p ,,8

, , a1 = any constant in (0, as),
s 2% ) 1 y (0, az)

which implies that for any o € (a1, a2), we always have

V90 + n2ut — 307 o< 1—p?

nys ’ 24

p1(a) >0, pa(a) >0, p3(a) >0, a <

)

because of the definition of 3, and ¢;(0) = 0 for all 1 <i < 3. (A.68). The above expression implies

(A.68) and (A.69), and hence (A.66) and (A.67) are satisfied. O
Remark:
e One can follow the proof of Corollary 1 in [2021] to obtain an explicit

dependence between «q, g and other parameters, which is purely technical and we omit it
in this lemma.
e Define s to be the constant s when o1 = 09 = 0 in the above lemma. We can check that

the proof is still valid and thus for any a € ,min (g, &2)) we have

(min(az,dQ)
2

30202

op o7
— <1-ayp,
o H

(1+7> (1— am)? +

2 -
max (p(M), p(M)) <1- %, both M and M have 3 different positive eigenvalues,

and thus the existence of 71 and 2 in (A.63) is also guaranteed.

Using Lemma A .4.0.5 we could directly bound || X} — ;1 7||? and ||Yk,(t+1) - g,itJrl)lTHQ.

LEMMA A.4.0.7. Suppose Assumptions 5, 6, 7, and 8 hold. Define

k k—1i
1+ p2 ~ 14 p?
ot =2+ ) + ALy + ol o = 1ot it =D e ()

k k—i

~ 1+ p2 B 3+ p2 B ~

Bt = 75 2 B0y, + 015, 0767 +367) <4 , Go=fo=
=0
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If Br satisfy

(1+p%)

(A.70) 5

then in Algorithm 5, for any k >0 and 0 <t <T — 1 we have

E[|UA?] < no?, E [| X, — 517 || < nolad,

3 2\ t 2
+p T4 3+p
4 4

PrROOF OF LEMMA A.4.0.7. Note that the inner and outer loop updates satisty

1 B ~ ~
(A.71) CE[IY - g7 < B+ 1B

_ _ _ _ T T _ T
Thp1 = T — apl, Xpp1 — Tl = XpgW — Tl — (R — 71 ),

gl(:ﬂ) _ glgt) _ ﬂw,‘f), Yk(t-i-l) _ gl(:ﬂ) _ Yk(t)W _ g](ct)l‘r B Bk(vk(t) B T)}E:t)lT)?

which gives

B 1+ p? _ o1+
A7) X - mad T < S ma T e %an—mlTH?
t+1)  _(t+41 1402 ) p 6t
(A73) HY;*>—y,2*>1TH2sT\\Yk‘)—y,ihw?mzlfpguv,f’—v,i)ﬂw.

The inequalities hold similarly as the inequality in (A.59). Notice that we have

117 117
IR — 71| = |IBy (I - ) I = 111 = a)Rir + nUpi] (I - ) H

117 11 117
< max (HRH <I = > I, Uk (I - > ||> < max <|in <1 _ ) H)
0<i<k—1

The second inequality holds by repeating the first inequality multiple times. For each ||Uy — @1 ||

we have
.
E [0 - aIP) = i (1- 5 ) 1P| <2 1ol ZE s 1)
<2Z( 1V Filains ul3 s 80P + B [ IV2,9:(@in v s Gu0)2i 012 )

<2Z (L30+ 03+ (L2 + o2 |12 12]) < 2n(L3 9+ 03) + 2n(L2, + 02 5)02 = no?.
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The fourth inequality uses (A.64). Using the above two inequaities in (A.72) we know

(1+p)

[ Xps1 — Tl |2 < | Xk — 2l T|* + nago.

Using Lemma A.4.0.2 and Xy = 0, we can obtain the first two results of (A.71). To analyze
HVk(t) - T),(f)lTH, we first notice that

_ 0 1¢
Ul(tlz ~5) = Ul(tlz Vygi(Ti g, yft,i) () — - > Vg @ik, ?Jl(,t;z)) + Vygi(Tik, y§f,§) ~ Vy0i(@r, 7))
=1

1 & 1 &
- Z(Vygz(xz,k, y{iﬁ) — Vygi(Z, ﬂ;it))) + Vy9i(ZTk, 23;(:)) - Z Vo1 (Z, ﬂ;(f))-
= =1

Hence we know

E 1Y -o017)1?] = ZE (1o = 5011

<(n+1)o;,

2 n

_ Ll _ _
+3ZE [ V(i — 2l + 15 - 72012 + LY (lene — 3l + g — 7 112) + 62

=1

=(n+ )02, +6L2,E [|1 X6 — 22 7|2 + Vi — 5017 |2] + 3007

<6L2,E [Hy,jt) - g,(f)lTH +2n02, + 6nL% 10243 + 3n6%,

where the second inequality uses the first result of (A.71). The above inequality together with (A.73)

imply
(A.74)
1 (t+1) _ (t+1) 1 T2
“E [qu — g TP
(1+ 1 1
[ 7) B “’ 612 }-HE [I!Y;ﬁt) g1 +Bk1 (2 2 +6L2 0267 + 362)
34 p° 0) _ (0)1T2 2 1+0° 2 2.9 2 (3407
S( 1 ) —E [HYk -7, 1 } +Bk1_p2(209’1—|—6Lg710xozk—|—35 )Z( 1 )
=0
3 2 1+
g( *4” ) fn«: (1 = 5017 )12] + T+ DB i 5 (2071 4+ 6L 07 + 30%),
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where the second inequality uses Lemma A.4.0.2 and (A.70). Notice that we use warm-start strategy

(i.e. Yk,( +)1 = Yk(T)), hence we know
T _(T
B[99, - g1 TIP] = e (1D - 5017
34 p° 1 0 (0 + p?
< < 1 > - E [HYk( g } +T/J’k — (202, +6L2 0247 + 30%)
1+p2 k 3+P2 k—i _
ST ; B2(202 | + 62,0247 + 357) <4> — TR,

where the second inequality uses Lemma A.4.0.2. Using the above estimation in (A.74), we know
1 t+1)  _(t+1
~E [ - g1

3 + 2\ t+1 1 1 4 2 _
< <p> ) EE [HYk(O) _ g;io)lTHQ] + (t+1)62 - I'Zz (20371 + 6L§710§ai + 36%)

3

4
3+ 02\, - > 3 + p*
<(355) m ey (B - B
and thus the proof is complete by rearranging the terms. O

Now we are ready to analyze the convergence of the inner loop of Algorithm 5.

LEMMA A.4.0.8. Suppose Assumptions 5 and 8 hold. For any 0 <t <T — 1 define

3+ %\ 3+0°\| 22 12 Bio
<iz+/3k> ( ar + < —Zp>T—l< —Zp> ﬁ1%+l/31%+1> kn%]

If T'>1 and 0 < B, < min{l1, ;Tlg}’ then in Algorithm 5, we have
(A. 76)

K 202 K
%§ijWN%wLmﬂ<EMd” %H+L}§Z<;”+ﬂL1Emmnﬂ+§j@m
k=1

1 kg

(A.75)

Criy1 = Z

=0

where y; = y*(Zy) = arg min 2?21 9i(ZTk, y)

PROOF OF LEMMA A.4.0.8. For any k >0, 1 <t <T — 1, define

(t)
=0 <U{y10 5. ’yzk’ 17y1 ka'xlOv"'7$i,kari,07°")ri,k} .

116



We know
(A.T7)
EHyHl—%WWt

—E (15" — BeVyg (o) — v = B (o) —E [01716:) ) = B (B [01716:] - Vgt 5)) 1216:]

_ ) ) Bio
=E I3 - B:Vyg(@n, ) - vi - B (B [516] - Vug(@ ) I716:] + ’“ng’
<(1+ BT = BeVyg(@e, 1) — yp 2

1 2 _(t) B
+ (1 5 ) e 12 [016] - Voo a)IPle] +
<(1+ Brttg) (1 = Brig) 215 — i |1?

