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Abstract

In this thesis, we study cyclic elements in complex finite-dimensional simple Lie algebras.
These are significant both in Lie theory and in physical applications such as affine Toda
field theory and integrable hierarchies of PDEs. Rather than relying on explicit ma-
trix realizations, this work employs a conceptual approach based on the Cartan-Coxeter
correspondence.

Specifically, we focus on the adjoint representation and a fundamental representation
of minimal dimension (namely, the fourth for f,, the seventh for e;, the eighth for eg, and
the first for the remaining types) of simple Lie algebras. We derive explicit trigonometric
expressions for the spectra of cyclic elements. The obtained spectra are expressed as
unions of rotationally symmetric configurations in the complex plane, with their radii
given by trigonometric formulas. Furthermore, we show that, up to scaling, the cyclic
spectrum of the minimal fundamental representation listed above is always contained in
that of the adjoint representation.

Finally, we explore the behavior of these spectra with respect to the folding procedure
of simple Lie algebras. We provide a conceptual proof demonstrating that the adjoint
spectrum of a folded, non-simply laced Lie algebra is contained within the adjoint spec-

trum of the original, simply laced one.
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1 Introduction

The main focus of this thesis are cyclic elements in complex simple Lie algebras. They
play an important role in many aspects of Lie theory, but their significance also extends
beyond Lie theory itself. For example, cyclic elements are a basic ingredient in various
quantum field theories, such as affine Toda field theory. In [12], Fring, Liao, and Olive
use properties of cyclic elements to derive the affine Toda mass spectrum in terms of the
Perron—Frobenius eigenvector of the Cartan matrix.

Furthermore, cyclic elements form a crucial part in the study of integrable hierarchies
of PDEs. A key example is the work of Drinfeld and Sokolov [9] on generalizations of the
KdV hierarchy. Their construction employs a cyclic element. For a more recent general-
ization, see [10], where Elashvili, Jibladze, and Kac study generalized cyclic elements in
semisimple Lie algebras and give a classification of such elements. They also construct
an associated integrable hierarchy of Drinfeld—Sokolov type.

In this thesis, we use the techniques introduced in [12] to study the spectra of cyclic
elements with respect to suitable representations of simple Lie algebras. We focus on the
fundamental representation of minimal dimension (namely, the fourth for f4, the seventh
for ez, the eighth for es, and the first for the remaining types) and the adjoint repre-
sentation. Using the Cartan—Coxeter correspondence, we obtain explicit trignometric
expressions for these spectra. Moreover, we investigate how the spectra of cyclic ele-
ments behave with respect to the folding procedure of simple Lie algebras. In doing so,
we find an intriguing containment relation between the cyclic spectra of the two simple
Lie algebras involved.

To illustrate some of our results, Figures 1 and 2 show the cyclic spectra of the first
fundamental representation and adjoint representation of eg. Note that in [18], Kostant
studies the Toda mass spectrum of eg from a geometric point of view and discusses the
Gosset circles. In Figure 3, we draw the corresponding Gosset circles for ¢g and annotate

the pairings with simple roots on the diagram.
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Figure 3: Gosset circles of ¢4

1.1 Background

One of the fundamental building blocks in the theory of finite-dimensional complex Lie
algebras is the class of simple Lie algebras. A Lie algebra is called simple if it is non-
abelian and possesses no non-trivial proper ideals. Such Lie algebras play a crucial role
in Lie theory, as they serve as the irreducible components in the decomposition of more
general Lie algebras.

The classification of finite-dimensional complex simple Lie algebras was completed in
the late 19th and early 20th centuries, in the work of Wilhelm Killing and Elie Cartan.
In 1947, Eugene Dynkin developed the classification according to the geometry of the
root systems and their associated Dynkin diagrams, which encode the angles and lengths
between simple roots.

Their results reveal that every simple Lie algebra falls into one of two categories: the



classical types or the exceptional types. The classical simple Lie algebras consist of four
families A,,, B,,, C,, D,,, which correspond to the special linear algebras, sl,,.;C, the odd
orthogonal algebras, s05,,1C, the symplectic algebras, sp,,C, and the even orthogonal
algebras, s0,,C. Additionally, there are five exceptional Lie algebras, denoted by e, ¢,
es, f4, 02

To understand the structure of these simple Lie algebras, we recall their root de-
compositions. For a complex finite-dimensional simple Lie algebra g with rank r, fix a
Cartan subalgebra . Let I' be the corresponding root system, and let I'; LIT'_ be a root
decomposition as a union of positive and negative roots. Denote the root subspace with

respect to a root a by g,. Then:

- chon, whe n- @

acl4
Choose non-zero elements e; € ga., fi € §_a,, and h; = le;, f;] for i = 1,--- r. Then,
e, -+ ,e. generate ny, fi,---, f, generate n_, hy,---, h, form a basis of h, so that

{es, fi, hi}iz1... » generate g.

Using these generators, we now turn to the main objects of this thesis, cyclic elements
in simple Lie algebras. In the 1950s, Kostant in [17] defined cyclic elements in a simple
Lie algebra and studied their important properties. The following is one way to define

them.

Definition 1.1. Let g be a complex finite-dimensional simple Lie algebra of rank r.
Suppose {e;, fi, hi}1<i<r is a set of generators of g, and suppose F' is a non-zero element
in the lowest root space. Then, the cyclic element A corresponding to this Lie theoretic

choice 1s:
,
A.ZZ E 6i+-}7
i=1
Now, we go over some examples of realizing A in a concrete matrix form.

Example 1.1. Consider an example of a cyclic element for a simple algebra of type A,



in its standard representation, sl,,, the n x n trace-zero matrices. We can take e, = E; ;11
for 1 <4 <n—1 (where E;; is the matrix with 0’s everywhere except a 1 at the (4, j)
entry) and f; = E;11,; as well as h; = [e;, fi] = Eii — Eiv1,4+1. It is known that F is

non-zero multiple of £, ;, therefore, one choice to realize a cyclic element is:

0 1
| 0 0 1
A=) Ei+EBu=|: (1)
=1
0 0 1
1 0 0

Scaling each e; gives different generators of the root spaces, so the cyclic element is not

unique.

Example 1.2. Now we consider another example of a cyclic element for a simple algebra
of type D, in its realization of even orthogonal matrices, s05,. Consider the case when

n = 4. From [16, Appendix A.4] by Kirillov, one can pick a set of generators as

€1 = ELQ - E6,5 €a = E2,3 - E?,G

€3 = E3,4 - E8,7 €4 = Es,s - E4,7

with

fl = E2,1 - E5,6 f2 = E3,2 - EG,?

fs=FEy3—Ers fo=FE;4— Egs

such that h; = [e;, fi] are as follows

hlel—Hz hQZHQ—Hg

thHg—H4 h4:H3+H4



where H; = F;; — Fiy4,44 for i = 1,--- 4. It is known that F' is a non-zero multiple of

Es5 5 — Eg1. Therefore, one choice to realize a cyclic element is:

0100 0 0 0 0
0 010 0 0 0 0
0 001 0 0 0 1
A:iei—i—F: 0 000 0 0 —-10 )
i—1 0100 0 0 0 0
-1000 -1 0 0 0
0 000 0 —1 0 0
0 000 0 0 —-10

Similarly, we can also scale e;’s to obtain different cyclic elements.

As defined in Definition (1.1), A is not unique, but Kostant proves in [17, Theorem 6.2]
that if A and A’ are two different cyclic elements, then there exists a non-zero constant
¢ such that A and ¢ - A’ are conjugate to each other. Hence, the spectrum of a cyclic

element is well-defined in the following sense:

Corollary 1.1. For g as before, the spectrum of A is independent of the choice of the

cyclic element up to a non-zero overall scaling.

In this thesis, we study the spectra of cyclic elements with respect to various finite-
dimensional representations of g. Specifically, with respect to the minimal fundamental
representations listed before and the adjoint representations.

Naively, upon representing a cyclic element by a matrix as in Example 1.1 and Ex-

ample 1.2, one can directly calculate its eigenvalues as in the following examples.

Example 1.3. Let us return to the discussion concerning about the Lie algebra of type
A,_1 in Example 1.1. It is known that the first fundamental representation of type A,

is simply its standard representation. Therefore, from Equation (1), we can compute



eigenvalues of A as follows:

A1
0 - 1

A — M| = O ol ~0
0 0 —x 1
10 0 —\

Expanding the first column yields:

A= M| =(=N)"+(-1)""=0

Hence, the spectrum is
{]-7 Cna e 7<:_1}

27

for ¢, = e .

Example 1.4. Now we continue the discussion concerning the Lie algebra of type Dy
in Example 1.2. Similar to the A,,_; example, the first fundamental representation of
type Dy is also its standard representation. Therefore, we can compute eigenvalues of A
directly from Equation (2).

Observe that A has repeated rows, so zero is an eigenvalue. Now assume \ is a non-
zero eigenvalue of A. Suppose U = [vy, vg, -+ ,vs]T is an eigenvector of A. Then, by the

equation:

We obtain the following equations:

Vo = /\1)1



Vg + Vg = /\Ug

—U7 = /\U4

Vg = )\115

-V — Vs = AUg
—Vg — >\U7

—U7 = )\Ug

Solving these equations yields the consistency equation:

—41}1

\3 = )\31)1

Since the eigenvector is non-zero, so v, # 0, therefore we have the characteristic polyno-

mial for \:

2kmi

NM=—a = \=v-4.¢6 fork=1,---,6

Now consider the case when the eigenvalue A = 0. Similarly, solving the eigenvector

equations yields:

U2:U3:U6:U7:O
V1 + Us =0
Vg + Vg =0

Hence, the eigenspace of the eigenvalue zero is spanned by vectors:

[1,0,0,0,-1,0,0,0]"; [0,0,0,1,0,0,0,—1]7

So the multiplicity of the eigenvalue zero is 2. Let (5 = e%, and scale all the eigenvalues

to cancel the constant v/—4, we have the spectrum of A for type D4 under its standard



representation is:

{1><67<g><gvggvgg7070}

For the classical Lie algebras, one can obtain cyclic spectra via such explicit calcula-
tions, in principle. However, the matrix representations of A are harder to attain for the
exceptional Lie algebras. Hence, a conceptual approach that can bypass the necessity to
realize A as a matrix is more desirable.

Fortunately, the cyclic element has some useful Lie theoretical properties, which give
us a chance to achieve that. The key is to relate the cyclic element to the Coxeter element

in the Weyl group of g. Recall the definition of the Coxeter element:

Definition 1.2. Let r denote the rank of g and suppose A = {ay,--- , .} is an ordered
set of simple roots of g. Simple roots generate the root space V' equipped with an inner
product. Denote the reflection about the hyperplane orthogonal to the simple root «; by

S; such that for a simple root «;

The group W generated by {S;}iz1.... » is called the Weyl group. The element in the form

o= Hs (3)

1s called a Coxeter element.

While there are many different Coxeter elements, it follows from [8, p. 765] that
different Coxeter elements are conjugates in the Weyl group.

To explore the relation between the Coxeter element and the cyclic element, we turn
to the work of Kostant. In [17, Lemma 6.4B], Kostant shows that the centralizer of
a cyclic element is a Cartan subalgebra. In Equation (6.7.1) of the same reference, he
showed that for a Coxeter element acting on that Cartan subalgebra, the cyclic element is

its eigenvector with the eigenvalue e with h the Coxeter number. Recall the definition



of the Cartan matrix:

Definition 1.3. Let g be a simple Lie algebra of rank r and let A = {ay, -+, .} denote

an ordered set of simple roots of g. Define the Cartan matriz C of g by

Qa.a
C,; = —— 4
= T (4)

fori,j=1,---,r.

The linear algebra of a Cartan matrix is easy to study. So, if a correspondence between
the eigenspaces of the Coxeter element and the Cartan matrix can be built, then it opens
a window to perceive the eigen-properties of the cyclic element.

This correspondence is called the Cartan-Coxeter correspondence. In the 1950s, Cox-
eter in [8] studied the product of the generators of a finite group generated by reflections,
and he showed that the linear algebra of the Coxeter element and Cartan matrices are
related. Referring to Coxeter’s research in the 1950s, Coleman in [7] used this correspon-
dence to obtain the eigenvalues and eigenvectors of the Coxeter element, which helped to
develop an easier way to compute the Betti numbers of the simple compact Lie groups.

Beyond the intrinsic algebraic interest, there are also exciting applications of this
correspondence in physics. In 1991, Fring, Liao, and Olive in [12] showed that by using
this correspondence, a cyclic element can be expressed in terms of the Perron-Frobenius
eigenvector of the Cartan matrix. They used this property to build the relation between
the masses of affine Toda theories and components of the Perron-Frobenius eigenvector
of the Cartan matrix. Also, Freeman in [11] gave an alternative proof of the same results.
Additionally, Brillon and Schechtman in [5] used this correspondence as a main tool to
construct a family of Hermitian operators whose eigenvalues are equal to the coordinates
of the eigenvectors of the Cartan matrix of a simple Lie algebra.

Now we introduce this Correspondence, which is the main tool in this thesis. Coxeter
in [8, Equation (1.7)] and Coleman in [7, Lemma 1] represent the action of the Coxeter

element on the root space by a matrix, which turns out to be closely related to the Cartan

10



matrix.

Theorem 1.1 (Coxeter, Coleman). Let r be the rank of g, and let A = {aq,--- ,a,} be

an ordered set of simple roots of g. Let C be the Cartan matrixz of g, and let the matriz

U be defined as

p

Cij fori<j
Uj = 1 fori=j
\O fori>j
Let the matriz L be defined as
.
0 fori<y
Lij = 91 fori=j
\Cij fori>j

so that

L+U =C
Then, the matriz Ra s representing the Coxeter element o with respect to the basis A is:
Raa = —(LT)il -UT
In Chapter 2, we revisit the proof of this theorem. It is the key ingredient in the proof

of the Cartan-Coxeter correspondence.

Theorem 1.2 (Coxeter, Coleman). Let r be the rank of g, and let A = {ay,...,a,} be
an ordered set of its simple roots. Denote the Cozeter number of g by h, and let Ra 4 be
the matriz representing a Cozeter element o, as defined earlier. The eigenvalues of R

are the h’th roots of unity, given by (¥ for 1 <k <h—1. If X, is an arbitrary eigenvalue

11



of Raa, then

Ao = 2= (N2 + A7)

is an eigenvalue of the Cartan matriz C. Furthermore, if W = (wy, -+ ,w,)7 is an
eigenvector of \,, then there exists a left eigenvector ¥ = (vy,---,v,.)7 of Ac and a
function m: {1,--- 1} — %, such that for everyi € {1,--- ,r},

7 (%)
Wi = Gp "t

In particular, ¥ and @ differ by the phases: C;(i) fori=1,---,r.

Freeman proved this theorem (though some details are left to the reader) in [11] by
utilizing the geometric property of the Dynkin diagram that it has no closed loop. We
revisit his proof in Section 2.1. In Section 2.2, we revisit another proof given by Fring,
Liao, and Olive in [12] by bi-coloring the Dynkin diagram such that adjacent nodes in
the diagram are of different colors. Precisely, a bi-coloring of a Dynkin diagram can be
defined as a function p : {1,...,7} — {0, 1} such that for any two adjacent nodes ¢ and
J, p(@) # p(j). The initial value p(1) can be chosen as either 0 or 1, giving two possible
bi-colorations.

Furthermore, Fring, Liao, and Olive provided a formula for pairings between simple
roots and the cyclic element, which gives the main computational tool to calculate its

spectra.

Theorem 1.3 (Fring, Liao, and Olive). For A and g as before, let r be the rank of g.

Consider the Cartan subalgebra:

h = kery ad A
Let aq,--+ ,a, be a choice of ordered simple roots, which are linear functionals on b.
Suppose x1,--- ,x,. are components of a left eigenvector of the Cartan matrix of g corre-

2mi

sponding to the smallest eigenvalue. Let h be the Coxeter number of g and let (, = e™n .

12



Suppose p is a bi-coloring, then there exists a non-zero constant ¢ such that

N—p(1))/2 —2p(j)+1
Ozj(A) _ c-a?-xj-g,gp(j) p(1))/ (11— . P(J)+) (5)

forjg=1,---r.

This Theorem is essential to our work: for any finite-dimensional representation of g,
after expressing its weights as linear combinations of simple roots, the cyclic spectrum

can be easily calculated. We revisit the proof of this theorem in Section 2.3.

1.2 Results

Using the Cartan-Coxeter correspondence, we calculate the spectra of the cyclic element

with respect to two representations. For convenience, we introduce the following notation
Cul2) = {z- ¢y | k=1, ,n} (6)

where n € Z=° and 2 € C. Specifically, if z = 0, then C,,(0) = {0}. Also, denote:

m

Co(z1,+ 2m) = | |Cul)

i=1

C(29) = Ejn(z) |_| e |_| Cn(zz

q copies

Additionally, let v be an index depending on the type of the simple Lie algebra g, such
that v = 7 for ¢;, v = 8 for ¢g, ¥ = 4 for f4, and v = 1 for all other types. We denote the

corresponding minimal fundamental representation of g by v,g).

Theorem 1.4. Let A and g be as before. Denote the spectra of A in the minimal fun-
damental representation listed before and the adjoint representation by Spec(vy(g), 8) and
Spec(ad, g), respectively. All the spectra are in the form

Cu<zgm1)7 Tty Z(mS)a O(mO))

S

13



The values of u, s, m;, and z; for each type of simple Lie algebra are given in Tables 1, 2,

and 3. Note that in Table 2, p(i) and q(i) are defined by

Table 1: Data of Spec(t,(g), 9)

. . . . Numerical m
% Approx. of |z;| ’
sl n 1 z21=1 |21l =1 m1=1; mg =0
502141 2n 1 21 =1 lz1] =1 m1 =1 mo =1
SPpay, 2n 1 21=1 |z =1 my =1;mg =1
s00n | 2n—2 1 a=1 2] =1 my =15 mo =2
z1 = Caa - 2cos({5) |z1] ~ 1.9319 mp =mso = 1;
e 12 2
z2=1 lz2| =1 mo =3
— 92 2
z1 = 2% cos(%) cos(3F) |21| ~ 2.8794
mi1 =mg =mg =1;
e7 18 3 zo = 2005(%) |zg| ~ 1.8794
mg = 2
z3 =1 28] =1
z1=1
z1]=1
22 = (60 - 2005(131—(?) =1}
, s |z2| ~ 0.8135
23 = Cgo - 2% cos(Z) cos (=X
(5) cos (555 |z3] = 0.6728 m; =1 for
_ 2
24 = oo - 2cos (%) |z4] ~ 0.6180 i=1,---,8;
43 30 3 11 2
25 = Cgo - 22 COS(TJ) COS(T”) |z5] &~ 0.5028
26 = (60 ~2c05(%) |z6| ~ 0.4258 mo =8
27 = 22 cos(%) cos(%) o7l = 0.3383
28] ~ 0.2091
28 = 2005(%)
z1 = C24 . ZCOS(%) |Z1| ~ 1.9319 m1 =mg = 1;
4 12 2
zo =1 lz2| =1 mo =
g2 6 1 z1=1 lz1] =1 m1 =1;mo =1

14



Table 2: Data of Spec(ad, g), g classical
g u S Zi m;
m; = 1 for
5ln 1 i
2n e z; = sin(1X) i=1 n—1
n k) K 2 J
(n odd)
mo=mn—1
m; = 2 for
sl p(i ; i=1,-,5 -1
" n 5 zi = g,(f) ~Sin(%) 2
(n even) ma =1;
mog=mn—1
2 = ZS) -sin(%) m; =1 for
502n41
2n n fori=1,---,n—1; =1, ,n
(n 20 mod 3)
Zn =% mo=n
m; = 1 for
502141 1 1 ;ﬁk
. . 1=1,- , N 52 5
(n=0 mod 3, 2n n—1 Zi = Cﬁ” ~sin(57)
myp = 2;
n = 3k)
mo=n
m; = 1 for
sPa | on 2= ¢4 - sin(5E) i=1-
mo=n
m; = 1 for
5092 (s ) =1, ,n—2;
! =2 | n—1 | 2= sin( 5
(n#1 mod 3) Mp—1 =2;
mo=n
m; = 1 for
502n
s . . 1= 17 . , 2,1 # kv
(n=1 mod3, | 2n =2 | n—=2 | z = in3511>'51n<2;12>
my = 3;
n=23k+1)
mo=n

15




Table 3: Data of Spec(ad, g), g exceptional

] Y 2 Numerical m;
Approx. of |z;|
z1 =22 cos(7) cos(%) |21] =~ 2.7321
m1 =mg = 1;
. 73 = (24 - 2cos(75) |z2] ~ 1.9319
e mg = mg = 2;
73 = Caa - 2cos(%) |23] &~ 1.4142
mo =6
za=1 |zal =1
_ 2
21 = Ca6 - 22 cos(f5) cos(§F) | |z| ~ 3.7017
_ 2
29 =22 cos(%) COS(T) |z2| = 2.8794
. 5
z3 = 22 cos ({5 ) cos(3%) |23] &~ 2.5321 m; =1 for
er | 18 zy = (36 - 2cos () 24| = 1.9696 i=1,-,7;
z5 = 2cos(%) |25] &~ 1.8794 mo =7
5
26 = (36 - 2cos(3%) |26] ~ 1.2856
zr =1 lz7| =1
es Same as in Data of Spec(wu(g)vg)
z1 =22 cos(7) cos(%) |21] &~ 2.7321
m; = 1 for
f . 22 = (a4 - 2cos({5) |z2] = 1.9319 '
4 1= 17 o 747
z3 = (a4 - 2cos(F) |23| &~ 1.4142
mo =4
zg =1 [za] =1
z1=1 lz1] =1 m1 =mg =1;
g2 6 ™
22 = 12 - 2cos(§) 22| & 1.7321 mo =2

We prove this theorem in Chapter 3. Notice that for Spec(¢, (), g) and Spec(ad, g),
we have u = h, the Coxeter number, for all g except sl,, with n odd, in which case u = 2n
for the adjoint spectrum.

One can also observe, see [19, Equation (1.17)], that the cyclic spectra are invariant
under multiplication by (,. We state this special invariance precisely in the following

lemma:

Lemma 1.1. For A and g as before, let h be the Coxeter number of g. Let the spectrum

of A with respect to a finite-dimensional representation ¢ be Spec(1,g). Then,

Spec(v, g) = G - Spec(y), g)
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27
where (, = en .

We will prove this lemma later in Remark 6. For convenience, we call this invariance
the “(p-symmetry” of the cyclic spectra. Referring to the results in Theorem 1.4, z;’s, or
more essentially, r;’s, are key invariants in the cyclic spectra, because one eigenvalue in
the form z;(F for some k can generate Cj,(2;) by the (j-symmetry.

To better understand the behavior of the cyclic spectra, we plot the eigenvalues in the
complex plane to investigate how their heights, defined below, influence their positions.
Let p = a10q + - - - 4+ a,, be an integral weight with respect to a representation of g.

The height of p is:

T

ht(n) = > a

i
As previously discussed, each eigenvalue in the cyclic spectrum is computed via its cor-
responding weight pairing with A. This allows us to order them by the heights of their
corresponding weights. For example, in Figure 4, we revisit the cyclic spectrum corre-
sponding to the first fundamental representation of e¢g. The heights of eigenvalues are
colored in purple. Since the heights of origin-symmetric eigenvalues are always opposite,
we only consider the eigenvalues with non-negative imaginary parts to connect them in

descending order of their heights.

Im

Figure 4: First fundamental cyclic spectrum for eg
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The graph clearly shows the (jo-symmetry discussed earlier. Additionally, we observe
that the path exhibits a specific pattern, connecting eigenvalues in descending order of
their real parts. Similar graphical patterns are observed in other cyclic spectra. Further
details on this topic are provided in Chapter 3.

Now we turn to some interesting consequences of Theorem 1.4. They are not only
numerical results but also provide deeper insights into the underlying structure of the
cyclic spectra. By comparing the two spectra of g, we immediately obtain the first

observation:

Corollary 1.2. For A and g as before, let Spec(1,(),9) and Spec(ad, g) denote the
cyclic spectra with respect to the minimal fundamental representation listed before and

the adjoint representation of g, respectively. Then, up to an overall scaling

Spec(¥u(),8) € Spec(ad, g) (7)

Remark 1. Note that it is not true that, for any g, the weight lattice of its minimal
fundamental representation listed before contains a root. When g = ¢g, it is not the case.
However, the corollary still holds. For example, when g = ¢, the weight lattice of its

first fundamental representation contains the following weights:

1
w1 = §<Oél — o3+ a5+ 20&6)

1
Wy = 5(041 + 203 + a5 — ag)

As will be explained in more detail later, by the symmetry of the Perron—Frobenius

eigenvector of the Cartan matrix of ¢, we have

a1(A) = as(A);  az(A) = as(A)
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Hence, it follows that

wi(A) = ar(A) = as(A);  wa(A) = az(A) = as(A)

By “Cio—symmetry”, we obtain the containment between the corresponding spectra as

stated in the corollary.

The second observation is deduced from the proof rather than the statement of The-

orem 1.4. This result is also discussed in [12], although in a different form.

Theorem 1.5. Let A and g be as before. Let h be the Coxeter number of g. Suppose

A={ay, -+ ,a,} is a set of simple roots of g, and p is a bi-coloring on A. Let
, L ifp(j) =1
sgn(j) =
-1 ifp(j) =0
for g =1,---,r. Then, up to an overall scaling,
Spec(ad, g) = | | Cu( sgn(j) - a;(A), 0) (8)
j=1

Remark 2. Note that sgn(j) can be chosen uniformly as 1 if g # A,,, n even. In contrast,

when g = A, with n even, we have h = n + 1 odd, so that Cy(a;(A)) # Ch(—a;(A)).

This theorem shows that the pairings between the simple roots and the cyclic element
encode all the information about the adjoint spectra for almost all simple Lie algebras.
We prove this theorem in Chapter 3, using a method different from that of [12].

Then, for a multiset of n complex numbers, S = {Z;,---, Z,}, we define its radii set
R(S) by

R(S) = {lZ1l,-- . |Znl}

We call two radii sets R(S) and R(S’) equivalent, denoted R(S) ~ R(S’), if they only

differ by a non-zero overall scaling.
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Now we apply this to the spectra of cyclic elements. This leads to the following

corollary, which is immediately clear from Theorem 1.5.

Corollary 1.3. Let g be a simple Lie algebra with rank r. Suppose & = [x1,--- ,x,] is a
left Perron-Frobenius eigenvector of the Cartan matriz of g, and suppose {ay, -+ ,a,} is

a set of simple roots of g. Then:
R(Spec(ad,g)) ~ {‘Oél(A>|, B ’aT(A”? 0} ~ {O&%-l‘l, T O‘?'IM 0} (9)

Furthermore, on the right-hand side of Equation (9), the vector with components
at-xy, -+ ,a? - x, is actually a right eigenvector of the Cartan matrix. Because for any

j=1,---,r, since & is a left eigenvector, we have

T

20005
J f— . .
E 5T = AT

(o'
i=1 J

,
_ 2,..
<— g 2005 - Ty = )\-ozjx]

i=1
T
206,00
— = alT = A~aj2:vj
; a;
i=1 v
Thus, [afzy, - ,a2z,]T is a right eigenvector of C' with respect to A. This result is also

consistent with [12, Equation (24)].
Now we discuss the last consequence. For example, let us compare Spec(ad, Dy) with

Spec(ad, g2). By Theorem 1.4,

Spec(ad, Dy) = Cs(1®¥, G2 - V3, 0W)

Spec(ad,gg) = 06(17 STE \/5, 0(2))

Then, it is clear that:

Spec(ad, ga) C Spec(ad, Dy)

In fact, this is not a coincidence but an instance of a general phenomenon that connects
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the cyclic spectra with the folding procedure for Lie algebras. This procedure generates
non-simply laced simple Lie algebras from certain simply-laced ones, namely Ay, 1, Dy11,
¢g, and Dy. For each such algebra g, there exists a Dynkin diagram automorphism 7,
inducing a Lie algebra automorphism 7, such that the fixed subalgebra g” is isomorphic

to a non-simply laced simple Lie algebra. Specifically,

Ay = Gy
DZH = B,
66 = f
D] = g (10)

Referring to the numerical data in Theorem 1.4, we deduce the following result:

Theorem 1.6. Let g,g” and A be as before, and let Spec(ad, g”) and Spec(ad,g) be

defined as before. Then, up to an overall scaling:

Spec(ad, g”) C Spec(ad, g) (11)

In Chapter 4, we provide a more conceptual proof of this Theorem.
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1.3 Appendix: Minimal Cosine Expression Finder

In Tables 1, 2, and 3, the expressions for the z;, given as products of cosines, are de-
termined only up to an overall scaling factor. We choose this scaling so that one of
the z; equals 1 and the total number of cosine factors appearing in all expressions is as
small as possible. To carry out this simplification, we developed a SageMath program,

Simplify_Cosine; its pseudocode is given below.

