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Abstract

This thesis studies the mathematical structure of quantum Hall transport in lattice systems, with
an emphasis on relating mutiple definitions of Hall conductance in different mathematical branches:
Geometrically as a bulk Chern number for a Bloch bundle; analytically as an edge spectral flow for
a half-space Hamiltonian; and in operator algebra language as a many body charge transport index
generated by magnetic flux insertion. The main results of the thesis reveal restrictions imposed
on these indices by frustration-free structure, and improved locality estimates for interacting many
body systems.

The first result concerns frustration free free-Fermion (F*) Hamiltonians. For translation-invariant,
strictly local, gapped F4 Hamiltonians on Z?, we prove that the bulk index vanishes. More precisely,
the two Bloch bundle associated with the image/kernel of the momentum space Hamiltonian is
shown to be trivial by an algebraic argument using polynomial modules and a free resolution. Thus
a frustration-free free-Fermion model cannot realize a nontrivial integer quantum Hall phase at the
level of the bulk Chern index.

The second new result is the corresponding edge statement. For a translation-invariant F* Hamil-
tonian restricted to a half-plane, we prove that the edge index vanishes. We first identified that
frustration free is equivalent to flat ground state band. Detailed analysis of spectral flow of the
edge Hamiltonian shows that the edge mode is an analytic function and can be absorbed by the
flat band. Consequently, the edge spectral flow across a regular energy in the bulk gap is constant
and must equal its trivial value below the spectrum. This establishes, in this setting, that the
frustration-free structure rules out nonzero edge transport as well as nonzero bulk transport.

The third new result is an exponential clustering theorem for finite-volume quantum spin sys-
tems with a possibly degenerate and split ground-state sector. Assuming only a uniform spectral
gap above a low-energy spectral patch of sufficiently small width, we prove exponential decay of

correlations in the form
(0, ABQ) = (2, APBQ)| < CI|P[l1 Al Blle™ ),

for local observables A and B with disjoint supports. This improves the locality control needed in

many body Hall conductance arguments, where previous estimates under comparable hypotheses

v



were superpolynomial. Together, these results clarify how locality and spectral gaps constrain both

free-Fermion and interacting formulations of topological transport.
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CHAPTER 1

Introduction

The discovery of the integer quantum Hall effect revealed that certain experimentally observable
transport coefficients are determined not merely by local material parameters, but by global topo-
logical structures encoded in quantum states of matter. In a two dimensional electron system, an
in-plane electric field E, may generate a transverse current .J,, and the corresponding Hall con-
ductance is observed to be quantized with remarkable stability under perturbations and disorder.
This phenomenon is the pioneering example of a topological phase of matter: a phase whose robust
features are protected by a spectral gap and are measured by topological indices.

The goal of this thesis is to study several mathematical formulations of Hall conductance and to
explain how they are connected through the common principle: on the microscopic models we
have locality and abstractly the topology of certain verctor bundles. The models considered here
range from translationally invariant free Fermion tight binding Hamiltonians on Z?2, to half-space
edge Hamiltonians, to interacting many body systems on finite tori. Although these settings use
different mathematical languages, the same guiding question appears throughout: how does a local
Hamiltonian with a spectral gap produce a quantized and stable transport coefficient.

There are three main perspectives on Hall conductance that will be used in this thesis. The first
is the bulk, or linear response, perspective. In a translationally invariant free Fermion system, the
Hamiltonian is diagonalized by the Fourier transform and becomes a family of finite dimensional
matrices H (k) over the Brillouin torus. If the Fermi energy lies in a gap, the occupied eigenspaces
form a vector bundle over momentum space, called the Bloch bundle. The Hall conductance is
then identified with the first Chern number of this bundle. This point of view originates in the
work of Thouless, Kohmoto, Nightingale and den Nijs [37], building on the Kubo linear response
formula [30]. It connects quantum Hall transport with curvature, characteristic classes, and vector
bundle topology. The Haldane model [19] provides a particularly important lattice example, since

it exhibits nonzero Chern number without Landau levels. In disordered systems, Bellissard, van



Elst and Schulz-Baldes [11] developed a noncommutative geometric formulation in which the Chern
number is replaced by a cyclic cocycle expression for the Hall conductance.

The second perspective is the edge perspective. A bulk insulator may support conducting states
near its boundary. For a half-plane system that remains translationally invariant along the edge,
the edge Hamiltonian becomes a one-parameter family f[e(k:), and the edge spectrum may contain
eigenvalue branches crossing the bulk spectral gap. The signed number of such crossings defines
an edge index, equivalently a spectral flow. This gives a mathematical formulation of the physical
idea that Hall current is carried by boundary modes. Early discussions of edge states and Hall
conductance appear in Halperin’s work [20], and the relation between Chern numbers and edge
states was emphasized by Hatsugai [25]. Rigorous versions of the bulk—edge correspondence were
developed using operator algebraic and K-theoretic methods by Kellendonk, Richter and Schulz-
Baldes [29]. The approach most directly used in this thesis is the geometric method of Graf
and Porta [18], where decaying solutions of a difference equation form a vector bundle whose
transition functions encode the same topological information as the Bloch bundle. Related analytic
formulations of the edge index are discussed in [16].

The third perspective is the many body charge transport perspective. Instead of relying on single-
particle band theory, one considers a finite quantum system on a torus and threads magnetic flux
through one cycle. The induced quasi-adiabatic evolution transports charge across a fiducial line,
and the transported charge defines a many body index. This formulation is especially important for
interacting systems, where there need not be a Bloch bundle or a single-particle Fermi projection.
The mathematical control of this construction relies on locality estimates, beginning with the Lieb—
Robinson bound [31], and on quasi-adiabatic continuation techniques [24]. Quantization of Hall
conductance for interacting electrons on a torus was proved by Hastings and Michalakis [21]. A
related many body index for charge transport was developed by Bachmann, Bols, De Roeck and
Fraas [5], and rational quantization for ground state sectors was studied in [6]. These works provide
the background for the many body results in Chapter 5.

The unifying theme of the thesis is that topological transport is controlled by the interaction be-
tween locality and spectral gaps. Locality ensures that perturbations, flux insertions, and boundary

modifications have controlled spatial effects. A spectral gap stabilizes the relevant ground state or



Fermi projection. Together they allow one to define indices that are insensitive to local deforma-
tions. In the free Fermion setting, this stability appears through the topology of Bloch bundles
and through exponentially localized Fermi projections. In the edge setting, it appears through the
robustness of spectral flow under boundary perturbations. In the interacting setting, it appears
through Lieb—Robinson bounds, exponential clustering, and quasi-local generators of adiabatic
evolution.

Chapter 2.1 develops the free Fermion framework. We introduce tight binding Hamiltonians on
¢%(Z2,CN), finite range and translational invariance assumptions, and the Bloch decomposition.
The occupied bands below the Fermi level define the Bloch bundle, whose first Chern number gives

the bulk index. We also explain the Kubo formula and its reduction to the trace expression

iTr (P[[x1, P, [x2, P1])

where P is the Fermi projection and x1, xo are switch functions. The Haldane model is used as a
concrete example illustrating how changes in the Bloch Hamiltonian can change the Chern number
through gap closing.

Chapter 3 studies the equality between the bulk and edge formulations. For a half-plane restriction
of a tight binding Hamiltonian, the edge index is defined by the signed spectral flow of the edge
eigenvalues across a regular energy in the bulk gap. Following the strategy of Graf and Porta [18],
we introduce the decaying wave bundle and use it as an intermediate object relating the Bloch
bundle to edge spectral flow. This chapter explains why a topological invariant computed from
bulk eigenvectors is also visible in the boundary spectrum.

Chapter 4 applies these ideas to frustration free free Fermion Hamiltonians. Such models have a
strong local positivity condition: the Hamiltonian is a sum of positive local terms whose kernels
have a common nonzero intersection. We prove that, under the assumptions considered there, the
edge index vanishes. While related conclusions may be inferred from flat band and K-theoretic
considerations, the method used here is based on perturbative control of edge spectra in a particular
lattice geometry. This result shows that strong locality and frustration free structure can obstruct
nontrivial quantum Hall transport.

Chapter 5 turns to interacting quantum systems. The setting is a family of finite tori Ay =

(Z/LZ)? with uniformly gapped, short range, U (1)-invariant interactions. We review the quasi-local

3



algebraic framework, the role of Lieb—Robinson bounds, and the construction of an almost inverse
Liouvillian with exponential locality. These tools are then used to construct a flux-threading unitary
and a charge transport operator. The main result proves that the many body Hall conductance,
formulated as a charge transport index, is quantized up to an exponentially small error in the

system size. This improves the superpolynomial error estimate of [6].



CHAPTER 2

Quantum Hall effect in free Fermionic system

In free Fermionic systems with translational invariance, the topological nature of quantum Hall
effect is most readily apparent. Different phases are distinguished by different topology of certain
vector bundles. We'll introduce vector bundles and their classifying index called Chern index. We

refer to the textbook by [26] and lecture notes by [17] for the geometric definitions.

2.1. Free Fermions on a lattice

In this chapter we begin to construct a class of physics models that have a minimal setup assump-
tions, a clean mathematical structure, while being able to demonstrate most physical phenomena
of quantum Hall effect. We call these models the tight binding models, following the terminology of
solid state physics. They describe the energy eigenstates of non-interacting Fermions that occupy
atomic orbitals in a crystal. This class of models are the setup in our work of proving zero Hall
conductance in frustration free systems.

In our context, a lattice is a set of at most countable, discrete points embedded into R? and equipped

with the Euclidean metric from the embedding. In most cases the lattice will be denoted as A.

Definition 2.1

A tight binding model consists of

A lattice A = 7,

A Hilbert space H = ¢?(Z2,CN) = 2(74) ® CN

A bounded self-adjoint operator called the Hamiltonian H € B(H),

with additional assumptions:

o Z% is an abelian group by entry-wise integer addition, and a metric space with d(r,s) =
S lri = sil;

e inner product of H is induced by those of (*(Z%) and CV;

e 7% has an action on (2(Z%,CN) as (Tr))(s) = ¢(s —r) Vr,s € Z%, o € H;

e H is translational invariant: T, HT, ' = H

5



Later we may also discuss tight binding models where the lattice is N x Z, with translation group
action in the Z component and monoid action on the N component. We call this a tight binding
model with an edge.

A point in the lattice may not correspond to an atom in a physical crystal, but rather a translation
group element of the crystal. And within a unit cell of the translation group, there may be more
than one atom. Each of the atoms within a unit cell, together with each atomic orbital within an

atom, contribute one of the N components in £2(Z%, CV).

Assumption 2.2

H is said to be gapped if o(H) C (—o00,v1) U (72,00) for some v1 < 7s.

Proposition 2.1.1
If H is gapped and has short range, and the chemical potential is in the gap p € (y1,72), then the

Fermi projection P, = X(—oo,) S exponentially localized
30,6 > 0, sit. |\<5T , P, 53>H < Cexp(—d(r,s)/€), Vr, s € 72

This is established in [1].

PRrROOF. A sketch of the proof is as follows: Let C be a CCW contour on the complex plane

that encloses o(H) N (—oo, 1) and not intersecting o(H ). Then

Plk) = 2% JEOEPRE

z € Cisnotin o(H). And H has finite range so by Combes-Thomas estimate, the resolvent is also

exponentially localized with some L(z),1(z) > 0 depending on z continuously
(80, (H = 2)71 05 ) < L(2) exp(~1(2) d(r, s))

And the compact contour allows the exponential localization of resolvent to pass to the Fermi

projection ]

2.1.1. Finite interaction range and cell combination.
6



Definition 2.3

We say an operator H € B(£?(A,CN)) has finite (interaction) range if there is an R > 0 such that
<<5,.®u,H53®v> =0

or all r, 8 € such that d(r,s) > and all u, v € . Or 18 the Kronecker delta function
for all A such that d R and all cN. ¢ he K ker delta f

supported on site r € A

By combining rectangular a x b cells into one cell, we have an isomorphism of Hilbert spaces

(2.1) bap : L2(Z2,C") — (2(22,C*Om)
5(pa+r,qb+8) ®ej— 5(p,q) @ €r.sntj

where (r < a, s <b,j<n) € Nandp,q € Z. {e;} are standard basis of C". This leads naturally

to the following:

Proposition 2.1.2 (Next nearest interaction)
Given H € B({?(A,CN)) having finite range and translational invariant, there are large enough

a,b e N such that H := ¢qp Hgb;bl interacts among nearest and next-nearest neighbors:
<5T ,ﬁ53> £0 only if  — s € {(£1,0), (0, £1), (£1,£1)}

As a result, every (finite range) tight binding model Hamiltonian can be decomposed into a sum of

local terms

H= Z T HoT,*

such that Hy|dg) only if & € {(1,0),(0,1),(1,1), (1, —1)}

PROOF. For the first part, taking some a,b > 2R greater than twice the interaction range will
be sufficient.
For the local decomposition, let I, be the projection onto the internal degrees of freedom of block

cell . Define

P:=1{(1,0),(0,1),(1,1), (1, —1)}.



One may choose the local term

Hy=ToHIy+ Y (HOfIHr + H,ﬁno) .
reP

Then Hy is supported only on the block cells {(0,0), (1,0), (0,1), (1,1), (1,—-1)}. And by
translation invariance,

H= T,HT,"
xEZ2

where the sum is understood in the strong operator sense. Because the interaction range is finite,
only finitely many translated local terms act nontrivially on any fixed basis vector, so this sum is
well-defined. And it decomposes into translates of a local term supported on one cell together with

the four positively oriented nearest/diagonal bonds. O

So without loss of generality, any tight binding model with finite range Hamiltonian can be seen as
a model with next-nearest neighbors interaction. Specifically the Haldane model has next-nearest

neighbors interaction. As a result of next-nearest neighbor interaction

2.1.2. Fourier transform. It is well-known that Fourier transform can be defined on any
functional space whose domain has a finitely generated Abelian group action, as is our case of
¢%(Z,CN). And the Z? translational invariance of Hamiltonian in tight binding models brings more

convenience. We denote F(¢) = {p\ and FHF ' = H. The Fourier transform is the unitary map
F (28, cNy = 2T, Ny, T = ([0,2x]/(0 ~ 2m))"

—~ ~ 1 .
vee e, k)= oo Y k)
xcZd

Proposition 2.1.3

By translational invariance of H, we have a matriz valued function
H: T — My(C)
such that
F(HY) (k) = H(k)i)(k), Yk € T

And if H has finite range then I;T(k:) has trig-polynomial entries.

In other words, H acts as a fiberwise homomorphism on the trivial bundle T¢ x CN.

8



PRrROOF. (*(T? CV) has an orthonormal basis {f;(-) := '*0) @ ej|z € Z%, 1 < j}. Tt suffices
to prove that (FHF 1) f ;(k) = H(k)fz;(k), Vk € T4
We know that translation act as a multiplication operator: (Tp1))(k) = €®* (k). So the basis
elements are generated by fo; as fz; = fx fo,j-

Let ﬁ(kz) € Mn(C) be a matrix with entries

By translational invariance:

Evaluating at k
H e (k) = e™®(H f15) (k)
As an equation of CV vector with L?(T¢) entries, we can insert the k-constant identity matrix
Zz’]\il e;e;
Hfoj(k) = e Zez (H fs)(K)

We can associate the e to the right

I/-jfm( = ¢k Zez e; Hfm = ¢lke Z e;hij(k) = mej(k:)ﬁw(k)

=1
So we see Hip(k) = h(k)p(k).
As functions of k € T¢, the Fourier coefficients of ﬁ(k) are exactly <50, H5m>€2(zd), xeZl IfH

has finite interaction range, then only finitely many Fourier coefficients are nonzero, so H (k) has

trig polynomial entries. O

2.2. Chern index of vector bundle

2.2.1. Vector bundle basics. Let M be a real manifold that is connected and Hausdorff.

Definition 2.4
A fiber bundle € = (E, 7, M) is a triple consisting of a topological space E, the base manifold M, a

surjective smooth map 7 : E — M such that all preimages 7~ (x) Vo € M are diffeomorphic to the
9



same space F' called the fiber.

