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Computable Sheaf Invariants for Legendrian Rainbow Closures

Abstract

For any Legendrian link A($) in the standard contact manifold (R3, ¢ Std) arising as the rainbow
closure of a positive braid word S, we develop an explicit and computable description of a novel
Legendrian isotopy invariant associated with it, namely H®(Shi(A(8),K)p): the cohomological
category of compactly supported, microlocal rank-one, constructible sheaves of K-modules on R?
with singular support controlled by A(f). We achieve this by parametrizing the objects of the
category via the points of an associated braid variety X (3, K), and for any pair of objects, we provide
a linear map that algebraically characterizes their possible non-trivial graded morphism spaces.
Furthermore, we establish combinatorial rules governing the compositions of graded morphisms in
the category under consideration. Finally, we present several applications of our results, highlighting

the structural features captured by the categorical invariant of our interest.
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CHAPTER 1

Introduction

In this thesis, we investigate a broad family of Legendrian links in the standard contact three-
dimensional space R3 through the lens of microlocal sheaf theory. More precisely, for any Legendrian
link arising as the rainbow closure of a positive braid word, we analyze in depth a Legendrian isotopy
invariant associated with it: the cohomological category of sheaves whose singular support lies on
the given Legendrian link. The main contribution of this dissertation is the development of an
explicit sheaf-theoretic framework that, for any Legendrian link in the family of interest, provides
a complete algebraic, combinatorial, and computable characterization of the objects, morphisms,
and compositions of its associated category. Furthermore, to illustrate our methods, we present

several examples demonstrating the range and effectiveness of our approach.

1.1. Scientific Context

In recent years, microlocal sheaf-theoretic methods [26] have emerged as a powerful framework
in contact and symplectic topology [15,17,18,23,27,28], providing new categorical invariants [33]
and novel approaches to long-standing problems in the theory of Legendrian links [1,10], thereby
revealing rich connections with cluster theory, algebraic geometry, and representation theory [3,4,

5,9,32,34].

For a Legendrian link, the study of its associated microlocal-sheaf categorical invariants has
evolved along two main directions. The first explores the relationship between these invariants
and those arising from Floer-theoretic constructions [12,29, 33], while the second focuses on the
algebraic and geometric structures of their moduli spaces of objects and their applications to the
problem of existence and classification of exact Lagrangian fillings of the underlying Legendrian
link [1,6,7,9,10,21,22, 31]. Despite the substantial progress achieved along these two research
directions, several aspects of these categorical invariants remain largely unexplored, particularly

those concerning their graded morphism spaces and their compositions. In particular, from the



general framework developed by Nadler and Zaslow [28] and by Nadler [27], one can deduce that
the structure of the graded morphism spaces in these invariants encodes significant geometric and
topological information about the underlying Legendrian link [15]. For example, in [33], Shende,
Treumann, and Zaslow studied a concrete microlocal-sheaf categorical invariant for the Chekanov
pair, a pair of Legendrian knots with identical classical contact invariants, and used the structure
of the associated graded morphism spaces to show that the two Chekanov knots are not Legendrian
isotopic. Apart from this result, the work of Chantraine, Ng, and Sivek on Legendrian (2, m) torus
links [12] constitutes essentially the only study in the literature where the structure of the graded
morphism spaces and their compositions has been treated in detail for a microlocal-sheaf categorical

invariant.

Motivated by these considerations, the primary goal of this dissertation is to provide a detailed
investigation of a microlocal-sheaf categorical invariant for a broad family of Legendrian links and
to shed light on the rich algebraic, combinatorial, geometric, and topological structures encoded by

the graded morphism spaces and their compositions within the categorical invariant of interest.

1.2. Main Results

Before stating the main results in this thesis, we briefly introduce the notation and conven-
tions necessary for their formulation. Let (z,y, z) be coordinates on R?. The standard contact
structure &q on R3 is given by &gq := ker (dz — ydz) [14]. Let n > 2 be an integer. We denote
by Br, the braid group on n strands with Artin generators o1,...,0,-1, and by S,, its associ-
ated Coxeter group—the symmetric group on n elements—with generators si,...,s,_1, the
adjacent transpositions [5]. Accordingly, we denote by Br;” C Br, the monoid generated by the
positive powers of the Artin generators, and call its elements positive braid words. Finally, let
K be a ground field. For any integer m > 1, we denote by K™ the m-dimensional Cartesian vector
space over K with no basis specified, and by KIf; the same vector space equipped with its standard

ordered basis.

Let 3 € Br;l be a positive braid word. Following [24,25,33], we associate to it the Legendrian
link A(B) in (R?, &4a)—the rainbow closure of f—whose front projection II, .(A(8)) C R? is
depicted in Figure 1.1. Subsequently, we denote by Shi(A(5), K)o the dg—category of microlocal-

rank-one, compactly supported, constructible sheaves of K-modules on R? whose singular



support lies on A(3) [33]. By the work of Guillermou, Kashiwara, and Schapira [18], this category
is an invariant of the Legendrian isotopy class of A(5), and in [33], Shende, Treumann, and
Zaslow provided an explicit local combinatorial description of its objects. In particular, building on
these foundations and the seminal work of Chantraine, Ng, and Sivek [12], the main results in this
dissertation lead to a concrete and computable characterization of a categorical invariant of A(3)

closely associated with Shi(A(8), K)o, namely its cohomological category H*® (Shi(A(8),K)o).

Definition 1.2.1 (Cohomological Category for Rainbow Closures). Let 3 € Br; be a positive braid
word. According to [12,33], the category H® (Shi(A(8),K)o) admits the following presentation:

e Objects: The objects of the category H® (Shi(A(B),K)o) are the objects of the category
Shi(A(B), K)o-

e Graded Morphisms: Let F,9 be objects of the category H®*(Shi(A(B),K)o). The graded
morphism space associated with the pair (F,9) is given by the Yoneda graded vector space:
Ext*(Z,9) = (PExt?(Z,9).
p=>0
e Graded Composition: Let %, 9, 5 be objects of the category H®*(Shi(A(5),K)o), and let

p, ¢ > 0 be integers. The graded composition o : Ext?(4, ) x Ext{(F,9) — ExtPT(F )

is given by the Yoneda composition (see, for instance, [20]).

In recent years, the category H® (Sh1(A(B),K)g) has played a pivotal role in addressing several
long-standing problems in symplectic topology and algebraic geometry. For instance, the study of its
moduli space of objects has yielded fundamental results on the existence and classification of the
exact Lagrangian fillings of A(5) [1,6,32] and led to the definition of the braid varieties [3,4,5],
thereby revealing deep connections between the theory of Legendrian links, cluster theory, algebraic

geometry, and representation theory [9,21,22].

Definition 1.2.2 (A-type Braid Variety). Let n > 2 be an integer, and let B = oy, ...0;, € Br}
be a positive braid word. The braid variety X (5,K) C Kﬁtd associated with B is the affine variety
defined by

X(8,K) := {i:’ e Ky | P3(Z) admits an LU decomposition} ,



where, for any & = (x1,...,7¢) € Ky, we denote by Pg(¥) € GL(n,K) the ordered matriz product

of the n-dimensional braid matrices associated with the generators of 5 and the entries of Z:

Py(#) == B (1) -+ B{ (1)

11 14

Specifically, given an Artin generator oy € Br)l, with k € [I,n — 1], and a parameter x € K, the

n’

n-dimensional braid matriz B,(gn) (x) € GL (n, K) associated with oy, and x is defined by
1, if i=j and i £k, k+1,
L, if (27.]):(k7k+1) or <k+17k)7

B@)] = ij €L
’ v, if i=j=k,

0, otherwise,

In [33], Shende, Treumann, and Zaslow showed that the objects of the category H®(Sh1(A(5),K)o)
can be geometrically described by linear configurations of complete flags in K" that satisfy certain
transversality conditions determined by the positive braid word 8. By the work of Casals, Gorsky,
Gorsky, and Simental [4,5], it is known that such configurations of flags are parametrized by points
in the braid variety X (,K). In particular, combining these results yields the following algebraic
characterization of the objects of the category H®(Shi(A(5),K)o).

Theorem 1.2.3 (Algebraic Characterization of the Objects, [5,33]). Let 3 = oy, -0, € Br}
be a positive braid word, and let F be an object of the category H®*(Shy1(A(B),K)o). Then F is

algebraically parametrized by a basis £(n) for K™ and a point & in the braid variety X (5, K).

Prior to this work, the only known results regarding the graded morphism spaces and their com-
positions in the category H®(Shi(A(5),K)g) were those due to Chantraine, Ng, and Sivek [12].
Specifically, they provided an explicit characterization of the category for Legendrian (2,m) torus
links—positive braid words on two strands—and proved the hereditary-type property in full

generality.



Theorem 1.2.4 (Hereditary-Type Property, [12]). Let 8 € Br) be a positive braid word, and let
F,9 be objects of the category H*(Shi(A(B),K)o). Then, for any p > 2,

ExtP(Z,9) = 0.

Building on the above foundations, we now present the first main result of this dissertation:
a theorem providing a precise algebraic description of the lower-degree morphism spaces in the

category H®(Shi(A(B),K)p). To this end, the following definition plays a central role.

Definition 1.2.5 (6-map). Let 8 = o0y, ---0;, € Br) be a positive braid word, and let F, 4
be objects of the category H*(Shi(A(B),K)o). Let £, g be bases for K", and let & =
(1,...y20), ¥ = (Y1,..-,90) € X(B,K) be points such that the pairs (f'(”), f) and (g(">, 37)
algebraically characterize F and 4 according to Theorem 1.2.3, respectively. Then, we assign to

the pair (F,9) the linear map 0z 4 : Ky — thd defined by
Sgg(i) = (01(10),...,00(@)) € KSq,  @=(ur,...,up) € Kliy,

where, for each j € [1,4],

The components appearing in this formula are defined as follows:

e Tg,_, € Sy is the permutation associated with Bj—1 = 0y - 0i;_, € Br,, the truncation of 3 at

the (j — 1)-th crossing; in particular, mg, is the trivial permutation.

o s, (U) = (uﬂﬁj_l(l), e ,uﬂﬁj_l(n)) € KU,y is the vector obtained by permuting the entries of U

via Tg,_,; accordingly, g, (i) = u.

e D(mp,_,(0)) := diag{uﬂﬁ, NOIEERCN 1(”)} € M(n,K) is the n x n diagonal matriz whose
J— J—
diagonal entries are given by g, _, ().

(ﬁ) (

. Bgl) (x5), B; yj) € GL(n,K) are n-dimensional braid matrices associated with o;;—the j-th

crossing of B—and x;, y; € K—the j-th entries of ¥ and ij—respectively.



Theorem A (Algebraic Description of the Lower-Degree Morphism Spaces). Let 8 =0y, ---0;, €
Br," be a positive braid word, and let F, 4 be objects of the category H®*(Shi(A(B),K)o). Let
f'(”), g™ be bases for K", and let T, § € X(B8,K) be points such that the pairs (f(”), :E’) and

g™ i ) algebraically characterize F and 4 according to Theorem 1.2.3, respectively.

Following Definition 1.2.5, let 0z« : K,y — Kﬁtd be the linear map associated with the pair

(F,%9). Then there are isomorphisms of vector spaces

Ext(#,9) = keréz g,

Ext!(#,4) = coker 07 -

Having established this, we proceed to present the second main result in this thesis: a theorem
providing a precise algebraic and combinatorial description of the composition between the lower-
degree morphism spaces in the category H®(Shi(A(8),K)p). In particular, the following definition

is fundamental to its formulation.

Definition 1.2.6 (Braided Compositions). Let 8 = oy, -+ 0y, € Br} be a positive braid word. We
introduce three bilinear operations associated with §: the Hadamard © : K, x K§, — K,
the left braided og : K[, x Kﬁtd — thd, and the right braided og, : Kﬁtd X Kty — Kﬁtd

compositions.

Specifically, for any € = (u1,...,un), U = (vi,...,v,) € Ky, and any p = (p1,...,p0), ¢ =

(Qh s 7(]6) S Kﬁtd’ we deﬁne:

TOU = (viu1,...,vnun) € Ky,
U Oy, ﬁ = (Uﬂlh (i1+1)P1y - - - 7v7r52 (i€+1)p€) € Kﬁtd ’
— - ¢
q oy U = (q1u7r,31 (i1)s - > qéuﬂge(iz)) € Kstd )

where, for each j € [1,/]:
e m3. € S, is the permutation associated with B; = o;, ...0;, € Br, the truncation of 3 at the
18] J 1 7 n
j-th crossing.
o ur, (i;) € K and vy, 5,41y € K are the ij-th and (i; + 1)-th entries of g, (1) € Ky and
J J
mp; (V) € Kijq—the vectors obtained by permuting the entries of i and v via mg, —respectively,

where i; € [1,n — 1] denotes the index of o;,—the j-th crossing of 3.



Theorem B (Algebraic Description of the Graded Composition). Let 3 = oy, ...04, € Br}
be a positive braid word, and let F, &G, A be objects of the category H®(Shi(A(5),K)o).
Let £ g K0 pe bases for K", and let T, 7, Z € X(B8,K) be points such that the pairs
(f(") 2), (8™, 7), (fl(”) ,Z) algebraically characterize F, 4, A according to Theorem 1.2.3,

respectively.