Require: N € Z,V = {v1,...,un} > Denominator and Input List
B« {cos(kn/N) |1 <k <|N/2]} > Define Search Basis
Smin < 00
Prest < null
Lpest +— @ > Store the optimal simplification log
for p eV do > Iterate through each pivot candidate

if p =0 then continue
end if
s« 1/p
Scurr 0
Leyrr <] > Initialize log for this pivot
for e € V do
t<e-s > Compute scaled value in Cyclotomic Field

found <+ false
for r < 0 to 2N do
if found then break

end if
for C € B" do > Check all cosine products of length r
q < t/T1(C)
if ¢ € Q then
Seurr < Scurr + 7
w < format(q, C) > Record simplified form

append w to L¢y,,
found < true
end if
end for
end for
end for
if Seurr < Spin then
Smin — Scurr
Pbest —p
Lpest < Leyrr > Save this log as the best candidate
end if
end for
print ”Best Strategy: Scale by 7, Ppest
print ”Simplified Forms: 7, Lpes:
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The actual SageMath code for this program is as follows:

import itertools

class CosineSolver:

def

def

def

__init__(self, N):
self.N = N

# Initialize Field for exact calculation

self.K = CyclotomicField(2 * N)

self.z = self.K.gen()

# Pre-compute search tndices (1 to N/2)

self .search_indices = [k for k in range(l, N//2 + 1)

if (self.z"k + self.z"-k)/2 != 0]

c(self, k):
"niInternal cos(k*pi/N)"""

return (self.z"k + self.z"-k)/2

_test_strategy(self, scaler, strategy_name, expressions):
mimn

Internal Helper: returns (score, log_string)
Does NOT print anything immediately.

nimnn

current_score = 0

log_lines = []

# Header for the final report

log_lines.append(f"[ {strategy_name} ")

log_lines.append("-" * 60)
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for j, expr_val in enumerate(expressions):

scaled_val = expr_val * scaler

found = False
# Check complexity levels r = 0 to 2N

for r in range(0, 2 * self.N + 1):

# Level 0: Rational?
if r ==
if scaled_val in QQ:
current_score += 0
log_lines.append(f" {j+1:<3} -> {QQ(scaled_val)}")
found = True; break

continue

# Level r: Product of 'r' cosines?
for k_vals in
< 1itertools.combinations_with_replacement(self.search_indices,
< r):
cand = prod(self.c(k) for k in k_vals)

if cand == 0: continue

ratio = scaled_val / cand
if ratio in QQ:
s = QQ(ratio)
t_str = "x".join([f"c({k})" for k in k_vals])
if s == 1: fmt = t_str
elif s == -1: fmt = £f"-{t_str}"

else: fmt = f"{s;*{t_str}"
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current_score += r
log_lines.append(f" {j+1:<3} -> {fmt}")
found = True; break

if found: break

if not found:
current_score += 999

log_lines.append(f" {j+1:<3} -> (Complex)")

log_lines.append(f" >>> TOTAL TERMS: {current_scorel}")

return (current_score, strategy_name, "\n".join(log_lines))

def solve(self, expressions):

"""Runs optimization and only prints the winner"""

# 1. Convert inputs

try:
expressions = [self.K(expr) for expr in expressions]

except TypeError:
print ("Error: Could not convert inputs to Cyclotomic Field
— elements.")

return

print (f"CASE (N={self.N}, List size={len(expressions)})")

results = []

# --— STRATEGY 0: Original List (No Scaling) -—-

results.append(self._test_strategy(l, "Original List (No Scaling)"

< expressions))
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# Loop through every ttem to create a Base Scaler (Strategy 1)

expr_names = [f"Item {i+1}" for i in range(len(expressions))]

for i, val in enumerate(expressions):

if val == 0: continue

# The Base Scaler (Normalizes Item % to 1)
base_scaler = 1 / val

base_name = f"Scale by 1/{expr_names[i]}"

# —-—-— STRATEGY 1: Apply Base Scaler —---—
results.append(self._test_strategy(base_scaler, base_name,

< expressions))

# ——— STRATEGY 2: Base Scaler * c(k) ---

for k in self.search_indices:
scaler_2 = base_scaler * self.c(k)
name_2 = f"{base_name} * c({k})"
results.append(self._test_strategy(scaler_2, name_2,

< expressions))

# —--- STRATEGY 3: Base Scaler * c(j)*c(k) —---
for j, k in
— itertools.combinations_with_replacement(self.search_indices,
o 2):
scaler_3 = base_scaler * self.c(j) * self.c(k)
name_3 = f"{base_name} * c({j})*c({k})"
results.append(self._test_strategy(scaler_3, name_3,

< expressions))
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# —-—-— FILTER & PRINT BEST -—-
if not results:

print("No valid strategy found.")
else:

# Find minimum score

min_score = min(r[0] for r in results)

winners = [r for r in results if r[0] == min_score]

print (f"\nBest Result Found (Score: {min_score})")

print("=" * 60)

# Print details for the winner(s)
for score, name, log_text in winners:
print (log_text)

print("\n")

# --— User-Friendly Input Wrapper —-—-

def c(k):
if 'Coxeter_number' not in globals():
raise NameError("Please define 'Coxeter_number = N' before using
- <&M

return cos(k * pi / globals() ['Coxeter_number'])

def Simplify_Cosine(expr_list):
if 'Coxeter_number' not in globals(Q):
print("Error: 'Coxeter_number' is not defined.")
return
N = globals() ['Coxeter_number']

solver = CosineSolver(N)

27



solver.solve(expr_list)

Note that in the program, after simplifying the list as described in Strategy 1, we

further attempt to simplify the overall scaling of the results of Strategy 1 by factors

of the form cos % and cos % - COS %”, for j,k € {1,---  h}. Those additional steps are

annotated as Strategy 2 and Strategy 3.

For example, given the list:

1 ™ 2 o O 4
= COS — COS —, C€OS” — COS —
2 5 5’ 5 5

We input this list and run the program as follows:

# 1. Set up the N

Coxeter_number = 5

# 2. User creates list, can use c(k) helper
list_of_expr = [
c(1)*c(2)/2, # Item 1

c(4)*c(3)*c(3) # Item 2

# 3. Run the simplifier

Simplify_Cosine(list_of_expr)

Then, this yields results:

CASE (N=5, List size=2)

Best Result Found (Score: 1)
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[ Original List (No Scaling) ]

1 -> 1/8
2 => -1/4xc(2)

>>> TOTAL TERMS: 1

[ Scale by 1/Item 1 ]

2 -> -2%c(2)

>>> TOTAL TERMS: 1

[ Scale by 1/Item 1 * c(1) 1]

1 > c(1)
2 -> -1/2

>>> TOTAL TERMS: 1

[ Scale by 1/Item 1 * c(1)*c(2) ]

1 > 1/4
2 -> -1/2*%c(2)

>>> TOTAL TERMS: 1

[ Scale by 1/Item 2 ]
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1 -> -2x%c (1)
2 -> 1

>>> TOTAL TERMS: 1

[ Scale by 1/Item 2 * c(2) 1]
1 -> -1/2
2 > c(2)

>>> TOTAL TERMS: 1

[ Scale by 1/Item 2 * c(1)*c(2) ]

1 -> -1/2%c(1)
2 -> 1/4

>>> TOTAL TERMS: 1
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2 Cartan-Coxeter Correspondence

In this chapter, we introduce the Cartan-Coxeter correspondence as in Theorem 1.2,
which establishes a relationship between the linear algebra of the Coxeter element and
the Cartan matrix. This correspondence is largely attributed to Coxeter in [8].

We present two different proofs of this correspondence in Theorem 1.2. The first
method, introduced by Freeman in [11], leverages a property of Dynkin diagrams that
facilitates the direct computation of eigenvalues and eigenvectors of the Coxeter element.
The second method, developed by Fring, Liao, and Olive in [12], computes the eigenvalues
and eigenvectors of the Coxeter element through a bi-coloration of simple roots.

Lastly, Fring, Liao, and Olive also provided an explicit formula for the pairings be-
tween simple roots and a cyclic element arising from this correspondence. In Section 2.3,
we firstly demonstrate the key fact that the centralizer of a cyclic element is a Cartan
subalgebra through the example of the simple Lie algebra of type Bs. Then, we derive
the pairing formula, which serves as a fundamental computational tool for analyzing the

spectra of cyclic elements in the following chapter.

2.1 Method 1: No-loop Diagram Property

In this section, we review Freeman’s proof in [11] of the Cartan-Coxeter correspondence
as in Theorem 1.2. The proof relies on the geometric property of the Dynkin diagram

that it contains no closed loops.

2.1.1 Matrix Representing the Coxeter Element

The Coxeter element o is a linear transformation on the root space V' spanned by simple

roots A = {a,...,a,}. Its matrix representation is in the form

Rax=(lotanla| - [irton)ls) (12)
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where [o(a;)] 4 is the coefficient vector of o(«;) in terms of A. Given the Cartan matrix
of a simple Lie algebra, one can calculate o(«;) directly. For example, consider the simple

Lie algebra of type g, having a Cartan matrix:
C =
-3 2

Let S, S5 be defined as in Definition 1.2. Then, the concerning Coxeter element is

o = Sl . SQ (13)

It acts on A = {ay, an} as:

O'(Ch) = 5152(041> = 2061 + Qo

O'(Oég) = 5152(042) = —3061 — Qg

Thus, the matrix representing o in the basis A is:

2 -3
Raa=
1 -1
We observe that this matrix closely resembles the Cartan matrix. Indeed, they are related

as illustrated in Theorem 1.1. Let

1 -1 1 0
U — - L=
0 1 -3 1
Then, we have:
2 =3
_(LT)*l.UT: = R
1 -1

Now we present Coxeter’s proof of Theorem 1.1 as in [8, p. 766]. It is the essential
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part of the Cartan-Coxeter correspondence. Define the product of £ simple reflections as
pe =51 S

for k =1,...,r. The key step in the proof is to relate the actions of py and o on simple

roots. For an arbitrary simple root o, 1 < j < r, we have

o(a;) — pilay) = prlay) — pilay)
= (pjr1(y) — i) + (pjra(y) — pipa(ay)) + - -+ (prlay) — pro1(ay))
=Y (eley) = pr-a(ay)) (14)

k=j+1

Similarly, for 1 < j < r, we have:

pilay) —aj = (pi(ey) — ;) + (p2(y) — pi(ay)) + -+ (pi(ay) — pi-1(ay))

= (peley) = pe-a(y)) (15)

Note that

pr(aj) — pr-1(aj) = pr(a;) — pe(Sk(ay))
= pr(a; — Sk(ay))

ek () (16)

where Cjj is the (j,k)'th entry of the Cartan matrix as in Definition 4. Therefore,

Equation (14) and (15) can be rewritten as:

O(a] —Pj Oé] Z C]kpk: ar,) (17)
k= ]-‘r].
e Z Cjrpr(ar) (18)
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Note that Equation (17) can be expanded as

o(aj) = pjay) + Cjimpjri(aj) + -+ Cjopr(ar)

for 1 < j < r. When j = r, it follows trivially that o(c,) = p,(c,.). Consequently, we

have:

Similarly, expanding Equation (15) yields

—aj = Cppi(on) + -+ + Cjm1pj-1(aj—1) + pi(ay)

o(an)

o(a;)

o(a;)

1 Chi Chyr
1 023 027”
1
U

pl(Oél)

pi(a;)

| pr(ar)

(19)

for 1 < 7 <r. When j = 1, it follows trivially that —a; = pi(a;). Consequently, we

obtain:

651

1
Cy 1
Crl Cr,rfl 1
L
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pj(ay)

| pr()
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Equation (19) and (20) imply that:

o(aq) o

o(ay)| = (=U-L7) - |a

o(a,) a,

According to Equation (12), we have:
Raa=—(LN)7"-UT

The proof of Theorem 1.1 is now complete.

Example 2.1. If g is of ADE type, a simply-laced simple Lie algebra, then the Cartan

matrix C' is symmetric. So LT =U, UT = L, and
Raa=-U"'-1L (22)

2.1.2 Correspondence for Eigenvalues

Theorem 1.1 allows us to compute the eigenvalues and eigenvectors of the Coxeter element
in terms of the Cartan matrix. The matrix R4 4 has finite order, since the Weyl group
is finite. Let h denote the Coxeter number of g, the order of the Coxeter element. Then,
any eigenvalue A of R4 4 is an h'th root of unity, that is, A = (e%)k for some integer
1<k<h-1.

We first show the relation between the eigenvalues of the Coxeter element and the

Cartan matrix. The characteristic equations of R4 4 is given by

det(Rau — M) = det(—(LT)™" - UT = AI) =0

&det((LT)™ - UT + AI) = det(A/2UT + AY2LT) = 0
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where

)\1/2 + )\—1/2 )\1/2021 )\1/2031 L. )\1/2Cr1
—1/2 1/2 —1/2 1/2 . 1/2
det(AV2UT + AV/2LT) = ATCn AT A A G A Cre
)\71/20” )\71/2027” )\71/2037, L. )\1/2 + )\71/2

(23)

We now show that the determinant in Equation (23) can be simplified by using the no-
loop property of the Dynkin diagram, so that it corresponds to the characteristic equation
of the Cartan matrix.

Observe that all the Dynkin diagrams have no closed loops. Equivalently, there does
not exist a subset of simple roots S = {ay,, y,, - - , 0y, } such that the following entries

of the Cartan matrix C
Cthqw Oqzqsv T O‘hn—l‘]m’ quth

are all non-zero for 2 < m < r. Following Freeman, we refer to this as the no-loop

property.
Now we apply this property to our argument. Let A\=Y/2UT + A\Y2LT = (a;;). Then,

the determinant of this matrix is

r

det(ATV2UT + NV2LT) = " sgn(p) - [ @i (24)

peS, i=1

where S, is the symmetric group of permutations. Assume the permutation p € S, is

P = (plaan"' 7pl)

where p; € {1,--- ,r} fori =1,--- 1, 1 > 2. Then, the corresponding term contributed
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by p in the determinant in Equation (24) contains the product:
Cmpz szpa Cpam e sz_m szpl

This product is zero since the Dynkin diagram of g has the no-loop property. Therefore,
all the terms in the determinant in Equation (24) contributed by a permutation containing
a cycle longer than a transposition are zero.

Consequently, the determinant in Equation (24) only contains terms contributed by
products of disjoint transpositions. Consider a permutation 7 equals a product of k
disjoint transpositions, m = (q1,¢2) - (g3, 4) - - - (q2x—1, Gox) Where ¢; € {1,--- ,r} for i =

1,---, 2k, then the term contributed by  is:

k
<_1)k(H )‘1/20%2'71%1' ) )‘71/20(12#12170 ) ()\1/2 + >‘71/2)n72k
i=1
k

= (_1)k<H Cooirqai - Cq2iq2i—1) ’ (/\1/2 + )‘_I/Q)n_%

i=1

Hence, Equation (24) equals:

A2 4 \71/2 Cio Ciz - Ci,
Cy )\1/2 + /\71/2 023 BRI 027«
Crl Cr? Cr?) o )\1/2 + >\71/2

=det(C'— (2 AN/2 =A%) )

This shows the bijection between the eigenvalues of the Coxeter element and the eigen-

values of the Cartan matrix. Therefore, the first statement in Theorem 1.2 is proved.
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2.1.3 Correspondence for Eigenvectors

Building on the correspondence between the eigenvalues of the matrix R4 4 and the
Cartan matrix, we now aim to establish the correspondence between their corresponding
eigenvectors to complete the proof of Theorem 1.2.

We begin by recalling a key lemma from linear algebra to compute the eigenvectors
of R4 4. Recall that for an r x r matrix M, its cofactor vector of the k'th row is

C_éfk = ( (_1)’““ - det(Sk;) )ZT=1

,T

where Sy; is the submatrix of M deleting the £’th row and the i'th column.

Lemma 2.1. Suppose M = (my;),i,7 € {1,...,r} is a r X r matriz with rank r — 1.

Then, there exists a row in M whose cofactor vector is non-zero and lies in the null space

of M.

Proof. First, we show that there exists a row of M such that the cofactor vector of that
row is non-zero.

Since the rank of M is r — 1, we can select » — 1 linearly independent rows that span
the row space. Let the k-th row be the row for which the remaining rows are linearly
independent, and let Si denote the submatrix obtained by deleting the k-th row from M.
The matrix Sy, is of dimension (r — 1) X r and has rank r — 1.

Next, consider the submatrices of Sy, denoted by Sy; for ¢ = 1,...,r, where Sy; is

obtained by deleting the i-th column of Six. Then, the cofactor of entry my; is:
Cofy; = (=1)* . det(Sk)

Now, we claim that there exists an index j such that det(Sj;) # 0. Since the rank of
the submatrix Sy is » — 1, it follows that Sy has » — 1 linearly independent columns and

one linearly dependent column. Let j be the index of a column such that the remaining
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columns are linearly independent. In this case, the submatrix Sj; is full rank, implying
that det(Sk;) # 0.
Finally, we show that the cofactor vector of the concerned k-th row lies in the null

space of M. Note that for any index i, Cofy; does not depend on the value of my;. For

any other row of the matrix, say the [-th row with entries my;;, mys, ..., my., we have
_mu_ _COfkl_
My . Cofyo — det (M)
A _Cof;m_

where M; is the matrix obtained by replacing the k-th row of M with the [-th row of M.
M; is not full rank, so det(M;) = 0. Thus, the chosen cofactor vector is orthogonal to the

row space of M, implying that it lies in the null space of M. m

Now, the matrix for which we aim to find a non-zero null space vector is:

)\1/2 4 )\—1/2 )\1/2021 )\1/2031 . )\1/207’1
—1/2 1/2 —1/2 1/2 o 1/2
g o g | AT Cr NPT NG N2C, -
)\—I/QCvlr )\_1/2027’ )\_1/2031" . )\1/2 + )\—1/2

Coleman proves in [7, Section 4(i)] that the eigenspace corresponding to A has dimension
1, except in the case where g = D,, with n even. In [11], Freeman assumes that the
multiplicity of A is 1. So in the following discussion, we restrict our attention to the case
where g # D,, with n even.

Therefore, by Lemma 2.1, we can compute a non-zero cofactor vector of the matrix
ATV2UT 4 A\YV2 LT which is an eigenvector of R4 4. As noted by Freeman, in practice, the
first row can always be chosen to compute a non-zero cofactor vector, as the submatrix

S11 is always full rank, ensuring that Cof;; # 0. Hence, we obtain an eigenvector of R4 4
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corresponding to the eigenvalue A, denoted by & = (xy,--- ,x,)T, such that:

Similarly, we can derive an eigenvector of the Cartan matrix corresponding to the eigen-

value (2 — A/2 — A\~1/2). This eigenvector, denoted by 4 = (y1,--- ,%,)7, is given by

Y = COf/h (27)

where Cof), is the cofactor of the (1,4)-entry of CT — (2—AY2 - \"V2). [ fori=1,--- ,r.
Equations (26) and (27) are the key formulas to prove the second part of Theorem 1.2.
Freeman proved this part in [11, p. 60], though certain details were left to the reader.

The following theorem addresses and completes those omitted details.

Theorem 2.1. For g as before, let r denote its rank and h its Coxeter number. Suppose

A is an ordered set of simple roots following the same indexing convention of simple roots

as Bourbaki’s in [3]. Let C' be the Cartan matriz corresponding to A, and let Ra 4 be

the matriz as before representing the Coxeter element. If & is an eigenvector of Ra 4
Sk

corresponding to the eigenvalue X = e r for some integer 1 < k < h — 1, then there

exists a left eigenvector § of C' corresponding to the eigenvalue 2 — A2 — X\=Y2 such that:

1. If g € {An, By, Cp, fu, 92}, then

xi:()\_l/2)i_1'yi fOTi:lv"' , T

2. If g is type D,,, n odd, then

AVt for i=1,--- ,n—1
xT; =

A2y, for i=n
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3. Ifge {66, ¢7, 68}, then

(AY2)y =2y for >3

A2y for i< 2

Proof. Consider the first case. In this case, the Dynkin diagram of g takes the form of a
straight chain connecting all the simple roots. This geometric characteristic determines
that the matrix A=/2UT 4+ A\/2LT for each type of simple Lie algebra in this case is in the

form
)\1/2 4 )\—1/2 )\1/2021

/\71/2012 )\1/2 + )\71/2 )\1/2032

)\71/2023 )\1/2 + )\71/2 )\1/2043

Ail/QCn—Zn—l )\1/2_,'_/\71/2 A1/20n7n71

A_l/QCn—ln )\1/2 + )\—1/2
with all the unspecified entries zero. In other word, the (7, j)’th entry is:

.

M2 \"V2 fori=j
)\_1/201"@'4,1 fOI'?:: 1, ,7”—1
)\1/2Ci+1,i fOTizl,"' ,T‘—]_

0 Otherwise

\

Similarly, the matrix CT — (2 — AY2 — \7V2)[ is

)\1/2+)\—1/2 021
012 )\1/2 _~_/\71/2 032
023 )\1/2 + )\71/2 C43

Cn72,n71 )\1/2 + >\71/2 Cn,nfl

Cn—ln Al/Q + /\—1/2
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with all the unspecified entries zero. In other word, the (7, j)’th entry of this matrix is:

/

By Equation (26) and Equation (27):

1 =

Yy =

A2 N2 for i = j
Oi,i+1 forizl,---,n—l
Ci+1,i fOI‘izl,"’,TL—]_
0 Otherwise
\
/\1/2 _'_)\71/2 )\1/2032
)\—1/2023 /\1/2 +)\—1/2 )\1/2043
)\—1/26171_2 . /\1/2 +)\—1/2
)\_1/20an n
/\1/2 + )\_1/2 032
ng )\1/2 + )\_1/2 043
Cn72 1 )\1/2 + )\—1/2
Cn—l,n

/\1/2071 n—1

)\1/2 + )\—1/2

Cn,nfl
)\1/2 + )\71/2

By applying the same argument based on the no-loop property as in the previous section,

x1 and y; consist only of terms contributed by products of disjoint transpositions. Let

™= (q1,92) - (g3,94) - - - (q2k—1, Gox), where ¢; € 1,...,r for i = 1,...,2k, be an arbitrary

such permutation. The term contributed by 7 in x; is:

k

(_1)k(H )‘71/26212171(122‘ ’ )\1/20(121q2i—1> ’ (/\1/2 + )‘71/2)717%

=1
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It equals the term contributed by 7 in y;:

k

= <_1)k(H Cq2i7142i ’ CCI22'Q21'71

i=1

This implies ;1 = y;.

Now we check the second entry.

/\1/2 _'_)\71/2 )\1/2043

= (—1)- (/\—1/2012) .
)\71/2071_2 1 /\1/2 _‘_>\71/2
)\—1/2Cn_1 n

012 C(32
N LA oy
y2=(-1)-
Cn—2,n—1 >\1/2 + /\_1/2 Cn,n—l
Cnfln )\1/2 i )\—1/2
=(=1)- (Cr2)
Cn—Q,n—l A1/2 + )\71/2 On,n—l
Crin PUEED e

)\—1/2012 )\1/2032

)\1/2 4 /\—1/2

/\1/2043

)\71/20”_2,”_1 )\1/2+>\71/2 )\1/20%”_1

>\_1/20n—1n )\1/2+>\—1/2

43
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Similar argument based on the no-loop property,

)\1/2 _’_/\71/2 )\1/2043

)\—1/2071_27“_1 )\1/2_|_/\—1/2 )\1/2Cn,n—1

/\_1/2On—1n )\1/2_|_/\—1/2

)\1/2 + )\71/2 043

CVn—?,n—l >\1/2 + /\_1/2 On,n—l
On—ln )\1/2 + /\71/2

1/2

Therefore, xo = A\™* - yo. Now, we generalize this for 2 < 7 < r. The j'th entry of the

vector & is

. *
zj = (1)
0 N

where D is a (j — 1) x (j — 1) upper triangular matrix with diagonal entries

A0, N2, - - - /\_1/2Cj—1,j

and N is a (r — j) x (r — j) matrix with the (m,n)’th entry is

(

A2 4 NY2 form=n
A2 form=j+1,--,r—j

MN2Cm form=j+1-- r—3j

0 Otherwise

\
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and « is a non-zero matrix. Then, we have:

D
= det(D) - det(N)
0 N

= A2 ([ Cupenr) - det(V)

k=1

Similarly, we have the j’th entry for ¢ as

"%

y; = (1)
0 N

where D' is a (j — 1) x (j — 1) upper triangular matrix with diagonal entries
Ciz,Co3,- -+, Cj

and N’ is a (r — j) x (r — j) matrix with the (m,n)th entry is

(

A2 N2 form=n
Comyr form=j+1,--- r—j

Cotim form=j+1,--- . 7r—3j

0 Otherwise
\

and * is a matrix with entries not all zero. Then:

D %
= det(D") - det(N')
0 N
i1
= (] ] Crwsr) - det(N")
k=1
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Again, by the same argument using the no-loop property,

det(N) = det(N')

Hence, z; = (A\™1/2)7=1 . ;. the first case is proved.
Now we prove the second case when g = D,,, n odd. Then, the matrix A\=/2UT++\Y2LT

is:

)\1/2+/\—1/2 _)\1/2
_)\71/2 )\1/2 _1_)\—1/2 _)\1/2
7)\—1/2 )\1/2 +)\—1/2 7}\1/2

_)\—1/2 )\1/2 + /\—1/2 _/\1/2 _)\1/2

7)\—1/2 )\1/2 +)\71/2

22 A2 4\ 12
Indeed, this is very similar to the previous case. For 1 < j < n — 1. The j’th entry of

the vector & is

. *
zj = (1)
0 N

where D is a (j — 1) x (j — 1) upper triangular matrix with diagonal entries —A\~*/2, and

N is a (n —j) x (n — j) matrix with diagonal entries A\'/2 4 A~/2. Similarly, we have the

j’th entry for y as

"%

y; = (=17
0 N’
where D" is a (j — 1) x (j — 1) upper triangular matrix with diagonal entries —1, and N’
is a (n — j) x (n — j) matrix with diagonal entries A/2 4+ \71/2,
Similar to the previous case, by applying the no-loop property, det(N) and det(N')

are equal, so the only difference between x; and y; is the diagonal entries of D and D'.
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Therefore, it is clear that x; = (A\™V/2)I71 .y, for 1 < j <n — 1.

For the case when j = n, entry x,, is

D x
Ty = (_1)n+1 '
0 N

where D is a (n — 2) x (n — 2) upper triangular matrix with diagonal entries —A\~'/2, and
N is a 2 x 2 matrix:

_>\—1/2 )\1/2+>\—1/2
N =

—A\712 0
Similarly, we have the n’th entry for y as

/
Yo = (—1)"H b
0 N

where D' is a (n —2) x (n — 2) upper triangular matrix with diagonal entries —1, and N’
Is a 2 X 2 matrix:
-1 )\1/2 4 )\—1/2
N' =
-1 0
By expanding the lower-left entry of N and N’ to compute its determinant, it is clear
that: z, = —(A"/2)"~1 .4, and the second case is proved.

Now we prove for the last case when g € {eg,¢e7,e3}. If g = ¢, then the matrix

A Y2UT  ANV2LT s
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A2 4 \712
0
)12
0
0

0

0
)\1/2 + )\71/2
0
7)\—1/2
0
0

7)\1/2
0
)\1/2 4 A71/2
—)\"1/2
0
0

The matrix OT — (2 — A2 — \7V2)[ is:

)\1/2 + )\71/2

0

0
)\1/2 + )\—1/2

0

—1
0
)\1/2 + A71/2

Again, by Equation (26) and Equation (27),

A2 4 \~L/2 0
0 A2 4 \71/2
T = _)\71/2 _)\71/2 )\1
0 0
0 0
D 0
0 A2 4 \~1/2
Y1 = -1 -1 Al
0 0
0 0

By the same argument using the no-loop property, it is clear that x; = y;. Now we check

0 0
—A\L/2 0
—\/2 0

A2 g N1z — /2
A2 z2 g\
0 —\1/2
0 0
~1 0
—1 0
A2 4 \1/2 -1
-1 A2 \1/2
0 -1
— A1/ 0
—\1/2 0
/2 + A—1/2 —\/2
_\1/2 A2 4 \-1/2
0 —AT12
-1 0
-1 0
/2 L \71/2 -1
~1 e
0 -1
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0
_/\1/2

)\1/2 + A71/2
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—1

)\1/2 + A71/2

0

0

0
_\1/2

)\1/2 + )\—1/2

0

0

0

—1
AL/2 o \—1/2




the second entry.

0
—\"1/2
—To = 0
0

0

— V2.

_ 12 y1)2 —1/2)2
A (A2 4+ A )

Similarly, we obtain

0 —AL/2 0 0
A2 2712 —\/2 0 0
_)\—1/2 )\1/2 + )\—1/2 _)\1/2 0
0 _)\—1/2 )\1/2 +/\—1/2 _)\1/2
0 0 —ATVE N2 AT
0 —AL/2 0 0
AL2 22 4 \1/2 _\L/2 0
0 _)\71/2 )\1/2 4 /\71/2 _/\1/2
0 0 —ATVE N2 N
—A/2 0 0
_)\—1/2 )\1/2 4 )\—1/2 _)\1/2
0 _)\71/2 /\1/2_+_)\71/2
)\1/2_‘_)\71/2 _/\1/2
_)\—1/2 /\1/2 4 )\—1/2
1/2 —1/2
A2\ -1 ERVIpETY
—1 A2 \712
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Therefore, £ = A™%/2 - y5. Now we check the third entry.

0 )\1/2 + /\71/2 _/\1/2 0 0
—AT2 0 — A2 0 0
T3 = 0 )\ 12 A2 o \-1/2 —\1/2 0
0 0 L2 A2 \-1/2 _\L/2
0 0 0 —ATYZ N2 12
A2 4 \~L/2 —\1/2 0 0
B )\71/2 | —\ L2 AL/2 + A~ L/2 —\1/2 0
0 —\1/2 \L/2 + A1/2 —\/2
0 0 —ATHE €2\
Similarly, we obtain
A2 g \~1/2 —1 0 0
—1 )\1/2 + )\71/2 -1 0
ne 0 -1 A2 \~1/2 —1
0 0 ~1 A2 N2

By the same reason, we have x5 = A~/ . y;. Now we check the fourth entry.

0
_)\—1/2
—Ty = 0

0

0

M2z
0 A2 4 \~1/2
_)\71/2 _)\71/2
0 0
0 0

20

0
0
_\1/2
A2 \1/2
)12

0

0

0
_\1/2

)\1/2 + )\—1/2




A2 A2 0 0
L2 _)\—1/2 _)\—1/2 _)\1/2 0
— A2,
0 0 A2tz 32
0 0 _)\—1/2 )\1/2 4 /\—1/2
N 0 0
_()\—1/2)2 . 0 A2 \—1/2 _\1/2
0 _)\71/2 )\1/2 + )\71/2
Similarly, we obtain
e 0 0
0 —1 A2 4 \712

By the same reason, we have x4 = (A™"/2)% - 3,. Now we check the fifth entry.

0 AVZp 12 0 ZA\L/2 0
N2 0 A2 \-12 _\Ll/2 0
Ty = 0 —)\"2 —\2 A\L/2 + \—1/2 0
0 0 0 _\L/2 )12
0 0 0 0 A2 L \1/2
e D — A2 0
| AT AR AT
0 0 _\-1/2 _\1/2
0 0 0 A/2 12
A/2 Lz 12 p\12 0
— _()\—1/2)2 . 0 L2 _\L/2
0 0 A2 712
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_ _()\—1/2)2(}\1/2 + )\—1/2) X

— ()\—1/2)3()\1/2 4 )\—1/2)2

Similarly, we obtain

)\1/2 4 )\71/2

0

_/\1/2
_)\—1/2

Ys = ()\1/2 + )\—1/2)2

Hence, we have x5 = (A\™"/2)3 . 5. Now we check the sixth entry.

0 AVZp 12 0 —\1/2 0
—\L/2 0 A2 4 \1/2 —\1/2 0
—x = 0 )\ )12 A2 4 \—1/2 —\1/2
0 0 0 —ATVE N2 N
0 0 0 0 —\1/2
S D | — A2 0
Sy —\1/2 N2 p\1/2 + A 1/2 —\1/2
0 0 e NP UL e
0 0 0 —\1/2
A\L/2 +)\—1/2 —\/2 0
_<)\*1/2)2. 0 SN2 z2 g \-1)2
0 0 —\"12
_ ()\_1/2)3 | A2 L2 )12
0 —A2

_()\—1/2)4 . ()\1/2 + )\—1/2)
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Similarly, we obtain

—ys = —1. ()\1/2 + A_1/2>

Hence, we have 25 = (A\™'/2)* - y5. The case of type e is proved. The proofs for e; and eg

are very similar. The key ingredient is always the no-loop property. O]

2.2 Method 2: Bi-coloration of the Dynkin Diagram

In this section, we review the proof of the Cartan-Coxeter correspondence in Theorem
1.2 presented by Fring, Liao, and Olive in [12]. Using a bi-coloration of simple roots
on the Dynkin diagram, they explicitly construct an eigenvector of the Coxeter element
corresponding to the eigenvalue A, employing the Perron-Frobenius eigenvector of the
Cartan matrix with eigenvalue 2 — (A2 + A='/2). This construction establishes the
Cartan-Coxeter correspondence.

At first, we define a bi-coloration of a Dynkin diagram.

Definition 2.1. For g as before, let 1 be the rank of g. Suppose A= {a;}iz1... » 15 a set
of simple roots of g. A bi-coloration of A is a disjoint separation {Ag, Aw} of A such
that

A=Ag U Aw

and any pair of simple roots in Ag or Aw is not adjacent in the Dynkin diagram of g.

Equivalently, if a; and o belong to the same subset, then:

Cij=C; =0 (28)

In practice, we treat simple roots in the subset Ag as simple roots colored black, and

simple roots in the subset Ay as simple roots colored white.

Example 2.2. For example, consider the Dynkin diagram of the type A, _; simple Lie

algebra. It can be bi-colored in a way as follows
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[}
w
=~
Ot
S

|
[\]
S

|
—_

or the other way as follows

° ° O ®*------- o e
1 2

w
.
ot
S

|
[\
S

|
[a—

Similarly, for the eg simple Lie algebra, its Dynkin diagram can be bi-colored in a way as

follows

2
. O . ° o)
1 3 4 5 6 7 8
or the other way as follows
2
o o ° °
1 3 4 5 6 7 8

Note that all the Dynkin diagrams of simple Lie algebras are bi-colorable since none
of them has a loop. Furthermore, they each have exactly two bi-colorations coming from
switching the two colors.