A K-vector bundle is a fiber bundle whose fibers are diffeomorphic to a K-vector space.

Throughout this thesis we always consider vector bundles over the complex field.

Given a vector bundle one can study its subsets that still have a bundle structure:

Definition 2.5
(E', 7', M') is a sub-bundle of (E, 7, M) if E' CE, M' C M and 7’ = 7|g.

In particular we are interested in the subbundle that has the same base space as parent bundle. In
this case each fiber of the sub-bundle is a subspace of the fiber of parent bundle.

Maps between vector bundles that preserve the bundle structure are called bundle maps/homomorphisms:

Definition 2.6
A wvector bundle homomorphism between (E, 7, M) and (E', 7', M") is a pair of linear maps ¢ : E —

E' and f: M — M’ such that

mop=for
Since 7 is surjective, the map f between base manifolds is uniquely determined by the map ¢
through f(z) = 7’ ogon !(x). And the RHS is a well-defined map unaffected by different elements

in 771 (x) because ¢ o 771 (x) C 7'~! o f(x), i.e. the bundle map sends fiber 7—!(z) into fiber

7'~ lo f(x).

We classify vector bundles up to isomorphism, that is

Definition 2.7

(¢, f) is called a bundle isomorphism if there is another pair of maps (¢, f') such that
po¢ =g, ¢ 0o¢p =1g;

fof' =1y, flof=1y

Bundle map (¢,I5;) between (E, 7, M) and (E’, 7', M) over the same base M can be seen as a
smooth family of linear maps ¢, : Hom(n~!(z), 7'7!(z)), 2 € M. E and E’ are isomorphic if and

only if ¢, are linear isomorphisms for all x.

The idea of sections of a vector bundle generalizes RY valued functions on the base manifold:
10



Definition 2.8

Given a bundle (E, 7, M), a section s : M — E is a smooth map such that
mos=1Iy
A straightforward criterion of trivial bundle is whether it has a global section of basis:

Proposition 2.2.1
A wvector bundle (E,w, M) is trivial if and only if it has N sections {s;}X, such that at each base

point {si(x)}Y, forms a basis of the fiber 7=1(x).
PRrOOF. If {s;(x)} forms a basis at each z, then the decomposition coefficients

Cp:ml(z) = CV

N

y= Zcisi = (€1, .oy Ciy - .CN)
=1

is a smooth family of linear isomorphisms. Hence we have a bundle isomorphism (C,I;s) :
(E,m, M) — M x F.

If (C,Iy) : (E,m,M) — (M x CN, 71, M) is a bundle isomorphism, then C, is a family of linear
isomorphisms. 7;0C = ;o7 Let e; be the standard basis of CV then (z,e;) C 7 ' (z), C; ' (2, &),

are a basis of 77!(x). O

The sections of a vector bundle carry the structure of a C°°(M)- module, as each section s can be
pointwise scalar multiplied by r € C*°(M): r - s(x) = r(x) - s(x); and two sections can perform
pointwise vector addition (s + t)(x) = s(z) + t(x), both operations produce sections.

Studying sections of a vector bundle reveals great amount of structures of the vector bundle. In
fact taking sections is a functor, from the category of K-vector bundle to the category of modules
over C*°(M). And Swan’s theorem [36] shows that there is a one-to-one correspondence between
vector bundles over compact base manifolds and projective modules over C*°(M). Later this idea
is developed by N.Read and later inspired us to prove the triviality of frustration free tight binding
models.

Let T? be the 2 torus: T? = [0,2n] x [0,27]/((0, k2) ~ (27, k), (k1,0) ~ (k1,27)).
11



2.2.2. Bloch bundles. The trivial bundle T? x C¥ is of our interest since the sections of
this bundle form the Hilbert space L?(T?,C") that is isomorphic to the Hilbert space £2(Z2,CY)
through Fourier transform.

Given a smooth family of N x N self-adjoint matrices parametrized by the compact manifold T?:
H : T? — Hom(CY), there are finitely many eigenvalues, and all are uniformly bounded real
numbers due to compactness of T2.

If there is a gap in the union of spectra:

U o(H(k)) € (=00, 1) U (32, 0)
keT?

then the projections P(k); 2 on each part of the joint spectra has constant rank and varies smoothly

with k € T? because it has a resolvent expression

Prolk) = —= ¢ (H(k) = 2)'dz

C 2w Jo,,

where C 2 is a CCW contour on the complex plane that encloses the 1st or 2nd part of the joint
spectra but intersects with none of them. Continuous functional calculus ensures that (H (k) —z)~!

is smooth in k for all z, and compact integration contour C preserves the smoothness.

Definition 2.9 (Bloch bundles)
Given a smooth family of N x N self-adjoint matrices parametrized by the compact manifold T?:
H : T? — Hom(CY), and the joint spectrum is separated by a gap into two parts, then the union of

invariant subspaces is called Bloch bundles. Specifically

G:= |J Im(Pi(k))

keT?

1s the ground state bundle and

E:= | Im(Py(k))

keT?2

is the excited state bundle.
The base is T? and the bundle projection is w : Im(P(k)) — k.

As subsets of T? x CN, they carry the subset topology.
12



2.2.3. Curvature and Chern Index. In most classical texts [37] [38] of quantum Hall
effect, the Chern index is defined through calculating the Berry connection, the curvature and then
integrate its trace over the Brillouin zone. We’ll take a hybrid of intrinsic and frame dependent
approach to show its topological nature and to connect with literature in condensed matter physics.
As a computational definition of Berry connection, one must first choose an orthonormal section of

the ground state bundle G
(2.2) vj : U CT? = Im(P), s.t. P(k Zyvj k)|, Vk € U

Upon choosing such a section as a chart, the Berry connection on the ground state bundle can be

read out as a My (C) valued 1-form, also known as the Christoffel symbol of a covariant derivative.

2 2
(23) AK)s 5= D2 ANk =3 (uylk), k) Y
i=1 i=1 !
(2.4 Vio(l) = (k) + A'()0(F)

Intrinsically this covariant derivative can be written as V;¢ (k) = P(k) 0;¢(k) without reference to

a choice of section of the ground state bundle. It has a clearer interpretation as

Remark 2.2.2
A section ¢(k) is parallel to the connection, if its change in the ambient space T? x CV is in the

kernel of projection P(k).

The curvature tensor is defined intrinsically as
(2.5) Eij =1[Vi, Vil = Vi, k)

where the second term is zero if we take the [0,27) x [0,27) coordinate system on torus. Thanks
to the frame independent expression of V we can quickly derive the expression of curvature after a

few Leibniz rule:

0 0 0 0
(2.6) Foj=[P—,P—]= P[a—kiP, a—kj

(TS P

The Tr(F') is an invariant polynomial of the Bloch bundle, namely:

T : My(C) — C, a polynomial of N x N variables
13



such that T(U 'FU)=T(F), YU € GLyx(C), F € My(C)

Tr(-) is such an invariant polynomial. Taking any local chart on T2, the curvature tensor is a

My (C) valued 2-form, and the polynomial is
T(Fij) =Y (Fi) =Te(F) € Q*(T?)
i
The GL(N)-invariance of trace implies that Tr(F') is a well-defined scalar 2-form unaffected by the

transition between different frames 2.2 of the Bloch bundle.

Proposition 2.2.3

Let F; j = [V;, V] — Viki k, be the curvature of a vector bundle, then Tr(F) is a closed form.
And thus the cohomology class [Tr(F)] € H?(T?) called the Chern class. Integrating the Chern

class on the base manifold T? gives the Chern index

Tren (P(k) [;ﬁp(k), ;@P(k)]) (Qd:)

()

Chy( | | Im(P(k))) = 2/

2
keT? keT

The fact that such index is integer-valued is due to Gauss Bonnet theorem.

2.2.4. Gauge freedom in local observable versus in Bloch bundles. In classical texts
that computes Hall conductance through Berry connection 2.3, a choice of gauge, namely a local
frame of Bloch bundle, is always involved, and sometimes implicitly. Later difference in the gauge

choice would disappear when calculating the Berry scalar curvature Tr(F).

Observation 2.2.4

An interesting trivia to the author is that decomposition of the Hamiltonian into local terms is
a gauge freedom, and corresponds to the gauge freedom in Bloch bundle sections after a Fourier
transform. In fact information of topological invariants is hidden in possibility of certain local
decomposition, and more obviously the possibility of global frames of Bloch bundles. When gener-
alizing to many body quantum system without translational symmetry, the gauge freedom of local

decomposition becomes the only source of topological information.

Such gauge freedom of local decomposition, and its invariant classes, are extensively developed by
A. Kapustin et. al. in a sequel of articles [27] [2] into a homology theory, where the chain complex

is made of n-currents in the quasilocal algebra.
14



Assume that H (k) has no degenerate or zero eigenvalues so that there are N Bloch bundles of rank
1. By finite interaction range, H is a matrix with entries being polynomials of e*#1 e*i2 which

we shall call it trig-polynomial. H has a local decomposition as

1
Ho=2( S (b0 HO)80) (o] +he), H= Y ToHoT,"
d(x,0)<R x€Z?

One may diagonalize the local term Hg within its supported subspace and yield {|v;)} € £?(supp(Hy), C")

that are mutually ¢? orthogonal
finite

Ho = Z Ejlv;){vj]

J

Their Fourier transforms {v;} are of trig-polynomial entries as well, and they are sections of

~

ke Im(H (k)). A gauge transformation such as:

>y ~ _ isik~
S 1V uy = e

alters the section within the Bloch bundle, and leaves the full Hamiltonian invariant, as the phase

e'si'k v, ; cancels that of e~%i* U;-f ;- However this induces a different local decomposition of Hamil-

tonian,

S(Ho) = ZEjlf_l(ﬂj)Mf_l(ﬂj)l = Ty, lvg) (v T3,

now S(Hp) is supported near sites U;s;.

It is tempting to build a frame of Bloch bundle by Fourier transforming {|v;)};. This may not work
because {|v;)}; being an ¢ basis of Im(Hp) does not imply {v(k),}; being an C" basis of Im(H (k)).
On the other hands, projectors onto Bloch bundles may not be a trig-prolynomial matrix. And we

arrive at the following observation

Observation 2.2.5
Let ﬁ(k) be a spectral projection of ﬁ(k) gapped away from the rest of J(ﬁ(kﬁ)) The Bloch bundle
Lk (Im JS(k:)) is trivial if P has a local decomposition.

This observation leads to our interest in flat band and frustration free Hamiltonians. We developed

it into theorem 4.8 in Chapter 4.
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2.3. Kubo formula: Hall conductance as a linear response coefficient

Among all the formulations of Hall conductance, the Kubo formula provides the most detailed

depiction of the experimental setup.

y/\

X1

N

We model a 2D crystalline material with the tight binding model (ZQ, ?2(z2,CcN), H) Assume a
spectral gap o(H) C (—00,0] U (7,00). A time-dependent electric potential V' (¢) is applied across
the region Z, x (Zy N [—R, R]). The electric field was 0 at ¢t — —oo and gradually (e << 1) turned

on to be Vy e until ¢ = 0. As a multiplicative operator on ¢2(Z2?,C"),
(V)Y (z,y) = Vo e xa(z,y) ¥ (a,y)
where ¥ is a soft switch function such that
Xy <—R)=0, x(y>R)=1; Xa(,9) = xX(y)

Let P(t) be the instantaneous Fermi/ground state projection of the perturbed Hamiltonian, and P

the unperturbed Hamiltonian
H(t)=H+Voe" Xo;  P(t) = X(coogH(t); P =X(—oouH; 1€ (0,7)

At t = 0 the current flowing into the region N, x Z, is measured. Let x1 = xnxz be the indicator
function supported on this region. The current expectation can be expressed as the in-region

particle number increment rate:

(1) =5 m(P() x1) = Tr(PO)ilH(0) 1]
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Note that P(0), H(0) both have Vj and e dependency.

Definition 2.10
The linear response coefficient k. is the 1st order coefficient of perturbed expectation Tr (P(O) i[H(0), Xl])

in terms of perturbation Vy:

the Hall conductance is the limit kg = lim._q Ke

Theorem 2.11 (Kubo [30])

In the experimental setup as above, the Hall conductance has the expression
0 . .

(2.7) en =i [ 1(e (Hoal e [, P)) d
0

Proposition 2.3.1

The Hall conductance has another expression

(2.8) ki =i T (P[[x1, Pl [X2, Pl])

And Ky s independent of change in x — x = X + g, for any g : Z — Z compactly supported and
2wz 9(@) =0.

Derivation of this expression from the Kubo formula can be found in [17].

2.3.1. Trace class operators. Generalizing the concept of trace from finite dimensional ma-
trices to operators on a (infinite dimensional) Hilbert space can lead to some surprising phenomena.
In fact the expression kg = i Tr (P[[x1, P], [x2, P]]) deserves some sanity checking: we need to
guarantee the sum of infinitely many diagonal entries converges and is independent of the choice

of basis.

Note 2.3.2

When discussing the trace class properties on £(Z2,CN) we shall hide the CN tensor factor.

Definition 2.12

Given a separable Hilbert space H with an orthonormal basis {e;}5,. An operator A € B(H) is

called trace class if <ei, VA*A ei> < 00. Denoted as A € J1. Such A has a trace that is independent
17



of the basis.
TI“(A) = Z <€i7 A€i>

=1
For another O.N.B. {f;}3°,

[e.e]

=3 (#AR)

Proposition 2.3.3

J1 is a two-sided *-ideal in B(H), that is:
J1 is a vector space;

AeJy = AB, BAe€ h, VB € B(H);
Aceh = A" e T

Proposition 2.3.4
If A € Ji thenVB € B(H), Tr(AB) = Tr(BA)

The proof of the previous two propositions can be found in standard textbook such as [34].

