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Abstract

This dissertation studies lattice points in convex sets, objects lying at the intersection of dis-

crete geometry, integer programming, semigroup theory, and number theory. A unifying theme is

Ehrhart-type quasipolynomial behavior: many of the counting and structural functions we consider

are eventually described by finitely many polynomials, one per residue class modulo a fixed period.

Such functions appear in algebra as Hilbert functions, in number theory as theta functions, and in

geometry as Ehrhart functions counting lattice points; the results of this dissertation are therefore

of interest to researchers across several fields.

The first main contribution (Chapter 2), joint with De Loera, Xu, and Zhang, addresses the integer

structure of non-polyhedral convex cones. Classical Hilbert basis theory provides a finite integer

generating set for any rational polyhedral cone, but fails for non-polyhedral cones such as the

positive semidefinite cone and the Lorentz cone Ln, both of which have uncountably many extreme

rays. We introduce (R,G)-finite generation as an analogue of the Hilbert basis suited to these

settings: a conical semigroup SC is (R,G)-finitely generated if a finitely generated group G of

integer invertible linear maps acts on a finite root set R to produce all of SC via nonnegative

integer combinations. We prove three main results:

(1) the semigroup of integer positive semidefinite matrices is (R,G)-finitely generated for all

n, with G generated by GL(n,Z) acting by congruence and the rank-one matrices serving

as roots;

(2) the integer second-order cone is (R,G)-finitely generated for 3 ≤ n ≤ 10, with the con-

struction generalizing the classical Barning–Hall tree of Pythagorean triples; and

(3) not every conical semigroup admits an (R,G)-finite generating structure, as we exhibit

through an explicit irrational planar cone.

The second main contribution (Chapter 3), joint with De Loera and O’Neill, introduces arithmetic

width as a new invariant of convex bodies. Classical lattice width measures the continuous span of

viii



a body in an integer direction, but is blind to gaps in the integer values attained by lattice points.

Arithmetic width counts instead the number of distinct integer values a linear functional takes on

the lattice points of the body, making it sensitive to these gaps and invariant under scaling of the

direction vector. We prove four main results:

(1) for large dilates of any convex body, the arithmetic range is an almost arithmetic progres-

sion with fixed step size and bounded endpoint irregularities, generalizing the Structure

Theorem for Sets of Lengths from numerical semigroup theory;

(2) the arithmetic width of dilated rational polytopes is an eventually quasilinear function of

the dilation parameter;

(3) arithmetic width is polynomial-time computable in fixed dimension via Barvinok’s algo-

rithm and the Barvinok–Woods projection theorem; and

(4) the minimizing directions for arithmetic and lattice width can be entirely disjoint, and

every finite subset of Z arises as the arithmetic range of some rational simplex.
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CHAPTER 1

Introduction

The primary objects of this thesis are lattice points in convex sets, fundamental objects at the

intersection of discrete geometry, semigroup theory, integer optimization, and number theory. Lat-

tice points in polytopes encode the feasible solutions of integer linear programs, connecting our

work to questions in optimization, complexity, and algorithms [40]. Counting them as a polytope

dilates gives the Ehrhart polynomial, a fundamental invariant with deep connections to commu-

tative algebra and combinatorics [12,88]. From the semigroup perspective, the factorizations of

semigroup elements can be studied as lattice points within certain convex sets and their distribution

reflects the arithmetic of the ambient semigroup algebra. Meanwhile, the spatial distribution of

lattice points in a convex body relative to its ambient lattice leads to the notion of lattice width,

which underlies some of the most important algorithms in integer programming and the geometry

of numbers [83,85]. Lattice point problems are pervasive, both in mathematics broadly and as the

focus of this dissertation. This dissertation develops new invariants and structural results for these

objects, with particular emphasis on the geometry of convex bodies and the factorization theory of

semigroups.

A recurring theme across all three projects in this dissertation is Ehrhart-type behavior: quantities

that are unpredictable for small inputs eventually become quasipolynomial, meaning polynomial

on each residue class modulo some period, as the input parameter grows large. This regularity,

first observed by Ehrhart in lattice point counting, turns out to be far more pervasive than its

origins suggest.1 We encounter it in the structure of arithmetic ranges of convex bodies and in

the behavior of polytopal norms on affine semigroup factorizations, and we feel its absence when

attempting to describe the integer points of non-polyhedral cones. The remainder of this chapter

is organized as follows. Sections 1.1, 1.2, and 1.3 develop the necessary background in optimization

and polyhedral geometry, semigroup theory, and Ehrhart theory, respectively. Each background

section concludes with a statement of our relevant results.

1In fact, many authors call this behavior unreasonably ubiquitous and we are inclined to agree [116].
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1.1. Optimization & Polyhedral Geometry

Optimization and polyhedral geometry are closely linked through the study of linear inequalities

and the convex sets they define, and both play an important role across pure and applied mathe-

matics [117]. Many optimization problems can be formulated as maximizing or minimizing a linear

objective over a feasible region described by finitely many linear constraints, whose geometric struc-

ture, a convex polyhedron, dictates both the existence of optimal solutions and the complexity of

finding them. When solutions are further required to be integral, the problem becomes one of

understanding lattice points inside these polyhedra, the central objects of this thesis. This section

develops the necessary background in optimization and polyhedral geometry used throughout, with

particular attention to the structures needed for Chapter 3 (arithmetic width and its computation)

and Chapter 2 (integer points in non-polyhedral cones). See [103] for a complete introduction.

1.1.1. Linear and Integer Programming. An optimization problem has two main ingre-

dients: a function that determines which solutions are preferred (the objective) and a set of condi-

tions that define the allowable solutions (the constraints). There are many classes of optimization

problems, often called programs, distinguished by the types of objectives and constraints. In this

subsection, we will follow [103].

Definition 1.1.1. A linear program (LP) consists of a linear objective function to be mini-

mized or maximized over a feasible region defined by finitely many linear inequality and equality

constraints. In standard form, an LP is written as

min
x∈Rn

c⊤x subject to Ax = b, x ≥ 0,

where c ∈ Rn is the cost vector, A ∈ Rm×n is the constraint matrix, and b ∈ Rm.

Any LP can be converted to standard form, so this formulation is without loss of generality. The

feasible region of an LP is a convex polyhedron, and when bounded, a polytope. If an optimal

solution exists, it is attained at a vertex of the feasible polyhedron. This fact is key to the success

of the simplex method, a method of solving LPs which searches for an optimal solution by moving

along edges of the feasible region [103].
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Example 1.1.2. Consider the LP

max x1 + x2 subject to 2x1 + x2 ≤ 5, x1 + 3x2 ≤ 6, x1, x2 ≥ 0.

The feasible region is a polytope in R2 with vertices (0, 0), (52 , 0), (
9
5 ,

7
5), and (0, 2). The objective

is maximized at (95 ,
7
5), with an optimal value of 16

5 .

Associated to every LP is a dual program, obtained by associating a variable to each constraint

of the original (primal) problem [103, §7.4]. The dual of the standard form LP is

max
y∈Rm

b⊤y subject to A⊤y ≤ c.

Weak duality states that any dual feasible solution provides a bound on the primal optimal value.

Strong duality states that when both programs are feasible, their optimal values coincide.

Before turning to the integer setting, we recall the relevant complexity-theoretic vocabulary. A

problem is solvable in polynomial time if there exists an algorithm whose running time is bounded

by a polynomial in the input size; the class of all such problems is P. The class NP consists of

problems whose solutions can be verified in polynomial time, even if finding them may be hard. A

problem is NP-hard if every problem in NP reduces to it in polynomial time, and NP-complete if

it is additionally in NP. Whether P = NP remains the central open question of theoretical computer

science. Linear programs can be solved in polynomial time via the ellipsoid method [103, Ch. 13]

or interior point methods [103, §15.1], and the simplex method [103, Ch. 11] performs well in

practice despite lacking a polynomial-time guarantee. Requiring solutions to be integral, however,

changes the picture entirely.

When all variables are required to be integral the problem is called an integer linear program

(ILP); when only some are, it is called a mixed-integer program (MIP). ILPs are in general

NP-hard [103, Ch. 18], and small changes to the feasible region can make the problem significantly

harder. The LP relaxation of an ILP is the linear program obtained by dropping the integrality

constraints. Unlike LPs, an optimal solution to an ILP need not occur at a vertex of the LP

relaxation. The mismatch between integer optima and LP vertices is one of the central obstacles

to solving ILPs efficiently. The standard algorithm for ILPs and MIPs is branch-and-bound [103,

§24.1], which recursively partitions the feasible region into subproblems and solves LP relaxations

at each node to prune the search tree. Cutting plane methods [103, Ch. 23] provide an alternative

3



approach for ILPs and MIPs by iteratively adding valid linear inequalities to the LP relaxation

until an integer solution is found; in practice, branch-and-bound and cutting plane methods are

often combined into branch-and-cut algorithms [96].

Example 1.1.3. Consider the ILP

max x1 + x2 subject to 2x1 + x2 ≤ 5, x1 + 3x2 ≤ 6, x1, x2 ≥ 0, x1, x2 ∈ Z.

The LP relaxation has optimal solution (95 ,
7
5) with optimal value 16

5 , which is not integral. Mean-

while, the ILP optimum is attained at (2, 1), with optimal value 3. The gap between the LP and

ILP optimal values illustrates that rounding an LP solution does not in general yield an optimal,

or even feasible, integer solution.

The additive integrality gap measures the difference between the LP relaxation optimum and

the ILP optimum, and serves as a standard measure of how well LP rounding approximates integer

solutions. Given a rational polytope P ⊂ Rd and a direction c ∈ Zd, it is defined as

IM (P, c) = max
x∈P

c⊤x− max
x∈P∩Zd

c⊤x.

In Example 1.1.3, the gap is 16
5 − 3 = 1

5 . In parametric integer programming, one studies how

this gap behaves as the data of the ILP varies, most commonly by varying the right-hand side b

in Ax ≤ b. Hoşten–Sturmfels [73] and Eisenbrand–Shmonin [52] show that the maximal additive

integrality gap is finite and computable in fixed dimension, and eventually quasipolynomial as b

varies along a ray. Dilating a polytope is a special case of this construction. In Chapter 3, we

show that in the dilation setting the gap is not merely quasipolynomial but eventually periodic: for

n≫ 0, the value IM (nP, c) depends only on the residue class of n modulo the denominator of P .

Unlike LPs, ILPs do not in general admit a dual program with matching optimal value; the gap

between the LP relaxation and the ILP optimum is precisely the integrality gap discussed above.

The study of ILPs is closely tied to the geometry of lattice points in polyhedra, which we develop

in the next subsection.

1.1.2. Polytopes, Polyhedra, and Cones. The feasible regions of linear programs intro-

duced above are examples of polyhedra and polytopes. These objects are of mathematical interest

4



(a) LP relaxation with optimal vertex
(
9
5 ,

7
5

)∗
. (b) ILP with feasible lattice points and optimal vertex

(2, 1)∗.

Figure 1.1. Comparison of the LP relaxation and ILP from Examples 1.1.2
and 1.1.3.

independent of their significance to optimization, and we present them here from the perspective

of convex and discrete geometry [117].

Definition 1.1.4. A polyhedron P ⊆ Rn is a set defined by the intersection of finitely many

linear inequalities,

P = {x ∈ Rn : Ax ≤ b},

where A ∈ Rm×n and b ∈ Rm. A bounded polyhedron is called a polytope. This way of describing

a polyhedron is called the H-representation (or halfspace representation) of P .

The dimension of a polyhedron P , denoted dim(P ), is the dimension of its affine hull. We say P

is full-dimensional if dim(P ) = n. The relative interior of P , denoted relint(P ), is its interior

taken within its affine hull; this is the appropriate notion of interior for polyhedra that are not

full-dimensional.

The simplest polytope, the standard simplex ∆n ⊂ Rn+1, is the convex hull of the standard basis

vectors,

∆n = conv(e1, . . . , en+1) =

{
x ∈ Rn+1 : xi ≥ 0,

n+1∑
i=1

xi = 1

}
.

5



Figure 1.2. The six combinatorial types of cross-sections of the cube [0, 1]3, ob-
tained by intersecting with hyperplanes of varying orientation.

More generally, any polytope combinatorially equivalent to ∆n is called a simplex. A unimod-

ular simplex is a simplex σ = conv(v0, v1, . . . , vn) ⊂ Rn whose edge vectors v1 − v0, . . . , vn − v0

form a basis for the integer lattice Zn, or equivalently, whose vertex matrix has determinant ±1.

Unimodular simplices are the building blocks of triangulations that interact well with the integer

lattice, and appear naturally in the study of Ehrhart theory and toric geometry [20,44].

Example 1.1.5. Let P ⊆ R2 be defined by

P = {(x1, x2) ∈ R2 : x1 ≥ 0, x2 ≥ 0, x1 + x2 ≤ 4, x1 ≤ 3}.

This is a full-dimensional polytope in R2, defined by four halfspaces. Its vertices are (0, 0), (3, 0),

(3, 1), and (0, 4), which are obtained by solving the systems of equations given by taking each pair

of constraints to equality. The edges of P lie on the lines x1 = 0, x2 = 0, x1 + x2 = 4, and x1 = 3,

each corresponding to one of the defining halfspaces. In the language of the H-representation,

A⊤ =

−1 0 1 1

0 −1 1 0

 , b⊤ =

(
0 0 4 3

)
.

Since P is full-dimensional, its relative interior coincides with its interior and consists of all points

(x1, x2) satisfying each inequality strictly.

Polyhedra admit a second, equivalent description in terms of vertices and rays. The convex hull

of a finite set of points V = {v1, . . . , vk} ⊆ Rn is

conv(V ) =

{
k∑

i=1

λivi : λi ≥ 0,

k∑
i=1

λi = 1

}
.

6



A ray generated by r ∈ Rn is the set {λr : λ ≥ 0}. The V-representation of a polyhedron

expresses it as the Minkowski sum of a polytope and a finite set of rays,

P = conv(V ) + cone(R) =

∑
i

λivi +
∑
j

µjrj : λi, µj ≥ 0,
∑
i

λi = 1

 ,

where V = {v1, . . . , vk} ⊂ Rn and R = {r1, . . . , rl} ⊂ Rn. For bounded polyhedra, the ray set R is

empty and the V-representation reduces to the convex hull of finitely many points. The equivalence

of the H- and V-representations is the content of the Weyl–Minkowski theorem.

Theorem 1.1.6 (Weyl–Minkowski [117, Thm. 1.2]). A set P ⊆ Rn is a polyhedron if and only

if it can be expressed as the Minkowski sum of the convex hull of finitely many points and a cone

generated by finitely many rays.

Example 1.1.7. The polytope P from Example 1.1.5 has V-representation P = conv(V ) with

V = {(0, 0), (3, 0), (3, 1), (0, 4)}.

The vertex (3, 1), for instance, is the intersection of the constraints x1 = 3 and x1 + x2 = 4; the

remaining vertices similarly come from pairs of tight constraints.

The faces of a polyhedron encode its combinatorial and geometric structure. A supporting hy-

perplane of P at a point x0 ∈ P is a hyperplane H = {x : c⊤x = b} such that c⊤x0 = b and

c⊤x ≤ b for all x ∈ P . A face of P is any set of the form F = P ∩H for some supporting hyperplane

H, together with P itself and the empty set. Faces of dimension 0, 1, dim(P )− 2, and dim(P )− 1

are called vertices, edges, ridges, and facets, respectively. A point v ∈ P is a vertex if and only

if it is an extreme point of P . In Example 1.1.5, the four facets of P each correspond to one of the

four defining halfspaces.

Polyhedral cones can be thought of as the unbounded counterparts of polytopes. A polyhedral

cone is a set of the form

C = {x ∈ Rn : Ax ≤ 0}

for some A ∈ Rm×n, or equivalently C = cone(R) for some finite set of rays R = {r1, . . . , rl}. A

polyhedral cone is pointed if it contains no line, or equivalently if the origin is a vertex of C.

7



The dual cone of C is

C∗ = {y ∈ Rn : ⟨y, x⟩ ≥ 0 for all x ∈ C},

where ⟨·, ·⟩ denotes the standard inner product. If C = cone(R) for rays R = {r1, . . . , rl}, then

C∗ = {y ∈ Rn : ⟨y, ri⟩ ≥ 0 for all i}, so the dual cone is itself polyhedral. For any closed convex cone

C, we have C∗∗ = C. A cone is self-dual if C∗ = C; common examples include the nonnegative

orthant Rn
≥0, the positive semidefinite cone Sn+, and the second-order cone Ln = {(x0, x′) ∈ R ×

Rn−1 : x0 ≥ ∥x′∥2}.

Example 1.1.8. Let C = cone{(1, 0), (1, 2)} = {λ1(1, 0) + λ2(1, 2) : λ1, λ2 ≥ 0}.

For y = (y1, y2), the dual cone is defined by ⟨y, (1, 0)⟩ ≥ 0 and ⟨y, (1, 2)⟩ ≥ 0, i.e. y1 ≥ 0 and

y1 + 2y2 ≥ 0. Hence

C∗ = {(y1, y2) : y1 ≥ 0, y1 + 2y2 ≥ 0}.

The boundary lines are y1 = 0 and y1 + 2y2 = 0, giving extreme rays (0, 1) and (2,−1). Therefore

C∗ = cone{(0, 1), (2,−1)}.

As C ̸= C∗, this is an example of a cone that is not self-dual.

1.1.3. Semidefinite and Conic Programming. The programs discussed so far optimize

a linear objective over a polyhedron. A natural generalization replaces the polyhedral feasible

region with one defined by a convex cone. This is the setting of conic programming. Two cones of

particular importance in optimization, and in Chapter 2 of this thesis, are the positive semidefinite

cone and the second-order cone.

Definition 1.1.9. The positive semidefinite cone Sn+ is the set of all symmetric n×n matrices

that are positive semidefinite:

Sn+ = {A ∈ Rn×n : A = A⊤, x⊤Ax ≥ 0 for all x ∈ Rn}.

The PSD cone is the feasible region of semidefinite programs, which arise throughout combinatorial

optimization [67, 68], control theory [16], and polynomial optimization [82]; see [13, 115] for

general surveys. Unlike the nonnegative orthant, it is non-polyhedral and its integer structure is

considerably more subtle. The following proposition collects its key properties.

8



Proposition 1.1.1. The positive semidefinite cone Sn+ satisfies the following properties.

(1) Sn+ is a closed convex cone of dimension
(
n+1
2

)
.

(2) Sn+ is self-dual: (Sn+)∗ = Sn+.

(3) A ∈ Sn+ if and only if all eigenvalues of A are nonnegative.

(4) A ∈ Sn+ if and only if all principal minors of A are nonnegative.

(5) The interior of Sn+ consists of the positive definite matrices.

(6) The extreme rays of Sn+ are the rank-one matrices {vv⊤ : v ∈ Rn \ {0}}.

(7) Sn+ is not polyhedral for n ≥ 2, as it has uncountably many extreme rays.

(8) The group GL(n,Z) acts on the integer points Sn+(Z) by X 7→ UXU⊤.

The second-order cone, also called the Lorentz cone, plays an analogous role in second-order cone

programming and shares several structural features with Sn+.

Definition 1.1.10. The second-order cone (SOC), also called the Lorentz cone, in Rn is

Ln = {(x, t) ∈ Rn−1 × R : ∥x∥2 ≤ t}.

Both Sn+ and Ln are convex cones, but unlike the nonnegative orthant, neither is polyhedral: both

have uncountably many extreme rays. This distinction becomes important when we ask about

integer generating sets in Section 1.1.4. With these two cones defined, we can now define the

optimization programs built on them.

Definition 1.1.11. A semidefinite program (SDP) is an optimization problem of the form

min
X∈Sn

+

⟨C,X⟩ subject to ⟨Ai, X⟩ = bi, i = 1, . . . ,m,

where C,A1, . . . , Am ∈ Rn×n are symmetric matrices, b ∈ Rm, and ⟨A,B⟩ = tr(A⊤B) denotes the

matrix inner product.

The feasible region of an SDP is a spectrahedron, the intersection of the positive semidefinite

cone with an affine subspace. Spectrahedra can take on a wide range of shapes, from smooth curved

bodies to polytope-like regions with flat faces, as illustrated in Figure 1.3.
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Figure 1.3. A selection of spectrahedra, illustrating the range of shapes that arise
as feasible regions of semidefinite programs.

SDPs generalize LPs: any LP can be reformulated as an SDP by taking diagonal matrices. More

generally, a conic program (CP) has the form

min
x∈Rn

c⊤x subject to Ax = b, x ∈ K,

where K ⊆ Rn is a convex cone. LPs, SDPs, and second-order cone programs (SOCPs) are the

cases K = Rn
≥0, K = Sn+, and K = Ln, respectively.

Linear programs are solvable in polynomial time, as first shown by Khachiyan [70]. The picture for

semidefinite programs is more subtle: interior point methods compute an additive ε-approximate

optimal solution to an SDP in time polynomial in the input bit-size and log(1/ε), under stan-

dard regularity assumptions such as strict feasibility and a known bounding ball on the feasible

region [39]. Whether exact SDP feasibility can be decided in polynomial time is a long-standing

open problem [97]; the obstacle is that even strictly feasible SDPs can have solutions of doubly-

exponential size, as shown by a classical example of Khachiyan. Conic programs over more general

cones are polynomial-time tractable only when the cone admits an efficiently computable self-

concordant barrier [91]; this includes LPs, SOCPs, and SDPs but not arbitrary closed convex

cones.

Example 1.1.12. Consider the SDP

min x11 + x22 subject to x12 = 1, X =

x11 x12

x12 x22

 ⪰ 0.
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The constraint X ⪰ 0 requires x11, x22 ≥ 0 and x11x22 ≥ x212 = 1. By the arithmetic-geometric

mean inequality, x11 + x22 ≥ 2
√
x11x22 ≥ 2, with equality at x11 = x22 = 1. The optimal solution

is X =

1 1

1 1

 with optimal value 2.

The program classes introduced above differ substantially in their structure, complexity, and the

geometric properties of their feasible regions. Table 1.1 collects these distinctions for convenience.

LP ILP MIP SDP SOCP

Feasible region polyhedron polyhedron polyhedron spectrahedron convex cone slice

Convex feasible region yes no no yes yes

Objective linear linear linear linear1 linear

Optimal location vertex integer point mixed point boundary boundary

Strong duality yes no no yes (generically) yes (generically)

Key algorithm(s)
simplex, branch-and-bound, branch-and-bound,

IPM IPM
IPM cutting planes cutting planes

Complexity poly NP-hard NP-hard weakly poly2 weakly poly2

Table 1.1. Comparison of optimization program classes where IPM stands for
interior point method.

1.1.4. Hilbert Bases. When working over the integers, the generating set of a polyhedral

cone requires care. Given a rational polyhedral cone C = cone(R), the real generators in R need

not suffice to represent all integer points of C as nonnegative integer combinations: real conic

combinations allow scaling by any nonnegative real, whereas integer combinations require integer

coefficients, so lattice points can fall strictly between the generators.

Definition 1.1.13. Let C ⊆ Rn be a rational polyhedral cone. A Hilbert basis of C is a finite set

H ⊆ C ∩Zn such that every integer point in C can be written as a nonnegative integer combination

of elements of H:

C ∩ Zn =

{∑
h∈H

λhh : λh ∈ Z≥0

}
.

The name echoes Hilbert’s basis theorem in commutative algebra: just as every ideal in a polynomial

ring is finitely generated, every rational polyhedral cone has a finite integer generating set. By

1Linear in the matrix variable X, i.e., the objective ⟨C,X⟩ = tr(C⊤X) is linear in the entries of X.
2Polynomial in the input size and log(1/ε) for additive ε-approximate solutions, under standard regularity assump-
tions; exact polynomial-time solvability of SDP feasibility is an open problem [97].
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Gordan’s lemma, every rational polyhedral cone admits a Hilbert basis. For pointed cones, the

minimal such basis is unique: it consists precisely of those integer points in C that cannot be

written as the sum of two other nonzero integer points in C [103, §16.4]. Hilbert bases are the integer

analogue of generating sets for polyhedral cones and are fundamental to integer programming and

the theory of affine semigroups [20].

Example 1.1.14. Consider the cone C = cone({(2, 1), (1, 2)}). The point (1, 1) ∈ C ∩Z2 cannot be

written as a nonnegative integer combination of (2, 1) and (1, 2), so these generators do not form

a Hilbert basis. The minimal Hilbert basis of C is H = {(2, 1), (1, 1), (1, 2)}.

Figure 1.4. The cone C = cone({(2, 1), (1, 2)}) with integer points marked. The
generators (2, 1) and (1, 2) are shown in green, and the fundamental parallelepiped is
shaded in pink. The point (1, 1) lies inside the parallelepiped but cannot be written
as a nonnegative integer combination of the two generators, and so must be added
to form the Hilbert basis H = {(2, 1), (1, 1), (1, 2)}.

Hilbert bases also play a central role in integer programming through the notion of total dual

integrality. A system Ax ≤ b is totally dual integral (TDI) if for every integer objective vector

c for which max{c⊤x : Ax ≤ b} is finite, the dual minimum is attained by an integer vector. A

classical result of Giles and Pulleyblank states that Ax ≤ b is TDI if and only if for every face of

the polyhedron {x : Ax ≤ b}, the rows of A active at that face form a Hilbert basis for their conic
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span [65]. This connection between Hilbert bases and TDI extends naturally to the conic setting

and is one of the motivations for Chapter 2.

The existence and computability of Hilbert bases for polyhedral cones stands in sharp contrast to

the non-polyhedral case: neither Sn+ nor Ln admits a finite Hilbert basis, a gap that Chapter 2

addresses by introducing a generalization using group actions. The interplay between Hilbert bases

and the integer structure of polyhedral cones reappears throughout this thesis. We next turn to a

different measure of how a convex body interacts with the integer lattice: its lattice width.

1.1.5. Our Contributions: (R,G)-Finite Generation. The Hilbert basis gives a complete

finite description of the integer points of any rational polyhedral cone. A natural question is whether

any analogous finite description exists for the integer points of non-polyhedral convex cones. The

positive semidefinite cone Sn+ and the second-order cone Ln are both non-polyhedral and have

infinitely many extreme rays, so no finite Hilbert basis in the classical sense exists. Nevertheless,

both cones are fundamental objects in optimization, and understanding their integer structure is a

natural and important question.

In joint work with De Loera, Xu, and Zhang [43], we introduce (R,G)-finite generation as an

analogue of the Hilbert basis for non-polyhedral convex cones. Given a convex cone C ⊆ RN , we

say the conical semigroup SC = C ∩ ZN is (R,G)-finitely generated if there exists a finite set of

roots R ⊆ SC and a finitely generated group G of integer invertible linear maps such that

SC =

{∑
i

λigi(ri) : λi ∈ Z≥0, ri ∈ R, gi ∈ G

}
.

The classical Hilbert basis is recovered when G = {I}. The key step in each of our main results is

identifying which integer points of the cone are minimal in height (that is, cannot be written as a

sum of two other nonzero integer points in the cone) and must therefore appear as roots.

Theorem 1.1.15 (De Loera, Marsters, Xu, Zhang [43]). The semigroup Sn+(Z) of integer positive

semidefinite matrices is (R,G)-finitely generated for all n.

Theorem 1.1.16 (De Loera, Marsters, Xu, Zhang [43]). For 3 ≤ n ≤ 10, the semigroup Ln ∩ Zn

of integer second-order cone vectors is (R,G)-finitely generated.

For the PSD cone, the group G is GL(n,Z) acting by congruence X 7→ UXU⊤, and the roots are

the rank-one PSD matrices vv⊤ for integer vectors v.
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1.1.6. Lattice Width. One of the most important ways to measure how a convex body

K ⊆ Rd interacts with the integer lattice is its lattice width. For a nonzero integer vector c ∈ Zd,

the lattice width of K in direction c is

wc(K) = max
x,y∈K

c⊤(x− y).