Next, we introduce a specific ordering of simple roots according to a bi-coloration,
requiring that all the simple roots colored black precede those colored white. For instance,
if we select the first type of bi-coloration for the simple Lie algebra eg in Example 2.2,

one possible ordering of the simple roots is:

A - {0527 Qg, 05, 07, O, Oy, (g, 068}

Now we define two special products of simple reflections related to the Coxeter element,

as presented by Fring, Liao, and Olive in [12, Equation (14)].
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Definition 2.2. For g as before, let v be the rank of g. Suppose A = {a;}iz1..» is @
set of simple roots. Choose a bi-coloration {Ag, Aw} of g and order the simple roots

according to the bi-coloration. Let B and W be the index sets such that:

B={1<i<r|a € Ag}

W={1<j<r|a; € Aw}

Define the products of simple reflections og, ow as

aB:HSZ-; ow = HSj

i€B JEW

where S; and S; are defined as before. Then, the Coxeter element o is given by:
0 =0p- 0w (29)

Remark 3. The ordering within op or ow does not matter. By Equation (28), for any

1, 7 belonging to the same index set,
Silaj) = o (30)

It implies that:
Si S5 =5;-5; (31)

In fact, Equation (30) plays a crucial role in proving the correspondence between the
eigenvalues of the Cartan matrix and the Coxeter element. It provides information on
how op + ow acts on the simple roots in relation to the Cartan matrix. Suppose we

arbitrarily choose a simple root «; with ¢ € B. Then, by Equations (30) and (31):

UB(ai) = Sai<05i) = —Q;
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Ow(OéZ) = O — Z CijOéj

jew
Therefore:

(0B +ow)a; = — Z Cija

JEW

= 20[i - Z CijOéj (32)
j=1

The case when ¢ € W is analogous, with colors exchanged in the above argument. As in
Section 2.1.1, og + ow can be represented by the matrix Rg + Rw. By Equation (32),
this matrix is given by:

Rg + Ry =21 — CT (33)

Additionally, in the Weyl group, o and ow have order 2. Therefore,

(op+ow)?=2+0+0" (34)

where o1

= ow - 0. Equivalently,

(2 = C")? =21 + Raa+ R, (35)

This equation reveals the correspondence between the eigenvalues of the Cartan matrix

and the Coxeter element. Suppose ), is an eigenvalue of o, then by Equation (35),
(2-X)? =24+ X + A1 (36)
where A\¢ is an eigenvalue of the Cartan matrix. Solving this equation, it yields:
Ao =24+ (N2 4 \J12) (37)
Now we show that both roots yield eigenvalues of the Cartan matrix. As noted in Remark
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3, simple roots are ordered according to the chosen bi-coloration. Suppose the chosen
bi-coloration yields k — 1 black simple roots. Then, by Equation (31), we can, without
loss of generality, assume the ordered set of simple roots to be:

A: {?417"' aak—ygk)'” aar} (38)

s

N~ v~

Ap Aw

Then, according to the definition of bi-coloration, the Cartan matrix is given by:

2 0 e 0 Ch e Ciy
0 2 0 0 Cok Cyr
0 0 2 Ch— Crk_1.r
o k—1,k k—1, (39)
Cha e Chr1 2 0 e 0
Chr1,1 e Crti,k-1 0 2 0 - 0
Cry e Crr1 0 e 2
Let 4 = [y1,. ..,y be a left eigenvector corresponding to an arbitrary eigenvalue \¢ of

C'. Then, by Equation (39), we obtain:

Zcijyi:<)‘0_2)'yj for1<j<k-1 (40)
i=k
k—1
> Cigi= (e —2)-y; fork<j<r (41)
=1

Next, consider a bi-coloration function p such that p(j) = 1if j € B and p(j) = —1 if

j € W. Applying p to the components of 4, we obtain the vector:

:'_jp = [p<j) ’ yj]}-:L...’r - [yla oy Yk—1 T YRy _yr]T
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By Equations (40) and (41), we have
> Ciglp() - y0) = (4= ) (p(3) - )

for j =1,---,r. Hence, y” is a left eigenvector of C' of the eigenvalue 4 — \o.
This implies that both roots in Equation (37) are eigenvalues of C. Since the eigen-

values of o are the h’th roots of unity, given by ¢ for 1 <k < h — 1, it follows that
Spec(C) = {2 = (G + G [T <k <h =13 =2+ (G +¢") 1<k <h-1)

which proves the Cartan-Coxeter correspondence on the eigenvalues as in Theorem 1.2.

Remark 4. Equation (35) implies that a left eigenvector of C' is also an eigenvector of
Raa+ R;Ll 4 With the corresponding eigenvalues. However, an eigenvector of Ry 4 +
R;Ll 4 is not necessarily an eigenvector R4 4, although R4 4 and Ry 4 + R;Ll 4 diagonalize
simultaneously. The key issue is that the function: f(\,) = A\, + A;! is not one-to-one,
so this “collapse” makes R4 4 + R;Ll 4 lose the original directions of the eigenvectors of
R a.

Consider a simple example where g = As. Choose the bi-coloration

o——®
1 2

such that B = {2} and W = {1}. This ordering arranges the set of simple roots as

A ={as, a1}, leading to:

-1 1 1 0 0 —1
Raa= Rp-Rw = : =
0 1 1 -1 1 -1
0 -1 -1 1 -1 0
RA,A"‘R;JA: + =
1 -1 -1 0 0 -1
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Clearly, R4 4 + R;\’IA has a single eigenvalue of —1, with the entire space C? as its
eigenspace. However, R4 4 has two distinct eigenvalues \,; = (3 and \,» = (3, with
corresponding eigenvectors ¥; = [Cgé, 1|7 and Uy = [¢5, —1]T.

Fortunately, the left eigenvectors of C' remain related to R4 4. In the example above,

the Cartan matrix is given by

with eigenvalues A\c; = 1, Ac2 = 3 and corresponding eigenvectors w;, = [1,1]T, and
Wy = [1,—1]|7. Fori = 1,2, let w; = [w;1,w;2|T. Suppose W; 5 = [w;1,0]T and w; w =

[0, w; 2]T. Then, we observe that ¢; and w; are related in the following way:
— 1 — —
v; = )\ﬁ,i “W; B+ W, w

Indeed, R4 4 stabilizes the plane spanned by ;5 and W; w:

Rp(W;w) = (2 — Acy) - Wip + Wi w
Ry (W;,w) = —w; w

Ry (W;p) = (2 — A¢,i) - Wiw + Wi B

It follows that R4 4 diagonalizes on this plane, with eigenvalues A, ; and the corresponding

eigenvectors v; for i = 1, 2.

The above example is a preview of the forthcoming proof of the Cartan-Coxeter cor-
respondence between the eigenvectors of o and C'7. The key is to identify the plane that
is stabilized by R4 4 and spanned by vectors related to the eigenvectors of CT.

Following the method of Fring, Liao, and Olive in [12], we start by explicitly expressing
Rp and Ry. Let A and C be as in Equations (38) and (39). Then, by Equation (32), we
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obtain:

1 0 o 0 —Cha —Cy
0 =1 0 -+ 0 —Cho —C,5
0 0 -1 —Chp_ —Chrpe
Ry — ke k—1 k-1 (42)
0 0 1 0 0
0 0 0 1 0 0
0 0 0 1
1 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0
Ry = (43)
—Ch —Cpp —1 0 0
—C k1 —Crzigrr 0 =1 0 0
—Cy, . —Ch1, O ... _1

Now, we construct an eigenvector of Ry 4 = Rp - Rw in terms of a left eigenvector,

¥ = [y1, - ,y:]T, of C. Similar to the example in Remark 4, consider the following

vectors

gB: [yla"' 7yk—1707"' 70]T

—

Yw = [07 707%7"' JyT]T
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where 9y + yw = y. By Equations (42) and (43), we can easily obtain:

Rp - gy = —Up (44)

Rw - gw = —Yw (45)

By Equations (40) and (41), it follows that:

T r T T
Rp - Yy = [_ Z Cinyi, — Z Cigyi, ==+, — Z Cik—1Yis Yk, =+ yr]
i=k i=k i=k

T
= {(2 =)y, 2=A)ye, o (2= A0)Yr-1, Yk s yr:|
= (2 Ac) - G + G (46)
k—1 k—1 k—1 T
Ry - gB = [ylv vty Yk—1, — Z Ci,kyia - Z Ci,k+1yi7 T, T Z Ci,ryi
i=1 i=1 i=1
T
= |:y17 oy Yk—1, (2 - )\C')ylm (2 - )\C)ykJrla Tty (2 - )\C)yr:|
=9g+(2—- o) Uy (47)

Therefore, on the subspace spanned by {4y, Yw}, the action of Ry is represented by the

matrix:

-1 2- )¢

The action of Ry is represented by the matrix:

2 -\ —1
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Hence, the action of RgRy is represented by the matrix:

2-A)2—1 —(2-Ac)
2— Ao ~1

1
One of its eigenvalues is \,, with the corresponding eigenvector [\Z, 1]7, which corresponds

to:

[)\g “Y1, e ,)\Z “Yk—1,Yks " 7?/1”}1- (48)

This yields the Cartan-Coxeter correspondence on eigenvectors. The proof of Theorem

1.2 is now complete.

2.2.1 Comparison of Eigenvectors in Method 1 and 2

Note that the phases obtained from Method 2, see Equation (48), differ from those from
Method 1, see in Theorem 2.1. The discrepancy arises from the change of basis obtained
by permuting the simple roots so that all black roots precede the white ones, thereby
altering the Coxeter element. In fact, the two resulting eigenvectors are related by a
change of basis and a conjugation element in the Weyl group. We provide an example to

illustrate this relation.

Example 2.3. Suppose g = Aj. Recall that if we order the simple root as Bourbaki’s
convention in [3] such that A = {ay, as, a3}, then an eigenvector for minimal eigenvalue

2—2 cos(%) = 2 — /2 of the Cartan matrix C' is given by

V2

<
I

For the ordered basis A, the Coxeter element is given by

o = 515283
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where S; is the abstract simple reflection of a;. Let R4 4 be as before, the matrix
representing o on the basis A. Since Theorem 2.1 indicates that phases are increasing
powers of A™%/2 an eigenvector of R 4.4 with respect to eigenvalue A = e =i is given

by

Now we consider another basis A’ following the order of bi-coloration as in Equation
(38). Without loss of generality, we pick the bi-coloration where a5 is white, and a4, a3 are
black. Then, A" = {a1, a3, as}. For this basis, an eigenvector for the minimal eigenvalue

2 — v/2 of the Cartan matrix C" is given by

V2

For the ordered basis A’, by Equation (29), the Coxeter element is changed to
o "= 515332

Let R 4 be the matrix representing o’ on the basis A’. By Equation (48), an eigenvector

of R s with respect to eigenvalue A = ¢ is given by

)\1/2
i A\L/2

V2

Now we illustrate the relation between Z and &'. Notice that in the Weyl group, o and
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o’ are conjugate. Let v = S357 be an element in the Weyl group. Then,
’}/O"}/_l = 52518132538132 = 533152 = 515352 = 0'/

Additionally, & and &' are derived from different basis, A and A’, respectively. Let T(2,3)
be the permutation matrix of the transposition (2,3). Then, the matrix of the basis
change from A to A’ is my3). Denote the matrix representing v on the basis A by 7 4.

Then, we calculated that:

100\ ([=110 1 —i
T23) YA Z=10 0 1 10 1]|-{1=i|l=| —i
010 0 0 1 —i —1—i

Notice that 7(23) - 74 - & and & only differ by an overall scaling.

Remark 5. In the previous example, when considering the permuted basis A’, we have

two methods to derive the matrix R4 4. By Method 1, as in Theorem 1.1, we have

-1

1 0 -1 1 0 0 01 -1
Ryw=—(L")"UT=~10 1 -1 0 1 0o|l=|10 -1
00 1 -1 -1 1 11 -1
By Method 2, as in Equations (42) and (43), we have
-1 0 1 1 0 0 01 -1
Ryaw=HRgRw=|0 -1 1|01 0[=]10 -1
0O 0 1 11 -1 1 1 -1

Those two different methods yield the same result.

To illustrate the relation between the results of Method 1 and Method 2, for example,

in the cases of A; and ¢g, we apply Method 1 to the simple Lie algebra with respect to the
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permuted basis A’ and the Coxeter element ¢’. In this setting, one expects the results to

differ from those in Equation (48) only by an overall scaling.

Example 2.4. Suppose g = A;. Without loss of generality, let simple roots with odd
indices be black, and others be white. Then, A = {ay, as, as, ar, as, ay, ag}, and the

Cartan matrix C' is given by

For convenient notation, let s denote A/2 + A=%/2, p denote A2, and n denote A~/2.

Then,

ATVRUT 4 NRLT =
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C—(2-A2_ XV 1=

Using the cofactor method on the first row of A™Y/2UT+A\V2LT and C'—(2— A2 —\"1/2).],

for the first component of & and y, we have

S 0 0O —p —p O s 0 0 -1 -1 0
0 S 0 0 —p —p O s 0 0 -1 -1
0 0 S 0 0 -—p O 0 s 0 0 -1
xr1 = = =W
—-n 0 0 S 0 0 -1 0 0 s 0 O
-n —n 0 0 s 0 -1 -1 0 0 s 0
0 —n —n O 0 s 0O -1 -1 0 0 s

The two determinants of the above equation agree, following from the no-loop property
as in the proof of Theorem 2.1.

Now we check the second component.

_x2 —
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=D (=n)- ] 0 s

= (D)™ (=n) - (<) (p) -

= (D)™ (1) (<) (1) =y,

-1 -1 0 S

The very last line follows from the no-loop property again. Hence, x5 = 5.

Now we check the third component.

T3 =

==D""(-n)-]0 s 0 0 —p
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= (=)™ (=n) - (=)' (=p) -

0O —p —p
= (=D (=n) - (1) (=p) - (=1 (=) | s 0 —p
-n 0 s

— (_1)4+1 X (_n> . (_1>1+3 . (_p> . (_1>3+1 . (_n) . (_1)14-2 . (_p) . s b
= (D" (=0 (=D (21 (D) (=) - (1) (1) - 81 -

=3

The very last line follows from the no-loop property again. Hence, x3 = ys.

Now we check the fourth component.

=(=D""(=n)-l0 0 0 0 -p
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= (D) (=) (<) ()

= (=D (=n) - (D) () ()P (=)o 00 —p

= (D" (=) (<) ()

— (_1)4—',-1 . (_n) . (_1)1+3 X (_p) X

(=D (=) - ()

= (D) (D) (DT (1) (S (21) - (<) (1)

(=D (1) (1)

= —y4

Hence, x4 = y;.

Now we check the fifth component.

Ty =

0 s 0 O
0O 0 s O
0O 0 0 s
-n —n 0 0
0O —mn —n O
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0 —p
0 0
s 0
0 s




=(=D""(=n)-lo 0 s 0 —p

(=D (=D-lo 0 s 0 -1

= NYs

The very last line follows from the no-loop property again. Hence, x5 = nys.

Now we check the sixth component.

_:CG —

=(=)""(=n)-lo0 0 s 0 —p
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= (D)™ (2w (<) ()

-n —n 0 O
0 —n —n s
s 0 —p
= (DT () () () (D (00 s
s 0
R R G VT CS R G VETER VY CR VR R
-1 -1

= n(—ys)

The very last line follows from the no-loop property again. Hence, x¢ = nys.

Now we check the seventh component.

T7 =

=(=D)""(=n)-lo0 0 s 0 0
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= (1" (=n) - (<) (p)

0O —n —n O
s 0 —p
S S DS ST B N
-n —-n 0
(D () - (1T () (1P () (DM () On .

= ()M (=) (C)T (=) - (S () - (1) (),
(D () s

ne (DM (D) (ST (21 (S (1) (<)M (1)

(DF (1)

=Y7

Hence, x7 = ny;. In conclusion,

y; if oy is black
€T; =

AY2 .y if oy is white

Notice that this result of @& only differs from an overall scaling of the result in Equation

(48).

Example 2.5. Suppose g = ¢5. Without loss of generality, let a; be black, then A =
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{a1, ay, ag, as, a3, as}, and the Cartan matrix C' is given by

200010
20111

o o O
o
[\
(@]
(@]
—

Then

ATVRUT 4 NPLT =

C—2=X2_ XV 1=

0O -1 -1 0 0 s

Using the cofactor method on the first row of A\™1/2UT+A\Y2LT and C'— (2— A2 —\"1/2).1,
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for the first component of & and y, we have

S 0O —p —p —p s 0 -1 -1 -1

0 S 0 0 —p O s 0 0 -1
r1=|-n 0 s 0 0} =|-1 0 s 0 O0|=W

-n 0 0 s 0 -1 0 0 s 0

-n —n 0 0 s -1 -1 0 0 s

The two determinants of the above equation agree, following from the no-loop property.

Now we check the second component.

0O 0 —-p —-p —-p

—2X2=10 0 s 0 O

= (=1)*"" - (-n)
0 s 0 0
—n 0 0 s
s 0 —p
= (D" (=n)- (=)™ (=p)- |0 s 0
—n 0 s
s 0 —1
= (D" (=) ()" (=D-lo s 0
~10 s
— —y,

The very last line follows from the no-loop property again. Hence, zo = 5.
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Now we check the third component.

— (-1 (=)
-n s 0 0
-n 0 0 s
0 0 —p
= (D) (=0 (D () en s 0
-n 0 s

= (D" (=n) - (=) (=p) - (1) (=p) -

= (D" (=n) - (=D (=p) - (1) (=p) - (1) () s

= (S)M (1) (DT () (S (1) (1P () s

= Vs

Hence, 3 = y3.

Now we check the fourth component.

—24=10 -n 0 0 O
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= (1) (=)
-n 0 0 0
-n —n 0 s
0 s -—p
= (D) (=) (D (p) | 0 0

The very last line follows from the no-loop property again. Hence, x4 = ny,.

Now we check the fifth component.

T5 = 0 —n O S 0

= (1) (=)
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= (=)™ (1)

= NyYs

The very last line follows from the no-loop property again. Hence, x5 = nys.

Now we check the sixth component.

—Zs=|0 -—-mn 0 s 0

= (=)™ (=)
-n 0 s 0
-n -—n 0 0
0 s 0
= (“)* ) (D () a0 s
-n —-n 0
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Hence, xg = nys. In conclusion,

y; if a; is black
€Tr; =

AY2 .y if oy is white

Notice that this result of & only differs from an overall scaling of the result in Equation

(48).

From the above two examples, we observe that by carefully selecting a column or
row with a single nonzero entry to reduce the determinant of each component, one can
repeatedly apply the no-loop property to deduce that z; = y; when «; is black, and

x; = A™/2 . y; otherwise. This leads to the following proposition.

Proposition 1. Suppose g is a simple Lie algebra of any type but D, with n even. Let
r denote its rank and h its Coxeter number. Choose a bi-colored set of simple roots
A = Ag U Aw of g and order the simple roots such that the simple roots colored black
always precede those colored white. Let C be the Cartan matriz corresponding to A, and
let Ra 4 be the matriz as before representing the Coxeter element. If Z is an eigenvector

2kmi

of Ra 4 corresponding to the eigenvalue N = e " for some integer 1 < k < h — 1, then
there exists a left eigenvector § of C' corresponding to the eigenvalue 2 — \'/? — \71/2,

such that:

yi if a; € Ap

A2 yiif o € Aw

2.3 Derivation of the Formula in Theorem 1.3

In this section, we revisit the derivation of the pairing formula stated in Theorem 1.3, orig-
inally introduced by Fring, Liao, and Olive in [12]. As a prerequisite for this derivation,
we begin with the key fact proved by Kostant in [17, Lemma 6.4B] that the centralizer of

a cyclic element g is a Cartan subalgebra, ensuring that the pairings between the simple
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roots and the cyclic element are well-defined. In [17, Theorem 8.6], Kostant proved that

the element given by

2mi-adHp

P:e h

is a Coxeter element on g*, where p is the half sum of all the positive roots of g and H,
is the corresponding element of p in . Moreover, [17, Theorem 8.6] shows that the cyclic
element A is an eigenvector of P with eigenvalue A = e and multiplicity 1. Therefore,
the vector obtained from the bi-coloration method in Equation (48) is indeed a cyclic
element, and we can discuss its pairings with the simple roots eventually.

In the following subsections, we illustrate these key results via the example g = Bs.
We explicitly describe an eigen-basis of g with respect to the action of P. To achieve
these, a crucial ingredient is a basis of g”, the centralizer of the principal nilpotent

element,
T
E = Z €;
i=1

where e;’s are from a set of chosen Chevalley generators.

2.3.1 Centralizer of the Principal Nilpotent Element

Now we calculate a graded basis of g¥ when g = Bs. At first, we define a grading on g
over Z/hZ by setting deg(e;) = deg(e,) = 1 where + is the lowest root of g. This grading

is called the canonical grading, which decomposes g as
h—1
9= @ 9j
5=0

where g; is the subspace of all homogeneous elements of degree j. Specifically, g; is
generated by the direct sum of root space vectors with heights 5 and j — h.

Let I; = g¥ N g;, the subspace of g¥ with degree j, then



Now, we calculate the generators of I;’s when g = Bs. Recall that if o and 8 # —«

are two roots, then:

[8as 98] C Gats

This implies that the calculation relies on the successor diagram of roots of Bs. For any
two roots «, 3, if f = a+ «; for some simple root «;, then we call 5 a successor to a. The
successor diagram draws each positive root as a vertex, and connects the vertices having
successor relations.

For Bs, besides simple roots a4, - - - , as, other positive roots are
Qi = q; + -+
for 1 <i < j <5 with ht(ey;) =7 —i+ 1, and
O/-~:ai+---+aj_1—|—2aj+---—|—2a5

)

for 1 <4 < j <5 with ht(aj;) =j—i+2(5—j+1) =12~ j —i. We draw the successor
diagram of By in the following graph. The roots on the same level are with the same

heights, and the height increases as the level rises.
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For a fixed Chevalley basis, let a and [ be two different roots such that are both
positive or negative. Let e, and eg be the generators of their corresponding root spaces
go and gg. If o+ 3 is also a root, then there exists a vector e,3, a generator of the root

space gq+3, such that

[€ar €] = £(p + Deats (50)

where p is the greatest non-negative integer such that g — pa is a root. To determine the

sign, we choose the lexicographic ordering of the roots which respects addition, so that

[€ares] = (P + 1)eats

if & < 8 in the lexicographic ordering.

To address the the case when a and (8 have different signs, the Chevalley relations
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listed in [4, p. 101] are necessary. If «, 5 are two positive roots, then:

[€as € o) = —he = _aQ-—aoz (51)
ey e—p] = — (255) e—p (52)

Note that the Cartan matrix of g = Bj is:

Generators of I,

Now, we calculate the generators of I;. Suppose E; + Fy is an arbitrary element of Iy,

where

5
E, = E ciey;  Fog = C6C—a/
i=1

So that Fy and Fy are elements of the roots spaces of degree 1. Then,
[E, E1 + Fy| = [E, Eq] + [E, Fy]
By Equations (50) and the successors of simple roots:

[E,Eﬂ: Z cl-[ei,ej]

= (c1]e2, e1] + caeq, ea]) + (eales, ea] + cslea, es]) + (c3les, es] + cales, eq])
+ (cales, €] + csleq, es])

= (02 - 01)601,2 + (C3 - 02)6042,3 + <C4 - C3)ea3,4 + (C5 - C4>€a4,5
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By the successors diagram,
(B, Fy] = cglea, €—a’1’2]
Using the Jacobi identity and the relations in Equations (51) and (52), we have

[60‘2’ 6_0‘/1,2] = [60427 [e—aza e—aﬁ,s“
= [[6012’ 6—012]7 6_0/1‘3]
= _[h2> 6—0/1‘3]
209 - a’173
o 052 . a2 e_all,3
- (01,2 + O+ 2059 +2C 0 + 26’572)6_%!3

= _e—aﬁ,s (53)
Hence,

[E, Fy] = —cge_ (54)

!
Qay s

[E: Ey+ FQ] = <C2 - cl)eal,z + (03 - 62)‘8&2,3 + (C4 - C3)ea3,4 + (C5 - C4)€a4,5 — C6€—

a3
Since E, + Fy € gF, therefore
cp=C=c3=c4=¢5 ¢5=0
We can simply pick 1 as the values of ¢y, --- , c5, then the generator of I; for this choice

is:

E1:Zei:E
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Generators of I

Now, we calculate the generators of I. Let ®o = {a12, 203, a34, 045} = {Bi}tiz1..

Suppose Fs + Fy is an arbitrary element of I, where

4
By, = E cieg,; Iz = Che—al

=1

So that Fy and Fy are elements of the roots spaces of degree 2. Then

[E, By + Fy] = [E, Ey] + [E, F3]

By the successor diagram, a3 is the successor of 5, and f2, as4 is the successor of 3,

and (3, as 5 is the successor of f3 and (4, and o - is the successor of 8;. Thus, by the
4,5

Chevalley formula:

5 4
[E, Es] :ZZCJ el,egj

i=1 j=1
= (c1les, ep,] + caler; ep,]) + (c2les, ep,] + cslea, es,]) + (c3les, ep,] + cales, eg,])

+ G [657 6,34]

(02 - Cl>6041 3+ <C3 - 02)6042,4 + (04 - C3)€a3,5 + (_204)6041,5

Note that the coefficient of e, comes from the fact that 54 — a5 is also a root, and

a5 < By in lexicographic order. Next, by the successor diagram,
[E, Fs] = csles, e—ar ] + csler, ear ]
Using the Jacobi identity and Chevalley relations, we have

[63, 6_0/1,3] = [ea37 [6—013’ e_a/1,4]]

= Heasa e—a3]> €—a] ]
1.4
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= _[h37 670/174]

= (C13+Co3+Cs3+2C 5+ 205,3)670/174

=—e

(55)

/
—Qy 4

[617 e—a’lyg] = [617 [6—0/2’37 e—al]]
= [e—a’lga [617 e—al]]
= [hb 6_0/2’3]

= —(0271 + 20371 + 20471 + 20571)6_

!
Q3 3

= e ay, (56)
Hence,
[E, B2+ Fs] = (ca—c1)€a, 5+ (c3 = C2)€ay, + (Ca— C3)€a5 5 +(—2¢s) €0y, — 560y +C56
Since F, + Fy € g¥, therefore
cp=c=c3=c,=0¢5=0
This implies that I is trivial.

Generators of I
Now, we calculate the generators of I3. Let ®3 = {13,004, 035,05} = {Bi}i=1, 4.
Suppose E3 + F» is an arbitrary element of I3, where

4

Es = E ceg; Fr=cse_o  + C6€—aly ,

i=1
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So that F5 and F; are elements of the roots spaces of degree 3. Then
[E7E3+F7] = [E’E?’] + [E7F7]

By the successor diagram, a4 is the successor of 5, and S, as 5 is the successor of 3,

and (33, ay 5 is the successor of #3 and 3. Thus, by the Chevalley formula:

Cj [6i7 eﬁj]
1

[E7E3] - Z

5 4
i=1 j=

= (c1[es; €ars] + Caler, Casa]) + (Cales, €asa] + csles, Cags))
+ (C3 [657 6043,5] + G [63’ 6‘151,5])

= (c2 = ¢1)ears + (€3 — C2)€ay 5 + (4 — 2¢3) €0y

Note that the coefficient of e, = comes from the fact that 83 — s is also a root, and

a5 < (3 in lexicographic order. Next, by the successor diagram,

[E, F7] = cs[E, o ] + co[E, e_ay ]

= cslen, €—a'1,4] + csleq, €—a’1’4] + csles, 6—0/2,3]
Using the Jacobi identity and Chevalley relations, we have

[617 6—0/1’4] = [617 [6—0/2’47 6—041“

= [e—a/QA? [617 e—al]]

= —(Cy1 +C31+2Cs1 + 205,1)6—0/2’4
(57)

= €e_ ./
Q34

[647 6—06/1,4] = [647 [670‘4’ e_a/175]]
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= [[e4, €—a4]7€*a'1,5]
= —[hs,e_q ]
= (Cra+Coa+C34+Cau+ 20574)6‘“'15
N (58)
le3, e—ay ] = le3, [e—ags €—ay ]

= [les, €—as], €-ag ]

= —|has, 6—0"2,4]

= (Co3+C335+2C15+2C53)e_

!
Q34

_e—oc’QA (59)
Hence

[E7 F’?] = _056—0/1,5 + <C5 - CG>e—a’2,4 (60)
[E, B3+ F7] = (c2 — c1)€ay, + (€3 — €2)€ay s + (ca — 2¢3)€0y  — C5e_ar , + (65 — Co)e—ay,
Since F3 + Fy € g¥, therefore

C4.
6120220325, 6520620

We can simply pick 1 as the values of ¢y, ¢, 3, hence, the generator of I3 for this choice

18

E3 = 604173 + 6042,4 + 604375 + 260[21‘5 (61)
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Generators of I,
Now, we calculate the generators of I. Let ®4 = {a14, 25,035} = {Bi}i=1,-. 3. Suppose
FE4 + Fjy is an arbitrary element of I, where
3
E, = Zcie/gi; Fs = C4€—af , + C5€_qy,

i=1

So that F, and Fj are elements of the roots spaces of degree 4. Then
(B, By + Fs] = [E, Ey] + [E, Fg]

By the successor diagram, a5 is the successor of 3; and S35, o 5 is the successor of 3,

;.
and (3, and ay 4 is the successor of f3. Thus,

5

[E’ E4] = Z Z Cj[eiv eﬁj]

= (Cl [657 6,31] + 62[617 eﬂz]) + (02[657 652] + C3[€2> 653]) + 63[647 653]

= (c2 — c1)eays + (63 — 2e2)eqy  + (—C3)eqy,

Note that the coeflicient of e, . comes from the fact that S — a5 is also a root, and

a5 < (B in lexicographic order. Next, by the successor diagram,

[E, Fﬁ] = C4[E,€_a/1 ] + C5[E,€_0/274]

)5

= cales, e—ar |+ caler, e—ap ]+ csles, eay ] + cslea, ey,

Using the Jacobi identity and Chevalley relations, we have

[657 e—0/1,5] = 5[657 [6*0457 670[1,5]]
1
= 5[[657 6—065]’ 6—a1,5] + 5[6—0457 [65’ 6—041,5]]
1 1
= _§[h57 e*al,s] + 5[670457 [657 e*alj]]
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1 1
= 5(01,5 +Co5+C35+ Cys + 05,5)€—a1,5 + 5[6—%7 les, 6—(1175]]

= §[€*a5> [65, e*al,s]]

Note that

(€5, €—a 5] = €5, [e—as, €—ar 4]
= [les, e—as)s €—ay 4]
= —[hs,e—a, ]
= (C15+ Co5 + Cs54+ Cus)e—a,,

- _26—011,4 (62)

Hence,

ars (63)

Also,

[617 6—0"1,5] - [ela [6_0/275, 6—041“

= —(C1+C31+Cy1+2C57)e_

!
Q35

= 6_0/2’5 (64)

[647 670/2,4] - [647 [6_0‘4’ 670/275]]

= [[64, 6—0(4]7 €7a§’5]
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= _[h47 670/2’5]
= (Coa+ O30+ Cag +2Cs5 g)e_ |

= —e

(65)

!
—Qg 5

[e2,6—a ] = €2, [e—ay ,, €-as]]
= le—ay ,» (€2, €—as]]
= [ha, -0y ]
= —(Cs2+2Cs2 +2C50)e_q,

(66)

- 6_0/3 4

Hence,

[E, By + Fe] = (c2 — c1)€a; + (3 — 202)eqy  + (—3)€ay, — Ca€ay s + (s — C5)e—ay

+ 056_0‘3,4

Since E4 + Fy € g%, therefore,

This implies that I, is trivial.