B 5N - Bioy
+( - +5k) 1= (Vagil@in uD) = Vagi(@e 50)) I + ’“ng

i=1

2 2
51{:09,1
n

Bk 2

=L L 2 2

_(t X (u k) 9,1 _ t) (¢ Bioga
<(1 = Beng 91 = il + 22— (11X — 2 TJ2 + Y — 01T 2) + S,

where the second equality holds since 17,(;) —E [T);E;t)|gt} has expectation 0 and

2
gl
n

E|lof’ ~E (216 I°16:] = E

125" (60— B [o6,]) 1lg:

i=1

due to independence, the second inequality holds due to Lemma A.4.0.3 and S < 1, and the third

inequality holds due to Lipschitz continuity of V,g. Taking expectation on both sides and using
(A.71) we know

E (g - il

<(1 - BuitgE [llg” — vil?]

B a2 340\ 3+ p?
(st i (cnet | (S55) 7o (2F)

<(1 = Bttg) ' (15" — vil12] + Craa,

Bk g,1
n

B + tBl%+1>
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where the second inequality uses Lemma A.4.0.2. Observe that we also have
— 0 * T *
E |50 — vl =B Ia" —vil?] < 0 = Bung) B [I5” — wil*| + Cr

/B * 2 * *
<(1 = )" | (14 299 ) o — a4 (14 o ) s = sl + Cur
g

2

3 . 205 B
< (1+ 2 ) (1 )" [151” - vl *(ﬁkul ol y | L2E [l?] + Clr

kg

/Bk:iu _(0 * 20427 =
< (1= 20w 1" - v al?] + (S5 4 ot ) BB [l lP] + Cur,

kMg

where the third inequality holds since (14 )(1 —a)” < (1 — %) for any a > 0 and 7 > 1, and y*()
is Ly«-smooth. This implies

Pibtag 15 — v ]

2
Qak

<E |5 — viaIP] —E [I5 - il?] + ( ke

+ 0‘%-1) L2E [|Pk—1]°] + Cr,7-
g

Taking summation on both sides, we have

2

K K
e Zﬂ E[I7” — vial?] <E 157 - wl?] + L > ( Ltaf ) E I7-1l%) + 3} Crr
=1 k=1

0

LEMMA A.4.0.9. Suppose Assumptions 5, 6, 7, and 8 hold. In Algorithm 3 define

1< o, 1< o,
=1

=1

71 n
9= (W) T = (Zvygl xk,yk>> (Zvyfm,y;;)),

=1 =1

If v satisfies (A.63), then we have

E[IE [217] - 271

L 1 ~
,0 i —(0 * ~
WL g <MQ 4 Mg) (L2202 + L3,1) (B |15 — vill?] + 026} + T2,
g

s s, (5 ) (e, ) (122
. M*™g,1 ME 1ig Mg f,0 3 .

<1 —ypg



PROOF OF LEMMA A.4.0.9. Define
Ztk =K |: ’]:k:| St,k =K [ggk)‘./rk} .
We know

Zi41k — 2P = Zt41k — A —F [ng)’fk} —E [Eﬁk)lfk} — 2
—E |z°17] =7 (HOE 5017 —00) =2 — o (B |57 - (HVE 2] 5,] - @)
:Zt,k - (H(k)i’t,k - b(k)) - Zik) - <5t,k - (H(k)i’t,k - b(k))> .
Hence we know
[Zt+1k — Z* H2

=26 — (H(k)ét,k — b(k)) - Y (5 k— (H( V25 — bF )) 2
<1+ gzt = 7 (HO 20— 80) — 92 4 (14 %Wnst,k — (H®z =60 |
1 1 _ 24 a 2 W e 0 — (H® 2, . — pF)) 112
<(1+ 1) (1 = vi1g) 2tk — 212 + (L +97 ) [l 2tk |
Hg
(A79) (1= ypg)ll s — 272 + (”ﬂ?) e = (H® 20 =00 |2,
Hg
where the second inequality uses Lemma A.4.0.3. For s;; — (H(k),éuk - b(k)) we have
Iser = (HO 20 — b)) |12
k e [k
= Z (V2giCwin ui3 B |25 7] - Vigi(an vo)E |21 7] )
3 VAR AE TR T T v NOSP COAR TP
+Z yfl(xkayk) yfl(xl,kuylk; ) H
i=1
1« T k) _(k .
=5l > [Vzgi(xi,hyik))E [Z§,t) 7 )‘fk} - (Vzgi(ﬁfi,myf ) = V2@, gy ))) Zt,k}
i=1

+ Z (V39 @e 0" = V3gu(@n ) ) 21+ Vfil@e i) = Vi3,

+Z( o fi( :ck,yk ) Vyfi(ﬂci,kd/f;;))) [&
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5 w— K
<3 L2E [ - 2P1A I
=1

(T (T * .
G2 1T — ilP) (L2l 20k ® + L2 1)

E 1 k _(k

5(L220 + L2 )
fi1 T % _
" (7" = w2 + 16 = 21712 + ¥y

The above inequality and (A.79) imply

(A.80) E [[lzn — =72

(1 —ypg)E [HZN Lk — 2 ") ] + (Zg +72> [HSN 1Lk — (H( Vin_1p — b )) HQ}
<(1- wg)NE [“Z£k)‘|2} N 5L§, (,::g +72) ]j_ol(l - wg)N_l—tE {HE [Zt(k) _ Elgk:)lT‘]_—k} Hz}

ol 2 2 2
E [nHy i 1 X — T2+ T = g T2 }

+ .
1—(1=pg) n
2
70 1 7 ~ 2
< —mg)N - L2 +5 ( + L) (L2002 + 13,) (E[I5" - vill?] + 026} + T3,
g Hg  Hg
N—-1 t
N—1—¢ 2 L?
+5L2, (7 +72> (1 - ﬂ) 3C <1 _ wg) /.0
T \Hyg t=0 2 3 “9
N L?CO 1 Y 2 —(T) (12 2-2 52
<(1 = ypg)™ - 3 +5<2+> (L 502 + L} )(E [Ilyk —ykll} %%+Tﬁk+1)
:u‘g :ug /-‘Lg
1 v\ (Lo 2y \ V7
+90C ;L2 <+) =+ L) (1- =2 ,
M~g,1 ,UZ 11 ,ug 1,0 3

where the second inequality uses Lemma A.4.0.2, the third inequality uses (A.65), and the fourth

inequality holds since

T ey

N—-1—t t
Yig \ N1 29pg " _ 2ypg 3
) === ={1-—3 > T <
2

3 3 pare
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LEMMA A.4.0.10. If0 < B < 1 and ay > 0 for any k > 0, then the parameters &y, Bi, and
Cy,r defined in Lemmas A.4.0.7 and A.4.0.8 satisfy

K 9 K-1
oty -0 a)

k=0 1=0
K 2 K-1 K
. 4(1 4 p? 20L2 10’
Zg,zﬂ_(f 2)> (1002, +56%) 3" 52 + 1% 3™ 2l — 0 (3 (a2 + 82)
k=0 P i=0 i=0 k=0
K K K ~ 2 K K
S curs (o) [ et eorS |+ T2 S~ 0 (3ot 4 ).
k=1 K k=1 k=0 k= k=0

PrOOF OF LEMMA A.4.0.10. The first inequality holds due to &y = 0 and

K71~2 K-1 k ) 1+p k—i K-1K-1 1+p k—i
N x (%) =Rxe(5) =

Similarly, we have

K k k—i
1 + 3 3+ p?
E By = ;; §0 (1007, + 10L; j 027 + 50%) (4)

Lyt

1=0

4(1
sw § B} (1007 1 + 10L, j02a; + 50%)
K 2 K-1
A(L+p%) 20L; 10
0= 22 (100, +50%) Y 57 + ——"5 > :a
=0 =

Lastly, we know

!
3+ p? 3+ p?
T-1

(Bt 3 (st +
Hg
2

K K o2
<> <ﬁ’“ +/5,’§) 12, (To2at + T2 +T25,§+1) Z Piga

B B l32o_2
Br+ lﬁl%—i—l) + kngJ

k=1 k=
1 K K o2 K
§<+1> Tol ap+2T) B | + %91 Z
Mg k=1 k=0 k=1
where the last inequality uses 0 < £ < 1. O