Following Definition 1.2.5, let 0z, oy w, oz » : Ky — Kﬁtd be the linear maps asso-
ciated with the pairs (F,9), (4, ), (F,#). In light of Theorem A, let p € Ext’(F,9),
v € Ext®(9,.#), © ¢ Ext!(Z,9), ® € Ext{(¥, ), and suppose that, for some representatives
D, 7€ Kﬁtd, the vectors i € kerdz 4 C KL ,, U € ker by C KL, and the classes [ € coker 6z g,

[{] € coker by determine p, v, ©, ®, respectively, under the isomorphisms

Ext?(#,9) = kerdz 4 , Ext’(4, ) = ker 0y s

Ext!(Z#,9) = coker 6.z o , Ext! (4, ¢) = coker by s .

Let i,j > 0 be integers such that i + j € {0,1}. Then, building on Definition 1.2.6, the graded

composition o : Ext'(4, /) x Ext! (F,9) — Ext'™ (F, ) admits the following description:

e (0,0)-degree composition: Under the isomorphism Ext?(.F, #) = ker 07, the graded com-

position v oy € Ext?(F, ) is determined by ¥ ® i € ker O -

~Y

e (0,1)-degree composition: Under the isomorphism Ext'(%, #) = coker dz w, the graded

composition vo © € Ext! (F, ) is determined by the class [T og, ] € coker 0z .

~

e (1,0)-degree composition: Under the isomorphism Ext'(.%,#) = coker Oz, the graded

composition ® o u € Ext'(F, ) is determined by the class [§ oy i ] € coker bz .

The above results are of fundamental relevance, as together with Theorems 1.2.3 and 1.2.4, they
provide an explicit and computable characterization of the category H®(Shi(A(B),K)p). Further-
more, alongside the work of Chantraine, Ng, and Sivek [12] on Legendrian (2,m) torus links, our
results constitute a significant expansion of the known literature, providing a comprehensive study

of a microlocal-sheaf categorical invariant for a broad family of Legendrian links.

Having presented the main results of this dissertation, we proceed to describe its organization.



FIGURE 1.1. Front projection II, .(A(3)) of the Legendrian link A(/).

1.3. Organization

In this section, we briefly outline the organization of the dissertation. In particular, the remain-

der of Chapter 1 introduces the notation and conventions used throughout this thesis.

e Chapter 2 establishes the foundational framework for this manuscript. More precisely, it intro-
duces the geometric construction of the family of Legendrian links under study and provides a

review of the microlocal theory of sheaves as developed by Shende, Treumann, and Zaslow [33].

e Chapter 3 provides a detailed analysis of the objects of the category under study and derives

Theorem 1.2.3 from first principles in a self-contained manner.

e Chapter 4 discusses the graded morphism spaces and their compositions in the category of

interest, and provides the proofs of Theorems A and B.

e Chapter 5 presents applications of our main results and illustrates the scope and effectiveness

of our methods through a detailed study of selected examples.

e Appendix A records several technical results concerning braid matrices, included to ensure a

self-contained treatment of some of the algebraic structures discussed in the manuscript.



It is important to emphasize that the contents of this dissertation are primarily based on the
author’s work in [30]. Apart from minor expository additions and organizational changes to fulfill

the thesis format requirements, this manuscript closely follows the exposition of the original work.

1.4. Notational Conventions

To ensure clarity and consistency, this section sets forth the notation and conventions used

throughout this thesis.

Let a,b € N with a < b. We define [a,b] := {c € N|a < ¢ <b}. Let n > 2 be an integer. We
denote by Br,, the braid group on n strands; more precisely, the group on n — 1 generators whose
presentation is given by:

0i0i410; = 0;4+10i0i41 , for all 7 € [1,’[2 — 2]
Br, = ( o1,...,0n-1 )
0i0j = 00, for all 4,j € [1,n — 1] such that |i — j| > 2
where o; € Br,, corresponds to the standard i-th Artin generator for all ¢ € [1,n — 1]. Accordingly,
we denote by e, the identity element of Br,,, and by Br," C Br,, the monoid generated by the positive
powers of the Artin generators. Furthermore, a product expression of the form 3 = o;, - - 0, € Br;}

is referred to as a positive braid word of length ¢ € N.

When drawing a braid diagram on n strands, our convention is that strands are enumerated
from bottom to top by 1,...,n. In addition, we multiply braids from left to right, and depict
the braid diagram of a positive braid word by reading its generators from left to right, drawing
the corresponding crossings in the same order. For example, the braid diagram on three strands

corresponding to the positive braid word o109 € BI‘; is depicted in Figure 1.2.

Next, we denote by S, the Coxeter group associated with Br,—the symmetric group on n

elements. More precisely,

s2=1, for alli e [1,n — 1]
Sy = S815-++38n—1 | SiSi4+15i = Si+1SiSi+1 for all 7 € [1, n— 2] ,
5155 = 8jS; for all 7,5 € [1,n — 1] such that |i — j| > 2
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FIGURE 1.2. Braid diagram on three strands of the positive braid word o109 € Brgr.

where s; € S,, denotes the i-th adjacent transposition for all ¢ € [1,n — 1]. In particular, by a
slight abuse of notation, we also use e, to denote the identity element in S,. Throughout this
manuscript, we compose permutations from left to right, so that the map Br, — S, given by
o; — s; defines a group homomorphism. In other words, for any m,m € S,, and any k € [1,n],
we set (mim2)(k) := ma(m1(k)). For instance, the permutation sis2 € S3 is given by sysa(1) = 3,
5152(2) = 1, s152(3) = 2. Furthermore, for any positive braid word 8 = oy, - - - 0;, € Br;", we denote

by mg 1= s;, - -+ 8;, € Sy, the permutation associated with 3.

Let m,n € N, and let R be a commutative ring. We denote by M(n, m, R) the set of n x m
matrices over R, by M(n, R) the ring of n x n matrices over R, and by GL(n, R) the group of
invertible n x n matrices over R. Moreover, given a matrix A € M(n,m, R), we denote by A; ; € R

the (i, j)-entry of A, for all i € [1,n] and j € [1,m]. In certain contexts, we also write

where ¢; and r; denote the i-th column and j-th row vectors of A, respectively, for all i € [1,m]

and j € [1,n].

Throughout this thesis, we identify K with an arbitrary ground field. Accordingly, for any
integer m > 1, we denote by K" the m-dimensional Cartesian vector space over K with no basis
specified, and by K7}, the same vector space equipped with its standard ordered basis. Now, let
X and Y be finite-dimensional vector spaces over K such that dimgX = p and dimgY = ¢, for

some p,q € N. Let T : X — Y be a linear map, and let x := {:%i}le and y := {Qi}?zl be bases

10



for X and Y, respectively. Then, we denote by y[T]& € M(q, p, K) the matrix representing 7" with

respect to the bases X and y.

Finally, let M be a smooth manifold, and let .% be a sheaf on M with values in an abelian
category C [19,20,26]. For any point z € M, we denote by .%, the stalk of .# at x. Furthermore,
we denote by SS(F) C T*M the singular support of .%. For the definition of singular support of

a sheaf and a detailed treatment of its geometric and topological properties, see [26].

Having established our notation and conventions, we proceed to Chapter 2, which provides
the main geometric and categorical foundations for this dissertation; specifically, it introduces the
family of Legendrian links of interest and reviews some concrete aspects of the microlocal theory

of sheaves and its applications to the study of Legendrian links.

11



CHAPTER 2

Foundations of Legendrian Links and Microlocal Sheaf Theory

2.1. Rainbow Closure of Positive Braids

This section is devoted to defining the rainbow closure of positive braid words—that is, a geometric

construction that yields a distinguished family of Legendrian links in R3,

Let (z,y, z) be coordinates on R3. In this setting, the standard contact structure &gq on R3 is
defined by &gq := ker (dz — ydx). Given this contact distribution, a Legendrian knot in (R3, &iq)
is a knot in R3 with a smooth parametrization v : S' — R? such that, for all ¢ € S', the tangent
vector 7/ (t) lies in &q at the point (t). Extending this notion, a Legendrian link in (R3, &yq) is a

finite collection of disjoint Legendrian knots [14].

Next, we introduce a powerful representation for visualizing Legendrian knots in (R3, &q),

namely the front projection. To this end, let A C (R?’,fstd) be a Legendrian knot, and let 11, . :

R3 — R? be the smooth map given by Il .(x,y,2) = (z,2), for all (z,y,z) € R3. Accordingly,
the front projection of A, denoted II,.(A) C R?, is defined as the image of A under the map
II, .. Notably, the front projection fully characterizes A. More precisely, since the 1-form dz — ydx
vanishes along A, the y-coordinate can be recovered from the front projection II, .(A) via the
relation y = dz/dx. The front projection possesses several powerful properties; in particular, any
immersed curve in R? with no vertical tangencies lifts to a unique Legendrian link in (R3, £5q) [14].
Consequently, certain distinguished families of Legendrian links in (R3, &,q) can be constructed via
the process of cusping off braid diagrams of positive braid words on n strands. Following [24,25,33],

we introduce the following definition.

Definition 2.1.7. Let 8 € Br}. be a positive braid word. We denote by A(B) the Legendrian link
in (R3, &xa) whose front projection 11, .(A(B)) C R? is illustrated in Figure 1.1. We refer to A(B)

as the rainbow closure of 3.
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Remark 2.1.8. Let e, € Br,l be the trivial braid word. The Legendrian link A(e,) C (R3, &xq)
corresponds to the Legendrian unlink on n strands. In particular, the front projection I, ,(A(ey)) C

R? of A(ey) is depicted in Figure 2.1.

=)

2

1

FIGURE 2.1. Front projection II, .(A(e,)) C R? of the Legendrian unlink A(e,) C

(R3, £41q) on n strands.

The family of Legendrian links introduced in Definition 2.1.7 constitutes the essential geometric
foundation for the main categorical invariant under study in this dissertation. This family of
Legendrian links has also been studied from a variety of algebraic and geometric perspectives in

the literature; see, for instance, [1,2,8,16,21,24,25,31,32,33|.

We conclude this section by recalling a construction from [33] that associates to any Legendrian
link A C (R3,&4q) a closed conic Lagrangian L(A) C (T*R?, wgq), Where wgq denotes the standard

symplectic structure on T*R2.

Construction 2.1.9. Let (x,z) be coordinates on R?, and let (z, z,ps,p.) be induced coordinates
on T*R2. In this setting, T*R? carries the standard symplectic structure wgq := dOsq, where the

standard Liouville 1-form Osq on T*R? is given by Oq := —(pz dz + p, dz).
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Let (x,y,2) be coordinates on R3, and recall that the standard contact structure &xq on R? is
defined by &sq = ker (dz — ydz). Now, let r: R — T*R? be the smooth map given by k(z,y, z) :=
(x,2,y,—1), for all (z,y,z) € R3. By construction, £q = ker (/ﬁ*@std), where k*04q denotes the
pull-back of Osq via k. It follows that, since k is injective, has an injective differential, and R3 is
diffeomorphic to k(R3), k is an embedding [33]. As a result, r realizes (R3,&4q) as an embedded

contact submanifold of (T*R?, wgq).

Let A C (R3,&4q) be a Legendrian link. We denote by A C T*R? the image of A under
r, namely A := k(A), and introduce L(A) C (T*R? wyq) to denote the closed conic Lagrangian
defined by L(A) :== R+ AU Ope, where Rsq A C T*R? s the positive cone over A and Og2 C T*R?

1s the zero section.

Notation 2.1.10. Let 3 € Br;} be a positive braid word, and let A(3) C (R3,&xq) be its associated
Legendrian link. Building on Construction 2.1.9, we introduce L(A(B)) C (T*R? wsq) to denote

the closed conic Lagrangian associated with A([3).

Having introduced the distinguished family of Legendrian links and the main contact and
symplectic constructions relevant to our study, we now turn to the definition of the associated

microlocal-sheaf categorical invariant of interest in this thesis.

2.2. Microlocal Theory of Legendrian Links

In this section, we briefly review the microlocal theory of Legendrian links developed by Shende,
Treumann, and Zaslow [33]. More precisely, given a ground field K, an integer » > 1, and a
Legendrian link A C (R3, &q) whose front projection I, .(A) C R? is generic and carries a binary
Maslov potential, we focus on the combinatorial description of the category Sh,.(A, K)o—that is, the
dg-derived category of microlocal rank r, compactly supported, constructible sheaves of K-modules
on R? whose singular support is contained in the closed conic Lagrangian L(A) C (T*R?, wgq)
associated with A (see Construction 2.1.9). In addition, we define the main object of interest in
this dissertation: the cohomological category H*® (S hr (A, K)O). To this end, we begin by describing
certain stratifications of R?, which are essential for the combinatorial characterization of the objects

of the categories under consideration.
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2.2.1. Regular Stratifications of R? Induced by Legendrian Links. As previously men-
tioned, we aim to describe a specific dg-derived category of constructible sheaves of K-modules on
R2. Accordingly, the main goal of this subsection is to introduce the stratifications of R? relevant

to our study.