Generators of I;

Now, we calculate the generators of I5. Let &5 = {15,055, a5 4} = {Bi}i=1,.. 3. Suppose

Es + Fy is an arbitrary element of I5, where

3 6
By = Zciegi; F5 = Zcie,gi
i=1 i=4
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) ;. ;.
By the successor diagram, o 5 is the successor of 5; and 3, oy, is the successor of 5,

and (3. Thus, by the Chevalley formula:

5

B.E5] =33 cslewes]

=1 j5=1
- (Cl [657 606175] + 2 [617 60/2’5]) + (02[647 eaé,s] +c3 [627 604374])

= (c2 = 2c1)eq; , + (3 — C2)eay,

Note that the coefficient of e, = comes from the fact that 8; — a5 is also a root, and

a5 < P in lexicographic order. Next, by the successor diagram,
6
[E, F5] = Z GlE, e—ﬁi]

=4

= Cy4 [657 e—a1,5] + Cq [617 e—a1,5] + Cs [657 670/2’5] + Cs [627 670/2,5] + Ce [647 670/374]

Using the Jacobi identity and Chevalley relations, we have

€5, €—a15] = [e5, [e—ags €—ay 4]
= [[e5, e—as)s €—ay 4]
= —[hs, e—ay4]
— (Cus+ Cas + Css+ Cus)e—ar s

= —2€_q, (67)

[e1; €—ay 5] = [€1; [e—an s €—ai]]
= [e—ays» [€1, €—a, ]
= [h1, € _ay5)
= —(Co1 +C31 +Cy1 + Cs1)e_qy s

e (68)
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1

[es, e*a'2,5] = 5[ 5 [€—as: 6—02,5“
1
= 5[[657 e*as)]’ e*a2,5] + 5[67057 [65, 67(12’5]]
1 1
= _§[h5v 6—O¢2,5] + 5[6—05’ [657 [6—0457 6—042,4]]]
1 1
= 5(02,5 + O35+ Cys+ Cs5)e_ay s + 5[670157 [[e5; e—as)s €—as4)]
1
= 5[6—0457 _[h57 6_042,4]]
1
= 5[67%, (Cos + Cs5 4+ Cus)e—ay,)

= _[e—asv 6—O¢2,4]

—C_ay;

[627 6_0/2‘5] = [627 [6—0483’57 e—az]]

= [e—a§757 [627 €_a2]]
= [h27€— : ]

= —(C32+ Cu2 +2C59)e_

!
@35

= €e_ ./
3,5

[647 e—agA] = [647 [670447 6—0/375]]

Therefore,

== —(03,4 + 04,4 + 20574)670/375

= €e_
Q35

[E, F5] = —2c4e_a, , + (ca — C5)e—ay 5 + (5 4 Co)e—ay
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[E, E5 + F5} = (02 — 201)60/1’5 + (03 - 02)60‘/2,4 — 2C4€_a174 + (04 - 05)6_0(275

+ (5 + 06)6,%,5
Since E5 + Fy € g”, therefore
2ci =cpo=c3; cp=c5=c5=0
We can simply pick 1 as the values of ¢y, c3, then the generator of I5 for this choice is
Es = 2eq,5 + €y, + €y, (73)

Generators of I

Now, we calculate the generators of ls. Let &5 = {a)5,0a5,} = {Bi}iz12 and ®_4 =

{—a14,—ags, —az 5} = {Vi}iz1,23. Suppose g + Fj is an arbitrary element of I, where

5
Eg = cieg, + caep,;  Fy = Zciewi
i=3

By the successor diagram, o 4 is the successor of 3; and 3z, and o} 3 is the successor of

B2. Thus, by the Chevalley formula:

Cj [ei> eﬁj]

5 2
=1

[EvEG] :Z i

=1 3
= (c1les, ep,] + caler, es,]) + cales, es,]

= (c2 — c1)ew;, — C2€ay
Next, by the successor diagram,

[Ev F4] = C3[E7 6—041,4] + C4[E, e—a2,5] + 05[E7 e,ag’s]

= C3 [647 6—041’4] + C3 [617 6—041,4] + 64[657 6—042,5] + C4[€2a 6—04275] + Cs [657 e_aéﬁ]
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+ cses, 6704375]
Using the Jacobi identity and Chevalley relations, we have

€4, €—anu] = les; [e—as, €—ar ]

= [les; e—au), €—ay ]

= —[ha, e a4

= (C1a+ Coy + 03,4)€—a1,3

= —€_a, (74)
€1, €—a14] = [€1, [E-as4s €-ai]]

= [e—aza; €1, €—a,]]

= [h1, €—qy ]

=—(Cy1 +Cs1+ C4,1>€fa2,4

e, (75)

€5, 6—a2,5] = [es,[e—as, €—a2,4“
= [[es, €-as), €—as,d]
= —[hs, €—a,,]
= (Cy5 + Cs5 + Cu5)e_ay,

= —26_0[2,4 (76)
€2, 6—012,5] = [627 [e—a:a,s’ e—OtQH
= [67043,57 [627 e*az]]

= [h27 €,a3’5]
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= —(C32 + Cy2+ Csz)e_as;

as,s
1
€5, 6—ag’5] = 5 [657 [e—ocsa 6—0&3,5“
1 1
= 5[[657 6*&5]7 6703,5] + 5[670457 [657 e*C¥3,5H
1 1
= _§[h57 6—043,5] + 5[6_%, [657 6—063,5]]
1 1
= 5(03,5 + Cy5 +Cs5)e_ay,5 + 5[67%7 €5, e—ay5)]
1
= 5[6—045’ [657 6—O¢3,5H
Note that:
€5, e—as,s] = [657 [6—0457 e—a3,4“
- [[657 6—045]’ 6—043,4]
= _[h57 6703,4]
= (Cs5+ 04,5)67043,4
= _267013,4
Thus,
[657 e—ag,5] = _[670457 €—az4
= —€_ay;
Also,

e, 6*0/3’5] = les, [67041757 €—as)|
= [efag‘j; [637 e—a3]]

- [h37 670421’5]
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= —(Cys3+ 205,3)6704’5

= 6,041‘5 (80)
Hence,

[E, Es+ Fy] = (c2 —c1)ea , — C2eay , — C36—ay 5+ (3 —2ca)€_ny, +(ca— C5)€—ay; + 56

Since Eg + Fy € g¥, therefore
61202263264205:0
This implies that I4 is trivial.

Generators of I

Now, we calculate the generators of I7. Let ®7 = {a],,ah3} = {Bi}iz12, and & 3 =
{—a13, —ag4, —ass, —aj 5} = {Yi}i—1234. Suppose E7 + Fy is an arbitrary element of
17, where .
E7 = ciep, + caep,; Fy = Zci%

i=3
By the successor diagram, o ; is the successor of 3; and 3,. Thus, by the Chevalley
formula:

5

[E’ E7] = Z Z Cj[ei’ eﬁj]

=1 j=1
= ciles, eay ] + Caler, ea ]

= (c2 — c1)ea,
Next, by the successor diagram,

[E7 F3] = C3[E7 e—al,s] + C4[E= 6—%,4] + C5[E7 e—C¥3,5] + C6 [Ev 67042175]
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=C3 [637 6—041,3] + C3 [617 e—a1,3] + 04[647 6—0&274] + 04[62a e—a274] + Cs [657 6—043,5]

+ Cs [637 6—&3’5] + Ce [657 6*041,5]

Using the Jacobi identity and Chevalley relations, we have

(€3, €—ay 5] = [€3, [e—ags €-ar]]
= [[e3, €—ay], €-ay ]
= —[h3, €—ay,]
= (C1 3+ Cy3)e—a,

- _6*041,2 (81)

[e1; €—ay ] = [€1; [e—an s €-ay ]
= [e—apss [€1, €0, ]]
= [h1, € _ay5)
= —(Co1 + C31)e—qy,

=€ _ay (82)

(€4, €—an ] = €4, [E-aus €—a ]
= [lea, e—auls e-an ]
= —[ha, e a4
= (Cou+ Cs4)e_a,,

= —C_qy; (83)

[62, efa2,4] - [62’ [€,a3,4, 67042]]

= [€*a3,47 [62, e*az]]
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[65’ 6—03,5]

[637 e*Cvs,s]

[65a efailj]

= [ha, €,

= —(Cs2 4 Cu2)e_qy,
= € ag,
= [es, [6—as, €—as]]
= [[e5, €—as): C—as.]
= —[hs, e_as,)

= (C35+ Cus)e—as,

= —2€,a3’4

= [es; [e—ausr €—as]]

= [e—aus- [€3, €—as]]

= [h3;€_ay5)

= —(Cyz+ C53)e—qy s
= €_

Q4,5

= _[65’ [e—arﬂ e—a4,5]]

— N =

[e*am [657 e*a4,5]]

N | —

= 5[[657 e*%]? e—a4,5] +

1 1

- _§[h57 6—044,5] + 5[6—0457 [657 [6—0657 6—044]]]

1
(Cus +Cs5)e a5 + §[€—a57 [les, —as], e—aul]

N =N~ DN -

[e—asv [_h57 6—O¢4H
== [670157 047567014]
= _[6—0457 6—044]

= _6—06475

98

(85)

(86)

(87)



Hence,

[E7 F3] = —C3€_q; 5 + (C3 - 04)6_042,3 + (04 - 205)6—063,4 + (C5 - 06)6—064,5 (88)
[E, Er + F3] = (e — c1)ea; , — C3€—ay, + (3 — Ca)€nyy + (ca — 2¢5)€_ay,

+ (5 — C6)e—aus
Since E; + Fy € g”, therefore
cp=2C¢Cy;, Cc3g=cCc4=c¢5=cg=0
We can simply pick 1 as values of ¢; and ¢,. Then, the generator of I for this choice is:
E; = €, T Cap,

Generators of I

Now, we calculate the generators of Is. Let ®g = {a] 3}, and let

Oy = {—041,27 —Q3, —(3 4, —044,5} = {¢i}i:1,2,3,4

Suppose Fg + Fj is an arbitrary element of Ig, where

5
Eg = C1€a) 5 = E Ci€y,
i=2

By the successor diagram, o , is the successor of o ;. Thus, by the Chevalley formula:

5

[E7 EB] =0 Z[eia 60/173]
=1

= cile2, eqr ]

= —clea/m
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Next, by the successor diagram,

[Ev FQ] = C2 [E7 6—041,2] + 3 [Ev e—oc2,3] t 4 [E7 6—043,4] +Cs [Ev e—a4,5]
= C2 [617 6—041’2] + C2 [627 6—041,2] + C3 [627 6—0&2,3] + C3 [63, 6—0{273] + 04[637 6—04374]

+ 64[647 6_04374] +¢s [647 6—044,5] +¢s [657 6—064,5]

Using the Jacobi identity and Chevalley relations, we have

[e1, e-an ] = —ler, [e-ays €-as]]
= —ller, e—an]s €]
= [h1, €—a,]
= —Cy1€_4q,

= €-ay (89)

[62? e—al,Q] = [627 [e—azv e—al]]
= [[627 €—a2]7 e—al]

- - [h27 6—a1]

Similarly, it is easy to obtain:



[657 6—a4,5] - _26—(14
Hence,

(B, Es + Fy] = —C1€a), — C26—a; + (C2 = C3)€_qy + (3 — Ca)e_ay + (ca — 2c5)€—a,

+ C5€_qy
Since Fg + F, € g¥, we obtain
cp=C=c3=c,=¢;5=0
This implies that Ig is trivial.

Generators of I

Now, we calculate the generators of Iy. Suppose Eqg + F} is an arbitrary element of Iy,

where
5
Ey = cieq 5 Fi1= Z Cit1€—q,
i=1
Then, since o , is already the highest root, so [E, €a 2] = 0, ¢; is allowed to be any

complex number. Next, by the successor diagram and Chevalley relations, we have

[E, Fi] = [E, c26_q, + €36_ay + C4€_ay + C56_a, + C6€_as)
= caler, e—a,| + c3lea, e_a,| + cales, eq,] + C5lea, eq,] + Coles, e_ay]

= —62h1 - Cghg - C4h3 — C5h4 — 06h5 (91)

Since Ey + F, € g¥, therefore
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Hence, by picking ¢; = 1, we have the generator of Iy for this choice is
E9 = eall,z

Now, we obtain a graded basis of g¥:

"= P = @ CE

j=1,3,5,7,9 7=1,3,5,7,9

where

El — E

EB = €3 + Cas 4 + €ass + 260411,5
E5 = 26Ct1,5 + 60/2,5 + 605,4

E7 = €a’174 + eO‘IQ,S

Eg = 60/1,2

2.3.2 Centralizer of the Cyclic Element

Now, we calculate a graded basis of g*. As mentioned, in [17, Lemma 6.4A], Kostant
proved that as vector spaces, g” is isomorphic to g¥ via a projection to the positive root
space. Let us explain this lemma concretely for Bs. Let the cyclic element be A = E e,
where 7 is the lowest root of Bs, and let ¢z + coxj_19 be an element of g® with degree

J, specifically, z;, x;_19 are with heights j, j — 10, respectively. Then, we have

(A, crj + caxj10] = 1A, 5] + co A, 25 10]

=c [E,zj] +a ey, 7] +ca[E,x510] +caley, zj-10] = 0
S~—— N~——

J/ J

—

degree j + 1 degree j — 9 degree 7 — 9

~~
=0

This implies that [E,z;] = 0. Referring to the previous argument of g¥, we have z; € g

with 5 =1,3,5,7,9. Hence, we only need to consider the odd degrees in the calculation
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of gh.

Degree 1

When the degree j = 1, let kE + Fy be an element of this component, where

Fy = ce_of,

for k,c € C,k # 0. Then, by the successor diagram of B; and Equation (53),

[A,KE + Fy] = k[E + ¢y, E] + c[E + €, 6_ay ]
= k[E, E| + kley, E) + c[E,e_qy ] + cley, e_a ]
= kley, ea] + clez, e_ay ]
= (¢ — k)lea, 6—04'1,2]
=—(c—k)e_a,

=0

Hence, this implies that £ = ¢. Let k = ¢ = 1, then a generator of this component fo this

choice is simply A = E + e,

Degree 3

When the degree j = 3, let kE3 + F; be an element of this component, where
Fr = cre—q, + C2€_qy

for k,c1,co € C,k # 0. Then, by Equation (60),

[A, kEg + F7] = [E + 67, kEg + F7]

= k[E, Eg] + [E,F’r] + k[ew,Eg] + [67,F7]
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= [E, F7] + kle,, E3]
= —C1e_o + (a1 — 2)e_ay, + ke, E3] (92)

=0
To calculate ke,, E3], by Equation (61) and the successor diagram of Bs,

k[e’yv E3] = kj[e—a’l,gv €ar s T Cagy T Cazs 2604475]

= k‘i[e—a’l,gv 6041,3] + k’[e_allz, €a2,4]

Using the Jacobi identity and Chevalley relations, and by Equation (53), (55) , and (57),

we have

e ys Caral = [e-af 1+ [ear Cas]
= [ea,s [6*0/1,2’ Can )]
= [ea,, [6_0/1’2, [€ass €as)]]
= [ea, [le-af - €asl, €0y ]
= [eays [e_a'm» €as)]
= —[eas, [€as; e—a’lyg]]
= [€a176—a’1,4]

= 6_0/2,4 (93)
By Equations (53), (55) and (58), we have

[e—oz’LQ? ea2,4] = [6—0/1,27 [€qs 6@43’4“
= [[6—0/1727 60{2]7 603,4]
= [e*all,y ea3,4]

- [e*all,gv [6037 ea4“
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= [[670/1737 €a3]7 €a4]

= [670/1’47 ea4]

= e_af, (94)
Hence,
kley, Es| = ke_o/z’4 + /{:e_O/L5
Referring to Equation (92),
k—c =0
ci—c+k=0
Solving this system, we have ¢; = k,co = 2k. Let k = 1, then a generator of this

component for this choice is B3 + Fr where F7 =e_  +2e_4 ..

Degree 5

When the degree j = 5, let kE5 + F5 be an element of this component, where
Fs=cie o, + 2l + cse_ay,
for k,c1,ca,c53 € C k # 0. Then, by Equation (72),

A, kEs + F5) = [E + e, kEs + Fy]
= k[E, E5] + [E, F5] + kle,, E5] + e, F3]
= [E, F5] + kley, E5]
= —2¢1€_a,, + (C1 — C2)€_ay; + (2 + C3)e—qy, + kley, Ex] (95)

=0
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To calculate ke, Es|, by Equation (73) and the successor diagram of Bs,

kley, Es] = kle—a; ,» 260, 5 + €af, + €ay ]

= 2kle_ay ,, €ars] + kle—as ,, €0y ]
Using the Jacobi identity and Chevalley relations, we have

[e—a’M, 6041,5] = [G_a/m, [€qs eaz,s“

= [60417 [6—0/1,2’ ea2,5”

Note that by Equations (63) and (94),

[e—o/l,Qa ea2,5] = _[e—a'l’y [€a5, 606274]]
= _[60157 [e—oc’l’z? ea2,4“

= - [6a57 6—0/1,5]

= €_qy5 (96)
Thus, by Equation (68),
[6*0/1,2’ Cars) = [€ars €—ays]
= €_qys (97)
By Equations (67) and (96), we have
oty Cog) = —5 [0t 1 s o]

= _5[6045? [e—oc'Ly 6012,5]]

= _5 [eaw €—a1,5]

=€ a1y (98)
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Hence,
kley, Bs) = 2ke_q, 5 + ke_q,,
Referring to Equation (95), we have

(

—261+k’:0

<Cl—02—|—2]{7:0

Co + C3 =
Solving this system yields ¢; = g,CQ = 52—’“,03 = —%. Let £k = 1, then ¢ = %,02 =
,C3 = —%, and the generator of this component for this choice is F5 + Fy where Fy =

o= Nojot

5 5
6_0‘1,5 + 56—0‘/2,5 - 56—0‘%,4'

Degree 7

When the degree 7 =7, let kE; + F3 be an element of this component, where
Fz3=cie_ o5+ 026 ay, +C36 0y, + C4€_q),
for k,c1,co,c3,¢4 € C k # 0. Then, by Equation (88),

A, kE; + F3]

= [E+e,, kE; + F3]

= k[E, Ex] + [E, F3] + kley, Ex] + [eq, F3

= [E, F3] + kley, Ex]

= —C1e_a,, + (€1 — C2)e_ay, + (c2 — 2¢3)€_a,, + (c3 — Ca)e—a,; + ke, 7] (99)

=0
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To calculate kle,, E],

kj[evv E7] = I{J[Q_a/m, 60/1,4 + 604,2,3]

= k[e_a/l,z’ 60/1,4] + k[e_all,z’ 60"2,3]
By the Jacobi identity and Chevalley relations,

[6_0‘11,27 60/1,4] = [e—all,z’ [60/1’5, €a4H

= [[e—a’l’y 60/175]7 Cou]

By Equations (76) and (97),

1

[6—0/1,2’ 604'1,5] - 5[6—0/1,2’ [eal,s’ eO‘SH

—_

= _[[6703,27 60&1,5]’ 6045]

— DN

= 5[67042,57 eas]

=€ _qayy

Thus, by Equation (83),

[6_0‘/1,2’ 60‘,1,4] = [e—ozz,zu eoc4]

= €Cqay3

Also, by the Jacobi identity and Chevalley relations,

[6_0‘/1,27 60/2,3] = [G_a/LQ, [GO‘IZA’ €a3H

= [[e—oc'l,y 60/274]7 6043]
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By Equations (74) and (98),

[6—0/1,2’ 60/2,4] = [e—a&,z’ [60‘,2,5’ 6a4“
= [[6—0/1,2’ 60"2,5]’ 60‘4]
= [e—a1,47 6064]

= €_

ai,3
Thus, by Equation (81),
[e—o/l’y ea’273] = [€*a1,37 ea3]
=€ a1z
Hence,
kley, 7] = ke_qy s + ke_a,, (102)

Referring to Equation (99), we have

—C -+ k = O

c1 — Cy + k=0

02—20320

C3—C4:0

\

Solving this system yields ¢; = ¢3 = ¢4 = k,co = 2k. Let k = 1, then ¢; = ¢3 =
¢y = 1,c90 = 2, the generator of this component for this choice is E; + F3 where F3 =

6—04173 _I_ 26—04274 + 6—0&375 + 6_041‘5.
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Degree 9

When the degree j =9, let kFEg + F; be an element of this component, where
Fi =cie_q, +cae_q, +C36_n, +cCae_p, +C5€_n,
for k,c1,co,c3,¢4,¢5 € C, k # 0. Then, by Equation (91),

[A,kEy + Fi] = [E + e, kEy + Fi]
= k[E, Eq| + [E, F1] + kle,, Eo] + [e4, F1]
= [E, F1] + kley, Eq|
= —cohy — c3hy — c4hs — cshy — cohs + ke, Eq (103)

=0 (104)
Also, note that:

k[e’Y7 E9] = k‘l[e—a’lyza ea'LQ]

= kh (105)

Qaj 2

Since « , is only the successor of a; 3, and they differ by an ay, therefore

1
/ r o
Qi Qhp =y G = S0p- 0 (106)

In the root system of Bs, all the simple roots are with equal length except aj is with half

of the length, therefore

o 1 1 1 1
0172-a172:a5-a5:§a4-a4:5(13-(13:5(12-@2:5&1-&1
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It follows

h, 207 ,
0/1,2 - CEI k a/
1,2 1,2
2c0 2a0 2c0 20 2c0
:1—1+2.1—2+2.1—3+2.1—4+2. 5
50&1 iNes) 50[2 e 5@3 * Q3 50&4 c Oy Q5 - U5
= 2khy + 4khy + 4khg + 4khy + 2khs (107)

Referring to Equation (103), we have ¢; = ¢5 = 2k, and ¢3 = ¢3 = ¢4 = 4k. Let k = 1,
then ¢y = ¢5 = 2, ¢ = c3 = ¢4 = 4, and the generator of this component for this choice
is Fg + F| where

Fy =2e_,, +4e_,, +4e_n, +4e_o, +2e_q,
Finally, we summarize our results in the following proposition.

Proposition 2. Let the cyclic element A of g = By be defined as above. Then, its

centralizer g™ is given by

gA = @ C(E] + FlO—j)

§=1,3,5,7,9
where
E,=F Fo=e o,
Es = €a 3 + Cag.4 + €as 5 + 2604175 Fr = 6_0/1,4 + 26—04’2’3
1 )
Es = 2eq, , + €ap s T €ay, Iy = 56,%5 + 56_0/275 — 56_%4
E, = o, T €a, Fs=e_q,+2e q,, T € a5+ €
Ey = ey Fy =2e_,, +4e_q, +4e_n, +4e_o, +2e_q,

2mi-adH
Now, we present how P = e~ »  diagonalizes on g to show that P is a Coxeter

element on g*. In [3, Proposition 29], Bourbaki showed that if « is a simple root, then

[Hpeol =1-ea=(H, ) e,
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T

Therefore, (H,,«) = 1 for any simple root . For any root § = ZCiOéi where «;’s are
i=1
simple roots, it follows that

T

( p>5 pazclaz :Zcz :Zczzht(ﬁ)
= =1 =1

Thus,

[Hmeﬁ] = (Hpaﬁ) eg = ht(B3) - es

It also follows that
27-ri~ade

Pleg) =e™ 7 (e5) = A" - ¢g (108)

27i

where A = e . Therefore, considering the graded basis of g* in Proposition 2, for

7=1,3,5,7,9,
P(E; + Fio—;) = N Ej + N Fio_; = N (E; + Fio;)

Hence, each basis of degree j in g is an eigenvector of P with respect to the eigenvalue
N, for j =1,3,5,7,9. As Kostant proved, this implies that g* is a Cartan subalgebra.
Moreover, in [8, Table 2|, Coxeter proved that when g = B,,, the Coxeter element has a
spectrum on a Cartan subalgebra as {e% : k=1,3,---,2n—1}. Hence, P is conjugate
to a Coxeter element when g = Bj, which verifies the result of [17, Theorem 8.6] by
Kostant when g = Bs. In general, one can apply the same style of explicit calculation to

verify this theorem developed by Kostant for all types of simple Lie algebras.

Remark 6. Equation (108) provides us with the tool to prove Lemma 1.1. By Equation
(108), it follows that:

273 " 2mwi(1—h)
=eh - Ej + e n - Fy_y
j=1



:Ch- (ZEJ + Fh]_)
j=1
=G A

2mi

where (, = e » . Therefore, in any representation, (; - A is conjugate to A, so they have

the same spectrum. Hence, for any finite-dimensional representation v of g,

Spec(t), g) = G - Spec(v), g)

The proof of Lemma 1.1 is now complete.

2.3.3 Pairing Formula

Now we derive the pairing formula in Theorem 1.3. For the eigen-basis derived in Propo-
sition 2, when the degree 7 = 1, the generator is simply the cyclic element A. Hence, A
is an eigenvector of P, a conjugate of the Coxeter element, with eigenvalue A. In fact,
the multiplicity of this eigenvalue is 1. Since the order of the Coxeter element is h, the

Coxeter number, the eigenvalues of the Coxeter element are given by
A \T2 L.\
) Y 7

where 0 < m; < h. In [8, Table 2] by Coxeter, for each type of simple Lie algebra,
mi,ma, - -+ ,m, are given explicitly, and the power 1 shows up exactly once. This implies
that the multiplicity of A\ is 1. In conclusion, the eigenvector of the Coxeter element in
Equation (48) is indeed a cyclic element.

Now we are ready to derive the pairing formula in Theorem 1.3. Choose the bi-coloring
function p : {1,...,r} — {0,1} such that p(1) = 0. Suppose a simple root a;; € Agp such
that p(j) = 1. Then, by Equations (40) and (48):

k-1 T
a;(A) = o <)‘§ Z Yio; + Z ?/i%’)
i=1 i=k
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=1 i=k
2 042 .
= )\Ey]Oé] + 7] : Z Cz]yz
i=k
1 9 042 1
= )\Eijé] + 7‘7 . <_)\§ -\ E)yj
1 _

k—1 r
aj(A) = A2 Yy - 0y + Zy,ozz a;
i=1 i=k
)\% C o k-1
2
=5 L. Z Cijyi + y;0;
i=1
A3 - a2

1 _1
= (AT = ATy g0l

1

They are equivalent to Equation (5) for the chosen bi-coloration. The case where the

bi-coloring function p is chosen with p(1) = 1 follows similarly. The proof of Theorem

1.3 is now complete.
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3 Spectra Calculation of Simple Lie Algebras

In this section, we calculate the cyclic spectra with respect to the first fundamental
representation and the adjoint representation for all types of simple Lie algebras, thus
proving Theorem 1.4. Theorem 1.3, especially Equation (5), is the key ingredient. Along

the way, we also prove Theorem 1.5 for each type of simple Lie algebra.

3.1 Type A,

To apply Theorem 1.3 to a simple Lie algebra of type A,,_1, we first calculate the compo-
nents of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue.
The type A,,_1 simple Lie algebra, sl,, is of ADE type. Therefore, its Cartan matrix C'

is a symmetric with dimension (n — 1) x (n — 1) of the form:

C = S (109)

The Coxeter number is h = n. From Theorem 1.2, the spectrum of the Cartan matrix is
known to be {2 — 2 cos(’%r) be=1,..n—1. The smallest eigenvalue occurs when k = 1.

Now, we solve for a left eigenvector corresponding to the eigenvalue 2 — 2 cos(%). Let
& = [r1,...,2,-1]7 be such an eigenvector. For computational convenience, we assume

x1 = 1. By expanding ZC = (2 — 2005(%))@', we have:

2—x9 = 2—2COS(E> (110)
n

1420y — a3 = (2—2cos(f>)x2 (111)
n
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—Tp_3+ 2Ty 0 — Xp_ 1 = (2 -2 COS(E>) Tp_o (112)

—Tpo + 2T, = (2 -2 cos(—)) Tn1 (113)
n
From Equations (110)-(112), we observe a recursive relation between components of &

=1

To = 2COS(Z) - T

n
7r
T;=—Tj_9+ 2COS<E> “ T

for j=3,---,n—1. We claim that for j =1,--- ,n—1,

sin(%)
.fl?j = — p
Sll’l(ﬁ)
satisfies the recursive relation. To prove this, for j =3,--- ,n — 1:

—sin(ZX — 2%) 4+ 2cos(Z) - sin(LF —

n
sin(z)

EE]
~—

T
—Xj_o+ 2cos<g> “Tjq =

Because sin(A — B) = sin A cos B — cos Asin B, we have

sin(ZF) - 2 cos?(Z) — cos (%) - sin (L")

sin(%)

T
—Tj_9+2 cos<ﬁ> CTj_ =
Finally, by the identity 2cos* A = 1 + cos 24, we obtain

in(1T
—Tj_ o+ 2cos<%> T = sm( )
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Additionally, this solution satisfies Equation (113) since

Tp_q - QCOS<Z> = sin(w — E) . 2COS<E)
n n n
= sin(z) . QCOS(E>
n n
=gin| — | =sin(7— — | =2,
n n

Hence, we obtain the desired components of & as

Sin(j_ﬂ') gﬂ/Q . C;j/Q
Tsin(D) PGP

(114)

WhereCn:e% forj=1,---,n—1.

3.1.1 The First Fundamental Cyclic Spectrum of Type A, ;

In this section, we calculate the cyclic spectrum for the first fundamental representation

of the type A,,_; simple Lie algebra using Theorem 1.3.

3.1.1.1 Weights

At first, we introduce functionals {f; }i—1 ... , on the Cartan subalgebra b of sl,, consisting

of diagonal matrices with trace 0 such that:

22 dia’g<a17 e 7an) = a;

These are the weights of the standard n-dimensional representation of sl,, which also
serves as its first fundamental representation, as noted in Example 1.3. It is known that

simple roots {a;};—1,... n—1 can be chosen as:

Q= Hi — Mit1
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See for example [16, Appendix A.1]. Now, we express y; in terms of a;. Clearly, for i > 1,

there exists a recursive relation:

Piv1 = Hi — @ (115)
Also, we claim that:
n—1
1
[y = E-Zm—k) -y (116)
k=1
Because for any diag(ay,--- ,a,) € b,
1 n—1
Ml(dia’g<a17 U 7an>> = ﬁ ’ (TL - k) ’ ak(dia’g<a17 U 7an>)
k=1
1 n—1
=—-) (n—Fk)-(ar — ar1)
n
k=1
1
:ﬁ-((n—l)-al—a2—---—an_1—an)
1
:E.((n_l).al_QQ_..._an_l_<_al_a2_..._an_1))

Il
S
S

Hence, Equations (115) and (116) express the weights {y;}i=1... » as linear combinations
of simple roots.
3.1.1.2 Cyclic Spectrum

To apply Theorem 1.3, we also need a bi-coloration of the Dynkin diagram, which is

chosen as follows:

Equivalently, p(i) = 1 if 7 is even and p(i) = 0 if ¢ is odd. Since all simple roots have the

same length, Equation (5) is equivalent to

aj(A) = ;- (GO (1= (O (117)
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for j=1,---,n— 1. Using Equation (114) for x;, we have:

(“1915) _ (-1

aj(A) = (n —Cn (118)
Specifically,
Cé — Cn_% if 7 is even
uN)=§ . (119)
Gi-(Gn? —Gi) if jisodd
Then, using Equations (115) and (116), we obtain:
) == [ = 1) (= G+ (1= 2) - (G G+ (= 3) - (G = ¢
g (TR 0ty
1 n—1 .
= 1= (@)
j=1
—1
pa(A) = pi(A) —an(A) =1 - (1 = G) = Ga
MS(A) - N2(A) - 052(/\) = Cn - (Cn - erl) = é»;l
pa(A) = pa(A) —as(A) = ¢;' = (G, = ¢ = ¢
ps(A) = pa(A) = au(A) = ¢F = (G2 = ¢2) = (.2
() = G
Thus, we obtain
() = ¢ (120)

fort=1,---,n. Hence,

Spec(¥1,8l,) = {pi(A) }j=1,. n = Cn(1)
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The part of Theorem 1.4 concerning the first fundamental cyclic spectrum of sl,, is now

proved.