Now we are ready to give the proof of Theorem 3.3.2.
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LEMMA A.4.0.11. Suppose Assumptions 5, 6, 7, and 8 hold. For Algorithm 5 we have

K

sy > (- ka) E [[I7I°]

k=0

—_

K K
: |
5 ZakE IE (@] Fi] = V(@) %] +20% ) aff +2(0) — inf &(z) + JE [lI7oll?] -
=0 k=0

l\D

PROOF OF LEMMA A.4.0.11. The Lg-smoothness of ® indicates that

Loo?
(A.82) O(Tpr1) — O(Th) < VO(ER) | (—onTh) + —ok || 12,

Notice that we also have

1 _ 2 Lo 2 _ 12 _ T 1 - —_—
(A.83)  SE 17k 1 Fr] — S I7kll” = —an|[il|” + anlE [ag] Fi] " 7 + SE [17rg1 — 7l F] -
Hence we know

_ _ 1 _ 1,_
O(p41) — O(zp) + JE 7kl ] — §||7“/~c\|2

Lq>0£i
2

1
<ay(E [ag|Fr) — VO(z)) "7 + ( — o) |7 l* + SE (1741 — 7x)1*| F ]

Lq)ai
2

< _ _ i 1 _ _
<5 (IE [@| Fi] — V@) + I7%]17) + ( — o) |7k + SE 171 — 7l* 1 Fw] S

which implies
(A.84)
(637 L@&i _ 2
— ——F= | E
1
P [ [a|Fr] — VO(@r)|?] + §E [17k+1 = 7ll?] + E [®(Zk) — P(Ths1)]

+3E [IFell?) = 5B [l ]

)
2
<Ok - _ _ 1 _ 1 _

<5 E [|IE [ug| Fr] — VO(2k)||°] + 20305 + E[@(Z%) — ®(Zp41)] + SE [17%]1%] — SE =R

where the second inequality holds since we know

E [|I7ll*] < max (E [[|7%-1]°] , E [lae]*]) < [foax B [ll:l?] < o,

E [[17ierr — 74l1%] = oFE [|17 — al?] < 203E [[I74]]2 + a5 ]12] < 407,
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In these two conclusions E [||z;]|*] < 02 is due to the first inequality in (A.71). Taking summation

on both sides of (A.84), we have (A.81). O

LEMMA A.4.0.12. For Algorithm 5 we have

K
> B (|7 — V()|
k=0
K K K
(A.85) <E[[[Fo — VO(0)|°] +2D " axkE [IE [ae|Fi] — VO@W)[*] +2 D B [I7]] + 02D i
k=0 k=0 k=0

PRrROOF OF LEMMA A.4.0.12. Recall that in Algorithm 5 we know
Tr+1 = (1 — )Tk + agli,
which implies

[Tkr1 — VO(Tpy1) |l
=[|(1 — ag) (T — VO(Zk)) + ok (E [ug|Fr] — VO (Z))

+ VO(T) — VO(Tpi1) + o (an — E [ag] Fr])||-
Hence we know

E [[[fks1 = VO(Zk41)[]
=E [[|(1 — o) (7e — V®(2x)) + ar(E [ug| Fi] = V(1)) + V(2r) — VO(Zp41) ]
+oiE [[lur — E [ax] F] ||°]
<(1 — ap)E |7 — V(Z)|I*] + B |||E [ax]Fi] — VO (k) + Ojk(Vfb(:Ek) — VO(Zp1)|?| + ajo?

<(1 = ap)E [||7, — VO(Zx)|1%] + 200 E [||E [k Fi] — VO(z1) 1> + [[7]1*] + ados-

Taking summation on both sides, we obtain (A.85). O

The next lemma characterizes |V®(zy) — E [4g|F%] ||?, which together with previous lemmas

prove Theorem 3.3.2.
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LEMMA A.4.0.13. In Algorithm 5 if we define

4
'“9
oy = L = —, such that (A.63) holds, N =O(logK), T > 1,
Cy:5< f1+ +50L%, +Z>(L220 +L%,).
g
we have
S g\ N
ZakHE [ak|fk] V(I) a:k ”2 C ZakHy — yZ||2 + 0O <1 + (1 — 79) Zak> )
k=0 k=0
LS B {Iva@] o (=
K= ' VK )
ProOOF OF LEMMA A.4.0.13. Notice that we have
k
[uk|fk Zv fz Ly Imylk - *Zv:pygz Z; kvyl(k)) |:ZZ(7J\)[|~F1€}
and

n -1 n
—vafz (Zx, u7) < szygz (Zk, u7) > (izvygz mkv?Jk)) (;Zvyfi(mkaylt)>
i=1 i=1
—1 n
——vafz Tk, Ub) (Z V2,9 (Zk, vk > <Z Vagi $k=yk)> (Z Vyfi(xk,y?;)>
i=1 i=1
7Zv fl xkvyk (Z vacygl $k7yk:)>

Hence we know

3

|E [t Fr] = VO(Zr)||

== 3 (192 i o5) = Vi 5O + 1V 57) = Vi i) )
=1
+iz(rrviygi<xi,k,y§7,;>>( R = 29) 1+ 1 (92,01 55 = V2,010 57)) 221

— * k
+— Z | ( 2y 9i( 2, 9)) — Viygi(a:k,yk)) AP,
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which implies

IE [ax| F] — V()|

<25 (B (o= 2l + 12— 51+ 1587 — w2 ?) + 2241 [ 7] — =112]

i=1
5 — L2,2L (T (T *
+nZ!gM F (e = 2l + o = 3712 + 197 — wil1?)
=1 g

2

L2,L 1

0 _ T) (T (T .

< <Lf1+ sz) L= ma T 1 P i)
g

+10L2, - (HE [Z(k z](\’;)lﬂ}'k] H2> 1012 || [51(5)’}—4 RO

L2 L?‘O 2 1 Y 2 2 2
5| L7+ 7# +50Lg, <u2 + ug> (Lg202 + L))
g g

2
2 T \N (Lo o
3022, (1-252) <u§ + Lm)

; 2 N-1
R (o L21<1+7> Lo\ 2 (1_2w9>
o srter \pa Ty )\ 2 T 3

where the third inequality uses (A.71), (A.65) and (A.78). Taking summation on both sides, we have

_(T * ~ ~
(5" = il + o267 + T3, )

+10L

K
> ak|E (| F) — V()|
k=0

K K K
(T % _ ~ Y N-1
-6, 3 el ’—ykuz+o(§jak<a2+ﬁz>+( _ 2t) zak>.
k=0 k=0 k=0
Setting for all k that

o =C

P R VI
0 VE' T 2 BC,L,
and using (A.76) and Lemma A.4.0.10, we know

1 & ) .

(A.86) \/ERZZOE [IE | Fi] — VO(@)])?]
i _(T) %112 1 Vibg N-—1
=CyCs 3 Pellik” =il +O<K+\/f?( 1) )

CCustz S (400 2 Vg ) 0 (14 VE (1 2oy
eI L\ VR K ‘ 2
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K [2
1 QOyCa,ﬁ y* _ 12 < ,ylug N1>
= E + E +O(1+VK(1l-——=
1 (3\/K Kpyg ) [HrkH ] ( 2 ) ’

which together with (A.81) and (A.53) imply

(77 210 ZE 7l

K
1 ) 1 _
ST 2 [IE [l 7] — VD (@0)[[2] + 202> - + B(0) — inf &(x) + S E [|Iro]|*]
k=0 k=0

S\Fg (1 %) E (Il + 0 (14 VE (1-2¢)" ).

Hence we know

1 Lo Coﬁy S THg \ N

Hg

Using the above expression, (A.86) and Lemma A.4.0.12, we know

K

Yig\ N1
kg [Ive(z ”]<ﬂ7kzoE 7kl + 7 — V@ (@5)|?] = <1+\/E(1—29) )

for sufficiently large K. Note that « is in a constant interval by (A.63), hence (1 — %) is a constant

that is independent of K. Picking N = O(log K) such that (1 — %)N_l =0 (#), we know

1 & e a1
> E (Ve _O(JE)'

=

Moreover, from (A.71) we know:

1 i (11X —:L‘leH ] _ <;{§:ag> _0 (;)

k:O

where the second equality holds due to Lemma A.4.0.10 The above two equalities prove Theorem
3.3.2. To find an e-stationary point, we may set K = O(e 2) and we know from 7> 1, N =log K

that the sample complexity will be O(e~2). O
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A.5. Discussions on the Prior Works Related to Chapter 3

We briefly discuss Assumption 3.4 (iv) and (v) in | | and MDBO in

| in this section.