Geometrically, wc(K) measures the Euclidean distance between two parallel supporting hyperplanes

with normal c, scaled by ∥c∥. Equivalently, when we consider primitive integer direction vectors,

it counts the number of integer hyperplanes {x : c⊤x = k}, k ∈ Z, that K intersects in direction c,

minus one. The lattice width of K is the minimum over all nonzero integer directions:

w(K) = min
c∈Zd\{0}

wc(K).

Example 1.1.17. Let P = conv((0, 0), (4, 1), (4, 2)) ⊂ R2. In direction c = (1, 0), the functional

c⊤x = x1 ranges from 0 to 4 on P , giving w(1,0)(P ) = 4. In direction c = (0, 1), the functional

x2 ranges from 0 to 2, giving w(0,1)(P ) = 2. One can verify that w(P ) = 2, attained at (0, 1) and

(1,−2) among others.

Figure 1.5. The polytope P from Example 1.1.17 under three functionals.

Lattice width is a well-studied invariant with connections across discrete geometry, integer pro-

gramming, and cryptography [87,103]. We collect its key properties here.

Proposition 1.1.2. Let K ⊆ Rd be a convex body and c ∈ Zd \ {0}. The lattice width satisfies the

following properties.

(1) The lattice width scales linearly under dilation: wc(nK) = n · wc(K) for all n > 0, and

w(nK) = n · w(K) for all n ∈ Z>0.
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(2) The lattice width is preserved under unimodular transformations: w(UK) = w(K) for any

U ∈ GL(d,Z).

(3) Scaling the direction vector scales the width proportionally: wλc(K) = |λ| · wc(K) for any

nonzero λ ∈ Z, so parallel directions give proportional lattice widths.

(4) The lattice width is nonnegative and real-valued, with wc(K) = 0 if and only if K is

contained in a single hyperplane with normal c.

(5) In fixed dimension d, the lattice width of a rational polytope is computable in polynomial

time [29,83].

Lattice width plays a central role across several areas of mathematics. In integer programming,

it is the key ingredient in Lenstra’s celebrated algorithm, which solves ILPs in polynomial time

when the dimension is fixed by branching on the direction of minimum lattice width [83]. It also

underlies the flatness theorem, which states that for each dimension d there exists a flatness

constant ω(d) such that any convex body with no interior lattice points has lattice width at

most ω(d) [76]. The flatness theorem is fundamental to the geometry of numbers and has been

strengthened and applied in the study of lattice-free convex bodies [31, 86]. The exact value

of ω(d) is unknown even in dimension 3, but is conjectured to grow roughly linearly in d [31].

In the geometry of numbers, lattice width appears in sphere-packing and covering problems and

Borsuk-type partitioning results [35]. In cryptography, algorithms for computing the shortest lattice

vector, which is closely related to lattice width, are foundational to lattice-based cryptographic

schemes [14,87,114]. In computer graphics, lattice width is used to characterize straightness in

digital spaces [56].

However, lattice width has a fundamental limitation: it measures the continuous span of K in a

given direction, but says nothing about which integer values within that span are actually attained

by lattice points of K. A convex body can have large lattice width in a direction while its lattice

points slip through the integer hyperplanes, leaving gaps in the attained values. Returning to

Example 1.1.17, the lattice points of P project onto {0, 2, 3, 4} in direction c = (1, 0), we notice

that the value 1 is missing, yet the lattice width w(1,0)(P ) = 4 is blind to this gap. Moreover, as

property (3) of Proposition 1.1.2 shows, parallel integer directions give proportional lattice widths,

so the lattice width depends on the magnitude of c as well as its direction.
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This limitation motivates the notion of arithmetic width, which we introduce in Section 1.3.3 after

developing the necessary Ehrhart-theoretic background.

Lattice Width Arithmetic Width

Real-valued Integer-valued

Insensitive to gaps Sensitive to gaps

Parallel vectors give proportional lattice widths Parallel vectors give equal arithmetic width

Obtained by short lattice directions Magnitude of direction is irrelevant

awc(K) ≤ wc(K) + 1 awc(K) = |ARc(K)|
w(λK) = λw(K) for λ > 0 aw(nP ) eventually quasilinear in n

Table 1.2. A comparison of lattice width and arithmetic width.

1.2. Semigroups & More Semigroups

A semigroup (S,+) consists of a nonempty set S and a binary associative operation + : S × S →

S. Semigroups arise naturally across mathematics, including in commutative algebra, algebraic

geometry, number theory, algebraic statistics, optimization, and discrete geometry [40,88]. In this

thesis, we work with four types of semigroups: affine, numerical, polytopal, and conical. In this

section, we will introduce each in turn and develop the factorization-theoretic background that

connects them.

Notation 1. Throughout, we adopt the convention N = Z≥0.

1.2.1. Affine Semigroups. Affine semigroups are the discrete analogues of polyhedral cones:

they encode the feasibility sets of integer linear programs, and questions about optimization, so-

lution counting, and factorization all correspond to geometric and algebraic properties of these

objects [20].

Definition 1.2.1. An affine semigroup is a finitely generated subsemigroup S ⊆ Zd under ad-

dition. Equivalently, S = Na1 + · · · + Nak for some vectors a1, . . . , ak ∈ Zd, called generators of

S. We write S = ⟨a1, . . . , ak⟩ and represent S by the matrix A =

(
a1 · · · ak

)
∈ Zd×k whose

columns are the generators.
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Associated to an affine semigroup S = ⟨a1, . . . , ak⟩ is its cone

cone(S) = {λ1a1 + · · ·+ λkak : λi ∈ R≥0} ⊆ Rd,

the set of all nonnegative real combinations of the generators. The integer points of cone(S) always

contain S, but the two need not be equal. When they are, S is called normal.

Definition 1.2.2. An affine semigroup S ⊆ Zd is normal if S = cone(S) ∩ Zd.

Example 1.2.3. Consider the affine semigroup S = ⟨(2, 0), (1, 1), (0, 2)⟩ ⊆ Z2. The cone cone(S) =

R2
≥0 is the first quadrant, since the generators span it over the nonnegative reals. However, the lat-

tice point (1, 0) lies in cone(S) ∩ Z2 but not in S: no nonnegative integer combination of (2, 0),

(1, 1), (0, 2) yields (1, 0). Therefore S is not normal.

A special class of normal affine semigroups comes from lattice polytopes.

Definition 1.2.4. The polytopal semigroup of a lattice polytope P ⊂ Rd is

SP := {(k, x) ∈ Z≥0 × Zd : x ∈ kP},

the set of integer points in the cone over P × {1}.

Example 1.2.5. Let P = [0, 1] ⊂ R be the unit interval. The polytopal semigroup SP consists of

pairs (k, x) with 0 ≤ x ≤ k, which is the set of lattice points in the cone over [0, 1]×{1}. This is a

normal affine semigroup.

1.2.1.1. Semigroup Algebras. To every semigroup S one can associate a semigroup algebra, a

commutative ring that encodes the combinatorial and arithmetic structure of S in algebraic terms.

Definition 1.2.6. Let S ⊆ Zd be an affine semigroup and k a field. The semigroup algebra k[S]

is the k-vector space with basis {ts : s ∈ S}, with k-algebra structure given by(∑
s∈S

ast
s

)
·

(∑
s∈S

bst
s

)
=
∑
s∈S

( ∑
u+v=s

aubv

)
ts,

where all but finitely many coefficients as, bs ∈ k are zero. Equivalently, k[S] is the subalgebra

of the Laurent polynomial ring k[t±1
1 , . . . , t±1

d ] generated by the monomials {ts : s ∈ S}, where
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(a) The non-normal semigroup S =
⟨(2, 0), (1, 1), (0, 2)⟩. The point (1, 0) lies in
cone(S) ∩ Z2 but not in S.

(b) The normal polytopal semigroup SP of the unit
interval P = [0, 1], consisting of all (k, x) with 0 ≤
x ≤ k.

Figure 1.6. A non-normal affine semigroup (left) and a normal polytopal semi-
group (right), illustrating the distinction from Examples 1.2.3 and 1.2.5.

ts = ts11 · · · t
sd
d for s = (s1, . . . , sd). More generally, any affine semigroup algebra k[S] is a quotient of

a polynomial ring by a toric ideal. More specifically, if S = ⟨a1, . . . , ak⟩ ⊆ Zd, then k[S] is the image

of the ring map ϕ : k[x1, . . . , xk] → k[t±1
1 , . . . , t±1

d ] sending xi 7→ tai, so k[S] ∼= k[x1, . . . , xk]/IS

where IS = kerϕ is the toric ideal of S.

When S = Nd, the semigroup algebra k[S] is just the polynomial ring k[x1, . . . , xd].

Example 1.2.7. For S = ⟨6, 9, 20⟩ ⊆ N, the semigroup algebra is k[S] = k[t6, t9, t20] ⊆ k[t], the

subring of the polynomial ring generated by the monomials t6, t9, and t20. It is the image of the

map ϕ : k[x1, x2, x3]→ k[t] sending x1 7→ t6, x2 7→ t9, x3 7→ t20, giving an isomorphism

k[S] ∼=
k[x1, x2, x3]

⟨x31 − x22, x101 − x33⟩
,

where the two generators of IS correspond to the relations 3 · 6 = 2 · 9 and 10 · 6 = 3 · 20 in

S. The element t120 ∈ k[S] admits multiple expressions as products of monomials in t6, t9, t20,

corresponding exactly to the factorizations of 120 ∈ S. For instance, t120 = (t6)20 = (t6)10(t20)3.
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The Hilbert function of k[S], which records the dimension of each graded piece, is a primary

algebraic invariant of the semigroup. For a polytopal semigroup SP , the Hilbert function coincides

with the Ehrhart function L(P, t), making the semigroup algebra the algebraic home of Ehrhart

theory [94, 107]. Algebraic properties of k[S] also reflect geometric properties of S: normality

of S is equivalent to k[S] being integrally closed [88], and the generators of the toric ideal IS =

ker(k[x1, . . . , xk]→ k[S]) are precisely the trades in S, which we turn to next.

Example 1.2.8. Continuing the previous example, we record two generating functions naturally

associated to k[S]. First, grading k[S] by value in S, that is, setting deg(tn) = n for n ∈ S, each

graded piece k[S]n is one-dimensional for n ∈ S and zero otherwise. The Hilbert series of k[S] is

therefore

Hilb(k[S], t) =
∑
n∈S

tn =
1− t18 − t60 + t78

(1− t6)(1− t9)(1− t20)
.

encoding which elements belong to S.

However, there are additional gradings worth considering. For example, the Hilbert series of the

ambient polynomial ring k[x1, x2, x3] with the weighted grading deg(xi) = ai:

FS(t) =
1

(1− t6)(1− t9)(1− t20)
=
∑
n≥0

∣∣{(a, b, c) ∈ Z3
≥0 : 6a+ 9b+ 20c = n}

∣∣ tn
counts how many ways each element of S can be written as a nonnegative integer combination of

the generators. For instance, [t18]FS(t) = 2, corresponding to the two representations 3 · 6 = 18

and 2 · 9 = 18, and [t120]FS(t) = 12.

Finally, the length generating function at degree 120 tracks the total number of generators used

in each representation. Specializing xi 7→ z in the multivariate series FS(x1, x2, x3) = 1/((1 −

x1)(1− x2)(1− x3)) and extracting the coefficient of t120 under xi 7→ tai gives

z6 + z10 + z11 + z12 + · · ·+ z20,

whose exponents are exactly the values a+b+c attained by integer solutions to 6a+9b+20c = 120.

The choice of grading determines what information the Hilbert series captures. Grading by value

recovers the membership structure of S; grading by generator tracks factorization counts; grading by

length tracks factorization complexity. Each grading makes a different aspect of the algebra visible,

and so it is worth exploring a few less standard gradings.
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1.2.1.2. Relations in Affine Semigroups. Trades, circuits, and Graver bases are the combina-

torial backbone connecting the geometry of affine semigroups to their algebraic and arithmetic

properties. Trades govern how factorizations of a fixed element relate to one another, and the

structure of kerZ(A) determines the complexity of non-unique factorization. A trade in an affine

semigroup A = Na1+ · · ·+Nak is a vector t = t+− t− ∈ kerZ(A), where t
+, t− ∈ Zk

≥0 have disjoint

support. A trade encodes the substitution of generators indexed by t− for those indexed by t+

without changing the element of A: if z ∈ Z(b) and z ≥ t− component-wise, then z − t− + t+

is another factorization of b. The kernel kerZ(A) is thus the natural home for all possible trades,

and understanding its structure is equivalent to understanding how factorizations of elements of A

relate to one another.

Not all trades are equally important. We say a trade t is a circuit if its support supp(t) = {i : ti ̸=

0} is minimal among all nonzero elements of kerZ(A), meaning no proper subset of the generators

involved admits a nontrivial relation. Circuits are the atomic moves: every trade decomposes as a

sign-consistent sum of circuits, and the circuits generate the kernel kerZ(A) as a vector space over

Q [109]. Algebraically, IA is the kernel of the ring map k[x1, . . . , xk] → k[t±1
1 , . . . , t±1

d ] sending

xi 7→ tai ; each trade t = t+ − t− corresponds to the binomial xt
+ − xt− ∈ IA.

Example 1.2.9. Returning to S = ⟨6, 9, 20⟩ and its semigroup algebra k[S] ∼= k[x1, x2, x3]/IS, the

numerator 1− t18 − t60 + t78 of Hilb(k[S], t) is not arbitrary: it encodes the relations in IS via the

circuits of S. The two generators of IS correspond to the trades 3 ·6 = 2 ·9 and 10 ·6 = 3 ·20, which

are the minimal trades in S: each is a relation between generators that cannot be decomposed into

smaller relations. These trades are first encountered at the elements 18 and 60 of S. At n = 18,

the only two ways to write 18 as a nonnegative integer combination of 6, 9, and 20 are 3 · 6 and

2 · 9, which share no generators. At n = 60, the representation 3 · 20 shares no generators with any

of the representations using only 6s and 9s. These are the elements at which the non-uniqueness of

representation is irreducible, and they are called the Betti elements of S. By inclusion-exclusion

over these two elements, the numerator factors as

(1− t18)(1− t60) = 1− t18 − t60 + t78,

where the −t18 and −t60 terms subtract the overcounting at each Betti element, and the +t78 =

t18+60 term corrects for having subtracted their overlap twice. More precisely, this numerator arises
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from the free resolution of k[S] as a k[x1, x2, x3]-module:

0→ k[x1, x2, x3](−78)→ k[x1, x2, x3](−18)⊕ k[x1, x2, x3](−60)→ k[x1, x2, x3]→ k[S]→ 0,

where k[x1, x2, x3](−k) denotes the free module with generator in degree k. Reading off the alter-

nating sum of Hilbert series recovers

Hilb(k[S], t) =
(1− t18)(1− t60)

(1− t6)(1− t9)(1− t20)
.

While circuits are defined by minimality of support, the relevant notion for integer programming is

stronger. The Graver basis Gr(A) of A is the set of all primitive elements of kerZ(A): those that

admit no decomposition t = u+v where u and v are nonzero, lie in kerZ(A), and are sign-consistent

with t (i.e., uivi ≥ 0 for all i). Every circuit is in the Graver basis, but the Graver basis can be

strictly larger: it captures trades that are primitive but whose support is not minimal. The Graver

basis is finite and satisfies the containment

circuits ⊆ Gr(A) ⊆ kerZ(A),

with equality on the left when A is totally unimodular [60,103]. The Graver basis plays a central

role in integer programming: it provides a universal test set for optimality, in the sense that for

any linear objective and any feasible point, a Graver basis element always exists that improves the

objective if improvement is possible [40].

The three bases also sit in a broader hierarchy. A Markov basis for A is a setM⊆ kerZ(A) such

that for every b ∈ A, any two factorizations of b can be connected by a sequence of trades from

M. The Graver basis is always a Markov basis, but minimal Markov bases can be smaller. When

A ∈ N1×k, that is, when S is a numerical semigroup, the Markov basis, Graver basis, and circuits

all coincide with the minimal generating set of IA [60].

Example 1.2.10. Let A = N(2, 0) + N(1, 1) + N(0, 2) ⊆ Z2. The kernel kerZ(A) is spanned

by (1,−2, 1), corresponding to the single circuit (2, 0) + (0, 2) = 2 · (1, 1). The Graver basis is

{(1,−2, 1)}, the toric ideal is IA = ⟨x1x3− x22⟩, and any Markov basis must contain this single ele-

ment. Since there is only one circuit, the three bases coincide. The factorizations of (4, 4) computed

21



earlier, (0, 4, 0), (1, 2, 1), and (2, 0, 2), are all related by repeated application of this trade, and the

factorization graph on Z(4, 4) is a path of length 2.

Example 1.2.11. Let A = N(1, 0)+N(0, 1)+N(2, 1)+N(1, 2) ⊆ Z2. Here kerZ(A) has rank 2, with

two circuits:

C1 : 2 · (1, 0) + (0, 1) = (2, 1), t1 = (2, 1,−1, 0),

C2 : (1, 0) + 2 · (0, 1) = (1, 2), t2 = (1, 2, 0,−1).

The toric ideal IA = ⟨x21x2 − x3, x1x22 − x4⟩ is generated by these two circuits. The Graver basis,

however, is strictly larger: in addition to C1 and C2, it contains

G3 = (3, 3,−1,−1), meaning 3 · (1, 0) + 3 · (0, 1) = (2, 1) + (1, 2).

The element G3 is primitive: the decomposition G3 = t1 + t2 has both summands sign-consistent

with G3, so no proper sign-consistent subtrade exists. Thus G3 ∈ Gr(A) even though its support

{1, 2, 3, 4} is not minimal. This illustrates the general phenomenon: minimality of support and

primitivity are distinct conditions, and the Graver basis, not the set of circuits, captures the right

notion for integer programming applications.

1.2.2. Numerical Semigroups. Numerical semigroups are the one-dimensional case of affine

semigroups and have a particularly rich theory [2]. They appear in algebraic geometry as value

semigroups of singular curves, in commutative algebra via semigroup rings [18,72], and in additive

number theory through the Frobenius problem [2]. In this setting, one studies non-unique factor-

izations and their associated invariants [26,62]. They will appear in our results on factorization

theory and sets of lengths. We begin by familiarizing the reader with the basics of the field.

Definition 1.2.12. A numerical semigroup is a subsemigroup S ⊆ N such that 0 ∈ S and N \S

is finite. Equivalently, S = ⟨g1, . . . , gk⟩ = Ng1 + · · · + Ngk for positive integers g1, . . . , gk with

gcd(g1, . . . , gk) = 1.

Note, we will adopt the convention that g1 < . . . < gk. The finite set N \S is called the set of gaps

of S, and its largest element is the Frobenius number F(S). The number of gaps is the genus

of S, denoted g(S).
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Example 1.2.13. Let S = ⟨6, 9, 20⟩, sometimes called the Chicken McNugget monoid after the

original Chicken McNugget pack sizes [26]. Since gcd(6, 9, 20) = 1, this is a numerical semigroup.

Its elements begin

S = {0, 6, 9, 12, 15, 18, 20, 21, 24, 26, 27, 29, 30, 32, 33, 35, 36, 38, 39, 40, 41, 42, 44, . . .},

and its gaps are

N \ S = {1, 2, 3, 4, 5, 7, 8, 10, 11, 13, 14, 16, 17, 19, 22, 23, 25, 28, 31, 34, 37, 43}.

The Frobenius number is F(S) = 43 and the genus is g(S) = 22.

Figure 1.7. Elements and gaps of S = ⟨6, 9, 20⟩ up to 42 from Example 1.2.13.

1.2.3. Conical Semigroups. Conical semigroups generalize polytopal semigroups by replac-

ing the cone over a polytope with the cone over a general convex body. They appear naturally

in conic integer programming, algebraic geometry, and number theory [43,75], and understanding

their integer structure is a central problem connecting all three of these areas. A particularly im-

portant source of conical semigroups in algebraic geometry is the theory of Newton–Okounkov

bodies: given a graded linear series on an algebraic variety, the associated semigroup of lattice

points is a conical semigroup whose convex-geometric properties encode intersection-theoretic data

of the original variety. The semigroup of lattice points associated to a Newton–Okounkov body is

itself a conical semigroup in the sense above, with the convex body K encoding asymptotic data

such as the growth rate of the Hilbert function [75]. Understanding the integer structure of such

semigroups, when they admit finite generating sets and of what form, is precisely the question

taken up in Chapter 2.

Definition 1.2.14. Given a convex cone C ⊆ RN , the set of integer points SC := C ∩ ZN forms a

semigroup under addition, called the conical semigroup of C. More generally, for any compact

convex body K ⊆ Rn, the integer points of cone(K × {1}) ⊆ Rn+1 form a conical semigroup.
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When C is a rational polyhedral cone, the conical semigroup SC = C ∩ ZN is a normal affine

semigroup whose integer structure is fully captured by a finite Hilbert basis, the unique minimal

set of integer points whose nonnegative integer combinations produce all of SC . The conical and

affine settings thus overlap precisely in the normal case, as illustrated in Figure 1.8. Once we move

beyond polyhedra to cones such as the positive semidefinite (PSD) cone Sn+ or the second-order

cone Ln, this finite generation fails: both have uncountably many extreme rays, so no finite set of

integer points can generate all of SC under nonnegative integer combinations in the classical sense.

Figure 1.8. A Venn Diagram of five types of semigroups.

Example 1.2.15. The integer PSD matrices Sn+(Z) = Sn+ ∩ Zn×n form a conical semigroup under

matrix addition, since the sum of two PSD matrices is PSD. Similarly, the integer points Ln ∩

Zn of the second-order cone form a conical semigroup. Both are fundamental to modern conic

optimization, and both are non-polyhedral, so they admit no finite Hilbert basis. These are the

central objects of Chapter 2, where we establish a generalized notion of finite generation for their

integer points; see Section 1.1.5 for a summary.

1.2.4. Factorization Theory. Once a generating set for a semigroup is fixed, one can study

how elements decompose into generators. In the integers, the Fundamental Theorem of Arithmetic

guarantees that every positive integer factors uniquely into primes. In a semigroup, inverses and

cancellation are generally absent, and unique factorization fails. This non-uniqueness is not a defect

but a source of rich combinatorial structure, and measuring it is the subject of factorization

theory [62,63,95].
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Definition 1.2.16. Let S = ⟨g1, . . . , gk⟩ be a numerical or affine semigroup. A factorization of

n ∈ S is a vector a = (a1, . . . , ak) ∈ Zk
≥0 such that a1g1+· · ·+akgk = n. The set of factorizations

of n is

Z(n) = {a ∈ Zk
≥0 : a1g1 + · · ·+ akgk = n}.

The length of a factorization a is its ℓ1-norm |a| = a1 + · · ·+ ak, and the set of lengths of n is

L(n) = {|a| : a ∈ Z(n)}.

Example 1.2.17. In S = ⟨6, 9, 20⟩, consider n = 120. A factorization of 120 is a vector (a, b, c) ∈

Z3
≥0 satisfying 6a+ 9b+ 20c = 120; its length is a+ b+ c. The complete set of factorizations is

Z(120) = { (20, 0, 0), (17, 2, 0), (14, 4, 0), (11, 6, 0), (8, 8, 0), (5, 10, 0),

(2, 12, 0), (10, 0, 3), (7, 2, 3), (4, 4, 3), (1, 6, 3), (0, 0, 6) },

so |Z(120)| = 12. The corresponding lengths are

L(120) = {6, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.

Geometrically, Z(120) is the set of lattice points in 120PS, where PS is the numerical semigroup

polytope. The dilation 120PS is the triangle in R3 cut out by

6a+ 9b+ 20c = 120, a, b, c ≥ 0,

with vertices (20, 0, 0), (0, 403 , 0), and (0, 0, 6). Two vertices are integer points, appearing in Z(120)

with lengths 20 and 6; the third, (0, 403 , 0), is non-integer and contributes no factorization.

Moving between factorizations is accomplished via trades: replacements of one set of generators for

another of equal total value. The semigroup S has two circuit trades, 3 · 6 = 2 · 9 and 10 · 6 = 3 · 20,

together with one additional Graver basis trade 6 + 6 · 9 = 3 · 20 obtained as a sign-consistent

combination of the two circuits; every trade in S decomposes into these three. Geometrically, each

trade type corresponds to a family of parallel edges in 120PS: the trade 3 · 6 = 2 · 9 moves along

the two horizontal rows, 10 · 6 = 3 · 20 connects the rows vertically, and 6 + 6 · 9 = 3 · 20 crosses

diagonally. Together they explain the gap {7, 8, 9} ̸⊂ L(120): no trade changes length by 1, 2, or 3,

so those lengths are unreachable from either extreme. See Figure 1.9.

25



Figure 1.9. The factorization polytope 120PS for S = ⟨6, 9, 20⟩, projected to R2

from its ambient plane in R3. Dashed edges indicate the three Graver basis trades.

Several invariants measure the complexity of L(n) and Z(n) [62,63]. Elasticity captures how “spread

out” the length set is: an element with elasticity close to 1 has factorizations of nearly equal length,

while large elasticity signals that very short and very long factorizations coexist. The delta set

records the gaps between consecutive lengths, measuring how far L(n) is from being an arithmetic

progression. The catenary degree measures how hard it is to navigate between factorizations via

trades: a small catenary degree means any two factorizations can be connected by a short chain of

small trades, while a large catenary degree signals the presence of factorizations that are difficult

to reach from one another. Betti elements are those for which Z(n) splits into components with no

shared generators at all, making them the primary obstruction to a small catenary degree [27,59].

For the semigroup as a whole, these invariants are taken over all elements, giving a global picture

of how non-unique factorization behaves in S.

Definition 1.2.18. Let n ∈ S with L(n) = {ℓ1 < ℓ2 < · · · < ℓr} and z1, z2 ∈ Z(n).

• The elasticity of an element n ∈ S is ρ(n) = ℓr
ℓ1
. The elasticity of the semigroup S is

ρ(S) = sup
n∈S

ρ(n).

• The delta set of an element n ∈ S is ∆(n) = {ℓi+1 − ℓi : 1 ≤ i ≤ r − 1}. The delta set

of the semigroup S is ∆(S) =
⋃
n∈S

∆(n).
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• The distance between two factorizations z1 and z2 is d(z1, z2) = max
(
|z1|−| gcd(z1, z2)|, |z2|−

| gcd(z1, z2)|
)
, where gcd is taken component-wise as the entry-wise minimum.

• The catenary degree of an element n ∈ S is the smallest N such that any two factoriza-

tions of n can be connected by a sequence z1 = w0, . . . ,wk = z2 in Z(n) with d(wi,wi+1) ≤

N for all i. It is denoted c(n). The catenary degree of S is c(S) = sup
n∈S

c(n).

• An element n ∈ S is a Betti element if the graph on Z(n) with edges z1 ∼ z2 whenever

gcd(z1, z2) ̸= 0 is disconnected.

Example 1.2.19. Continuing Example 1.2.17, we have L(120) = {6, 10, 11, . . . , 20}, so ρ(120) =

20/6 = 10/3 and ∆(120) = {1, 4}: one large gap of 4 from 6 to 10, then steps of 1 the rest of the

way. For the semigroup, ρ(S) = 10/3 and ∆(S) = {1, 2, 3, 4}.

The structure of ∆(120) is explained by the Graver basis trades. Each trade changes length by

a fixed amount: the trade 3·6 = 2·9 changes length by ±1, the trade 6 + 6·9 = 3·20 by ±4, and

the trade 10·6 = 3·20 by ±7. The gaps in L(120) are precisely those lengths unreachable by any

combination of these jumps from an element of Z(120). In particular, (1, 6, 3) of length 10 has only

one downward trade available: the trade 6 + 6·9 = 3·20 sends it to (0, 0, 6) of length 6, a jump of

4, skipping lengths 7, 8, and 9. More generally, min∆(S) divides every length change of a Graver

basis trade of S; here those length changes are 1, 4, and 7, with gcd(1, 4, 7) = 1, consistent with

min∆(S) = 1.