Remark 7. Similar to the example of ¢ in the first chapter, we visualize this spectrum
in the complex plane. Figures 5 and 6 present the cyclic spectra for the first fundamental
representation of type Az and Ag, respectively. Both paths begin with 1, followed by ¢*

and its conjugate ¢, * for k < |%]. For i < j, Re(ui(A)) > Re(;(A)).

Im

Re

-

_2 7

-3

Figure 6: First fundamental cyclic spectrum for Ag

Remark 8. Recall that in the spectrum calculation, we chose the bi-coloration such
that p(i) = 1 for even i and p(i) = 0 for odd i. However, as explained in Example 2.2,

bi-coloration is not unique. The alternative choice comes from swapping the colors.
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Now, we want to show that the spectrum remains invariant under different choices of
bi-coloration. Numerically, the difference between bi-coloration choices lies in the value

of p(1). If p(1) = 0, as we previously assumed, then:

a(A) = ;- GO (1= G
zj-(1=¢,) ifjeW

z (P =) ifjeB
If p(1) = 1, denote the pairing by «;(A)’, then:
)—1)/2 —2p(j)+1
ozj(A)’ = }(LP(J) )/2 (1— ¢ p(7)+ )

zj-(1-¢") ifjeB

zi- (6P =) ifjew

Since & is a real vector, we have

a;(A) = a;(A)

forany j = 1,...,7r. Suppose i is a weight of the first fundamental representation of sl,,.
By Equations (115) and (116), p is a linear combination of simple roots. So, it follows

that

p(A)" = u(A)

where p(A) is the eigenvalue corresponding to p under the alternative bi-coloration.
Therefore, choosing the alternative bi-coloration replaces each eigenvalue in Spec(1, sl;,)
by its complex conjugate. However, the “(j,-symmetry” stated in Lemma 1.1 guarantees
that both an eigenvalue and its conjugate appear in the spectrum. Moreover, each eigen-

value in Spec(ty, sl,,) has the same multiplicity as its conjugate. Hence, Spec(¢1,sl,)
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remains invariant under the alternative choice of bi-coloration.
In fact, this result is not specific to Spec(t)1, sl,,) but holds for any simple Lie algebra,
both in the first representation and in the adjoint representation. The same argument

applies.

3.1.2 The Adjoint Cyclic Spectrum of Type A, ;

In this section, we adopt the same approach to compute the cyclic spectrum for the
adjoint representation of sl,,. In Section 2.3, we discussed that the centralizer of A is a
Cartan subalgebra, so the adjoint spectrum contains at least » = n — 1 zero eigenvalues.
Then, using Equation (118), it suffices to express the weights - which, in this case, are

the roots of sl,, - in terms of simple roots. It is known that the positive roots are

7j—1
=S ey
k=i
fori < j,i,5 € {1,---,n}. The total number of roots is n(n — 1).

Now, we go through several examples to understand the patterns in the eigenval-
ues obtained from the pairing of roots with A. Interestingly, the pattern of non-zero

eigenvalues is closely related to the modulo classes of n (mod 2) and n (mod 4).

Example 3.1. Consider the case of A, sl;3. As before, we choose the bi-coloration:

oO—e
1 2

Then, by Equation (118), we obtain

Oél(A):l—C?’:CfQ'r'C%

(M) =G -G =Gy r G
where r = 2 sin(%). The only non-simple positive root is oy + ap. So:

(14 a)(A)=1-G =CarG
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Therefore, the pairings of roots with A yield the following eigenvalues:

Cs5(Giz -1, sz 1) = Cg(Cia - 1)

Graphically, they are presented as follows:

Im

Q9

a1 + Qo

Re

Qg

The corresponding positive roots are annotated on the graph. The spectrum is equivalent

up to an overall scaling, so by dividing all eigenvalues by (2, we have

Spec(ad, Ay) = Cs(r, 0%)

Example 3.2. Consider the case of As, sl;. As before, we choose the bi-coloration:

By Equation (118), we obtain

a(N)=1-G=CG -G
Oéz(A):CAx—CZl:Q'QL

as(A) = =G =G
where r; = 2sin(§), ro = QSin(g). Other positive roots pair with A as:

(a1 +a)(A)=1—¢ " =G G
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(ar+a+as)(A)=1-C =r-(

(ax+as)(A)=¢ -G =CGn-G

Therefore, the pairings of roots with A yield the following eigenvalues:

Ci(Cs - rgz)’ ra)

Graphically, they are presented as follows:

Im

The corresponding simple roots are annotated on the graph. Hence:
Spec(ad, As) = Cy(Gs - 1i”, 12, 09)

Example 3.3. Consider the case of Ay, sl5. As before, we choose the bi-coloration:

By Equation (118), we obtain

&1<A):1_C5=C20'r1'C§
aN)=G-G =CGo G

as(M) =G =G =Cora- Gy
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ay(N) =G =2 =Con G

2

where r; = 28111(%), ro = ZSin(?). Other positive roots pair with A as:

(r+a)A)=1-G =CGyn- G

(1 +a+az)(A)=1-G=Co G
(ar+ar+az+a)(A)=1—-G>=Cora &
(@ +a3)(A) =G — G =Co-1- G
(e +az+a)(N)=G—G2 =Gy @

(a5 +ag(A) =¢' = G2 =Co -G

Therefore, the pairings of roots with A yield the following eigenvalues:

C5(C20 s r, CS’O “ 11, Goo * I, CS’O : r2) = C10(C20 “ri, Coo - rz)

Graphically, they are presented as follows:

Im

[£%]

(621

Re

The corresponding simple roots are annotated on the graph. The spectrum is equivalent

up to an overall scaling, so by an overall scaling of (,;', we obtain

Spec(ad, Ay) = Cig(r1, ra,0%)
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Example 3.4. Consider the case of As, slg. As before, we choose the bi-coloration:

—_
(\]
w
I
ot

By Equation (118), we obtain

a(A)=1-G=r-(
az(A) =G — G =Gz 12 Go
as(A)=¢ =G =r- (g
as(A) = =GP =G Go

as(A) =G =G =1 G
where r; = QSiH(%), ro = 2sin(§), r3 = 28111(%). Other positive roots pair with A as:

(a1 +ag)(A) =1—(" =1 ¢

(a1+a2+a3)(A)=1—C§=C12-r2-65’

4
Zak(A)zl—CEQ=C12-r2-C§
k=1

5
S ap(A)=1-¢=r3-¢§
k=1

(a2 +as)(A) =G — G =n (g

(et as+a)(A)=C— G2 =rs- G
5

Zak(A):Ce_Cg:Cm'Q'Cg

k=2
(s +a)(A)=¢ ' —¢G2=n-(
(s +ast+as)(A) =G =G =Car- G

(as+as)(A) =G —¢ =1+
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Therefore, the pairings of roots with A yield the following eigenvalues:

CG(r?)v G2 - réz), rs)

Graphically, they are presented as follows:

The corresponding simple roots are annotated on the graph. Hence:
Spec(ad, As) = Cs(r?, Gia 15, 13, 01)

The above examples suggest certain patterns in the eigenvalues of Spec(ad, A,_1). As
stated in Corollary 1.3, the first pattern concerns the radii set of Spec(ad, 4,,_1). We now

prove the corresponding part of Corollary 1.3, namely:

R(Spec(ad, A1) ~ {lax(A)], -, [an-1(A)], 0}

~gzsn(Z) =1 300} (122)

By Equation (117), we obtain that for any j =1,...,n— 1,

o (M) =[]+ 16/ = 6V

= 2sin (‘7—7r)
n
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Since sin(7 — 6) = sin(6), so |a;(A)| = |ay—;(A)] for j = 1,---, 5], hence

(on e Jana I~ f2sin(27) 1= 10 15)

Next, by Equation (120), we have

G HEIRCEIEY
| (A) = (M) = [Gn — Gn |

_ 2 = ((CVIBEIAL L D =L

- \/2 - 2eos(I-1 151 - (191501 7

—2sin(|(-1lg) - (-1/L3)1- ) (12)

for any i # j, i,j € {1,---,n}. It is clear that |[(—1)|4

L= (-1) L%“ is an integer

bounded between 1 and n — 1. Hence, for any ¢ # j,

() = )] € 2sin( ) 15 = 1,000 0= 1)

Equation (122) is now proved, so is the corresponding part of Corollary 1.3.
The second pattern reveals the general form of Spec(ad, A,,_1), corresponding to The-

orem 1.4.

1. If n =1 mod 2, then we obtain
Spec(ad, sl,) = Cap(ry, - - - SESE 0(=1) (124)

for r; = ZSin(%),j =1,--,

2. If n =0 mod 2, then we obtain

Spec(ad, sl,,) = Cn(z?), e ,zg)_l, zn, 0(=1) (125)
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where z; = 89 v, for r; = 2sin(L) and

' 0 if j, 5 are with the same parity
p(j) =
1 Otherwise

Now, we prove the two above equations to prove the corresponding part of Theorem
1.4. The key ingredient in the proof is the “(j-symmetry” in Lemma 1.1. Combining
with the dimension of the adjoint representation, we will show that {fa;(A)}j=1,. -1
generates all the eigenvalues in the spectrum, allowing us to bypass the direct computation
of all root pairings with A.

By Equation (119), we can rewrite £a;(A) for j =1,--- ,n—1 as

Pl 2sin(Z5) - (™ if j is odd
a;(A) = |
2. 2sin(LF) - ¢m2 if j is even
\
4
2. 2sin(IT) - (e if j is odd
—a;(A) = |
e 2sin(LF) - ¢ if j is even
where py, -+ ,ps € ZTZO, and my,--- ,my € Z=Y. The values of p; and m; are not unique. In

our discussion, we consistently choose them to be the smallest possible. These quantities

encode essential information about the spectrum. Our argument proceeds by analyzing

how their values vary according to the congruence class of n (mod 2) and n (mod 4).
When n is odd, we split our argument by n (mod 4). When n = 1 (mod 4), for

instance, type A in Example 3.3, we have

B _1 B 3
pl—p2—2,p3—p4—2

3n+1 n—1 3(n—1)

my = , My = Mg = yMy = ——(——

4
Since n is odd, for j = 1,---,n — 1, Cy(ey(A)) # Cn(—aj(A)). By “¢,—symmetry”,
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aj(A) generate Cy,(Cay - 28in(28)), and —a;(A) generate C, (¢35, - 2sin(LF)). Combining

these, for j =1,--- ,n — 1, we have

Gy () = o (G- 2500 (7))

Furthermore, notice that for j =1,..., 252,

Cn(aj(A)) = Crlan—i(A)) = Gy (C“” ' 28in<%>>

Thus,

n—1

Cn(£ar(A), -+, Fana(A)) = |_| Con (Can + 1)

where r; = 2 sin(%). By an overall scaling, it is equivalent to
Con(ri, -+ - ’r"T_l)

which consists of n(n — 1) distinct non-zero eigenvalues. Combining these with the n — 1
zero eigenvalues contributed by the Cartan subalgebra, we obtain the complete adjoint
spectrum. Each non-zero value only appears once with multiplicity 1.

When n =3 (mod 4), for instance, type As in Example 3.1, we have

3 1
plngzi, P3:P4:§
3n—1 n—3 n+1 3n—1
mq, = Mo — Ma = Mgy =
1 4 3 2 4 ; 3 4 ) 4 4

Similar to the previous case, by “¢,—symmetry”, o;(A) generate C, (3, - 2sin(%)) and

—a;(A) generate Cp,((a, - 2sin(£5)). Combining these, for j =1,---,n — 1, we have

n

Cu(£a;(A)) = Can (<4n B Si“<j_ﬁ)>
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Also, Cy(aj(A)) = Cp(a—j(A)) for j=1,--- ;n— 1. Thus,

Cul(Ear(A), -+ Fana (M) = || Con (Gan - 1)
j=1
where r; = 2 sin(%). By an overall scaling, it is equivalent to
CQn(rla ) r"Tfl)

which consists of n(n — 1) distinct non-zero eigenvalues. Using the same dimension
argument as in the previous case, combined with the n — 1 zero eigenvalues, they yield
the complete adjoint spectrum, where every non-zero eigenvalue has multiplicity 1. The
proof of Equation (124) is now complete.

Now we prove Equation (125). When n is even, for instance, type Az and As in

Examples 3.2 and 3.4, let p(j) be defined as above and let

1 ifn (mod4)=2
q =
0 ifn (mod4)=0

Then, we have
pi=p(i) fori=1,2,34

3n + 2q n — 2q n—+ 2q 3n — 2q
= mo = ms = my =
4 7 4 07 4

my

Since n is even, by “(,—symmetry”, for j =1,--- ,n —1, Cy(a;(A)) = Cp(—;(A)) =
Cn(C;sj) - r;) where r; = QSin(%). Furthermore, for j = 1,...,%, £a;(A) = £a,—;(A).
Thus

Co(ar(A), -, 2an(A) = Cu(@W vy ™ o yyrn)

) 52n

Now we show that the eigenvalues in Cy,(r= ) have multiplicity 1. By Equation (123), only
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when ¢ + 7 = n + 1, we have

it j j n
(—1L5] - (1P 120 =2

Therefore, only the eigenvalues corresponding to the roots

(i = foivr) = £ > oy, (126)
k=i

have radius rz = 2. There are exactly n such eigenvalues with multiplicity 1.

Next, we show that all the other eigenvalues have multiplicity 2. Observe that

j—1 n—i
(i — ) (A) =) (A =% D (A = F(pn1j — pnpr-)(A)  (127)
k=i k=n+1—j
for j #n—i+1. There are # distinct pairs of such ¢, 7, which implies the eigenvalues
in
g
Cn( gr(bl) LT 7C§7(12 : ’ r%—l)

have multiplicity 2. Using the same dimension argument as in the previous case, combined
with the n — 1 zero eigenvalues, they yield the complete adjoint spectrum. The proof of
Equation (125) is now complete, so is the proof of Theorem 1.4 for sl,,. Based on the

above analysis, this also completes the proof of Theorem 1.5 for sl,,.

3.2 Type B,

To apply Theorem 1.3 to a simple Lie algebra of type B,,, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type B, simple Lie algebra, s0s,,1, is not of ADE type. Its Cartan matrix C is not

symmetric and with dimension n x n in the form:
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As in the case of sl,, the Cartan matrix of s0s, 1 has real eigenvalues, with the smallest
being 2 — 2 cos (%), where h = 2n is the Coxeter number.

Now we calculate a left eigenvector @& of the eigenvalue 2 — 2005(%). Let 2 =
[x1,...,2,]T be such an eigenvector. For computational convenience, we assume 1 = 1.

By expanding #C = (2 — 2008(%)):5, we have:

T
2—xy9 = 2—2cos<%> (128)
1420, — 2y = (2—2(:05(1))952 (129)
2n
e
—Tpo+2r, 1 —x, = (2 — 2005(—)) Tp_1 (130)
2n
T
2w,y + 2@, = (2 - 2cos(%>> Zn (131)

From Equations (128)-(130), we observe a recursive relation between components of &

T =1;

Ty = 2008(%) -

s
T; = —Tj_o9+ QCOS<%> ST

for j = 3,---,n. Note that this relation is identical to the relation in the sl, case.
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Therefore, using the same argument, & has components

() _ g - "
U T A G .

for j =1,---,n. This solution also satisfies Equation (131). Since cos(f) = sin(3 — 6),

we have

- con( ) = <2l
2n

3.2.1 The First Fundamental Representation of Type B,

In this section, we calculate the cyclic spectrum for the first fundamental representation

of the type B, simple Lie algebra using Theorem 1.3.

3.2.1.1 Weights

At first, we introduce functionals {; };=1.... , on the Cartan subalgebra of $04,, 1 consisting

of matrices in the form diag(zy, -+ ,z,, —x1, -+, —x,,0) such that:
Hi - diag(xh Ty, 1,00, T, 0) = Z;
In particular, {pq, -+, fin, —p41, -+ , —fin, 0} are the 2n+1 weights in the standard 2n+1-

dimensional representation of s05,.1, which is also the first fundamental representation

of §09,,41. It is known that the simple roots {e;}i=1.... , for 509, are

i = Hit1 fori=1,---,n—-1
o; =

Lhn fori=n
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See for example [16, Appendix A.2]. One can obtain from simple calculations that the

weights for the standard representation of s0s,,1 in terms with simple roots are:

iuj:iZai forj=1,---n
i=j (133)
0
Observe that there is a recursive relation between weights as
Ml = [ — (134)

forj=1,---,n—1.

3.2.1.2 Cyeclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

—_
\}
w
=~
Ot
S
|
—_
S

Equivalently, p(i) = 1 if 7 is even and p(i) = 0 if 7 is odd.
Unlike the Dynkin diagram of sl,,, not all simple roots of 05,1 have the same length.
Specifically, for j = 1,...,n — 1, we have a? = 202, As a result, a factor of % appears in

a,(A). Therefore, Equation (5) becomes equivalent to:

Cp()/2 (1 _ *2P(j)+1) for j=1,---,n—1

Lj - Gop 2n
a(n) =47
(3) -2 57(;1)/2 (11— 2—712p(n)+1) for j =n
By Equation (132) for z;, it yields
L% c1ild) 0
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where

1 ifj=n
Ojn =
0 ifj#n
Equivalently,
§
]/2 — Con "2 if 7 < n is even
Q%n'(;nj/z_ 57/12) if j <nisodd
a;(A) = 1 (136)
5( n/2_<2n/2) if 7 =n is even
Ch C?n (2n/2_ 27{2) if 7 =nis odd

By Equations (133), we obtain

= Z a;(A)

(1= Con) 4 (Con = G 4 (G = €2 e (V) Ly
1
)

G
5)(C e
( 1 n+1Ln+1J

=1-(; Dy Y

n+1Ln+1J

+(

When 7 is odd,

‘(—U”L%J—(—D”“LnglJ‘:' ";1 "‘2”’ n
When 7 is even,
I O e R
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(-D"3] (~Dr e : -
Thus, ¢, and (s, are symmetric about the origin. Hence,
—1\n| _1\n+1| ntl
G LGV 20 = ) =1

Then, by the relation in Equation (134), we have:

p2(A) = pi(A) —ar(A) =1 — (1= Cn) = Con
ps(A) = pa(A) — az(A) = G — (Con — Con) = G

pa(A) = ps(A) — as(A) = G — (G — Ga) = Gn

(—Dr=t gt (=nHm=t 25 =n"L3] =n"13]
lu'fl<A) - Mn—l(A) - an—l(A) - C2n 2= ( 2n 2= C2n ? ) - C2n ?

Therefore,

() i = (B, (137)

which contains n different 2n-th roots of unity. Note that for any 1 < j < k < n,

(P O = ) # )

Thus,
{0 (A) Yim oo V= pi(A) Yiz1 o = 0

Since {—p;(A)}iz1.... » also contains n different 2n-th roots of unity, therefore,
{1 (A) izt o U{=pa(N) it = {G, |G =1, , 20}

It follows that

Spec(¢17502n+1) = CZn(L 0)

The part of Theorem 1.4 concerning the first fundamental cyclic spectrum of s09,; is
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now proved.

Remark 9. Similar to Remark 7, we visualize this spectrum in the complex plane. The

weights in Equation (133) are arranged in ascending order of height as follows:

MI(A)7 :U'2<A)7 e nun(A)7 07 _NTL(A)v T _MQ(A)v _:U’1<A>

By connecting eigenvalues in this order, Figures 7 and 8 present the cyclic spectra for the
first fundamental representation of type B3 and By, respectively. The path consistently
begins with 1, followed by ¢4, and its conjugate (5,* for K < n—1. Fori < j, Re(us(A)) >

Re(j1;(A)).

G Go

Re

¢ Gt

Figure 7: First fundamental cyclic spectrum for Bj

3.2.2 The Adjoint Representation of Type B,

In this section, we apply the same approach to compute the cyclic spectrum for the
adjoint representation of §0s,,;. The dimension of this representation is 2n? +n, so there
are at most 2n? non-zero eigenvalues. As mentioned in Section 2.3.1, in addition to the

n simple roots, the remaining positive roots of s0s,,1 are given by

Oéij:ai—F"‘—f—Oéj

Oégj:ai+“'+06j71+204j+"'+206n
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(s

Figure 8: First fundamental cyclic spectrum for By

for 1 < i < j <mn. Asin [3, Plate II], the remaining positive roots of $09,,1 can be
written as linear combinations of the first fundamental weight. By Equation (137), the

remaining eigenvalues are as follows:

i

() = m(h) = ¢, 1<i<n
(—1)

-5 .
aij(A) = pi(A) = pjp(A) = el 1<i<j<n

i (A) = w(A) + y(A) = ¢V 4 SV << i<

tj

But the information about radii and multiplicities in the spectrum is not explicit. To

understand the patterns in the adjoint spectrum, we first go through several examples.

Example 3.5. Consider the case of Bs, so;. As before, we choose the bi-coloration:

—_
N}
w

By Equation (136), we obtain

n(A)=Ce (G =GP =G
a(N)=(— G =Ca G
ag(A) = %Cw : (CS_B/Z - <§/2) =ry- (]
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where r; = 2sin(F) = 1 = r3,rp = 2sin(%). Thus, oy (A) = az(A) = . It also follows

that:

Oé1,2(A) = 042,3(/\) = (o

arz(A) = ay3(A) =1

Therefore, the circle Cg(r1) generated by aq(A) has multiplicity 2. By the “(g-symmetry”,

the pairings of roots and A yields

CG(VEZ), TR "2)

It follows that

Spec(ad, Bs) = Cﬁ(rgg), Cra - ra, 0P)

Example 3.6. Consider the case of By, s0g. As before, we choose the bi-coloration:

—
o
w
e

By Equation (136), we obtain:

041(/\) = (16 (Cgm - é/Q) = (611 - C86
042(A):C8_C§1 :r2'C82
az(A) = o (G2 =) = Cio 13- ¢C

ow(d) = 3G -GN =G

Y

where r; = 2sin(%),r2 = 2sin(%),r; = 2sin(3§“),r4 = 1. By “Cs-symmetry”, a;(A)’s
generate:

08(C16 ‘I, ra, Cig " I3, r4)
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There are at most 32 non-zero eigenvalues, so we have obtained all of them. Hence,

Spec(ad, By) = Cs(Ci6 - 11, r2, Cig - I3, 4, 0(4))

Example 3.7. Consider the case of By, s01;. As before, we choose the bi-coloration:

—_
(\]
w
1N
ot

By Equation (136), we obtain

() =Go- (Go” = G =11+ ¢y
(M) = Go— Giot = 2+ ¢y
as(A) = G- (Go” = Gi%) =3 ¢y
() = = (i = G- G

1 _
as(A) = §<20 - ( 105/2 - 1562) =r5- (i

where r; = 2sin(1”—0),r2 = 2sin(§),r3 = QSin(?—g),r4 = 2sin(2?“),r5 = 1. By “Co-

symmetry”, a;(A)’s generate:

Clo(rb Coo * F2, 3, oo * 4, r5)

There are at most 50 non-zero eigenvalues, so we have obtained all of them. Hence,

Spec(ad, Bs) = Cio(r1, Cao - 2, 13, Coo - 4, 15,0))

Example 3.8. Consider the case of Bg, s013. As before, we choose the bi-coloration:

—
N}
w
e
(@
(@)
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By Equation (136), we obtain

o (A) =G (62 = G87) = G r -
as(A) = — (5 =12+
as(A) = G- (G = G%) = G- 13- G
au(N) = b — (P =1 ¢
a5(A) = G- (7 = (%) = Goa 15+ Cy

1
ag(A) = Q(sz — (1) =16+ (i

where r; = QSin(l%),rz = 2Sin(%) =1=rg,r3 = 2sin(1—’),r4 = 2sin(§),r5 = QSin(‘;’—g).

Thus, as(A) = ag(A) = ¢3,. Tt implies that:

az5(A) = ase(A) = Gy

g 6(A) = O‘g,()‘(A) = (9

Moreover,

C122+<1_22 =1

Thus,
aiz(A) = as(A) = (i

It implies that:

041,4(/\) = 044,6(/\) - C122

aro(A) = af5(A) = 1

Therefore, the circle Cha(re) generated by as(A) has multiplicity 2. By “(jo-symmetry”,
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the pairings of roots and A yields
Cra(Cos - 11, réQ), Coa - 13, T4y Coa - 1s5)
It follows that
Spec(ad, Bg) = C12(Ca4 - 11, r52)7 Coa * 13, ra, Goa - Ts, 0(6))

The above examples suggest the following patterns in Spec(ad, B,,).

1. If n %0 mod 3, let

_ 0 if j,n are with the same parity
p(j) =
1 otherwise

for j=1,--- ,n. Then
Spec(ad, Bn) = CQn(Cfr(Ll) LA EER Z(Ln) P, O(n)>

where r; = |a;(A)] = 2sin(£&) for j=1,--- ,n—1,and r, = 1.
J J 2n

(138)

2. If n =0 mod 3, such that n = 3k for some positive integer k, let p(j) be defined

as in the previous case for j =1,--- ;n— 1. Then

Spec(ad, Bn) = 0271(217 Ty Rk—1, Z](f)a RE+15 """ 5 Rn—1, O(n))

where z; = (?V) . r; = 2sin(L) for j=1,--- ,n— 1.

(139)

Now, we prove the above two equations to prove the corresponding part of Theorem

1.4. Consider the first case when n is not a multiple of 3. By Equation (136) and the
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calculation of j;(A) in the previous section, we obtain:

(
QSin(g—Z) -1 if j <n even

j(A) =3 2sin(£) - G - (—i) if j < n odd (140)

G =
(
n 3n n—1
Note that when n is even, ¢ = (5,, and —i = (,;,. When n is odd, i = (4, - (5,0 , and
301
Can - (—1) = (2 - Thus, p(j) in Equation (138) equals 0 if j,n are with the same parity,

and 1 otherwise. Also, since n is not a multiple of 3, thus

{2sin(‘;—2) |j=1,---,n—1}n{1} =0

In other words, each a;(A) yields distinct eigenvalue with distinct radius for j = 1,--- | n.

Therefore, by the “(y,-symmetry”, it follows that {o;(A)};=1, ., generates Equation

(138).

Now we prove the other case when n = 3k for some positive integer k. The argument
is almost the same as the previous case, except when j = k, r; = 1, then (s, (1) always
has double multiplicities. We now prove this special case by listing n pairs of distinct

positive roots whose pairings with A yield the same eigenvalue in that circle. The key

identity to show
ar(A) = aq () = ¢, = () (141)
and for j=1,---  k—1,
(-1 72

bt (A) = anjn(A) = Gy P = pnj(A) (142)

We draw this equivalence on the Dynkin diagram in Figure 9 to help visualize it.
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Q2k+1,n

Q2k+42,n

“1n

2k+1 2k+2 n—1 n
O—O----- oO—O0—0O----- oO—O0—0—0—0----- O——0

Ak —1,k+1

a2 2k—2

a1,2k—1

Figure 9: Visualization of Roots in Equations (141) and (142)

Equation (141) follows from Equations (137), (140) and 2sin(4%) = 2sin(%) = 1. For

Equation (142), by the calculation of Equation (137), it follows that ca,—j,(A) = p,—;(A).

To prove that a_;x+;(A) = pn—;(A), the key identity is:

Gon + G = 2sin(%> =1 (143)
For1<j;<k—-1,
(Ai)kijE:JJ (41)k+j+1Lk+j+1J
—jri(N) = Gy 27— G 2
_<k*j71) k+j+1
Con = T =G if k 4 j are odd
RS

G — (o © 7 i k+j are even

When k + j are odd, by Equation (143),

(k—j—l) ktjt1 (k—j—l kgl

CQin ’ - 2n2 :C;n ’ )+C2n2

ni|ngi |

(-1
= CQn
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When k £ j are even, by Equation (143),

B 4

or —oi) oo 1 g
= GF - (GF k)
— o7

IR Ca ViR
T S2n

Equation (142) is now proved. Based on these two equations and Figure 9, it also follows

that:

(—1)F+1 B4

Apn-1(A) = apr1.(A) = G, = pit1(A)

/ *1k%
Wen(A) = a1 (A) = G502 = ()

Also, for j=1,--- ,k—1,

(*1)k+j+1tk+g+1J
O‘k—j,n—j—l(A) = ak:+j+1,n(A) = CQn = Mk+j+1(/\)

(—DFIE )

p—jn(A) = a;f-l—j—l—lm—j (A) = Gy fe—j (A)

Hence, we obtained n pairs of distinct positive roots whose pairings with A yield eigen-

values:

—1)7| L
(G = () e

Therefore, the circle Cy,(1) has multiplicity 2, which proves Equation (139). The proof
of Theorem 1.4 for 04,11 is now complete. In view of Equation (140), this also completes

the proof of Theorem 1.5 for s09,,,1.
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3.3 Type C,

To apply Theorem 1.3 to a simple Lie algebra of type C),, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type C,, simple Lie algebra, sp,,., is not of ADE type. Its Cartan matrix C is not

symmetric and is with dimension n X n in the form:

As in the case of §05,.1, the Cartan matrix has real eigenvalues, with the smallest being

2 —2cos (%), where h = 2n is the Coxeter number.

Now we calculate a left eigenvector @& of the eigenvalue 2 — 2005(%). Let 2 =

[z1,...,2,]T be such an eigenvector. For computational convenience, we assume z; = 1.

By expanding #C = (2 — 2008(%))5, we have:

T
2@y = 2—2cos<%> (144)
14 2m — 1y = (2—2cos(i)>:c2 (145)
2n
T
—Tp_o + 20,1 — 2T, = (2 — 2005(—)) Tp_1 (146)
2n
Ty + 2, = (2 - 2003(%)) Zn (147)
From Equations (144)-(146), we observe that for j = 1,--- ,n — 1, the recursive relation

between components of Z is identical to those in the sl, case:

ry =1
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Ty = 2608(%) - T

T
T;=—Tj_9+ 2(:os<%) “Tjq

When j = n, z, is halved:

—Xp_o + 2COS(%) L1
2

Tpn =

Therefore, using the same argument, @ has components:

(5)
sm| — i/2 —i/2
. <7T> 1)/2 —1/2 orjg==54 T
Sin| — 2n ~ S2n
r; = 2n
1 n/2 _ —n/2
2n 2n .
= - for j=n
251n(1> QC%Z - 2C2n1/2
\ 2n

This solution also satisfies Equation (147). It follows from the same argument as in

509p41-

3.3.1 The First Fundamental Representation of Type C,

In this section, we calculate the cyclic spectrum for the first fundamental representation

of the type C), simple Lie algebra using Theorem 1.3.

3.3.1.1 Weights

At first, we introduce functionals {y;}i—1.... , on the Cartan subalgebra of sp,, consisting

of matrices in the form diag(zy,--- ,z,, —x1,- -+, —x,) such that:

Mt diag(ﬂjl, oty Ty, — X1, 0 7_:Cn) = T
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In particular, {1, -+, fn, —ft1,+ , —ptn } are the 2n weights in the standard 2n-dimen-
-sional representation of sp,,, which is also the first fundamental representation of sp,,,.