Now with the definition and properties of trace class operator we can prove that Tr (P [[x1, P], [x2, P]])

is well-defined, if we assume H to be gapped and has finite range:

Proposition 2.3.5

Let P be exponentially localized
3C, € >0, s.t. ||<5r, P55>|| < Cexp(—d(r,s)/€), Vr,s € 7?

then

[x1, P][x2, P] € J1, as is P|[x1, P],[x2, P]] € T
18



PROOF. For either i = 1 or 2 the component of Z?:

i has delta function x;|0,) = x;(7)|0,), Vr € Z? as eigenvectors,

1(6r (P = Px) 86 Il =I{8rxis P3s) = (b7 Pxids )|
=1 {6:xi(r), Pds) = (57, Pri(s) )|
eigenvalues y;(r/s) commute to the front <|x;(r) — x:(s)| H<5r7 P(53>H

3 Cexp(—d(r,s)/€) if sgn(r;) # sgn(s;)

0 if sgn(r;) = sgn(s;)

So in the nonzero case, different sign of Z? components implies d(r — 8) = |r1| + |s1] + |ra| + |s2]

and we are using the 1-norm on Z2. Sum over s gives

| 3 (o aP = Pri) )
s€Z?

| <C&exp (~|rl/¢)

Now we verify the trace class condition of [x1, P] [xe, P]:

Let Py :=|d5)(0s|, then

Tr([x1, P] [x2, P ‘—H< [x2, P]* [x1, P]* , [x1, P] [XQ,P]5T>

<> > |[(rbea PI* Py [t PY* Pagy Dt Pl Peg [xe, Pl )

rEZ2? 81,5283

<C'¢® exp(—1/¢) < o0

So [x1, P] [x2, P] € Jh, similarly [x2, P][x1,P] € Ji O
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Another surprise is that the usual cyclicity within trace seems to imply trace of a commutator is

always zero. And if one performs some algebra to the real lattice expression of Chern index:

P[x1, Pl [x2, P]]

=P ((aP — Px1)(x2P — Px2) — (x2P — Px2)(a P — Px1))
already we can cancel a pair in each line

= P(x1Px2P — PxaPX2 — Pxixe P + PxaPx2)

— P(x2Px1P — PxaPX1 — Pxoxa P + Pxax1)

the multiplicative operators x1 x2 commute, so

= P(x1P’x2P) — P(x2P*x1P) = |Px1P, PxoP
and naively using cyclicity of trace this would imply
i ~ Tr (Px1P) (Px2P)) — Tr ((Px2P) (Px1P)) ~ 0

However there are obvious example of models with nonzero kg. Both can be explained by the
concept of trace class operator.

The answer to our paradox is that Pxi1P and PyoP are not of trace class, so neither split-
ting kg into Tr ((Px1P) (Px2P)) — Tr ((Px2P) (Px1P)) nor the cyclicity Tr ((Px1P) (Px2P)) =
Tr ((Px2P) (Px1P)) are well-defined.

Remark 2.3.6
Pllx1, Pl, [x2, P]] € Ji as well. Yet the splitting

Te(P[[x1, P, [y, PI] ) = Tr(Pl, Pl by, Pl) = Te(Plxa, P) b, P)

may not be 0, because the cyclicity within trace cannot permute one term to the other, and the first

P is the barrier.

2.3.2. Kubo formula is Chern index. The expression 2.8 visually resembles a curvature,
and indeed after the Fourier transform, it is the integral of the curvature of the ground state bundle

G, i.e. the Chern index.
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Proposition 2.3.7

iTe(P[Dvi. Pl [xa: Pl] ) = O L] 1m(P1))

PROOF.

Chy( | | Tm(P(k))) Zi/ Tren (P(k’)[ O P(k), P k)D -

2
keT? keT

The key observations to the left hand side are Fi[z;, P] F (k) = -2~ P(k):
vy € LA(T2, V), Ad;(z’ [z, P])¢(k) =i [Adf i, Adfpw (k)
0
0
Ok

= (5 P(9) 00

(P(k)i(k)) — P(k)

"y
As kp is independent of the details of the switch function x;, we replace x; with xu,e[0,1] fl as the

latter is also a switch function from 0 to 1. Now

1
KH = iTr(ﬁXwiE[O,L} Pl[z1, P], [$2>PH>

Taking the limit of L — oo,

o (e )= [ e ()

And we have the expression of Hall conductance in L?(Z2,CV). O

[\V]

2.4. An example: Haldane model

The most well-known example of such tight binding models is the Haldane model, proposed by
F.D.M. Haldane in 1988 [19] as a model that demonstrates integer quantum Hall effect with no
external magnetic field and the Hamiltonian has explicit lattice translational invariance. The
lattice, though often drawn as a tiling of right hexagons, is actually Z2, with a parallelogram unit
cell containing 2 atoms at the vertices of hexagons, denoted as atomic orbital A and B of the unit

cell. Using the isomorphism ¢2(Z2 CV) = ¢2(Z?) @ C we present the Hamiltonian as elements of
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FIGURE 2.1. The lattice of Haldane’s model is A = Za; ® Zay = Z?, there are two
orbitals within each unit cell, labeled as A in red and B in blue.

To keep the hexagonal lattice appearance we choose the embedding of Z? — R? as
(1,0) = a1 = £(3,v3) and (0,1) — a1 = 1(3,—V/3)

(A7) 2 (Z)) ® My(C)

0
|6,) € £(Z?*) denotes a function supported in the unit cell at r; or are wavefunctions
0 1
that indicate a fermion located on site A or B of the unit cell.
Now the Haldane Hamiltonian is:
0 1
H= 11 peze (1600 0rsar | + 100} G szl +180) G sar sl ) @ +he
0 0
1 0
+ 12X ez (100) Grsar] +10) Grmaal + 167) Or-aras] ) © +he.
0 1

+ M3 ez [0r) (0r| @
0 -1

t1,to, M € R are tunable parameters to experimentalists. And the parameter space is separated

into open regions, within which the Hall conductance is constant integers.

2.4.1. Haldane model phase diagram. The real-space Hamiltonian of the Haldane model
was introduced above. Since the Hamiltonian is translationally invariant, after Fourier transform

it decomposes into a family of two by two Hermitian matrices over the Brillouin torus T?:

(2.9) H(k) = do(k) + dy(k)oy + do(K)os + ds(k)os.
22



Here dy(k) only shifts both energy bands by the same amount, and hence does not affect the
eigenvectors or the Chern index of the occupied band. The relevant topological data are therefore

contained in

d(k) = (dy(k),ds(k),d3(k)) € R3.
do(k) = 2t3 cos qbz cos (k: . gl-) dy = tlz cos (k- &;)

d2 = tlz sin (k‘ . 51) d3 =M — 2t2 sinqb <Z sin (k‘ 51))

The two energy bands are

Ey(k) = do(k) + ’d(k)’.

Thus the model is gapped precisely when d(k) # 0 for all k € T2. In the gapped case, the occupied
line bundle is the lower eigenbundle of H (k), and its Chern index is constant under any deformation
of parameters that does not close the spectral gap.
Let

n(k) = —= :T? — §%

For a two-band Hamiltonian, the Berry curvature of the lower band can be written directly in terms

of this map:
1
(2.10) F_(k) = —in(k) . (Okln(k) X 8k2n(k)) dk1 A dks.
Equivalently, if n is expressed in spherical coordinates
n = (sinf cos ¢, ,sinfsin ¢, cos ),
then the lower-band Berry curvature is the pullback of the area form on the Bloch sphere:
1.
(2.11) F_ = —3 sin 0 df A de.

Therefore the Chern index is the degree of the map n : T? — S?, up to the sign convention

determined by the choice of lower band:

1 1
2.12 h_ = — F =—— . dky, dks.
( ) C o - I 2 n (8k1n X 8k2n) 1, 2
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Thus the Haldane model is topologically nontrivial exactly when the image of the Brillouin torus
under n wraps nontrivially around the Bloch sphere.
The phase boundaries can be found without evaluating the integral over the whole Brillouin zone.

The gap can close only at the Dirac points K and K’, where the first two components vanish:
di(K) =d2(K) =0, di(K') = do(K') = 0.

At these points, the remaining mass terms are

(2.13) myg =ds(K) =M —3V3,tasing,  my = ds(K') = M + 3/3, tysin ¢.

Hence the gap closes exactly when one of these two masses vanishes:

(2.14) M =3V3,tysing  or M = —3V3, tysin¢.

These two curves divide the parameter space into regions with constant Chern index.
Near the two Dirac points, the Bloch Hamiltonian has the form of a massive Dirac Hamiltonian.

Up to an irrelevant scalar term and higher order terms,
(2.15) H « K(q) ~v(qio1 + q202) + mgos, H « K/(q) ~ U(—qlal + q20'2) + mgos,

where q denotes the momentum measured from the corresponding Dirac point. The opposite signs
in the linear parts express the fact that the two Dirac cones have opposite chirality. A change of
sign of either mass changes the Chern index by one. Taking into account the opposite chirality of

K and K’, the lower-band Chern index is

(sgn(M + 3v/3, ta sin gb) — sgn(M — 3V/3,tysin qb))

N | =

1
(2.16) Ch_ = 3 (sgn(mpgr) —sgn(mg)) =
Consequently,

Ch_—0 if ‘M‘>3\/§’t2sinq§

, while Ch_ = sgn(tesin¢) if ‘M‘ < 3\/5‘152 sin qﬁ)

, where the two

The topologically trivial region includes, for example, the atomic limit ‘M ’ > ‘tg
sublattices are strongly separated in energy and the occupied states do not wrap around the Bloch

sphere. The nontrivial region appears when the complex next-nearest-neighbor hopping produces
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opposite signs for the two Dirac masses. Thus the Haldane model realizes a Chern insulator
without a net external magnetic field: the Hall conductance is determined by the Chern index of
the occupied Bloch line bundle, and this integer changes only when the bulk gap closes along the

phase-boundary curves (2.14).

Ch=0 _A{/(S\@tQ)

—1

F1GURE 2.2. Chern number of Haldane model in the parameter space

2.5. Hall conductance as Edge index

In this section we’ll describe the mathematical setup of a tight binding model with an edge, and
define the edge index which is interpreted as the net current. By definition this edge index is robust
under perturbation of the Hamiltonian which does not close the gap or lose translational invariance,
though the latter can be dropped in the treatment of [20].

Though Kubo formula describes the experimental setup and the driving force of quantum Hall
effect very well, it does not reveal the fact that Hall current is carried by states that are localized
to the edge of material. Such edge states and their robustness are first discussed by [20]. In the
next section we will prove the equallity of edge index and the bulk Chern index.

The edge system in our context is a restriction of an existing tight binding model defined as 2.1 onto

a half plane lattice. We use the fact that tight binding Hamiltonians have a local decomposition.

Definition 2.13 (System with edge)

A tight binding model with edge consists of
25



A lattice A =N x Z,
A Hilbert space He = (N x Z,CN) =2 (2(N x Z) ® CN
The edge Hamiltonian is the bulk Hamiltonian omitting all local terms supported not on the half

lattice.

The additional assumptions become:

e inner product of H is induced by those of (*>(N x Z) and CV;
e 7 has an action on (*(N x Z,CN) as (T,1)(8) = 9 (s1,82 — y) Vs2, y € Zand s1 € N;

The edge system retains Z direction translational invariance, hence there is a one-dimensional
Fourier transformation

Fo : 2(N x Z) — 2(N) @ L3(Sh)
1 —in
Fa() (k) = (2m)i2 %6 M (k)

And the Hamiltonian H, becomes a k-parametrized family of self-adjoint operators that depends

analytically on k
(2.17) IH, (k) € B(A(N)), VkeS', Fo(HY) (k) = He(k) (Farb)(k)

2.5.1. Properties of edge Hamiltonian spectrum. We reinstate the gap assumption 2.2

on the bulk Hamiltonian.

Proposition 2.5.1
The essential spectrum of f]e(k:) is equal to the essential spectrum of fI(k:),
The edge mode graph

= {(k,E) €S' x (71,72) : E € 0 (He(k))}

is an analytic set, i.e. a union of graphs of finitely many analytic functions.

This is discussed in [18]. And we’ll give another proof in section 4.5.2. Each analytic function that
forms I" are referred to as (local) eigenvalue branches.
Globally, eigenvalue crossings may lead to a non-trivial permutation of the branches E; between

k =0 and k = 27, thus preventing a single global analytic labeling of eigenvalues on S!; however,
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as we will explain, this plays no role in what follows, and the reader may keep in mind the generic

situation illustrated in Figure 2.3.

FIGURE 2.3. Eigenvalues of H.(k) below p can be seen as functions defined on
[ko, k3] and [k4, k1], while no single collection of functions defined on S! could have
graphs that include all eigenvalues of H.(k) because the blue/black curve is a self-
braiding of one continuous curve.

Definition 2.14 (Regular energy)
A point (k, E) € T is called regular if locally T is the graph of a single analytic function E(k) with
E'(k) # 0. An energy p € (v1,72) is called regular if the line S* x u intersects I' only at regular

points.
All but finitely many energies in the gap are regular.

Definition 2.15 (Edge index)

The edge index I.(H) of He is the total number of signed crossings of I' across any reqular energy
1.

This is well-defined. In particular, independent of the choice of regular energy u follows from the

observation that the edge index is the degree deg(f; 1) of the map E : T’ — R defined by (k, E) — E,

and the fact that deg(E; ) is independent of the choice of regular value, see Theorem 13.1.2 in [15].

The edge index of H, also has an analytic expression, see for example [16]. It is given by
1 . dH,(k

(218) T = 5 [ ab <g'<He<k>>6”) ,
21 st dk
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for any g : R — R, that is equal to 1 on (—o0,v1], equal to 0 on [y2,00) and is differentiable on

(71,72)-
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CHAPTER 3

Bulk edge correspondence

Having the bulk and edge index defined, and both supposed to describe the Hall conductance, it
is natural to seek for proof that they are equal. And such studies are plentiful. Pioneering proofs
were given by [25] and [29] using K-theory. We find the proof most relevant to our context is that
of G.M. Graf and M. Porta [18], though it is focused on time reversal symmetric models with Zs
index. In this chapter we’ll give a sketch of proof following its methods while only addressing the
quantum Hall models.

This chapter is structured as follows: section 1 will recall assumptions that were introduced in the
previous chapter, and introduce one more assumption about the hopping matrix invertibility. Then
in section 2, the key definition of the decaying wave bundle will be introduced, which takes the
place of the Bloch bundle and on which the bulk index can be defined. We declare Proposition
3.2.1 that such bulk index is equal to the Chern number of Bloch bundle. Next, section 3 will be
the sketch of proof of bulk edge index equality. We leave the proof of equivalence of decaying wave

bundle to Bloch bundle till the last section.

3.1. Assumptions

The edge (or bulk) Hamiltonian is defined as an operator H, (k) (H(k)) on /*(N,CY)® L?(S,) (or
2(7,CN)® L%(S',)) after the partial Fourier transform on the lattice y direction and we omit the

hat for simplicity in this section. We recall our assumptions including

e All properties in def 2.1 and 2.13.
e The gap in o(H) is assumed.
e The edge index Z.(H,) is defined in the same way as def 2.15.

For the bulk index, we need a few preparation:
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For each k the Hamiltonian acts as a finite difference operator on ¢(N,C")
(Hp)(n) = Ap(n — 1) + A*p(n + 1) + Vab(n); A, A"V, € My(C), (n) eCY, neZ
And similarly for He.
(Hethe)(n) = Ape(n — 1) + A% (n +1) + Vatp(n), neN

We assume Dirichlet condition on the boundary: (—1) = 0.

Assumption 3.1

We assume the hopping matrix A, A* are invertible.

This assumption is necessary for the proof. By redefining lattice unit cell as in proposition 2.1.2
or edge direction in relation to lattice translation generators, one can have the same model with
invertible or non-invertible hopping matrix A. But at least to the author’s understanding, such

reorientation does not guaranteed to make every model having an invertible hopping matrix.

3.2. Bulk index on Decaying wave bundle

Let o € (71,72) be a regular value in between the bulk spectral gap so that the edge spectrum cross
w as simple crossing with nonzero slope.