Turning to the catenary degree, the Betti elements of S are 18 and 60. For n = 18,

Z(18) = {(3, 0, 0), (0, 2, 0)},

and gcd
(
(3, 0, 0), (0, 2, 0)

)
= 0, so the two factorizations share no generator. This is the circuit

trade 3·6 = 2·9 in its starkest form: the two sides use entirely disjoint sets of generators. For

n = 60, we have

Z(60) = {(0, 0, 3)} ⊔ {(1, 6, 0), (4, 4, 0), (7, 2, 0), (10, 0, 0)},

where (0, 0, 3) shares no generator with any factorization in the second component. The catenary

degree is realized at this element: d
(
(0, 0, 3), (1, 6, 0)

)
= max(3, 7) = 7, so c(60) = c(S) = 7.
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Example 1.2.20. The factorization graph of n ∈ S is the graph ∇(n) whose vertices are the

elements of Z(n) and whose edges connect z1, z2 ∈ Z(n) whenever gcd(z1, z2) ̸= 0, that is, whenever

the two factorizations share at least one generator. The factorization graphs of the Betti elements

of S = ⟨6, 9, 20⟩ are shown in Figure 1.10. At n = 18, the only two factorizations are (3, 0, 0) and

(0, 2, 0), corresponding to 3 · 6 and 2 · 9. Since gcd
(
(3, 0, 0), (0, 2, 0)

)
= 0, they share no generator,

and ∇(18) is disconnected. At n = 60, the factorization (0, 0, 3) shares no generator with any of

the four factorizations using only 6s and 9s, so ∇(60) again splits into two components. These are

precisely the elements at which the circuit trades 3 · 6 = 2 · 9 and 10 · 6 = 3 · 20 first create an

irreducible conflict between representations, and no trade can bridge the two components without

passing through a factorization outside Z(n).

Figure 1.10. Factorization graphs of the Betti elements 18 and 60 of S = ⟨6, 9, 20⟩.

A key structural property of length sets in numerical semigroups is that they are eventually almost

arithmetic progressions. Intuitively, for large enough n ∈ S, the set L(n) looks like an arithmetic

progression everywhere except near its minimum and maximum, where finitely many lengths may be

missing. This regularization of non-unique factorization as n grows is one of the deepest structural

results in the theory.

Definition 1.2.21. A finite set L = {a, a+d, a+2d, . . . , a+(r−1)d}∪E of integers is an almost

arithmetic progression (AAP) with step d, minimum a, and bound M if E ⊆ [a, a+Md]∪ [a+

(r − 1−M)d, a+ (r − 1)d], that is, all exceptions lie within M steps of the endpoints.
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Equivalently, following the convention of [42], we say L is an AAP with step size λ, left bound t,

and right bound t′ if

L = {m,m+ λ, . . . ,M − λ,M} \ (A ∪A′)

for some A ⊆ [m,m + t] ∩ (λZ +m) and A′ ⊆ [M − t′,M ] ∩ (λZ + m), where m = min(L) and

M = max(L). Said another way, L contains every element of the AP {m,m + λ, . . . ,M} in the

interior window [m + t,M − t′], and is unconstrained outside it. The elements gapsl(L) = A and

gapsr(L) = A′ are called the left and right gaps of L.

Example 1.2.22. In S = ⟨6, 9, 20⟩, the length set L(60) = {3, 7, 8, 9, 10} is an AAP with step

λ = 1, left bound t = 3, and right bound t′ = 0. The full AP with step 1 from m = 3 to M = 10 is

{3, 4, 5, 6, 7, 8, 9, 10}; the left gaps are {4, 5, 6}, each within t = 3 steps of the minimum, and there

are no right gaps. Similarly, L(120) = {6, 10, 11, . . . , 20} is an AAP with λ = 1, t = 4, t′ = 0:

the left gaps {7, 8, 9} lie within 4 steps of the minimum 6, and the interior {10, 11, . . . , 20} is a

complete AP.

The connection between length sets and arithmetic ranges is exact. Applying the linear functional

c = (1, . . . , 1) to a factorization (x1, . . . , xk) ∈ nPS ∩ Zk yields its length x1 + · · ·+ xk, so

L(n) = ARc(nPS).

The length set of n ∈ S is precisely the arithmetic range of the dilated numerical semigroup polytope

in the all-ones direction. This geometric rephrasing is what allows the arithmetic width machinery

of Chapter 3 to bear on factorization theory.

The following theorem, a cornerstone of factorization theory, asserts that length sets are eventually

AAPs.

Theorem 1.2.23 (Structure Theorem for Sets of Lengths [61,90]). Let S be a numerical semigroup.

There exist constants λ, t, t′ depending only on S such that for all n ∈ S with n≫ 0, the set L(n)

is an AAP with step λ, left bound t, and right bound t′.

In particular, λ = min∆(S) and the bounds t, t′ are uniform across all sufficiently large elements.

For S = ⟨6, 9, 20⟩, where min∆(S) = 1, this says that for n ≫ 0 the length set L(n) is eventually

gapless in its interior, with all deviations from the AP {m,m + 1, . . . ,M} confined to windows of
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fixed width at the extremes. The isolated outlier at the minimum (such as 6 in L(120), separated

from {10, . . . , 20} by a gap of 4) is a geometric artifact: it corresponds to the factorization at the

non-integer vertex (0, 403 , 0) of PS , which contributes no lattice point but distorts the AP structure

near the minimum of the length set.

This theorem is a special case of the arithmetic width results in Chapter 3. Applying Theorem 1.3.14

to the numerical semigroup polytope PS with functional c = (1, . . . , 1) recovers Theorem 1.2.23

directly, since ARc(nPS) = L(n) and the constants t, t′, λ in the arithmetic width theorem depend

only on K = PS , hence only on S. In this sense, the structure theorem for sets of lengths is not

merely analogous to the arithmetic range theorem; it is a corollary of it.

1.3. Ehrhart Theory and Quasipolynomials

Ehrhart theory studies the enumeration of lattice points in dilations of convex polytopes. Initiated

by Eugène Ehrhart in the 1960s, the theory establishes that for a rational polytope P ⊂ Rd, the

function n 7→ |nP ∩Zd| is a quasipolynomial in the dilation parameter n [12]. Since its introduction,

Ehrhart theory has become central to discrete geometry, combinatorics, and commutative algebra.

Its language and results are indispensable for the arithmetic width and polytopal norms projects

in this thesis, and the quasipolynomial theme recurs throughout. In this section, we introduce the

field.

1.3.1. The Ehrhart Function.

Definition 1.3.1. Let P ⊆ Rd be a polytope and t ∈ Z>0. The t-th dilation of P is

tP = {tx : x ∈ P}.

The Ehrhart function of P is

L(P, t) = |tP ∩ Zd|,

the number of lattice points in the t-th dilate of P .

Example 1.3.2. Let P = [0, 1]2 ⊆ R2. The dilation tP = [0, t]2 contains (t+ 1)2 lattice points, so

L(P, t) = t2+2t+1. This is a polynomial of degree 2 = dim(P ) with leading coefficient 1 = vol(P ).

For a lattice polytope, L(P, t) is always a polynomial; for a rational polytope, it is a quasipolynomial.

These results are referred to as Ehrhart’s Theorem [12].
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Figure 1.11. Dilations P , 2P , 3P of the unit square [0, 1]2 with lattice points
marked. The counts 4, 9, 16 agree with L(P, t) = (t+ 1)2 at t = 1, 2, 3.

Definition 1.3.3. A function f : Z≥0 → Q is a quasipolynomial of period m and degree d if

there exist polynomials p0, . . . , pm−1 ∈ Q[n] of degree at most d such that f(n) = pr(n) where r ≡ n

(mod m). A polynomial is a quasipolynomial of period 1. We say f is eventually quasipolyno-

mial if it agrees with a quasipolynomial for all sufficiently large n.

Theorem 1.3.4 (Ehrhart [12]). Let P ⊆ Rd be a polytope.

(a) If P is a lattice polytope, then L(P, t) is a polynomial in t of degree dim(P ), with leading

coefficient vol(P ) and constant term 1.

(b) If P is a rational polytope, then L(P, t) is a quasipolynomial in t of degree dim(P ) whose

period divides the denominator of P , the smallest positive integer D such that DP has

integer vertices.

Example 1.3.5. Let P = [0, 1/2]2, with denominator 2. Considering the dilation tP = [0, t/2]2

yields

L(P, t) =


(
t

2
+ 1

)2

t even,(
t+ 1

2

)2

t odd,

a quasipolynomial of period 2 and degree 2. The formula holds because the lattice points of tP

are exactly the integer points (x1, x2) with 0 ≤ xi ≤ t/2, and the number of integers in [0, t/2] is

⌊t/2⌋+ 1, which alternates between t/2 + 1 and (t+ 1)/2 depending on the parity of t. Unlike the

unit square, where every dilation adds a new row and column of lattice points, here the half-integer
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boundary of odd dilations falls strictly between integers, contributing nothing new: the counts for

t = 2 and t = 3 are both 4, as seen in Figure 1.12. The leading coefficient 1/4 = vol(P ) is consistent

across both cases, as guaranteed by Ehrhart’s theorem for rational polytopes.

Example 1.3.6. The factorizations of an element n ∈ S are precisely the lattice points of the

dilated polytope nPS, so the Ehrhart function L(PS , n) = |nPS ∩Z3| = |Z(n)| counts factorizations.

Ehrhart theory thus guarantees that the number of factorizations of n is eventually quasipolynomial

in n. Let S = ⟨6, 9, 20⟩ with numerical semigroup polytope

PS = conv
{
1
6e1,

1
9e2,

1
20e3

}
⊂ R3.

Since PS is a rational simplex with denominator D = lcm(6, 9, 20) = 180, Theorem 1.3.4 guarantees

that L(PS , n) is a quasipolynomial of degree 2 and period dividing 180. The leading coefficient is

Vol2(PS) =
1

2160 across all residue classes, consistent with 2! · 1
2160 = 1

1080 .

Figure 1.12. Dilations P , 2P , 3P , 4P of [0, 12 ]
2 with lattice points marked. The

counts 1, 4, 4, 9 reflect the period-2 behavior: odd dilations introduce no new lattice
points relative to the preceding even dilation.

The Ehrhart function can be encoded as a generating function. The Ehrhart series of P is

Ehr(P, z) =
∞∑
t=0

L(P, t) zt.

For a lattice polytope of dimension d, this series is rational:

Ehr(P, z) =
h∗(z)

(1− z)d+1
,
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where h∗(z) = h∗0 + h∗1z + · · · + h∗dz
d is the h∗-polynomial of P , which has nonnegative integer

coefficients [107].

Example 1.3.7. For P = [0, 1]2, we have L(P, t) = (t+ 1)2, and

Ehr(P, z) =
1 + z

(1− z)3
, h∗(z) = 1 + z.

To see where this comes from, consider the cone C = cone(P × {1}) ⊆ R3, whose lattice points are

the triples (a, b, t) ∈ Z3
≥0 with 0 ≤ a ≤ t and 0 ≤ b ≤ t. These are generated as a semigroup by the

four vertices of P lifted to height 1:

v1 = (0, 0, 1), v2 = (1, 0, 1), v3 = (0, 1, 1), v4 = (1, 1, 1).

Assigning each generator a monomial weight tracking its coordinates,

v1 7→ z, v2 7→ x1z, v3 7→ x2z, v4 7→ x1x2z,

the multivariate generating function for C ∩ Z3 is

(1.1) F (x1, x2, z) =
1− x1x2z2

(1− z)(1− x1z)(1− x2z)(1− x1x2z)
.

The denominator has one factor for each generator; the numerator accounts for the single relation

v2 ·v3 = v1 ·v4 (i.e., (1, 0, 1)+(0, 1, 1) = (0, 0, 1)+(1, 1, 1)), whose monomial weight is (x1z)(x2z) =

x1x2z
2.

Expanding (1.1) as a power series in z, the coefficient of zt is

[zt]F (x1, x2, z) =

t∑
a=0

t∑
b=0

xa1x
b
2 =

(
t∑

a=0

xa1

)(
t∑

b=0

xb2

)
,

since each lattice point (a, b, t) in tP contributes the monomial xa1x
b
2z

t. For example, the z1 coeffi-

cient is 1 + x1 + x2 + x1x2, one term for each of the four lattice points (0, 0), (1, 0), (0, 1), (1, 1)

of P . Substituting x1 = x2 = 1 collapses each monomial xa1x
b
2 to 1, so the coefficient of zt becomes

the count |{(a, b) : 0 ≤ a, b ≤ t}| = (t+ 1)2, and

F (1, 1, z) =
1− z2

(1− z)4
=

(1− z)(1 + z)

(1− z)4
=

1 + z

(1− z)3
= Ehr(P, z).
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Figure 1.13. The cone C = cone(P × {1}) ⊆ R3 over the unit square P = [0, 1]2,
with the discrete slices at t = 1, 2, 3.

Computing L(P, t) directly is expensive as dimension grows: the number of lattice points in tP

can be exponentially large in the bit-length of the input, even for fixed d. The difficulty is not

merely counting but representing the answer efficiently. In variable dimension, determining whether

a polytope contains even a single lattice point is already NP-complete [114], and lattice width

is NP-hard to compute. Fixing the dimension changes the picture entirely: with d fixed, the

number of “directions” to check is bounded, and Lenstra’s algorithm shows that integer feasibility

is polynomial in fixed dimension [83]. Barvinok’s algorithm goes further, giving a polynomial-time

algorithm for the lattice point count.

Theorem 1.3.8 (Barvinok [8]). For fixed dimension d, the number of lattice points in a rational

polytope P ⊆ Rd can be computed in polynomial time in the input size of P .
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The key idea is to encode lattice points as exponent vectors of monomials. Given a rational polytope

P ⊆ Rd, define its generating function

gP (x) =
∑

α∈P∩Zd

xα =
∑

α∈P∩Zd

xα1
1 · · ·x

αd
d .

Naively, this sum has one term per lattice point — potentially exponentially many. Barvinok’s

algorithm decomposes the indicator function of P into a signed sum of indicator functions of

unimodular cones (cones whose generating rays form a basis for Zd), each of which admits a

compact rational generating function. The result is a representation

gP (x) =
∑
i∈I

ϵi
xui∏d

j=1(1− xvij )
,

where I is a polynomial-size index set, ϵi ∈ {+1,−1}, and ui, vij ∈ Zd. Setting x1 = · · · = xd = 1

recovers |P ∩Zd|; more generally, any monomial substitution can be performed in polynomial time,

which is what allows the computation of arithmetic ranges and Ehrhart series efficiently.

Example 1.3.9. Let P = [0, 1]2. The tangent cone at each vertex of P is already unimodular,

so Barvinok’s decomposition requires no further subdivision. At each vertex v, the tangent cone

has generating function xv/
∏

j(1− xrj ) where rj are the edge directions at v, normalized to point

inward. Computing each:

at (0, 0) :
1

(1− x1)(1− x2)
,

at (1, 0) :
x1

(1− x−1
1 )(1− x2)

=
−x21

(1− x1)(1− x2)
,

at (0, 1) :
x2

(1− x1)(1− x−1
2 )

=
−x22

(1− x1)(1− x2)
,

at (1, 1) :
x1x2

(1− x−1
1 )(1− x−1

2 )
=

x21x
2
2

(1− x1)(1− x2)
.

Summing these four terms (all with sign +1, since all cones are unimodular):

gP (x1, x2) =
1− x21 − x22 + x21x

2
2

(1− x1)(1− x2)
=

(1− x21)(1− x22)
(1− x1)(1− x2)

= (1 + x1)(1 + x2).

Expanding: gP = 1 + x1 + x2 + x1x2, one monomial per lattice point of P : (0, 0), (1, 0), (0, 1),

(1, 1). Setting x1 = x2 = 1 gives 4 = |P ∩ Z2|. The crucial point is that this rational expression
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has four terms regardless of the dilation: to count |tP ∩Z2| for any t, one works with the cone over

P and reads off coefficients from the same compact representation, recovering L(P, t) = (t + 1)2

without enumerating the (t+ 1)2 lattice points individually.

Figure 1.14. The four tangent cones of P = [0, 1]2 at each vertex, with inward
edge directions marked. Each cone contributes one term to the generating function
gP (x1, x2) in Barvinok’s decomposition.

Barvinok’s algorithm is used directly in our proof that arithmetic width is polynomial-time com-

putable in fixed dimension. Given gP (x) in compact rational form, applying the linear functional

ℓc(x) = c⊤x as a monomial substitution xi 7→ zci yields a univariate generating function whose

monomials are exactly {zℓc(α) : α ∈ P ∩ Zd} = {zj : j ∈ ARc(P )}. The arithmetic width

awc(P ) = |ARc(P )| is then the number of distinct monomials in this univariate function, com-

putable in polynomial time via the Barvinok–Woods projection theorem [9]. See Section 1.3.3 for

details.

1.3.2. Quasipolynomials in Combinatorics and Algebra. Quasipolynomials appear far

beyond Ehrhart theory. They arise whenever a counting problem has periodic arithmetic structure,

and they are stable under a wide range of constructions. Some common sources include:

• lattice-point enumeration in dilated rational polytopes (Ehrhart theory) [10,12,30],

• restricted partition functions [4,77,101],

• vector partition functions [45,108,112],

• Hilbert functions of finitely generated graded semigroup rings [21,22,37,107], and

• factorization invariants in affine and numerical semigroups [25,58,94].

The following theorem collects equivalent characterizations of eventual quasipolynomiality that

are each useful in different contexts. We will appeal to several of them throughout this thesis.
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These characterizations and their equivalence are standard, but seldom are they presented together;

see [12,107,116].

Theorem 1.3.10. Let f : N→ Q. If any of the following hold, then f is eventually quasipolynomial.

In each case the period is indicated.

(1) (Periodic polynomials) There exist m ≥ 1 and polynomials p0, . . . , pm−1 ∈ Q[t] such that

f(n) = pr(n) for all sufficiently large n ≡ r (mod m). The period divides m.

(2) (Rational generating function) There exist P (t) ∈ Q[t] and mj , ej ∈ Z>0 such that

∑
n≥0

f(n)tn =
P (t)∏N

j=1(1− tmj )ej
.

The degree of f is at most
∑N

j=1 ej − 1 and the period divides lcm(m1, . . . ,mN ).

(3) (Finite differences) There exist d ≥ 0 and m ≥ 1 such that for each r ∈ {0, . . . ,m − 1},

∆d+1f(mn + r) = 0 for all sufficiently large n, where ∆f(n) = f(n + 1) − f(n) and

∆k = ∆ ◦∆k−1. The degree is at most d and the period divides m.

(4) (Ehrhart function) There exists a rational polytope P ⊆ Rd such that f(n) = |nP ∩Zd| for

all sufficiently large n. The degree equals dimP and the period divides the denominator of

P .

(5) (Vector partition function) There exist a fixed integer matrix A ∈ Zd×k and a linear

function b(n) such that f(n) = #{x ∈ Zk
≥0 : Ax = b(n)} for all sufficiently large n. The

period divides the lcm of the maximal minors of A.

(6) (Hilbert function) There exist a finitely generated graded commutative algebra R and a

finitely generated graded R-module M such that f(n) = dimkMn for all sufficiently large

n. The period divides the lcm of the degrees of the generators of R.

(7) (Presburger arithmetic) There exists a formula Φ(x, n) in the first-order theory of (Z,+,≤)

such that f(n) = #{x ∈ Zk : Φ(x, n)} for all sufficiently large n. The period is determined

by the modular constraints appearing in Φ.

(8) (Closure) f is obtained from eventually quasipolynomial functions g1, . . . , gr of periods

m1, . . . ,mr by finitely many applications of addition, subtraction, scalar multiplication,

multiplication, shifts n 7→ f(n+ c), restriction to arithmetic progressions n 7→ f(an+ b),

finite convolution, or finite summation
∑n

k=0 f(k). The period divides lcm(m1, . . . ,mr).
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Moreover, conditions (1), (2), and (3) are not merely sufficient but also necessary: f is eventually

quasipolynomial if and only if any one of (1), (2), or (3) holds.

The following example illustrates characterizations (1), (2), and (4) concretely, showing how the

same quasipolynomial can be expressed in several equivalent forms and how the period and degree

can be read off from each.

Example 1.3.11. Let

f(n) = #{(x, y) ∈ Z2
≥0 : 2x+ 3y = n}.

By characterization (4), f is a vector partition function with A =

(
2 3

)
and b(n) = n, so it is

immediately quasipolynomial. We now find the period and degree explicitly via characterizations (1)

and (2). Solving for x gives x = n−3y
2 , which is a nonnegative integer if and only if

(1) n− 3y ≥ 0, so y ≤ ⌊n/3⌋,

(2) n− 3y is even, i.e. n ≡ y (mod 2).

Thus

f(n) = #{ 0 ≤ y ≤ ⌊n/3⌋ : y ≡ n (mod 2) }.

Letting M = ⌊n/3⌋, among 0, 1, . . . ,M the integers congruent to n modulo 2 are those with the

same parity as n, giving

f(n) =


⌊
M

2

⌋
+ 1 if n is even,⌊

M + 1

2

⌋
if n is odd.

Since M = ⌊n/3⌋, the value of f(n) depends only on n mod 6. Writing n = 6k+ r with 0 ≤ r < 6,

one obtains

f(n) =



k + 1 r = 0,

k r = 1,

k + 1 r = 2,

k + 1 r = 3,

k + 1 r = 4,

k + 1 r = 5.
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Thus f is a quasipolynomial of period 6 and degree 1, confirming characterization (1) with m = 6.

For characterization (2), the generating function is

∞∑
n=0

f(n) tn =
1

(1− t2)(1− t3)
,

a rational function with denominator (1− t2)(1− t3), from which the degree
∑
ej − 1 = 2− 1 = 1

and period dividing lcm(2, 3) = 6 can be read off immediately.

Example 1.3.12. Figure 1.15 collects twelve scatter plots illustrating the range of behaviors that

quasipolynomials and eventually quasipolynomials can exhibit. Each panel plots a function of one

integer variable n, with points colored by residue class modulo the relevant period so that the poly-

nomial pieces of the quasipolynomial are visually separated. Table 1.3 records the formula, type,

degree, period, and threshold of each panel.

Many classical factorization invariants (length functions, elasticity, delta sets, and their growth

functions) are built from the basic counting functions via finite sums, maxima, minima, and similar

operations. Since quasipolynomial functions are stable under all of these (characterization (8) of

Theorem 1.3.10), the resulting invariants inherit eventual quasipolynomial behavior. In this way,

quasipolynomiality in factorization theory ultimately reflects the polyhedral structure of affine

semigroups together with the periodic arithmetic constraints imposed by integrality.

1.3.3. Our Contributions: Arithmetic Width. Section 1.3 described the Ehrhart-theoretic

principle that lattice-point counts in dilated rational polytopes are eventually quasipolynomial, and

showed that this regularity extends to a wide family of related quantities through the closure prop-

erties of Theorem 1.3.10. Our second main contribution applies this principle to a new setting:

rather than counting lattice points in a dilated polytope, we ask which integer values a linear

functional attains on those lattice points, and how the resulting set behaves as the polytope is

dilated.

The motivation comes from two earlier observations. From Section 1.1.6, the lattice width wc(K)

measures the continuous span of K in a direction c but is insensitive to gaps in the integer values

c⊤x attains on K ∩ Zd. From Section 1.2.4, the set of lengths L(n) of an element of a numerical

semigroup is exactly the set of values of the all-ones functional on nPS ∩ Zk, and the Structure
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Figure 1.15. A zoo of quasipolynomial and eventually quasipolynomial behavior.
Each panel is a scatter plot in the variable n. Points are colored by residue class
modulo the relevant period. In panels (10)–(12), the dashed vertical line marks the
threshold for eventual quasipolynomial behavior.

Theorem for Sets of Lengths (Theorem 1.2.23) shows that these length sets are eventually almost

arithmetic progressions in the sense of Definition 1.2.21. Both observations point to the same

underlying object: the integer values attained by a linear functional on the lattice points of a

convex body.
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Panel Formula Type Degree Period Threshold

(1) f(n) =

{
0 n even

1 n odd
QP 0 2 —

(2) f(n) =

{
n n even

n+ 3 n odd
QP 1 2 —

(3) f(n) =


n n ≡ 0 (mod 3)

2n+ 1 n ≡ 1 (mod 3)

3n− 2 n ≡ 2 (mod 3)

QP 1 3 —

(4) f(n) =


n2 n ≡ 0 (mod 3)

n2 + 3 n ≡ 1 (mod 3)

n2 + 7 n ≡ 2 (mod 3)

QP 2 3 —

(5) f(n) =

{
n2 n even

n2 + 4n+ 1 n odd
QP 2 2 —

(6) f(n) =

{
n3 + n n even

n3 + 5n2 + 2 n odd
QP 3 2 —

(7) f(n) = ⌊5n/3⌋ − ⌈n/2⌉+ 1 QP 1 | 6 —

(8) f(n) = #{(x, y) ∈ Z2
≥0 : 2x+ 3y = n} QP 1 6 —

(9) f(n) = #{(x, y) ∈ Z2
≥0 : 2x+ 3y ≤ n} QP 2 | 6 —

(10) f(n) =


0 n < 12

n n ≥ 12, n even

n+ 4 n ≥ 12, n odd

EQP 1 2 12

(11) f(n) =

{
arbitrary n < 10

⌊n/2⌋+ 1 + 2(n mod 3) n ≥ 10
EQP 1 | 6 10

(12) f(n) =

{
1 n ∈ ⟨4, 7⟩
0 n /∈ ⟨4, 7⟩

EQP 0 1 18

Table 1.3. Summary of the twelve panels in Figure 1.15. Here QP denotes
quasipolynomial and EQP denotes eventually quasipolynomial. The notation | 6
in the period column means that the displayed period divides 6; this does not assert
that 6 is minimal.

Definition 1.3.13. Let K ⊆ Rd be a convex body and c ∈ Zd \ {0}. The arithmetic range of K

in direction c is

ARc(K) = {c⊤x : x ∈ K ∩ Zd},
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the set of integer values attained by c⊤x on the lattice points of K. The arithmetic width of K

in direction c is awc(K) = |ARc(K)|, and the arithmetic width of K is

aw(K) = min
c∈Zd\{0}

awc(K).

The two notions of width are related by awc(K) ≤ wc(K) + 1, with strict inequality precisely

when ARc(K) has gaps. Unlike lattice width, arithmetic width is insensitive to the magnitude of

c: parallel directions yield the same arithmetic width, since ARλc(K) = λARc(K) has the same

cardinality as ARc(K) for any nonzero λ ∈ Z. The two invariants also need not be minimized in

the same directions.

In joint work with De Loera and O’Neill [42], we establish four main results about arithmetic width,

proved in Chapter 3. The first is a structure theorem in the Ehrhart spirit: just as the Ehrhart

function |nK ∩ Zd| is eventually quasipolynomial as n grows, the set ARc(nK) itself acquires a

regular arithmetic structure for n large.

Theorem 1.3.14 (De Loera, Marsters, O’Neill [42]). Let K ⊆ Rd be a convex body and ℓc : Zd → Z

a linear functional. There exist constants t, t′, and λ depending only on K such that for all n≫ 0,

ARc(nK) ∩ [nm+ t, nM − t′]

is an arithmetic progression of step size λ, where m = minx∈K ℓc(x) and M = maxx∈K ℓc(x).

In other words, for n≫ 0 the arithmetic range ARc(nK) is an AAP: an arithmetic progression of

step λ throughout an interior window whose width grows with n, with all deviations from the AP

confined to fixed-size windows of widths t and t′ near the endpoints.