A.5.1. Assumption 3.4 (iv) and (v) in [ |

e Assumption 3.4 (iv) assumes bounded second moment of Vyg;(x,y;&). It is stronger than
our Assumption 7 as discussed right after Assumption 7.
As pointed out by one reviewer during the discussion period, bounded moment condition
on Vygi(x,y; &) is also restrictive especially when g; is strongly convex in y. To see this, we

notice that the unbiasedness of V,g;(z,y;&) and its bounded second moment imply

IVyg(z,y)|I> =E [[Vyg(z,y: OII’] —E [|Vg(z,y) — E[Vyg(z, y;: 6] 1] < Co

for all z,y. Here Vyg(x,y;§) := %Z?:l Vygi(x,y;&). Then for any y1,y2

2Cy 2 [Vyg(z, 1) = Vyg(z, 92)|| = ngllyr — 2|l

where the second inequality uses the fact that g(x,y) is pg-strongly convex in y for any x.
However sup,, .. [[y1 — 92| = +oc, which leads to the contradiction, meaning that there
does not exist a function g satisfying all the assumptions above. In short, a function cannot
be strongly convex and have bounded gradient at the same time , but both assumptions
are used in | |.

2

e Assumption 3.4 (v) assumes each I — L%}Vygi(x, y; €) has bounded second moment such

that

1
B (I - - Vin(ear o] <1
g

for some constant x4 € (0, %‘;), where L, = ,/L;Q + 0372. It serves as a key role in proving

the linear convergence of the Hessian matrix inverse estimator (see Lemma A.2, A.3 and
the definition of b right under section B of the Supplementary Material). However, it is

restrictive under certain cases. For any given 0 < pgy < Lg4, consider X € R?*2 t0 be a
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random matrix and

2L, O 0 0
X = or with equal probability,

0 0 0 2u,

then it is easy to verify that X has bounded variance and in expectation equals diag(L, i),
but
E||7— —x|2| =1
Lg 21 — &

and thus their Assumption 3.4 (v) does not hold in this example.

A.5.2. MDBO. Although [ | claims that they solve the G-DSBO problem, their
hypergradient (see equations (2) and (3) of their paper accessed from arXiv at the time of the

submission of our manuscript to ICML: ) is defined as

VF(zx):= VE® (),

1
K

Nk

where
VE® (2) 1= Vo fP (2, 5% (2)) — V2,90 (2,47 (2)) (V2P (2,5 (2))) 7V, f P (@, 57 ().

Clearly, this is not the hypergradient of G-DSBO, unless ¢\ (z,y) = ¢\ (z,y) for any 1 <i < j < n,
which requires an additional assumption that the data distributions that generate the lower level
function g( are the same. Note that their algorithm cannot be classified as P-DSBO either, because
y*(z) in the above expression is defined globally. Therefore, their algorithm is not designed for
neither G-DSBO nor P-DSBO. It is not clear what problem that their algorithm is designed for.
While we are preparing our camera-ready version, we find the latest version of [ |
(which is [ |), which implicitly uses the condition that all lower level functions are
the same. See equation (2) on page 3 of | | and the description right above it: “Then,
according to Lemma 1 of (Gao, 2022a), we can compute the gradient of F(*)(x) as follows:", where
“(Gao, 2022a)" represents | |, in which their Lemma 1 explicitly states “When the data
distributions across all devices are homogeneous". However, all assumptions about MDBO in
| | do not mention anything about the data distributions of the lower level functions g™,

It should be noted that once all lower level functions ¢(¥ are the same then their problem setup is
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one special case of ours in (3.2) (i.e., when g = ¢\ for any i # j), and it does not need to tackle

the major challenge discussed in (3.5).

A.5.3. Computational complexity. Assume that computing a stochastic derivative with
size m requires O(m) computational complexity. For example the complexity of computing a
stochastic Hessian matrix Vf/gi(x,y;f) is O(¢?) and the complexity of computing a stochastic
gradient V. f(z,y; ¢) is O(p). Note that computing a Hessian-vector product (or Jacobian-vector
product) is as cheap as computing a gradient | , , , |. FEDNEST
[ , |, SPDB | , |, and our Algorithm 5 MA-DSBO only require
stochastic first order and matrix-vector product oracles and thus the computational complexity is
O(de2), where d := max(p, q). Note that DSBO-JHIP | , | requires computing full
Jacobian matrices which lead to O(pge—3) complexity. GBDSBO | , | computes full
Hessian matrices in the Hessian inverse estimation inner loop (Line 10-13 of Algorithm 1 in

| |), and full Jacobian matrices in the outer loop (Line 8 of Algorithm 1 in

[2022]), and thus their computational cost is O((¢?log() + pg)n~'e~2).

A.6. Experimental Investigations of Chapter 4

A.6.1. Additional experiments for the orthogonal case. For this section, we follow the
same experimental setup as described in Section 4.4.1. Only the hidden-layer width is changed.
Specifically, in Figures A.3 and A.4 we plot the training loss, sharpness of training loss and the

trajectory-averaging training in various phases.
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FiGure A.3. Hidden-layer width =5, with orthogonal data points. Rows from top
to bottom represent different levels of noise — mean-zero normal distribution with
variance 0,0.25,1. The vertical axes are in log scale for the training loss curves.
The second column is about the sharpness of the training loss functions. Numbers
0,1,2,3,4 denote different stepsize choices (see Section 4.4.1 for details).
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FIGURE A.4. Hidden-layer width =10, with orthogonal data points. Rows from
top to bottom represent different levels of noise — mean-zero normal distribution
with variance 0,0.25,1. The vertical axes are in log scale for the training loss curves.
The second column is about the sharpness of the training loss functions. Numbers
0,1,2,3,4 denote different stepsize choices (see Section 4.4.1 for details).
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A.6.2. Non-orthogonal data. We next investigate the case when orthogonality condition
does not hold. The setup is the same as described in Section 4.4.1 except that n = 5000 and each
entry of the data matrix X € R"*¢ is now sampled from a standard normal distribution. We also
generate 500 data points from the same distribution for testing. Note that our theory in this work is
only applicable for orthogonal data. hence, for these experiments with non-orthogonal data, we first
tune the step-size to be as large as possible, say 7max, o that the training does not diverge and then
run the experiments for %nmax with ¢ =0, ...,4. Hence, the step-sizes for loss and sharpness curves
0,1,2,3,4 are chosen to be 10, 20, 30, 40, 50 for m = 5,10 and 12, 24, 36, 48, 60 for m = 25.

In Figures A.5, A.6 and A.7 we plot the training loss and the testing loss (with and without
ergodic trajectory averaging) in log scale. Notably different phases (including the periodic and
catapult phases) characterized theoretically for the case of orthogonal data, also appear to be present

for the non-orthogonal case. We also make the following intriguing conclusions:

e As a general trend, training roughly in the generalized catapult phase and predicting without
doing the ergodic trajectory averaging appears to have the best test error performance.

e In some cases (especially the one with high noise variance), when testing after training in the
periodic phase, the test error goes down rapidly in the initial few iterations. Correspondingly,
ergodic trajectory averaging after training in the periodic phase, helps to obtain better test error
decay compared to ergodic trajectory averaging after training in the catapult phase. However, as
mentioned in the previous point, training roughly in the generalized catapult phase and predicting
without doing the ergodic trajectory averaging performs the best.

e As discussed in | |, in various cases, artificially infusing control chaos help to obtain
better test accuracy. Given our empirical observations and the results in [ |, it is
interesting to design controlled chaos infusion in gradient descent and perform ergodic training

averaging to obtain stable and improved test error performance.