A closed contour S C p(H(ky)) C C is parametrized by
z:(—€2r4+¢€) — S,
(3.1) 2(a) = |[H|e" — |H| +
so that z(0) = p and S encloses the part of the spectrum of H below the gap. Recall that our
Bloch bundle G is formed by eigenspaces of H (k) with eigenvalue below the gap.

The 2 torus T? is formed by Cartesian S with the Brillouin zone, and let T? be a self-overlapping

parametrization of the 2 torus:

(3.2) T? =S xS, cCxSYy; T?:=(—¢2r+¢) xSy,

c

Instead of the Bloch bundle, the authors use the following bundle to define the bulk index:
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FIGURE 3.1. The torus T? in blue encloses the lower part of bulk spectrum, and
intersects with the edge spectrum (green) at (i, k)

Definition 3.2 (Decaying wave bundles)
Let 1 be the solution to (H(k)y)(n) = z¢(n), n € Z that decays on the right. The decaying wave
bundle of the bulk is

D= {((z0),9)| (=) € T (HEW)() = 29(n), Tim_(n) =0}

n—-+40o

And similarly, the decaying wave bundle of the edge is

D i={((2:0).%)| (2. k) € T2, (He(k)de)(n) = (), lim _44.(n) = 0}

n—-+o0o

Both are rank N vector bundles over base T? > (2, k).

The general theory of difference equations shows that (H(k)y)(n) = z¢(n), n € Z has N linearly
independent solutions that decay on the right, and N independent solutions grow on the right.
This relies on the fact that A is invertible.

The two bundles D and D, are isomorphic, if we identify the solutions that have matching tail
¥+ e if Ing such that ¥ (n) = .(n)Vn > ng

Let ® be a frame of D that is differentiable on T2

co

namely ®(a, k) is a N-tuple of sequences that
form a basis of the solution space of (H (k)y)(n) = z(n). Evaluating the sequence at n produces

a parametrized family of invertible matrix ®(z, k,n).
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Then it has a family of transition matrices to itself near the cut line
T(z,k) € GL(N), ®(o, k,n)T (e k) = ®(a + 27, k,n), o € (—¢,¢€)

Definition 3.3 (Bulk index from decaying wave bundle)
The bulk index is the total winding number of all eigenvalues of the transition matriz T'(u, k) as k

winds around {u} x Sly or any neighborhood band within the overlap of the charts.

k=27
1= arg(det(T(M7 k))) ‘k:O

We claim a proposition that

Proposition 3.2.1

The winding number of the decaying wave bundle equals the Chern number of Bloch bundle.

3.3. Theorem and sketch of proof
Now the bulk-edge correspondence theorem can be stated as

Theorem 3.4 (G. M. Graf and M. Porta 2013)
For tight binding models H with spectral gap and invertible hopping matriz, and their corresponding

models with an edge H,,

3.3.1. A technical lemma. The proof can be made more structurally clear if we hide the
technical part in the following lemma. It is Lemma (5.5) in the original paper.
It proves to be helpful to regard the frame ® as a sequence of matrices that solve the difference

equation
(3.3) AK)P(n—1)+ Ak)*"®(n+ 1)+ (Vi(k) — 2)®(n) =0, n €N

Once we fix an initial condition at ®(n = 0) or ®(n = 1), and the decaying condition ®(n — co) —

0, the solution will always exist and be unique.

e This fact, together with points (1), (2) of the lemma help us define a pair of frames that
covers T? together;

e Point (3) of the lemma later will show that L are almost T
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e Point (4), (5) describes linear approximations of eigenvalues of L thus we can compute its
winding numbers;

e (5) relates eigenvalues of L with edge spectrum crossing.

Lemma 3.3.1

We call it a cross point if u € o(He(ks)). The following is true for a dense set of reqular energy
in the gap of o(H):

(1) Let ® be a local frame of decaying wave bundle defined on Be an open ball around corssing

point (u, k). And consider its edge partner ®. evaluated at n =1 then

det(q)e(:uﬂ k*? 1)) 7é 0

(2) Let ® be a local frame of decaying wave bundle and consider its edge partner ®. evaluated
atn=0: det(Pe(p, ks,0)) =0 iff p € o(He(ks)).
(8) The matriz
L(z,k) == ®.Y(z, k, 1) A(k) B (2, k,0)
has the reflection property L(z,k) = L(Z,k)*. Hence its eigenvalues are real for real z.

(4) Generically there is one eigenvalue branch l(z,k) of L(z, k) that vanishes at (p, ky) with

nonzero derivatives.

(5) At (u, k), the k-derivative of edge model energy € has the same sign as that of 1

sgn(%) = sgn(%), and % <0

3.3.2. Defining transition map. Now let’s define two local frames: ®. on T2\ {(u, k«)},

by imposing initial conditions

(3.4) Oc(z,k,n=0)=1I

P, ; on Be(p, k«;) by imposing initial conditions
(3.5) S i(z,k,n=1)=1

These actually fully determines ®,, ®, ®, and ® as the difference equation 3.3 governs, and the

edge bundle is isomorphic to the bulk bundle. We shall suppress the label ¢ and consider only one
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T2\ {(1, ki)}

m px st

Be(p, ki)

FIGURE 3.2. ® on T2\ {(u, k«)} in light blue, and ® on B.(u, k.) in gray

crossing point for now. And we may abuse the notation z = z(«) for just z if no chart overlap is
involved, or z = z(«a) for «a if we need to distinguish multiple covering of a point by charts, see 3.1
and 3.2

The transition map outside any Be(f, k«;) are just the identity since initial condition 3.4 is the
same for z(a) and z(a+27). So the winding number of transition map only has contributions from

T(ka)v (Z7k) € Be(ka*,i)'

T(x k) =T, ¥(2,k) € 2((—€,)) x S'\ Bl )
The transition map at (z(«), k) € Be(f, k«) can be computed through two steps,
(3.6) O(z,k) = ®(a, k) T_(2,k), and ®(a+2m,k) = (2,k) T (2, k)

(3.7) — T(zk) =T 2, k) T (2, k)

Again by the difference equation and initial condition, if the above identity is true for n = 0 or

n =1, it holds true for all n and especially T is independent of n. So one can readily tell
6e(za ka 0) = q)e(z(a)7 k7 O) T(Z> k) = T(Za k)a (Zv k) 7& (:uv k*) € BE(M> k*)

Actually the transition map in the B(u,ks) is also fully expressed using the L matrix in the

lemma, and hence fully expressed using ®. and A. Plugging equation 3.5 into the definition of L
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gives L(z,k) = —A(k)®.(z, k,0) and further

T(z,k) =T (2,k) Ty (2, k) = ®e(2(), k,0) ®e(2(a + 27), k, 0)

(3.8) = A(k) L(2(), k) L' (2(a + 27), k) A~ (k)

Eigenvalues of T' are the same as those with A dropped. So we’ll focus on eigenvalues of L(z, k).
Let’s take a contour along the self-overlapping band of T2 \ {(u, k«)} as

St 3 ke (2(k), k) = (1. k) if k¢ (ke —€kite)

0B N (Im(z) < 0,k) if k€ (ke —€,ki+¢€)
On such contour we abbreviate eq 3.8 as T(z(k), k) ~ L_(k)L;'(k). Now summarizing what we

have so far

Proposition 3.3.2

The bulk index can be expressed as

m= Y arg(det(L_(k)Lgl(k))) ke

1€ crossing

kii—€

3.3.3. Local behavior of the transition map. Finally we simplify L(z, k) by looking at its
0 and first-order terms in the expansion near the crossing point (i, k.). Let (z,k) = (i, ks) + A.
And we use subscript 0 for zeroth-order term and subscript 1 for first-order term in A.
Recall (4) of lemma 3.3.1 there is an eigenvalue branch I((u, k«) + A) that vanishes with A in
first-order. Let II(z, k) be the rank 1 projection onto the eigenspace of I(z, k) and L(z,k) is the
rank (N-1) complement of I(z, k)II(z, k).

L(z,k) = 1(2,k)I(z,k) ® L(2, k)

Then the expansion

L(z,k) = 1(z,k)IIg + Lo + L1 A + O(A?)

L(z, k)™ =1z, k) (Mo + T, A) + Ly + O(A)
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Notice that upon choosing the contour and the abbreviation, taking the 4+ subscript is equivalent

with complex conjugate on z: L(z(k),k) = L_(k), L(z(k),k) = Ly (k).

L_(k)Ly! (k) = L(z(k), k) L(z(k), k)" = ;Ei Z;

Risan O(1) term and R = (1—1IIp)RII is an off-diagonal block so R does not affect the eigenvalues.

Iy + R+ (1 —-1Iy) + O(A)

N — 1 eigenvalues from 1 — Iy remain unchanged through the interval (k. + €).

Eventually by (5) of lemma 3.3.1, one eigenvalue from ﬁg’g IIp winds around 0 as k traverses

(ks — €, ki« +€), and meanwhile e(k) passes through 0 with the same sign. That concludes the proof.

3.4. Bloch bundle and decaying wave bundle

One last step to connect the bulk edge correspondence to the usual Chern index is to prove prop
3.2.1 the Chern index of decaying wave bundle D is equal to the Chern number of Bloch bundle
G. This can be found in the original paper [18] section 8. Here we’ll provide a conceptual sketch.
Recall that our Bloch bundle on which the Chern index is computed is a rank-m bundle, whose
fibers are eigenspaces of m eigenvalues of o(H (k)), separated from the others by a gap. While the
decaying wave bundle is rank N, N being the size of H(k) i.e. sites per unit cell.

The following argument works the same for any fixed £, the momentum along edge. So we suppress

it. We call the complexified z-direction momentum as &:
£ = ¢tk c CX

For fixed k, consider the characteristic polynomial of H({) extended to a complex neighborhood.

It is the zeros of a Laurent polynomial in & of degree [—N, ..., N| and polynomial in z, of degree N.
P(€,2) = det (H(E) - 2)

The zero set forms a Riemann surface / 1D complex algebraic curve. We shall call it Bloch variety

B:
(3.9) B:={(§2) € C* x C|det (H(§) — z) =0}

And two subsets of it By := BN {(&,2) | |¢| =1} =S, B_:= BN{( 2) | |¢] < 1}. The former is

a constant-k, cycle in the base of Bloch bundle.
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Now let’s define a bundle-like parent structure

(3.10) B i={((k.2).9)] (2,k) € B, (H®)Y)(n) = 29(n), Tim_w(n) =0}

n—-+40o

ker(H (§) — z) as a decaying sequence is almost always one-dimensional so it resembles a line bundle
over a Riemann surface. To truly have bundle structure, we take samples of FE on two constant

slices of B_:

m:B_—=C; o:B_—{(2)][¢ <1}

(&2) = % (§2) =&

In 3.2 we've argued using difference equation that card(rm=1(¢)) = N iff 2 € p(H(£)). So on the

one-dimensional loop S as in 3.1

I:= |_| 7 Yz) C B_

is generally always a N-fold covering space of S, up to a perturbation in S. And let () be the
m eigenvalue branches of H () in the Bloch bundle, then

2o = {(§ ()| €] =1} C B

is an m-fold covering space of S. It can be analytically extended into B_, specifically for some

sufficiently small p € RT
2= {(&ec@)] g =e"} € B-

This is again an m fold covering space of the circle S_ = {{ € C|{|] = e ?}. The two inclusions
irr : I = B and iy : ¥ — B have pullbacks that become true bundles:

(311 De=in(B) = {(=0)| 2 €S, (HE))m) = 26(n), lim_1(n) =0}

n—-4o00

(312)  Ge=in(B) = {(€.9)| 16 < 1, (HEY)M) =c (), lim () =0}

n—-+4o00

Dy, is a rank-1 bundle over base II, ¥*(F) is a rank-m bundle isomorphic to Gi. And they are the
ky-fibers of the decaying wave bundle / of deformed Bloch bundle respectively.

Again we hide some technical construction by the following lemmas:
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Lemma 3.4.1
Covering spaces like 11 and ¥ are cycles. So it makes sense to say:
e There are two subcycles 1", 11" that concatenate into I1; correspondingly two pullbacks
' =it (E), DI =i, (E) that sum into Dy, = D}, ® DY;
e II' is homotopic to ¥ in B_; the homotopy is independent of k hence induces a bundle
homotopy D) = G;
e 11" is contractible to a point in B_; the contraction is independent of k, so it induces a

trivializing homotopy of D" = | |,.cq1 Dy,

So we have a sequence of homotopic bundles that concludes the proof of prop 3.2.1

DD =| |iE) =G
k
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CHAPTER 4

Zero Hall conductance in frustration free tight binding models

We present the first result from the course of my PhD study. This chapter contains essentially
the same results obtained in collaboration with, and under the advisory of, Martin Fraas and Sven
Bachmann, and the manuscripts will be submitted to arxiv soon. We restate the assumptions for

the tight binding models.
4.1. Recap of assumptions

Assumption 4.1

Recall our assumptions for tight binding models
o We consider the lattice Z? equipped with the [*° metric, and denote e; = (1,0), ea = (0,1);
e The single-particle Hilbert space is H = 12(Z%,C") for some N € N. The components of
CN are called spin components. For x € 72, let 05 denote the projection onto site x;
o We consider a finite-range Hamiltonian H, meaning that there is an upper bound R > 0
such that (0, H 6y) =0, Y| —y| > R;
o And the Hamiltonian is translation invariant T, HTﬁl =H.

After second quantization, the Hilbert space is the fermionic Fock space F = I'(H) and the second-

quantized Hamiltonian' is

2 : *
dF(H) - H;E’y’j’kaw,jay’k,
-’B,’y,]’,k

where az ; is an annihilation operator at site « with on-site spin components labeled by j. The

Hamiltonian is called frustration-free if there exists a decomposition
dT'(H) = Z i
X

such that (i) the interactions are non-negative ®, > 0, (ii) ®, has uniformly finite range and (iii)
the kernels of {®, : € Z?} have nonzero intersection. In the context of free Fermion systems

LSince this part of the text only serves the purpose of motivating the single-particle setting, we ignore technical details
on the precise meaning to give to these formal second quantized expressions.
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we will also assume that ®, = dI'(H,) for some single-particle Hamiltonian H,. With this, the

frustration-free condition can be rephrased in terms of the single-particle Hamiltonian.

4.2. Frustration free models

Assumption 4.2 (F* Hamiltonian)
A self-adjoint operator H on H is a frustration-free free Fermion Hamiltonian if there exists a

decomposition H =) ;> Hy such that:

(1) For all © € 72, Hy > 0,
(2) There exists R > 0, such that Hyoy =0 if |x — y| > R,

(3) NyezzKerH, \ {0} # 0.

We note that given i., iii. is equivalent to 0 € o(H).

Condition (ii) is not necessarily true in a finite ranged tight binding model. A decomposition of
H =" Hy into finite ranged terms Hy may not satisfy condition (3). In fact the Haldane model
Hamiltonian in the nontrivial phase has a finite range decomposition, yet each local term is not
positive, because our result prevent frustration free tight binding models to have non trivial phase.
Another signature of non-positivity of Haldane model is revealed by the non-flat band structure as

discussed below 7.

To connect to the many-body framework, let P be the orthogonal projection onto the subspace
ker H = Ngez2KerH,. Then P or any nonzero sub-projection of P corresponds to a quasi-free
ground state of dI'(H). The only scenario that will be interesting for us is when P is infinite
dimensional, in which case dI'(H) has infinitely many ground states. This is in particular the case
in the translation-invariant setting, see below. Specifically, we will consider the ‘fully occupied’
ground state, namely the one corresponding to the full projection P. In conjunction with the
following gap assumption this is equivalent to having the Fermi energy in the gap between zero and
the rest of the spectrum.