Theorem 1.3.14 generalizes the Structure Theorem for Sets of Lengths (Theorem 1.2.23). Taking

K = PS to be the numerical semigroup polytope of S = ⟨g1, . . . , gk⟩ and c = (1, . . . , 1) to be the

all-ones functional, the identification ARc(nPS) = L(n) from Section 1.2.4 immediately recovers

the classical statement: there exist t, t′, and λ depending only on S such that for n ≫ 0, L(n) is

an AAP with these parameters. The constants λ, t, t′ in Theorem 1.3.14 depend only on K = PS

and hence only on S, matching the conclusion of Theorem 1.2.23. The geometric framework also

clarifies the source of the left exceptions: as observed in Example 1.2.17, the non-integer vertex

(0, 403 , 0) of 120PS contributes no factorization, and it is precisely such non-integer vertices that
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distort the AP structure near the endpoints of L(n). In this sense, the structure theorem for sets

of lengths is a corollary of the arithmetic range theorem.

The second main result returns to the quasipolynomial theme of Section 1.3 more directly. The

Ehrhart function L(P, n) = |nP ∩ Zd| counts lattice points in nP ; the arithmetic width awc(nP )

counts the integer values those lattice points attain under c. Both are functions of n extracted

from the same dilation, and both turn out to be eventually quasipolynomial, with awc(nP ) a

quasilinear function of n regardless of the dimension of P . Whereas lattice width grows linearly in

the dilation parameter, the arithmetic width acquires the periodic residue behavior characteristic of

quasipolynomials, and remarkably this behavior survives even when one minimizes over directions.

Theorem 1.3.15 (De Loera, Marsters, O’Neill [42]). Let P ⊆ Rd be a rational polytope and c ∈

Zd \ {0}. Then awc(nP ) and aw(nP ) are eventually quasilinear functions of n.

A key step in the proof is showing that the directions achieving the minimum arithmetic width recur

periodically: if n1 ≡ n2 (mod denom(P )), then aw(n1P ) and aw(n2P ) are attained in the same

directions for n1, n2 ≫ 0. This periodicity is what allows the eventually quasilinear behavior to

survive the minimization over an a priori infinite set of directions, and it places aw(nP ) alongside the

Ehrhart function and the other examples of Theorem 1.3.10 as a natural source of quasipolynomial

behavior in lattice geometry.

The third result addresses computational complexity. The lattice width is NP-hard to compute

and even hard to approximate [14,114], though it becomes polynomial-time computable in fixed

dimension via Lenstra’s algorithm. Our analogous results for arithmetic width combine Barvinok’s

algorithm (Theorem 1.3.8) with the projection theorem of Barvinok and Woods [9] to encode the

arithmetic range as a rational generating function whose cardinality can be extracted efficiently.

Theorem 1.3.16 (De Loera, Marsters, O’Neill [42]). Let P ⊆ Rd be a rational polytope with input

bit-size L.

(a) In fixed dimension, given c ∈ Zd \ {0}, there is an algorithm computing awc(P ) in time

polynomial in L and the bit-size of c.

(b) In fixed dimension, there is an algorithm computing aw(P ) in single-exponential time in

L.
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The algorithm in part (b) proceeds by first computing a finite test set of directions T , in single-

exponential time, such that aw(P ) = awt(P ) for some t ∈ T , and then applying the algorithm of

part (a) to each t ∈ T .

The fourth result clarifies the distinction between arithmetic and lattice width by exhibiting two

extremes: the directions minimizing them can be entirely disjoint, and arithmetic ranges can be

arbitrarily irregular as sets.

Theorem 1.3.17 (De Loera, Marsters, O’Neill [42]). The following hold.

(a) There exist rational polytopes for which the directions attaining the minimum arithmetic

width and the minimum lattice width form disjoint sets.

(b) Every finite subset of Z occurs as the arithmetic range of some rational simplex.

Part (b) stands in sharp contrast to Theorem 1.3.14: while large dilates of any fixed convex body

have arithmetic ranges constrained to be AAPs, no such constraint applies across the family of

all rational simplices. The construction in part (b) uses the numerical semigroup polytope PS

together with the classical fact [64] that every finite subset of N≥2 arises as the set of lengths

of some element of some numerical semigroup; translating nPS appropriately and applying the

translation invariance of arithmetic range extends this to arbitrary finite subsets of Z.

Full proofs of these four theorems appear in Chapter 3.
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CHAPTER 2

Generating Conical Semigroups

2.1. Introduction

As established in Chapter 1, the integer points of a rational polyhedral cone admit a finite Hilbert

basis: a unique minimal set of integer generators whose nonnegative integer combinations produce

all lattice points of the cone. The central question of this chapter is whether any analogous finiteness

holds for non-polyhedral cones, and in particular for the positive semidefinite cone Sn+ and the

Lorentz cone Ln, both of which are non-polyhedral and have uncountably many extreme rays.

The significance of this question extends across optimization, algebra, and geometry. In integer

programming, Hilbert bases underlie the theory of total dual integrality: a rational system Ax ≤ b

is TDI if and only if, for every face of the feasible polyhedron, the active rows of A form a Hilbert

basis for their conic span [103]. Extending this theory to conic integer programs, where the

feasible region is the intersection of an affine subspace with a non-polyhedral cone such as Sn+ or

Ln, requires an analogous notion of finite generation for the integer points of these cones. Prior work

on the integer points of general convex sets is sparse. Hemmecke and Weismantel [71], building

on Jeroslow [74], proved that a monoid M ⊆ Zn admits a finite integral generating set in the

classical sense if and only if cone(M) is a rational polyhedral cone, so for the conical semigroup

SC = C ∩ ZN classical finite generation collapses to the polyhedral case. A separate line of work

by Dey and Morán [48] characterizes when conv(K ∩Zn) is closed or polyhedral for general convex

K, with the cone case showing that closure requires every extreme ray of K to be rational. Both

results highlight how restrictive classical notions become outside the polyhedral setting, motivating

the relaxation to (R,G)-finite generation.

The difficulty is easy to see: both Sn+ and Ln have uncountably many extreme rays, so any finite set

of integer points spans at most a finite union of rational rays and cannot generate all of SC under

nonnegative integer combinations. The key idea of this chapter is to circumvent this obstruction

by allowing a group G of integer linear maps to act on a finite root set R: the orbit
⋃

r∈RG · r can
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be infinite, covering all necessary directions, while remaining finitely describable so long as G is

finitely generated. The groups that arise are not arbitrary. For the PSD cone, G is GL(n,Z) acting

by congruence X 7→ UXU⊤, the classical action under which two quadratic forms are equivalent.

For the Lorentz cone, G is built from the Barning–Hall reflection together with sign-change and

permutation matrices, extending the classical generation of primitive Pythagorean triples by a single

unimodular matrix. The root set R in each case consists of an extreme-ray representative together

with a finite set of sporadic integer points: those that cannot be reduced by subtracting a primitive

extreme point. Not every conical semigroup admits such a description, as Section 2.5 shows via

an irrational planar cone whose only linear symmetry is the identity. The chapter’s main results,

Theorems 2.2.1 and 2.3.2, establish (R,G)-finite generation for Ln in dimensions 3 ≤ n ≤ 10 and

for Sn+ in all dimensions, with explicit roots in low-dimensional cases.

For the convenience of the reader, we restate the following generalization of the Hilbert basis first

introduced in the introduction.

Definition 2.1.1. Let C ⊆ RN be a convex cone and SC := C ∩ ZN its conical semigroup. We

say SC is (R,G)-finitely generated if there exists a finite set R ⊆ SC and a finitely generated

subgroup G ⊆ GL(N,Z) acting linearly on C such that

(1) the cone C and the semigroup SC are both invariant under G, that is, G · C = C and

G · SC = SC , and

(2) every element s ∈ SC can be written as

s =
∑
i∈K

λi gi · ri

for some finite index set K, with ri ∈ R, gi ∈ G, and λi ∈ Z≥0.

We call R the roots of SC , and
⋃

r∈RG · r the generators of SC .

When C is a pointed rational polyhedral cone, (R,G)-finite generation reduces to the classical

Hilbert basis by taking R to be the Hilbert basis and G = {IN}. The terminology of roots and

generators mirrors the polyhedral case while making the role of the group action explicit. In the

classical Hilbert basis setting, every generator is a root: the basis elements are both the objects

acted on and the objects doing the generating, since the group is trivial. In the (R,G)-finitely

generated setting these two roles separate. The roots R are the finitely many seed elements from
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which all generators are produced, and the generators
⋃

r∈RG · r are the full (potentially infinite)

set of integer points whose nonnegative integer combinations produce all of SC .

The terminology of roots is deliberate. In the Barning–Hall tree (Section 2.2.2), the triple (3, 4, 5)

is literally the root of an infinite ternary tree whose nodes are the primitive Pythagorean triples

and whose edges are given by three unimodular matrices. The (R,G)-framework abstracts this

picture: R plays the role of the tree’s root set, G the role of the branching matrices, and the orbit⋃
r∈RG · r the role of the tree itself.

An important concept throughout this chapter is that of a sporadic point. By the Krein–Milman

theorem, any point in a closed pointed cone C can be written as a real conical combination of its

extreme rays [78]. When we restrict to nonnegative integer combinations, the primitive integer

points on the extreme rays of C are necessary generators, but they need not suffice: additional

interior points may be required. We call these extreme points of SC the set ext(SC) := ext(C)∩

ZN , and define the obstructions as follows.

Definition 2.1.2. A point x ∈ SC is sporadic if there is no y ∈ ext(SC) such that x− y ∈ SC .

To show that SC is (R,G)-finitely generated, it suffices to show that the set of primitive extreme

points and sporadic points is either finite or generated by the action of a finitely generated group

G on a finite root set R. Our two main results in this chapter show that the PSD and Lorentz

cones are finitely generated in this new way and we will begin by the discussion with their sporadic

points. From there, we will discuss applications of our theory. Lastly, while it might be tempting

to hope that all cones can be finitely generated in this way, we present a simple example to show

that not even all cones in the plane can be finitely generated in this way.

2.2. The Lorentz Cone

We work throughout with the Lorentz cone Ln in ambient dimension n, and write

Tn := Ln ∩ Zn

for its conical semigroup. The last coordinate xn of a point x ∈ Tn is called its height. The Lorentz

cone has the associated indefinite bilinear form

⟨x,y⟩ := x1y1 + · · ·+ xn−1yn−1 − xnyn,
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which plays a central role in the geometry of the extreme points and the group action below. The

main result of this section is the following.

Theorem 2.2.1. For dimension 3 ≤ n ≤ 10, the conical semigroup Ln ∩ Zn is (R,G)-finitely

generated with G and R defined in Section 2.2.2 and Section 2.2.3.

The full statement of Theorem 2.2.1, with explicit root sets in each dimension, is given in Sec-

tion 2.2.4 as Theorem 2.2.8.

2.2.1. Pythagorean Tuples and Extreme Points. The extreme rays of Ln are the rays

R≥0x for which ⟨x,x⟩ = 0, that is, points on the boundary of the cone satisfying x21+· · ·+x2n−1 = x2n.

The primitive integer points on these rays are precisely the primitive integer solutions to this

equation. For n = 3 this is the classical Pythagorean equation, whose integer solutions have been

studied since antiquity [50,106]; the higher-dimensional generalization connects to the arithmetic

of quadratic forms and the geometry of the orthogonal group OQ(Z) [24].

Definition 2.2.2. A vector x ∈ Zn is a Pythagorean n-tuple if

x21 + · · ·+ x2n−1 = x2n,

and primitive if gcd(x1, . . . , xn) = 1. We denote the set of primitive Pythagorean n-tuples in Tn

by extp(Tn).

Example 2.2.3. For n = 3, the primitive integer extreme points of L3 are primitive integer vectors

(x1, x2, x3) satisfying x21 + x22 = x23, where we allow zero and negative entries in the first two

coordinates. The smallest examples with positive entries are (3, 4, 5), (5, 12, 13), and (8, 15, 17);

sign changes and permutations of the first two coordinates produce additional primitive extreme

points such as (−3, 4, 5) and (0, 5, 5). There are infinitely many such points, and they must all be

accounted for in any generating set for T3.

As discussed in Definition 2.1.2, the primitive extreme points must appear in any generating set

for Tn. The question is whether they suffice, or whether additional sporadic points are required.

2.2.2. The Barning–Hall Tree. The key tool for understanding the structure of extp(Tn) is

the Barning–Hall tree, a rooted infinite ternary tree whose vertices are the primitive Pythagorean
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tuples and whose edges are given by the action of a unimodular matrix. We build up to the general

construction by starting with the classical n = 3 case.

2.2.2.1. The Classical Case: Pythagorean Triples. Every primitive Pythagorean triple with even

second coordinate is given by the parametrization (m2 − n2, 2mn,m2 + n2) for coprime integers

m > n > 0 of opposite parity [34]. While this describes all primitive triples explicitly, it gives no

recursive structure: there is no natural way to organize the triples into a hierarchy or to pass sys-

tematically from one to another. Many authors have studied alternative organizational structures

for primitive Pythagorean triples, including modular trees, matrix groups, and Gaussian integer

factorizations [34,57]. Barning [6] and Hall [69] independently discovered that three unimodular

matrices suffice to generate all primitive Pythagorean triples from the single triple (3, 4, 5)⊤ by left

multiplication, producing an infinite ternary tree in which every primitive triple appears exactly

once. This tree structure is particularly suited to our setting because it reflects the action of the

orthogonal group OQ(Z) of the quadratic form Q(x1, x2, x3) = x21+x
2
2−x23 on its primitive zero set,

and the height-reduction argument that proves every triple appears in the tree generalizes directly

to the higher-dimensional construction below.

The Pythagorean equation x21+x
2
2 = x23 defines a quadratic form Q(x) = x21+x

2
2−x23 whose zero set

carries a transitive action of OQ(Z). The relevant reflections in OQ(Z) are defined via the bilinear

form ⟨x,y⟩Q = x1y1 + x2y2 − x3y3: for w with Q(w) ̸= 0, the reflection in w is

sw(x) = x− 2
⟨x,w⟩Q
⟨w,w⟩Q

w.

The reflection in w = (1, 1, 1) gives Barning’s matrix [6]

A3 =


−1 −2 2

−2 −1 2

−2 −2 3

 .
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The three tree-generating matrices are then A = A3s1, B = A3s2, C = A3s1s2, where s1, s2 are the

sign-change reflections in the first and second coordinates:

A =


1 −2 2

2 −1 2

2 −2 3

 , B =


−1 2 2

−2 1 2

−2 2 3

 , C =


1 2 2

2 1 2

2 2 3

 .

Each of A, B, C is unimodular and preserves the Pythagorean equation: if p is a primitive

Pythagorean triple then so are Ap, Bp, and Cp.

Proposition 2.2.1 (Barning [6], Hall [69]). Every primitive Pythagorean triple p = (x1, x2, x3)
⊤

with x3 > 1 is obtained from (3, 4, 5)⊤ by a unique product M1M2 · · ·Mk · (3, 4, 5)⊤ where each

Mi ∈ {A,B,C}.

The proof proceeds by descent on x3. Given any primitive triple p with x3 > 1, exactly one of

A−1p, B−1p, C−1p has all positive entries and strictly smaller hypotenuse [33]. Iterating, the

hypotenuse strictly decreases at each step until (3, 4, 5)⊤ is reached, and the path is unique because

exactly one inverse applies at each step. The resulting tree, in which every primitive Pythagorean

triple appears as a node at depth equal to the number of matrix applications required to reach it

from the root, is the Barning–Hall tree; Figure 2.1 shows its first three levels. We later exploit

this process to classify sporadic points for the Lorentz cones.

Example 2.2.4. We trace (9, 40, 41)⊤ back to the root by descent. At each step we apply A3 and

restore positivity via the sign change Q1.

Step 1. A3(9, 40, 41)
⊤ = (−7, 24, 25)⊤; applying Q1 gives (7, 24, 25)⊤ with x3 = 25 < 41.

Step 2. A3(7, 24, 25)
⊤ = (−5, 12, 13)⊤; applying Q1 gives (5, 12, 13)⊤ with x3 = 13 < 25.

Step 3. A3(5, 12, 13)
⊤ = (−3, 4, 5)⊤; applying Q1 gives (3, 4, 5)⊤.

Reversing, (9, 40, 41)⊤ = A ·A ·A · (3, 4, 5)⊤, so (9, 40, 41)⊤ sits at depth 3 in the A-branch, visible

in Figure 2.1.

2.2.2.2. The General Case: Pythagorean n-Tuples. Cass and Arpaia [23] extended Barning’s

construction to n-tuples for 4 ≤ n ≤ 9. The key insight is that the same height-reduction argument

works in higher dimensions, provided the reflection matrix An is chosen appropriately. Recall from
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Figure 2.1. The Barning–Hall tree for n = 3: the first three levels of the infinite
ternary tree of primitive Pythagorean triples, rooted at (3, 4, 5)⊤. Each triple has
exactly three children, generated by left multiplication by A (•), B (•), or C (•).
Every primitive Pythagorean triple appears exactly once [6,69].

Section 2.2 that Tn = Ln ∩Zn is equipped with the bilinear form ⟨x,y⟩ = x1y1 + · · ·+ xn−1yn−1 −

xnyn, and that x ∈ Tn is a Pythagorean n-tuple when ⟨x,x⟩ = 0. The analogous reflection matrix

An is the reflection in the vector (1, 1, 1, 0, . . . , 0, 1) with respect to ⟨·, ·⟩.
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Definition 2.2.5. Let Pi,j denote the permutation matrix swapping coordinates i and j, and let

Qk denote the diagonal matrix with −1 in position (k, k) and 1 elsewhere. For n = 3, let A3

be the reflection in (1, 1, 1)⊤ with respect to ⟨·, ·⟩. For 4 ≤ n ≤ 10, let An be the reflection in

(1, 1, 1, 0, . . . , 0, 1)⊤ with respect to ⟨·, ·⟩:

An =



0 −1 −1 1

−1 0 −1 0 1

−1 −1 0 1

0 In−4 0

−1 −1 −1 2


.

Define A+
n := Q1Q2 · · ·Qn−1An.

The matrix An is unimodular and maps Tn to itself; the matrix A+
n is its positive-coordinate

analogue, obtained by restoring the signs of the first n − 1 coordinates after the reflection. The

height-reduction property generalizes as follows: for any Pythagorean n-tuple p with pn > 1, the

n-th coordinate of (A+
n )

−1p is strictly less than pn, except for finitely many p at each dimension

(the stable-height sporadic points of Lemma 2.2.7.4).

Example 2.2.6. Let n = 4 and p = (2, 1, 2, 3)⊤, which satisfies 22 + 12 + 22 = 9 = 32 and is a

primitive Pythagorean 4-tuple. Applying (A+
4 )

−1:

(A+
4 )

−1p = (1, 0, 0, 1)⊤,

with height 1 < 3. Thus (2, 1, 2, 3)⊤ is reached from the root (1, 0, 0, 1)⊤ by a single application of

A+
4 , and it is a depth-1 node in the generalized Barning–Hall tree for n = 4.

The following lemma, due to Cass and Arpaia [23] for 3 ≤ n ≤ 9 and extended in [43] to n = 10,

establishes that the generalized tree structure accounts for all primitive Pythagorean n-tuples.

Lemma 2.2.6.1 (Cass–Arpaia [23]). For 3 ≤ n ≤ 10, the set extp(Tn) of primitive Pythagorean

n-tuples is (R,G)-finitely generated by the group

G = ⟨An, Q1, . . . , Qn−1, P1,2, P1,3, . . . , P1,n−1⟩
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and roots

(1) R = {(1, 0, . . . , 0, 1)⊤} for 3 ≤ n < 10,

(2) R = {(1, 0, . . . , 0, 1)⊤, (1, 1, . . . , 1, 3)⊤} for n = 10.

For 3 ≤ n ≤ 9, the entire set extp(Tn) forms a single orbit under G, and the tree is generated

from one root by the action of An together with the sign-change and permutation matrices in G.

The n = 10 case requires two roots because the Pythagorean 10-tuples fall into two distinct orbits

under G. The obstruction is a parity argument: the tuple (1, 1, . . . , 1, 3)⊤ ∈ extp(T10) has all odd

coordinates, and its orthogonal complement in the quadratic space of ⟨·, ·⟩ is an even lattice, while

the orthogonal complement of (1, 0, . . . , 0, 1)⊤ is odd [23]. Since A10 preserves this parity invariant,

no element of G can carry one root to the other, so both must be included. More generally, for

n = 8k + 2 with k ≥ 1, the Pythagorean n-tuples fall into at least ⌊(n+ 6)/8⌋ distinct orbits.

2.2.3. Sporadic Points of Tn. The Barning–Hall tree accounts for all primitive extreme

points of Tn. However, as in the polyhedral case, the extreme points alone need not generate all of

Tn under nonnegative integer combinations: additional interior points may be required. Restating

Definition 2.1.2 in the language of Tn, we have the following.

Definition 2.2.7. A point s ∈ Tn is sporadic if there is no p ∈ Tn with ⟨p,p⟩ = 0 such that

s− p ∈ Tn.

The group G of Lemma 2.2.6.1 maps sporadic points to sporadic points, so the set of sporadic

points is itself G-invariant. The following two lemmas give partial characterizations of sporadic

points that are the main tools in the proof of Theorem 2.2.1.

Lemma 2.2.7.1. Let s ∈ Tn.

(1) Then, A+
n s and (A+

n )
−1s are both in Tn.

(2) If s is sporadic, then A+
n s and (A+

n )
−1s are both sporadic.

Proof. The first claim follows by simply checking the required inequalities directly. For the

second claim, we proceed by contradiction. Suppose s is sporadic but (A+
n )s is not. Then, there is

some point p ∈ Tn such that ⟨p,p⟩ = 0 and (A+
n )s− p ∈ Tn. However, we would then have that

(A+
n )

−1(A+
n s− p) = s− (A+

n )
−1p ∈ Tn.
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As p ∈ ∂Tn, (A+
n )

−1p ∈ ∂Tn, which is a contradiction with s being sporadic. The case of (A+
n )

−1s

being sporadic follows the same argument. □

Next, we will provide some lemmas about sporadic points that are necessary to prove Theorem 2.2.1.

Lemmas 2.2.7.2 and 2.2.7.3 show that sporadic points are close to the boundary ∂Tn.

Lemma 2.2.7.2. Suppose s ∈ Tn is a primitive sporadic with nonnegative entries such that sn > 1

and si ̸= 0 for some i ∈ {1, . . . , n− 1}. Then,

sn =

⌈√
s21 + s22 + · · ·+ s2n−1

⌉
.

Proof. We will show this by proving that√
s21 + s22 + · · ·+ s2n−1 < sn <

√
s21 + s22 + · · ·+ s2n−1 + 1

where the first inequality is given by membership in Tn. Without loss of generality, we can assume

that s1 ̸= 0. By way of contradiction, suppose that s is a primitive sporadic such that sn > 1 and

s1 > 0, and that sn ≥
√
s21 + s22 + · · ·+ s2n−1 + 1. Then, we would have that

sn − 1 ≥
√
s21 + s22 + · · ·+ s2n−1 >

√
(s1 − 1)2 + s22 + · · ·+ s2n−1

which is equivalent to s− (1, 0, . . . , 0, 1) ∈ Tn. This contradicts the assumption that s is sporadic.

Thus, we have the desired equality. □

Lemma 2.2.7.3. Let s ∈ Tn. If ⟨s, s⟩ = −1, then s is sporadic.

Proof. By way of contradiction, suppose ⟨s, s⟩ = −1 and that s is not sporadic. Then, there

exists some p ∈ Tn such that ⟨p,p⟩ = 0 and s− p ∈ Tn. This is equivalent to saying that

⟨s− p, s− p⟩ ≤ 0.

This gives us that

⟨s, s⟩ − 2⟨s,p⟩+ ⟨p,p⟩ = −1− 2⟨s,p⟩ ≤ 0.
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Thus, ⟨s,p⟩ ≥ −1
2 so ⟨s,p⟩ ≥ 0 by its integrality. However, as ⟨s, s⟩ = −1 implies that√

s21 + · · ·+ s2n−1 < sn

and ⟨p,p⟩ = 0 implies that
√
p21 + · · ·+ p2n−1 = pn, using the Cauchy-Schwarz inequality, we have

that

s1p1 + · · ·+ sn−1pn−1 ≤
√

(s21 + · · ·+ s2n−1)(p
2
1 + · · ·+ p2n−1) < snpn.

Thus, ⟨s,p⟩ < 0, reaching a contradiction. Therefore, ⟨s, s⟩ = −1 implies that s is sporadic. □

Inspired by the structure of Pythagorean tuples, we analyze the set of sporadic points that remain

at the same height in Tn after multiplication by (A+
n )

−1. Let (p)n denote the nth coordinate of p.

Lemma 2.2.7.4. Let n ≤ 10. Suppose s ∈ Tn is a primitive sporadic such that s1 ≥ · · · ≥ sn−1 ≥ 0

and sn > 1. The following list of tuples are the only such s where ((A+
n )

−1s)n = sn.

• For n = 7, we have the following tuple: (1, 1, 1, 1, 1, 1, 3).

• For n = 8, we have the following tuples: (1, 1, 1, 1, 1, 1, 1, 3), (1, 1, 1, 1, 1, 1, 0, 3).

• For n = 9, we have the following tuples:

(1, 1, 1, 1, 1, 1, 1, 1, 3), (1, 1, 1, 1, 1, 1, 1, 0, 3), (1, 1, 1, 1, 1, 1, 0, 0, 3), (2, 2, 2, 2, 2, 2, 2, 1, 6).

• For n = 10, we have the following tuples:

(1, 1, 1, 1, 1, 1, 1, 1, 0, 3), (1, 1, 1, 1, 1, 1, 1, 0, 0, 3), (1, 1, 1, 1, 1, 1, 0, 0, 0, 3),

(2, 2, 2, 2, 2, 2, 2, 2, 1, 6), (2, 2, 2, 2, 2, 2, 2, 1, 0, 6).

Proof. This is equivalent to showing that these are the only such sporadic points such that

s1 + s2 + s3 = sn. Since s is sporadic, s − t /∈ Tn for every t ∈ extp(Tn). In particular, s −

(1, 0, . . . , 0, 1) /∈ Tn, which is equivalent to saying that (sn − 1)2 < (s1 − 1)2 + s22 + · · ·+ s2n−1 or

2s1s2 + 2s2s3 + 2s1s3 − 2s2 − 2s3 − s24 − · · · − s2n−1 < 0.(2.1)

We begin by showing that the first six coordinates must be equal. We proceed by contradiction in

each of the below arguments.
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• Suppose that s1 ≥ s2 + 1. Then, (2.1) implies

0 > 2s2(s2 + 1) + 2s2s3 + 2(s2 + 1)s3 − 2s2 − 2s3 − s24 − · · · − s2n−1

= 2s22 + 4s2s3 − s24 − · · · − s2n−1 ≥ 0.

As this is a contradiction, we must have that s1 = s2.

• Suppose that s2 ≥ s3 + 1. Then, (2.1) implies

0 > 2s1(s3 + 1) + 2s3(s3 + 1) + 2s1s3 − 2(s3 + 1)− 2s3 − s24 − · · · − s2n−1

= 4s1s3 + 2s23 − s24 − · · · − s2n−1 + 2s1 − 2s3 − 2

≥ 2(s2 − s3 − 1) ≥ 0.

As this is a contradiction, we must have that s1 = s2 = s3.

• Suppose that s3 ≥ s4 + 1. Then, (2.1) implies

0 > 6(s4 + 1)2 − 4(s4 + 1)− s24 − · · · − s2n−1

= 5s24 − s25 − · · · − s2n−1 + 8s4 + 2 ≥ 0.

As this is a contradiction, we must have that s1 = s2 = s3 = s4.

• Suppose that s4 ≥ s5 + 1. Then, (2.1) implies

0 > 5(s5 + 1)2 − 4(s5 + 1)− s25 − · · · − s2n−1

= 4s25 − s26 − · · · − s2n−1 + 6s5 + 1

≥ 6s5 + 1 ≥ 0.

As this is a contradiction, we must have that s1 = s2 = s3 = s4 = s5.

• Suppose that s5 ≥ s6 + 1. Then, (2.1) implies

0 > 4(s6 + 1)2 − 4(s6 + 1)− s26 − · · · − s2n−1

= 3s26 − s27 − · · · − s2n−1 + 4s6 ≥ 0.