Obtaining theoretical results corroborating the above-mentioned observations is challenging

future work.
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A.6.3. Two-layer Neural Network with ReLU. While our main focus in this work is for
quadratic activation functions, it is also instructive to examine the dynamics with other activation
function, in particular the ReLLU activation. Hence, we follow the experimental setup from Section
A.6.2, except that the activation function is now ReLU and repeat our experiments. For this
case, the step-sizes manually chosen to be 60,120, 180, 240, 300 for loss/sharpness curves 0, 1,2, 3,4,

respectively.

o003
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Log Loz
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e e =

il "“c‘!‘/\ﬂ“/"w”"”’"’“"““‘f\

\
00044 AW

FIGURE A.8. Hidden-layer width=>5 with ReLLU activation. Rows from top to bottom
represent different levels of noise — mean-zero normal distribution with variance 0,
0.25, 1. The vertical axes are in log scale for loss curves. The last column is about
the sharpness of the training loss functions. Numbers 0,1, 2, 3,4 denote different
stepsize choices (see Section A.6.3 for details).

From Figures A.8 and A.9, (in particular from the sharpness plots), we observe various non-
monotonic patterns, roughly including periodic and chaotic patterns. Obtaining a precise theoretical

characterization of the training dynamics for this setting is extremely interesting as future work.

A.7. Proofs of Theorems in Chapter 4

A.7.1. Proofs of results in Section 4.2. We first present several technical results required

to prove our main results.

135



A
Vi ians
My y‘\\‘\;/"‘\“\ h],/

FiGURE A.9. Hidden-layer width=10 with ReLLU activation. Rows from top to
bottom represent different levels of noise — mean-zero normal distribution with
variance 0, 0.25, 1. The vertical axes are in log scale for loss curves. The last column
is about the sharpness of the training loss functions. Numbers 0,1,2,3,4 denote
different stepsize choices (see Section A.6.3 for details).

LEMMA A.7.0.1. Let f(x) be a polynomial. If all the roots of f'(x) are real and distinct, then

we have
(@) 3 (f”(@)z -
Sf(z) = - = <0 forallx € I with f'(x) # 0.
W=Fw 2\ )
PROOF. See, e.g., the proof of Proposition 11.2 in Devaney [1989]. O

LEMMA A.7.0.2. Suppose we are given a real-valued continuous function f(x): R — R and
a bounded closed interval I C R with xg € I. Define xy, := f®)(x0). If the sequence {xy}32, is
monotonic, then one of the following holds.
o (i) {xi}i2y C I, i.e., there exists x; ¢ I for some t.

o (ii) {x3}32 o C I, and limy_,oo fO(x0) exists and is a fized point of f(x) in I.

PRrROOF. If (i) holds, then the conclusion is true. When (i) does not hold, then {z;}7°, C I.
Since this sequence is monotonic and included in a bounded closed interval, we know its limit exists
and is in I. Moreover, we have

li = 1li = 1li = f(li
A me= By e = By fm) = (g @)
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where the last equality holds since f is continuous. Clearly lim; . x; is a fixed point of f. O
The following lemma characterizes the basic properties of the cubic function f, defined in (4.2).

LEMMA A.7.0.3. Suppose a > 0. Then f,(z) has the following properties.

e (i) The local minimum and mazimum of fo(z) are at z =1 and z = % respectively, and

1—2a 2a — 1)(2a%2 + 7a — 4 4a3 + 1242 — 15a + 4
fa(l) = —a, fa = ( )( ) = .
3 27 27

%], monotonically decreasing on [172617 1],

e (ii) fo(z) is monotonically increasing on [—a, 3

and monotonically increasing on [1,2].

e (iii) For any —a < z < 2, we have —a < fu(z) < max{f, (}5%),2}. Moreover,

3
fa (1732‘1) < 2 if and only if a < 2.

PrROOF. Note that we have
(A.87) fi(z)=3224+2(a—-2)z+ (1 —2a) = (z — 1)(3z + 2a — 1).

which implies 1 and % are critical points of f,(z). Moreover, by f/(z) = 6z + 2a — 4 we know
f2(1) > 0 and f}/(352%) < 0. Hence, they are local minimum and maximum respectively. The rest
of (i) is true by calculation. (ii) is true by noticing the expression of f/(z) in (A.87). (iii) is a direct

conclusion of (i) and (ii) since for —a < z < 2 we have

—a=nin {1, (-0} < fo(2) < max{ £, () )}

By (i) and some calculation we know

; 1—2a 2_4a3+12a2—15a—50_(2a+5)2(a—2)
“\ 3 B 27 B 27

This proves the rest of (iii). O

LEMMA A.7.0.4. Suppose 2v/2 —2 < a < 1. Define five subintervals of [—a, 2] as follows.

I [ 2 —a—+vVa?+4a [2—0,—\/@2—1—4@ 0]
1= |—a, 5 5

>I2:

2 2

2—a++vVa2+4a
2

I3 =1[0,0.25], I = [0.25, 5

/ [2—a+\/a2+4a2
) 5: )
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Then we have

o (i) fal1) Chh = Iz, fo(ls) = 11U Is, fo(l5) =I3UI4U 5.
o (it) fo(I2) C I3, fo(I3) C I>.

PROOF. We first prove (i). By Lemma A.7.0.3 we know f,(z) is increasing on Iy, achieving its

local minimum at z = 1 on Iy, increasing on I, then we know

fall) = | fu(~a). fa (2 oo *4“> — [~a,0) = LU L.
fa(I4) = fa(l)vmax {fa(0-25)afa (2 -t B o+ 4&) }] = [—CL, 0] =L UlI.
fulls) = | fa (2 s & +4a> ,fa(2)] 0.2 = UL UL,

This completes the proof of (i).

To prove (ii), observe that when a € (2v/2 — 2,1] we have 2=9= V2a2+4“ < 122¢ < 0. By Lemma

2 ’ 3
together with the fact that f,(0) = f, (2_“_7 M) = 0 implies

A.7.0.3 we know the local maximum of f, over I» = [2_“_7 VaZ+da 0} is achieved at 1_2“, this

2

— 2a a3 a2— a
fa(I2) = [fa(o),fa (1 32 )] = [0,4 12 5= 15 +4] C [0,0.25],

where the last subset inclusion is true since
(4a® + 1242 — 15a + 4)' = 124% 4+ 24a — 15 > 0, Va € (2v2 — 2,1].

This implies when a € (2v/2 — 2, 1],

4a® + 1242 — 150 + 4 - (4a® + 120> — 150 + 4)|a=1 _ 5 < 0.25.
o7 27 27

On the other hand, we know from Lemma A.7.0.3 that on I3 = [0,0.25)(C [152%,1]) f, is decreasing.

Hence,

fa(IS) - [fa(0-25)7fa(0)] - |:_a+ ,O:| - [2 -



where the last subset inclusion is true since

7 9 2—a—+va?+4a
a+t— > :

(0.25) = ——
Ja(0-25) = —qga+ 15 2

Ya € (2v2 - 2,1].

This completes the proof of (ii). O

See Figure A.10(a) for a visualization of the subintervals Iy, ..., I5 for a = 1 and an example of

the orbit on it.

(a) (b) () (d)

FIGURE A.10. From left to right: cubic function f;(z) with different regions diveded
by subintervals and a trajectory of {2;}?_,, cubic function fi 2(2) with two period-2
point, cubic function fi¢(z) with a period-3 point, and cubic function fs1(2z) with
a diverging orbit. We have the cubic curve and the identical mapping line as the
solid curves. We use four colored dashed lines in Figure A.10(a) to represent the
boundaries that are orthogonal to the endpoints of I and I defined in Lemma
A.7.0.4 respectively. The triangle markers represent some terms of a certain orbit,
in which horizontal and vertical dotted lines visualize the transitioning trajectory
between consecutive terms in an orbit.

LEMMA A.7.0.5. Suppose 0 < a <1 and —a < z9 < 2. Then we have
o (i) —a <z <2 for any t, and f, does not have a period-2 point on [—a,2].
o (ii) If zo is chosen from [—a,2] uniformly at random, then lim; o 2; = 0 almost surely.
Moreover, if 0 < a < 2v/2 — 2, then almost surely |z 1| < |z| for allt. If2v/2 -2 < a <2,

then almost surely {|z:|};2, has catapults.