For compatibility with frustration free condition, the gap assumption in this chapter will be

Assumption 4.3 (Spectral gap)

There exists v > 0 such that o(H) C {0} U (v, 00).
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The conditions i. and ii. of the F* assumption imply that there is M € N such that for any « € Z?,

there exists M, € N with M, < M, and compactly supported vectors vj s, j = 1,..., Mg such that

Mg
Hy = Z Vje) (Vjel-
j=1

The vectors |v; ) are neither orthogonal to each other nor normalized but they are all non-zero.
We can obtain another valid frustration-free decomposition of H by relabeling the  and from now

on we will assume that « in |v; ) is the lower-left point in the support of |v; ). Additionally, by

. . ] ]

. ]

. .
xr

] . ] ]

FIGURE 4.1. The term H, describes the interaction between 4 sites, shown in blue
lines. The subscript x is the bottom-left site of support of H,. The support of the
|vj) is shown in red.

coarse-graining, i.e. grouping sites together into a site with more spin components, we can assume

that the interaction range is one, see proposition ??. In other words,

(4.1) |Uj,ac> = |6cc>aj,:c + ’5w+61>bj,z + |5w+ez>cj,w + |5w+e1+ez>dj@a

where |8) is an £2(Z) vector supported at @. a;4,bjz, Cjz, dja are vectors in C" indexed by j, x.

4.2.1. Edge Hamiltonian. The edge system is defined on H, = I>(N x Z,C"). The edge

Hamiltonian H. is obtained from H by dropping all the terms H, on the left-hand side of the edge,

(4.2) He= > H,.

xeNXZ

Notice that the edge Hamiltonian acts on H, by our labeling convention. It satisfies the F* condi-
tions but it is not necessarily gapped. In fact, we give in Section 4.6 an example of a gapped F*

Hamiltonian whose edge Hamiltonian has no gap.
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4.2.2. Translation-invariant models. Let 17,75 be the standard representation of transla-

tions of Z2 on H. The F* model is translation-invariant if

M
(4.3) H=>" Tulvj){v|T; ",

xz€z? j=1
namely the vectors a;z,bjz,Cjz,djz in (4.1) are x independent, and |v;) = |v();) are some
vectors supported near the lattice origin. We immediately remark that in archetypal magnetic
situations such as the Harper model, translation invariance after coarse graining is possible only if
the magnetic flux in a cell is rational.

The Fourier transform

F:H—LATACN) |, fo flk) = L > et f ().

xeZ?
gives

R 1 . . . .
Ug,i(k) = %e’km (aj +e*1b; + etf2c; + el(kﬁk?)dj) .

The Hamiltonian H = FHF ! acts as an N x N matrix-valued function of k, Hi (k) = f[(kz)qﬁ(k),
with

(4.4) H(k)

M M
> Bo(k)o (k)" = ajaj + b + ¢ + djd;+
J=1 J=1
e (bja;f + djcj) + ik (ajb;f + de;) + eikz(cja;f + djb;‘) +....

We will not need the explicit expression for H (k) but it will be crucial for us that, because of the
finite range condition, H(k) is a (matrix-valued) Laurent polynomial in ¢/, ¢’*2 which we shall
call a trig-polynomial.

We now turn to the fact that a translation-invariant F4 Hamiltonian has a flat ground state band.

Definition 4.4

We say that a translation-invariant Hamiltonian G has a flat ground state band if for all k € T?,

(1) G(k) > 0,

(2) ker G(k) \ {0} # 0.
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In this case, any vector of the form [r, o(k)QUKk)e~*®dk with ¢ € L2(T?) and Q(k) € ker G(k) be-
longs to the kernel of G. This implies in particular that ker G is infinite dimensional. It corresponds

to the flat ground state band at zero energy.

The connection between frustration-freeness and flat bands is not new but we feel that it is worth

stating explicitly.

Proposition 4.2.1
If H is a translation-invariant gapped F* Hamiltonian then H has a flat ground state band. Con-
versely, if G is a translation-invariant finite range gapped Hamiltonian with a flat ground state

band, then there exists a translation-invariant gapped F* Hamiltonian with the same kernel.

PRrROOF. If H is a translation-invariant F* Hamiltonian, then i. in Definition 4.4 follows im-
mediately from (4.4). By same equation, k — H (k) is analytic. To show ii., we note that if
0 # Q € ker H, then f[(k)ﬁ(kz) =0 for all k € T? since ﬁ[(k:) is non-negative. This has a nonzero
solution for any k such that H (k) is not invertible. By analyticity of H (k), this happens either for
all k € T? or at isolated points. In the latter case, Q = 0 almost everywhere, and hence Q2 = 0,
which is a contradiction. Hence H (k) is everywhere singular, which is ii. of Definition 4.4.

For the converse statement, let {;*}; be the rows of CAJ, with IV trig-polynomial entries. Now let
H(k) = X, Gi(k) Gi(k)*. Then ker(G(k)) C ker(H(k)). And Rank(G(k)) = Rank(H (k)). So their
kernels are the same. And after Fourier transform, H has a frustration free decomposition
H=Y H; Hp=Te» |u)(w|T,"
xeZ? i
with H, positive by construction. Hy is finitely supported since |u;) are inverse Fourier transforms
of trig-polynomials. The joint kernel of H, is the inverse Fourier transform of ker G and hence is

nonzero and same as G. ([l

4.3. Result: Zero bulk Index

We define the bulk index of a gapped F* Hamiltonian as the Chern number of the ground state
bundle Jy, oo ({k} x kerﬁ(k)).

Theorem 4.5

The bulk index of a gapped F* Hamiltonian vanishes.
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This theorem is not new. Using K-theory, [12] proved that flat bands from local Hamiltonians are
trivial. In Section 4.7, we give an alternative proof of this statement using an approach similar

to [14].

4.4. Result: Zero edge index

Recall the definition of edge index in section 2.5.1, while taking the gap of bulk Hamiltonian as
(0,7).

The spectrum of ﬁe(k) is manifestly non-negative and by the gap assumption, the spectrum of
H,(k) in the interval (0,] is discrete and finite, uniformly in k. Recall proposition 2.5.1 that T is

an analytic set in T x [0,~) formed by eigenvalues of f[e(k‘) that are below 7.

~

T ={(k,E)cS*x[0,7]:E€oy(Hek))}

The closure I' C S! x [0,7] is a one-dimensional analytic set with a boundary, hence any boundary
point (k, E) € OT satisfies E € {0,~}. It is worth noting that the energy 0 and the energy ~ occur
in the boundary of T for different reasons. Energy v is there as an arbitrary cutoff line and T’
can be extended analytically through +. On the other hand £ = 0 is in the essential spectrum so
perturbation theory no longer applies and a priori eigenvalue branches forming I' might terminate

there. The key technical result of this paper is that actually no boundary point occurs at £ = 0.

Lemma 4.4.1

Let H be a gapped, translation-invariant F* Hamiltonian. Then E(OT) C {v}.

The proof of the lemma is in Section 4.5. By analyticity, see the proof of the lemma, branches that
touch zero energy have a smooth continuation. Let v > 0 be such that all energies in (0,~) are
regular and let p € (0,7). Then the proposition is equivalent to saying that there exists a finite

family of differentiable functions E; : D; — [0, 1] defined on closed intervals D; C St such that

T = U Ukep, {(ka El(k?))}

The edge index is independent of the choice of u, and hence also the choice of ~.

It immediately follows that
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Theorem 4.6 (S. Bachmann, Z. Du, M. Fraas 2026)

The edge index of a translation invariant F*-Hamiltonian is 0.

PROOF. The degree p + deg(F; u1) is constant in any connected component of R\ E(AT). The
claim of the theorem follows immediately from this and Lemma 4.4.1 since deg(E; u) = 0 for p < 0
and 0 ¢ E(9T'). The Zs index of T is also constant when p € R\ E(AT), so the same reasoning

applies. O

It might be worth repeating the same reasoning analytically. The fundamental theorem of calculus

applied to the expression (2.18) of the edge index yields that the index is equal to

Z g (Ei(k)) ‘BDZ'

!
By Lemma 4.4.1, an eigenvalue branch Fj(k) can only terminate when FEj(k) = v. Hence, g (E;(k)) lap, =

g(y) = 0 by our choice of the function g, proving again that the edge index vanishes.

4.5. Proof of zero edge index

We now turn to the technical heart of this chapter, namely the proof of Lemma 4.4.1. We introduce
an auxiliary Hamiltonian H,, which is a bulk operator and can therefore be compared with H, but
it corresponds to a system where two half-spaces have been disconnected, allowing for a relation

with the edge Hamiltonian He.

4.5.1. Auxiliary Hamiltonian. Let H, be the operator on 1?(Z2, C"), defined by

H, = Z Hx:H—ZH(OM)

€72 2170 12€Z

The subspace [2(N x Z, C"V) is an invariant subspace of H, and the restriction of H, to this subspace
is the edge Hamiltonian H.. H, retains invariance in the vertical direction. The partial Fourier

transform JF; yields the family of operators on 1?(Z,C")

Hy(k) = Z U(y,0),5 (k) V(2 0),5(F),
11#07]'
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This is a finite rank perturbation of

H(k) = Z V(a1,0),5 (k) Uz, 0,5 (F)-
T1€ZL, ]

H (k) and (k) are the partial Fourier transforms of the Hamiltonian (4.3) and |v;). It follows that
the spectrum of H,(k) has at most finitely many eigenvalues in the gap (0,7). Again by analytic

perturbation theory [28&],
T, ={(k,E) €S' x(0,7] : E € o(H,(k))},

is a one-dimensional real analytic set, i.e. locally the set is a union of graphs of analytic functions.

Defining again £ : T, — R by (k, E) — E, we have the following analog of Lemma 4.4.1:

Lemma 4.5.1
Let H be a gapped, translation-invariant F* Hamiltonian and let Ty be as above. Then Ty is a

one-dimensional real analytic set and E(0T,) C {~}.

PRrOOF. Consider the projection P(k) onto the kernel of H(k). By gap assumption and frus-
tration free, 0 is an isolated point in the spectrum of H(k) for all £ € S, and so k + P(k) is
smooth. Since any complex vector bundle over S! is trivial, there exists a smooth family of uni-
taries U (k) such that U (k)* P(k)U(k) = P(0). The family of Hamiltonians H (k) = U (k)*H (k)U (k)

acts trivially on P(0), and by the gap assumption

4ﬁ®u—mm0cmmy

Recalling that H, is obtained from H by removing some interaction terms, the frustration-free
condition implies that ker H, D ker H and so H,(k)P(k) = 0. In particular, H,(k) = (1 —
P(k))Hy(k)(1 — P(k)). This implies that the range of P(0) belongs to the kernel of

for all k € St. The eigenvalues E(k) € (0,7) are in the spectrum of ﬁa(k)\l_p(o). This restriction
is a finite rank perturbation of H(k)|,_ p(0), which has no spectrum below 7. It follows from
perturbation theory that for each k € S!, the spectrum of ﬁa(k‘)h_p(o) has a finite number of

eigenvalues in (—oo,]. There is around each k € S! a closed interval I, and a finite number of
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analytic functions £;(k) and analytic vectors 1);(k) such that ¢;(k) is an eigenvector of fIa(k:)h_p(o)
with energy &;(k) and >, [4;(k))(1;(k)| is the spectral projection of ﬁa(k)\l_p(o) on the spectral
interval (—oo,v]. In particular, the spectrum of ﬁa(k)h,p(o) below ~ is the union of &;(k). It

follows that the set
Io={(k,E)€S' x (—o0,1]: E€ U(ﬁa(k)hfp(o))}

is a real analytic set. Owing to the restriction on (1—P(0)), I', can have E = + as the only possible
termination point for its branches.

', is a subset of T, that consists of all points (k, F) in I, for which E > 0. By analyticity of T,
T, is also a subset of I',. Points with £ = 0 that belong to T, might or might not belong to I,.
Suppose that (0, k) € Ty so that locally T, is the union of graphs of &;(k) for which &;(k.) = 0.
Since ﬁa(k)h_p(o) is a non-negative operator and &;(k) are analytic, either £;(k) = 0 for all £,
so-called zero mode, or £;(k) > 0 for all k£ # k. in some neighborhood of k., a mode that touches
zero at k.. So a point (0, k,) belongs to T, if and only if there exists a mode that touches the line
E =0 at k. It follows that T, is real analytic and its branches cannot terminate at E(0T,;) = 0

but only at the boundary energy value E(9T,) = 7. O

A consequence of the lemma is that if we can pick v small enough so that all energies in (0,~]
are regular, then there exists a finite family of analytic functions & : D; — [0,~] defined on closed

intervals D; C S, corresponding to the nonzero modes in the above proof, such that

(4.5) Lo =UUp, {(k, &(k))}

the corresponding projections P;(k) are analytic.

4.5.2. Proof of Lemma 4.4.1. We decompose [2(Z,CV) = I?(N,CV) @ I2(Z \ N,CY). By
construction,

Hy(k) = He(k) ® G(k).

Since eigenvalues and eigenvectors are locally analytic, we have that

I'y=TUTg, and fa:fog,
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and I’ and T' are real analytic sets terminating only at £ = v. Here I'g is defined with respect to
G(k) analogously to I'.

In the case where v is small enough, we can explicitly pick the branches that belong to I'. Let @
be the multiplication operator in 1?(Z, CY) by the characteristic function of the right half-space.
The operator

Fe(k) = Ha(k)Q = QHa(k)Q

is the extension of H(k) by 0 from ¢?(N,C") to £2(Z,C"). Since H,(k) commutes with @, so do
its spectral projections and in particular, for all I, P;(k) = QP;(k) is a projection, possibly zero. If
P,(k) is nonzero, then it is a spectral projection of H.(k), and any vector in its range is supported
on the right half-line. It follows that P;(k) = P;(k), up to a relabeling of the branches which can
be made consistently by continuity, and any spectral projector of H,(k) is obtained in this way. It
follows that each branch of eigenvalue Ej(k) of H.(k) is a branch of eigenvalue £of& of H,(k), see

(4.5). Since k +— &(k) terminates only at energy v by Lemma 4.5.1, so do k — Ej(k).

4.6. Example with gapless edge states

In this section we construct an F* Hamiltonian, which has vanishing index by the previous sections,
but nonetheless has a gapless edge spectrum.

Recalling the setup of Sections 2.5.1 and 4.5.1,

M
H(k) = Z{)\](k) @;(k)v He = ZT:):HOTm_la Ha = ZT:EHOTz_la
J=1 zeN 2#£0

we claim that

Proposition 4.6.1

~

H,(k2) has an eigenvalue X\ if and only if 1 is an eigenvalue of the two-parameter matriz T(X, k2)

with entries

(4.6) Ty (M k) = <@(k2)7 (ﬁ(kz) - )\>_16j(k¢2)>l2(z o)

1 2w —1

(4.7) Ty, k)" (ﬁ(k‘l, ko) — /\> 05 (1, ko)dky.