Let A C (R3,&4a) be a Legendrian link. We say that the front projection II, .(A) C R? of A is
generic if IT, ,(A) has only cusps and crossings as singularities. In particular, when A has a generic

front projection, it induces a regular stratification Sy of R? defined as follows [33]:
(i) The O-dimensional strata correspond to the cusps and crossings in II, . (A).
(7) The 1-dimensional strata are given by the arcs in I, ,(A).

(741) The 2-dimensional strata consist of the disjoint open subsets of R? whose union is equal to the
complement of IT, ,(A) in R2. Consequently, there is only one unbounded 2-dimensional stratum

in the stratification Sy.

Next, let a € Sp be a stratum. We define the star of a, denoted s(a) C Sp, as the union of
all the strata of Sy whose closure contains a. By construction, Sy forms a regular cell complex;
that is, each stratum a € Sj and its star s(a) are contractible in S? = R? U {oc}, the one-point

compactification of R2.

It is important to emphasize that, for any positive braid word 8 € Br;’, the front projection
I, .(A(B)) of the associated Legendrian link A(8) C (R?,&qq) is generic. Bearing this in mind, we

henceforth restrict our discussion to Legendrian links with generic front projections.

Having introduced the stratifications of R? relevant to our discussion, we now turn to the

definition of a binary Maslov potential for any Legendrian link in (R3, £yq) arising as the rainbow

closure of a positive braid word. In particular, this binary Maslov potential will constitute an

essential ingredient in the combinatorial description of the objects of the categories of interest.

2.2.2. A Binary Maslov Potential for the Rainbow Closure of Positive Braids. Let
B € Br;} be a positive braid word, and let A(3) C (R3,&sq) be its associated Legendrian link. In
this subsection, our goal is to equip I, .(A(8)) C R? with a binary Maslov potential; specifically,

a locally constant function piasiov : a2 (A(B)) — Z satisfying certain combinatorial properties.
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To begin, observe that, given a generic positive braid word B € Br,, the front projection
I, .(A(B)) C R? of the Legendrian link A(8) C (R?, &q) is illustrated in Figure 1.1. In this

manuscript, we call strands the smooth curves connecting a left cusp to a right cusp in I, ,(A(f)).

It follows that, for each pair of left and right cusps ¢; and ¢, in II; .(A(B)), exactly two strands

meet at this pair of cusps. Consequently, we denote by L, . and L} . the bottom and top strands

C ClyCr

meeting at ¢; and ¢, respectively. Having established these notions, we define a binary Maslov
potential finasioy © iz 2(A(B)) — Z via the assignment pifasiov(Ly, ) = 0 and ,uMaSlOV(Lg;CT) =1,

for every pair of left and right cusps ¢; and ¢, in II, . (A(B)).

In particular, by closely inspecting the front projection Il ,(A(5)) of the Legendrian link A(f),
illustrated in Figure 1.1, we observe that II, ,(A(/5)) has n left cusps, n right cusps, and 2n strands.

Then, according to our previous discussion, we have that:

e The n strands forming the braid diagram of § in the front projection II, ,(A(5)) have Maslov

potential 0. These strands are referred to as the bottom strands in II, .(A(B)).

e The n strands comprising the rainbow-like shape that closes the braid diagram of 3 to form the
front projection II, .(A(8)) have Maslov potential 1. These strands are referred to as the top
strands in 11, ,(A(B)).

Having introduced a binary Maslov potential for the family of Legendrian links under study, we
now review the combinatorial description of the category Sh,(A,K)q, which constitutes a robust

Legendrian isotopy invariant of a given Legendrian link A C (R3, &4q) [33].

2.2.3. Combinatorial Description of the Category Sh,(A,K)g. Let A C (R3,&4q) be a
Legendrian link. Given a field K and an integer > 1, we denote by Sh,.(A,K)g the dg-derived cat-
egory of microlocal rank r, compactly supported, constructible sheaves of K-modules on R? whose
singular support is contained in the closed conic Lagrangian L(A) C (T*R?, wyq) associated with
A (see Construction 2.1.9). From the perspective of contact topology, the category Sh,(A,K)q is
of fundamental relevance: more precisely, the work of Guillermou, Kashiwara, and Schapira [18]
establishes that it is a Legendrian isotopy invariant of A. Moreover, Shende, Treumann, and Za-
slow [33] proved that when the front projection II, . (A) C R? is generic and equipped with a binary

Maslov potential, the category Sh,(A,K)p admits an explicit local combinatorial description. In
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this subsection, our goal is to briefly review this combinatorial characterization of such a microlocal-
sheaf categorical invariant of A. Accordingly, we henceforth assume that A is a Legendrian link

whose front projection Il ,(A) is generic and equipped with a binary Maslov potential.

To begin, let Sy denote the regular stratification of R? induced by A. As shown in [33], when A
carries a binary Maslov potential, the objects of the category Sh,(A,K)q are quasi-isomorphic to
their zeroth cohomology sheaf, and therefore can be represented by honest sheaves of K-modules.
This simplification is particularly convenient, as it enables us to work with sheaves of K-modules
rather than complexes of such sheaves. Next, let .%# be an object of the category Sh,(A,K)g. Then,

according to [33], Z# is fully characterized by the microlocal support conditions—namely, the set

of conditions relative to the stratification Sy that determine .# according to the following local

models:

a) Arcs: Let a be an arc in the stratification Sp. Locally near a, Sp consists of the arc a, an
upper two-dimensional stratum U, and a lower two-dimensional stratum D, as illustrated in
Sub-figure 2.2a. With respect to this local configuration, the behavior of .% is described by the

diagram in Sub-figure 2.2b.

P
U F /(\U )
a
D =
Z (D)
(a) Strata configuration near an arc. (b) Micro-support condition near an arc.

FIGURE 2.2. Strata configuration (left) and micro-support condition (right) near

an arc.
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b) Cusps: Let ¢ be a cusp in the stratification Sp. Locally near ¢, Sy consists of the cusp ¢, an upper
arc u, a lower arc d, an inside region I, and an outside region O, as shown in Sub-figure 2.3a.
With respect to this local configuration, the behavior of .%# is characterized by the commutative

diagram in Sub-figure 2.3b.

(a) Strata configuration near a cusp. (b) Micro-support condition near a cusp.

FIGURE 2.3. Strata configuration (left) and micro-support condition (right) near a

cusp.

c) Crossings: Let x be a crossing in the stratification Sp. Locally near x, Sp consists of the
crossing z, four two-dimensional strata N, S, E, and W, along with four arcs nw, ne, sw, and
se, as depicted in Sub-figure 2.4a. With respect to this local configuration, the behavior of .%#

is described by the commutative diagram in Sub-figure 2.4b. Moreover, the sequence
0 — F(s(x)) — F(s(nw)) ® .Z(s(ne)) — F(N) — 0,

is required to be short exact.

Remark 2.2.11. In the diagrams of Sub-figures 2.2b, 2.3b, and 2.4b, all maps labeled with the

[ “=7 are required to be isomorphisms. In this thesis, we further require these maps to

symbo
be the identity maps, a convenient convention often adopted in the literature when working with

concrete examples (see, for instance, [9,12,33]).
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d)

P
N\

IR
IR

(a) Strata configuration near a crossing. (b) Micro-support condition near a crossing.

FIGURE 2.4. Strata configuration (left) and micro-support condition (right) near a

crossing.

Microlocal Rank for Binary Maslov Potentials: Let r > 1 be an integer, and let a be an arc
in the stratification Sy. In particular, observe that locally near a, Sy consists of the arc a,
an upper two-dimensional stratum U, and a lower two-dimensional stratum D, as illustrated
in Sub-figure 2.2a. Given this local configuration, let p € U and ¢ € D be arbitrary points,
and denote by .#, and .#, the stalks of .# at p and ¢, respectively. Then, depending on the
binary Maslov potential, the microlocal-rank-r condition impose the following constraints on

the dimensions of these stalks:
— If the arc a belongs to a strand with Maslov potential 0, we require dimg .%#), —dimg %, = r.
— If the arc a belongs to a strand with Maslov potential 1, we require dimg .%, —dimg %, = r.

Compact Support Condition: Let Uy denote the unique unbounded two-dimensional stratum of

Sa. Then, for any x € Uy, we require the stalk of .%# at x to be trivial; that is, %, = 0.

With the local combinatorial description of the objects of the category Sh,(A,K)y in place,

we now introduce one of the core concepts of this manuscript: the cohomological category

H*(Sh,(A,K)p). To this end, let .# and ¢ be objects of the category Sh,(A,K)y. Following [26],
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we define Ext!(.#,%) to be the i-th sheaf cohomology of the right-derived internal Hom sheaf
R om(F,9); that is,

(2.2.1) Ext'(#,¥) := H'(R[(R* R#om(F,9))),

for all ¢ € Z. In particular, as shown in [33], when the front projection II, ,(A) is generic and
equipped with a binary Maslov potential, Ext!(.#,%) = 0 for all i < 0. In this setting, the category
H*(Sh,(A,K)p) admits the following presentation:

Definition 2.2.12. Let A C (R3 &qq) be a Legendrian link whose front projection 11, .(A) C R?
is generic and equipped with a binary Maslov potential. Then, building on [33], the cohomological
category H®(Sh,(A,K)o) is characterized by the following data:

e Objects: The objects of the category H®(Sh.(A,K)g) are those of the category Sh, (A, K)g.
e Morphisms: The morphism spaces are positively graded K-modules. More precisely, let %, 4 be

objects of the category H®(Shy(A,K)o). Then,

Hom gre(sn, (A 5)0) (F, 9) := H*(Homsp, (a5, (F,9) ) = Ext*(Z,9) = PExt'(F,9).
>0

o Composition: The morphism spaces are equipped with a graded composition. Specifically, let F
G, A be objects of the category H®*(Sh,(A,K)g), and let i, j > 0 be integers. Then, the graded

composition
A . »
(O HomzH‘(Shr(A,K)o) (g,%) X Hom]H.(ShT(A’K)O)(f,g) — HomZH‘Z(ShT(A,K)o)(y’%) s
is defined by the Yoneda composition on Ext groups (see, for instance, [20]).

With the above definition at hand, we conclude our brief review of the microlocal theory of
Legendrian links and turn our attention to the main goal of this dissertation. More precisely, given
a positive braid word 3 € Br,, the remainder of this thesis is devoted to providing an explicit and
computable characterization of the category H®(Shi(A(8),K)g). In the next chapter, we present

both a geometric and an algebraic description of the objects of this category.
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CHAPTER 3

The Objects of the Category H*(Shi(A(5),K)o)

Let 3 € Br,l be a positive braid word. Then, given a fixed ground field K, the main purpose of
this chapter is to provide both a geometric and an algebraic characterization of the objects of the
category H®(Shi(A(B),K)p). To this end, we first establish some technical definitions and lemmas

concerning linear maps and complete flags, which will be instrumental in the discussion ahead.

3.1. Some Technical Results on Linear Maps and Complete Flags

Let 3 € Br) be a positive braid word. In this section, we collect several technical lemmas
concerning linear maps subject to specific constraints. Furthermore, we introduce some relevant
definitions and properties of complete flags in finite-dimensional vector spaces. The importance
of the concepts we present below lies in the fact that they provide the basic framework for the

geometric and algebraic description of the objects of the category H®(Shi(A(B),K)o).

We begin by introducing the following lemma, which will be fundamental in studying the objects

of the category H®(Shi(A(B),K)p) near the cusps in the front projection of the Legendrian link
A(B).

Lemma 3.1.13 (Cusp Condition). Let S and N be finite-dimensional vector spaces over K such

that dimg S' = p and dimg N = q, where p and q are two positive integers subject to the constraints
1<p<qg—1landq>2. Letp:S — N andy : N — S be linear maps such that ) o ¢ = idg.

Then, the following statements hold:
(i) ¢ is surjective.
(i) ¢ is injective.
(i4i) N =kerty @ im ¢.
Proof. First, we prove part (7). To this end, let s € S. Then, we obtain that s = idg(s) = ¥ (4(s)),

which shows that s € im. As a result, we conclude that S = im1). Next, we verify part (i7).
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For this purpose, let z € ker¢ C S. Hence, we have that x = idg(z) = ¢¥(¢(z)) = ¥(0) = 0. It
follows that ker ¢ = 0. Finally, we prove part (ii7). To this end, let n € kerty) N im¢ C N. By
definition, we know that there exists s € S such that n = ¢(s). In particular, we observe that
s = idg(s) = ¥ (4(s)) = ¥(n) = 0, which implies that kert) N im¢ = 0. Furthermore, by parts
(i) and (1) above, we know that v is surjective and ¢ is injective. Therefore, by the rank-nullity
theorem, we get that dimg kerv) = ¢ —p and dim im ¢ = p. Bearing this in mind, we deduce that

N =kery @ im ¢. ]

We now present a lemma that will play a key role in the description of the objects of the category

H*(Shi1(A(B),K)p) near the crossings in the front projection of the Legendrian link A(5).