PRrROOF. The boundedness of each iterate (i.e., z; € [—a,2]) can be proved by using simple
induction and Lemma A.7.0.3, 0 < a <1, and —a < zy < 2. To prove the rest of (i), by (4.2) we

know a period-2 point is a solution of



which are equivalent to

(A.88) 0a(2)ga(20a(2)) = 1,2 & {~a,0,2}.
Hence it suffices to prove (A.88) do not have a solution. Define

hao(z) = ga(2) =1 =(24+a)(z —2) <0, Vz € (—a,2).

We have
9a(2)9a(29a(2)) — 1
=ha(2) + ha(2)ha(29a(2)) + ha(29a(2))
=ha(2)(1+ ha(29a(2))) + (2 + a + zha(2)) (2 — 2+ zha(2))
=ha(2)(1 + ha(29a(2))) + ha(2) + (2(2 = 2) + 2(2 + @) ha(2) + 2*hg ()
(A.89) =he(2)(ha(29a(2)) + 22ha(2) + 222 + (a — 2)2 + 2).
We have
ha(29a(2)) + 2%ha(2) + 22° + (a — 2)z + 2
=(294(2) + a)(2ga(2) — 2) + 22(z + a)(z — 2) + 22% + (a — 2)z + 2
=222+ (a—2)z+1—-2a)* + (a—2)2(2* + (a —2)z +1 —2a) — 2a
+22(z+a)(z—2)+ 222+ (a—2)z +2
=204 (20 — 4)2° + (a® — 8a + 7)2* — (4a® — 12a + 8)2% + (5a? — 10a + 7)2>
—(2a* —6a+4)z +2 —2a
(A.90) =2+ (a—1Dz+1-a)z'+ (a—3)22+ (3-3a)2> + (20 — 2)2 + 2).

Observe that

(A91)  Pi(a—1z+(-a)>(1—a)— (“_41>2 _ (3”{4(1_”) >0, Va € (0,1].
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The equalities hold if and only if z =0, a = 1. We also have

A4 (a—3)2 4 (3-3a)22 + (26 —2)2+2 >0, Vz € {0,1,2}

A (a—3)22 4 (3-3a)22 4 (20— 2)z + 2

1

1
=z2(z—1)(z—2 Sy
z2(z—1)(z )<a+z+z+22_3z+2

),w¢ {0,1,2}.

For different z we can verify the following inequalities via basic algebra or Young’s inequality:

1 1
—1)(z—2 -4 142+ = 1,2).
z2(z—1)(z—2) <0, <a+z+z+z2—3z+2>< + +2+_0'25<0, Vz € (1,2)
1
Z(Z—l)(2—2)>0, <a+z+2+2’2—32’+2>>0+1+1+0>0’ VZE(O,l).
(z—=1)(z2—2)<0 ++1+ <1l-1 1+1<0 Vz € (—a,0)
z2(z—1)(z — a+z+ -+ —5—"7—" —-1- = z € (—a,0).
’ z  22-3z+2 2 ’ ’
Thus we may conclude that
(A.92) A (a—3)22 4+ (3-3a)2>+ (20 —2)2+2> 0, Vz € (—a,2).

By (A.89), (A.90), (A.91), (A.92), we know g,(2)ga(294(2)) —1 # 0 if z ¢ {—a,0,2}. Hence f, does
not have a period-2 point on [—a, 2].

To prove the first part in (ii) (the limit converges to 0 almost surely), we will prove
(A93) (1) tlim zt € {—a,0,2}, (2) The set S such that the orbit with zg € S has measure 0.
—00

We now consider two cases — a € (0,2v/2 — 2] and a € (2v2 —2,1].

Case 1: a € (0,22 — 2]. Note that we have

9020 = 127 + (a = 2)z + 1 = 2a] < max (Iga(~a)], 9u()], ga (1= 5) 1) = 1,

where the last equality holds since go(—a) = ¢4(2) = 1 and |go (1 - %) | = “21:%4“ < 1 for any

a € (0,2v/2 — 2]. Hence, we know

(A.94) 2t41] = |fa(20) = [2t9a(20)| < 2], V2t € [—a,2)
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Hence lim;_, |24 exists.

Jim [z = lim |ze40] = lm |2]|ga(z0)]

Hence, we know

Jim |z¢[ =0, or lim |z[ 70, lim [ge(z)] = 1.

If limy o0 |2¢| # 0, then we have two subcases

(A.95)

e Sub-case 1: limy_, o, z¢ exists. We can verify that

lim z; = lim 2441 = fo(lim 2)
t—o00 t—o00 t—o00

and thus lim;_,, 2; is one of the fixed points of f,(z) € {—a,0,2}.

Sub-case 2: limy_, o 2y does not exist. Since lim;_, |2¢] exists, we know there exists an
infinite subsequence (denoted as Aj) of {z}7°, with some limit ¢ and the complement
of the sequence, as another infinite subsequence (denoted as Ajy), has limit —c for some
constant ¢ > 0. Hence, we can pick a sequence of the subscripts k1 < ks < ... < k,, < ...
such that zy,, ..., 2, , ... belong to A; and zg,+1, ..., 2k, +1, ... belong to As. Moreover, we
have

c=lim zp, = — lim 25,411 = — lim 2g,94(2k;) = —¢ga(c)
71— 00 1—00 71— 00

This implies that g,(c) = —1, i.e.,
4 (a—2)c+2—2a=0.

From its discriminant (a —2)? — 4(2 — 2a) = a® +4a — 4 < 0 for a € (0,2v/2 — 2] where
equality holds only at 2v/2 — 2, we know a = 2v/2 — 2 and thus ¢ = 2 — /2. However, we
can apply the similar trick and pick another sequence ki < kg < ... < kn < ... such that
Zjys o0 0 - Delong to Ay and 2,410 PR, 410 - belong to Ajp. This implies

— lim z
1—00

—c= lim z

m fo1 = — im 2g,ga(2k,) = —(=¢)ga(—c)

ki i—00
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which gives
& —(a—2)c+2—2a=0.
This contradicts with a = 2v/2 — 2 and ¢ = 2 — v/2. This means case 2 does not exist.

Hence, we know |z is decreasing (not necessarily strictly) and lim;_,o 2: € {—a,0, 2}.

Case 2: a € (22 — 2,1]. We divide the interval [~a, 2] into the following five parts:

2—a—+va?+4a 2—a—+Va2+4a
Ilz —a, 712: 70 ’

2 2

2 a+vaZid
I3 =[0,0.25], I = [0.25, “+2“ +ia

7 !2—a+\/a2+4a2
b 5: )
2

Recall that by Lemma A.7.0.4 we have:

(A.96) folli) = Uy, fo(l2) C I3, fo(I3) C 1o, fo(ls) =11 U Iy, fo(Is) = 13U 14 U Is.

We have the following conclusion. Observe that f, is continuous, and

2—a—+va?+4a
2

zZiv1 — 2t = falzt) — 2z =2z(ze +a)(z¢ —2) >0, Vz, € [; = [—a,

2—a++Va?+4a 5
2 )

Zt41 — 2t = fa(zt) — 2zt = Zt(Zt —i—a)(zt — 2) < 0, Vz € I5 = [

We know if the sequence {z;}72, visits I5, by Lemma A.7.0.2 we know either lim; ;. 2; = 2 or there

exists M > 0 such that z; ¢ I5 for any t > M. Then if the sequence visits I; then by Lemma A.7.0.2

either limy_,oo 2t = —a or there exists M > M > 0 such that z, € I, U I3 for any t > M, since

fa(l1) € 11 U Iy and f,(Io U I3) C Iy U I5. Hence, the proof is reduced to the case when zg € Iy U I3.