As this is a contradiction, we must have that s1 = s2 = s3 = s4 = s5 = s6.
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This implies that we have no such sporadic points for n ≤ 6. Suppose n = 7. Then, any candidate

tuple must be of the following form:

(k, k, k, k, k, k, 3k)

where k ∈ Z>0. As s is assumed to be primitive, k = 1 and the only possible tuple is (1, 1, 1, 1, 1, 1, 3).

Suppose n = 8. Then, any candidate tuple must be of one of the following forms:

(k, k, k, k, k, k, s7, 3k)

(k, k, k, k, k, k, k, 3k)

where k ∈ Z>0 and s7 ≤ k − 1. As s is assumed to be primitive, the second possible form only

contributes the tuple (1, 1, 1, 1, 1, 1, 1, 3). Suppose s is of the first form listed. We claim that k = 1.

By way of contradiction, suppose that k ≥ 2. Then, s− (1, 0, . . . , 0, 1) ∈ Tn as

(3k − 1)2 − (k − 1)2 − 5k2 − s27 ≥ (3k − 1)2 − (k − 1)2 − 5k2 − (k − 1)2

= 2k2 − 2k − 1

≥ 3 > 0.

Thus, the only tuple satisfying these restrictions is (1, 1, 1, 1, 1, 1, 0, 3).

Suppose n = 9. Then, for k ∈ Z>0, any candidate tuple must be of one of the following forms:

(k, k, k, k, k, k, s7, s8, 3k)(2.2)

(k, k, k, k, k, k, k, s8, 3k)(2.3)

(k, k, k, k, k, k, k, k, 3k)(2.4)

where s7, s8 ≤ k − 1.
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Suppose s is of the form (2.2). By way of contradiction, suppose that k ≥ 2. We claim that

s− (1, 0, . . . , 0, 1) ∈ Tn. This follows from the fact that

(3k − 1)2 − (k − 1)2 − 5k2 − s27 − s28 ≥ (3k − 1)2 − (k − 1)2 − 5k2 − 2(k − 1)2

= k2 − 2

≥ 2 > 0.

Thus, s must not be sporadic and k = 1. This gives us the tuple (1, 1, 1, 1, 1, 1, 0, 0, 3).

Suppose s is of the form (2.3). By way of contradiction, suppose k ≥ 3. Then, we claim that

s− (1, 0, . . . , 0, 1) ∈ Tn. This follows from the fact that

(3k − 1)2 − (k − 1)2 − 6k2 − s28 ≥ (3k − 1)2 − (k − 1)2 − 6k2 − (k − 1)2

= k2 − 2k − 1

≥ 2 > 0.

Thus, we only need to consider k = 1, 2. If k = 1, this gives us the tuple (1, 1, 1, 1, 1, 1, 1, 0, 3).

Suppose k = 2. This gives us the following possible tuples:

(2, 2, 2, 2, 2, 2, 2, 0, 6), (2, 2, 2, 2, 2, 2, 2, 1, 6).

The first tuple listed is not primitive, so this only gives us the tuple (2, 2, 2, 2, 2, 2, 2, 1, 6). Lastly, if s

is of the form (2.4), then s is only primitive if k = 1. This gives us our last tuple, (1, 1, 1, 1, 1, 1, 1, 1, 3).

Suppose n = 10. Then, for k ∈ Z>0, any candidate tuple must be of one of the following forms:

(k, k, k, k, k, k, s7, s8, s9, 3k)(2.5)

(k, k, k, k, k, k, k, s8, s9, 3k)(2.6)

(k, k, k, k, k, k, k, k, s9, 3k)(2.7)

(k, k, k, k, k, k, k, k, k, 3k)(2.8)

where s7, s8, s9 ≤ k − 1. Any tuple of form (2.8) is a Pythagorean tuple so we may exclude it.

Suppose s is of the form (2.5). By way of contradiction, suppose k ≥ 2. Then, we claim that
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s− (1, 0, . . . , 0, 1) ∈ Tn. This follows from the fact that

(3k − 1)2−(k − 1)2 − 5k2 − s27 − s28 − s29

≥ (3k − 1)2 − (k − 1)2 − 5k2 − 3(k − 1)2

= 2k − 3 ≥ 1 > 0.

Thus, k = 1 and the only tuple we have of this form is (1, 1, 1, 1, 1, 1, 0, 0, 0, 3).

Suppose s is of the form (2.6). By way of contradiction, suppose k ≥ 2. If s9 ≥ 1, then s −

(1, 1, . . . , 1, 3) ∈ Tn as

(3k − 3)2 − 7(k − 1)2 − (s8 − 1)2 − (s9 − 1)2 ≥ (3k − 3)2 − 7(k − 1)2 − 2(k − 2)2

= 4k − 6 ≥ 2 > 0.

Thus s9 = 0. Suppose k ≥ 3. Then, s− (1, 0, . . . , 0, 1) ∈ Tn as

(3k − 1)2 − (k − 1)2 − 6k2 − s28 ≥ (3k − 1)2 − (k − 1)2 − 6k2 − (k − 1)2

= k2 − 2k − 1 ≥ 2 > 0.

Thus, our options are k = 1, 2. If k = 1, this recovers the tuple (1, 1, 1, 1, 1, 1, 1, 0, 0, 3). If k = 2,

this gives us potential tuples (2, 2, 2, 2, 2, 2, 2, 0, 0, 6) and (2, 2, 2, 2, 2, 2, 2, 1, 0, 6). The first is not

primitive so we exclude it.

Lastly, suppose s is of the form (2.7). If s9 ̸= 0, then s− (1, 1, . . . , 1, 3) ∈ Tn. This follows from the

fact that

(3k − 3)2 − 8(k − 1)2 − (s9 − 1)2 ≥ (3k − 3)2 − 8(k − 1)2 − (k − 2)2

= 2k − 3 ≥ 1 > 0.

Thus, s9 = 0. The only primitive sporadic satisfying these constraints is (1, 1, 1, 1, 1, 1, 1, 1, 0, 3).

This completes the proof. □

Then we show that besides the points listed in Lemma 2.2.7.4, every other sporadic points will

reduce to a strictly lower height after multiplication by (A+
n )

−1.

59



Lemma 2.2.7.5. Let s ∈ Tn be sporadic with nonnegative entries such that s1 ≥ s2 ≥ · · · ≥ sn−1,

s1 ≥ 1 and 3 ≤ n ≤ 10. For s not listed in Lemma 2.2.7.4,

((A+
n )

−1s)n < (s)n.

Proof. This is equivalent to showing that −s1−s2−s3+2sn < sn, or rather sn < s1+s2+s3.

The case of n = 3 reduces to the inequality s3 < s1 + s2. By Lemma 2.2.7.2, we have that

sn =

⌈√
s21 + s22 + · · ·+ s2n−1

⌉
≤
⌈√

s21 + s22 + s23 + 2s1s2 + 2s1s3 + 2s2s3

⌉
(2.9)

=

⌈√
(s1 + s2 + s3)2

⌉
= s1 + s2 + s3,

where the inequality follows from the order s1s2 ≥ s1s3 ≥ s2s3 ≥ s24 ≥ ... ≥ s2n−1 and n ≤ 10. As s

is not one of the tuples listed in Lemma 2.2.7.4, the inequality (2.9) can be made strict. Therefore,

sn < s1 + s2 + s3, which implies that (A+
n )

−1s sits at a strictly lower height in the cone than s. □

2.2.4. Proof of Theorem 2.2.1. We now present a complete formulation of Theorem 2.2.1

followed by its proof.

Theorem 2.2.8. For dimension 3 ≤ n ≤ 10, the conical semigroup Ln ∩ Zn is (R,G)-finitely

generated by

G =
〈
A+

n , Q1, . . . , Qn−1, P1,2, P1,3, . . . , P1,n−1

〉
and a finite set R. More specifically,

(1) If 3 ≤ n ≤ 6, then R =
{
(1, 0, . . . , 0, 1)⊤, (0, . . . , 0, 1)⊤

}
.

(2) If n = 7, then

R =
{
(1, 0, 0, 0, 0, 0, 1)⊤, (0, 0, 0, 0, 0, 0, 1)⊤, (1, 1, 1, 1, 1, 1, 3)⊤

}
.

(3) If n = 8, then

R =
{
(1, 0, 0, 0, 0, 0, 0, 1)⊤, (0, 0, 0, 0, 0, 0, 0, 1)⊤, (1, 1, 1, 1, 1, 1, 1, 3)⊤, (1, 1, 1, 1, 1, 1, 0, 3)⊤

}
.
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(4) If n = 9, then

R =
{
(1, 0, 0, 0, 0, 0, 0, 0, 1)⊤, (0, 0, 0, 0, 0, 0, 0, 0, 1)⊤, (1, 1, 1, 1, 1, 1, 1, 1, 3)⊤,

(1, 1, 1, 1, 1, 1, 1, 0, 3)⊤, (1, 1, 1, 1, 1, 1, 0, 0, 3)⊤, (2, 2, 2, 2, 2, 2, 2, 1, 6)⊤
}
.

(5) If n = 10, then

R =
{
(1, 0, 0, 0, 0, 0, 0, 0, 0, 1)⊤, (1, 1, 1, 1, 1, 1, 1, 1, 1, 3)⊤, (0, 0, 0, 0, 0, 0, 0, 0, 0, 1)⊤,

(1, 1, 1, 1, 1, 1, 1, 1, 0, 3)⊤, (1, 1, 1, 1, 1, 1, 1, 0, 0, 3)⊤, (1, 1, 1, 1, 1, 1, 0, 0, 0, 3)⊤,

(2, 2, 2, 2, 2, 2, 2, 2, 1, 6)⊤, (2, 2, 2, 2, 2, 2, 2, 1, 0, 6)⊤
}
.

Proof. This follows directly from Lemma 2.2.7.5 and the fact that (0, 0, . . . , 0, 1) is the sporadic

of minimal height in this cone. Let s ∈ Tn. If s is not sporadic, we can represent it as

s = λ1p1 + λ2p2 + · · ·+ λkpk + λp(2.10)

where λ, λi ∈ Z≥0, each pi is a primitive Pythagorean tuple and p is sporadic. By Lemma 2.2.6.1,

each pi can be decomposed as pi = Gi(1, 0, . . . , 0, 1)
⊤ when 3 ≤ n < 10 or pi = Gi(1, 0, . . . , 0, 1)

⊤+

G̃i(1, 1, . . . , 1, 3)
⊤ when n = 10 where each Gi, G̃i ∈ G. It remains to consider the sporadic p. Given

any primitive sporadic tuple s, we can recover an element of R as follows:

(1) Multiply p by the appropriate permutation matrices Pi,j and sign changing matrices Qj

so that p has nonnegative entries and p1 ≥ · · · ≥ pn−1. Call this resulting vector p′.

(2) Multiply p′ by (A+
n )

−1 and repeat step 1 as necessary. By Lemma 2.2.7.5, the height of

the resulting vector will be strictly lower then that of the vector we started with or the

resulting vector will belong to R.

(3) Repeat step 2 until the resulting vector r belongs to R. By Lemma 2.2.7.4, the only

possibilities for the resulting vector belong to R.

This process gives the equality r = G1 . . . Gkp. If we let G
′ = G1 . . . Gk, then we have (G′)−1r = p.

Therefore, for 3 ≤ n ≤ 10, the conical semigroup of Ln is (R,G)-finitely generated by the claimed

R and G. □
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When n = 9, the primitive sporadic point (2, 2, 2, 2, 2, 2, 2, 1, 6) can be written as the sum of two

sporadic points with smaller heights:

(2, 2, 2, 2, 2, 2, 2, 1, 6) = (1, 1, 1, 1, 1, 1, 1, 0, 3) + (1, 1, 1, 1, 1, 1, 1, 1, 3).

We can similarly decompose (2, 2, 2, 2, 2, 2, 2, 2, 1, 6) and (2, 2, 2, 2, 2, 2, 2, 1, 0, 6) for n = 10. In this

sense, these sporadic points fail to be minimal. Thus, if we remove them from the set of roots R,

our semigroup S remains (R,G)-finitely generated. However, when we remove these points from

our root sets, our decomposition in equality (2.10) requires modification and we must allow for

multiple sporadic points in the expression.

Remark 2.2.1. Lastly, it is worth noting that inequality (2.9) would fail in dimensions larger than

10. Thus, this line of argumentation would fail to produce results for n > 10.

We can use Theorem 2.2.8 to recover a partial converse of Lemma 2.2.7.3.

Corollary 2.2.1. Let 3 ≤ n < 7 and fix s ∈ Tn. If s is a primitive sporadic, then ⟨s, s⟩ = −1.

Proof. Let s ∈ Tn be sporadic. Using Theorem 2.2.8, we can express s as

s = G′(0, . . . , 0, 1)⊤

for G′ ∈ G. As ⟨G′s, G′s⟩ = ⟨s, s⟩ for all G′ ∈ G, we see that

⟨s, s⟩ = ⟨G′(0, . . . , 0, 1)⊤, G′(0, . . . , 0, 1)⊤⟩ = ⟨(0, . . . , 0, 1)⊤, (0, . . . , 0, 1)⊤⟩ = −1.

□

In particular, this converse fails to hold in dimensions ≥ 7 as we have r ∈ R such that ⟨r, r⟩ ̸= −1.

Example 2.2.9. The conical semigroup S = L9 ∩ Z9 is not (R,G)-finitely generated for

G =
〈
A+

n , Q1, . . . , Qn−1, P1,2, P1,3, . . . , P1,n−1

〉
and R = {(0, . . . , 0, 1)⊤, (1, 0, . . . , 0, 1)⊤}. In particular, inequality (2.9) in the proof of Lemma 2.2.7.5

is met with equality by sporadic tuples of the form

(k, k, . . . , k, sn).
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From Lemma 2.2.7.3, we see that integer solutions to

k2(n− 1)− sn = −1

are such tuples. In particular, for s = (1, 1, 1, 1, 1, 1, 1, 1, 3), we have that

(A+
n )

−1s⊤ = (−1,−1,−1,−1,−1,−1,−1,−1, 3)⊤

and that all negative sign patterns of s are taken to a higher height in the cone.

2.3. The Positive Semidefinite Cone

Let Sn(Z) denote the set of n × n symmetric integer matrices and Sn+(Z) the integer positive

semidefinite matrices. Throughout this section, we view Sn+(Z) as a conical semigroup inside ZN

where N =
(
n+1
2

)
, the dimension of Sn(R). The group GL(n,Z) acts on Sn+(Z) by

U ·X := UXU⊤, U ∈ GL(n,Z), X ∈ Sn+(Z).

This action is linear, takes integer points to integer points, and is therefore represented by a matrix

in GL(N,Z). It preserves both the cone Sn+ and its integer lattice. It is well-known that GL(n,Z)

is finitely generated by three matrices [113]:

0 1 0 . . . 0 0

0 0 1 . . . 0 0

. . .

0 0 0 . . . 0 1

1 0 0 . . . 0 0


,



1 0 0 . . . 0 0

1 1 0 . . . 0 0

. . .

0 0 0 . . . 1 0

0 0 0 . . . 0 1


,



0 1 0 . . . 0 0

1 0 0 . . . 0 0

. . .

0 0 0 . . . 1 0

0 0 0 . . . 0 1


.

For simplicity, we keep the notation U ·X for the action of U ∈ GL(n,Z) on X without explicitly

specifying its representation in GL(N,Z).

Definition 2.3.1. Two matrices X1, X2 ∈ Sn+(Z) are unimodularly equivalent if X2 = UX1U
⊤

for some U ∈ GL(n,Z).
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The equivalence class of e1e
⊤
1 under this action is the set of all rank-one matrices xx⊤ for primitive

x ∈ Zn: these are the primitive extreme points of Sn+(Z). The main result of this section is the

following.

Theorem 2.3.2. The conical semigroup Sn+(Z) is (R,G)-finitely generated by G ∼= GL(n,Z) acting

on X ∈ Sn+(Z) by X 7→ UXU⊤ for each U ∈ GL(n,Z), and by R, the union of any single rank-one

matrix and a finite subset of the sporadic points. Moreover,

(1) if n ≤ 5, then there are no sporadic points and R = {e1e⊤1 };

(2) if n = 6, then R = {e1e⊤1 ,M}, where M is the unique sporadic point (up to unimodular

equivalence) defined in Proposition 2.3.5 of Section 2.3.2.

An interpretation of Theorem 2.3.2 is that for n ≤ 5, every integer PSD matrix can be represented

as a sum of rank-one matrices xx⊤ for some primitive integer vector x ∈ Zn; this fails for n = 6,

in which case every integer PSD matrix can be represented as a sum of rank-one matrices and one

sporadic matrix unimodularly equivalent toM . We refer to a decomposition X =
∑

i∈K xix
⊤
i as an

integer rank-1 decomposition. Prior work has established analogous rank-one decomposition

results for restricted classes of integer PSD matrices. In [84], every PSD {0, 1}-matrix X ∈ Sn+(Z)∩

{0, 1}n×n is shown to satisfy X =
∑

i∈K xix
⊤
i with xi ∈ {0, 1}n, and this was extended in [46] to

PSD {0,±1}-matrices. Theorem 2.3.2 extends these results to all integer PSD matrices.

2.3.1. The K(X) Body and Sporadic PSD Matrices. The following integer rank-1 de-

composition for PSD integer matrices is studied in [89]. We recast their arguments with a modern

geometric perspective, and use it to extend the notion of (R,G)-finite generation to the PSD cone.

Lemma 2.3.2.1. If n ≤ 5, then for any X ∈ Sn+(Z), we can find a finite index set K and vectors

xi ∈ Zn, i ∈ K such that

(2.11) X =
∑
i∈K

xix
⊤
i .

In the PSD case, Definition 2.1.2 reads as follows: a matrix X ∈ Sn+(Z) is sporadic if there does

not exist x ∈ Zn \ {0} such that X − xx⊤ ⪰ 0. Lemma 2.3.2.1 is then equivalent to the statement

that there are no sporadic points in Sn+(Z) when n ≤ 5. The following proposition makes this

equivalence precise.
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Proposition 2.3.1. There is no sporadic point in Sn+(Z) if and only if every positive semidefinite

integer matrix in Sn+(Z) has an integer rank-1 decomposition.

Proof. If there is no sporadic point in Sn+(Z), then for every Y ∈ Sn+(Z), there exists x ∈

Zn \ {0} such that Y −xx⊤ ⪰ 0. For X ∈ Sn+(Z), we do the following procedure for X0 := X (with

index i initialized to 1).

(1) Take any xi ∈ Zn \ {0} such that Xi := Xi−1 − xix
⊤
i ⪰ 0.

(2) If Xi = 0, then we have found an integer rank-1 decomposition X =
∑i

j=1 xjx
⊤
j ; otherwise

set the index i← i+ 1 and go back to step 1.

To see that the procedure terminates in finitely many steps, note that the diagonal of xix
⊤
i contains

at least 1 nonzero entry because xi ̸= 0. Thus the trace tr(Xi) ≤ tr(Xi−1)−1 for any i ≥ 1 because

the entries are integers. The procedure can repeat no more than tr(X) times as tr(Xi) ≥ 0.

If every X ∈ Sn+(Z) has an integer rank-1 decomposition X =
∑

i∈K xix
⊤
i , then any of xi, i ∈ K

satisfies the requirement X − xix
⊤
i ⪰ 0. □

For any X ∈ Sn+(Z), define the convex body

K(X) := {x ∈ Rn : X − xx⊤ ⪰ 0}.

Since X −xx⊤ ⪰ 0 if and only if |v⊤x|2 ≤ v⊤Xv for all v ∈ Rn, the set K(X) is compact, convex,

and symmetric about the origin. Equivalently, by positive semidefiniteness of Schur complements,

X ⪰ xx⊤ ⇐⇒

1 x⊤

x X

 ⪰ 0 ⇐⇒ x⊤X†x ≤ 1, (I −XX†)x = 0,

where X† denotes the pseudoinverse of X, so K(X) is an ellipsoid (possibly degenerate when X is

rank-deficient). When X has full rank,

K(X) = {x ∈ Rn : x⊤adj(X)x ≤ det(X)} with vol(K(X)) = Vn
√
det(X),

where adj(X) is the adjugate of X satisfying adj(X) = det(X)X−1 and Vn := πn/2/Γ(n2 + 1) is

the volume of the unit n-ball. In the language of K(X), the sporadic condition has the following

geometric characterization.
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Proposition 2.3.2. For X ∈ Sn+(Z), X is sporadic if and only if K(X) ∩ Zn = {0}.

The degenerate case for rank one is characterized by the following proposition.

Proposition 2.3.3. Suppose X ∈ Sn+(Z) with rank(X) = 1, then X = λxx⊤, where x ∈ Zn and

λ ∈ Z≥1.

Proof. As X ⪰ 0 and rank(X) = 1, we can assume that X = aa⊤ for some a ∈ Rn. Because

X ∈ Sn(Z), we have aiaj ∈ Z for i, j ∈ [n]. In particular, a2i ∈ Z. Denote ki := a2i ∈ Z≥0. Without

loss of generality, we can assume that ki ≥ 1, i.e., ai ̸= 0, otherwise, we can just consider the

submatrix corresponding to the nonzero ki.

Suppose that there exists some ai ∈ Z\{0} and aj ∈ {±
√
kj} /∈ Q. Then aiaj /∈ Q, a contradiction.

Therefore, we must have either ai ∈ Z for all i or ai /∈ Q for any i.

If ai ∈ Z for all i, then the result holds with λ = 1 and x = a.

If ai /∈ Q for all i, i.e., ki is not a square. Because aiaj ∈ Z, we have
√
kikj ∈ Z, which implies that

kikj = t2ij for some integer tij . Suppose that p1, . . . , ps are all the prime factors in the decompositions

of ki, i ∈ [n] such that ki =
∏s

ℓ=1 p
αi
ℓ

ℓ , for some αi
ℓ ∈ Z≥0. We have kikj =

∏s
ℓ=1 p

αi
ℓ+αj

ℓ
ℓ = t2ij , which

implies that αi
ℓ + αj

ℓ is even. Therefore, for a fixed ℓ, either αi
ℓ is even for all i ∈ [n] or αi

ℓ is odd

for all i ∈ [n]. Let I := {ℓ ∈ [s] : αi
ℓ is odd} and λ =

∏
ℓ∈I pℓ. We have ki/λ is a square, thus

X = λxx⊤ for x = a/
√
λ, where xi =

√
ki/λ ∈ Z. □

From Proposition 2.3.3, we can directly prove the case for n = 2 using Minkowski’s First Theorem

(for example, see [40]): if vol(K(X)) > 4, then there is a nonzero integral point in K(X).

Proposition 2.3.4. Lemma 2.3.2.1 holds for n = 2.

Proof. For n = 2. Let X =

a11 a12

a12 a22

 ⪰ 0, where a11, a12, a22 ∈ Z, which implies that

a11 ≥ 0, a22 ≥ 0, a11a22 − a212 ≥ 0. By Proposition 2.3.3, we only need to consider the case when

X ≻ 0, i.e., det(X) = a11a22 − a212 ≥ 1, a11 ≥ 1, a22 ≥ 1. Then,

K(X) := {x ∈ R2 : X − xx⊤ ⪰ 0}

= {x ∈ R2 : a11 − x21 ≥ 0, a22 − x22 ≥ 0, (a11 − x21)(a22 − x22)− (a12 − x1x2)2 ≥ 0}.
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We claim that K(X) = {x ∈ R2 : (a11 − x21)(a22 − x22)− (a12 − x1x2)2 ≥ 0}. To see this, note that

0 ≤ (a11 − x21)(a22 − x22)− (a12 − x1x2)2 = (a11a22 − a212)− a22x21 + 2a12x1x2 − a11x22

=
a11a22 − a212

a11
(a11 − x21)− a11(x2 −

a12
a11

x1)
2

which together with a11, a22, a11a22 − a212 > 0 implies that a11 − x21 ≥ 0. Similarly,

0 ≤ (a11 − x21)(a22 − x22)− (a12 − x1x2)2 =
a11a22 − a212

a22
(a22 − x22)− a22(x1 −

a12
a22

x2)
2

implies that a22 − x22 ≥ 0, which shows the claim.

Since X has full rank, K(X) = {x ∈ R2 : det(X) − a22x21 + 2a12x1x2 − a11x22 ≥ 0} is a centrally

symmetric ellipsoid with area π
√

det(X).

If det(X) ≥ 2, then vol(K(X)) ≥
√
2π > 4, we know that K(X) ∩ Z2 ̸= ∅ by Minkowski’s First

Theorem.

If det(X) = 1, then K(X) = {x ∈ Rn : a22x
2
1−2a12x1x2+a11x

2
2 ≤ 1}. Because a22, a12, a11 ∈ Z, we

haveK(X)∩Z2 = K̃(X)∩Z2, where K̃(X) =
√
2− ϵ·K(X) = {x ∈ Rn : a22x

2
1−2a12x1x2+a11x22 ≤

2 − ϵ} for any 0 < ϵ < 1. Therefore, vol(K̃(X)) = (2 − ϵ) · π > 4 when we take any ϵ < 2 − 4
π .

Therefore, K̃(X) ∩ Z2 is nonempty by Minkowski’s First Theorem so neither is K(X) ∩ Z2. □

In the degenerate case, we can reduce the problem to one involving full-rank matrices of some lower

dimension.

Lemma 2.3.2.2. Let X ∈ Sn(Z). If r = rank(X) < n, then X is unimodularly equivalent to0 0

0 X̂

 ,
for some X̂ ∈ Zr×r, rank(X̂) = r.

Proof. If rank(X) < n, then there exists a primitive vector z ∈ Zn in the subspace N := {y ∈

Rn : Xy = 0}. The sublattice Λ := Zn ∩ N is primitive and thus a basis of Λ containing z can

be extended to a basis of Zn, which we denote as U = [z,u2, . . . ,un] [92, Chapter 2, Lemma 4].
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Because U is a basis of Zn, we know that |det(U)| = 1, i.e., U is unimodular. Then

U⊤XU =

0 0

0 X̂

 .
Iterating this process until X̂ is positive definite, i.e., rank(X̂) = r. □

Notice that if X1, X2 are unimodularly equivalent, then K(X1) ∩ Zn ̸= {0} if and only if K(X2) ∩

Zn ̸= {0}. Thus our problem expects an answer under the unimodular equivalence of integer

matrices in Sn+(Z).

The scaling of K(X) into K̃(X) (while preserving the integer points) in the proof for Proposi-

tion 2.3.4 results in

vol(K̃(X)) < Vn
√

det(X) ·
(
det(X) + 1

det(X)

)n/2

where Vn is a constant dependent only on the dimension n, and the right-hand side can be ap-

proached arbitrarily. When n = 3, Vn ≈ 4.189, the right-hand side becomes 23/2 ≈ 2.828,
√
2 · (3/2)3/2 ≈ 2.598,

√
3 · (4/3)3/2 ≈ 2.667 for det(X) = 1, 2, and 3, respectively, and greater

than 2 for det(X) ≥ 4. Thus vol(K̃(X)) > 8 so K̃(X) ∩ Z3 ̸= {0} by Minkowski’s First Theorem.

To prove Lemma 2.3.2.1, we need to use a more sophisticated method based on the Hermite

constant [104]

γn :=

(
max
A≻0

λ1(A)

(det(A))
1
n

)n

, where λ1(A) = min
x∈Zn\{0}

(x⊤Ax).

Remark 2.3.1. Hermite gives a bound γn ≤ (43)
n(n−1)

2 . The exact value of γn is only known for

n ≤ 8 and n = 24.

n 2 3 4 5 6 7 8 24

γn
4
3 2 2 8 64

3 64 256 424

Table 2.1. Known exact values of the Hermite constant γn.

Remark 2.3.2. From a volume argument by Minkowski’s First Theorem, we have

min
x∈Zn\{0}

(x⊤Ax) ≤ 4

π
Γ(1 +

n

2
)
2
n det(A)

1
n ∼ 2n

πe
det(A)

1
n ,
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which is better than the bound given by γn ≤ (43)
n(n−1)

2 when n is large. But this estimation on γn

is not enough to prove Lemma 2.3.2.1 for the dimension n = 4, 5.