It is known that the simple roots {«;}i1.... , for sp,, are

Hi — it fori=1,---,n-1
oy =

2phn, fori=n

See for example [16, Appendix A.2]. One can obtain from simple calculations that the

weights for the standard representation of sp,,, in terms of simple roots are:

n—1
iﬂj:i<2ai+%> forj=1,---n—1

(149)

Observe that there is a recursive relation between weights as

Myl = Hj = Q (150)
fory=1,---,n—1.

3.3.1.2 Cyeclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

—_
N}
w
H~
ot
S
|
—_
S

Equivalently, p(i) = 1 if i is even and p(z) = 0 if 7 is odd.
Unlike the Dynkin diagram of sl,,, not all simple roots of sp,, have the same length.

Specifically, for j = 1,...,n — 1, we have 204? = a?. As a result, a factor of 2 appears in
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a,(A). Therefore, Equation (5) is equivalent to:

Ly C;sj)/2 ’ (1 - 2_712p(j)+1) for ] - 17 e, N 1
a;(A) =

2.2, - Cé’,ﬁ”)/z (1= ;n?p(n)ﬂ) forj=n

By Equation (148) for x;, it yields

(—1)74) (1) +t I
aj(A) =Gn P =G ’ (151)
Equivalently,
J/Q — Con iz if 7 is even
a;(A) = (152)
’ 3. (—il2 _ 2
o (God" ™ = G if j is odd

By Equations (149), we obtain:

- 'Zam + 2nl)

= (1 — Con) + (Con — Cz_nl) + (Cg_nl — C%n) + 4 2(;1)”_1[”77” . CS;I)HL%J)

1 Corig —nrr gt

—1- ()G Y

n+1 |_n+lj

)

By the same argument as in §09,,1, p1(A) = 1. Then, by the relation in Equation (150),

we have:

p2(A) = p(A) —ar(A) =1 — (1 = Can) = Can
ps(A) = pa(A) — aa(A) = Con — (Con — Cont ) = Gon
pa(A) = ps(A) — as(A) = G, — (G — G) = G
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_1n71E _1n71L*1 _1)n|n _1)n|n
fn(A) = i1 (A) — (M) = ¢, V(@R Sy = G
Therefore,
—1)i|L
() icem = (G (153)

which contains n different 2n-th roots of unity. By the same argument as in s09,.1,

{=mi(A)}iz1... n also contains n different 2n-th roots of unity, therefore,

{1 (A) Y ict e UL i = { | G =1, 20 — 1}
It follows that
Spec(1, 5p,,) = Can(1,0)

The part of Theorem 1.4 concerning the first fundamental cyclic spectrum of sp,,, is now

proved.

Remark 10. Similar to Remark 7, we visualize this spectrum in the complex plane. The

weights in Equation (149) are arranged in ascending order of height as follows:

{ua(A), p2(A), - i (A), =i (A), - —pa(A), —pa (A)}

By connecting eigenvalues in this order, Figures 10 and 11 present the cyclic spectra for
the first fundamental representation of type C3 and C}, respectively. The path consis-
tently begins with 1, followed by (5 and its conjugate QQ_nk for k < n-—1. For < j,
Re(pi(A)) = Re(p;(A)).
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Im

Re

Figure 10: First fundamental cyclic spectrum for Cj

Im
&
/ mg\g
4
& 1 Re
G Gt
G

Figure 11: First fundamental cyclic spectrum for Cjy

3.3.2 The Adjoint Representation of Type C),

In this section, we apply the same approach to compute the cyclic spectrum for the
adjoint representation of sp,,. The dimension of this representation is 2n? + n, so there
are at most 2n? non-zero eigenvalues. It is known that apart from n simple roots, the

remaining positive roots of sp,,, are as follows:

Oéij:OZZ“F""f’Q{j ]-SZSJSTL_]'

a;j:ai+"'+aj—1+2aj+“'+2Qn—1+an 1<i<j<n
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As in [3, Plate III], the remaining positive roots of sp,, can be written as linear combi-
nations of the first fundamental weight. By Equation (153), the remaining eigenvalues

are as follows:

(C1iLE) (-1 o
;i (A) = pi(A) = i (A) = G, ™ 2 — Con : I1<i<yg<n-—1

o (A) = p(A) + i (A) = 5V 4 SR << <

ali(A) = 2u(n) =26, 1 <i<n

But the information about radii and multiplicities in the spectrum is not explicit. To

understand the patterns in the adjoint spectrum, we first go through several examples.

Example 3.9. Consider the case of (5, sp;. As before, we choose the bi-coloration:

—_
[\
w

By Equation (152), we obtain

ar(A) =G (G 2= ¢ =n -
Oéz(A):CG_CG_l:CM'rz'CG

043(/\) = (6 (C§3/2 - 5/2) =Tr3- Cg

where ry = ZSin(%), ro = QSin(%), r3 = 2. By the “(g-symmetry”, the pairings of roots

and A yields
Cs(r1, Ciz2-ro, r3)

There are at most 18 non-zero eigenvalues, so we have obtained all of them. Hence,
Spec(ad, C3) = Cg(r1, Cia - ro, rs, 0(3))
Example 3.10. Consider the case of Cy, sp,. As before, we choose the bi-coloration:
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—
)
w
W

By Equation (152), we obtain

041(/\) = C16 : (Cgl/Q - C§/2) = C16 sy C86
()= —Gl=r-¢
az(A) = Gio - (G627 = %) = G 13- &

ad) =G -G =G

where r; = 2sin(§),r2 = 2sin(Z),r; = 2sin(3§“),r4 = 2. By “(g-symmetry”, a;(A)’s

generate:

Cs(Cle ‘I, ra, Cig - I3, r4)

Y

There are at most 32 non-zero eigenvalues, so we have obtained all of them. Hence,

Spec(ad, Cy) = Cs(Cig - 11, r2, Cig - 3, Fay 0Y)

The above examples suggest that the pattern in Spec(ad, C,,) is somewhat simpler, as

the value of each «;(A) is unique. Indeed, let

_ 0 if 5,n are with the same parity
p(j) =
1 otherwise

for j=1,--- ,n. Then
Spec(ad, Cn) = C2n(CZ(L1) SLE ERR fr(zn) P, O(n)>

where r; = |a;(A)| = QSin(g—Z) forj=1,---,n.
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Now we prove Equation (154). By Equation (152), we obtain

QSin(g—Z) -1 if j even
a;(A) = | (155)
28in (L) - Can - (—4) if j odd

n 3n
for 5 = 1,--- ,n. Note that when n is even, ¢« = (5,, and —i = (,2. When n is odd,

3n+1

n—1
i = Can - Gy 5 and Gy - (—1) = (2 . Thus, p(j) in Equation (154) equals 0 if j,n are

with the same parity, and 1 otherwise. Also, note that

{0y sm1 = 222 ) 15 = 1,00+ 1)

There are n different values in the set {|a;(A)|};=1,.. n. Hence, by “Cp,—symmetry”,
{a;(A)} generates 2n? different non-zero eigenvalues, which exhausts all. The proof of
Equation (154) is now complete, so is the proof Theorem 1.4 for sp,,,. In view of Equation

(155), this also completes the proof of Theorem 1.5 for sp,,.

3.4 Type D,

To apply Theorem 1.3 to a simple Lie algebra of type D,,, we first calculate the compo-
nents of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue.
The type D,, simple Lie algebra, s0s,, is of ADE type. Therefore, its Cartan matrix C' is

symmetric with dimension n X n in the form:
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As in the case of sl,, the Cartan matrix of s0s, has real eigenvalues, with the smallest

being 2 — 2 cos (%), where h = 2n — 2 is the Coxeter number.

Now we calculate a left eigenvector & of the eigenvalue 2 — 2COS(2n7T_2). Let & =
[x1,...,2,]T be such an eigenvector. For computational convenience, we assume z; = 1.
By expanding £C = (2 — 2 cos(57) )&, we have:

T
2—1x9 = 2—2co0s 156
2 (2n — 2) (156)

—1+2$2—.T3 =

s (157)

—Tp_3+2Tp_9 — Tp_1 — Ty = Tpn—2 (159)

—Tp_2 + 2377171 = Tp—1 (160)

- o)
vt = (225 e 1

(22 (50) )

(22 (50) )

T
—Tp_o+ 22, = <2_2COS<2n—2)> T, (161)

From Equations (156)-(158), we observe a recursive relation between components of &:

xlzl,

— 2
x COS X1,

T
Tj= —Tj_o+ 2COS(2n — 2) S Tio1

us
n—2 — —dn— 2 tdn—
Tp—2 Tp—g + COS(Zn—Q) Tp—3

Note that this relation is identical to the relation in the sl,, case. Using the same argument,
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for j=1,---,n — 2, & has components

"(575)
sm{ ——— i/9 —_i/2
2n — 2 o 57/1—2 - 2nj—/2

T 12 —1/2
sin 2n—2 ~ S2n—2
(Qn — 2)

From Equations (159)-(161), we observe the relation between the remaining components

Z'j:

T
Tpo1 = —Tp_3+ 2 COS(Zn 2) - Tp_o — Tp
. Tp—2
Tn—1

2 COS(%ﬂ—z)

Lp—2
Ty =

2 COS(2n7T—2)

We claim that the remaining components of & are

n—1)/2 —(n—1)/2
Tpo1 = Ty = 1 o Z(n—Q)/ - CQn(—Q )/
n—L =/ <n — o 1/2 —-1/2
2 sin( il ) 2<27{0—2 - 2C2n—/2
2n — 2

The entire solution satisfies Equations (159)-(161) since

27 49 T T
CoS CoS

2n — 2 2n — 2 2n — 2
T 27 T T T 1
- — + 2 cos sin| = — - =
<2 2n—2) (2n—2> (2 2n—2) 2
= —sin —(n—3)7r + 2 cos " )sin —(n—2)7r _1

2n — 2 2n — 2 2n — 2 2

s
Tpo1 = —Tp_3 + 2C08(2n — 2) “Xp_o — Tnp

|
|
Q
@}
3}

+

N —
N~ N~ N~

I

|
@,
=

It follows that:

1 c0s (77
2 2008(2n7r_2)
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2n—2
T = T2 =z
n—1 — - n
2008(27%2)
iz —j/2
2n—2 2n—2 .
2 =y for j =1, ,n—2
2n—2 ~ S2n—2

(162)

n—1)/2 —(n—1)/2
o Cén—Q)/ _CQn(—Q )/

™
9 g
2sin (5.7 )

forj=n—1orn
2o s — 2on’

n—2

3.4.1 The First Fundamental Representation of Type D,

In this section, we calculate the cyclic spectrum for the first fundamental representation

of the type D,, simple Lie algebra using Theorem 1.3.

3.4.1.1 Weights

At first, we introduce functionals {y;}i—1.... , on the Cartan subalgebra of s, consisting

of matrices in the form diag(zy,--- ,z,, —x1, -+, —x,) such that:

Hi - diag('rly 5, Ty

In particular, {pq,---

g ) e

s Hny — i1, —n b are the 2n weights in the standard 2n-dimen-

-sional representation of $04,, which is also the first fundamental representation of s0s,.

It is known that the simple roots {a;}i—1.... », for soy, are

i —

o; =

Mn—1 + M

Hit1 fori=1,--- ,n—1

fori=n
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See for example [16, Appendix A.2]. One can see from simple calculations that the weights

for the standard representation of s0,, in terms of simple roots are:

S

Zaz

_Mn:_ 3

\

an—n—1

Furthermore, there is a recursive relation between weights as

forj=1,---,n—1.

3.4.1.2 Cyclic Spectrum

_anl forj=1,---n—1
(163)

_a’“ for j=1,---n—1
M1 = [ — (164)

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

Equivalently, p is chosen as:

for : <n — 2 even
for i <n —2 odd
for i =n —1 or n, if n is even

fort =n —1 or n, if n is odd
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All the simple roots are with the same length, so Equation (5) is equivalent to:
)/2 —2p(j)+1
oj(A) = ;- G5 - (1= 1

By Equation (162) for z;, it yields

5 . .
L\ Vet i) (i
a;(A) = (5) ( o2 — Cop_s : > (165)
where
1 ifje{n—1,n}
6j6{n—1,n} -
0 Otherwise
Equivalently,
( . .
57/12_2 - ;,Zf‘; for j <n —2is even
3 —j/2 /2 . :
Con—2 " (Conla = Con—2) for j <n —2is odd
aj(A) = )
(3) - C3rg ( 2;(7_12_1)/2 — Cg(z:;)/Q) for j =n —1 or n, if n is even
(L) - () = G, for j =n— 1 or n, if n is odd
\

(166)

By Equations (163), we obtain:

pi(A) = (1 = Cona) + (Con2 — Goo) + (G — Gos)

()2 g2 R 1 ()t ngt (-nH"|%]
+ o+ (Gny 7 = Copn )+ 5" (Con2 R G
I ) L K== N G L kY
=1- 5 ’ (C2n72 2o+ C2n72 : )
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When n is odd,

[ e ] e R
When n is even,
e i B R

_1)yn—1|n=1 —_1)n|n
Thus, CQ(ni)Q 27 and ang 1) are symmetric about the origin. Hence,

_1)yn—1|n=1 1| n
Gty G =0 = (A =1

Then, by the relation in Equation (164), we have:

,Uz(A) = ,UI(A) - 041(/\) =1- (1 - C2n72) = Can—2
p3(A) = p2(A) — aa(A) = Con—2 — (Con—2 — Czinlq) = C27n172
pa(A) = pz(A) — asz(A) = C27nlf2 - (C27n172 - <22n72) = C22n72

(—)n2| 252 ()2 252 (G =
Mn—l(A> = ,un—2(A) - O‘n—2(A) = Con—2 = (C2n72 7 = Cona : )

(~)n g
= <2n72 :

fin(A) =0

Therefore,

_1)iL
(M) iz = {52 04 (167)

which contains n — 1 different (2n — 2)-th roots of unity. Note that for any 1 < j < k <

n—1,
k

L)~ CO LS #n 1 = () # ()
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Thus,

L (A) Fimr o V=i (A) Fimt o 1 = 0

Since {—f;(A) }iz1,.. n—1 also contains n — 1 different (2n — 2)-th roots of unity, therefore,

{pa(AN) b icte ot U{=p(A) Yimteme1 = {Gp o | =1,-++ ,2n— 2} (168)

It follows that

Spec(t1, 509,) = Cop_o(1,0)

The part of Theorem 1.4 concerning the first fundamental cyclic spectrum of sos, is now

proved.

Remark 11. Similar to Remark 7, we visualize this spectrum in the complex plane. The

weights in Equation (163) are arranged in ascending order of height as follows:

{pa(A), o (A), - pin(A) = —pn(A) = 0, —pp(A), —pa (A) }

By connecting eigenvalues in this order, Figures 12 and 13 present the cyclic spectra
for the first fundamental representation of type D4 and Ds, respectively. The path
consistently begins with 1, followed by (%, , and its conjugate (5", for K <n — 1. For
i < J, Re(ui(A)) = Re(p; (A)).

3.4.2 The Adjoint Representation of Type D,

In this section, we apply the same approach to compute the cyclic spectrum for the adjoint
representation of s0s,. The dimension of this representation is 2n? — n, so there are at
most 2n% — 2n non-zero eigenvalues. In addition to the n simple roots, the remaining

positive roots of s0,,, are as follows:

Qij =+ 1<i<yj<n-1

A=+ + e+ 1<i<n-1 (169)
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Re

¢ G

Figure 12: First fundamental cyclic spectrum for Dy

(s?

Figure 13: First fundamental cyclic spectrum for Dj

o=+ ai 20+ F 20 0t o, 1<i<j<n—1

As in [3, Plate IV], the remaining positive roots of 50y, can be written as linear combi-
nations of the first fundamental weight. By Equation (167), the remaining eigenvalues

are as follows:

(=)7L

-1’3 .
i (N) = pa(A) = i (A) = ¢4V = ¢l 1<i<j<n-—1
(M) = pu(A) + (A = S 1 <<
/ -1t —-1)7(3 .
a(A) = p(A) + i (A) = o U G 1 <icj<n—

ij
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But the information about radii and multiplicities in the spectrum is not explicit. To

understand the patterns in the adjoint spectrum, we first go through several examples.

Example 3.11. Consider the case of Dy, sog. As before, we choose the bi-coloration:

By Equation (136), we obtain

ar(A) =G (G 7= ¢ =n - ¢
Oéz(A):Ca—Ce_l:Cm'rz'Cﬁ

03(A) = au(h) = 3Go- (G~ @) =1y @

where r; = 2sin(%) = 1 = r3,r; = 2sin(%). Thus, a1 (A) = az(A) = au(A) = ¢§. Upon

checking the Dynkin diagram, it also follows that:

ag3(A) = ay(A) = a1 2(A) = Go

c1a(A) =} (A) = a4(A) = 1

9

Therefore, by “(s-symmetry”, the circle Cg(1) is with multiplicity 3. Hence, a;(A)’s
generate:

06(1(3)7 Ciz - r2)

There are 24 roots in total, so we have obtained all non-zero eigenvalues. Hence,
Spec(ad, Dy) = 06(1(3)7 Ciz2 - 1o, 0(4))

Example 3.12. Consider the case of D5, s019. As before, we choose the bi-coloration:
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—_
[\
w

By Equation (166), we obtain

Oél(A) = (16 (Cgl/Q - 5/2) = (611 - CS
ar(A) =G — Gt =ra-(§
03(A) = Gie - (G = Q) = Gio 1s - (¢

ou(N) = as(A) = 3G -GN =ri- @

where r; = 28111(%), ro = 2sin(§), ry = 28111(%”), r, = 1. In addition,

Therefore, by “(s-symmetry”, the circle Cs(rs) is with multiplicity 2. Hence, a;(A)’s

generate:

CS(QG -1, ra, Cie - I3, Vf))

There are 40 roots in total, so we have obtained all non-zero eigenvalues. Hence,
Spec(ad, Ds) = Cs(Ci6 - 115 r2, Ci6 - I3, riz)’ 0(5))

Example 3.13. Consider the case of Dg, $015. As before, we choose the bi-coloration:

—_
)
w
e
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By Equation (166), we obtain

() =G (G = G =11+ ¢
0a2(A) = Go = Gio =G -2+ Chy
as(A) = Gao - (Gio” = Gi7) =3 ¢
() = = (i = G- G

as(A) = ao(N) = 3G+ (G0 ~ ) =15 Gy

where ry = QSin(lﬂ—O), ro = QSin(%), rg3 = 2sin(?1’—g), ry = 2sin(2§), r; = 1. In addition,

au5(A) = o) (A) = (i

9

Therefore, by “(io-symmetry”, the circle Cio(rs) is with multiplicity 2. Hence, a;(A)’s

generate:

2
Clo(h, Coo * F2, 3, Cop * 4, ré ))

There are 60 roots in total, so we have obtained all non-zero eigenvalues. Hence,

Spec(ad, Dg) = Cio(r1, Ca0 - 1o, r3, Coo - ra, l’éQ), 0())

Example 3.14. Consider the case of D7, s014. As before, we choose the bi-coloration:
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By Equation (166), we obtain

o (A) =G (62 = G87) = G r -
as(A) = — (5 =12+
as(A) = G- (G = G%) = G- 13- G
au(N) = b — (P =1 ¢
a5(A) = G- (7 = (%) = Goa 15+ Cy

1
as(A) = az(A) = 5(@)’2 —C1p) =16 (i

us

6) =1= e, r3 = 281n(%)7r4 = 2Sin(£)’r5 - 28111(51)

where r; = QSin(l%), ro = 2Sin( 3 12

Thus, az(A) = ag(A) = az(A) = ¢},. Upon checking the Dynkin diagram, it also follows

that:

Additionally, similar to Example 3.8, since
C122 + §1_22 =1

Hence, we obtain:

a13(A) = as6(A) = ag(A) = <f22

Upon checking the Dynkin diagram, it also follows that:

ara(A) = age(A) = af(A) = (G,

ar5(A) = ar6(A) = o 5(A) =1
Therefore, by “(io-symmetry”, the circle Ci2(1) is with multiplicity 3. Hence, a;(A)’s
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generate:

Cm({u I, 1(3)7 Coa * 13, Ta, Coa - r5)

There are 72 roots in total, so we have obtained all non-zero eigenvalues. Hence,
Spec(ad, D7) = C12(Cas - 11, 1(3)7 Co4 " 13, T4y Cog - Ts, 0(7))

The above examples suggest the following patterns in Spec(ad, D,,).

1. If n# 1 mod 3, let

. 1 if j,n are with the same parity
p(j) =
0 otherwise

forj=1,---,n—1. Then

Spec(ad, D) = Cop_o(21,"+* , Zn_2, P O(")) (170)

n—1»

where z; = (P9, v, for r; = oy (A)] = 2sin(555) for j=1,--- ,n— 1.

2. If n =1 mod 3, such that n = 3k+1 for some positive integer k, let p(j) be defined

as in the previous case for j =1,--- ,n — 2. Then
Spec(a‘dv Dn) = CQn—Z(Zh Cty Rk—1, Z]E/‘S)’ Rk41y""" 5 Zn—2, O(n)) (171)
where z; = CZ@ZL -r; for r; = |a;(A)| = 2sin(555) for j=1,--+ ,n—2.

Now, we prove the above two equations to prove the corresponding part of Theorem

1.4. Consider the first case when n Z 1 mod 3. By Equation (166) and the calculation
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of 11;(A) in the previous section, we obtain:

(

2sin(5255) -i if j <n—1even

2n—2
a;j(A) = 4 2sin(5255) - Gpa - (i) if j <n—1odd (172)
_qyn|n=1
SO i j=n—1n
\
n—1 3(n—1)
Note that when n — 1 is even, i = (,,} 5, and —i = (,,> . When n — 1 is odd, i =

n—2 3n—4
Can—a - Co2 oy a0d Cun—y - (=) = (5,2 5. Thus, p(j) in Equation (170) equals 1 if j,n are

with the same parity, and 1 otherwise. Also, since n # 1 mod 3, thus

{28111(2Tf7i2> lj=1,--- n=2}Nn{1} =0

In other words, each a;(A) when j = 1,--- ,n — 1 yields a distinct eigenvalue with a

distinct radius. By the “(s,_s-symmetry”, they generate
C2n—2(C£sl—)4 IS TR Cﬁ’r(zn—jll) 1)
as in Equation (170). Additionally, since:
@i (A) = an(8) = G0 = () (173)
Upon checking the Dynkin diagram, it also follows that
Qg (8) = af(A) = 15 = () (174)

forj=1,--- n—2. By Equation (168), it implies that the circle Cy,_2(1) has multiplicity
2. There are n(2n — 2) roots in total, so we have exhausted all non-zero eigenvalues. The
proof of Equation (170) is now complete.

Now we prove the other case when n = 3k + 1 for some positive integer k. The
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argument is almost the same as the previous case, except when j = k, r; = 1, the
circle Cy,_5(1) has triple multiplicities. By Equations (173) and (174), the multiplicity
of Cy,_2(1) is doubled. The next argument is very similar to the argument of the double

multiplicity in type B,. Since n = 3k + 1, it follows that:
k —k (T
Con—o t Cono = 231“(‘) =1 (175)
Referring to the proof of Equation (142) in type B, we obtain

(M) = an 1 (A) = an(A) = 50T = () (176)

O e

W jrti(N) = an1-jn1(A) = O‘;L—l—j(A) = Gop—2 = pn-1-j(A) (177)

for j =1,--- ,k — 1. Upon checking the Dynkin diagram, Equation (176) implies that:

(—1)k AL

Oék;,n—2(/\) = Oék;+1,n—1(A) = a;c+1(A) = CQn—2 = Mkz+1(A) (178)

/ A) = A) = al(A) = Sl 179
ak—i—l,n—l( ) = agn-1(A) = aj(A) = (g = pr(A) (179)

For any j =1,--- ,k — 1, Equation (177) implies that:

.
(~D g

f—jn—2—j (A) = O‘k+j+1,n71(A) = 042:+j+1(A> = Con—2 = Mk+j+1(A) (180)

(—1)k7 B
a;c+j+1,n—j—1(A) = O‘kfj,nfl(A) = @;c—j (A) = Gpns = Hk—j (A) (181)

Combine the eigenvalue in Equations (176)-(181), they form {u;(A)}iz1... n—1. Hence, it
implies that the circle Cy,_5(1) is with multiplicity 3. The proof of Equation (171) is
now complete. The proof of Theorem 1.4 for so0s, is also complete. In view of Equations

(170), (171), and (172), this also completes the proof of Theorem 1.5 for sog,.
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3.5 Type ¢

To apply Theorem 1.3 to a simple Lie algebra of type ¢, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type ¢¢ simple Lie algebra is of ADE type. Therefore, its Cartan matrix C' is symmetric

in the form:

The smallest eigenvalue of C' is 2 — 2005(%), where the Coxeter number h = 12. Then,

we calculate a left eigenvector @ of the eigenvalue 2 — 2 cos(%) as:

. Co+ (ot +1 _ ~ _ T
x L, %» 112/2 + C121/2, Cro+ G + 1, 112/2 + C121/27 1 (182)
12/ + Cio /

3.5.1 The First Fundamental Representation of ¢4

In this section, we calculate the cyclic spectrum for the first fundamental representation

of the type ¢ simple Lie algebra using Theorem 1.3.

3.5.1.1 Weights

Let {€;}i=1.. s be the canonical basis for R®. Referring to [3, PLATE V], the highest

weight of the first fundamental representation of ¢g is given by

1
= 1(2/3)(es — €7 — €6) = 5(4041 + 3ag + bas + 6ay + das + 2a5) (183)
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where ayq, - -+ , ag are simple roots of ¢g. They can be written in terms of ¢;’s as:

1 1
a1:§(e1+es)—§(€2+63+e4+65+66+67)
Qo = €1 + €9
(i3 = €9 — €7
y = €3 — €9 (184)
(5 = €4 — €3

g = €5 — €4

The dimension of the first fundamental representation of eg is 27. Next, we show the

remaining 26 weights are:

1
—é,uzlzei for1<i<5h (185)

1 1
"3 Zciei where the ¢;’s are &1 such that ch- =1 (186)

For convenience, we denote weights —%[L + ¢; as €. Also, let C*"* denote the weights

5
lell— %Zciei where ¢;, =+ =¢;,, = —1for £ <5. When ¢; = -+ = ¢5 = 1, denote it
by C°. -

We use Python to find the remaining 26 weights by repeatedly applying simple reflec-
tions to p until obtaining all 26 of them. Details are included in Appendix 3.5.3. Similar

to the successor diagram between positive roots, we draw a successor diagram of these

weights. Two weights are connected if their difference is a simple root.
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C2345

61345

C1245

N
e

1235

C45

\

CS5 C1234

Figure 14: The Successor Diagram of the First Fundamental Weights of eg
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3.5.1.2 Cyclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

—_
w
e
ot
(@)

Equivalently, p is chosen as:

‘ 0 ifi=1,4,6
p(i) =
1 ifi=235

All the simple roots are with the same length, so Equation (5) is equivalent to:

)/2 —2p(j)+1
a(A) =y (I (1= ("

By Equation (182) for x;, it yields

—(+1 ifj=1,6
_§§2+2§122_1 ifj =2

—Cfb - C122 + le ifj =4

By Equation (183), we obtain:

u(A) = %(4041(/\) + 3aa(A) + bas(A) + 6as(A) + 4as(A) + 2a06(A))

=1

174

(187)



By Equation (184), we obtain:

€1 =ay/2 —az/2

€ = an/2 4+ az/2

€3 =an/24+ az/2+ oy

€4 =0an/24+ az/2+ ay + as

€5 =a9/2+ as/2+ ay+ a5 + ag

Then, we obtain:

e1(A) = aa(N)/2 — a3(A) /2 = =y + (Fy —

DO | —

e2(A) = as(A)/2 + a3(A)/2 = ¢4 — %

es(A) = a(A)/2 + 05(A) /2 + aa(A) = ~Chy + G —

ex(A) = as(A)/2 + ag(A)/2 + as(A) + as(A) = ¢p — %

e5(A) = 2(A)/2 + az(A)/2 + au(A) + a5(A) + as(A) = %

These (;2—polynomials can be rewritten in the form given in Theorem 1.4. We will give
an example in the case of eg later on in Remark 15. Let r; = 1, and by the Cyclotomic

polynomial ®5 = 2* — 22 + 1, we have equations:

Glz = 6122 —-1= _Cllg

Cir’z = CfQ — G2 = — 1121

Gy = —1 (188)
<172 = —Ci2

C182 = _<122

C?Q = _<?2
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Let:
5T 5 _3
ro = 2cos (E) = <122 - Clz2

Then, by Equations (185) and (186), it follows that:

€ (A) =~y + (G — 1= G 1l
e (A) = Gy — (o = Gou - 1ol
(A= —1=0Y

e (A) =~ =Gy

5 (A) = —Ch+ G — 1 = G- 1ol

€5 (N) =y — G2 = (i

€1 (A) = Go = 1= Goa - 1ol

er(A) = —Cpp =y

X (A) =0

€5 (A) = —1 = (j)

COA) = (s = (s = Gra + 1 = Gaa - 1o
C(A) = (= G2 = Goa - 1ol
CP(A) =~y = ()

C*(A) =0

C(A) =1 = Ci2 = Caa - raliy
CH(A) =0

CH(A) = (i

CP(A) = ¢y — Cla+ 1= Cos - 1oy
CH*(A) = —=(Fy + Ci2 = Cos - 1219
CP(A) =~ +1=(5

645(/\) = Cf2 - C122 +1=Cua-r
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CHI(A) = ¢y

CBHBN) = -+ G =
C2P(A) = ¢,

CPP(A) = =Cly + (= G - rali

CPHA) = =+ +Ca— 1= Cou 12y

Hence,

Spec(y1, e5) = Cha(1, Coa - 12y 0P)

Applying the Simplify Cosine program from Appendix 1.3 to choose an appropriate

overall scaling, we obtain the equivalent expression

Spec(ir, ¢5) = Cha(21, 22, 0P))

where z;’s are as listed in Table 1. The part of Theorem 1.4 concerning the first funda-

mental cyclic spectrum of eg is now proved.

Remark 12. Similar to Remark 7, we visualize this spectrum in the complex plane. The
graph is as shown in Figure 4. By connecting eigenvalues in ascending order of the heights

of their weights, we can see that the real parts of the eigenvalues are non-increasing.