For the case when 2y € s U I3 = [2_“_7 3‘12'”“, 0.25(. The key observation is to show that in this

interval
(A.97) 212l < |l
Recall that by Lemma A.7.0.4 (ii) we have

(AQS) fa (IQ) c 137 fa(I?:) C IQ-
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To prove (A.97), we know it holds when z; = 0. When z; # 0, by (A.98) we know f(§2)(zt) and z;
have the same sign provided z; € I U I3 = [2_"’_7 VQ“ZH‘I, 0.25} . This together with

F2(2) = fa(2)ga(fa(2)) = 29a(2)9a(294(2))

implies that g,(2)ga(294(2)) > 0 when z € [%,O) U (0,0.25]. Thus we know

|zt12| = [2t9a(2t) 9a(2t9a(21))| = |2t]9a(2t) ga(2t9a(21))-

Thus to prove (A.97) it suffices to show gq(2)ga(294(2)) — 1 < 0, which is true by combining (A.89),
(A.90), (A.91), and (A.92). This completes the proof of (1) in (A.93). To prove (2) in (A.93), we
first notice that f,(z) — 2z = z(z + a)(z — 2) > 0 for any z € (—a,0), and thus z;41 > z for any z
near —a. Hence, lim;_, o, z; = —a if and only if there exists ¢ such that z; = —a. This implies that
fét)(zo) = —a for some ¢. Similarly, f,(z) — z < 0 for any z € (0,2), which implies z;11 < z for any

z near 2. Hence, lim;_,o 2 = 2 if and only if zp = 2. Define
oo
s=U /A aui2)
n=0

where fé‘")(—a) denotes the preimage of —a under fén). Clearly, each preimage is a finite set, and
thus S is countable. Hence, we know as long as zy € [—a, 2]\\S, we have lim;_,o, z; = 0. Since S is a
countable set and zg is chosen uniformly at random, we know lim; .o, z; = 0 almost surely.

For the rest of (ii), we have already proved in (A.94) that {|z|}$2, is decreasing when 0 < a <
2v/2 — 2. To see {|z|}5°, has catapults when 2¢/2 — 2 < a < 1, we consider the following intervals

2 a+VaZ+da—1
@t “2+ a4 ,0.25}]g13,

J1=[-a,0l =L Ul Jo= lo,min{

where we have a? +4a — 4 > 0 for a > 2v/2 — 2 so Js is well-defined. Notice that

2—a++Va2+4a—-4
=

0<z<
i 2

ga(z) < =1, z > 0.

Hence we know for any z; € Jo, we will have

(A.99) |zt+1] = [2t9a(20)] > |2t
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On the other hand, notice that 0 is in the orbit if and only if 2y ¢ Sy, where Sy is defined as
So = U £57(0)
n=0

where f;"(z) denotes the set of preimage of z under fén). Note that each preimage is finite and
thus Sy is countable. Hence, we know almost surely the orbit will not contain 0, and recall that
by Lemma (A.7.0.4) (ii) and lim;_,~ 2; = 0, we know there are infinitely many ¢ such that ¢ € Js,
and thus (A.99) holds for infinitely many ¢ almost surely. By definition 4.2.2, we know {|z|} has

catapults almost surely. O

The following theorem indicates that, f, is chaotic provided that a > a, where a, € (1,2)

LEMMA A.7.0.6. Suppose 1 < a <2 and —a < zg < 2. Then we have
o (i) —a <z <2 for any t, and f,(z) has a period-2 point on [0, 1].
e (ii) There exists a, € (1,2) such that for any a € (ax,2), fo is Li-Yorke chaotic, and for
any a € (1,ay), fq is not Li-Yorke chaotic.
e (iii) If there exists an asymptotically stable orbit and zo is chosen from [—a,2] uniformly at

random, then the orbit of zy is asymptotically periodic almost surely.

PROOF. The boundedness of z; is a direct result of Lemma A.7.0.3 (iii). To prove the rest of (i),

we notice that for a € (1,2],

92(0)94(09a(0)) = (1 = 2a)* > 1, ga(1)ga(19a(1)) = —a < —1.

By continuity of g4(294(%)) we know there exists a point zg € (0, 1) such that g,(2094(20)) = 1. This
indicates that ) (20) = 209a(209a(20)) = 2o but clearly fu(zo) # 2o since (0,1) does not contain
any fixed point of f,.

To prove (ii), notice that

1-2x1 5 1—92%x2
AR LI I P o (it
f1< 3 ) o7 < < f2< 3 )

By continuity of f, (152%) (with respect to a) there exists ¢ € (1,2) such that

— 4C C — C2 Cc —
(A.100) fc<1 32 ) _@ 1)(227+7 49 _
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Moreover we have

1—-2¢ 1—2¢ 1—2¢
fC(_C):_C< 3 afc< 3 >—1> 3

Hence by continuity of f.(z), we can pick zg € (—C, 1_320) such that f.(z) = 1_326. We have

1-2¢c
3

(A.101) —c <z < = fe(20).

By (A.100), (A.101), and Lemma A.7.0.3 (i), we have

1—-2¢
3

(A.102) £O(z) = £ (
1-2c

) = fe(1) = —c < 20,

(A.103) folz0) = <1=fo(1) =P ().

Combining (A.101), (A.102), (A.103) we can easily verify that

I¥(20) < 20 < felz0) < [P (20).

By Theorem A.8.1 (i.e., Theorem 1 in | |), we know f. is Li-Yorke chaotic. Moreover,
for any a € (c, 2], we know

1—2a (2a—1)(2a*+Ta—4) _ (2c—1)(22 +Tc—4) 1—2c\
f“( 3 ) 27 ~ 27 fc( 3 >_1’

which together with f,(0) = 0 < 1 implies we can pick yo such that

(A100 <0, falo) = 1
Similarly, we have
fa(—a) = —a < L2 g (1 _32a) > 1> yo
which implies we can pick xg such that
(A.105) —a <z < 1_37%, fa(zo) = yo.

Now we know

FO (o) < 2o < falzo) < £ (o).
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By Theorem A.8.1 (i.e., Theorem 1 in [ |), we know f, is Li-Yorke chaotic. Hence,
we know ¢ defined in (A.100) satisfies that for any a € (¢, 2|, f, is Li-Yorke chaotic. Hence, we know

ay, = i?lf2) {a: fp is Li-Yorke chaotic for any b € [a, 2].}
ac(1,

where the set is not empty, since we have proven ¢ belongs to the above set. This completes the
proof of (ii).

To prove (iii), we notice that if f,(z) has an asymptotically stable periodic orbit, by Theorem
A.8.2 (i.e., Theorem 2.7 in [1978]) and the fact that f,(x) has negative Schwarzian derivative
at non-critical points (Lemma A.7.0.1) and we know there exists a critical point ¢ of f,(z) such

that the orbit of ¢ converges to this asymptotically stable orbit. Notice that by Lemma A.7.0.3 we

know ¢ =1 or % ¢ =1 can be excluded since f,(1) = —a, and —a is an unstable period-1 point.
Hence, we know ¢ = % is asymptotically periodic. By Theorems A.8.3 and A.8.4 (i.e., Theorem B
and Corollary in | |), we know almost surely zy will not converge to any periodic orbit if

2o is chosen from [—a, 2] uniformly at random. This completes the proof.

Remarks:

e See Figure A.10(b) for a pair of period-2 points when a = 1.2, and Figure A.10(c) for a period-3
orbit when a = 1.6. The triangle markers denote the periodic points.
e By Theorem A.8.2 (i.e., Theorem 2.7 in [1978]) and the fact that —a is an unstable period-1

point we know f,(z) has at most one asymptotically stable periodic orbit.

LEMMA A.7.0.7. Suppose a > 2. zy is chosen from [—a,2] uniformly at random. Then

limy_,o0 |2¢| = 00 almost surely.

PrROOF. Notice that by Lemma A.7.0.3 we know

. <1—2a) _ 46°+12¢ —15a+4 (40’ +120° — 150 + 4[4 =2, Va>2,

3 27 27

where the inequality holds since 4a® 4 12a? — 15a + 4 is increasing on (2, 00). Moreover, we have

fa(z2) —z=2z(z4+a)(z—2) >0, Vz € (2,00).
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Hence we know for the initialization at the critical point zg = 1_32‘1, we have z; > 2, and the whole

sequence is increasing. On the other hand, all fixed points of f,(z) are no greater than 2, we know
z¢ will diverge to +o00. For another critical point zp = 1 we know its orbit converges to the periodic
orbit of zp = —a, which is an unstable period-1 point. Hence, we know from Theorem A.8.2 (i.e.,
Theorem 2.7 in | |) that there does not exist an asymptotically stable periodic orbit,
otherwise the orbit of one critical point must converge to it. Hence, by Theorems A.8.3 and A.8.4
(i.e., Theorem B and Corollary in [ |) we know limy;_,~ |2¢| = +00 almost surely provided
2o uniformly chosen from (—a, 2), i.e., almost all points in [—a, 2] converge to the absorbing boundary

point +4o0. U

A.7.2. Proofs of results in Section 4.3.