Lemma 3.1.14 (Crossing Condition). Let S, W, E, and N be vector spaces over K. In addition,
suppose that oy : S — W, 1 : W = N, as : S = E, and B2 : E — N are a collection of linear

maps subject to the following constraints:

o The diagram in Figure 3.1 commutes.
N
/s/ \
w E
N A
S

FiGure 3.1. Commutative diagram for a collection of linear maps a1, 51, a2, and

B2 satisfying the crossing condition.

o The sequence in Equation (3.1.1) is short exact.

(a1, a9) 51@(—52)
»WeFE > N

n

+
o

311 0

Then, the following statements hold:
(i) Broog = B0 .
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(ii) im(ﬁl o al) =impB1NimpBy = im(,Bg o ag).
(iv) If the maps a1 and By are injective, then the maps ag and Ba are also injective.

Proof. First, we prove part (7). To this end, observe that, by assumption, the diagram in Figure

3.1 commutes. In consequence, we obtain that 81 o a; = [ 0 cs.

Next, we verify part (iz). For this purpose, let n € im 81N im B2 C N. Then, there exist w € W and
e € E such that n = 1(w) and n = fa2(e). In particular, observe that 51 (w) — fa(e) =n—n =0,
which implies that (w,e) € ker (ﬁl @ (—pe )) Consequently, since the sequence in Equation (3.1.1)
is short exact, there exists s € S such that (w,e) = (a1(s), az2(s)), which shows that n = g (a1(s))
and n = Ba(az(s)). Therefore, by part (i) above, we conclude that im(ﬁl o al) =imfBiNimpBy =

im(ﬂg e} ag) .

Now, we prove part (iiz). To this end, let n € N. Then, since the sequence in Equation (3.1.1)
is short exact, there exist w € W and e € E such that n = f1(w) — Ba2(e). It follows that

N =imp; + im fs.

Finally, we verify part (iv). For this purpose, let = € ker g C S. Then, by part (i) above, we have
that 51 (a1 (x)) = Ba(az(x)) = B2(0) = 0. In particular, since the linear maps a; and 3 are assumed
to be injective, we conclude that x = 0, and therefore ker s = 0. In addition, let y € ker 8o C E.
Then, we have that 31(0) — 82(y) = 0 — 0 = 0, which implies that (0,y) € ker(81 & (—32)). Thus,
since the sequence in Equation (3.1.1) is short exact, there exists s € S such that (ai1(s), az(s)) =
(0,y). Consequently, since the linear map «; is assumed to be injective, we obtain that s = 0.
It follows that y = aa(s) = a2(0) = 0. Bearing this in mind, we deduce that ker o = 0. This

completes the proof. O

Next, we introduce some key definitions and lemmas concerning complete flags in finite-

dimensional vector spaces.

Definition 3.1.15. Let V' be a finite-dimensional vector space over K with dimgV = n, for some
integer n > 1. Then, a complete flag F* = {F(O) C - C F(")} iV is defined to be a nested
sequence of vector subspaces F®) of V such that dimg FP) = p for allp € [0,n]. With this definition

in place, we adopt the following terminology:
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o Two complete flags F* = {F(O) Cc---C F(”)} and G® = {G(O) C---C G(”)} in V are said to

be completely opposite if and only if

vV =F® gghn-r
for each p € [0,n].

o Let k € [1,n — 1] be an integer. Two complete flags F* = {F(O) C - C F(”)} and G* =
{G(O) C---C G(”)} in'V are said to be in sy-relative position if and only if F*) % G*) and
F®) = GW for each p # k, where p € [0,n).

o Letx := {ﬁ:i}?:l be a basis for V.. We define the standard flag in V relative to the basis X to be
the complete flag F g [X| := {Fs(t[:i) C---C Fs(gé)} given by

0, if p=0

Fs(if:i) [)A(] =

<3%1,...,:£“p>, if pe[l,n]

Similarly, we define the anti-standard flag in V relative to the basis X to be the complete flag

n

Fostd X] = {Féft)d c---C szst)d} given by

0, if p=0,

~

<3§'n, SRR @n+1—p> ) Zf pE [17 TL]

o Let x := {i‘i}?zl be a basis for V, and let A € GL(n,K) be an n x n invertible matriz over K.
We introduce {d’j };L:l to denote the collection of vectors in V given by d; == > ;| Ai ;5 for

each j € [1,n]. In particular, let F* = {F(O) Cc---C F(”)} be a complete flag in V such that

P _ 0, if p=20,

<d’1,...,d’p>, if pe[l,n]

Then, we say that, relative to the basis X for V', the complete flag F* is represented by the

matriz A.

Notation 3.1.16. Let n, m > 1 be integers. Throughout this manuscript, we implement the

following standard matrices:

24



e 1, € GL(n,K): the identity matriz of size n x n.

e w, € GL(n,K): the anti-diagonal identity matrixz of size n X n; that is, the matriz with ones on

the anti-diagonal and zeros elsewhere.
e 0, € M(n,m,K): the zero matriz of size n X m.

Ezxplicitly,

0---1 1---0 0---0

nxXn nxXn nxm

In addition, for any pair of integers p,q > 1 with ¢ > p, we denote by \9P) € M(q,p,K) the

standard inclusion matriz, and by =9 € M(p, q,K) the standard projection matriz, defined by

1
L(q,p) — [p] , 71'(1’#1) = [1p‘0px(q,p) } .
O(g—p)xp

Accordingly, for all k > 2, the following identities hold:

71—(172) e W(k_lvk) — W(lvk) , ﬂ(pv‘J) . L(va) — ]_p’ L(kvk_l) e L(271) — L(k71) .

Remark 3.1.17. Let V be a finite-dimensional vector space over K with dimgV = n, for some

integer n > 1. Furthermore, suppose that X := {:Acz} is a basis for V.. Then, according to

n
=1
Definition 3.1.15, we have that:

o Relative to the basis X for V, the standard flag F34[X] in V is represented by the matriz 1,, €
GL(n,K).

o Relative to the basis x for V', the anti-standard flag Fo.4[X] in V is represented by the matriz
wy, € GL(n,K).

With the basic notions of complete flags and standard matrices in place, we now formalize
how complete flags arise naturally from collections of vector spaces and linear maps. Moreover, we
introduce the notion of bases adapted to such collections, which provide concrete matrix realizations

of the resulting flags.
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Definition 3.1.18. Let n > 2 be an integer, and let {V(i)}n be a collection of vector spaces over
K such that dimg V® =i for all i € [1,n]. Let {gb o (A Qe V(H‘l)}L ' and {1/)() Yty
l)} ' be collections of injective and surjective linear maps, respectively. Then, we introduce the

following definitions:

(1) Type T Flag: Consider the collection {gf)(i)};:ll. We associate to this data the filtration in

V) given by

where
0, if p=0,
(3.1.2) FP) = im(¢(n71) o0---0 ¢(p))’ if pell,n—1],
1420 if p=n.

We refer to ; F*(¢M), ..., ¢V as the type T flag in V™) associated with {gf)(i)}?:_ll.

(2) Type K Flag: Consider the collection {w(Z }n ' We associate to this data the filtration in

V™) given by

e F @,y = (O )l
where
0, ifp=0,
(3.1.3) F = {er(pn9) o0 pn=D) ifp e [1,n—1],
v, ifp=n.

We refer to o F*(pD, ..., "=D) as the type K flag in V™) associated with {¢(i)}?;11

(3) Adapted System of Bases I: Consider the collection {gb }n 11. For each i € [1,n], let
£0) .= {sz }kzl be a basis for VW, and denote by {f } the collection of such bases. We

say that {f'(’)}? s a system of bases adapted to {(Z) } _ zf, for each i € [1,n—1]|, the matriz

?(Hl)[qﬁ(i) ]f@ € M(i+1,i,K) representing qﬁ(l s the standard inclusion matriz; namely,

FG+1) [QW) ]f(i) = ()
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(4) Adapted System of Bases II: Consider the collection {1/;“)}?:1. For each i € [1,n], let
£0) .= {f,ii)}z‘:l be a basis for V@, and denote by {f(i)}?zl the collection of such bases. We

say that {f(i)}?zl is a system of bases adapted to {w(i)}?:_ll if, for eachi € [1,n—1], the matriz

) [¢ (@) h(iﬂ) € M(i,i 4+ 1,K) representing 1) is the standard projection matriz; specifically,
. vl
f(i>[1/’(l)]?(i+1) =l

Lemma 3.1.19. Let n > 2 be an integer, and let {V(i)}?zl be a collection of vector spaces over K
such that dimyg V@ =i for alli € [1,n]. In addition, let {gé(i) VO V(i+1)}7.1:_11 be a collection of
injective linear maps. Then the type I flag I]-"(gb(l), e ,¢(”_1)) in V) associated with {gb(i)}?:_ll
is a complete flag.
Proof. By Definition 3.1.18-(1), the filtration 7 F*(¢(1), ... ¢(*~1) .= {F(O) C--C F(”)} in V")
is given by
0, if p=0,
FP = Sim(gVo. . 0p®), if peln—1],

140N if p=n.

In particular, observe that since each ¢ is injective, the composition (" Ho--.0p® : V¥ — (1)

is also injective for every p € [1,n — 1]. Consequently, by the rank-nullity theorem, we deduce that
dimKim(cﬁ(”’l) 0---0 ¢(p)) =p,

for all p € [1,n — 1], which shows that 7 F*(¢(), ..., ¢(»~1) is a complete flag. O

Lemma 3.1.20. Let n > 2 be an integer, and let {V(i)}?zl be a collection of vector spaces over
K such that dimg V) = i for all i € [1,n]. In addition, let {w(i) S VAU RO V(i)}?:_ll be a
collection of surjective linear maps. Then the type K flag K;]-"'(w(l), e ,w("*l)) in V) associated

with {w(i)}?:_ll is a complete flag.

27



Proof. By Definition 3.1.18-(2), the filtration F*(¢p™), ... (1) = {F(O) C - C F(")} in

V(™ is given by

0, if p=0,
(3.1.4) F®) = ker(dj(nfp) 0---0 w(nfl))7 if pel,n—1],
1420 ifp=n.

In addition, note that since each (® is surjective, the composition () o ... 0 p(»=1 . /()
V(=P) is also surjective for every p € [1,n — 1]. Consequently, by the rank-nullity theorem, we
deduce that

dimg ker(w(”*p) 0---0 zp(”*l)) =p,

for all p € [1,n — 1], which confirms that ,C]-"'(l/)(l), ..,p= D) is a complete flag. O

Lemma 3.1.21. Let n > 2 be an integer, and let {V(i)}?zl be a collection of vector spaces over K
such that dimg V) =i for all i € [1,n]. Let {w(i) A V(i)}?:_ll be a collection of surjective

linear maps, and let {gb(i) S VA QN V(”l)}?;ll be a collection of injective linear maps satisfying:
ol =idy ,
for each i € [1,n — 1]. In particular, denote by
Fo = P, ),
Fr=gFr W, ),

the type K and type T flags in V™ associated with {zp@')}"z‘f and {qﬁ(i)}n—l respectively. Then,

) =1’

Fo and F\* are completely opposite flags.

Proof. By assumption, (® o ¢() = idy, ) for all ¢ € [1,n — 1]. Thus, for each i € [1,n — 1], the
compositions 1@ o - .. 01 V() 5 VO and ("D o... 0 ¢ : VO — V() gatisfy

(ww 6.0 zﬁ(n—n) o (¢<n—1> 0.0 ¢<z’>) =iy .
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Consequently, a direct application of Lemma 3.1.13 yields, for each i € [1,n — 1], the direct sum

decomposition

(3.1.5) v — ker@(i) 0.0 Wfl)) @ im<¢<n71> 0.0 ¢<i)> ,

Now, consider
]:O. :Kf.(w(l)v"'a¢(n_1)) = {FSO) c-C Fén)}a

Fr=7F¢0, .. o) ={FY c...c F",

the type K and type Z flags in V(™ associated with {¢(i)}?:_11 and {(b(i)}n_l respectively. By

i=1"
Definition 3.1.18—(1)—(2), we have that
0, if p=0,
Fép) = ker(q/}("’p) 0---0 w(”*l)), ifpel,n—1],

1420 ifp=n.

0, if p=0,

Fl(p) = im(¢(n—1) 0---0 (ls(p))7 if pell,n—1],

1408 if p=n.

\

Therefore, by the direct sum decompositions (3.1.5), we deduce that
v — Fo(p) ® Fl(n—p)7

for all p € [1,n — 1], which shows that F and F,* are completely opposite flags, as desired. O

Lemma 3.1.22. Let n > 2 be an integer, and let {V(i)}?zl be a collection of vector spaces over K
such that dimg V® =i for alli € [1,n]. Let {qb(i) o VA QRN V(Hl)}?:_ll be a collection of injective
linear maps, and for each i € [1,n], let £0) .= {fki)}zzl be a basis for VW such that {f'(i)}?zl 18
a system of bases adapted to {cb(i)}::ll (see Definition (3.1.18)-3). Then, relative to the basis £(™)
for V) the type T flag If'(gi)(l), ce gi)(”_l)) in V™ associated with {(;S(i)}?:_ll coincides with the
standard flag, I]—"(qb(l), ey ¢("_1)) [f'(")} = ;td[f'(”) ] , and is therefore represented by the matrix
1,.
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Proof. By Definition 3.1.18(1), the filtration 7 F*(¢(M), ..., ¢(*=D) .= {F(O) C- F(")} in V")
is given by
0, if p=20,
FP = Sim(gVo . 0p®), if peln—1],
140N if p=n.