3.5.2 The Adjoint Representation of Type ¢4

In this section, we apply the same approach to compute the cyclic spectrum for the
adjoint representation of eg. The dimension of this representation is 78, so there are at

most 72 non-zero eigenvalues. For convenience, we denote the root

apy + ot ag, = (k- k)

for 1 <n < 6. If any simple root in the linear combination appears m times for m > 2,

then we put m — 1 bars on top of the index of the simple roots. Then, given the highest
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root as:

(1?312156) =)+ 2&2 + 2@3 + 30(4 + 20&5 + o

Similar to the first representation, by the programming results as in Appendix 3.5.3, we

obtain the successor diagram of ¢g as such:

(123456)
|
(123456)
(123456)
/ \

(123456) 23456)
/N / \
(12345) (123456) (23456)
| / | \
(12345) (123456) (23456)
/%&m
(12 (13456) (2345) (23456)

/ \ Vs SRN
(1234) 45) (2345) (2456) (3456)
\ X >
(134) (234) (245) (345) (456)
\ >
(13) (24) (34) (45) (56)

Figure 15: The Successor Diagram of the Positive Roots of ¢4

Now we calculate the pairings between roots and A. Similar to Remark 15 later on,
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by Equation (188), let

T 3 _3
= 2005(1) = (fy + G

ro = 1
9 ™ om 3
rg =2 COS(Z> cos{ 15 | = —(iy+ 2, —1

om 5 -
ry = 2cos <E) = Gy + G

Then, by Equation (188), we obtain:

(123456)(A) = ~Cf, + ¢l + G2 = G-
(123156)(A) = —C, + G2+ 1 = Gau - 11
(123456)(A) = ¢ + 1 = Cog - 11C1o
(123456)(A) = (123456)(A) = pu(A) = 1
(12345)(A) = (23456)(A) = C*®(A) = (1o
(123456)(A) = —(y + 1 = Cos - 11y
(12345)(A) = (23456)(A) = CPP(A) = —(y + C12 = (iz
(123456)(A) = Ty — Ci2 + 1 = r3Co
(12345)(A) = (23456)(A) = C**(A) = (3,
(13456)(A) = Cio — (fy — G2 + 1 = 1303,
(2345)(A) = =}, +2¢2 — 1 =13
(1234)(A) = (2456)(A) = C™*(A) = —CFy + (F = Gaa ~ 1aCiy
(1345)(A) = (3456)(A) =C*(A) = (o = (+1=Cu 1y
(2345)(A) = (T + G2 — 1 = Gaa - 11
(134)(A) = (456)(A) = C*(A) = (i +1 = (i3
(234)(A) = (245)(A) = C™*¥(A) = —(i + (y + Q2 — 1 = G

(345)(A) = Cf2 - C122 + G2 = r3C122
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Hence,

(13)(A) = (56)(A) = C*(A) = (fy — Cio + 1 = Caa - 1u(fy
(24)(A) = =2 + (o + Go — 1 = 13033
(34)(A) = (45)(A) = C**(A) = —(Fy + Cio = Coa - 1alyy
ar(A) = ag(A) = CP(A) =1 Cio = G - 1aCly
as(A) = =iy + 2¢F, — 1 = r3(3y
az(A) = as(A) = C*(A) = (3

ag(A) = =3 = (o + G = G - 11y

Spec(ad, e5) = Cia(Coa - 11, 12, 13, Goa - 1Y, 09)

In view of the values of «;(A) given in the above equations, this also completes the proof

of Theorem 1.5 for e¢s. Applying the Simplify Cosine program again, we obtain the

equivalent expression

Spec(ad, 66) = 012<Zl7 252)7 23, Z£2)7 0(6))

where z;’s are as listed in Table 2. The proof of Theorem 1.4 for e¢g is now complete.

Remark 13. Similar to Figure 4, we plot the eigenvalues in Spec(ad, ¢¢) in the complex

plane, and annotate corresponding positive roots.
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(2345)

(123456)

(12345)
(23456) _
(123456)

(123456)

(123156)

(123456)

Qg

3.5.3 Appendix: Weights Finder

We now provide a Python implementation for calculating all the weights of the first
fundamental representation of ¢s. The algorithm needs the Cartan matrix C' and the
highest weight p to initialize. Then, the algorithm contains three steps:

Step one: generate all the simple reflection matrices based on the given Cartan matrix.
The matrix of a simple reflection S; of a simple root a; on chosen set of simple roots

A=A{ay, - ,a,} is defined as

5= (150k | (Sonla | | S600k)

where [S;(a;)] 4 is the coefficient column vector of S;(a;) based on the set A. Recall in
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Definition 1.2, we know the simple reflection S; is defined as:

QOCZ' o7

SZ‘(OZJ‘) = O./j — ( ) o; = O[j — Cjiaz-

2
a;

Therefore, we deduce that the (kj)th entry of the matrix S; is:
Oj — Cjili
Notice that for any fixed simple reflection S;, if k& # 4, then

(Si)kj = On;

I fe = i,
(5i)ij = 0ij — Cji

Therefore, we deduce that

where Ej; is the matrix having 0 at every entry except the (i7)’th entry being 1. Based
on this formula, we generate all the simple reflection matrices and collect them in the set

R. The following is the pseudo-code of this step:

Algorithm 1 Generate the matrices of simple reflections given the Cartan matrix

Require: C > Cartan matrix
for 1 < 1 tor do
end for
R+ {51,...,5} > set of reflection matrices

Step two: apply simple reflections repeatedly to the highest weight u following the
breadth-first-search (BFS) algorithm. Firstly, the highest weight ;1 can be represented
as a coeflicient vector based on the set A. Specifically, for eg, based on the set of simple

roots {ay, -+, ag}, the highest weight pu of the first representation can be represented as
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the vector:

4 4
~ 1 5 2 = Z
3 3 3

Then, we perform BFS to generate all the weights. Concretely:
1. Initialize a queue with p and mark p as seen.

2. While the queue is nonempty, pop a weight v, apply each simple reflection in R to
obtain w = S;v, and if w has not been seen, enqueue w, mark it as seen, and record

it.

3. When no new weight appears, all weights have been generated. Count the number
of weights in the record, and print out the statistics. If the number of weights agrees

with the dimension, then we obtain all the weights.

The BFS will eventually terminate because the representation is finite-dimensional (here
27 dimensional), and the Weyl group also with finite order. This algorithm also will not
yield repeated weights, thanks to the “seen” set, so that we never revisit a weight. The

following is the pseudo-code of this step:

Algorithm 2 Enumerate all weights of a minusicle representation given the highest
weight

Require: p > highest-weight vector
to_explore < [u]
all weights < {u}
while to_explore # @ do
v < first element of to_explore
remove that element from to_explore
for M € R do
w < Mo
if w ¢ all weights then
add w to all weights
append w to to_explore
end if
end for
end while
let total + |all_weights|
print “Total weights: 7, total

183



Final step: calculate the height of each weight, group weights by height, and list them
in descending order. This step is helpful to visualize the weights in the successor diagram

shown in Figure 14. Overall, the code of this algorithm is as follows:

import numpy as np
from fractions import Fraction
from collections import deque

from collections import defaultdict

def frac(vec):

return [Fraction(x) for x in vec] #coding convenience

def simple_reflections(C):

n = C.shape[0] #rank

CT = C.T # transpose once

I = np.eye(n, dtype=int) # identity matriz
S_list = []

for i in range(n):
# E_{ii} C°T = outer product of e_i and column % of C
row_update = np.outer(I[i], CT[il)
S_list.append(I - row_update)

return S_list
def list_weights_from_cartan(C, mu):
# 1) build reflection matrices

R = simple_reflections(C)

# 2) breadth-first search

queue = deque([mu])

seen {tuple(mu)}
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weights = [mu.copy()]

while queue:
v = queue.popleft()
for M in R:
w=MOQwv
key = tuple(w)
if key not in seen:
seen.add (key)
queue . append (w)

weights.append (w.copy())

# 3) report the total number
total = len(weights)

print(f"Total weights found: {total}\n")

# 4) group by height = sum of coordinates
by_height = defaultdict(list)
for w in weights:

h = sum(w)

by_height [h] .append (w)

# 5) print from largest to smallest height
for h in sorted(by_height.keys(), reverse=True):
line = " ".join("[" + ", ".join(str(x) for x in w) + "]"
for w in by_height[h])

print (f"Height {h}: {line}")

return weights, total
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Now, we input the Cartan matrix and the highest weight u:

C = np.array([[2,0,-1,0,0,0],
(0,2,0,-1,0,01,
[-1,0,2,-1,0,0],
fo,-1,-1,2,-1,0],
(0,0,0,-1,2,-11,
(0,0,0,0,-1,2]

D

mu = frac(['4/3', '1', '5/3', '2', '4/3', '2/3'])

Plugging into the function list weights from cartan, we obtain the following output:

weights, total = list_weights_from_cartan(C, mu)

Total weights found: 27

Height 8: [4/3, 1, 5/3, 2, 4/3, 2/3]

Height 7: [1/3, 1, 5/3, 2, 4/3, 2/3]

Height 6: [1/3, 1, 2/3, 2, 4/3, 2/3]

Height 5: [1/3, 1, 2/3, 1, 4/3, 2/3]

Height 4: [1/3, 0, 2/3, 1, 4/3, 2/3]1 [1/3, 1, 2/3, 1, 1/3, 2/3]

Height 3: [1/3, 0, 2/3, 1, 1/3, 2/3]1 [1/3, 1, 2/3, 1, 1/3, -1/3]

Height 2: [1/3, 0, 2/3, 0, 1/3, 2/3]1 [1/3, 0, 2/3, 1, 1/3, -1/3]

Height 1: [1/3, 0, -1/3, 0, 1/3, 2/3]1 [1/3, 0, 2/3, 0, 1/3, -1/3]

Height 0: [-2/3, 0, -1/3, 0, 1/3, 2/3] [1/3, 0, -1/3, 0, 1/3, -1/3] [1/3,
~ 0, 2/3, 0, -2/3, -1/3]

Height -1: [-2/3, 0, -1/3, 0, 1/3, -1/3]1 [1/3, 0, -1/3, 0, -2/3, -1/3]
Height -2: [-2/3, 0, -1/3, 0, -2/3, -1/3]1 [1/3, 0, -1/3, -1, -2/3, -1/3]

Height -3: [-2/3, 0, -1/3, -1, -2/3, -1/3] [1/3, -1, -1/3, -1, -2/3, -1/3]
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Height -4: [-2/3, -1, -1/3, -1, -2/3, -1/3]1 [-2/3, 0, -4/3, -1, -2/3, -1/3]
Height -5: [-2/3, -1, -4/3, -1, -2/3, -1/3]
Height -6: [-2/3, -1, -4/3, -2, -2/3, -1/3]
Height -7: [-2/3, -1, -4/3, -2, -5/3, -1/3]

Height -8: [-2/3, -1, -4/3, -2, -5/3, -4/3]

It is known that the first representation of eg is 27-dimensional, so we have obtained all

the weights for this representation.

3.6 Type ¢;

To apply Theorem 1.3 to a simple Lie algebra of type e7, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type e; simple Lie algebra is of ADE type. Therefore, its Cartan matrix C' is symmetric

in the form:

2 0 -1 0 0 0 O
0O 2 0 -1 0 0 0
-1 0 2 -1 0 0 0
C=10 -1 -1 2 -1 0 0

The smallest eigenvalue of C'is 2 — 2005(%), where the Coxeter number h = 18. Then,

T

18) as:

we calculate a left eigenvector & of the eigenvalue 2 — 2 cos(

» Gs+1+Gs o, 12 o Gt Gs 1+ Gy + G
v :<1 H? 18/ +C18/ , G+ 1+Gg, =8 181/2 —11/82 -
18 +C18 18 +<18
B <2 + C72 T
Cis + Cigs % (189)
18 18
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3.6.1 The Seventh Fundamental Representation of e¢;

In this section, we calculate the cyclic spectrum for the seventh fundamental representa-

tion of the type e; simple Lie algebra using Theorem 1.3.

3.6.1.1 Weights

Let {€;}i=1... g be the canonical basis for R®. Referring to [3, PLATE VI], the highest

weight of the seventh fundamental representation of e; is

1
= 5(68 —€7) + €

1
= 5(20[1 + 3@2 + 40(3 + 6064 + 50&5 + 40[6 + 3@7) (190)
where aq, - -+ , ag are simple roots of ¢g. They can be written in terms of ¢;’s as:

Oél:%(61—0—68)—%(62+63+€4+65+66+67)
Qo = €1 + €9
3 =— €9 — €1
g — €3 — €9
5 =— €4 — €3
Qg — €5 — €4

Q7 = €5 — €5

The dimension of the seventh fundamental representation of e¢g is 56. Next, we show the

weights are:

t(u—(este))  forl1<i<6 (191)
6

1

5 Ci€i where the ¢;’s are £1 such that H ¢ =1 (192)
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For convenience, we denote weights + (1 — (€5 - ¢;)) as %%, Also, let C'% denote the
6

weights %Zciei where ¢;, = -+ =¢;, = —1for k <6. When ¢; = --- = ¢ = 1, denote
it by C°. =

Similar to the proof in the previous section of e, we use Python to generate the
remaining 55 weights by repeatedly applying simple reflections to p until obtaining all
56 weights. The code is the same as in Appendix 3.5.3, except that the matrices and

vectors representing simple reflection and simple roots are customized for e;. Based on

the results from the programming, we draw a successor diagram of these weights.
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3.6.1.2 Cyclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

Equivalently, p is chosen as:

‘ 0 ifi=1,4,6
p(i) =
1 ifi=23,57

All the simple roots are with the same length, so Equation (5) is equivalent to:
)/2 —2p(j)+1
a;(8) = ;- (7 (1= ¢

6

Recall the Cyclotomic polynomial: ®;5 = 2% — 2% + 1. As a consequence, we obtain the

following identities:

C?s - C?s —-1= _Clls5 = _<1_83

5178 - Gls - C18 = _Cllg = _C1_82 (193)
Cfs = Gﬁs - C128 == 11g = _Cl_Sl
C?s =—1
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Referring to these identities, by Equation (189) for x;, we obtain and simplify the values

of a;;(A) as:
(
—Csg+1 forj=1
5Gis + 3 — 3¢ + 5C%s — 5Gs + 5 for j =2
(s — (fs + Gis for j=3
aj(A) =< —¢5 forj=4 (194)

_%Cir)s + %Cfg + %C%s + §C128 - %CIS - % for j =5

<158 —Gls - <?8+C18 for j =6

\‘%Cir)s - %Cfg + %Cf’s + %§128 - %C18 - % for j =17
By Equation (190), we obtain:

() = %(2&1(/\) + 3aa(A) + 4as(A) + 6a4(A) + 5as(A) + dag(A) + 3ar(A))

1 2 2 2 1 1
= —gCir)S - ggfs + §<:138 + §C128 + §C18 - g
Now we show p(A) = (36/(2cos(3%)). Using
k g _g
Cos(l_g) _ % (195)
for k=1,---,18, we obtain that
g ap
(36 * - = - = 7y — -
2 cos(?—S) 2 COS(?—g) %2 + C185/2 (% + (i

We also have that:

1
p(A) - (G + ') = (=Gl = Cs = 2005 = 2Gs + 200 + 2+ 2G5 + 2G' + s + G
— (s —Gis)
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1
= 3 (G = G = G = 2G5 + 2 = 2Gus + 20 + 2+ 2G5 + 20 — 2+
+ s+ G~ Cis — G+ ¢G5 — 1)

=1

Hence, p(A) = (36/(2cos(3%)). Next, we perform analogous computations for all the
seventh fundamental weights of ¢7, using the weights generated by the Python functions
described earlier. Following the same procedure as in the calculation for p(A), and
employing SageMath to carry out computations in the algebra of (js-polynomials, we

obtain the following eigenvalues. Let

r 1 r -t rg = os(15) (196)
b 2cos(3%) 2T 2 cos (%)’ °T 2 cos (%) cos(3%)

PP () = p(A) — ar(A) = s - ndig
pHA) = p(A) — as(A) = ar(A) = Gso - 1Gis
P2 (A) = p(A) — as(A) — ag(A) — ar(A) = Go - rigis
p2(A) = pu(A) = ag(A) = as(A) — as(A) — a7(A) = G - 1icis
PHA) = (D) = az(A) — as(A) — as(A) — ag(A) — ar(A) = (6 12
pHA) = p(A) — az(d) — aa(A) = as(A) — ag(A) — ar(A) = 6 - r2Cig
pP2(A) = p(A) — az(A) — az(A) — as(A) — as(A) — ag(A) — az(A) = Go - 11is
CO(A) = p(A) — ar(A) — az(A) — as(A) — as(A) — as(A) — ar(A) = G - 126y
C2(A) = p(A) — ar(A) — az(A) — az(A) — as(A) — a5(A) — as(A) — ar(A) = G - raGis
PP (A) = p(A) — az(A) — as(A) — 2a4(A) — as(A) — ag(A) — ar(A) = (a6 - r2(is
CP(A) = u(A) = ar(A) — az(A) — az(A) — 2a4(A) — as(A) — ag(A) — az(A) = Gz - 1
PHA) = (D) — az(A) = az(A) — 204 (D) — 2a5(A) — ag(A) — ag(A) = Ge - r2¢i3
CE(A) = p(A) — ar(A) = az(A) = 2a5(A) — 204(A) — as(A) — ag(A) — ar(A) = (6 - 13
CH(A) = u(A) — ar(A) — az(A) — az(A) — 2a4(A) — 2a5(A) — ag(A) — ar(A) = a6 - ra(ig

PP (A) = p(A) — az(A) — az(A) — 204 (A) — 2a5(A) — 2a6(A) — az(A) = Ga6 - 13¢ss
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C*(A) = p(A) — ar(A) = az(A) = 2a5(A) — 2a4(A) — 2a5(A) — ag(A) — ar(A) = Ge - niGis

CP(A) = p(A) = ar(A) = az(A) — az(A) — 2a4(A) — 2a5(A) — 2a6(A) — ag(A) = (a6 - r2is

pFO(A) = p(A) — az(A) — as(A) = 2a4(A) — 2a5(A) — 206(A) — 2a7(A) = Gs6 - r3Cis

CH(A) = u(A) = ar(A) = az(A) = 2a5(A) = Baa(A) — 2a5(A) — ag(A) — ar(A) = (a6 - iy

CP(A) = p(A) — ar(A) — az(A) — 2a3(A) — 2a4(A) — 205(A) — 2a6(A) — ar(A) = G - r3Cis

CH(A) = p(A) — ar(A) = az(A) — as(A) — 204 (A) — 2a5(A) — 2a6(A) — 2a7(A) = (36 - r3(s
CPHA) = p(A) — ar(A) — 2a2(A) — 2a3(A) — 3aa(A) — 2a5(A) — ag(A) — a7(A) = G6 - r3lis

CP(A) = p(A) — ar(A) — az(A) — 2a5(A) — 3aa(A) — 2a5(A) — 2a6(A) — az(A) = G - 1

C?(A) = p(A) — ar(A) — az(A) = 2a5(A) — 2a4(A) — 2a5(A) — 2a6(A) — 2a7(A) = a6 - r2(i5
C(A) = p(A) — ar(A) = 2a2(A) — 2a3(A) — 3as(A) — 2a5(A) — 2a6(A) — a7(A) = a6 - r3Cis

C¥(A) = u(A) — a1 (A) — as(A) — 2a3(A) — 3as(A) — 3as(A) — 206(A) — az(A) =0

CP(A) = u(A) = ar(A) = az(A) = 2a5(A) — Baa(A) — 2a5(A) — 2a6(A) — 2a7(A) = a6 - 12l
CP(A) = u(A) — a1 (A) = 2a2(A) — 2a3(A) — au(A) — 3a5(A) — 2a6(A) — az(A) = Gso - 12013
C230(A) = p(A) — ar (A) — 2a2(A) — 2a3(A) — 3as(A) — 2a5(A) — 2a6(A) — 2a7(A) =0

CH(A) = p(A) — ar(A) — az(A) = 2a5(A) — 3as(A) - 3a5(A) — 2a6(A) — 2a7(A) = Co - 13Gi3
CP(A) = u(A) — ai(A) = 2a2(A) — 2a3(A) — 4as(A) — 3as5(A) — 2a6(A) — a7(A) = (a6 - r2(s
C(A) = u(A) — ar(A) = 2a2(A) — 2a3(A) — 3as(A) — 3as5(A) — 2a6(A) — 2a7(A) = (a6 1iGis

CP(A) = u(A) — ar(A) — az(A) — 2a5(A) — 3aa(A) — as(A) — 3ag(A) — 2a7(A) = Ca6 - r3(Ts
CP(A) = p(A) — a1 (L) — 2a2(A) — 3az(A) — 4as(A) - 3as(A) — 2a6(A) — az(A) = (6 r3is
CHP(A) = u(A) — ar(A) = 2a2(A) — 2a3(A) — 4aa(A) — 3a5(A) — 2a6(A) — 2a7(A) = (a6 - r3(s
CH0(A) = u(A) — a1 (L) = 2a2(A) — 2a3(A) — 3aa(A) — 3as5(A) — 3ag(A) — 2a7(A) = (a6 - 13Gi3
—1P(A) = a6 - r3(s
CP(A) = u(A) — a1 (A) = 2a2(A) — 3az(A) — 4aa(A) - 3a5(A) — 2a6(A) — 2a7(A) = Ga6 - 12613
CH%(A) = (D) — ai(A) = 2a(A) — 2a3(A) — day(A) = 3as5(A) — 3ag(A) — 2a7(A) = 6 - 11T
—u*(A) = Gao - ralis
CFO(A) = (D) — ar(A) = 2a(A) - 3az(A) — day(A) = 3as5(A) — 3as(A) — 2a7(A) = (6 - 13(7s
CHP(A) = u(A) — ar(A) = 2a2(A) — 2a3(A) — 4ag(A) — das(A) —3ag(A) = 2a7(A) = ~Cz6 - 13
—H(A) = Gao - ol

(2456 (A) = p(A) — a1 (A) — 2a9(A) — 3as(A) — dayg(A) — das(A) — 3ag(A) — 2a7(A) = (36 - r1(1182
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—1(A) = 6 ralis
CH%(A) = p(A) — ar(A) = 2a5(A) — 3az(A) — 5as(A) — das(A) — as(A) — 2a7(A) = Ca6 - r2(is
—u*2(A) = Ga6 - 11
CH0(A) = p(A) — ar(A) = 3az(A) — 3az(A) — 5as(A) — das(A) — 3ag(A) — 2a7(A) = e - ra(is
—u~H(A) = Gao - 12
T A) = — (a6 12
—u72(A) = Gao - s
—n73(A) = Ga6 - 11
—p7HA) = Ge 1y
17 (A) = Ga6 - 11

—#(A) = (361

Hence,

Spec(¢7, 37) = 018(C36 -1, G36 - ra, (36" I3, 0(2))

It is equivalent to:

018(r17 re, r3, 0(2))

Applying the Simplify Cosine program from Appendix 1.3 to choose an appropriate

overall scaling, we obtain the equivalent expression

Spec(¢7,e7) = C'18(21, 22, 23, 0(2))

where z;’s are as listed in Table 1. The part of Theorem 1.4 concerning the seventh

fundamental cyclic spectrum of e; is now proved.

Remark 14. Similar to Remark 7, we visualize this spectrum (without overall scalings)

in the complex plane. The graph is as shown in the following graph:
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C46 61234

By connecting eigenvalues in ascending order of the heights of their weights, we can

see that the real parts of the eigenvalues are non-increasing.

3.6.2 The Adjoint Representation of ¢;

Let

cos(1%)

rh =

! cos(lls)

] 1

2 = s
cos(l—g)

rs = 2COS(%>

rg = 1
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"7 cos(E)
- oos(E)
cos(%%)
_ cos(§F)
7= 2008(1”—8) COS(?—g)

By Equations (195) and (193), it follows that:

14 .
riGig forj=1,4,6
a;(A) =
C36 . I’j({ls fOI' j = 2, 3, 5, 7

By “(1g-symmetry”, the pairings of simple roots and A generates:

Cis(r1, C36 - 12, Ca6 - I3, T4, C36 - 15, 6, (36 17)

The dimension of the adjoint representation is 133, so there are at most 126 non-zero
eigenvalues in Spec(ad,e7). Therefore, by “(;s—symmetry”, {aj(A)}z-zl generates all
non-zero eigenvalues. This completes the proof of Theorem 1.5 for e;. Applying the

Simplify Cosine program again, we obtain the equivalent expression
Spec(ad, e7) = Cis(z1, 22, 23, 24, 25, 26, 27, 0(7))

where z;’s are as listed in Table 2. The proof of Theorem 1.4 for e; is now complete.

3.7 Type ¢s

To apply Theorem 1.3 to a simple Lie algebra of type es, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type eg simple Lie algebra is of ADE type. Therefore, its Cartan matrix C' is symmetric

in the form:
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2 0 -1 0 O O 0 O
o 2 0 -1 0 0 0 O
-1 0 2 -1 0 0 0 O
o o -1 -1 2 -1 0 0 O
o o0 o0 -1 2 -1 0 O
o o0 o0 o0 -1 2 -1 0
o o0 o o o0 -1 2 -1
o o0 o o o0 0 -1 2

The smallest eigenvalue of C' is 2 — 2008(%), where the Coxeter number A = 30. Then,

T

we calculate a left eigenvector @ of the eigenvalue 2 — 2 008(30

) as:

» Got1+Go  ap 1 1 Gt Gt LA G G
T = (17 3?/2 _132 ) ;(4 + C3O / ) <30 +1+ 63017 = 301/2 _13/02 = )
30 T Cs0 30 T Cao
o GG 1+ Gl + G 5\
oo+ Gor = 301/2 ,13/02 L G- 146G (197)
50+ Cs0

3.7.1 The Eighth Fundamental Representation of ¢g

In this section, we calculate the cyclic spectrum for the eighth fundamental represen-
tation of the type eg simple Lie algebra using Theorem 1.3. The eighth fundamen-
tal representation of eg is also its adjoint representation, with the highest root a =
201 + 3ag + 4das + 6ay + das + dag + a7 + 2as.

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

—
w
W
ot
=
-~
(0]
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Equivalently, p is chosen as:

| 0 ifi=1,4,68
p(i) =
1 ifi=2357

All the simple roots are with the same length, so Equation (5) is equivalent to:
)/2 —2p(j)+1
() = - G (1= G

By the Cyclotomic polynomial ®3y = 2% + 27 — 2% — 2% — 2% + 2 + 1, it implies:

C:?oz_<§0+C§0+C§0+C§0_C30_1:_ ??g
C§0:<:50+C§0_C§0_<§o+1:_ ??61

30 =Go—1=—C

50 = G0 — Go = — (3o

§§ :C?To_cgo - gg (198)
30 = —Cio+ G0+ G — G0 — 1= —C5

30 =Clo+ oo —Co— G — G+ 1= (5

3 = —1

Combine with Equation (197) for z;,’s, we obtain:

a1(A) = —C30 + 1

az(A) = —Co + Co + o — Go + Go — Cao
as(A) = Go + Co — o — Go — Go + Cao + 1
as(A) = =Gy — G+ Gl + G0 — 1

as(A) = —Cgo + G + GGo — 1

ag(A) = 25 + (o — G0 — 2¢30 — 2C5y + Cao + 2
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az(A) = _ga?o + g?ilo + C??o — G30

ag(A) = =25 + Gy + Gy + (o — 2

Remark 15. In Theorem 1.4, all r;’s are expressed in trigonometric values. To obtain
those values, for example, consider one of the expressions for the case of eg in these tables.
Using Equation (5), we obtain

G4 Cop+ 14 (o + G52
cold) = TSI T (GG

where (30 = ¢35 . Now we compute |as(A)|. Note that

_ T
[s 1/2_C301/Q| = 2(305(1_5>

Also, for k=1,---,30,

k k
k 2 2
005(3_3) _ % (199)

Thus,
o+ G+ 1+ Gy + Gy 14 2cos({5) + 2cos(3F)
0+ G N 2 cos(55)

By the Dirichlet kernel identity:

. l 6
M = 1+ 2cos(f) +2cos(26) +2cos(36) + - - - + 2 cos(nbh)

sin (%)
We obtain:
1+2cos( )+2cos(—g) B sin(ﬂ) B 1
2008(30) N Sln( )2005(5’—0) N 22005(%) COS(S—T[))
Hence:
as(N)] = — s
s N 2COS(§—O)
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By applying the same approach as in Remark 15, we obtain

7
ri = 2cos (%)

22 COS(%) cos(%) COS(%)

p=— (200)

By Equations (198) and (199), it follows that:

ri¢23 for j =1,4,6,8
ai(A) = 7630

CGO . rjcgo fOI‘ j = 2, 3, 57 7

By “(30-symmetry”, the pairings of simple roots and A generates:
8
| | Csola;(n))
j=1

The dimension of the adjoint representation is 248, so there are at most 240 non-zero
cigenvalues in Spec(ad, eg). Therefore, {a;(A)}5_; generates all non-zero eigenvalues. It

follows that:

8
Spec (s, es) = Spec(ad, eg) = |_| Cso(a;(A), 0®)
j=1

This completes the proof of Theorem 1.5 for es. Applying the Simplify Cosine program

from Appendix 1.3 to choose an appropriate overall scaling, we obtain the equivalent
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expression

Spec(ts, es) = Spec(ad, eg) = Cso(21, - , 28, 0(8))

where z;’s are as listed in Table 1. The proof of Theorem 1.4 for eg is now complete.

3.8 Type {4

To apply Theorem 1.3 to a simple Lie algebra of type f4, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type f4 simple Lie algebra is not of ADE type. Therefore, its Cartan matrix C' is not

symmetric in the form:

The smallest eigenvalue of C' is 2 — QCOS(%), where the Coxeter number h = 12. Then,

we calculate a left eigenvector @ of the eigenvalue 2 — 2 cos(%) as:
1/2 ~1/2 3/2 —3/2\ "
T = <1 Gy TG Gl 1, Gy 4 G ) (201)

3.8.1 The Fourth Fundamental Representation of {,

In this section, we calculate the cyclic spectrum for the fourth fundamental representation

of the type f4 simple Lie algebra using Theorem 1.3.

3.8.1.1 Weights

The fourth fundamental representation of §; is 26-dimensional with the highest weight

= a1 + 2as + 3az + 2ay. After applying the function 1ist weights from cartan by
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using Python, we obtain 24 weights:

+ (o1 4 205 + 3ag + 2a)

+ (a1 + 200 + 3as + au)

+ (1 4 205 + 203 + )

+ (o1 + as + 2a3 + )

+ (ag + 203 + ay), £(ag + as + as + ay)
+ (g + az + ay), H(ag + as + as)

+ (a3 + ay), £(ag + az)

+ Qy, :l:Oég

It implies that the fourth fundamental representation of §, is not minusicle. In [1, p. 56],
Adams states that the fourth fundamental representation of f, contains the zero weight

twice; hence, the missing two weights are both zero weights.

3.8.1.2 Cyclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

° O °
1 2 3 4
Equivalently, p is chosen as:
. 0 ifi=1,3
p(i) =
1 ifi=2,4
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Note that the squared length of «; and s is twice the squared length of a3 and ay.

Therefore, for j =1,--- 4, Equation (5) yields:

=" @@/ (O for = 1,2
Q; =
1 L o
5 e 1(122(]) Pz, (1 - 122p(j)+1) for ] = 374

By Equation (201) for z; and Equations (188), it yields:

—Ci2+1 forj=1
(i for j=2

1 .
5(_@2 - 5122 + CIQ) for j =3

1
_(_Ci))Q + 24122 - 1) for j =4

\

Using SageMath to carry out computations in the algebra of (jo-polynomials, we rewrite

those values as follows. Let

Then:

C24'r1'C?2 for j =1

ry- (3, for j =2
a5(A) = (202)

C24'r3‘C192 for j =3

rg ¢, forj=4
\
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Notice that the weights of the fourth fundamental representation contain simple roots a3

and ay. By “(jo—symmetry”, they generate eigenvalues:

Clz(C24 - I3, r4)

These exhaust all non-zero eigenvalues since there are only 24 non-zero weights. Apply-
ing the Simplify Cosine program from Appendix 1.3 to choose an appropriate overall

scaling, we obtain the equivalent expression

012(217 2’2)

T

12), zo = 1. Hence,

where 21 = (a4 - 2 cos(

Spec(14, f4) = Cha(z1, 29, 0?)

The part of Theorem 1.4 concerning the fourth fundamental cyclic spectrum of §, is now

proved.