Proof of Lemma 2.3.2.1. The case n = 1 follows from Proposition 2.3.3. We will show that

K(X) ∩ Zn ̸= {0} for 2 ≤ n ≤ 5, where K(X) = {x ∈ Rn : x⊤adj(X)x ≤ det(X)}. By the

definition of the Hermite constant, we have

min
x∈Zn\{0}

(x⊤adj(X)x) ≤ (γn det(adj(X)))
1
n = (γn(det(X))n−1)

1
n .

For n = 2, 3, 4, 5, we have nn

(n−1)n−1 > γn as 22

11
= 4, 33

22
≈ 6.75, 44

33
≈ 9.48, 55

44
≈ 12.21, and
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55
≈ 14.93. By taking the derivative with respect to det(X) for finding extremum value, we know

that (det(X)+1)n

(det(X))n−1 ≥ nn

(n−1)n−1 . Thus, γn <
(det(X)+1)n

det(X)n−1 . Therefore,

min
x∈Zn\{0}

(x⊤adj(X)x) ≤ (γn det(adj(X)))
1
n = (γn det(X)n−1)

1
n < det(X) + 1.

Because x⊤adj(X)x, det(X) ∈ Z for any x ∈ Zn, we have

min
x∈Zn\{0}

(x⊤adj(X)x) ≤ det(X),

which implies that K(X) ∩ (Zn \ {0}) ̸= ∅. Lemma 2.3.2.1 now follows from Propositions 2.3.2

and 2.3.1, and Lemma 2.3.2.2. □

The argument used to prove Lemma 2.3.2.1 fails for n ≥ 6, but it implies that the determinant of

the sporadic matrices is bounded by a constant only dependent on n. For example, in the case of

n = 6, the argument only fails when 3 ≤ det(X) ≤ 14; for n = 7, it only fails when 2 ≤ det(X) ≤ 56,

and for n = 8, it only fails when 1 ≤ det(X) ≤ 247. We summarize this observation in the following

corollary.

Corollary 2.3.1. If X ∈ Sn+(Z) is sporadic, then det(X) < γn.

2.3.2. The Mordell Matrix and the n = 6 Obstruction. Corollary 2.3.1 gives us a finite

handle on the sporadic points: rather than searching the infinite cone Sn+(Z), we only need to

inspect integer PSD matrices of bounded determinant, and only up to unimodular equivalence. For

n ≤ 5 the bound is strong enough to exclude all sporadics entirely, as Lemma 2.3.2.1 shows. For

n = 6, the bound gives det(X) ≤ 21, leaving finitely many equivalence classes to check by hand.
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The classical theory of extreme quadratic forms, going back to Korkine and Zolotareff [80], provides

the right perspective for this enumeration: every positive definite quadratic form is unimodularly

equivalent to one whose successive minima can be read off the diagonal, and in low rank with

small determinant, the number of such reduced forms is small. Carrying out the check for n = 6,

det(X) ≤ 21, yields exactly one equivalence class of sporadic matrices, the Mordell matrix.

The matrix is most naturally understood as a quadratic form. Recall that X ∈ Sn+(Z) defines the

form fX(x) = x⊤Xx on Zn, and that X admits an integer rank-1 decomposition X =
∑

i xix
⊤
i

if and only if fX is a sum of squares of integer linear forms: fX(y) =
∑

i(x
⊤
i y)

2. Mordell [89]

asked exactly this question: when does a positive definite integer quadratic form admit such a

decomposition? He proved that this is always possible for n ≤ 5 and exhibited a concrete obstruction

at n = 6. Ko [79] subsequently extended the analysis at n = 6 and established uniqueness up to

unimodular equivalence. We present below the matrixM in a formulation unimodularly equivalent

to Mordell’s original form.

Proposition 2.3.5 ( [89]). The matrix

M =



2 0 1 1 1 1

0 2 0 1 1 1

1 0 2 1 1 1

1 1 1 2 1 1

1 1 1 1 2 1

1 1 1 1 1 2



, det(M) = 3,

is sporadic in S6+(Z), and is the unique sporadic element of S6+(Z) up to unimodular equivalence [79].
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Proof. We verify that minx∈Z6\{0}(x
⊤adj(M)x) > det(M) = 3.

adj(M) = (det(M))M−1 =



4 3 1 −2 −2 −2

3 6 3 −3 −3 −3

1 3 4 −2 −2 −2

−2 −3 −2 4 1 1

−2 −3 −2 1 4 1

−2 −3 −2 1 1 4


Note that x⊤adj(M)x = [(x1+2x2+x3−x4−x5−x6)2+(x1+x2+x3−x4−x5−x6)2+x22]+[(x1−

x3)
2+x21+x

2
3]+[(x4−x5)2+(x4−x6)2+(x5−x6)2]. Let A2 := (x1+2x2+x3−x4−x5−x6)2+(x1+

x2+x3−x4−x5−x6)2+x22, A13 := (x1−x3)2+x21+x23 and A456 := (x4−x5)2+(x4−x6)2+(x5−x6)2.

Then x⊤adj(M)x = A2 +A13 +A456.

Suppose there exists x ∈ Z6 such that x⊤adj(M)x ≤ 3. We are going to show that x = 0.

Notice that A2, A13, A456 are even, which implies that A2 + A13 + A456 ≤ 2. Then at most one of

A2, A13, A456 is nonzero.

We consider the following three cases:

(1) if A13 = 0, A456 = 0, then x1 = x3 = 0, x4 = x5 = x6 = 0. Because A2 = 6x22 ≤ 2, we have

x2 = 0.

(2) if A2 = 0, A456 = 0, then x4 = x5 = x6 = 0, x2 = 0, x1 + x3 = 0. Because A13 = 6x21 ≤ 2,

we have x1 = 0.

(3) if A2 = 0, A13 = 0, then x1 = x3 = 0, x2 = 0, x4 + x5 + x6 = 0. Because A456 =

(x4−x5)2+(2x4+x5)
2+(x4+2x5)

2 = 6(x24+x25+x4x5) ≤ 2, we have x4 = x5 = x6 = 0.

Therefore, we have that min
x∈Z6\{0}

(x⊤adj(M)x) > 3. For x = e1, we see that x⊤adj(M)x = 4, i.e.,

min
x∈Z6\{0}

(x⊤adj(M)x) = 4. □

The determinant det(M) = 3 is no accident: it is the smallest determinant compatible with the

bound det(X) < γ6 = 64/3 that admits a sporadic configuration in dimension 6. The associated

ellipsoid K(M) contains no nonzero integer points despite having volume V6
√
3 ≈ 8.95, well below

the Minkowski threshold of 26 = 64. This is why Minkowski-type volume arguments fail for n ≥ 6
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and why the Hermite constant is needed. The geometry also clarifies what is special about n = 6.

The Hermite constant grows fast enough that for n ≤ 5, the inequality γn < nn/(n − 1)n−1 gives

the bound needed for Lemma 2.3.2.1, but at n = 6 the inequality reverses: γ6 = 64/3 ≈ 21.33 while

66/55 ≈ 14.93. The sporadic matrix M realizes this gap.

Combining Proposition 2.3.5 with Ko’s uniqueness result [79] yields the following decomposition

for arbitrary X ∈ S6+(Z).

Lemma 2.3.2.3. If n = 6, then for any X ∈ Sn+(Z),

X =
∑
i∈K

xix
⊤
i + Y

for xi ∈ Zn and Y unimodularly equivalent to M , where K is a finite index set.

Every integer PSD matrix in dimension 6 decomposes as a sum of rank-one matrices plus at

most one “Mordell piece”: a copy of M , suitably transformed. Either X has an honest rank-one

decomposition, or it has one modulo a single unimodular copy of M . This is the smallest possible

failure of pure rank-one decomposability for integer PSD matrices, and (R,G)-finite generation is

precisely the language that captures this structured failure.

2.3.3. Proof of Theorem 2.3.2.

Proof of Theorem 2.3.2. The primitive extreme points of Sn+(Z) are the rank-one matrices

xx⊤ for primitive x ∈ Zn, all of which lie in the GL(n,Z)-orbit of e1e
⊤
1 . It therefore suffices to

show that the sporadic points form finitely many orbits under GL(n,Z).

By Corollary 2.3.1, any sporadic X satisfies det(X) < γn. By ♣ [citation], any positive definite

X ∈ Sn(Z) is unimodularly equivalent to a matrix X ′ whose diagonal entries satisfy
∏

iX
′
ii ≤

αn det(X
′) < αnγn for a constant αn depending only on n. Since X ′

ii ≥ 1 are bounded integers

and |X ′
ij |2 ≤ X ′

iiX
′
jj , there are only finitely many possibilities for X ′, hence finitely many sporadic

orbits.

The cases n ≤ 5 and n = 6 follow from Lemmas 2.3.2.1 and 2.3.2.3 respectively, giving the explicit

root sets stated in Theorem 2.3.2. For n ≥ 7 the argument is existential: the root set R is finite

but not explicitly enumerated. □
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2.4. Applications

The (R,G)-finite generation results of the preceding sections have consequences beyond the classifi-

cation of integer points in the PSD and Lorentz cones. In this section we develop three applications:

an extension of total dual integrality to conic integer programs, a finite description of Chvátal–

Gomory closures for TDI conic systems, and an upper bound on the integer Carathéodory rank of

arbitrary pointed cones. All three results hold at the level of a general cone C, not specific to the

PSD or Lorentz setting.

Throughout this section, C ⊂ RN is a full-dimensional pointed convex cone and SC := C ∩ ZN its

conical semigroup.

2.4.1. Total Dual Integrality and Chvátal–Gomory Closures. A central problem in

integer programming is approximating the convex hull of integer points in a feasible region by

linear inequalities. The classical Chvátal–Gomory cut construction is the simplest tool for this:

given any inequality u⊤x ≤ v with u ∈ Zm that is valid for the relaxation, the strengthened

inequality u⊤x ≤ ⌊v⌋ is valid for all integer feasible points. The set of all such cuts produces the

Chvátal–Gomory closure of the feasible region. In the polyhedral setting, total dual integrality and

Hilbert bases give a finite description of this closure: a rational system Ax ≤ b is TDI if and only

if, for each face F of the corresponding polyhedron, the active rows of A form a Hilbert basis for

the cone they generate [103]. We extend this picture to conic integer programs, where the role of

the Hilbert basis is played by an (R,G)-finitely generated semigroup.

Given a linear map A : Rm → RN and c ∈ ZN with A(Zm) ⊆ ZN , define the linear conical

inequality (LCI) system

LCIC(c,A) := {x ∈ Rm : c−A(x) ∈ C}.

When C = Sn+ and A(x) =
∑m

i=1 xiAi for symmetric integer matrices Ai, this is a linear matrix

inequality and LCIC is a spectrahedron.

Definition 2.4.1. The LCI system c − A(x) ∈ C is totally dual integral (TDI) if for every

b ∈ Zm, the dual problem

min y(c) subject to A∗(y) = b, y ∈ C∗,
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has an integer optimal solution y∗ ∈ C∗ ∩ ZN whenever it is feasible.

Total dual integrality is well-studied for polyhedral cones [51,66] and has been recently extended

to spectrahedral cones [38,47]. For polyhedral cones the role of (R,G)-finite generation reduces to

the existence of a Hilbert basis; for non-polyhedral C the (R,G)-finite generation of SC∗ plays the

analogous role.

To approximate the convex hull of Z := LCIC(c,A) ∩ Zm, one adds Chvátal–Gomory cuts: if

u ∈ Zm and the inequality u⊤x ≤ v is valid for all x ∈ LCIC(c,A), then u⊤x ≤ ⌊v⌋ is valid for all

x ∈ Z. The CG closure is

CG-cl(Z) :=
⋂

(u,v)∈Zm×R:
Z⊆{x:u⊤x≤v}

{
x ∈ Rm : u⊤x ≤ ⌊v⌋

}
.

In general there are infinitely many CG cuts. When SC∗ is (R,G)-finitely generated, Theorems 2.3.2

and 2.2.1 imply that the CG closure admits a finite description.

Theorem 2.4.2 (De Loera, Marsters, Xu, Zhang [43]). Suppose SC∗ := C∗ ∩ ZN is (R,G)-finitely

generated and LCIC(c,A) is TDI. Then

CG-cl(Z) =
{
x ∈ Rm : (g · r)⊤A(x) ≤ ⌊(g · r)⊤c⌋, ∀ r ∈ R, g ∈ G

}
.

Proof of Theorem 2.4.2. The containment ⊆ is obvious as discussed above. To see the

other containment, take any halfspace H := {x ∈ Rm : u⊤x ≤ v} for some (u, v) ∈ Zm × R such

that C ⊆ H. Then by the full dimensionality of C, we have

v ≥ sup
x

{
u⊤x : c−A(x) ∈ C

}
= inf

y
{y(c) : A∗(y) = u, y ∈ C∗} .

Using the TDI assumption, the infimum is attained by some y∗ ∈ C∗ ∩ ZN . As S is (R,G)-finitely

generated, r1, . . . , rk ∈ R, g1, . . . , gk ∈ G, and λ1, . . . , λk ∈ Z≥0 such that

y∗ =

k∑
j=1

λj(gj · rj),

for some k ≥ 1. Consequently, we have

⌊v⌋ ≥ ⌊y∗(c)⌋ =
⌊ k∑
j=1

λj(gj · rj)⊤c
⌋
≥

k∑
j=1

λj⌊(gj · rj)⊤c⌋.
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Note that (λ1, . . . , λk) is a feasible solution to the following (semi-infinite) linear optimization

problem

inf
λ

∑
r∈R,g∈G

⌊(g · r)⊤c⌋λr,g

s.t. A∗
( ∑

r∈R,g∈G
λg,r(g · r)

)
= u,

λ ∈
⊕

r∈R,g∈G
R≥0.

By weak duality of the semi-infinite optimization problem, we also have

k∑
j=1

λj⌊(gj · rj)⊤c⌋ ≥ sup
x

{
u⊤x : A∗(g · r)⊤x ≤ ⌊(g · r)⊤c⌋, ∀ r ∈ R, g ∈ G

}
.

Therefore, the inequality u⊤x ≤ ⌊v⌋ is implied by the inequalities (g · r)⊤A(x) = A∗(g · r)⊤x ≤

⌊(g · r)⊤c⌋ for r ∈ R, g ∈ G. Since the halfspace H is arbitrary, we conclude that

□ CG-cl(Z) ⊇
{
x ∈ Rm : (g · r)⊤A(x) ≤ ⌊(g · r)⊤c⌋, ∀ r ∈ R, g ∈ G

}
.

□

2.4.2. Integer Carathéodory Rank. The classical theorem of Carathéodory states that any

point in a d-dimensional convex cone C ⊆ Rd generated by vectors {a1, . . . , ak} can be written as a

nonnegative real combination of at most d of these generators. The integer analogue asks the same

question with nonnegative integer combinations and a Hilbert basis as the generating set. The

integer Carathéodory rank ICR(C) of a pointed rational cone C ⊆ Rn is the smallest integer k

such that every integer point in C is a nonnegative integer combination of at most k Hilbert basis

elements. A cone has the integer Carathéodory property (ICP) if ICR(C) = n, the smallest possible

value for an n-dimensional cone.

The problem of bounding ICR(C) has remained active since its introduction, with renewed progress

in the past few years. The history of bounds on ICR(C) is as follows.

1986. Cook, Fonlupt, and Schrijver [36] introduced ICR(C), proved the upper bound ICR(C) ≤

2n− 1, and conjectured the ICP for all pointed rational cones.
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1990. Sebő [105] improved the upper bound to ICR(C) ≤ 2n− 2 for n ≥ 2 and proved that the

ICP holds for n ≤ 3.

1999. Bruns, Gubeladze, Henk, Martin, and Weismantel [19] constructed a 6-dimensional cone

with ICR(C) = 7, refuting the Cook–Fonlupt–Schrijver conjecture and showing the ICP

fails in general for n ≥ 6.

2007. Bruns [17] produced further counterexamples in higher dimensions, with asymptotic con-

structions yielding ICR(C) ≥ ⌊7n/6⌋ for some cones in each dimension n ≥ 6.

2024. Aliev, Henk, Hogan, Kuhlmann, and Oertel [1] proved the asymptotic bound ICRa(C) ≤

⌊3n/2⌋, where ICRa measures the rank for “most” integer vectors in the cone, and gave

sharper bounds in terms of ∆, the maximal absolute n× n subdeterminant of an integer

polyhedral representation of C: when ∆ ∈ {1, 2}, the ICP holds.

2025. Kuhlmann [81] showed that simplicial cones with multiplicity at most 5 have the ICP

and proved ICR(C) ≤ n+ | det | − 3 for simplicial cones with multiplicity 6 ≤ | det | ≤ n,

improving Sebő’s bound whenever the multiplicity is bounded by the dimension.

The cases n ∈ {4, 5} remain open: it is not known whether the ICP holds in these dimensions, and

Sebő’s 2n− 2 bound has not been improved for general cones in over thirty years. The work of this

chapter sits at the boundary of this program: rather than improving the bound on ICR(C) for a

polyhedral cone, we ask what survives of the Carathéodory picture when C is non-polyhedral and

no finite Hilbert basis exists. Theorems 2.3.2 and 2.2.1 provide an answer: every integer point in

Sn+(Z) or Tn is a nonnegative integer combination of group-orbit elements drawn from a finite root

set.

First, we define the key notions in this new non-polyhedral setting.

Definition 2.4.3. Let B ⊆ SC be an integer generating set. The integer Carathéodory rank of

s ∈ SC with respect to B is the minimum m such that s =
∑m

i=1 λibi for some bi ∈ B and λi ∈ Z≥1.

The ICR of SC is ICR(SC) = sups∈SC
ICR(s).

Theorem 2.4.4 (De Loera, Marsters, Xu, Zhang [43]). Let C ⊂ RN be an arbitrary pointed convex

cone and SC := C ∩ ZN . Then ICR(SC) ≤ 2N − 2.

The strategy of the proof is to reformulate the integer decomposition problem as a linear program:

we ask for the optimal real-valued solution, round it down to obtain an integer part, and then control
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the leftover fractional part using a second LP. In the polyhedral setting this LP has finitely many

variables; in our setting the integer generating set may be infinite (recall that for non-polyhedral

cones, B =
⋃

r∈RG · r contains infinitely many points), so we use the semi-infinite LP duality of

Charnes, Cooper, and Kortanek [28] to extract an extreme point solution supported on at most N

generators. The remainder of the argument is combinatorial, tracking how the fractional parts of

the optimal solution can be absorbed into a second decomposition.

Proof of Theorem 2.4.4. Suppose B = {bi}i∈I ⊂ SC for some possibly infinite index set I

is an integer generating set for SC . Consider a semi-infinite linear optimization problem

(2.12)

max
∑
i∈I

λi

s.t.
∑
i∈I

λibi = s,

(λi)i∈I ∈ R⊕I
≥0.

Since C is pointed, B satisfies the “opposite sign condition,” meaning that whenever
∑

i∈I µibi = 0

for some nonzero (µi)i∈I ∈ R⊕I , we have µi < 0 < µj for some i, j ∈ I. Thus by [28, Theorem 2],

we know that (2.12) has an extreme point solution, denoted as (λ∗i )i∈I with J := {i ∈ I : λ∗i > 0}.

By [28, Theorem 1], the vectors {λi}i∈J ⊂ SC associated with the extreme point solution must be

linearly independent. Thus |J | ≤ N .

For each i ∈ J , let zi := ⌊λ∗i ⌋ and yi := λ∗i − zi. We claim that
∑

i∈J yi < N − 1. Given this claim,

the theorem is proved as follows. The vector s′ := s −
∑

i∈J zibi ∈ C ∩ ZN = SC can be written

as integer combination of B by definition, that is, there exists an index set J ′ ⊂ I with b′i ∈ B,

λ′i ∈ Z≥1 for each i ∈ J ′ such that s′ =
∑

i∈J ′ λ′ib
′
i. This implies that

s = s′ +
∑
i∈J

zibi =
∑
i∈J

zibi +
∑
j∈J ′

λ′ib
′
i.

We see that
∑

i∈J zi +
∑

j∈J ′ λ′i ≤
∑

i∈J λ
∗
i by the optimality of (λ∗i )i∈I . Consequently,

∑
j∈J ′ λ′j ≤∑

i∈J yi < N − 1, and thus s can be written as an integer sum of at most |J | + N − 2 ≤ 2N − 2

generators from B.

It remains to prove the claim,
∑

i∈J yi < N − 1. Note that if |J | ≤ N − 1 this is trivially true

because yi < 1 by definition. So we may assume that |J | = N and denote J = {1, . . . , N} without

loss of generality. Moreover, if the convex hull V := conv{b1, . . . , bN} has a nonempty intersection
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with B, say bN+1 ∈ V ∩ B with bN+1 =
∑N

i=1 γibi for some 0 < γ1, . . . , γN < 1,
∑N

i=1 γi = 1, then

we can write s as

s = ϵbN+1 +
N∑
i=1

(λ∗i − ϵγi)bi,

where ϵ := λ∗
ι

γι
for some ι ∈ argmin{λ

∗
i

γi
: i = 1, . . . , N}. This shows that (µ∗i )i∈I with µ∗i := λ∗i − ϵγi

for each i ∈ J \ {ι}, µ∗N+1 := ϵ, and µ∗i = 0 for any i /∈ J1 := J ∪ {N + 1} \ {ι}, is also an optimal

solution to (2.12). Thus by replacing J with J1, we can assume that the intersection V ∩ B = ∅.

Under this assumption, let s′′ :=
∑N

i=1(1− yi)bi =
∑N

i=1 bi − s′ ∈ C ∩ ZN . Again by the definition

of B, we can write s′′ =
∑

j∈J ′′ λ′′j b
′′
j , for some finite subset J ′′ ⊂ I, b′′j ∈ B and λ′′j ∈ Z≥1 for each

j ∈ J ′′. Note that

s = δs′′ +
∑
i∈J

(λ∗i − δ(1− yi))bi = δ
∑
i∈J ′′

λ′′i bi +
∑
i∈J

(λ∗i − δ(1− yi))bi,

for some sufficiently small δ > 0, so by the optimality of (λ∗i )i∈I , we must have 1 ≤
∑

i∈J ′′ λ′′i ≤∑
i∈J(1− yi). If

∑N
i=1 yi ≥ N − 1, then this implies that

∑
i∈J(1− yi) = 1, which is a contradiction

with our assumption V ∩B = ∅. Thus we must have
∑N

i=1 yi < N − 1. □

For the PSD cone Sn+(Z), the ambient dimension is N =
(
n+1
2

)
, so Theorem 2.4.4 gives

ICR(Sn+(Z)) ≤ n2 + n− 2.

For Lorentz cones Tn = Ln ∩ Zn, the ambient dimension is N = n, so the bound becomes

ICR(Tn) ≤ 2n− 2.

These bounds are notable because they grow with the ambient dimension N rather than the eigen-

vector dimension n. For PSD matrices, the contrast is striking: the real Carathéodory rank is at

most n via the spectral decomposition X =
∑

i xix
⊤
i with xi ∈ Rn, but an integer analogue of this

decomposition need not exist, and the corrections needed to reach an integer decomposition are

bounded by the ambient dimension
(
n+1
2

)
rather than the eigenvector dimension n. The result is a

quadratic upper bound where the real-valued problem admits a linear one. Whether either of the

two bounds is tight remains open.

The bound 2N −2 is independent of the choice of integer generating set B: it holds simultaneously

for every integer generating set of SC , including the Hilbert basis (when one exists) and the set
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⋃
r∈RG · r produced by an (R,G)-finite generating description. In particular, every X ∈ Sn+(Z) can

be written as a sum of at most n2 + n− 2 rank-one and Mordell-type pieces, although finding the

shortest such decomposition is computationally nontrivial.

2.5. Not All Conical Semigroups Are (R,G)-Finitely Generated

The results of Sections 2.2 and 2.3 might suggest that (R,G)-finite generation is a general phenom-

enon for conical semigroups. This is not the case. In this section we give an example of a planar

cone whose conical semigroup admits no (R,G)-finite generating set for any choice of finite R and

finitely generated G. The obstruction is irrationality: the cone has an irrational boundary ray, and

any group action preserving the cone and its integer points is forced to be trivial.

Example 2.5.1. Let α > 0 be irrational and define the planar cone

C := {(x, y) ∈ R2 : 0 ≤ y ≤ αx},

generated by the vectors v1 := (1, 0) and v2 := (1, α). We claim that the conical semigroup

SC := C ∩ Z2 is not (R,G)-finitely generated for any finite set R ⊂ SC and any finitely generated

group G acting linearly on C.

The argument has two parts. First, we show that any g ∈ G acting linearly on C and preserving SC

must be the identity. Second, since v2 is not a rational direction, SC itself is not finitely generated,

so no finite set R generates SC even under the trivial group action.

Part 1: G = {I}. Since v1 and v2 are linearly independent, C is simplicial and every v ∈ C has a

unique expression as a nonnegative real combination of v1 and v2. Any linear action of g ∈ G on

C is therefore represented by a matrix

Ug =

u11 u12

u21 u22

 ∈ R2×2

with det(Ug) = u11u22 − u21u12 ̸= 0, and inverse

U−1
g = 1

det(Ug)

 u22 −u12

−u21 u11

 .
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Since v1 = (1, 0) ∈ SC , we have

Ugv1 =

u11
u21

 ∈ SC ,
which forces u11, u21 ∈ Z and

(2.13) 0 ≤ u21 ≤ αu11.

Setting w := (⌈1/α⌉, 1) ∈ SC , the condition Ugw ∈ SC gives

Ugw =

⌈1/α⌉u11 + u12

⌈1/α⌉u21 + u22

 ∈ SC ,
which forces u12, u22 ∈ Z. Thus Ug ∈ Z2×2.

Now take a sequence wk := (xk, yk) ∈ SC with limk→∞ yk/xk = α, whose existence is guaranteed

by Dirichlet’s approximation theorem. Since Ugwk ∈ SC , we have 0 ≤ u21xk + u22yk ≤ α(u11xk +

u12yk), and dividing by xk and taking k →∞ yields

(2.14) 0 ≤ u21 + αu22 ≤ α(u11 + αu12).

Applying the same reasoning to U−1
g v1 ∈ SC , we have

U−1
g v1 =

1
det(Ug)

 u22

−u21

 ∈ SC ,
which gives

(2.15) 0 ≤ 1
det(Ug)

(−u21) ≤ α 1
det(Ug)

u22,

and therefore 1
det(Ug)

(αu22 + u21) ≥ 0. By (2.14), u21 + αu22 ≥ 0, and the inequality is strict by

the irrationality of α (otherwise α = −u21/u22 ∈ Q, a contradiction). Consequently, det(Ug) > 0,

and (2.15) now gives u21 ≤ 0, which combined with (2.13) yields u21 = 0.
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For the remaining entries, consider

U−1
g wk = 1

det(Ug)

u22xk − u12yk
u11yk

 ∈ SC .
Taking k → ∞ gives 0 ≤ αu11 ≤ α(u22 − αu12). Combined with (2.14), which now reads u22 ≤

u11 + αu12, we obtain u22 = u11 + αu12. Irrationality of α forces u12 = 0, and hence u11 = u22.

Finally, U−1
g v1 = (1/u11, 0) ∈ SC forces 1/u11 ∈ Z, so u11 = ±1, and (2.13) rules out u11 = −1.

Therefore Ug = I, and G = {I}.

Part 2: SC is not finitely generated. With G trivial, (R,G)-finite generation reduces to the existence

of a finite Hilbert basis for SC . For any nonzero (x, y) ∈ SC with x > 0, the slope y/x lies in [0, α),

with strict inequality because α is irrational. Given a finite set R ⊂ SC , the slopes of its elements

form a finite subset of [0, α), so there exists ε > 0 with y/x ≤ α−ε for every (x, y) ∈ R with x > 0.