Note that we use the same notation for the partial and full Fourier transform. We postpone the

proof of this technical result to Appendix A.1.3.
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In other words, in order to have an edge state touching 0 at some k), we need that 1 is an eigenvalue
of the matrix T'(0, k5). For this, it suffices to pick {v;(k):j =1,..., M} to be an orthonormal set
at k) for all k;. Indeed, we then have for all [, j that

Bk, ko)* (H (R, k)05 (ke k) = (ks k)" (Y 0k, k)i (ke b)) 15 (ke k) = 6,

K3
which implies that 7;;(0, k%) = d;;, and so 1 is its eigenvalues. An explicit example in [?(T? C?)

with M = 2 and k) = 7 is given by

2(e k2 — 1) — 7R %(e“€2 —1) +ieth
(4.8) vi(k) = 2i(e~"2 4+ 1) , (k) = i(eth2 1)
1+ i~ —4 — etk

In 1?(Z,CN) ® L?(S') local terms in the decomposition of H,(k2) and H, (k) are:

(=24 L) (m1+e72)  —2i(1+e7h2) L (-1 cik2)

Ho(k2) = [0-1)(do| ® (1 + k) 0 3i (14 e7ik2)

—2i (14 e~ ) 2 + 2¢~ik2 4—i
2 —1lcos(ks) —Lsin(ks)  4isin(ko)
(4.9) + |00) (do| ® —Bsin(ks)  (cos(ko) +1) 4sin(ks)

—43 sin(k‘g) 4sin(k52) 19

(=2= L) (=1+e2) T (1+e2)  2i(1+e2)

+  [01)(00| ® 2i (1 + ¢™2) 0 2 (1+ ™)
1 (-1 —¢ih2) —2i (14 €™2) 4+

We plot the full spectrum of H, in Figure 4.2. The numerical computation was done using the
PythTB package [13].
Finally, one may wonder if a similar example with M = 2 is possible. We show in Appendix A.2

that there is no such example with a gapless edge mode.

4.7. Proof of trivial Bloch bundle and zero bulk index

Recall our definition of Bloch bundle in 2.2.3 and proposition 4.2.1.
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Spectrum \widehat{H}(k)

T
0 n n
momentum k along y

FIGURE 4.2. The gapless edge spectrum of an F* Hamiltonian. The edge index
vanishes since the branch in the gap crosses the line of constant energy twice « in
opposite directions.

Definition 4.7
We define the excited band bundle to be the subset of T? x CN

(4.10) E:= || Imc(H(K))
kel0,2m)?

with the subset topology. The base manifold is T? and fibers are vector spaces Img (H(k))

Similarly, the ground state bundle is

(4.11) G:= || kerc(H(K))
ke[0,2m)?2

The bulk index refers to the first Chern number of the bundle G and is known to be the Hall

conductance at the ground state [37] [3].

By the gap condition, the dimension of kernel and image of H (k) are constant over k € T?, because
otherwise there will be some k; and a 0-eigenvalue of H (k1) departing from 0 continuously and

closing the gap. So let
(4.12) M = Rankc(H (k)), Vk € T?

FE is a rank M vector bundle.



It is more convenient to study the bundle E whose Chern number is the negative of G. FE is

characterized by a module over the ring R of polynomials: Let
X =€, Y :=¢* and R := C[X,Y]

Owing to compact support of H, in lattice space, the momentum space H is an n x n matrix of

trig polynomial entries, i.e. Laurent polynomial 2 of X,Y". Its image
Imp(H) = {H | € RN}

is a finitely generated R—module.

Theorem 4.8
Under the assumption that H is non-negative, gapped, frustration-free and strictly local; the excited

state bundle E = | |;, Imc (ﬁ(kz)) must be trivial. As a consequence, the 1st Chern number is zero.

4.7.1. Proof of theorem 4.8. We sketch the proof as following: First, by the Syzygy theorem
there is an exact sequence (4.13) of R modules ending at the module Im R(ﬁ ); Next, when evaluating
the polynomials at any k € T?, the exact sequence of R-modules gives rise to a family of exact
sequences of C-vector spaces; Finally, we show Corollary (4.7.3) E is a successive quotient of a
trivial bundle by a trivial subbundle.

By the Hilbert syzygy theorem [35], every finitely generated module over the regular ring C[X, Y]

has a free resolution:
(4.13) 0= RN B2y g Puy pN ho=Hp By o

meaning ker(h;) = Im(h;41) as R-modules.

Lemma 4.7.1
For some j, let Rankc(h;(k)) = M; Vk € T? be constant upon evaluation, and consider the degree-j
term in a sequence of R-module: &f% RN; %, then the rank of degree j+ 1 term is also constant
and full:

Ranke (hy+1(K)) = Nullc (h;(K)) = N; — M,

2To avoid Laurent polynomials, one can also multiply the negative power entries of H so that H := X?Y“H has
proper polynomial entries and is a matrix of entries in R. But it does not make any difference algebraically or
geometrically.
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Since kerg(h;) = Impg(hj+1) = Imc(hjr1(k)) C kerc(hj(k)), the upshot of this lemma is that
the proper containment Rankc(hjy1(k)) < Nullc(h;(k)) never happens. We’ll delay the proof of
this lemma to the end of this chapter.

A frustration-free non-interacting fermion Hamiltonian H (k) has constant rank M. Applying the
lemma inductively, we see that Rankc(hj41(k)) = Nullc(h;(k)) = N; — M, for all j, and hence we

have the following exact sequence of vector spaces:

Lemma 4.7.2

The sequence of C-vector spaces after evaluating (4.13) at Yk € T?

ha(k), oNy Pak) v k)

(4.14) 0 — CN2 Imc(H(K)) = 0¢

1s still exact.

Then the theorem follows:

Corollary 4.7.3

Ezact sequence (4.14) implies the vector bundle E is trivial.

PRrROOF. {0} = ker(ha(k)), Yk and hy has polynomial entries so hg : T2xCN2 — | |, Im(ho(k)) is
a smooth family of fiberwise isomorphisms, i.e. a bundle isomorphism. So | |, Im(hg(k)) is a trivial
bundle. Taking quotient from T? x CM in each fiber yields a trivial bundle | ], (C™* /Im hy(k)).
Im(ha(k)) = ker(hi(k)) so hy induces a bundle isomorphism | |,, CN' /Im(ha(k)) — |, Im(hi (k).

~

Repeating this argument once more leads to the last bundle E = | |, Im(H (k)) being trivial. [

4.7.2. Proof of lemma 4.7.1. We start from the constant rank of deg 0 term in the sequence

Proposition 4.7.4
Rankg(ho(k)) = Ranke(ho(k)) = Ranke(H(k)) = M where F is the field of rational functions

Proof. For any ky, there is a set of polynomial vectors {w; }}4, that is a C-basis of Im¢ (H (ko))
when evaluating in a neighborhood of kg. These bases exist because rank of bundle E is M. q
has Laurent polynomial matrix entries so one can multiply the common divisor to the arguments

of H until all entries are polynomial. {w;(ko)} are C-linearly independent so N\ wi(k) # 0. If w;
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are F-linearly dependent then A; w; = O, which contradicts \; w;(k) # 0. So {w;} are linearly

independent as F vectors; Rankg(H) = M.
The rank of upstream term h; can be deduced in the rational field:
(4.15) Rankp(hy) = Nullg(H) = N — Rankp(H) = N — M

because the localization functor loc : Modr — Mody preserves exact sequences [35], kerp(H) =

~

Imp(h1) = kerp(H) = Imp(h;) and then it follows from proposition 4.7.4.

Our concern for lemma 4.7.1 is whether evaluation at some k may decrease the rank: Rankc(hi(k)) <
Nullg(H). However, one can find explicitly N — M independent vectors in Im(H (k)):
For any k € T2, one performs two successive row reductions of H with coefficients first in C and

then in the rational field F. This gives us an m x m identity matrix on the top-left corner, and a

rational matrix G on top-right:

-~ I g(k)
(4.16) VH(k) = for some V € My« n(C)
0 O
MNXN(C)
~ T g
(4.17) VH = where 1, j, f, g are polynomial matrices
[
~ I G
(4.18) vva ="M for some U € My (F)
0 0
MNXN(]F)

Let ¢; = (0,...,1,...,0)7, M < i < N be the standard basis of F¥~™. Let A € R be the least

common multiple of denominators of G, then

satisfies UVHW; = Ogr; U,V being invertible so W; € kerR(fI).
For this specific k, A(k) # 0 because rows of G are F-linear combinations of ¢ and j, and all

denominators in entries of G come from dividing by diagonal entries of polynomial matrix 7. When
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evaluating at k, diagonal entries of i become 1 as in (4.18) and thus denominators of entries of G
are nonzero.

{Wi(k)}N7M are C-independent because they are nonzero and the lower sector {e;} are C-independent.
By exactness (4.13) W; € kerg(H) = Imp(hy). So their evaluations are also in the image W;(k) €
Imc(hi(k)) and we have the constant Rankc(hi(k)) = N — M Vk. Lemma 4.7.1 holds at deg 1

term. hp is a polynomial matrix with constant rank N — M just like hg, so we can proceed by

induction up through the degree and prove lemma 4.7.1.
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CHAPTER 5

Quantum Hall effect in many body system

In this chapter we shift our scope to many-body quantum systems. The operator algebra that
describes quanum spin system and interaction will be introduced in section 5.1. In section 5.4.2 a
sequence of literatures will be studied to present various related expressions of Hall conductance
and their established results. We'll briefly repeat the construction of many body index in [5] and
recognize its interpretation as charge transport through a fiducial line while the system’s ground
state undergoes a unitary evolution. Then we’ll further identify the unitary evolution as a magnetic
flux insertion through a loop of the toric lattice. Finally we identify that such index is also a
generalized Chern number in many-body systems.

Among those studies, the technique of spectral filtering is used extensively, specifically in the
adiabatic evolution of ground-state projector during flux threading, and in the inverse Liouvillian
used to prove approximate quantization of the many-body charge transport index. In section 5.4
we present a new result that improves the approximate quantization error due to finite system size.
This chapter contains essentially the same content as a co-authored article [10] with Sven Bach-

mann, Martin Fraas and Tom Wessel.

5.1. Algebra of quantum many-body systems

Unlike in the setup of free Fermions, we’ll study a family of finite-sized lattices A. Mostly we will
work on the discrete 2 torus

A =17/(LZ) x Z)(LZ)

with the 1 norm induced metric on torus d(x,y) = Z?Zl min, (|z; — (y; +nL)|). In preparation for

the Lieb-Robinson bound, we verify that

Proposition 5.1.1

The family of discrete toric lattices is a D—reqular graph: there is a constant Cyo > 0 such that
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the volume of any ball

Bi(r):={z€ A|d(z,x) <r}

scales as the square of the radius

’Bx(T) < Cyol (r+1)° forallz € A and r > 0.

In particular, we note that there exists a constant Cyo1p 1 > 1 such that for all sets Z C A
k )
‘Z’ ~bdiam(2) Cuolik-
A quantum spin system of n local components consists of the Hilbert space

H="Hyr=Q)Ch

TzEA

and the algebra of observables

A=L(H)
and specifically we call Ax the subalgebra that acts nontrivially on a subset X of the lattice:
Ax = {Ax ® Iy x|A € L(Hx)}

A Fermionic system of n local components consists of the Fock space

oo n

H=Hr=EP N\AnC

n=0

and the algebra of observables generated by the canonical anticommutation relation
ol ile =10 ®ei) € A(AC"); {enircl 3 =0nydig;s {c.cl={c, I} =0

The notion of local subalgebra only exists in the even degree, as operators made of even degree
product of ¢, ;, st,i for x € X.

We shall not distinguish the local algebra of quantum spin system or Fermionic system because
both satisfy the locality property: [A, B] = 0 for any A € Ax, B € Ay x; and for a dynamic

generated by a finite range interaction, the Lieb-Robinson bound holds true, see lemma 5.1.2.
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A finite range interaction on A is a map that sends subsets of A to self adjoint operators
(5.1) O:P(A) - Ay, Z—P(Z)e Ay with O(Z2)=P(2)"

And there is an Rg > 0, s.t. ®(X) = 0 Vdiam(X) > Rg. Such Rg is assumed to be universal for
all system sizes L.
For b > 0, we define interaction b-norms
(5.2) 1@ ]l5 := sup Y [|8(2)]gp " 7).
ZEA Zez

An interaction ® gives rise to the corresponding operator

H:=Y &2Z),

ZCA

which generates the Heisenberg evolution 7, ; defined as the solution of

(5.3) %Ts’t(A) =7(i [H,A]), T0(A)=A VA€ Ay

An important property of the Heisenberg evolution is its locality as captured by Lieb-Robinson
bounds, which originated in [31] and were generalized in [33] and many other works. Here we state
a version for the norm (5.2), whose time-independent version appeared in [8, Theorem A.1], and

the time-dependent one is in [32, Theorem 7.3.3].

Lemma 5.1.2 (Lieb-Robinson bound)
Let A be a finite reqular D-graph with Cyo; > 0, and b’ > b > 0. Then, for all intervals I C R, time-
dependent interactions ® such that ||®||y < oo, disjoint subsets X, Y C A, observables A € Ax
and B € Ay, and s, t € I it holds that

(5.4) | [75,(A4), B < zcv;)}w,b A1 B]| (e** 151 —1) D(X,Y),

where v = 2Cyol 1/~ || P||p /b is the Lieb-Robinson velocity and

D(X,Y) := min{ Z e bd@Y) Z e bdw:X)y
zeX er

< min{] X[, [V} e MY,
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5.2. Almost inverse Liouvillian with exponential locality

The Heisenberg time evolution A + 7:(A) = eIt Ae= ! preserves locality of operator A. Propa-
gation is strictly within the light cone when the underlying dynamics follow the wave equation; it
is diffusive for the heat equation, and the Lieb-Robinson bound [31] provides an effective ballistic
propagation bound for the Schrodinger equation on sufficiently regular lattices. Among others,
these results are essential for understanding both thermal phases at finite temperature and ground
state phases, see [22] for many examples. In this context, the smearing map'

o0
(55) () = [ atsona)

—o0
has seen many uses, since the real space decay of f controls the locality of A — 7¢(A) while its
Fourier transform fcontrols the spectral properties of the map.
In this section, we consider the use of Gaussian filter functions as f(t), providing exact bounds both
on the spatial locality and on the spectral errors. In particular, we define a spectral flow which
is exponentially local and almost exact. Our Ansatz is similar to the one used in [24]. Here, the
smearing is applied term-by-term on an interaction and the width of the Gaussian must be chosen
in a spatially inhomogeneous way. As expected, better locality yields worse spectral mapping
properties. What is more, a properly chosen Gaussian filter convolved with a step function yields
exponential decay of correlations for gapped spectral patches whose width does not need to vanish
in the thermodynamic limit. These results are similar to those of [?], although the methods are
completely different. As a corollary of all the above, we conclude that the Hall conductance is
quantized in finite systems up to errors that are exponentially small in the system size. In this
statement and the rest of the chapter, the interaction norm and the evolution implicitly depend
on A and this dependence is understood from the context. Importantly, all the constants will be
independent of the size L of the lattice Z/(LZ)? and only depend on the lattice through Cyo. In
fact, one can define an interaction ® and the interaction norm ||-||, on an infinite lattice I' = ZP”
and the restrictions ®| to finite lattices A C I' satisfy ||®|a|lp < ||®]|p. Our results are then uniform

inAcT.

5.2.1. The almost inverse Liouvillian.

1When the subscript of 7 is a real number, it denotes the time evolution and when the subscript is a function, it
denotes this integral.
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Assumption 5.1 (Gap Assumption)
Let A be finite. Let ® be an interaction satisfying |®|ly < oo for some b’ > 0, and let H be the

corresponding Hamiltonian. We assume that the spectrum of H is of the form
o(H) =0o9gUo

with v = d(o1,00) > 0.