3.8.2 The Adjoint Representation of f,

In this section, we apply the same approach to compute the cyclic spectrum for the
adjoint representation of f, whose dimension is 52. Notice that by “(jo—symmetry”,
a;(A)’s generate:

012(§24 ‘11, ro, Cog - I3, |’4)

These exhaust all non-zero eigenvalues since there are only 48 non-zero roots. This
completes the proof of Theorem 1.5 for f;. Applying the Simplify Cosine program

again, we obtain the equivalent expression

C'12(21, 22, 23, 24)
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where z; = 22 COS(%) cos(%), 29 = (o4 - 2008(1“—2), 23 = (o4 - 2COS<%), z4 = 1. Hence,

Spec(ad, fs) = C2(21, 22, 23, 24, 0(4))

The proof of Theorem 1.4 for §, is now complete.

3.9 Type go

To apply Theorem 1.3 to a simple Lie algebra of type g, we first calculate the components
of a left eigenvector of the Cartan matrix corresponding to the smallest eigenvalue. The
type go simple Lie algebra is not of ADE type. Therefore, its Cartan matrix C' is not

symmetric in the form:

2 -1
C =
-3 2
The smallest eigenvalue of C'is 2 — 2 cos(%), where the Coxeter number h = 6. Then, we
calculate a left eigenvector @ of the eigenvalue 2 — 2 COS(%) as:
1/2 | ~—1/2\ T
7= (1, %) (203)

3.9.1 The First Fundamental Representation of g

In this section, we calculate the cyclic spectrum for the first fundamental representation
of the type go simple Lie algebra using Theorem 1.3.

3.9.1.1 Weights

The first fundamental representation of g, is 7-dimensional with the highest weight u =
201 + an. After applying the function list weights from cartan by using Python, we

obtain 6 weights:

+ (201 + a9)
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+ (061 + Oég)

:l:Oél

It implies that the first fundamental representation of g is not minusicle. Now we show
the only missing weight is the zero weight. Let the weight be acay 4+ bas. Since its orbit

under the Weyl group action only contains itself, then:

Si(aay + bas) = (3b — a)ay + bas = acy + bay = 3b = 2a

So(acy + bas) = aay + (a — b)ay = aay + bag = a = 2b

Solving this linear system yields a = b = 0, hence the missing weight is just the zero

weight.

3.9.1.2 Cyclic Spectrum

To apply Theorem 1.3, we need a bi-coloration of the Dynkin diagram, which is chosen

as follows:

o—=<—9
1 2

Equivalently, p is chosen as p(1) = 0 and p(2) = 1. Note that the squared length of
g is three times the squared length of a;. Therefore, by Equation (203), for j = 1,2,
Equation (5) yields:

(p(5)—p(1))/2 (1 _ Cg2p(j)+1) -1 C6

zj - (g for j =1

a;(A) = | |
3. x - CéP(J)—P(l))/Z . (1 _ <6—2P(J)+1) _ 2(6 1 for j =2

Using SageMath to carry out computations in the algebra of (s-polynomials, we rewrite

those values as follows. Let

I’1:1
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ro =2 cos(%)

Then:

a(A)=r1-¢ (204)

OéQ(A) = C12 cro - C@ (205)

Notice that the weights of the first fundamental representation contain simple roots a;.
By “(¢—symmetry”, it generate eigenvalues: Cg(r1). These exhaust all non-zero eigenval-

ues since there are only 6 non-zero weights. Hence,

Spec(wl, 92) = CG(rh 0)

The part of Theorem 1.4 concerning the first fundamental cyclic spectrum of gy is now

proved.

3.9.2 The Adjoint Representation of g

In this section, we apply the same approach to compute the cyclic spectrum for the
adjoint representation of g, whose dimension is 14. Notice that by “(g—symmetry”,
a;(A)’s generate:

CG(rla G2 - rz)

These exhaust all non-zero eigenvalues since there are only 12 non-zero roots. This

completes the proof of Theorem 1.5 for g,. Hence,

Spec(ad792) = OG(rlv CIQ "I, 0(2)>

The proof of Theorem 1.4 for gy is now complete.
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4 Adjoint Spectra and Folding of Simple Lie Alge-
bras

In the previous chapter, we observed certain interesting coincidences when comparing the

adjoint spectra across different types of simple Lie algebras.

Observation 1: We calculated that
Spec(ad, slo) = Con(2?, -+ 2?20, 020~ 1)
where z; = Cfflj) -r; for r; = QSin(%—Z) and

' 0 if j,n are with the same parity
p(j) = (206)
1 Otherwise

for j =1,---,n. We also calculated that
Spec(ad, sp,,,) = Con(21, 2, O(n))

where z; = Z(Lj) -r; for r; = 2sin(4££) and the same p(j) as in Equation (206) for

j=1,-- n. It is clear that

Spec(ad, sp,,) C Spec(ad, sla,)

Observation 2: We calculated that: if n +1 = 1 mod 3, such that n = 3k for some

positive integer k, then

Spec(ad7502n+2) = 0271('217 oty Rk—1, Z](Cg), Zhkaly " 5y Rn—1, O(n—H))
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where z; = Cfflj) -rj forr; = QSin(g—Z) and

» 0 if j,n+ 1 are with the same parity
p(j) = (207)
1 Otherwise

for j=1,--- ,n—1. We also calculated that given n = 3k, then

Spec(ad, 502n+1) - CQn(Zh oty Rk—1, ZIE;2)7 Zk4+1y" " 5 Rn—1, 0(71))
where z; = Z(Lj)-rj = 2sin(£X) and the same p(j) as in Equation (206) for j = 1,--+ ,n—1.

It is clear that up to an overall scaling,

Spec(ad, §02,+1) C Spec(ad, 509,,42)

Similarly, if n +1 % 1 mod 3, i.e. n #0 mod 3, then

Spec(ad, 09, 12) = Con(21, -+ 4 2n_1, z,(?), 0(n+1))
where z; = Z(Lj) -r; for r; = 2sin(4£) and the same p(j) as in Equation (207) for
7 =1,--- . n. Given such n, we also have
Spec(ad, 502, 11) = Con (21, -+, 2n, 0™)
where z; = ij,(f) -r; for r; = QSin(g—Z) forj=1,---,n—1,r, =1, and the same p(j) as

in Equation (206). It is clear that

Spec(ad, s09,11) C Spec(ad, §02,,12)
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Observation 3: We calculated that

Spec(ad, 86) = CIQ(Zla 252)7 %3 ZELQ)a 0(6))

where z; = 22 cos(%) COS(%),ZQ = (o4 - 2(:08(1”—2),23 = (o4 - 2005(%),2’4 = 1. We also
calculated that

Spec(ad, fs) = Cia(z1, 22, 23, 21, 0)

s

where z; = 22 cos(lz) cos(%),zg = (o4 2008(%),23 = (o4 - 2003(%),24 = 1. It is clear
that

Spec(ad, f4) C Spec(ad, ¢g)

Observation 4: We calculated that:
Spec(ad, s0g) = Cs(1®), 1o - V3, 0W)
We also calculated that:
Spec(ad, g2) = Cs(1, Cia- V3, 0?)

It is clear that

Spec(ad, g2) C Spec(ad, sos)

In this chapter, we demonstrate that these are not coincidences but arise from the
structural relations between different simple Lie algebras. Specifically, non-simply laced
algebras can be obtained from simply-laced ones by taking an appropriate quotient by
a diagram automorphism. This process is known as folding. By analyzing this folding
procedure, we gain insight into why the adjoint spectra of cyclic elements exhibit such
coincidences across distinct Lie algebras.

In Section 4.1, we recall the concept of folding. Then, in Section 4.2, we present
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a non-computational proof of the observed coincidences. The argument relies on two
parts; one part is about the embedding of cyclic elements of the relevant simple Lie
algebras into their folded counterparts, and the other part is about the symmetries of the

Perron—Frobenius eigenvectors of the relevant Cartan matrices.

4.1 Introduction to Folding

In this section, we briefly review some basic facts about the folding of simple Lie algebras,

following closely [6, Section 9.5].

Definition 4.1. Let g be the simple Lie algebra of rank r with Cartan matriz C'. Let T

be a permutation of {1,--- ,r} such that for alli,j,

Crinr) = Ciy (208)

Then, 7 1s called a Dynkin diagram automorphism of g.

Example 4.1. The Cartan matrix of a simple Lie algebra of type eq is

C =
o -1 -1 2 -1 0
o 0 o0 -1 2 -1
o 0 o 0 -1 2
with Dynkin diagram
T 2
A\ S O
1 3 4 5 6

If a permutation 7 fixes indices 2 and 4, and swaps 1 and 6, 3 and 5, then the Dynkin

diagram is changed to:
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But the Cartan matrix is unchanged.

In [6, p. 165], all the non-trivial Dynkin diagram automorphisms have been classified

into five types:

1. For type A,, simple Lie algebra,

(i) = 2n+1—1

fort=1,---,2n. Graphically,

1 2 n
O O O I
O O O

2n 2n—1 n+1

2. For type As,_1 simple Lie algebra,

(i) = 2n —i

fori=1,---,2n — 1. Graphically,

1 2 n—1
O
n
O
2n—1 2n — 2 n+1
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3. For type D, simple Lie algebra,

(

i ifi=1,---,n—1

(@) = {n+1 ifi=n
n ifi=n+1
\
Graphically,
n

O ) )

1 2 n—1
n+1

4. For type ¢g simple Lie algebra,

§
6 ifi=1
i ifi=2,4

(i) = {5 ifi=3
3 ifi=5
1 ifi=6

Graphically,
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5. For type D, simple Lie algebra,

3 ifi=1
2 ifi=2
(i) = 9
4 ifi=3
1 ifi=4
\

Graphically,

o O O
e~ =

—

Now, we show how the permutations of the classified Dynkin diagram automorphisms
give rise to a Lie algebra automorphism, and we show how a simply-laced simple Lie
algebra is “quotiented” by automorphism to yield a new multiply-laced simple Lie algebra.

Given a non-trivial permutation 7, it gives rise to a Lie algebra automorphism of a free
Lie algebra F'(S) generated by a set of chosen Chevalley generators S = {e;, fi, hi izt -

This Lie algebra automorphism 7# acts on S as:
T (es) = eriyy 77 (fi) = Frtiys 77 (hi) = hapy)

By the universal property of the free Lie algebra, this permutation extends uniquely to a
F(S)
(R)
by Serre relations. Denote this Lie algebra homomorphism by 7. Then, since

Lie algebra homomorphism on the Lie algebra g = , where (R) is the ideal generated

We obtain that 7 respects all the Serre relations:
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[hiye5] = aije; = [he@), exn] = Cij ex) = Crpe(s) €r )

(i, 5] = = Ci fi = [heqy, frp] = = Cij fr) = = Cripeti) fri)-

lei, f5] = 0ij hi = [exqy, fr(i)] = Or(iyrti) Prti) = 03 -

(ade;) ' ~%i(e;) =0 (i #£j) = (ader) ' "% (erg) = (ader) 070 (er¢) = 0

(ad fi) "9 () =0 (1 #)) = (ad fr@) "D (fr) = (ad fr) OO (fr) = 0

Permutations are invertible, so 7 is in fact a Lie algebra automorphism.
Next, we describe the folding process of a simply-laced simple Lie algebra g based
on Lie algebra automorphism 7. First, consider the fixed point subalgebra g™ under 7,

defined as:

g ={reg|7(x)=u}

According to [6, Corollary 9.15], this subalgebra of g turns out to be a simple Lie algebra

as well. To determine its root system, 7 acts on the simple roots of g as
() = oz

fori=1,--- ,r, and its actions on other roots are extended by linearity. For each 7—orbit

J, there is a corresponding 7—orbit O of simple roots under the action of 7. Define:

By = ﬁ > ay (209)

jeJ

By the diagrams of the five non-trivial Dynkin diagram automorphisms, there are three

possible 7—orbit:

1. Oy ={q;} for 7(j) = j, then 5, = ;.

2. Oy ={aj,a} for 7(j) = k and 7(k) = j. Then, 8, = W.

Oéj—i-Oék—i-al

3. Oy ={aj, o, oy} for 7(j) =k, 7(k) =l and 7(I) = j. Then, §; = 3
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Note that simple roots in the same orbit must be orthogonal; otherwise, the quotient
diagram will have a loop, from identifying two simple roots but having an edge between
them. Loops are not allowed in Dynkin diagrams; thus, the diagram automorphism in
Case 1 is not considered.

Let O; and Ok be two distinct 7-orbits, with corresponding 5; and Sk as defined in
Equation (209). All possible positions of O; and Ok on the Dynkin diagram have been
classified in [6, Lemma 9.14]. We list them in Table 4, together with the corresponding
diagrams and inner products of §; and fg. In the following table, simple roots are
represented by dots in the diagram, placed on the same side for O; and Ok when they

belong to the same orbit.

Table 4: Different Types of 5, Bx with Inner Products

O, O Diagram of 37, Bk Inner Product of 8, Bk
1
(i) O 0 o © B Br = —504%
(6%} (6%} BJ 5[(

o a o—3>—0 1,
(i) o?<o o By B Br-Pr = T

1

O Q2 1
<o a3 O———0 5J.ﬁK:—§a%
(i) | o 0y By Br

1

@ O 1 1
O——O0 2 2
<1V) O O BJ BK BJ BK 8041 8a2
(6] Oy
(v) If O;, Ok are disjoint, so are 3, Bk, and By - Bx =0

We briefly prove the inner product and the diagram of 3, 8k for each case in the
table. In case (i), 85 = a1, Bk = ag. Referring to the Dynkin diagram of o and aw, it is

clear that:
QﬁJ : ﬁK 200 - g
2

1
A

In this case, we also have 5% = % = o2, so the diagram of 3; and Bx takes the following
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form.

In case (ii), f; = a1, B = @+ as. Referring to the Dynkin diagram of oy, as, and
a3, we have:
1 2 1 2
- oo + Q3 . - Qg aq - Qg - —5061 —§Oél o _1 2
br-Px = 01— _2+2_2+<2)_2a1

In this case, we also have % = 2% = a?, so the diagram of 3; and [k takes the following

form.
Qo + a3 + Qy

3 . Referring to the Dynkin diagram of a1, as,

In case (iii), 8y = a1, Bk =

az, and ay, we have:

Qo + Q3 + ay a1 -Qg Q- Q3 -0y
Br- Pk =on- = + +

__%O‘%_i_ —50d I —504 __laz
R 3 3 o9t

In this case, we also have 8% = 3% = o2, so the diagram of 3; and Bk takes the following

form.

oy + o
2 Y

and as, ag, and a4, we have:

043+CY4

In case (iv), 85 = B = . Referring to the Dynkin diagrams of ay

12 12
gt oy aztag gty QprQq 549 3@
br- P == > 4 a4 4 +< >

= —ga% — —Ofg
1
In this case, we also have 32 = 37 = Ea%, so the diagram of 3; and SBx takes the following
form. The proof of all cases in Table 4 is now complete.
By [6, Corollary 9.15], it turns out that the collection IT’ of all 8 across 7-orbits forms

a fundamental root system, i.e., the set of simple roots of a simple Lie algebra g’. By [6,
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Theorem 9.19], by choosing Chevalley generators of g’ by

GJZZ% fJ:ija hJ:Zhj (210)

Jje€J JjeJ Jj€J

for all 7-orbits, we obtain

Rl
1

Based on Table 4, we describe the fixed-point subalgebra g™ from the folding process of

each type simple Lie algebra in Equation (10).

4.1.1 A2n—1 — On

As mentioned in Case 2, the Dynkin diagram automorphism 7 and the corresponding

folding of type A,,_; simple Lie algebra is:

T(i)=2n—1i fori=1--- 2n—1

1 2 n—1
O
folds o o
1 2 n—1 n
(@; F . .
Dynkin Diagram
2n—1 2n — 2 n+1 (g Y & )

(Type Agy,—1 Dynkin Diagram)
The orbits of 7 are: O; = {w, a9y} for i =1,--- n. Let:

1
61':5(0614-0427171‘) forizl,---,n—l

Bn:an

Then, based on the proofs of cases (ii) and (iv) in Table 4, we have the inner products
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between ’s as:

1
6@'-514-1:—104% fori=1---,n—2
1
5“*1'5n:_§@%
1 1
2 _ .. _pB2 _-p2__.2
61_ /Bn—l 2/87’L 2Ofn

By the inner products above, the Dynkin diagram of the folded algebra g7 is of type C,

simple Lie algebra.

4.1.2 D, — B,
As mentioned in Case 3, the Dynkin diagram automorphism 7 and the corresponding
folding of type D, simple Lie algebra is:

(

i fori=1,---,n—1

n 1=n+1
\
n
oO—O0—0—0 folds o o m— 0
1 2 n—1 1 2 n—1 n
(g7 Dynkin Diagram)
n—+1

(Type Dp41 Dynkin Diagram)
The orbits of 7 are O; = {o;} fori=1,--- ,n—1, and O, = {a,, @11} Let:

Bi=a; fori=1--- n—1

1
ﬁn = 5(0[,1 + an—H)
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Then, based on the proofs of cases (i) and (ii) in Table 4, we have the inner products

between f’s as:

1
Bi- Biy1 = —=a fori=1,--- ,n—1
2 1

By the inner products above, the Dynkin diagram of the folded algebra g” is of type C,,

simple Lie algebra.

4.1.3 ¢ — f4

As mentioned in Case 4, the Dynkin diagram automorphism 7 and the corresponding

folding of type eg simple Lie algebra is:
6 ifi=1

i ifi=24

(i) =495 ifi=3

3 ifi=5
1 ifi=6
\
folds o o

(g7 Dynkin Diagram)
(Type ¢ Dynkin Diagram)

Te orbits of 7 are 01 = {062}, OQ = {044}, 03 = {Oég, 065}, 04 = {Oél, 066}. Let:

512062
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B2 = au
B 1
Bs = 5(043—1—045)

Bs = %(041 + ag)

Then, based on the proofs of cases (i), (ii), and (iv) in Table 4, we have inner products

between (’s as:

31'52252'532253'54:—%a%

B =By =203 = 28] = o)

By the inner products above, the Dynkin diagram of the folded algebra g7 is of type f4

simple Lie algebra.

4.1.4 D4 — g2

As mentioned in Case 5, the Dynkin diagram automorphism 7 and the corresponding
folding of type D, simple Lie algebra is: As shown in the following diagrams, the Dynkin

diagram automorphism 7 of type D, simple Lie algebra is:

;

3 fori=1

2 1=2
(i) =

4 =3

1 1=4

a1 O\
as o o ay folds o o
Uy O/ 1 2

(Type D4 Dynkin Diagram) (g7 Dynkin Diagram)
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The orbits of 7 are O; = {1, as, a4} }, {O2 = {aa}. Let:

1
B = g(al + as + ay)

B2 = ay
Then, by the proof of case (iii) in Table 4, we have the inner products between (’s as:
Ly 2 2 2
B B2 = —50417 307 =05=0

By the inner products above, the Dynkin diagram of the folded algebra g7 is of type go

simple Lie algebra.

4.2 Proof of Theorem 1.6

For a simply-laced Lie algebra g and an associated automorphism 7 as before, recall in

Theorem 1.6, we obtain equation
Spec(ad, g”) C Spec(ad, g) (211)

It follows from comparing of the numerical results of Theorem 1.4. In this section, we
provide a more conceptual proof of Equation (211). The key ingredient in the proof is

the following proposition.

Proposition 3. For g and g7 as before, let r and s be the rank of g and g7, respectively.
Choose A to be a cyclic element in g that can be embedded in g”. Consider the following
Cartan subalgebra

h = kerg ad A
and the Cartan subalgebra of g"
h = kergz ad A
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Then, there exist a set of simple roots {aq, - , .} for g and a set of simple roots

{B1,++,Bs} for g™ such that the following relation holds:

{B1(A), -+ Bs(M)} S {ar(A), -+, an(A)}

The proof of this proposition has two parts. In Section 4.2.1, we show that there
exists a cyclic element A € g invariant under 7, and that this A is also a cyclic element
in g”. We call this phenomenon the embedding of the cyclic element. In Section 4.2.2,
we finish the proof by using the symmetries of the Perron—Frobenius eigenvector of the
Cartan matrix. Finally, with this proposition and Theorem 1.5, we establish Equation

(211).

4.2.1 Embedding of Cyclic Elements

Recall from Definition 1.1, a cyclic element is defined as

A=) e+F (212)
=1

where F' is a non-zero element in the lowest root space, and e; = e,, € CE,, are from
the chosen Chevalley generators.
To show that a cyclic element A is invariant under 7, we first show that ) e; is

invariant under 7. From the action of 7 on the Chevalley generators, it follows that:

{7:(61)"" 7%(er)} = {67'(1)7"' 767(7")} - {617"' ’67“}

Therefore,
T T T
i=1 i=1 i=1
Now, we prove that a non-zero lowest root space vector F' is also invariant under 7.

Equivalently, we prove that a non-zero highest root space vector for each type of folding

simple Lie algebra is invariant under the corresponding 7.
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For the type As,_1, it is known that the highest root is @ = ay + -+ + «@9,_1. Let ¢;

be a non-zero element in g,,. Define

X() =€y

Xy = [[€n—k, X1, en—i—k}

for k = 1,2,--- ,n—1. We claim X = X,,_; is a non-zero element in gz, and X is

invariant under 7. Let us demonstrate this via a short example.

Example 4.2. When n = 2, g is of type A3, we construct:

Xo=¢e, Xi= [[61,62]763]

Recall a well-known Lie theory lemma:

Lemma 4.1. Suppose g is a simple Lie algebra. Let o, 3 be two roots of g such that

b # ta and o+ B is also a root, then:

80y 98] C Garts

If a + B is not a root, then:

(8o, 98] =0

By this lemma, since a; + s is a root of g, [e1, €2] € ga,+a, 1S nON-zero. Similarly, it
follows that X = [[e1, ea], e3] € g4 is also non-zero. Next, referring to the action of 7, we

have:

T(X1) = [[es, e2], €]

Using the Jacobi identity and the fact that a; + a3 is not a root of g, we have



Hence, X is a non-zero element in g5 and is invariant under 7.

Now we prove the claim for any n. At first, by Lemma 4.1, for each kin {1,--- ;n—1},

Xk; € Ja n—ktap_gr1t+tanik

since an adjacent root space vector is included for each step, and the sum of any consec-
utive adjacent simple roots is a root of g. Thus, for any k£, X}, does not vanish, so X € g4
is non-zero.

Next, we prove the invariance of X by induction on the step sequence k. For the base
case when k = 0 and X = e,, since 7(n) = n, it is clear that Xj is fixed under 7. Then,
assume 7(Xj_1) = Xj;_1. By the Jacobi identity and the fact that [e,_g, enix] = 0 since

being nonadjacent on the Dynkin diagram, we have

F(X) = [ [enshr Xim1]s €ni | = [€n—is [Xio1s €ni] | = [ [€nts Xi1]s €nsr | = X

Hence, 7(X}) = X}, for all k, it proves that X € g7.

For the type D, 1, it is known that the highest root is

&:041+2042—|—--'—|—2an_1—|—04n+04n+1

Pick the highest root space vector to be:

X =l Uew ez es] s en]senlsentls €nt]snal, -, ea]

Same reason as in the previous type, an adjacent root space vector is included for each
layer of bracket, so X € g5 non-zero.

To prove the invariance of X, since 7 only changes between n and n+ 1, we only need
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to show for any root space vector Y,

[Y, enl, ental = [[Y; ental, enl

By the Jacobi identity and [e,, e,+1] = 0 since being nonadjacent on the Dynkin diagram,
the equality holds. It follows that 7(X) = X, thus X € g".

For the type ¢g, the highest root is

a = a1+ 209 4+ 2a3 + 3y + 205 + g

Pick the highest root space vector to be:

X = [[[[l[les; es], es], ea] s o], ea] ea 5] 5] ea] o]

Referring to the successor diagram in Figure 15, X € g4 is non-zero.
To prove the invariance of X, since 7 only swaps pairs 3,5, and 1,6, we need to show

for any root space vector Y,

[Y, es], es] = [V, 5], es]

HY7 61]’ 66] = HY7 66]7 61]

By the Jacobi identity, these equalities hold by a similar argument to the previous type,
given that [e, eg] = [e3,e5] = 0. Hence, 7(X) = X, s0 X € g".
For the type D,, the highest root is & = a; + 29 + a3 + a4. Pick the highest root

space vector to be:

X = [[[le1, 2], €3], e4], €2]

Same argument as in the type D, .1, X € gz is non-zero. To prove the invariance of X,
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since T cycles the triplet 1, 3,4, we need to show

[[[le1; ea], €3], eal, e2] = T([[[[e1, €2, €3], ea], €2]) = [[[[es; ea]; ea], e1], e2]

By the Jacobi identity and the facts that [e, e3] = [e1, e4] = 0:

[le1, ea], €3] = [e1, [ea, €3]] == [len, [e2, €3]], ea] = [en, [[e2, €3], ea] | = [[[es, €2], e4], €1]

Hence, it follows that 7(X) = X, so X € ¢’.

Since the highest root space is one-dimensional, the above arguments imply that
ga = CX. By the linearity of 7, it follows that any non-zero highest root space vector is
invariant under 7. Equivalently, so is any non-zero lowest root space vector. The proof
of the invariance of A under 7 is now complete.

Now we show that the invariant cyclic element A = ) e; + F in g is still a cyclic
element in g”. By the construction of Chevalley generators in Equation (210), it is clear

that:

T

Ye- ¥ o

i=1 all 7—orbits J

The remaining part is to show that given F' € g_g non-zero,
F e g_é

where &, B are the highest roots of g and g7, respectively. Equivalently, we prove this for
a non-zero highest root space vector X € gs. For any h; € b7, the Cartan subalgebra of

g7, we have:

[hy, X] = [Z h;, X]

jed

= Z[hj7 X]

jedJ
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The very last step follows because for any type of folding,

jo3
I
)

To verify this, for type C,,, its highest root is

B=20++26ha+fu=a1+  F+ayi1=a

where & is the highest root of type As,_1.

For type B,, its highest root is

B=014280+ +28n =1+ 205+ -+ 2001 + ap + Qpyy = @

where & is the highest root of type D, ;.

For type {4, its highest root is

B =201+ 302+ 483+ 284 = aq + 205 + 203 + 3ay + 205 + g = &

where & is the highest root of type ¢g.

For type go, its highest root is

B =381 +2By=a; + 20y + a3+ ay =&

where & is the highest root of type D,. Therefore, X is also a non-zero element in the

highest root space of g7. Equivalently, F is also a non-zero element in the lowest root

229



space of g7. Hence, A is a cyclic element in g7, the proof of its embedding is now complete.

4.2.2 Proof of Proposition 3

Using the embedding of the cyclic element A, we now finish the proof of Proposition 3.

The key ingredient in the proof is to show
(i) (A) = a;(A) (214)
where «;’s are simple roots of the folding simple Lie algebra g for ¢ = 1,--- ,r. Let us go

over a brief example to present this result.

Example 4.3. For example, consider g of type Ag,_1 simple Lie algebra with the Coxeter

number 2n. Observe that for any £ € Q, we have

Qk _ _pkdn . rk—nm
2n T 2n - 2n

Then, it follows that
_ 2n—j 2n—j

J 3 2n—j _2n—j
C22n - C2n2 = C2n2 - C2n :

for j=1,---,2n — 1. By Equation (119), we obtain
a;(A) = amm—;(A)

for j=1,---,2n — 1. This shows 7(a;)(A) = «;(A) forany j=1,---,2n — 1.

Now we start to prove Equation (214) in full generality. By Equation (5), the pairings
between simple roots and a cyclic element are determined by two factors: components of
a left Perron-Frobenius eigenvector, x; for j = 1,--- ,7, and the color-value of the simple

roots, p(j) for j = 1,--- ,r. In the following proof, we first show that the relevant left
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Perron-Frobenius eigenvectors have the symmetry such that

T; = LET(]-) (215)
for y = 1,--- ,r. Then, we show that the bi-coloring allows us to assign colors to the
simple roots such that

p(j) = p(7(5)) (216)

forj=1,---,r.
To prove Equation (215), we first derive an equivalent equation of Equation (208) in

Definition 4.1. Let the associated permutation matrix P of 7 be the matrix such that

Pij = i)

for i,7 € {1,---,r}. For example, for type Dy, 7 = (1 3 4), hence the associated

permutation matrix is

It is clear that the permutation matrix of 7! is P! = PT. Then, we show that Equation
(208) holds if and only if:
PlCP = C

To prove this, we expand the entries of P~*C'P:

(PT'CP); =) > Py Cu By
l

k

— Z Z Oir—1(k) Crt O17(j)
kool
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= Sir1(n) (Z C 5“(”'))
L l

- Z Oir—1(k) Crir(j)
k

= Cr(i), 7(5)

Therefore, Equation (208) is equivalent to P~'C'P = C. Based on this result, the Cartan

matrix of g satisfies the equation
p'cp = C

with respect to the corresponding permutation matrix P. Then, we relate this equation
to the Perron-Frobenius eigenvector of C'. Recall the Perron-Frobenius Theorem of non-

negative matrices:

Theorem 4.1 (Perron-Frobenius Theorem). Let A be an irreducible non-negative square

matrix with the maximal eigenvalue \. Then, the following statements hold.

1. The eigenvalue A is a positive real number. It is called Perron—Frobenius eigenvalue.

2. The Perron—Frobenius eigenvalue is simple. Both right and left eigenspaces associ-

ated with \ are one-dimensional.

3. A has both right and left eigenvectors with eigenvalue \ and whose components are
all positive. Moreover, the only eigenvectors whose components are all positive are

those associated with the eigenvalue .

We apply this Theorem to the matrix 2/ — C. One can see that Cartan matrices are
irreducible, meaning there does not exist a permutation matrix ) such that Q~*CQ is
triangular. It follows that the matrix 27 — C' is also irreducible. Let & = (xy,--- ,z,)7
be a left eigenvector of 21 — C' with respect to its maximal eigenvalue A. Then, @& is also
a left eigenvector of the minimal eigenvalue of C'. By the Perron-Frobenius Theorem, we

have
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1. @ is simple, i.e. the eigenspace of A is one-dimensional;
2. We can further assume that all the components of & are positive.

Since P~'CP = C, it follows that:

(8P)-C = (&P)-P7'CP = (&-C)P = \&ZP)

Thus, &P is also a left eigenvector of C' with respect to A. By Statement (1), it follows
that

P = c- ¥

for some non-zero scalar c¢. By Statement (2) and the fact that P is a non-negative

matrix, it follows that ¢ = 1. Notice that

EP = (Tr())j=1,r

Therefore,

(Tr())j=t,e g = &

Since the eigenspace is one-dimensional, by linearity, this result holds for any Perron-
Frobenius eigenvector of C'. The proof of Equation (215) is now complete.
Now we prove Equation (216) case by case. For type Ay, 1, we can bi-color its Dynkin

diagram as follows:

1 2 n—1
@ @
n
O @ @
2n—1 2n—2 n+1

It is clear that p(i) = p(7(7)) for all i = 1,--+ ,2n — 1.

For type D, 1, we can bi-color its Dynkin diagram as follows:
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n+1

It is clear that p(i) = p(7(¢)) for all i = 1,--- ,n + 1.

For type ¢g, we can bi-color its Dynkin diagram as follows:

It is clear that p(i) = p(7(¢)) for alli =1,--- 6.

For type Dy, we can bi-color its Dynkin diagram as follows:

3

It is clear that p(i) = p(7(i)) for all i = 1,--- ,4. The proof of Equation (216) is now
complete.
Equations (215) and (216) imply Equation (214). Recall from Equation (209), for a

T—orbit J, we have:

Bs(A) = ﬁzaj(/\) = ﬁ-|J|-aj(A) = a;(A)

jed
Therefore,
1B5(N)}s=1 s € {ai(A)} iz s
where s and 7 are the ranks of g™ and g, respectively. This proves Proposition 3. Finally,

combining Proposition 3 with Theorem 1.5, we obtain Equation (211).
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