Nonnegative integer combinations preserve this slope bound: any
∑

i λi(xi, yi) with λi ∈ Z≥0 has

slope at most α − ε. On the other hand, Dirichlet’s approximation theorem produces lattice points

(xk, yk) ∈ SC with yk/xk → α, so for k large enough (xk, yk) has slope exceeding α−ε and therefore

cannot be expressed in the integer cone over R. Hence SC is not finitely generated, completing the

argument.

Example 2.5.1 shows that (R,G)-finite generation is a genuine constraint, not automatic. The

obstruction here is purely arithmetic: the boundary slope α is irrational, and any integer-invertible

linear map respecting the cone is forced to fix that slope, hence to be trivial. The construction

extends to higher dimensions by taking products C ×RN−2
≥0 , so non-(R,G)-finitely generated cones

exist in every dimension N ≥ 2. We close with the natural classification question, which we leave

open.

Question 2.5.2. Which convex cones C ⊆ RN have (R,G)-finitely generated conical semigroups?

Can such cones be characterized, at least in dimension 2?

Substantial progress on this question has been made in recent work of Blekherman, De Loera, Xu,

and Zhang [15], where the two-dimensional case is fully resolved. They prove that a pointed cone

C ⊆ R2 with extreme rays [u1], [u2] has (R,G)-finitely generated conical semigroup if and only if
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either both extreme rays are rational, or u1, u2 are eigenvectors with positive eigenvalues of a non-

identity unimodular matrix A ∈ GL(2,Z). They give an analogous characterization for half-spaces.

In higher dimensions, they establish a structural necessary condition for nonpolyhedral cones: any

nonpolyhedral cone with (R,G)-finitely generated conical semigroup must either have infinitely

many rational extreme rays or have all rational extreme rays contained in a proper subspace. A

full characterization is still open.
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CHAPTER 3

Arithmetic Width

Convex bodies admit several different width measurements, most notably the Euclidean and lattice

(or integer) widths. These invariants have proven useful in many areas of mathematics. In inte-

ger optimization, lattice width has been instrumental in the development of algorithms, such as

Lenstra’s algorithm, shortest vector computation, and other lattice algorithms [83,93]. Moreover,

in computer graphics, lattice width is used to describe straightness in digital spaces [56]. In convex

geometry, lattice width appears in Borsuk-type partitioning and lattice-based sphere-packing and

covering problems [7,85].

In this chapter, we will present our results from [42] that proposes a new alternative notion of width

for convex bodies, called the arithmetic width, that seeks to address limitations of lattice width

and provides alternative lower bounds for estimation. In order to be self-contained, we will repeat

some of the discussion presented in the introduction. Before we introduce our new definition, let

us briefly recall established notions of width. The lattice width of a convex body K ⊆ Rd is

w(K) = min
c∈Zd\{0}

wc(K), where wc(K) = max
x,y∈K

cT (x− y).

Geometrically, the lattice width measures the minimum of the Euclidean distance between two

hyperplanes with normal c ∈ Zd, scaled by the length ||c|| of that integer vector. In some sense,

the lattice width measures the thinness of the convex body in integer directions. In Figure (3.1a),

each of the dashed lines contain a lattice point of the polytope. However, the solid line contains

no lattice points. If K “slips through” the integer lattice – i.e., if there are gaps between lattice-

supporting hyperplanes that intersect Zd∩K – then w(K) remains blind to those gaps. In contrast,

the arithmetic width is a finer invariant than the integer or Euclidean widths as it accounts for

these missing lattice points in our polytope in fixed directions.

Definition 3.0.1. Fix a nonzero c ∈ Zd. The hyperplane cover of K ∩ Zd in direction c is

hc(K) = {H : H is a hyperplane with normal c and H ∩K ∩ Zd ̸= ∅}.
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(a) (b)

Figure 3.1. A convex body K depicted with a hyperplane contributing to lattice
width but containing no lattice points inK (left), and the polytope P in Example ??
(right).

The arithmetic width of K in direction c is awc(K) = |hc(K)|.

Lattice and arithmetic width satisfy the following inequality:

awc(K) = |hc(K)| ≤ wc(K) + 1.

Whenever there are gaps, the arithmetic width and lattice width must differ.

Few results are known on lower bounds for lattice width, which makes arithmetic width a valuable

new tool in the study of widths [76,86]. Moreover, it is clear that awc(K) = 0 precisely when there

are no lattice points inside K. In contrast, Khintchine’s celebrated flatness theorem [76] guarantees

that for every dimension d there exists a positive constant which upper-bounds the lattice width

of convex bodies which have no lattice points inside. The exact value of the so-called flatness

constant is generally not known, even in dimension d = 3 (see [31,98] and references therein), but

is conjectured to be roughly proportional to d.

Lattice and arithmetic widths also differ in ways beyond their sensitivity to empty slices of the

convex body. While it is clear that the optimal values of lattice and arithmetic widths can differ,

we will see in Example 3.1.2 that even the optimal directions for these notions of width can differ.

The distinguishing properties of the arithmetic width and the lattice width are summarized in

Table 1.2.

There are other width-adjacent notions with clear connections to the arithmetic width, namely the

layer-number and k-level of a lattice polytope. In [49], while investigating diameters of graphs

of lattice polytopes, Deza and Onn introduced the layer-number in direction c as the number of
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distinct values the linear functional cTx takes over the vertices of a lattice polytope. They defined

the layer-number of P as the minimum over all non-zero directions and showed that there is a

constant C that bounds the layer number of any d-dimensional convex polytope by Cd2. As the

layer-number only considers vertices in its count, the layer-number serves as a lower bound for the

arithmetic width. Similarly, a lattice polytope P is k-level if every facet-defining linear function of

P takes at most k distinct values on the vertices of the polytope. Thus, for any k-level polytope,

the arithmetic width in facet defining directions is at most k. The importance of k-level polytopes

stems from their connections to optimization. It is well-known that if P is k-level, then it admits

a spectrahedral lift of polynomial size (for fixed k). Notably, being k-level is used to give efficient

semidefinite programming representations for stable set polytopes of perfect graphs [55].

A complementary perspective comes from additive combinatorics, via the notion of P -free sets,

inspired by the classical Sidon problem of Erdös. For a given convex polyhedron P , one can ask

what is the largest subset of integers A such that P ∩ (Zd ∩ Ad) = ∅? In other words, a subset

A ⊆ {0, . . . , n} is called P -free if no lattice point of P has all its coordinates in A. This question

generalizes classical questions in additive combinatorics related to Sidon and Salem-Spencer sets [5,

102]. For example, consider the polyhedron P ⊆ R3 defined by x1+x3 = 2x2 and x1, x2, x3 ≥ 0. In

this case, a set A is P -free if it contains no three-term arithmetic progression. This combinatorial

perspective motivates us to study which integer values appear as coordinates, informing possibilities

for the P -free sets A. We will discuss this further in Section 3.5

To make the above precise, we introduce the notion of the arithmetic range.

Definition 3.0.2. Let K ⊆ Rd be a convex body and let ℓc : Zd → Z be a linear functional given

by ℓc(x) = cTx. The arithmetic range of K with respect to the direction ℓc is

ARc(K) = {n ∈ Z : n = ℓc(x) for some x ∈ K ∩ Zd}.

See Example 1.1.17 for an example.

We will soon prove (see Proposition 3.1.1(3.1.1)) that

awc(K) = |ARc(K)|.
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3.1. Arithmetic width: properties and examples

To provide intuition and necessary tools to prove our main results, we collect in this short section

several basic properties of arithmetic width and give further examples. These results clarify how

arithmetic width behaves under common geometric operations, demonstrate the variety of possible

arithmetic ranges, and continue the discussion of the distinction between arithmetic width and

lattice width. In all that follows, we denote [n] = {1, . . . , n} ⊆ Z>0.

Proposition 3.1.1. Let K ⊂ Rd be a convex body.

(a) The arithmetic width awc(K) for a nonzero integer vector c is invariant under integer

translations of K. Specifically, if t ∈ Zd, then awc(K) = awc(t+K).

(b) Let c1 and c2 be nonzero parallel integer vectors. Then, awc1(K) = awc2(K).

(c) For a nonzero integer direction c,

awc(K) = |ARc(K)| = |hc(K)|.

(d) The maximal arithmetic width of K is |K ∩ Zd|.

Proof. Fix a nonzero integer vector c. As |K ∩Zd| = |(K + t)∩Zd| and ℓc(x1) = ℓc(x2) if and

only if ℓc(x1 + t) = ℓc(x2 + t) for x1, x2 ∈ K ∩ Zd, we have claim (a):

awc(K) = |ARc(K)| = |ARc(K + t)| = awc(K + t).

Now fix two non-zero, parallel, integer vectors c1 and c2. This means there is some λ ∈ Q̸=0 with

c1 = λc2. For x ∈ K ∩ Zd, as ℓc1(x) = λℓc2(x), we see that ARc1(K) = λARc2(K). This gives us

claim (b).

We can partition K ∩Zd by their images under ℓc. Letting Kj = {x ∈ K ∩Zd : ℓc(x) = j}, we have

that

K ∩ Zd =
⋃

j∈ARc(K)

Kj .

To each Kj , there is a corresponding H ∈ hc(K) given by cTx = j. This proves claim (c).

Now, for claim (d), consider the moment curve g(x) = (1, x, . . . , xd−1) and let n = |K∩Zd|. For each

pair of distinct lattice points x, y ∈ K∩Zd, consider the polynomial given by fx,y(z) = g(z)T (x−y).

For each pair x, y, this polynomial is of degree at most d−1 and thus has at most d−1 roots. Let Z
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Figure 3.2. The polytope P = conv((0, 0), (4, 0), (2, 3)) illustrating Proposi-
tion 3.1.1 as discussed in Example 3.1.1.

be the union of the sets of all roots of each possible fx,y(z). Thus, |Z| ≤ (d− 1)
(
n
2

)
. Choosing any

integer z ∈ {0, 1, . . . , (d−1)
(
n
2

)
+1}\Z gives us that ℓg(z)(x) ̸= ℓg(z)(y) for all distinct x, y ∈ K∩Zd.

Thus, no two lattice points of K map to the same place in the arithmetic range, giving us our final

claim. □

Example 3.1.1. Let P = conv((0, 0), (4, 0), (2, 3)) ⊂ R2, with |P ∩ Z2| = 10, as in Figure 3.2. In

direction c = (1, 0), we have ARc(P ) = {0, 1, 2, 3, 4}, illustrating (c) since the hyperplane cover

hc(P ) consists of the five vertical lines x1 = 0, 1, . . . , 4, each meeting P ∩Z2. The parallel direction

c′ = (3, 0) rescales the arithmetic range to {0, 3, 6, 9, 12} and the translate t+P for t = (1, 0) shifts

it to {3, 6, 9, 12, 15}, both preserving the size 5 and illustrating (b) and (a). Finally, the generic

direction c′′ = (1, 5) separates all ten lattice points, taking values {0, 1, 2, 3, 4, 6, 7, 8, 12, 17}, so

awc′′(P ) = 10 achieves the maximum in (d).

To conclude this section, we provide two examples: the first makes it clear that the arithmetic and

lattice widths are truly distinct notions of width; and the second allows us to realize arbitrary finite

sets as arithmetic ranges of certain simplices.

Example 3.1.2. Let P = conv((0, 0), (1, 0), (35 ,
14
5 )). Since P ∩ Z2 = {(0, 0), (1, 0)}, the optimal

arithmetic width is obtained in the directions c∗ = ±(0, 1) that collapse (0, 0) and (1, 0), giving us

aw(P ) = 1. The lattice width in this direction is

w±(0,1)(P ) =
14
5 .
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Additionally, for the lattice width, we have that w(P ) = 1. However, the only directions that

obtain the lattice width for P are ±(1, 0). From this, we can conclude that the directions where the

optimal arithmetic width is obtained can differ from the directions where the optimal lattice width is

obtained. In particular, the sets where the respective minimal widths are obtained can form disjoint

sets.

Example 3.1.3. Sets arising as the images of lattice points under a linear functional appear in

several areas of combinatorics and algebra [3,9,110]. One such area is in the study of numerical

semigroups, that is, sets of the form

S = ⟨g1, . . . , gk⟩ = {n ∈ Z≥0 : n = a1g1 + · · ·+ akgk, ai ∈ Z≥0 for i ∈ [k]}.

The numerical semigroup polytope of S is

PS = conv
(

1
g1
e1, . . . ,

1
gk
ek
)
,

where ei is the standard i-th basis vector. The lattice points in nPS correspond to the factorizations

of n in S; that is, each (x1, . . . , xk) ∈ nPS ∩ Zk corresponds to a nonnegative integer solution

to n = g1x1 + · · · + gkxk. Applying the linear functional c = (1, . . . , 1) to such a lattice point

yields its factorization length, and as such, AR(nPS) coincides with the set of lengths of n ∈ S.

As stated in [64, Theorem 3.3], any finite nonempty set L ⊆ N≥2 occurs as the set of lengths of

some element n of some numerical semigroup S. By translating nPS appropriately and applying

Proposition 3.1.1(3.1.1), we conclude that every finite subset of Z occurs as the arithmetic range of

some rational simplex.

These examples give us our first main result of this chapter.

Theorem 3.1.4. The following hold:

(a) the directions that obtain the minimum lattice width and the minimum arithmetic width

can differ; and

(b) any finite set of integers occurs as the arithmetic range of some rational simplex.
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3.2. The arithmetic range of convex bodies

In this section, we prove our first main result: for sufficiently large dilates of convex bodies, the

arithmetic range is “almost” an arithmetic progression. We first make this notion precise.

Definition 3.2.1. We say a finite, nonempty set S ⊂ Z is an almost arithmetic progression with

step size λ, left bound t, and right bound t′ if

S = {m,m+ λ, . . . ,M − λ,M} \ (A ∪A′)

for some A ⊆ [m,m + t] ∩ (λZ +m) and A′ ⊆ [M − t′,M ] ∩ (λZ +m), where m = min(S) and

M = max(S). Said another way,

(λZ+m) ⊇ S ⊇ [m+ t,M − t′] ∩ (λZ+m).

We call

gaps(S) = A ∪A′, gapsl(S) = A, and gapsr(S) = A′

the gaps, left gaps, and right gaps of S, respectively.

Example 3.2.2. Returning to Example 3.1.3, for S = ⟨22, 79, 91, 190⟩ and n = 4180, we have

AR(nPS) = {22} ∪ {28, 31, 34, . . . , 172} ∪ {178, 190},

which is an almost arithmetic progression with step size λ = 3, left bound t = 3, and right bound

t′ = 15. It turns out for any n ∈ S, the arithmetic range AR(nPS) is an almost arithmetic

progression with identical step size and left and right bounds. This phenomenon is known to occur

for any numerical semigroup; see the discussion in Remark 3.3.1.

In what follows, we say K ⊆ Rd is a convex body if it is a compact, convex set. We do not

require that K has a non-empty interior, allowing dim(K) < d. Additionally, let Br(c) ⊂ Rd be

the Euclidean ball of radius r > 0 centered at c ∈ Rd.

Theorem 3.2.3. Let K be a convex body in Rd whose affine span contains a lattice point, and let

ℓc : Zd → Z be a linear functional. For n≫ 0, the arithmetic range of nK is an almost arithmetic

progression whose step size, left bound, and right bound depend only on K.
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Proof. Let m = minx∈K ℓc(x) and M = maxx∈K ℓc(x). Let

L = aff(K) ∩ Zd and J = K ∩ aff(L).

Since aff(K) contains a lattice point, by Proposition 3.1.1(3.1.1) we may assume aff(K) contains

the origin, so in particular L is a sublattice of Zd. Pick λ ∈ Z such that λZ = ℓc(L). We claim

nJ ∩ Zd = nK ∩ Zd

for all n ∈ Z≥0. The inclusion nJ ∩ Zd ⊆ nK ∩ Zd follows immediately from J ⊆ K. For the other

direction, suppose z ∈ nK ∩ Zd. Then z = nx for some x ∈ K. As z ∈ aff(K) ∩ Zd = L, we have

z ∈ aff(L). If x /∈ aff(L), then nx /∈ aff(L), a contradiction. Thus, x ∈ aff(L), so x ∈ J and z ∈ nJ ,

proving the claimed equality. When considering nK ∩ Zd, we may therefore replace K with J and

assume without loss of generality that the affine span of K has the same dimension as the rank of

its lattice, that is, dim(aff(K)) = rank(aff(K) ∩ Zd).

Without loss of generality, we can assume c is primitive, since if c = µc0 for µ ∈ Z and c0 ∈ Zd, then

ARc(K) = µARc0(K) as shown in Proposition 3.1.13.1.1. Let H = ker(ℓc)∩aff(K). If H = aff(K),

then ARc(nK) ⊆ {0} for all n, and all desired conclusions immediately follow. As such, we may

assume dimH = dimaff(K)− 1.

Choose r > 0 such that any translate of B = Br(0) ∩ H in H will contain a lattice point. Now,

dilate K until K contains a lattice point x such that B̃ ∩H ⊆ K for B̃ = Br(x)∩ aff(K). Call this

dilation factor N . Note that dim(B) = dim(B̃)− 1, and that B̃ contains a translate of B, namely

B̃ ∩ (H + x). Let pm, pM ∈ K attain the minimum value m and maximum values M respectively.

Define

t := cT (x−Npm) and t′ := cT (NpM − x)

as the lengths of the intervals [ℓc(x), ℓc(Npm)] and [ℓc(x), ℓc(NpM )], respectively. Now, for each n,

let p̂m(n) and p̂M (n) denote the unique points on the line containing npm and npM such that

t = ℓc(p̂m(n))− ℓc(npm) and t′ = ℓc(npM )− ℓc(p̂M (n)),

i.e., the images of p̂m(n) and p̂M (n) are distances t and t′ from the images of npm and npM ,

respectively. Note that for n ≫ N , we have p̂m(n), p̂M (n) ∈ K. More precisely, any point on the
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Figure 3.3. Illustration of the proof of Theorem 3.2.3.

line containing npm in direction c can be written as xγ = npm + γc for γ ∈ R. Writing the desired

p̂m(n) as p̂m(n) = npm + γc for some γ ∈ R gives us that

ℓc(p̂m(n)) = ℓc(npm) + t = ℓc(npm + γc) = ℓc(npm) + γ||c||2.

Solving for γ = t
||c||2 , and applying a similar argument for p̂M (n), gives us that

p̂m(n) = npm +
t

||c||2
c and p̂M (n) = npM −

t′

||c||2
c.

By Bézout’s identity, since c is primitive, for any integer j, there exists x ∈ Zd such that cTx = j.

Thus, for any j ∈ λZ we have ℓ−1
c (j) ∩ Zd ̸= ∅. In particular, for any j ∈ [ℓc(p̂m(n)), ℓc(p̂M (n))] ∩

λZ, we have that ℓ−1
c (j) ∩ aff(K) = H + w for some w ∈ L. Moreover, since K is convex and

Br(p̂m(n)), Br(p̂M (n)) ⊆ K, we have Br(z) ∩ aff(K) ⊆ K for any z ∈ [p̂m(n), p̂M (n)]. Particularly,

if we additionally assume z ∈ ℓ−1
c (j), then the ball Br(z) ∩ ℓ−1

c (j) ∩ aff(K) is a translate of B in

H+w. As such, by the choice of r and the fact that w ∈ Zd, we see Br(z)∩ℓ−1
c (j)∩aff(K) contains

an integer point in nK. Thus, we have found constants t, t′, λ dependent only on K such that, for

n≫ 0, the set ARc(nK) ∩ [nm+ t, nM − t′] is an arithmetic progression of step size λ. □

3.3. The arithmetic width of rational polytopes

In this section, we will build upon our results from Theorem 3.2.3 for our analysis of the arithmetic

width of dilates of convex polytopes. We begin this section with definitions that explore the com-

plement of the arithmetic range: the sets of gaps. From there, we compare gaps across subsequent

dilates of polytopes, which gives enough tools to prove Theorems 3.3.2 and 3.3.5. In what follows,

we say P is a rational polytope if P = conv(v1, . . . , vk) ⊂ Rd where k is finite and each vi ∈ Qd for
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i ∈ [k]. If each vi ∈ Zd, we say that P is integral. The denominator of P , denoted denom(P ), is

the smallest positive dilation factor n such that nP is an integral polytope [117].

3.3.1. Arithmetic width in fixed directions. In the previous section, we found that gaps

of the arithmetic range of large dilates of a convex body occur near the extremes, motivating us to

examine the behavior of the gaps as we dilate a polytope. Recall that the vertex tangent cone at a

vertex v of a rational polytope P is the intersection of all halfspaces containing P whose boundaries

contain v; see [11].

Lemma 3.3.0.1. Let P be a rational polytope in Rd with denominator D, and fix a linear functional

ℓc : Zd → Z. Then, for any n≫ 0 for which aff(nP ) contains a lattice point,

| gaps(ARc(nP ))| = | gaps(ARc((n+D)P ))|.

Proof. Let m = minx∈P ℓc(x) and M = maxx∈P ℓc(x). For sufficiently large n, Theorem 3.2.3

provides constants t, t′ > 0 and step size λ such that

ARc(nP ) ∩ [nm+ t′, nM − t]

is a gap-free arithmetic progression of step size λ, and any gaps in ARc(nP ) may only occur in the

regions [nm, nm+ t′] or [nM − t, nM ].

Define the region near the minimum as

Pm,n = nP ∩ ℓ−1
c ([nm, nm+ t′]) ⊂ Zd

and for (n+D)P as

Pm,n+D = (n+D)P ∩ ℓ−1
c ([(n+D)m, (n+D)m+ t′]) ⊂ Zd.

Similarly, define the region near the maximum as

PM,n = nP ∩ ℓ−1
c ([nM − t, nM ]) ⊂ Zd

and for (n+D)P as

PM,n+D = (n+D)P ∩ ℓ−1
c ([(n+D)M − t, (n+D)M ]) ⊂ Zd.
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Let pm ∈ P satisfy ℓc(pm) = m and pM ∈ P satisfy ℓc(pM ) = M . Note, as we are optimizing

a linear functional on a rational polytope, we may take pm, pM as vertices of P . In the proof of

Proposition 3.1.1(3.1.1), we established that for any integral vector v and convex set K ⊂ Rd, we

have ARc(K + v) = ARc(K) + ℓc(v). In particular, since P is a rational polytope, translation by

Dpm or DpM will be integer translations. Moreover, letting Cm and CM denote the vertex tangent

cones of P at pm and pM , respectively, we have

nCm ∩ ℓ−1
c ([nm, nm+ t′]) = n(Cm ∩ ℓ−1

c ([m,m+ t′]))

and

nCM ∩ ℓ−1
c ([nM − t, nM ]) = n(CM ∩ ℓ−1

c ([M − t,M ])).

Since for each x ∈ Cm and y ∈ CM , all sufficiently large n have nx, ny ∈ nP , we have

ℓc(Pm,n+D) = ℓc(Pm,n +Dpm) and ℓc(PM,n+D) = ℓc(PM,n +DpM )

for n≫ 0. So,

ARc(Pm,n+D) = ARc(Pm,n) +Dm and ARc(PM,n+D) = ARc(PM,n) +DM.

Thus, we see that

gapsl(ARc((n+D)P )) = gapsl(ARc(nP )) +Dm and

gapsr(ARc((n+D)P )) = gapsr(ARc(nP )) +DM.

Since gaps(ARc(P )) = gapsl(ARc(P )) ∪ gapsr(ARc(P )), the proof is now complete. □

Example 3.3.1. Continuing Example 3.2.2, recall that for S = ⟨22, 79, 91, 190⟩ and c = (1, 1, 1, 1),

ARc(4180PS) = {22} ∪ {28, 31, 34, . . . , 172} ∪ {178, 190}

has step λ = 3, with gaps decomposing as

gapsl = {25}, gapsr = {175, 181, 184, 187}
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relative to the full AP {22, 25, 28, . . . , 187, 190}. The denominator of PS is D = lcm(22, 79, 91, 190),

and the extremal values of c on PS are m = 1/190 and M = 1/22, attained at 1
190e4 and 1

22e1

respectively. At the next dilation n+D = 4180+D in the same residue class, the arithmetic range

has gap sets

{25 +D/190}, {175 +D/22, 181 +D/22, 184 +D/22, 187 +D/22},

again with | gaps | = 5, illustrating Lemma 3.3.0.1.

Having proved Lemma 3.3.0.1, we now have the tools to proceed with the proof of Theorem 3.3.2.

The proof also identifies the linear coefficient of the resulting quasilinear function.

Theorem 3.3.2. Let P be a rational polytope in Rd. Then, for a fixed direction c ∈ Zd, the

arithmetic width awc(nP ) is an eventually quasilinear function of n ∈ Z≥0.

Proof. Let m = minx∈P ℓc(x) and M = maxx∈P ℓc(x). Let λ be the step size given by

Theorem 3.2.3. Lastly, let D = denom(P ). We will prove that awc(nP ) is eventually quasilinear

by proving that

(3.1) awc((n+D)P ) = awc(nP ) +
1
λD(M −m)

for all n≫ 0 for which aff(nP ) contains a lattice point. Fix k ∈ {0, 1, . . . , D−1} for which aff(kP )

contains a lattice point. Fix tk ∈ R≥0 such that

maxARc(kP ) = max
x∈kP

cTx− tk = kM − tk.

Then, for all n ≡ k mod D with n > k, we have

maxARc(nP ) = nM − tk.

Similarly, fix t′k ∈ R≥0 such that for all n ∈ Z>0 with n ≡ k mod D,

minARc(nP ) = nm+ t′k.

As such, if n ≡ k mod D, then

awc(nP ) =
1
λ

(
(nM − tk)− (nm+ t′k) + 1

)
− | gaps(ARc(nP ))|.
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By an analogous argument, we obtain

awc((n+D)P ) = 1
λ

(
((n+D)M − tk)− ((n+D)m+ t′k) + 1

)
− | gaps(ARc((n+D)P ))|.

Applying Lemma 3.3.0.1, we obtain

awc((n+D)P )− awc(nP ) =
1
λD(M −m).

This proves equality (3.1), so we conclude awc(nP ) is indeed eventually quasilinear in n. □

This theorem has implications in discrete optimization. Integer linear programs (ILPs) are con-

cerned with finding integral solutions to maximizing or minimizing linear functionals over polyhedra.

As these problems are often more difficult than their real linear programming counterparts (LPs),

to approximate solutions to ILPs, one often first solves the real relaxation and then rounds. The

additive integrality gap is a way of measuring the accuracy of this approximation method [52,73].

Here we present a different construction.

Definition 3.3.3. Let P be a rational polytope in Rd and fix linear functional ℓc for c ∈ Zd. We

define the (additive) maximum and minimum integrality gaps as

IM (P, c) = max
x∈P

cTx− max
x∈P∩Zd

cTx and Im(P, c) = min
x∈P∩Zd

cTx−min
x∈P

cTx.

Corollary 3.3.1. Let P be a rational polytope in Rd and fix linear functional ℓc for c ∈ Zd. Then,

for integers t1, t2 ≫ 0 such that t1 ≡ t2 mod D we have that

IM (t1P, c) = IM (t2P, c) and Im(t1P, c) = Im(t2P, c).

This follows immediately from Theorem 3.3.2, since for each congruence class t1 ≡ t2 mod D, we

have that IM (t1P, c) = IM (t2P, c) = tk and Im(t1P, c) = Im(t2P, c) = t′k where tk, t
′
k are given in

the proof of Theorem 3.3.2. Thus, the integrality gap is eventually a periodic sequence (that is,

quasi-constant) with period dividing D.

Corollary 3.3.1 is closely related to themes in parametric integer programming. Earlier work by

Hosten and Sturmfels [73] and by Eisenbrand and Shmomin [52] studies the maximal additive

integrality gap as you vary the data of the integer program, showing that it is always finite and
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computable in fixed dimension. This is often framed as varying the right-hand side of the con-

straints, which is equivalent to individually translating the facet-defining hyperplanes of a polytope.