From here onwards, we shall drop the subscript A for notational clarity. We denote P = x,,(H)
the spectral projection of H corresponding to the patch og.
For 5 > 0 let

op(t) := \57? e PP

It is such that [ ¢ =1 and the Fourier transform is

1 —itw __ 1 _:}722
(5.6) bole) 1= o= [atoaet = oo i

for which [ gzgg =7 \/g . Then, for any Hamiltonian H and observable A

Definition 5.2 (Almost-inverse-Liouvillian)

o0

(5.7) Tup(A) = /

—0o0

dt dp(t) /0 ds 7,7 (A),

where T (A) = 15 Ae=iHs,

To quantify the properties of the almost inverse Liouvillian, it will be helpful to define the exact

inverse Liouvillian Zy along the same lines.

Definition 5.3 (Inverse Liouvillian)

(5.8) Ty (A) = /oo dt w(t) /OtdsrsH(A)

—0o0

With @ being a continuous function supported on (=9,8), w an even function and [z w(t)dt =1
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See [9] for a concrete definition of such w. Note that the compact support of @ allows w to decay
faster than any inverse power but not exponentially. Whenever Zy involves a gapped Hamiltonian

with gap 7, we implicitly choose ¢ < +.

Proposition 5.2.1

The inverse Liouvillian enjoys the defining property that
(5.9) Ty oLy(PAPY)=PAPt
ProoF. The fundamental theorem of calculus on 7 (L (P APL)) = —L7H (P APL) gives

t t
TtH(PAPi)—PAPi:/O js H(PAPi)ds——/O tH(Ly(PAPY))ds

— IHOLH(PAPL):/dt(—w(t)) /t dstH (Ly(P APL))
R 0

Inserting resolution of identity I =" peo(H) P, gives
TyoLly(PAPY) =) "> (- ))P.AP, /dt(—w(t))PAPL:PAPL
1,00 VEOL R
where we used [, dtw(t) =1 and w(p—v) =0 for |p—v| >~ O

Remark 5.2.2
Since we are dealing with o fixed finite volume here, the rank of P is finite. For the applications we

have in mind however, it is crucial to have that Py remains uniformly bounded as A — T'.
The almost inverse Liouvillian enjoys almost the same properties of inverting Lz (P A PL):

Proposition 5.2.3
Let H satisfy the Gap Assumption. Then for all A € A such that A= PAP* or A= P AP,

and for all q € [1, 0],
_2
|Zr.5 0 L (A) = A, < [ Bullu [|Af e 5.

Moreover, for all A € A and q € [1,00], it holds that

Zi5 0 L1(A) ~ A, P, < 2| Pulls [ All 57,
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PRrROOF. For the first statement, since the calculation is exactly analogous, we only consider

the case A = P A PL. From the definition of the almost spectral flow, the fact that 77 (L (A)) =

d _H

_ETS

(A) and the spectral theorem for H, we obtain
(Tup — Tn) o Li(A) = / dt (w(t) — ds(t)) (1 (4) - A)

= Z /OO dt (w(t) — (bﬁ(t)) elt(p—v) P, AP,

pnEog veor ¥
=Vor Y PuA Y ds(v ) B,
neoQ veoq

where we used [w =1 = [¢g and W(v — p) = 0 because )V - u‘ > ~ by the Gap Assumption.
By the triangle and Holder inequalities, in particular using that || P,||q < || FPyl|1 for all ¢ and p and
> peaolBullt = [[Plly we obtain,

|Zs 0 La(A) = All, < V2 S 1Bl A1 D v — ) Py

neoo veoy

< Vor || Pl 1A] (7).

With (5.6), this yields the claim.

For the second statement, note that
ZrpoLu(A)—A Pl =IngoLu([A P])—[A P]

because H and P commute. The statement follows by applying the first part since [A, P] =
PLAP-PAPL O

Proposition 5.2.4

Let H satisfy the Gap Assumption and assume that o9 = {Ep} is a single eigenvalue. Then
Iug(PAP)=0,

for all A € A,y.

PROOF.

IH(PAP):/ dtw(t) /OtdSTf(PAP):/ dtw()tPAP =0,

—00 —00



because the time-evolution is trivial and w is an even function. O

Remark 5.2.5
The fact that Ty g vanishes exactly on the range of P depends on the assumption oo = {Ey}. For
spectral patches with 6 = diam(og) > 0 sufficiently small with respect to ~y, a similar result could be

obtained, although with an error bound, by replacing gZ;B with two Gaussians centred at :I:HTW.
The point of defining Zy 3 is to trade the inversion accuracy for better locality properties.

Lemma 5.2.6 (Locality of the almost inverse Liouvillian)

Let D € N, Cyo1 > 0 and A € G(D,Cyo1) be finite. Let b/ > b > 0, ® be an interaction such that
|||y < 0o and H the corresponding Hamiltonian. Then, for all disjoint X, Y C A, A € Ax and
B e Ay,

(5.10) [|[Za(A), BI| <2 min| X

. 28 per—dx,v))
Jrpranis e (e v

. 6—62T2>
VT B ’

where v is the Lieb-Robinson velocity from Lemma 5.1.2.

One may choose T = d(é(l’)y) and then use d(X,Y)? > d(X,Y) to get

(5.11) 1Zu5(A), B]|| < 2 min{‘X

28 L) e-badxy)
Jepransn( 2+ x5 )e ,

where b(f) = min{g, % .

Remark 5.2.7

The last expression (5.11), in particular b(B), emphasizes the double origin of the quasi-locality of
the map Ly g, namely the locality of the Hamiltonian through the Lieb-Robinson bound yielding the
dependence on b and the locality expressed by the Gaussian filter yielding the dependence on 3. In

particular, the locality cannot be improved further than B of the order of \/b.

Proor. We bound

| Zusa). Bl < [~ atoste) [ as 1), B]| = jut (1 + o),

and split the integral into a part I where M < T and the rest I>7 where ‘t‘ > T. For the first

part we use ¢g(t) < 3/+/m and the Lieb-Robinson bound for 77, Lemma 5.1.2, where we bound
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-1 .
Cvol,l,b’—b <1, to obtain

)

Ip< Py min{‘X
T

T t
Y|}A| || B e_bd(X’Y)/dt /ds ebvs 1
v Hlanisl [t [ ds (- 1)

B : L 2\ ,—bd(X,Y
- ﬁ4m1n{’X, Y]}HAH IBI Gy ("7 = 1= T - L(byT)?) e~bdlXY),
For the second term we use the decay of ¢3 and the trivial bound ||[7/(A), B]|| < 2||A|||B| to
get
B /oo _B242 1 _B272
Isp < 4||A|||B|| == [ dte Pt <2||A||||B]| —=— (e #T" —1).
sr <4411 = [ JA118] = ( )
Combining both bounds concludes the proof. O

It will later also be helpful to compare the almost inverse Liouvillian to the exact inverse Liouvillian

directly.

Lemma 5.2.8
Let A be finite and H € Ay satisfy the Gap Assumption. For all A € A such that A= P AP+ or
A =P+ AP, and for all q € [1,00],

[Zu5(A) ~ Zu ()], < [Pl 417~ 2.
Moreover, for all A € A and q € [1, 0],
| Zip(4) ~ (). PI|, < 2012 Ay 657,
PROOF. As in the proof of Proposition 5.2.3, we obtain for A = P APt

Thp(A) —Iu(A)=> > / T at (p(t) — w(t)) /O dselv=)s p AP,

pn€Eog veoy ¥
V%7 SN
= Z P, A Z =) ¢g(v — p) Py,
HEoTQ veo]

by the Gap Assumption. It follows that

< vz Rl 14 22

1%

o)~ Zut)], < VEr 3 IR 141 | 2= P,

HETQ

The second statement follows as in Proposition 5.2.3. ]
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5.3. Decay of correlation in gapped ground state

Gaussian filters were already used in previous proofs of the exponential clustering theorem: Ground
state correlations decay in the presence of a spectral gap. In the present context of quantum spin
systems, exponential decay of correlations was proved in [33] in the infinite-volume limit (the gap
refers in this case to the gap of the GNS Hamiltonian), in the limit of finite volumes in [23], where
the splitting of the ground state energies in finite volume is assumed to vanish in the limit, while
the latter assumption is removed in [6] but the decay is only superpolynomial. In this section, we
prove that correlations decay indeed exponentially under the sole assumption of a spectral gap,

even if there is eigenvalue splitting in the ground state.

Assumption 5.4
Let A be finite. Let ® be an interaction satisfying | ®||y < oo for some ' > 0, and let H be the

corresponding Hamiltonian. We assume that the spectrum of H is of the form
o(H) =09Uo

with inf(o1) — sup(op) > v > 0 and diam(op) < A < /4.

As above, we denote by P the spectral projection associated with the spectral patch og. Note that
the condition A < /4 is not tight but will simplify the estimates. What is needed in the proof is
that —A +~/2 > ¢ > 0.

Theorem 5.5 (Exponential clustering ground state)

Let D € N, Cyo > 0,0 >0, C™ > 0, v >0 and A > 0. Then there exist constants C,
¢ > 0, such that the following holds. For all A € G(D,Cy1) finite and Hamiltonians H that satisfy
Assumption 5.4 with gap v and width A and are given by interactions ® such that ||®||y < C™ the
following holds:

For any normalized state 2 € Ran(P),
(2, ABQ) = (QAPBQ)| < CIIP[u] Al |Bl e~

for all disjoint X, Y C A and A€ Ax, B € Ay.
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PROOF. For the proof, we define the filter function

gs(t) = e\};ﬁ <\/Zéo(t) + \/12? p.V.(i)) o5(1),

where p. v(%) denotes the principal value distribution, and let

Tuold) = o= [~ dtgst) (),

The Fourier transform gg is given by

w—y/2
~ 1

~ 1 w="y/2 _ &2 1 2 2
gﬂ<w>=m<®v/2*¢g><w>=wf dée fﬁ?:\f/_ T dre

—00 m [ee]

where O, is the Heaviside step function with discontinuity at a.

Before we continue the proof, we note some facts about the Gaussian error function. We have

2

o0 —Zz

e

1 1 /Z P 1 / dre— < 1 /°°d 9 o=’ 1
- — re ¥ = — xe r2xe " = —=
NZ I NZI» ~2ynz ), 2m =z

whenever z > 0, and similarly

.2
eZ

1
<
27 ‘Z‘

2

1 z
Vil

if z < 0. Hence, the Fourier transform of the filter function satisfies

R B _(w=/2)?
Bw) < ————e 47 for w < /2
NZS ‘w — 7/2‘
and
N B _(w—/2)?
1-93(w) < 482 for w > /2.

Vrw—n/2)°

We now decompose the correlation into three terms

(Q,ABQ) — (0, APBQ) = <Q,AP¢BQ>

(5.12a) = (Q,[Tup(A), B] Q)
(5.12b) +(Q, B Jup(A) Q)
(5.12¢) +(Q, (PAPY — PJup(A) BPQ).
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In the following we will show that each term decays exponentially in d(X,Y) with the choice

_ o
p= 24/d(X,Y)’
We start by bounding (5.12b), for which we observe

Tap(A)P= > > Gslv—p) P, AP,

p€o(H) veoo

Since v — u < A < /4, we obtain the bound

2
613) W@ Pl =141 ¥ | $ st -nn] <L ol 8 a6y
v€ao pco(H) v
For (5.12¢) we bound
2
IPAPY — P Ty s(A) PH = |3 S (1= Gs(v — ) P AP,|| < \’;‘fe 5(3) |4

nEoQ veEoT]

because v — p1 > 7. And together with (5.13), we obtain

1 2
(5.14) IPAPY — P Ty s(A)] < Beu(3) 4.

Finally, the commutator [Jx g(A), B] in (5.12a) is bounded using an argument similar to that of
Lemma 5.2.6. As we do there, we decompose the integral defining Jx g(A) into ‘t‘ <T and ’t‘ >T
and use the Lieb-Robinson bound, Lemma 5.1.2, to estimate the short time part while the long time
contribution can be bounded by the Gaussian decay. Since d(X,Y) > 0, we have that [A, B] =0

and so the §p-contribution vanishes. Therefore,
|| ataste) [0,
<

2C ol
< W IAIIB]|

The mean value theorem implies that ¢t~ (e?"* — 1) < bveb* and so

e—0

T
t)‘ e VXY iy dt : (eb”t —1).

T 1
lim dt n (ebvt — 1) < (eva - 1).

e—=0 J
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Since Sup’¢5(t)‘ = % we conclude that

2C1 1 1Al 1Bl

—bd(X)Y) (bvT
- e (e 1).

min{

(5.15) H/Ha dt gs(t) [F(4), B] H <

For ‘t’ > T, we use the simple norm bound on the commutator and

& 1 2m2
/T d)t()ST/TdtQB()—QTZ\/‘ -B*T

to conclude that

(5.16) H/H>Tdtgg(t) [TtH(A),B]H < w —B°T?

Together, (5.15), (5.16) and the choice T' = d(X Y) vield the following bound on (5.12a):
(5.17)

H/ dt gs(t) [ (A),B]H <

2||Al 1Bl (

s

bd(X,Y) 4 2 [32d(X v)2
e 2 4 \F 402 )
Crol,1,b/—b d(X,Y)2"

Gathering (5.17), (5.13) and (5.14) to bound (5.12a), (5.12b) and (5.12c), the claim of the theorem
follows by bounding ’00‘ < ||P]|1 and setting

_ v
y 2/d(X,Y)’
which makes all exponents proportional to d(X,Y’), and using that d(X,Y) > 1 in the prefactors.

0

5.4. Implication on many body Hall conductance

We briefly recall the setting of [6] applied to the quantum Hall effect. The lattice is a sequence
of discrete tori A; = (Z/LZ)?. The Hamiltonian is given by a finite range interaction ® that is
invariant under a strictly local U(1)-action. This means that there is a family ¢, = ¢} € A, with
integer spectrum and such that [Qa,, ®(Z)] = 0 for all Z C Az. The g, are the local charges. The
“ground state space” is the range of a spectral projection P, of Hy, whose dimension is constant
and equal to p for all L large enough. Moreover, Hy, is assumed to satisfy the Gap Assumption,

uniformly in L for L large enough.
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The proof of quantization of the Hall conductance in [6] relies heavily on the inverse Liouvillian
on the one hand, and on clustering on the other hand. The inverse Liouvillian is used to construct
a unitary Up describing a magnetic flux threading and its locality allows for the definition of
a charge transport operator T, across a fiducial line of the torus. Replacing the exact inverse
Liouvillian by the almost inverse Liouvillian introduced in Section 5.2.1 yields a unitary U f and in
turn an exponentially localized charge transport operator TLB . This improved localization and the

exponential clustering of Section 5.3 yield the following.

Theorem 5.6

Let 8= L~Y2. There is an integer ny, € Z and constants C, ¢ > 0 such that
‘nL — TI"(PL Tg)’ § Ce_CL

or a . , Moreover, e sequence o] states p_ I L\ 1S convergen y en ny = mn jor arge
UL I th tat Iy (P, ' t, th L1

enough and 27wk = %, where k 1s the Hall conductance.

We now explain the arguments with a focus on the changes from using the almost inverse Liouvillian,

referring to [6, Section IV] for more details.