PROOF OF THEOREM 4.3.1. Define

2
C
a® =y XTw®, Bi=y+ —, w:=ny|X]|>.

2y
To prove (i), we observe that
Vaug(w; X) = (¢ +v(X Tw)) X
Let weights at time ¢ be w®. Thus, the gradient descent takes the form

w = w® —n(g(w®; X) = y)(c + 17X Tw?)X = w® —ne®at) X,

Simple calculation gives

(t))2

A.106 O G

( ) o

and

(A.107) o) = (1 =y | X[2eM)al® = (1 — ke®)a®.
Hence




which together with (A.106) implies
(A.108) ke = ke® (ke® + k) (/ie(t) - 2) + ke®.

By definition of a and z; in (4.6) we know a = B and z; = ke®. We know (i) holds.
To compute the largest eigenvalue of the Hessain matrix (i.e., the sharpness defined in EoS

literature) of the loss in (ii), we notice that the gradient of the loss function takes the form
Vi(w) = (9(w; X) = y)Vuwg(w; X).
Hence
VAH(w) = Vug(w; X)Vwg(w; X) T+ (g(w; X) = y)Vig(w; X) = (a® +7e) XX T,
where we overload the notation and define
a=c+yX w, e=g(w;X)—y.

The sharpness is given by

3zt + 2a

Amax (V2w ™)) = ((@®)? + 7e) |X[* = (3¢l + 2yy + ) | X||* = U

PROOF OF THEOREM 4.3.2. The gradient descent takes the form
n n
WD) = ) _ % Zv&(w(t)) = w® — % Z e® (X))o (X;) X
i=1 i=1

Similarly to (A.106), for each error term e (X;) we have

: _ (@(xy))? ,
(A.109) eW(X;) = Ty B(X4),

and
(X)) = X w4 (X))

= [ X w® - g > eD(X))aD (X)X X | + e(Xi)
j=1
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n =
=a (Xi) — 77717 ; (a 2(7]) 5(X])oz(t) (XJ)> XzTXJ

We overload the notation and set

X = (X1, Xn) T, #(X) = (#(X0), 0 #(X0) T, Vi € {a, e q, 8}
We can obtain
(A.110) ot (X) = o(X) — gxxT <a<t>éX)3 —8(X) ®a (X)> :

where ® denotes the Hadamard product.
As XX T = diag([| X1|?, ..., || X»]|?), we can rewrite (A.110) as the following non-interacting

version for each data point:

2
D (X,) =aD(X;) — 77”;2’” (a(t) (X:)? — 298(X;)a® (Xz)>
_ (1 - ’“7”7;"71‘”26<t><xi>) 0 (X)),

This together with (A.109) implies

(X = (%) = 5 (@) - (@)

_ (_wwe% . W<e<t><w) (005 + 500

=i (X)) (X3) (ki (X0)e (X0) = 2) (€(X5) + B(X,) )

()

By definition of z;” and a; we know

2 = 20C 10l - 2) 4 20 = 1, 0).

The sharpness is given by

n

1
Vi) == (ng(w(t); Xi)Vaug(w; Xi) T + (g(w™; X3) — y:) Va,g(w'; X@-))
1=1
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fz( )2 +9e (X)) XX

~ Z 37 (Xi) + 2yyi + (X)) X X,
Therefore we know
2p(0® 1 (t) 2 2 3Zi(t) + 2q; .
VA (') X; = 5(376 (X5) + 29y + (X)) || Xq||” X = ?Xi, forall 1 <i <mn.
. . . . 3z (t)+2a1 3Z(t>+2a
which means we find n eigenvalues and eigenvectors pairs # X1 . (HTH’ Xn>. Note

that VQE(w(t)) is a sum of n rank-1 matrices, and we have found n orthogonal eigenvalues. Hence

3z,§t> +2a;
n

we know )\max(VQE(w(t))) = maxj<i<p . This completes the proof. O

PROOF OF THEOREM 4.3.3. Define

Al = 2 S el XX
j=1
Note that we have
¢ 1 & ¢ 2 @
(A.111) Vfg»)(U(t)) _ (\/MZ(XJTUE))Z ) (\FdX XTU(L‘)> ﬁdeé)XjX;rU(t).
i=1

This implies that the gradient descent update takes the form

t+1) _ 71(t 77n &) (pr(t t n(t),Tt_ t t
U )_U()_gzvgj (U®y =u® — Z -XJXjU()—<I—A()>U().

st \Fdn

Also we have

1) () _ (T WD) T (B2
€; —€ de(X (Xjui))

—_ xT <U(t+1)(U(t+1))T _ U(t)<U(t))T) X;

.
[y

and

U(t+1)(U(t+1))T: I — 21 e(t)XjXJT U(t)(U(t))T I— 21 Ze(t)XjXT
j=1 =1
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Hence we know

e§t+1> o

\Fd ( XJAOAOANTANX; —2xT AOUOU®)T Xj>

1 4n
fd (mdQnQ( t) |X; H XTU()(U(t))TXj

A (150", @ n || X512 .
( md?n? ()" - Vmdn e (ej +y3>,

where the second equality uses XX = diag(|| X1||*, ..., || X»|/?). By definition of zlm and a; we know

4n
mdn©

O x| xT U ><U<t>>TXj)

(t+1) = fu,(z (t))

Hence we know the training dynamics of this model can be captured by the cubic map as well. [

A.8. Auxiliary Results in Chapter 4

THEOREM A.8.1 (Theorem 1 in [ ). Let I be a compact interval and let
f: I =1 be continuous. Assume there is a point a € I for which the points b= f(a), ¢ = f®(a)
and d = f®)(a) satisfy

d<a<b<c(ord>a>b>c).

Then f is Li-Yorke chaotic.

THEOREM A.8.2 (Theorem 2.7 in [1978]). Let I be a compact interval and let f 1 — I
be a three times continuously differentiable function. If the Schwarzian derivative of f satisfies

fx) 3 (f”(m)

SO =) ~ 2 \ Pl

> <0 forallx € I with f'(x) # 0.

Then the stable set of every asymptotically stable orbit of f contains a critical point of f.

THEOREM A.8.3 (Theorem B in [ ). Let I be an interval and let f : I — I be a three

times continuously differentiable function having at least one aperiodic point on I and satisfying:
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e (i) f has a nonpositive Schwarzian derivative, i.e.,

_ M) 3 (f”(x)
f'x) 2\ f'(=)

2
Sf(z) ) <0 forall x € I with f'(x) #0.

e (ii) The set of points, whose orbits do not converge to an (or the) absorbing boundary point(s) of I
for f is a nonempty compact set.

e (iit) The orbit of each critical point for f converges to an asymptotically stable periodic orbit of f
or to an (or the) absorbing boundary point(s) of I for f.

e (iv) The fized points of f*) are isolated.

Then we have

e (1) The set of points whose orbits do not converge to an asymptotically stable periodic orbit of f
or to an (or the) absorbing boundary point(s) of I for f has Lebesgue measure 0;

e (2) There exists a positive integer p such that almost every point x in I is asymptotically periodic

with f®)(z) = x, provided that f(I) is bounded.

THEOREM A.8.4 (Corollary in [1987]). Assume that f:R — R is a polynomial function

having at least one aperiodic point and satisfying the following conditions:

e (i) The orbit of each critical point of f converges to an asymptotically stable periodic orbit of f or
to an (or the) absorbing boundary point(s) for f;
e (ii) Fach critical point of f is real.

Then f satisfies the assumptions (i)-(iv) of Theorem A.8.5.
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