Dilating a polytope is one way to vary the constraints of a linear program. Their results establish

that, in their more general framework, the additive integrality gap is eventually quasipolynomial.

Remark 3.3.1. Returning to the setting of Examples 3.1.3 and 3.2.2, one of the cornerstones

of factorization theory is the structure theorem for sets of length, which states that for certain

families of semigroups, the set of factorization lengths of large elements are almost arithmetic

sequences [61,62]. For numerical semigroups specifically, the sets of length of large elements were

recently shown in [90] to satisfy a periodicity reminiscent of Theorem 3.3.2. In fact, applying

Lemma 3.3.0.1, and the main ideas of its proof, to the numerical semigroup polytope PS from

Example 3.1.3 yields an alternative proof of their main result [90, Theorem 4.2].

3.3.2. Arithmetic width in minimizing directions. In order to use Theorem 3.3.2 to prove

the same eventually quasilinear behavior of the arithmetic width, we first examine the minimizing

directions across varying dilates of our polytope. This allows us to prove our second main result,

Theorem 3.3.5.

Lemma 3.3.3.1. Let P ⊂ Rd be a rational polytope with denominator D. If n1 ≡ n2 mod D, then

aw(n1P ) and aw(n2P ) are obtained in the same directions for n1, n2 ≫ 0.

Proof. Without loss of generality, assume n1 > n2 such that n1, n2 ≫ 0, and fix k ∈ Z>0 such

that n1 = n2 + kD. Then, applying the recurrence relationship in Equation (3.1), we see

awc(n2 + (k + 1)D)P = awc(n2P ) +
1
λD(k + 1)(M −m).

As we also have that

awc((n1 +D)P ) = awc(n1P ) +
1
λD(M −m),

setting these expressions equal gives us that

(3.2) awc(n1P )− awc(n2P ) =
1
λkD(M −m).

Assume c∗ ∈ Zd \ {0} is such that aw(n1P ) = awc∗(n1P ). By way of contradiction, assume

aw(n2P ) ̸= awc∗(n2P ), so aw(n2P ) = awd∗(n2P ) < awc∗(n2P ) for some d∗ ∈ Zd \ {0}. However,
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Figure 3.4. Dilations of the polytope P from Example 3.3.4, partitioned based on
their optimal directions.

adding 1
λkD(M−m) to both sides of the inequality and applying Equation (3.2) yields awd∗(n1P ) <

awc∗(n1P ) which is a contradiction. This proves that if aw(n1P ) = awc∗(n1P ), then aw(n2P ) =

awc∗(n2P ).

Conversely, assume c∗ ∈ Zd \ {0} is such that aw(n2P ) = awc∗(n2P ). As n2 = n1− kD, we rewrite

Equation (3.1) as

awc(n2P ) = awc(n1P )− 1
λkD(M −m).

By way of contradiction, assume aw(n1P ) ̸= awc∗(n1P ). Thus, there is some d∗ ∈ Zd \ {0} such

that aw(n1P ) = awd∗(n1P ) < awc∗(n1P ). However, subtracting 1
λkD(M −m) from both sides of

this inequality yields awd∗(n2P ) < awc∗(n2P ) which gives us the same contradiction. Therefore,

when n1 ≡ n2 mod D, we have that aw(n1P ) and aw(n2P ) are obtained in the same directions for

n1, n2 ≫ 0. □

Example 3.3.4. Consider the polytope

P = conv
((
0, 0),

(
1
3 , 0
)
,
(
0, 12
)
,
(
1
2 ,

1
3

))
.

The optimal directions are oscillating periodically. In Figure 3.4, the polytopes given in the right

image have arithmetic width minimized in the same directions. Similarly, the polytopes given in

the left image have their arithmetic widths minimized in the same directions. More specifically, let
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cn be a direction obtaining the arithmetic width of nP . Then,

cn =


(1, 0) or (0, 1) for n ≡ 0, 1, 3, 5 mod 6,

(0, 1) for n ≡ 2, 4 mod 6.

As ensured by Lemma 3.3.3.1, when n is restricted to the same residue class modulo 6, the polytopes

nP have the same optimal directions.

Theorem 3.3.5. Let P ⊂ Rd be a rational polytope. The arithmetic width aw(nP ) is an eventually

quasilinear function of n for n ∈ Z≥0.

Proof. Recall, from the proof of Theorem 3.3.2, we have that

awc((n+D)P ) = awc(nP ) +
1
λD(Mc −mc),

where Mc = maxx∈P c
Tx and mc = minx∈P c

Tx. By Lemma 3.3.3.1, for each equivalence class

i modulo the denominator D of P , there is a direction c∗i on which aw(nP ) is attained for all

sufficiently large n ≡ i mod D. Letting Mi =Mc∗i
and mi = mc∗i

for each i for ease of display, this

yields, for all n≫ 0,

aw(nP ) =



1
λ(M0 −m0)n+ a0 for n ≡ 0 mod D,

1
λ(M1 −m1)n+ a1 for n ≡ 1 mod D,

...
...

1
λ(MD−1 −mD−1)n+ aD−1 for n ≡ (D − 1) mod D,

for some a0, a1, . . . , aD−1, which proves our claim. □

3.4. Computing arithmetic width: algorithms and complexity

How do we compute the arithmetic width? Here, we will use an algebraic technique wherein we

encode lattice points as exponent vectors of monomials, the rational generating functions of the

lattice points in a polytope. From there, we will rely on Barvinok’s theory for the efficient encoding

of the lattice points of polyhedra as short sums of rational functions. For details on the theory

and implementations of Barvinok’s theorem, see [8,9,41]. The results that follow assume a fixed

dimension d, and all stated running times are in the input bit-size of the rational polytope. For
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rational polytopes, we provide a polynomial time algorithm to compute the arithmetic width in

fixed direction and a singly-exponential time algorithm to compute the arithmetic width. We will

now state the key facts needed for our main results.

Given a rational polyhedron P , the associated generating function of its lattice points is the Laurent

series

gP (x) =
∑

α∈P∩Zd

xα.

Barvinok’s theory shows that, in fixed dimension d, this (generally exponential) sum admits a

polynomial-size representation as a sum of rational functions of the form

(3.3) gP (x) =
∑
i∈I

Ei
xui

d∏
j=1

(1− xvij )
,

where I is a polynomial-size indexing set, Ei ∈ {1,−1} and ui, vij ∈ Zd for all i and j.

The key idea is that Barvinok’s compact representation of the lattice points supports efficient

computations. For example, substituting xi = 1 for all i ∈ [d] yields the number of lattice points in

P . More generally, the following lemma shows us that such substitutions can be done in polynomial

time. This tool will later be used to compute the arithmetic range and arithmetic width.

Lemma 3.4.0.1 ( [9, Theorem 2.6]). Let

g(x) =
∑
i∈I

αi
xui∏k

j=1(1− xvij )
,

where ui, vij ∈ Zd, αi ∈ Q, and k is fixed. Given integer vectors ℓ1, . . . , ℓd ∈ Zn, let ψ : Cn →

Cd be the monomial map defined by z = (z1, . . . , zn) 7→ (x1, . . . , xd) where xi = zℓi11 zℓi22 . . . zℓinn .

Additionally, assume ψ(Cn) is not contained in the pole set of g(x). Then, g(ψ(z)) can be computed

in polynomial time (in the input bit size) as a short rational generating function of the same form

as g(z).

Having obtained a compact rational generating function for the lattice points of P , the next step

is to compute the arithmetic width in a fixed direction is a projection step. This is achieved using

the Projection Theorem of Barvinok and Woods [9].
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Lemma 3.4.0.2 ( [9, Theorem 1.7]). Fix the dimension d. Let P ⊂ Rd be a rational polytope and

let T : Zd → Zk be a linear map. Then, there is a polynomial-time algorithm that computes a short

rational generating function for f
(
T (P ∩ Zd); z

)
.

Having gathered the appropriate machinery, we are now prepared to prove that awc(P ) can be

computed in polynomial time when the dimension is fixed.

Theorem 3.4.1. Let P ⊂ Rd be a rational polytope and let L be the input bit-size of P . In fixed

dimension, given a nonzero integer vector c ∈ Zd \ {0}, there is an algorithm to compute awc(P )

that runs in polynomial time in L and the input bit-size of c.

Proof. By Barvinok’s algorithm, the generating function gP (x) =
∑

α∈P∩Zd xα can be com-

puted in polynomial time and expressed in the short rational form of Equation (3.3). Applying

Lemma 3.4.0.1 to the linear map ℓc : Zd → Z defined by ℓc(x) = cTx, we obtain a univariate

rational generating function h(t) whose monomials correspond bijectively to ARc(P ). Note that h

is computed in compact rational form, not as an explicit list of monomials. Finally, the arithmetic

width in direction c is the number of distinct monomials in h. By Lemma 3.4.0.2, this quantity can

be determined in polynomial time. Evaluating h(t) at t = 1 produces the desired count. □

In order to extend the results of Theorem 3.4.1 to the minimum arithmetic width, we first exhibit

a finite set of test directions that suffices to check to compute the arithmetic width.

Lemma 3.4.1.1. Let P ⊂ Rd be a rational polytope. There is a finite set of directions T , computable

in single-exponential time in the input bit-size of P , that serves as a sufficient test set to compute

aw(P ).

Proof. Without loss of generality, we may assume dim(P ) = d, and moreover that the affine

span of P ∩ Zd equals Rd, as otherwise the arithmetic width is 1 with respect to any vector

perpendicular to this affine span. If c is a direction that minimizes the arithmetic width, then there

are at least two distinct lattice points x, y ∈ P ∩ Zd such that ℓc(x) = ℓc(y), i.e., c
T (x − y) = 0.

Thus, it suffices to consider directions c that collapse lattice points in P . In fact, we claim there

must be at least d− 1 such vector pairs whose differences are linearly independent. Indeed, letting

Ac = span{x− y : x, y ∈ P ∩ Zd and ℓc(x) = ℓc(y)},
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any vector c′ for which Ac ⊆ ker(ℓc′) will have awc′(P ) ≤ awc(P ), and this inequality will be strict

whenever dimAc′ > dimAc. If dim(Ac) < d− 1, then since the affine span of P ∩Zd equals Rd, we

may locate such a c′ by ensuring its kernel contains at least one additional difference x − y /∈ Ac

with x, y ∈ P ∩ Zd.

As a consequence of the preceding paragraph, to determine T , it suffices to consider directions c

that are orthogonal to d − 1 linearly independent differences of lattice points in P . We may use

this to determine T as follows:

1. Compute N = (P − P ) ∩ Zd. For rational polytopes, |N | can be computed in polynomial

time in fixed dimension using methods such as Barvinok’s algorithm. However, the number

of lattice points in P , and thus N , can be exponentially large in the bit-length L of the

input data, even for fixed d.

2. Enumerate all linearly independent subsets of N of size d − 1. For each such subset

T ′ = {v1, . . . , vd−1}, form the matrix V = (v1| . . . |vd−1).

3. For each such V , compute a primitive integer vector c ∈ ker(V T ). Add each c to T . □

Theorem 3.4.2. Let P ⊂ Rd be a rational polytope with input bit-size L. In fixed dimension, there

is a single-exponential time algorithm in L to compute the arithmetic width of P .

Proof. Using Lemma 3.4.1.1 to compute T and then apply the algorithm from Theorem 3.4.1

to each t ∈ T to determine the minimizing direction and value. □

With this, we have proved our third main result.

Theorem 3.4.3. Let P ⊂ Rd be a rational polytope and let L be the input bit-size of P .

(a) In fixed dimension, given a nonzero integer vector c ∈ Zd \ {0}, there is an algorithm to

compute awc(P ) that runs in polynomial time in L and the input bit-size of c.

(b) There is a finite set of directions T , computable in single-exponential time in L, that serve

as a sufficient test set to compute aw(P ) (i.e., aw(P ) = awt(P ) for some t ∈ T ). Thus,

in fixed dimension, there is an algorithm to compute the arithmetic width of P that runs

in single-exponential time in L.

Proof of Main Theorem 3.4.3. Theorems 3.4.1 and 3.4.2 and Lemma 3.4.1.1 prove this

claim. □
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3.5. Factors for elements of semigroups

As is often the case in combinatorics, we began our exploration of arithmetic width by considering

a benign, seemingly unrelated question. If you consider the set of coordinates that appear in

factorizations of an element n in the numerical semigroup S, how big is the largest subset of

these that do not form a factorization (when coordinates are allowed to repeat)? For those with a

background in additive combinatorics, this question should feel familiar: it is in the spirit of Sidon

sets (where all pairwise sums are distinct), Erdős-type problems, and more broadly the study of

solution-free sets, that is, large subsets of integers avoiding additive patterns such as arithmetic

progressions [53, 54, 99, 100]. In our setting, we are also looking for large subsets that avoid a

specified additive configuration, namely one that assembles into a valid factorization of n ∈ S.

This places our problem squarely in the realm of extremal combinatorics. See [111] for a more

complete introduction to the field of arithmetic combinatorics.

Definition 3.5.1. Let S be a numerical semigroup. For n ∈ S, define the factor set of n to be

FS(n) := {ai : (a1, . . . , ak) ∈ ZS(n) and 1 ≤ i ≤ k},

the set of all coordinate values appearing in some factorization of n. When the semigroup S is clear

from context, we write F(n).

In particular, the arithmetic width invariant arose in our examination of this set as

FS(n) =
k⋃

i=1

ARei(nPS)

for the semigroup S = ⟨g1, . . . , gk⟩ where ei is the i-th standard basis vector and PS is the numerical

semigroup polytope.

Example 3.5.2. Fix the element n = 97 in the numerical semigroup S = ⟨6, 9, 20⟩. Its set of

factorizations is

ZS(97) = {(8, 1, 2), (5, 3, 2), (2, 5, 2)},

and its set of factors, the coordinates appearing across all factorizations, is {1, 2, 3, 5, 8}. We now

ask which subsets of {1, 2, 3, 5, 8} are non-factorizing: no selection of values from the subset,
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used as coordinates with repetition allowed, produces a valid factorization of 97. A subset A is non-

factorizing if and only if for every (a1, a2, a3) ∈ ZS(n), at least one ai is absent from A. Observe that

the coordinate 2 appears in every factorization of 97, so any subset omitting 2 is immediately non-

factorizing. Among subsets containing 2, one checks that {1, 2, 3} and {2, 3, 8} are non-factorizing:

the former omits both 5 and 8, blocking (8, 1, 2) and (5, 3, 2) and (2, 5, 2) respectively, while the

latter omits both 1 and 5, blocking all three factorizations for the same reason. The complete list

of non-factorizing subsets is

∅, {1}, {2}, {3}, {5}, {8},

{1, 2}, {1, 3}, {1, 5}, {1, 8}, {2, 3}, {2, 8}, {3, 5}, {3, 8}, {5, 8},

{1, 2, 3}, {1, 3, 5}, {1, 3, 8}, {1, 5, 8}, {2, 3, 8}, {3, 5, 8},

{1, 3, 5, 8}.

The three maximal non-factorizing subsets are {1, 2, 3}, {2, 3, 8}, and {1, 3, 5, 8}.

A geometrically inclined reader might notice that the non-factorizing subsets form a simplical

complex. The collection of non-factorizing subsets of ZS(97) is closed under taking subsets: if A

is non-factorizing and B ⊆ A, then B is non-factorizing as well, since removing elements from A

can only reduce the set of factorizations it contains. This is precisely the defining property of a

simplicial complex.

Definition 3.5.3. The factorization avoidance complex of n ∈ S, denoted BBS(n), is the

simplicial complex on the ground set FS(n) whose faces are the non-factorizing subsets of FS(n).

The facets of BBS(n) are the maximal non-factorizing subsets.

Note that not every element of FS(n) need appear as a vertex: if some factorization (a, a, a) has

all coordinates equal, then {a} is itself factorizing, and a belongs to the ground set but not to any

face of the complex. We refer to such elements as ghost vertices [32].

The first natural question to ask here is about the dimension of the simplical complex as n ∈ S

grows. In order to have any hope answering this, we must first understand the size of the factor

set grows as n → ∞ as it’s the ground set of the complex. Unsurprisingly, we once again present

partial results stating that this growth is eventually quasipolynomial in fixed cases and present
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Figure 3.5. The factorization avoidance complex BBS(97) in Example 3.5.2 has
maximal simplices {1, 2, 3}, {2, 3, 8}, and {1, 3, 5, 8}.

a conjecture for the more general case. The following proposition, which describes the complete

factorization structure of a two-generator semigroup via its unique minimal trade, will be useful in

what follows.

Proposition 3.5.1. Let S = ⟨g1, g2⟩ with gcd(g1, g2) = 1 and n ∈ S. Then there exists a unique

r ∈ {0, 1, . . . , g2 − 1} with n ≡ g1r (mod g2), and the factorizations of n are

Z(n) =

{(
r + ig2,

n− g1(r + ig2)

g2

)
: i = 0, 1, . . . ,

⌊
n/g1 − r

g2

⌋}
,

ordered by the unique minimal trade (−g2, g1). In particular, |Z(n)| = ⌊(n/g1 − r)/g2⌋+ 1.

Proof. A factorization (a, b) ∈ Z(n) satisfies g1a + g2b = n, so g1a ≡ n (mod g2). Since

gcd(g1, g2) = 1, the integer g1 is invertible mod g2, and a ≡ g−1
1 n (mod g2). Let r be the unique

representative of this residue class in {0, 1, . . . , g2 − 1}. Then a = r + ig2 for some i ≥ 0, and

b = (n − g1(r + ig2))/g2. The requirement b ≥ 0 gives i ≤ (n/g1 − r)/g2, so i ranges over

{0, 1, . . . , ⌊(n/g1−r)/g2⌋}. Consecutive factorizations in this enumeration differ by (g2,−g1) in the

first and second coordinates, respectively, which is the unique minimal trade. □

This is essentially the classical method for solving linear Diophantine equations: fixing the residue

class of one variable forces the other, and the full solution set is then an arithmetic progression.
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Example 3.5.4. Let S = ⟨2, 3⟩ and n = 50. Since gcd(2, 3) = 1, we apply Proposition 3.5.1 with

g1 = 2 and g2 = 3. We seek r ∈ {0, 1, 2} with 50 ≡ 2r (mod 3); since 50 ≡ 2 (mod 3), we have

r = 1. The factorizations are then

Z(50) =

{(
1 + 3i,

50− 2(1 + 3i)

3

)
: i = 0, 1, . . . ,

⌊
50/2− 1

3

⌋}
= {(1 + 3i, 16− 2i) : i = 0, . . . , 8} ,

giving the nine factorizations (1, 16), (4, 14), (7, 12), (10, 10), (13, 8), (16, 6), (19, 4), (22, 2), (25, 0), each

obtained from the previous by the trade (−g2, g1) = (−3, 2).

Now we are prepared to look at the growth of the factor set.

Notation 2. In what follows, let v(n) := |FS(n)|.

Theorem 3.5.5. Fix a numerical semigroup semigroup S = ⟨g1, g2⟩. For n≫ 0,

v(n+ g1g
2
2) = v(n) + (2g2 − 1).

Proof. By Proposition 3.5.1, we can order the factorizations of n as (a1, b1), . . . , (ak, bk) in

decreasing order of first coordinate, so ai+1 = ai−g2 and bi+1 = bi+g1. Applying Proposition 3.5.1

to n+ g1g
2
2 gives a chain of k + g2 factorizations, which we denote (a′1, b

′
1), . . . , (a

′
k+g2

, b′k+g2
), with

a′i = a1 + g22 − (i− 1)g2 and b′i = b1 + (i− 1)g1. We call a factor in F(n+ g1g
2
2) new if it does not

appear in F(n). For n ≥ g21g
2
2/(g2 − g1), we have k > g2, so the following partition of Z(n + g1g

2
2)

into three blocks is well defined.

To begin, we observe that F(n) ⊆ F(n+ g1g
2
2). Indeed, for any (ai, bi) ∈ Z(n), both (ai+ g

2
2, bi) and

(ai, bi + g1g2) are factorizations of n+ g1g
2
2. The former preserves bi and the latter preserves ai, so

every element of F(n) appears in F(n+ g1g
2
2).

Next, partition Z(n+ g1g
2
2) into three blocks and count the new factors in each:

(i) Block 1: the first g2 factorizations (a
′
1, b

′
1), . . . , (a

′
g2 , b

′
g2), each obtained from a factorization

of n by adding (g22, 0);

(ii) Block 2: the middle k − g2 factorizations (a′g2+1, b
′
g2+1), . . . , (a

′
k, b

′
k), each obtainable from

a factorization of n by adding either (g22, 0) or (0, g1g2);

(iii) Block 3: the last g2 factorizations (a′k+1, b
′
k+1), . . . , (a

′
k+g2

, b′k+g2
), each obtained from a

factorization of n by adding (0, g1g2).
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For block 1, we claim that each of the g2 factorizations contributes exactly one new factor. For

1 ≤ i ≤ g2, the i-th factorization satisfies (a′i, b
′
i) = (ai, bi)+(g22, 0), so the second coordinate b′i = bi

already belongs to F(n), and only a′i can be new. Since the smallest value among a′1, . . . , a
′
g2 is

a1 + g2 > a1 = ⌊n/g1⌋, each exceeds the largest first coordinate of Z(n). Moreover, bk ≤ ⌊n/g2⌋ <

a1 + g2 for n ≥ g21g22/(g2 − g1), so these values do not appear as second coordinates of Z(n) either.

Thus block 1 contributes g2 new factors.

For block 2, we claim that no factorization contributes a new factor. Indeed, for g2 < i ≤ k, the

i-th factorization admits two representations:

(a′i, b
′
i) = (ai, bi) + (g22, 0) = (ai−g2 , bi−g2) + (0, g1g2).

The first shows b′i = bi ∈ F(n) and the second shows a′i = ai−g2 ∈ F(n), so neither coordinate is

new. Thus block 2 contributes no new factors.

For block 3, we claim that exactly g2 − 1 of the g2 factorizations contribute a new factor. For

k < i ≤ k + g2, we have (a′i, b
′
i) = (ai−g2 , bi−g2) + (0, g1g2), so a

′
i = ai−g2 ∈ F(n) and only the

second coordinate b′i can be new. These second coordinates are bk + g1, bk + 2g1, . . . , bk + g2g1,

which represent all residue classes mod g2 since gcd(g1, g2) = 1. Since the first coordinates of Z(n)

are all congruent to a1 (mod g2), exactly one of these second coordinates, say bk + jg1, satisfies

bk + jg1 ≡ a1 (mod g2).

It remains to show that bk + jg1 already appears in F(n). Since ak < g2 and bk = (n− g1ak)/g2,

bk + jg1 ≤
n

g2
+ g1g2 ≤

n

g1
= a1

for n ≥ g21g
2
2/(g2 − g1), so bk + jg1 lies in the arithmetic progression a1, a1 − g2, . . . , ak and is

therefore already an element of F(n). The remaining g2 − 1 second coordinates are not congruent

to a1 (mod g2), so they cannot appear as first coordinates of Z(n), and they each exceed bk, so

they do not appear as second coordinates either. Thus block 3 contributes g2 − 1 new factors.

Combining the counts from all three blocks gives

v(n+ g1g
2
2) = v(n) + g2 + (g2 − 1) = v(n) + (2g2 − 1). □

Example 3.5.6. Let S = ⟨2, 3⟩ and n = 50 so n+ g1g
2
2 = 68. The top row is Z(50) and the bottom

row is Z(68), with a blue E1 edge from f to f + (g22, 0) and a pink E2 edge from f to f + (0, g1g2).
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Block 1 vertices receive only a blue edge, Block 3 vertices only a pink edge, and Block 2 vertices

receive one of each and contribute no new factors. New factors are highlighted; Block 1 contributes

g2 = 3 and Block 3 contributes g2 − 1 = 2.

Figure 3.6. The edge structure of Z(50) and Z(68) in S = ⟨2, 3⟩, illustrating the
proof of Theorem 3.5.5.

Once we move into the case with three generators, we require additional constraints and care about

pairwise GCDs.

Theorem 3.5.7. Fix a semigroup S = ⟨g1, g2, g3⟩ such that gcd(g2, g3) = 1. Then, for n≫ 0,

v(n+ g1) = v(n) + 1.

Proof. Let F23 = F (⟨g2, g3⟩) = g2g3 − g2 − g3 denote the Frobenius number of ⟨g2, g3⟩, and

define

An =

⌊
n− F23

g1

⌋
.

We call a factor in F(n+ g1) new if it does not appear in F(n).

To begin, we observe that F(n)+1 ⊆ F(n+g1). Indeed, if (a, b, c) ∈ Z(n), then (a+1, b, c) ∈ Z(n+g1),

so every factor of n gives rise to the factor one larger in F(n+ g1).

Next, we show that every integer 0 ≤ a ≤ An belongs to F(n). If a satisfies n − g1a > F23, then

n − g1a lies in ⟨g2, g3⟩ since gcd(g2, g3) = 1. Hence there exist b, c ≥ 0 with n − g1a = g2b + g3c,

107



so (a, b, c) ∈ Z(n) and a ∈ F(n). By definition of An, the condition n − g1a > F23 holds for all

0 ≤ a ≤ An.

We now claim that for n ≫ 0, no new factors arise from the second or third coordinates. Any

(a, b, c) ∈ Z(n+ g1) satisfies g2b ≤ n+ g1 and g3c ≤ n+ g1, so since g2 ≤ g3,

b, c ≤
⌊
n+ g1
g2

⌋
.

Since g1 < g2, for n≫ 0 we have ⌊
n+ g1
g2

⌋
≤ An,

and since every integer between 0 and An already lies in F(n), every second and third coordinate

of every factorization of n+ g1 is already a factor of n. Thus any new factor must occur as a first

coordinate.

It remains to show that exactly one new first coordinate appears. We have

An+g1 =

⌊
n+ g1 − F23

g1

⌋
= An + 1,

so An + 1 ∈ F(n + g1) by the second observation above. Since An + 1 /∈ F(n), this is a new

factor. To see that it is the only new factor, we show that no first coordinate larger than An + 1

is new. Suppose a > An + 1 = An+g1 is a first coordinate of some factorization of n + g1. Then

n+ g1 − g1a ≤ F23, so n+ g1 − g1a /∈ ⟨g2, g3⟩ in general, meaning a need not be a factor of n+ g1

at all. More precisely, if a is a gap of F(n + g1), then a > An+g1 = An + 1, so a − 1 > An, which

means a− 1 is also a gap of F(n). Thus no new gaps are introduced, and the only change between

F(n) and F(n+ g1) in the first coordinate is the addition of An + 1. We conclude that

v(n+ g1) = v(n) + 1

for all sufficiently large n. □

For the remaining cases, where gcd(g2, g3) > 1, the situation is more subtle. Computational

evidence suggests an analogous quasipolynomial growth pattern, with period and increment deter-

mined by the gcd structure of the generators.
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Conjecture 1. Fix a semigroup S = ⟨g1, g2, g3⟩ such that gcd(g1, g2) = gcd(g1, g3) = 1 and

gcd(g2, g3) = d > 1. Then for n≫ 0,

v(n+ g1g2g3d) = v(n) + g1g3(d− 1) + g2g3.

A proof of this conjecture would proceed via slice decomposition of ZS(n) by the third coordinate:

each c-slice is a factorization set in the two-generator semigroup ⟨g1, g2⟩ at level n − g3c, and the

shift g1g2g3d introduces g1g2d new slices whose contribution to FS(n + g1g2g3d) \ FS(n) can in

principle be tracked via Theorem 3.5.5. The combinatorics of overlap between these new slices

remains an obstacle.

The general case, where the remaining pairwise gcds may also exceed 1, appears to follow a similar

slice-based pattern but with a more intricate dependence on the full gcd structure. We leave this

as an open problem.

Open Problem 3.5.8. Given any numerical semigroup S = ⟨g1, . . . , gk⟩, determine the eventual

linear recurrence describing the growth of |FS(n)| as n→∞.
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Sylvester’s denumerant, Integers, 15 (2015), pp. Paper No. A11, 32.
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2020.
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