Now, since {f'(i)}?zl is a system of bases adapted to {qb(i)};:ll, Definition 3.1.18—(3) asserts that
for each i € [1,n — 1], the matrix ;4. [¢(i) ]f(i) € M(i+1,i,K) representing ¢ ) is the standard

inclusion matrix; that is, 1) [gzﬁ(i) ]f(i) = (+L9) - Ag a result, we deduce that

PO = (f0 o)

for all p € [1,n— 1], which confirms that 7 F*(¢™M), ..., ("~ 1)[ )] Std[f'(")},as claimed. [

Remark 3.1.23. Let n > 2 be an integer, and let {V } be a collection of wvector spaces
over K such that dimg V@ = i for all i € [1,n]. Let {¢Z VO - V(”l)}z_ be a collec-
tion of injective linear maps, and let f(n {fk }k , be a basis for V™) such that the type
T flag 7 F* (6N, ... ¢ D) in V) associated with {(Z)(Z }1;1 coincides with the standard flag,
Z]—"’(qﬁ(l), ey gb("_l))[f’(”)] = s’td[f(”) ] Then, an inductive argument establishes that, for each

€ [1,n — 1], there is a unique basis £ .= {féz)}z _y Jor V@ such that the collection of bases
{f }Z | s a system of bases for {V }_1 adapted to {qb(l } _ (see Definition 3.1.18-(3)). In

particular, this observation will play a key role in our discussion ahead.

Lemma 3.1.24. Let n > 2 be an integer, and let {V(Z } be a collection of vector spaces over K
such that dimg V) =i for all i € [1,n]. Let {d) Lyt oyt )} ' be a collection of surjective
linear maps, and for each i € [1,n], let £0) .= {fk }k | be a basis for V@ such that {f } 18
a system of bases adapted to {w(z } (See Definition 3.1.18—(4)). Then, relative to the basis £
for V) the type K flag cF* (w(l), e ,@ZJ(”_D) in V™ associated with {¢(i)}?:_11 coincides with
the anti-standard flag, ,C}"(w(l), . ,w(”*l))[f'(”)] = ;Std[f(")}, and is therefore represented by

the matrix w,,.
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Proof. By Definition 3.1.18—(2), the filtration , F* (YO, =Dy = {F - C F(")} in
V(™ is given by
0, if p=0,

F(p) = ker(d}(n_p) QO-++0 ¢(n_1))’ lf p [ [17"1 - 1] ,
140N if p=n.

Now, since {f' (i)}?zl is a system of bases adapted to {w(i)}z:ll, Definition 3.1.18—(4) asserts that

for each 7 € [1,n — 1], the matrix 4 [w(i) ]f(i+1> e M(i,i 4+ 1,K) representing ¢ ) is the standard

projection matrix; that is, [zp (@) } Fivn) = @it Consequently, we obtain that

PO — (f, L f™ Y

v Jn—p+1

for all p € [1,n — 1], which establishes that - F*(x(1), ... "=D) [f( )] = S‘td[f'(”)], as desired.
]

Remark 3.1.25. Let n > 2 be an integer, and let {V(i)}ll be a collection of vector spaces
over K such that dimg V@ = i for all i € [1,n]. Let {1/)( YD) V(l)} be a collection
of surjective linear maps, and let £ {fk }k , be a basis for V™) such that the type K
flag ,C]-"'(l/)(l s D) ) in V") associated with {1/1 }¢:_11 coincides with the anti-standard flag,

FoypM, ... ,w(”_l))[f'(”)] = ]-";Std[f'(”)]. Then, an inductive argument shows that, for each

€ [1,n — 1], there is a unique basis £ .= {féz)}; | Jor V@ such that the collection of bases
{f(i)}?zl is a system of bases for {V(i)}A: adapted to {w } 1 (see Definition 3.1.18-(4)). In

particular, this observation will play a key role in our discussion ahead.

Before proceeding further, we state a lemma that describes how the matrix representation of a

complete flag in a vector space transforms under a change of basis.

Lemma 3.1.26. Let V be a finite-dimensional vector space over K with dimgV = n for some
integer n > 1, and let X = {i‘i}?:l and y = {g]j}?zl be bases for V related via the change-
of-basis matric M € GL(n,K); that is, §; = >, M;;&; for each j € [1,n]. Furthermore, let
F* = {FO Cc---C F”} be a complete flag in 'V, and suppose that relative to the basis 'y for V, the
flag is represented by the matriz A € GL(n,K). Then, relative to the basis X for V', the complete
flag F* is represented by the matrixz product M - A € GL(n, K).
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Proof. To begin with, let {Uk}zzl be the collection of vectors in V' given by v} = Z?:l Aj 1 y; for
each k € [1,n]. Thus, since relative to the basis y for V, the flag F* is represented by the matrix
A, we have that

0, ifp=0,
) —

<171,...,17p>, ifp=1,...,n.
In addition, recall that §; = > """ | M; ; &; for each j € [1,n]. As a result, we obtain that

n o n
Ukz E E Aj7kMi7ji'i,

j=1i=1

= Z <ZMi,jAj,k> Z;,

i=1 \ j=1

Z (M ’ A)i,k i,

i=1

3

for each k € [1,n]. Bearing this in mind, we conclude that, relative to the basis x for V, the flag

F* is represented by the matrix product M - A. This completes the proof. O

We now introduce a collection of matrices that parametrize complete flags in relative position,
the so-called braid matrices. These matrices are of central importance, as they will play a key role

in the algebraic description of the objects of the category H®(Shi(A(8),K)o).

Definition 3.1.27 (Braid Matrices). Let n > 2 be an integer. Given an Artin generator oy, € Br)',
with k € [1,n — 1], and a parameter z € K, the n-dimensional braid matriz Blin)(z) € GL(n, K)

associated with oy and z is defined by

1, ifi=j and i#k, k+1,

. Lo () = (kk+1) or (k+1E),

[Bk, (z)]”:: i,7 € [1,n].
2, Zf’L:]:ka

0, otherwise,
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More precisely,

k 2 n—(k+1)
1 070070 0
k
0 110010 0
(n) z 1
B, (z) = 10 2
0 000 |1 0
n—(k+1)
0 0rooto 1

In this manuscript, we refer to B,(gn)(z) as the k-th braid matriz of dimension n associated with oy,

and z.

The braid matrices have been extensively studied and employed in the literature (see, for in-
stance, [4,5,5,8,12,16,25]). In particular, in Appendix A, we list some of their properties,

focusing on those most relevant for this thesis.

Lemma 3.1.28. Let V' be a finite-dimensional vector space over K with dimgV = n for some
integer n > 1. Let F* = {F(O) Cc---C F(”)} and G® = {G(O) C--C G(”)} be a pair of complete
flags in V' such that G*® is in sg-relative position with respect to F* for some k € [1,n — 1].
Furthermore, let X := {ici}?:l be a basis for V, and suppose that relative to the basis X, the flag F*
is represented by the matrix A € GL(n,K). Then there exists z € K such that, relative to the basis
X, the flag G* is represented by the matrixz product A - B,gn)(z), where B,(gn)(z) € GL(n,K) denotes

a k-th braid matriz of dimension n.

Proof. Let {Uj}?zl be the collection of vectors in V' given by v; = > | A; j &; for each j € [1,n].
By hypothesis, we know that, relative to the basis x, the flag F* is represented by the matrix A.

In other words, we have that
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Moreover, recall that the flag G*® is in sg-relative position with respect to F°. To be more precise,

we know that F*) % G®) and F® = G® for all p # k, where p € [0,n]. Here, observe that

for each p € [1,n], the set {171,...,17},} is a basis for F®). Thus, since F*1) ¢ G®) we can
extend the basis {#],..., 01} for F*=1 to a basis {Ul,...,ﬁk,l,g'} for G®), for some non-
zero vector § € G%®). Moreover, since {v1,...,Upy1} spans F*+D and G ¢ FEHD | we can

—

write § = o U1 + -+ + Qpq1 Uk for some «; € K, where j € [1,k + 1]. In particular, since
G®) £ F®) we know that § does not belong to F*), and therefore a1 # 0. Thus, we obtain
that § = aq 01 + -+ + ap_1 Up_1 + Qa1 (27k+1 + zﬁk), where z := a,;ilozk € K. As a result, we
can see that the set {271, ooy Upe1, U1 + 2 Uk} spans G*). Bearing this in mind, we conclude that,
there is z € K such that, relative to the basis x for V, the flag G* is represented by the matrix
whose column vectors are given by [171, ey U1, U1 + 2 Uk, Uk, Ukt2, - - - ,Un]. Finally, in light of

Claim A.0.112, we readily verify that

—

(n) - - S o .
ABk (Z): [vl)"'avk—lvvk—i-l+kaavk7vk+2)"'avn])

where B,(Cn)(z) € GL(n,K) denotes a k-th braid matrix of dimension n. Therefore, we deduce that,
relative to the basis %X, the flag G* is represented by the matrix product A - B,gn)(z), for some

z e K. O

Finally, we introduce the notion of braid-transformed bases, which captures how a positive braid
word 3 = 0, - -- 05, € Br;l, together with a tuple Z € thd, acts on a collection of bases for a family

of vector spaces and produces a new set of bases for the corresponding family.

Definition 3.1.29 (Braid-Transformed Bases). Let n > 2 be an integer, and let {V(i)}?zl be a
collection of vector spaces over K such that dimyg V® =i for all i € [1,n]. For each i € [1,n], let

£ .= {f,gi)}zzl be basis for V@, and denote by {f'(i)}?zl the collection of such bases.

Let o, € Br}" be the p-th Artin generator for some p € [1,n — 1], and let z € K be a fived
parameter. For each i € [1,n], we define a new basis for V), £() [0p, 2] == {f,gl) [UP’Z]}ZZV as

follows: for each k € [1,1], we set

79, if ie[l,pl,

flgi) [JP7Z] = ' ] »
Sy (BY(2),, 17 if i+,
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where B]gi)(z) denotes the p-th braid matriz of dimension i associated with o, and z. In other words,
for eachi € [1,n], the new basis for V@ s obtained from the old basis via the change-of-basis matriz

B](f)(z) if it > p+ 1; otherwise, the new and old bases agree.

Accordingly, let B = 04, ...04, € Br," be a positive braid word, and let Z = (z1,...,2) € Kﬁtd

be a fixed tuple. Then, we define the braid-transformed bases {f'(i)[ﬁ, 7] } a new collection of

n
=1’

bases for the family of vector spaces {V(i)}:;l, by recursively applying, in order, the single-step
transformations corresponding to each Artin generator in 3 and the associated entry of Z to the old

bases {f'(i) }7.1 namely:

=1’

~

£018,2] := (- Doy, z1]) -+ )owgs 2], i € [L,n).

Having established the necessary technical background, we now turn to the explicit characteri-

zation of the objects of the category H®(Shi(A(B),K)p) in the case 5 = e,.

3.2. The Case of the Trivial Braid

Let e, € Br;}l be the trivial braid word. In this section, we study the objects of the category
H*(Shi(A(en),K)o). In particular, this concrete example, corresponding to the Legendrian unlink
Alen) C (R3,&4q) on n strands, will serve as a prototype for the general theory developed later in

this chapter.

Let .# be an object of the category H®(Shi(A(en),K)p). Next, we construct an open cover of
R? adapted to the front projection IL, .(A(e,)) C R? of the Legendrian link A(e,) C (R3, &4a). The
purpose of this construction is to decompose the plane into manageable regions where the local

behavior of .% can be analyzed independently and later integrated into a concise global description.

Construction 3.2.30. Let e, € Br} be the trivial braid word. Given the front projection
IL. .(A(en)) C R? of the Legendrian link Aen) C (R?,&xa), we denote by U,y := {Uo,Us, Ur}

the finite open cover of R? illustrated in Figure 3.2. Specifically, we assume that:

o Uy is an unbounded open subset of R? such that Uy N I, .(A(en)) = 0. In Figure 3.2, the region

Uy is depicted in purple.
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o Ug is a bounded open subset of R? such that the intersection Ug N 1,2 (A(en)) consists of the n
strands at the bottom of the front projection I, .(A(en)). In Figure 3.2, the region Ug is shown

mn pink.

o Ut is a bounded open subset of R? such that the intersection Up N T, . (A(ep)) consists the n
strands at the top of the front projection I, ,(A(en)). In Figure 3.2, the region Ut is illustrated

mn green.

FIGURE 3.2. The front projection I, . (A(e,)) C R? of the Legendrian link A(e,) C
(R3, &5¢q), along with the finite open cover Up(en) = {U(], Usp, UT} of R?. The regions

Up, Up, and Ut are depicted in purple, pink, and green, respectively.