5.4.1. Geometric setup. We name the following sets in the lattice, see Figure 5.1:
The right half torus is R = {(z1,z2) |0 < 21 < L/2}. Its right boundary: {(x1, IL‘Q)‘ |xt1—L/2| < Ry}
and left boundary {(z1,22)||z1] < Re}
The upper half torus is U = {(z1,22) [0 < 2 < L/2}, its upper boundary {(z1,22)||z2 — L/2| <
Rg} and lower boundary {(ml,azg){ |xa] < Rg}. We again drop the L dependence to simplify

notation.
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T2 left right
Qr
zo=L/2 upper
2 Qu
Ty =0 U# lower
Ty
2, =0 z; =L/2
FIGURE 5.1

5.4.2. Constructing a flux threading unitary. Similarly to [7, Section 2] and [4, Sec-
tion 3.4] we first construct a unitary U® that models the threading of one unit of flux through the
torus. In our case UP will be exponentially localized near a line along the torus.

Let Qu be the charge on the region R and define

@% = Qu —ZInpo Lu(Qu).

By the U(1)-invariance and the interaction range Rg of the Hamiltonian, the operator Ly (Qu) is

strictly localized in two strips of finite width around the boundaries of the half-torus,

Lr(Qu) = La(Qu)ower + L (QU)upper

. The locality result, Lemma 5.2.6, implies that Zp g(L 1 (QU)iower) is exponentially localized around

1/2

the lower boundary. Specifically, the choice S = L™/ in 5.11 yields a localization estimate of the

form C e~ for d(X,Y) of order L, namely

Zr,p o (L (Qu)iower)

can be approximated by an operator that is strictly localized in a strip of width % at the lower
boundary (or any other smaller fraction of L), up to errors that are exponentially small in L. This

=8
and the fact that cQu € Z imply that the unitary e*™@v factorizes up to exponentially small errors
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into parts at the lower and upper boundary. We let

(5.18) U = (e90)

lower

be the factor localized on the lower boundary of the half-torus. This is the unitary that implements
the flux threading through the constant x; cycle of the torus.

Next, we consider the charge transport observable along the torus. Let Qg be the charge on
the right half of the torus. By charge conservation and again the locality lemma, the operator
(U s *QrU # — Qg decomposes into two contributions at each boundary of the right half-torus. We
define the operator of charge transport as the left one

(5.19) 7%= ((U°) QuU” - Qr)

left

More precisely, Tr (PL T 5 ) measures the amount of charge transported in the ground state across
one fiducial line across the torus after threading one unit of flux in the torus — up to exponentially
small errors in L, because the splittings we used are only unique up to exponentially small terms.
We briefly pause the argument to compare explicitly with [6]. There, Qy; is defined using the exact

inverse Liouvillian Zp rather than 7y g. As a result, [@U, P} = 0 while here by Proposition 5.2.3:
rat 2 _—cB872 _ —cL
[|Qu, Pl <CL%e =Ce

The same holds for the exponentials, and by exponential clustering, Theorem 5.5, for their restric-
tions to the lower boundary of the half-torus. What is more, Lemma 5.2.8 implies that @% and Qy
are exponentially close and therefore so are U? and U. As a consequence, U? almost preserves the

ground state space and almost implements 2r-flux threading.

5.4.3. Proof of exponentially small quantization error. With these definitions, the proof
of quantization of this quantity follows exactly the original argument of [6, Section IV.B]. We only
recall the main steps and illustrate where the results of the previous sections yield improved bounds.
The unitary

78(6) = (UP)* 99% U8 ¢—19@n
factorizes as Z°(¢) = ZP(¢)1eft Z°(¢)right as in the discussion above. Note that the “~” and “+”

in [6] are the analogues of “left” and “right” here, respectively. Since Zp g is an almost inverse
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Liouvillian, Proposition 5.2.3, Z# (¢) commutes with P (in operator norm) up to exponentially small
errors in 372 = L. By exponential clustering, Theorem 5.5, it follows that [ZB (D) 1eft P] 2P0, where
we use the notation = to indicate equality up to exponentially small errors in L. From there on, the
argument runs without change, but the errors are always exponential rather than superpolynomial,

yielding that

(5.20) P 28 (0)ese P 22 ei¢<P(TB—((UB)*K@ftUﬁ—K{jnct )P+@g> R0 P,
where Klift =T o (Lu(Qr)ett). At ¢ = 2, an independent argument yields that detp Z° (27) ot e
1, where the determinant is on the range of P. With this, the claim that Tr (P T8 ) is exponentially
close to an integer follows from (5.20) by computing the trace of the exponent and using the unitary
invariance of the trace.

Finally, if the sequence of states is convergent, then p~! Tr (P, TL) is convergent because Ty, is a
sufficiently local operator, see [5, Corollary 2.3]. Note that 77, is obtained with the exact inverse
Liouvillian here. The Laughlin argument then implies that the limit of p~! Tr (P, T}) is equal to
27 k where £ is the Hall conductance, see [5, Theorem 3.2]. By Lemma 5.2.8, we further have that
||T5 —Tp|| = 0 as L — oo, again with 72 = L. We conclude that p~! Tr(PL(Tf —Ty,)) converges

is eventually

to 0, and hence that p—! Tr <PL TL’B ) is convergent. In particular, the sequence (%) L

constant and equal to 27k.
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APPENDIX A

Some scattered results

A.1. Frame transfer matrix as detector of gapless edge mode

A.1.1. F* Models in 1D. One dimensional version of F4 models appears in the analysis of
2D edge Hamiltonian. In order not to break the main text, we provide the relevant analysis in this
appendix. It is convenient to not burden ourselves with the notation used in the main part so the
notation in the appendix might sometimes differ from the notation used in the main text.

We recall the notion of a frame. Let H be a Hilbert space and S C H a countable set. We denote
by Pg the orthogonal projection on the (closed) linear span Lg of S. The set S is a frame of Lg if
there exists numbers A, B such that for any ¢ € Lg
Alll* <> [(wl)* < Bllw >,
vES
If S is a frame then the associated Hamiltonian
H=Y[o)(v]
vesS
is bounded from below on its range.

In what follows we consider H = [2(Z,C"). The support of a vector v, supp(¢), is the set of all
x € Z for which 9(z) # 0.

Definition A.1 (Wannier Frame)
A frame S of Lg is called a Wannier frame if

sup diam supp(v) < oo.
veS

We will assume that each vector of a Wannier frame is supported on a single site or at two consec-
utive sites, which can be always achieved by coarse graining. In terms of Wannier frames, H is a

gapped, F4-Hamiltonian if and only if S is a Wannier frame and Lg is a proper subspace of .
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For x € Z, we will denote S, the vectors in .S for which z is the left-most point of their support.
This give s a decomposition of S into disjoint subsets, S = U;Sz. We put Hy = > g |v)(v| and
obtain a frustration-free decomposition,
H=) H,.
z€7,

Finally, we can always replace vectors in S, by non-zero eigenvectors of H,, scaled by the corre-
sponding eigenvalue. This leaves Lg invariant and the new set S is a Wannier frame with same
constants A, B. So from now on we will assume that S, is an orthogonal set.

Thanks to the assumption that the support of each vector is maximally two sites, the Hamiltonian

H; = H — Hy describes two disconnected half-line Hamiltonians.

A.1.2. Translation Invariant Hamiltonians. In the translation invariant case
S = UnGZTnS[)v

where T is a translation by one site and Sy = {v1,va,...,va} is a finite set of orthogonal vectors

supported on sites {0,1}. The Fourier transform of S is

~

S = Uneikng().

Hence, in the Fourier space, we obtain a frame §g(k) at each fiber of the bundle UkL§O k)" The

Hamiltonian in the Fourier space is fibered in k, and

A=Y e,

veSo (k)

The gap condition implies that the dimension of RanH (k) is constant.

A.1.3. Edge Spectrum, proof of prop 4.6.1. We will call A an edge eigenvalue if A is in

the gap of H. The eigenvalue equation for H, is
(A1) (H — Ho)ib = M.

Writing Hotp = >, cjv;, we get
(H — A)w = ZC]‘U]'.
J
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Let A be in the gap of H, then
(A.2) b= c¢(H-X"v
J

Plugging this back into Eq. (A.1), we get

chvl H()ZCJH A~ ZZUZC]<’UZH )\) >
1

By the assumption that v; are linearly independent we get an equation,
A3 T Tii( !
(A3) Z 1> Tii(A <Ul\ﬁ\vj>-

To summarize, A is an edge eigenvalue if 77;(\) has eigenvalue 1, and (A.2) gives the corresponding
eigenvector.

In the k-space,
() () = B0, H(k) =27 Y o) {05 (K)

and

An important observation for our analysis

Lemma A.1.1

The matriz T(N) is continuous for A € (—o0,7).

ProoF. Continuity for A # 0 follows from continuity of the resolvent. There is no singularity

at A = 0 because the vectors v; belong to the range of H. ]

A.2. Impossibility of gapless edge state on ¢%(N x Z, C?)

A.2.1. 1D lattice Edge mode. We place ourselves in the setting of single body solid state
physics, with lattice Z and 2 spin components per site. The Hamiltonian is a sum of compactly

supported rank one operator |v)(v| and all translations of it.
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One can creat an edge in the lattice by removing a few terms from the Hamiltonian:
Ho = 3" Tlo) (ol = o) (o
TEZL

This Hamiltonian is supported on Z — {0} thus can be considered as two copies of half line, each

having an edge.

The spectrum of H = Y. T, |v)(v|T; ! is o(H) = {0} U {|[o(k)|? | K € T} C Ry. H, is still
non negative so as its spectrum. Any 0 eigenvector of H is still an eigenvector of H, by the
frustration-free nature of H. So ker(H) C ker(H.). We may regard the edge mode of H, as a

quotient:

Definition A.2
We define the edge mode as representative of ker(H.) mod ker(H).

Proposition A.2.1
Ye(k) = % is a 0 eigenvector of H. iff H is gapped.

Clearly in order for the 0 eigenvector to be L2, ||[o(k)||*> # 0, Vk i.e. the original Hamiltonian H
must be gapped.
Let @ be the new 0 eigenvector in momentum space, W.O.L.G. for each fiber k the Je(k:) decompose

into v(k) component and its normal component:
be = c(k)o(k) mod ker(H (k))
(A4) = Hk)Do(k) = ( fo % 51 (K)o (K) ) D) = 0
= R BP0 — (Jo % 1902 (k) ) (k) = 0

(A.5) — (k) x W and 1. (k) = W@(/{) mod ker(H(k))

A.2.2. We suspect that there is no new positive eigenvalues introduced by the edge o(H,) —

o(H)NT = (. Let’s illustrate in details:
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If Hetp = M for some A > 0 then:

(A.6) (H = V) = [v) (vl )

LHS H being k diagonal thus (|9(k))(@(k)| — A) |4 (k))
(A7) = [ (5 wyiy) sk
(A.8) — (a*(k;)&(k))a( = C;’: ot (K)o (k ’)) (k)
(A.9) for all k

(A.8) is seen as a k-family of 2d inhomogeneouse linear equations. A solution (k) is an eigenvector
of H, if it is L?(T).
A.2.2.1. solution with v component. If solution w has parallel component of ¥ in L? (BZ 3,

then RHS of A.8 is a non 0 scalar multiple of . We can normalize ¢ so that f o (AT k’ ) =1

(3" (k)i (k) ) Bk) — Xi(k) = 19(k)

then the ansatz 12 solves this 2d linear equation for every k

-1

Bik) = (30t (k) = 1) (k)
= (BRI~ ) aek)

But when we plug the ansatz back into the normalization we find:
dkK’' ~
_ N e A /
1= [ 5 (#0)50)
_ / L GOl
) 2w (k)2 - A
N—————

>1

>1

The integrand is greater than 1 if not diverging to 400, thus in any case it can not be normalized

to 1.

Proposition A.2.2
So for X\ > 0, the eigenvector as a solution of A.8 has no v component. This is regardless of the

gap of H.
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A.2.2.2. 5t component. In L?(BZ,C?), the o component of 1; means RHS of A.8 is 0. This
is in general possible even Vk, @(k) = ¢(k)v(k) for example [c(k)dk = 0 and |[0(k)|| = const.
Since we are looking for eigenvectors that are not ground states of H, there must be some &’ s.t.

(BB () #0:
[B(K) (BB (K) ) = X(K)
— J(K) =  (BR)IGH)) 5K)

and phug back 1 (DEWGET) [0 |” 8(K) = (SBHFTYO(K)

= [[o(k)||* =

¥ being a trig polynomial of k, and ||[o(k)||? = A being constant of k', together implies v € [?(Z,C?)

is supported on a single site, because:

d
wp X?
trig polynomial v(k) = Z b
p=—d \ UpXP

ik
, X :=e

thus
(B> = Zw*X P quXq + ZU*X P Zu X1

|o(k)||> = A being a constant implies the only non zero term is X, so
Z Wywq + Untlg = Ay,
ptq=k
Realizing that w,,u, are the Fourier coeff of (k) i.e. the real space matrix element of the real

space projector, this means |v)(v| is supporten on a single site:

[[0){v]lp,q = p—q

If 1. wuth positive eigenvalue has non zero 0+

component of 1., it must be local excited states of
H and H must has no interaction between sites. Thus indeed the edge only introduce a 0-eigenstate

given by A.5.
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A.2.3. 2D Edge mode. Now our lattice is Z? and Hamiltonian on (both copies of) half lattice

is

(AlO) H. = Z |T(a:,y)v> <T(z,y)v| - Z ‘T(O,y)v> <T(0,y)v|
(z.y) Yy

(A.11) :ZT(O,y) (Z | Tev)(Trv| — \”><”’> T(B,ly)

-~

He,ld

The middle H, 14 is recognized as the 1D Hamiltonian with an edge. After a partial Fourier
transform on y direction, we would get a k,-family of Hamiltonian that are subject to our conclusion
A2.1.

We define the partial Fourier transform of as the unitary map
Fo: 12(22) — LX(T) ® 1*(2)
dy —ik
v [ evla) e = glok,)

We use the subscript 2 to indicate adjoint action of y-partial Fourier transform on operators, or
image of a vector under y-partial Fourier transform.
Under adjoint by such unitary map, the Hamiltonian on {*(Z) ® L*(T) is called H_5 and preserves

each k, sector/fiber:
(H.505) (@, ky) = H, (k)5 (2, k)

On each k, fiber

(A.12) He,ﬁ(ky) = Z T |v§(7 ky)><%(7 ky)’ T;
2€Z\0
(A.13) =H;(ky) — [v3(0, ky)) (v5(0, ky)|

A.13 is a Hamiltonian on each k, fiber that looks like (?(Z) and fit into the setup of 1D analysis.

In particular:

Proposition A.2.3

For any ky:

o 0 (Hs(ky)) has a gap since o(H) = Uy, o (Hs(ky)) and o(H) has a gap.
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o v5(x,ky) #0Vr € Z

o Given Hs(ky) is gapped, the presence of edge only introduce a 0 eigenstate to H_5(ky):

~ (ks ky)
Velky, ky) = ——— 2
Y ”"U(kkay)”%z

o If Hy(ky) is gapless then no new eigenvalue can be found.

If O (ke ky) is well defined for all k, and L?([0,27]?), then we call it an edge state.

Proposition A.2.4
We see edge state exist iff H is gapped for all k., k,
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