Next, by applying the sheaf axioms to the open cover Uy, of R? introduced in Construc-
tion 3.2.30, we provide a global characterization of .% in terms of its local data and the associated

gluing conditions.
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Proposition 3.2.31. Let e, € Br] be the trivial braid word, F an object of the category
H*(Shi(A(en),K)o), and U,y = {Uo,Us,Ur} the open cover of R? introduced in Construc-
tion 3.2.80. Then, the following statements hold:

e On Uy, F is identically zero.

e On Uy, & is specified by a collection of n — 1 surjective linear maps {1#(5? (KA Ki}?:_ll, as

illustrated in Figure 3.3.

e On Ug, F is specified by a collection of n — 1 injective linear maps {¢£f? (K — K”l};:ll, as

tllustrated in Figure 3.4.

e Compatibility conditions: For each i € [1,n — 1],
b 0 6@ = idy .

Proof. To begin, consider the front projection II, ,(A(e,)) C R? of the Legendrian link A(e,) C
(R3, &4a), which is depicted in Figure 2.1. In particular, recall that in II, .(A(ey,)), the strands at
the bottom have Maslov potential 0 and the strands at the top have Maslov potential 1. Thus, by

the microlocal rank conditions and the microlocal support conditions near the arcs, we obtain that:

e For all ¢ € Uy, the stalk of .# at ¢ is trivial; that is, .#; = 0. In other words, .# is identically

zero on Uy.

e On Uy, Z is defined by a collections of n — 1 linear maps {@bg) (KA Ki}?;ll, as shown in
Figure 3.3.

n—1

i—1 » as shown in

e On Ug, # is defined by a collections of n — 1 linear maps {gb(;;) K — KiH}

Figure 3.4.

Now, note that the intersection Ug N Ur N I, .(A(ey,)) consists of the n left cusps and the n right
cusps in I, ;(A(ep)). Thus, on Ug N Ur, % is described by the diagram in Figure 3.5. Bearing

this in mind, the microlocal support conditions near the cusps establish that:

(3.2.1) Y@ 0ol = idgi
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FIGURE 3.3. An object .# of the category H*(Shi(A(en),K)o) on the region Ur.

| n 1)
Kn 1
n— (n 2)
Kn 2
(1)
K1 vz
T

1 [ o
0

Ug

FIGURE 3.4. An object .# of the category H®*(Shi(A(en),K)p) on the region Ug.
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for each i € [1,n — 1]. Consequently, a direct application of Lemma 3.1.13 yields that the maps

{@b;)}?:_ll are surjective, whereas the maps {gb(;;) };:11 are injective. This concludes the proof.

Ug N Ur

n—1 ,q,)(nfz 2

0o " M ) MG LoD 2 gp(-2) el "
0 ;é]}(l ;éﬂ(? cee K2 ;é]]&nl;éﬂ(n e K" ;§Knl ;S Kr2 --- K2§ K! ;§ 0
0o o9 %, o, el Jel el ) ol o

n—

FIGURE 3.5. An object .# of the category H®(Shi(A(ey),K)p) on the intersection
Ug N Ur.

0

Finally, we formalize how the description of .% in terms of linear maps, as established in Propo-

sition 3.2.31, naturally gives rise to a geometric characterization via complete flags in K".

Proposition 3.2.32. Let e, € Br) be the trivial braid word, # an object of the category
H*(Shi(A(en),K)o), and Uy, = {UO,UB,UT} the open cover of R? introduced in Construc-
tion 3.2.30. Then, the following statements hold:

e On Uy, F is identically zero.

o On Ur, Z is characterized by a complete flag Fy in K".

e On Ug, .Z is characterized by a complete flag F,* in K".

e Compatibility condition: F; and F° are completely opposite.

Proof. By Proposition 3.2.31, we know that:

e On Uy, Z is identically zero.

e On Uy, .% is specified by a collection of n — 1 surjective linear maps {1&;) (KA Ki}?z_ll

e On Upg, . is specified by a collection of n — 1 injective linear maps {qb(;) (K — Ki+1}?:_11.
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e Compatibility conditions: For each i € [1,n — 1],
D 0 99 = idy, .

To verify the result, it suffices to show that the above data determines a pair of completely opposite
flags F; and F* in K", thereby providing a geometric description of .#. To this end, relying on the

notions of type Z and type K flags introduced in Definition 3.1.18-(1)—(2), we proceed as follows:

(1) Since the maps {1#(;)}?:_11 are surjective, we assign to .# on Ut the complete flag F in K"
given by
° ° 1 -1
Fo=rFo (v, 05y,

(2) Since the maps {¢g}?;11 are injective, we assign to .# on Up the complete flag F,* in K"
given by
° . 1 n—1
‘Fl ::I‘F (Qst(g),, :(3-; ))

Finally, observe that the compatibility conditions on the maps {wg)}?;ll and {(bfg}?;llallow a
direct application of Lemma 3.1.21, which shows that F and F,* are completely opposite, as

desired. OJ

With the above results at hand, we consider the analysis of the objects of the category
H*(Shi(A(en),K)p) complete. Next, we extend our discussion to general positive braid words
B € Br}, aiming to establish a geometric characterization of the objects of the category

H*(Shi(A(B), K)o).
3.3. A Geometric Characterization of the Objects for General Positive Braids

Let 8 := 0y, -+~ 0;, € Br} be a positive braid word. In this section, we focus our attention on the
study of the objects of the category H®(Shi(A(8),K)p). In particular, our goal is to describe these
objects geometrically, thereby extending the approach previously developed for the Legendrian
unlink A(e,) C (R3,&5q) on n strands. Following [33], we provide a characterization of the objects
of the category H®(Shi(A(fB),K)p) using configurations of complete flags in K™ subject to certain
compatibility conditions determined by the singularities in the front projection Il .(A(83)) C R? of
the Legendrian link A(3) C (R3, &xq)-
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Let .# be an object of the category H®(Shi(A(8),K)p). Next, we construct an open cover of
R? adapted to the front projection I, ,(A(8)). The purpose of this construction is to decompose
the plane into simple regions where the local behavior of .# can be examined independently and

subsequently assembled into a concise global description.

Construction 3.3.33. Let 8 := oy, ---0;, € Br}l be a positive braid word. Given the front
projection T ,(A(B)) C R? of the Legendrian link A(B) C (R3 &wa), we introduce Upp) =
{UO,UB,UL,UR,UT} to denote the finite open cover of R? illustrated in Figure 3.6. Specifically,

we assume that:

e Uy is an unbounded open subset of R? such that Uy N W, .(A(B)) = 0. In Figure 3.6, the region

Uy is depicted in purple.

e Ug is a bounded open subset of R? such that the intersection Ug N I, ,(A(B)) comprises the

braid diagram of 8. In Figure 3.6, the region Up is illustrated in pink.

e Uy is a bounded open subset of R? such that the intersection Uy, N I, .(A(B)) consists of the n

arcs on the left side of the braid diagram of 5. In Figure 3.6, the region Uy, is shown in yellow.

e Ug is a bounded open subset of R? such that the intersection Ug N Il .(A(B)) consists of the
n arcs on the right side of the braid diagram of 3. In Figure 3.6, the region UR is also depicted

mn yellow.

e Ut is a bounded open subset of R? such that the intersection Ut N Il .(A(B)) consists of the
rainbow on n strands that closes the braid diagram of B in R? to form the front projection

I, (A(B)). In Figure 3.6, the region Ut is illustrated in green.

Next, by applying the sheaf axioms to the open cover Uz = {UO,UB,UL,UR,UT} of R?
introduced in Construction 3.3.33, we provide a global description of .# in terms of its local data
and the associated gluing conditions. Among the subsets of the cover Uy gy, the region Up is
particularly important, as it contains all the crossings in the front projection II, .(A(5)), and
consequently, the behavior of % on Up is more intricate and warrants a detailed analysis. We
therefore begin by analyzing .% on the remaining subsets, postponing the study of its behavior on

Up until afterward. With this strategy in place, we now present the following result.
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FIGURE 3.6. The front projection II, ,(A(8)) C R? of the Legendrian link A(3) C
(R3, £4q), along with the finite open cover Upp) = {Uo, Ug, Uy, Ug, UT} of R?. The
regions Uy, and Uy are shown in yellow, while Uy, U, and Ut are depicted in purple,

pink, and green, respectively.

Lemma 3.3.34. Let 8 := 04, ---04, € Br,” be a positive braid word, F an object of the cate-
gory H*(Sh1(A(B),K)o), and Uy = {UO,UB,UL,UR,UT} the open cover of R? introduced in

Construction 3.3.33. Then, the following statements hold:
e On Uy, .F is identically zero.

e On Uy, Z is specified by a collection of n — 1 surjective linear maps {wg«) (KA Ki}?;ll, as

tllustrated in Figure 3.9.

e On Uy, F is specified by a collection of n — 1 injective linear maps {a;) (K — Ki+1}?:_11, as

tllustrated in Figure 3.7.
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e On Ur, F is specified by a collection of n — 1 injective linear maps {ﬁ(;-) (K — KH‘l} as

zl’

tllustrated in Figure 3.8.
e Compatibility conditions: For eachi € [1,n — 1],

¢g) oaf,;) =idgi, and wy oﬂj = idgi .
Proof. To begin, consider the front projection I, ,(A(8)) C R? of the Legendrian link A(8) C
(R3, &a), which is depicted in Figure 1.1. In particular, recall that in I, .(A(8)), the strands at
bottom have Maslov potential 0 and the strands at the top have Maslov potential 1. Thus, by the

microlocal rank conditions and the microlocal support conditions near the arcs, we obtain that:

e For all ¢ € Uy, the stalk of .# at ¢ is trivial; that is, .#; = 0. In other words, .% is identically

zero on Uy.

e On Ur, % is defined by a collection of n — 1 linear maps {1/1((/) K+l — KZ} , as shown in

Figure 3.9.

e On Uy, % is defined by a collection of n — 1 linear maps {am K! — K’H} , as shown in

Figure 3.7.

e On Ug, % is defined by a collection of n — 1 linear maps { B P K — K’H} , as shown in

Figure 3.8.

Now, note that the intersection U, N Ur N II; .(A(B)) consists of the n left cusps in I, ,(A(f)).
Thus, on Uy, N Uy, % is described by the diagram in Figure 3.10. Similarly, the intersection
Ur N Ur N 11, .(A(B)) consists of the n right cusps in II; ,(A(5)), and hence, on Ug N U, F is
described by the diagram in Figure 3.11. Bearing this in mind, the microlocal support conditions

near the cusps establish that:
(3.3.1) Do —idgi, and % oY = idys,

for each i € [1,n — 1]. Consequently, a straightforward application of Lemma 3.1.13 yields that
the maps {w(g?}?:_l are surjective, whereas the maps {af }n ! and {B(l } :_ are injective. This

completes the proof. ]
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FIGURE 3.7. An object .# of the cohomological category H®(Shi(A(5),K)o) on the

region Ur.,.

n—1

FIGURE 3.8. An object .# of the cohomological category H®(Sh1(A(5),K)o) on the

region Ug.
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FIGURE 3.9. An object &

region Ur.

U, N Up

FIGURE 3.10. An object .#
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of the cohomological category H®(Shi(A(B),K)p) on the

of the cohomological category H®(Shi(A(5),K)p) on

FIGURE 3.11. An object .# of the cohomological category H®(Shi(A(B),K)p) on

the intersection Ug N Ur.
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Next, we address how the description of .# on the regions Uy, Uy, and Ug in terms of linear
maps, as specified in Lemma 3.3.34, naturally leads to a geometric characterization via complete

flags in K.

Lemma 3.3.35. Let 8 := oy, -0y, € Br}l be a positive braid word, F an object of the cate-
gory H*(Shi1(A(B),K)o), and Uy = {UO,UB,UL,UR,UT} the open cover of R? introduced in

Construction 3.3.33. Then, the following statements hold:

e On Uy, F is identically zero.

e On Ur, .Z is characterized by a complete flag Fg in K".

e On Uy, # is characterized by a complete flag F\%, in K".

e On Ug, % is characterized by a complete flag r;ght in K™.

e Compatibility conditions: Fy is completely opposite to both F2 and fr;ght.
Proof. By Lemma 3.3.34, we know that:

e On Uy, 7 is identically zero.

n—1
1=

On Uy, . is defined by a collection of n — 1 surjective linear maps {w;) (K KZ} e

On Uy, . is defined by a collection of n — 1 injective linear maps {a_(;\) (K — Kiﬂ};:ll.

On Ug, % is defined by a collection of n — 1 injective linear maps { 5(3;) (K — Ki+1}?:_11.

Compatibility conditions: For each i € [1,n — 1],

1/){7(;) ool = idg:, and 2/);) o 5,(,? = idg: .

F

To prove the claim, it suffices to show that the above data determines three complete flags F,

Frefe and F 3 thereby providing

right in K", with F7 completely opposite to both F%, and F2

right’
a geometric description of .#. To this end, relying on the notions of type Z and type K flags

introduced in Definition 3.1.18—(1)—(2), we proceed as follows:

(1) Since the maps {1/{;?}?:_11 are surjective, we assign to .# on Ut the complete flag F in K"
given by
° . 1 n—1
Foi= e P0Gy
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(2) Since the maps {ae(;)}?:_ll are injective, we assign to .# on Uy, the complete flag F%; in K"
given by
R 1 ~1
‘Fieft::I‘F (ag(g),,a_(; ))

(3) Since the maps {,6’ } _1 are injective, we assign to .# on Ug the complete flag ]-"mght in K»
given by
1
frlght _I‘F( ,/7"‘7ﬁ(n ))

Finally, the compatibility conditions on the maps {w( }1—1’ { Z)}z 1> and {B;)}Z:ll allow a
direct application of Lemma 3.1.21, which shows that F; is completely opposite to both F2; and

f.

rght> 88 desired. ]

We now turn to the analysis of % on the region Ug, the last remaining element of the open
cover Uy gy of R? introduced in Construction 3.3.33. As previously mentioned, Up contains all the
crossings in the front projection II, . (A(53)), and consequently, the behavior of .%# on this region
is inherently more intricate. To facilitate the exposition, we construct a finite open cover of Upg

ar

adapted to the front projection II, .(A(3)), allowing us to study .# on this region in terms of

tractable local data and the corresponding gluing conditions.

Construction 3.3.36. Let 3 := oy, ---0;, € Br; be a positive braid word, and let Uprp) =
{UO,UB, UL, Ur, UT} be the open cover of R? introduced in Construction 3.3.33. Then, we decom-
pose the region Ug C R? into a collection Rap) = {R } of € open vertical straps R; C R?
as illustrated in Figure 3.12. In particular, given 11, .(A(B)) C R? the front projection of the
Legendrian link A(3) C (R3,&44q), we assume that:

e For each j € [1,4], the intersection R; N 11, .(A(B)) consists of the braid on n strands associated

with o;;, —the j-th crossing of B—as shown in Figure 3.13.
e For each j € [1,0 — 1], the intersection R; N Rjy1 N I, .(A(B)) consists of the trivial braid on

n strands as depicted in Figure 3.14.

Next, by applying the sheaf axioms to the open cover Ry g = {Rj }ﬁzl of Up introduced in
Construction 3.3.36, we provide an explicit characterization of .# on the region Up as follows: First,

we give a geometric description of .# on each vertical strap R; independently, for every j € [1,/].
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FIGURE 3.13. Intersection of an open vertical strap R; in R? with the front projec-
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n

FIGURE 3.14. Intersection of the overlap R; N Rj1 of two adjacent straps R; and
Rj41 in R? with the front projection I, .(A(8)) C R

Second, we proceed by gluing the local data that characterizes .# across adjacent straps R; and

Rj1, for every j € [1,€ — 1]. Accordingly, we present the following results.

Lemma 3.3.37. Let 8 = 04, ---0;, € Br)l be a positive braid word, and let F be an object of
the category H®*(Shi(A(B),K)o). Fiz j € [1,4], and let R; C R? be the open vertical strap whose
intersection with the front projection Il .(A(B)) C R? consists of the braid diagram on n strands
associated with o, i.e., the j-th crossing of B (see Figure 3.13). Denote by k := i; € [1,n — 1]
the index of o;;, and suppose that k = 1. Then, on the region Rj, the sheaf F is specified by a

collection of n linear maps
{¢(i) LK _)Ki—l-l}”—l U {5(1) K KQ}
F i=1 ) )
as illustrated in Figure 3.15.

Compatibility conditions: The maps qb(;) and 5;}) are injective and have complementary

image in K?; that is, K? = im <Z>f¢1) @ im 5}7”

In particular, if we assume that the maps {(;5{(;)}"71

_o are injective, we further obtain that, on R;,
1=

Z is characterized by two complete flags Fand FPy in K", which are in si—relative position.
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Proof. To begin, consider the front projection I, ,(A(8)) C R? of the Legendrian link A(8) C
(R3, &4a), which is depicted in Figure 1.1. In particular, recall that in II, .(A(3)), the strands at
the bottom have Maslov potential 0. Thus, since kK = 1, the microlocal rank conditions and the
microlocal support conditions near the arcs imply that, on R;, .% is defined by a collection of n
linear maps

R TR U e O
as shown in Figure 3.15.

Now, let U; C R? be the small open ball—centered at the crossing oi;—highlighted in yellow in
Figure 3.15, where k£ = i; = 1. Then, by the microlocal support conditions near the crossings, we

obtain that the maps qb;) and gAzg 5@1) defining .# on Uj satisfy the following compatibility conditions:
(i) The diagram in Figure 3.16 commutes.

(7i) The sequence in Equation (3.3.2) is short exact.

(0,0) oD @ ( — W )
»K' o K! » K2

+
]

o

(33.2) 0

Consequently, since 0 < dimg im gbg}) <1 and 0 < dimgim ggg) < 1, the short exact sequence in
Equation 3.3.2 guarantees that the maps qbg) and 5;1) are injective and their images are comple-
mentary subspaces in K?; that is, K? = im qSé,;l) @ im ag)

?_21 are injective, we show that the linear maps defining .% on

Finally, assuming the maps {qs(;)} "
R; determine two complete flags ]-'j' and ]:j.+1 in K", which are in s;—relative position, thereby

providing a geometric characterization of .# on R;. To this end, relying on the notion of type Z

flag introduced in Definition 3.1.18-(1), we proceed as follows:
(1) Since the maps {gb(})}?;ll are injective, we assign to .7 on R; the complete flag F* in K"
given by

Fro=rF (o, 0.
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(2) Since the maps {5(5@1), gb?, e ,qbz(;fl)} are injective, we assign to .# on R; the complete flag
Fy in K™ given by
° o/ (1 2 n—1
Jj+1 ::I‘F (¢;)7¢>)77¢> ))

In particular, by Definition 3.1.18—(1), we know that, as filtrations of vector subspaces in K", the

flags
° 0 n
F; ——{Fj’-()C"-C F]( )}’

J+1 { +1 - Fjil} )
are given by
0 ’ lf P = 0 s
(n=1) _ (n—2) @2 (1) e
F(p)_ 1m< 7z O¢,¥ O"'Ogb,? OQS,?)’ 1fp_17
J
1m(¢§g—1) 1o é_?—Q) 0---0 :;1\7'1'1) o ¢é§)) , if pe [2’ n— 1] :
\ K™ ’ if p=n.
O 9 lf p = O s
(n—1) (n—2) 2) 7 . B
F(ﬁ’_)l _ 11’Il< 7 quj‘ O"'quﬂ‘ Ogbg~>7 1fp_1’
J
im(q;%—ﬁ o ;n oo g)ﬂ) o ¢g)) , if pe[2,n—1],
Thus, since im d)gil) 7 im ‘75,(1) and the composition cZ)}"_l) 0---0 qbg) : K2 — K" is injective, we
deduce that I v # F (i)l and F} P = F ](z)l for all p € [0,n] with p # 1, confirming that 7 and
F %, are in si—relative position. This concludes the proof. 0

Lemma 3.3.38. Let 3 = o4, --- 0y, € Br; be a positive braid word, and let F be an object of
the category H*(Sh1(A(B),K)o). Fiz j € [1,{], and let R; C R? be the open vertical strap whose
intersection with the front projection I, .(A(B)) C R? consists of the braid diagram on n strands
associated with o;,, i.e., the j-th crossing of B (see Figure 5.13). Denote by k = i; € [1,n — 1]

the index of o;;, and suppose that k > 2. Then, on the region Rj, the sheaf F is specified by a
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FIGURE 3.15. An object .# on the vertical strap R; containing a crossing o;; in the

case k = 1; = 1.

FIGURE 3.16. Commutative diagram for the linear maps defining a sheaf .% on the

region U; in the case k = 1; = 1.
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collection of n+ 1 linear maps
{¢g KZ%KH_l}n 1 U {¢(k 1) Kk_l—)Kk, (ggg)Kk—)Kk—i_l},

as tllustrated in Figure 3.17.

Compatibility conditions: The maps ¢J , Jk 1), , and 5;6_1) satisfy the following

properties:

o o ogl =50 05D,

1m<¢( (bk 2 m¢J)ﬂ1m¢J = ( o¢>(k 1).

K =imo%) + img .

In particular, if we assume that the maps {qb(g})}?:_ll are injective, we further obtain that:

The maps 5};—1) and QNS;E) are injective.

On Rj, F is characterized by two complete flags FPoand F2y in K", which are in sp—relative

position.

Proof. To begin, consider the front projection I, ,(A(8)) C R? of the Legendrian link A(8) C
(R3, &a), which is depicted in Figure 1.1. In particular, recall that in I, .(A(3)), the strands at
the bottom have Maslov potential 0. Thus, since k£ > 2, the microlocal rank conditions and the
microlocal support conditions near the arcs establish that, on R;, . is defined by a collection of

n + 1 linear maps
; ] ] -1 T (k— k
(69 K - KT U (g0TV kM oK, §P KE 5 kMY

as shown in Figure 3.17.

Now, let U; C R? be the small open ball—centered at the crossing oi;—highlighted in yellow in

Figure 3.17. Then, by the microlocal support conditions near the crossings, we obtain that the maps

(k—1) F (k)

qb 7 , f , ¢, and 56(;7 defining .# on U; satisfy the following compatibility conditions:

(i) The diagram in Figure 3.18 commutes.
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(7) The sequence in Equation 3.3.3 is short exact.

(¢(k 1) ¢(k 1)) ¢(k) ( ¢(k)>

Consequently, a straightforward application of Lemma 3.1.14 ensures that:
~(k)  T(k—1
o (i) 00TV =5 oglY.

e (ii) 1m( ¢(k 1)) :imgbg)ﬂ 1qu~554 =im(¢ 5 6% O‘by‘ ))'
o (iii) KF+1 :im@f) + im%f;)-

Finally, assume that the maps {gf)(i)}n_l are injective. Then, the compatibility conditions for the
maps ng , ¢(k 2 gz~5( , and qﬁj ) further imply, via Lemma 3.1.14, that gbj and 5&/5) are also
injective.

Bearing this in mind, we now show that, under the above injectivity assumptions, the linear maps
defining .# on R; determine two complete flags F? and F2, in K", which are in sp-relative

position, thereby providing a geometric characterization of .# on R;. To this end, relying on the

notion of type Z flag introduced in Definition 3.1.18—(1), we proceed as follows:

(1) Since the maps {gb(;;)};:ll are injective, we assign to .# on R; the complete flag Fin K?
given by
1 -1
Fro=rF (¢, 00y,

(2) Since the maps {gb;), e ,<Z>(k 2) ,(;S(k 2 ,d) <Z>(k+1 Yo ,d);b_l)} are injective, we assign to .7

on R; the complete flag #2 | in K" given by
. o/ (1 k—2) 7(k-1) Y k-+1) n—1)
J+1 ::ZF (¢(y‘)77 fgr 7¢( 7¢ CZJ( * 7"‘7¢( )

In particular, by Definition 3.1.18—(1), we know that, as filtrations of vector subspaces in K", the
flags
o (0) (TL)
Fr {50 e B,

= {+1C CF(ni}
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are given by

{0}, ifp=0,
Fj(”):: <¢(n Do.0g® o gl o gD oy -2) ..o¢g>), if pel,n—1],

K", ifp=mn.

{0}, ifp=0,
Fj(i)lz - (¢(n DI ¢(k+1 g(k) ¢k 1) ¢(’€2 . ¢(p)), if pe(l,n—1],

K", ifp=mn.

Thus, since ¢§“) ° ¢§f‘” = a(k) o &Féf‘”, we have that ng) = r®

i for all p € [0,n] with p # k.

Moreover, since im (;Sff) + 1m<;5¢ and the composition map gZ)/" Do..io gbéf“ : KR — K

is injective, we deduce that F/ (k) %+ oY confirming that F2?* 1 and .7-" are in sg-relative position.

+1>
This concludes the proof. ]
Building on the previous results, we now present a concise geometric description of .% on the

region Up.

Lemma 3.3.39. Let 8 := 0y, ---0;, € Br}} be a positive braid word, F an object of the category
H*(Sh1(A(B),K)o), and Up(z) = {UO, Ug, Uy, Ug, UT} the open cover of R? introduced in Construc-
tion 3.3.33. Then, on the region U, % is characterized by a sequence of complete flags {.7: }Hl

in K", such that for each j € [1,¢], F?* PRI RIET -relative position with respect to ]:j'.

Proof. Let Ryg) = {R } be the collection of ¢ open vertical straps in R? that partition the
region Ug C R?, as specified in Construction 3.3.36. Specifically, for each j € [1,4], R; C R?
denotes the open vertical strap whose intersection with the front projection II, ,(A(f)) consists of
the braid diagram on n strands associated with o;,, i.e., the j-th crossing of 3, as illustrated in

Figure 3.13.

Next, we develop a recursive argument to analyze the behavior of .% on each successive vertical
strap R;, thereby obtaining a geometric characterization of .# on Ug. With this strategy in place,
we begin by studying .# on the first region R;. Let k :=i; € [1,n — 1] denote the index of o;,—the

first crossing of 8 and the only crossing contained in R;. Accordingly, we distinguish two cases:
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FIGURE 3.17. An object 7 on the vertical strap R; containing the crossing o;; in
the case k = 1; > 2.

e (Case 1: Suppose that k = 1. Then, on Ry, .% is defined by a collection of n linear maps
(@) . K¢ Kit! n—1 ~(1) . K! K2
{65 K — Yo U{ss K =K,

as shown in Figure 3.15, where 5 = 1. In particular, these maps satisfy the compatibility conditions

stated in Lemma 3.3.37.

e Case 2: Suppose that £ > 2. Then, on R;, .# is defined by a collection of n + 1 linear maps

(69 K - KT U g8V kM o KE, §P KE 5 kMY

as shown in Figure 3.17, where j = 1. Specifically, these maps satisfy the compatibility conditions

stated in Lemma 3.3.38.
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k+1

FIGURE 3.18. Commutative diagram for the linear maps that define a sheaf .# on

the region U; in the case k = 1; > 2.

Now, let Uy, be the region of the open cover Uy g) of R? intersecting Up on the left, as illustrated
in Figure 3.6. By construction, R; is the only vertical strap in the partition Ry gy of Up whose

intersection with Uy, is nontrivial. Consequently, in either of the above cases, constructibility and

n—1

the sheaf axioms imply that, on U, % is determined by the collection of linear maps { qsﬁ})}i:l ,

and hence, by Lemma 3.3.34, these maps are injective. Bearing this in mind, depending on the

value of k, we can apply Lemma 3.3.37 or Lemma 3.3.38 to obtain that:

o If £ =1, the map 5&;) is injective.

e If k£ > 2, the maps 5;—1) and &Ejﬁ) are injective.

e On Ry, .# is characterized by two complete flags F,* and Fy in K", which are in sj-relative

position (recalling that k = i; as fixed earlier).
In particular, note that regardless of the value of i, all the linear maps defining .% on R; are
injective.

Next, consider the region Ry in the partition R gy of Up; that is, the open vertical strap adjacent
to R; on the right. By construction, the intersection Ry N Ry N IL, ,(A(B)) consists of the trivial
braid on n strands, as illustrated in Figure 3.14. Thus, since all the linear maps defining .% on R;

are injective, the sheaf axioms ensure that the linear maps defining .% on the intersection R1 N Ro
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are also injective. Consequently, depending on the value of the index i2 of the second crossing o;,

of B, we can apply Lemma 3.3.37 or Lemma 3.3.38 to conclude that:
e The linear maps determining .% on Ry are injective.

e On Ry, .# is characterized by two complete flags F; and F3* in K", which are in s;,-relative

position.

In particular, by applying the above argument recursively to each vertical strap R; in the partition
Ra(py of U, we deduce that on Ug, the object .# is determined by a sequence of complete flags

{.7-" }Hl in K", such that for each j € [1,/], 7}, is in s;;-relative position with respect to F,*. [

With the preceding results in place, we now present a global geometric characterization of .7,

a result which also follows from [33] and is included here for completeness.

Theorem 3.3.40. Let 3 := 0y, ---0;, € B}l be a positive braid word, and let F be an object of the
category H*(Sh1(A(5),K)o). Then, as illustrated in Figure 3.19, .F is determined by a sequence

of complete flags {.7-“]’ }f:é i K™ satisfying the following compatibility conditions:
e For each j € [1,{], F?* 1 IS in sy, -relative position with respect to ]-"j'.
e Fy is completely opposite to both F\* and F,* ;.

Proof. Let Uy () = {U(), Ug, Uy, Ug, UT} denote the finite open cover of R? introduced in Construc-
tion 3.3.33. By Lemma 3.3.35, we know that:

e On Uy, Z is identically zero.

On Ur, # is characterized by a complete flag F; in K".

On Uy, 7 is characterized by a complete flag Fi2 in K".

On Ug, % is characterized by a complete flag F et in K.

Compatibility conditions: F; is completely opposite to both F2; and ]:rlght

Furthermore, by Lemma 3.3.39, we have that on Ug, .7 is characterized by a sequence of complete
flags {f .}fg in K" such that, for each j € [1,¢], F? 41 is in si;-relative position with respect to
. In particular, observe that on the left and right edges of the region Up, # is determined by the

complete flags F}* and F |, respectively. Hence, by applying the sheaf axioms to the intersections
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Up N U and Ur N U, we obtain that F2; = F* and r;ght = .7-}:_1. Bearing this in mind,
we conclude that % is determined by a sequence of complete flags {]—}'}ﬁ:é in K" satisfying the

compatibility conditions stated in the theorem. ]

o R:.

<< . 2..>>>>

F; 1. F 2. o ‘Fé’. f€.+1

FIGURE 3.19. An object .# of the category H®(Shi(A(B),K)o).

Having established a geometric description of the objects of the category H®(Shi(A(5),K)p), we
now turn to an algebraic characterization, which is particularly well-suited for concrete computa-
tions and will play a key role in the analysis of the graded morphism spaces and their compositions

in the category under study.

3.4. An Algebraic Characterization of the Objects for General Positive Braids

Let 8 = 0y, -+ -0y, € Br; be a positive braid word. Building on the previous section, we now
develop a correspondence between the objects of the category H®(Shi(A(5),K)p) and the points
of the so-called braid variety X (3, K), thereby providing an algebraic description of these objects.

With this goal in mind, we begin by introducing the following definitions.
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Definition 3.4.41. Let 8 = oy, ---0;, € Br} be a positive braid word. For each j € [1,{], we

define Bj := 04y, - 0i; € Br," to be the truncation of 8 at its j-th crossing. In particular, we have
that By = 3.

Definition 3.4.42. Let 8 = 0y, ---0;, € Br} be a positive braid word, and let Z = (21,...,2) €

thd be a fized tuple. Then, the path matriz Pg(Z') € GL(n,K) associated with B and Z is defined

by
N () DR ()
Py(Z) = B;,"(21) - By, " (20) ,

i ¢
where, for each j € [1,4], the matrix Bf?)(zj) € GL(n,K) denotes the i;-th braid matriz of dimen-

sion n_associated with the j-th crossing o;; of B and the j-th entry z; of Z.

Remark 3.4.43. Let 8 = 0y, --- 0y, € Br)' be a positive braid word. For each k € [1,£ — 1], the

truncations satisfy Byy1 = B - 04y, - Consequently, for any z = (21,...,2) € Kﬁtd, the associated

path matrices satisfy Pp, ., (Zi+1) = Pg, (Zk) .B™

Tk4+1

k+1

std denote

(2k41), where zj, € KK and ;41 € K

the truncations of Z at the k-th and (k + 1)-th entries, respectively.

Definition 3.4.44. Let 3 = 0y, - -- 0;, € Br\ be a positive braid word. The braid variety X (3,K)

associated with B corresponds to the affine variety defined by
(3.4.1) X(6,K) := {2’6 Kq | P3(%) admits an LU decomposz’tion} .

Braid varieties have been the focus of considerable research (see, for instance, [8,16,25]). In
particular, Casals, Gorsky, Gorsky, and Simental, along with their collaborators, have explored
their cluster-algebraic structures and their connections with classical varieties in algebraic geometry,

including positroid varieties [3,4,5].

Next, we proceed to reformulate Theorem 3.3.40 in terms of the braid matrices. To facilitate

this, we present the following lemma.

Lemma 3.4.45. Let 3 =0y, ---0;, € Br;\ be a positive braid word, and let {‘Fj.}jii be a sequence
of complete flags in K" such that, for each j € [1,£], 2 | is in s;;-relative position with respect to

J
75

Let £ = {fi(n)}?zl be a basis for K", and suppose that, relative to this basis, F° is the

standard flag, that is, fl'[f'(”)] = S'td[f(")]. Then there exists a tuple Z = (z1,...,2¢) € Kﬁtd
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such that, relative to the basis £ for K™, the flag F 'y is represented by the path matriz Pg, (Z5) =
11

B™ (z1)-- -Bi(jn)(zj) € GL(n,K) associated with the truncated braid word 3 = oy, ---0;; € Br}

and the truncated tuple Zj = (z1,...,2;) € thd, for each j € [1,1].

Proof. To prove the claim, we proceed recursively. To begin, observe that £(" is a basis for K"
such that F* [f'(")] = Fid [f'(”) ] Hence, relative to this basis, the flag F}* is represented by the

matrix 1,,.

Now, consider the flag F5. By assumption, F; is in s;, —relative position with respect to F,°. Then,

by Lemma 3.1.28, there exists z; € K such that, relative to the basis £(") the flag F5 is represented
(n)

i, (21). In particular, since 81 = 0;,, we have that Pg, (21) = B-(?)(zl),

(2

by the matrix product 1,,- B

implying that the flag F, is represented by the path matrix Pg, (21).

Next, consider the flag F3'. By hypothesis, F3' is in s;,-relative position with respect to Fy .
Then, by Lemma 3.1.28, there exists 2o € K such that, relative to the basis £, the flag Fqis
represented by the matrix product Pg, (z1) - Bi(;) (z2). Furthermore, by Remark 3.4.43, we know
that Pg, (21, 22) = P, (21) - Bi(:)(zg), confirming that the flag 7" is represented by the path matrix
Pg, (21, 22).
Continuing this process recursively, we conclude that there exists a tuple Z = (z1,...,2¢) € Kﬁt d
such that, relative to the basis £ for K", the flag F 7+ is represented by the path matrix Pg, (Zj) =
BZ-(f) (z1)-- ~Bi(;1)(zj) € GL(n,K) associated with the truncated braid word §; = oy, --- 0y, € Br;}
and the truncated tuple Zj = (z1,...,%;) € thd, for each j € [1,/]. This completes the proof. [
Building on the above preliminary result, we now present the following theorem, which alge-

braically characterizes an object .# of the category H®(Shi(A(5),K)o) in terms of a basis for K"

and a point in the braid variety X (3, K).

Theorem 3.4.46. Let 8 = oy, ---0;, € Br) be a positive braid word, and let F be an object of
the category H®*(Shi(A(B),K)o). In accordance with Theorem 3.3.40, we denote by {]—"j‘ }fié the

sequence of complete flags in K™ that geometrically characterize F .

Let £ .= {fi(”)}?zl be a basis for K", and suppose that, relative to this basis, F§ and F* are
the anti-standard and standard flags, respectively, that is, Fg [f(")] = Foid [f'(”)] and F* [f’(”)] =
Fhalf].
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Then F is algebraically parametrized by the basis £ and a point 7 = (21,...,2¢) in the braid
variety X (B,K) C Kﬁtd. Furthermore, relative to the basis £(™) for K", the flag F2., is represented
by the path matriz P, (Z;) := Bi(?) (z1)-- -Bi(?)(zj) € GL(n,K) associated with the truncated braid

word f; = 0y, - - 0y, € Br;} and the truncated tuple Z; = (z1,. .., zj) € thd, for each j € [1,¢].

Proof. By Theorem 3.3.40, {]—"j' }f:é is a sequence of complete flags in K" such that: F; is com-
pletely opposite to both F;* and F2 ;, and for each j € [1, /], ]:j.+1 is in s;;-relative position with

respect to .7-"j'.

Observe that, relative to the basis £ for K", Fy and F;* are the anti-standard and standard flags,
respectively. Consequently, Lemma 3.4.45 asserts that there exists a tuple Z = (z1,...,2) € Kﬁt d
such that, relative to the basis £() for K", the flag .7-";Jrl is represented by the path matrix Pﬁ(?) (Zj) =
BZ-(f) (z1)-- -BZ-(?) (zj) € GL(n,K) associated with the truncated braid word f; = oy, - -- 0y, € Br;}
and the truncated tuple Z; = (z1,...,z;) € K/, for each j € [1,¢]. Thus, since 8, = 8 and z; = Z,
we have that, relative to the basis £ for K", the flag F, | is represented by the path matrix

Pg(2).

Finally, recall that F is completely opposite to F,% ;. Then, since relative to the basis £() for K",
Fg is the anti-standard flag, the Bruhat decomposition of GL(n, K) implies that Ps(?) = w,,Uw, U
for some upper triangular matrices U,U € GL(n,K), where w,, corresponds to the permutation
matrix associated with the longest element in S,, [3,5,31]. In particular, note that the matrix
L = w,Uw, € GL(n,K) is lower triangular, and hence P3(?) = LU, which shows Ps(Z) admits
an LU factorization. Bearing this in mind, it follows from Definition 3.4.44 that Z'is a point in the

braid variety X (53,K), which completes the proof. O

Lastly, let .# be an object of the category H®(Shi(A(8),K)g), and consider the open cover
Upp) = {Uo, Ug, UL, Ur, UT} of R? (cf. Construction 3.3.33), together with the partition Rap) =
{Rﬂ'}f‘zl of Up into ¢ open vertical straps (cf. Construction 3.3.36). We conclude this subsection by
describing how the global correspondence established in Theorem 3.4.46 manifests locally on each
vertical strap R;. More precisely, following the approach developed by Chantraine, Ng, and Sivek
in [12], we construct algebraic local models for .# on the regions R;, employing braid matrices.

In particular, these local models will be instrumental in the explicit computation of the graded
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morphism spaces and their compositions in the category H®*(Shi(A(5),K)o), which constitutes the

main subject of study in the subsequent chapter. Accordingly, we present the following results.

Lemma 3.4.47 (Algebraic Local Model I). Setup: Let B = oy, ...0;, € Br}l be a positive braid
word, and let F be an object of the category H*(Shi(A(8),K)o). Fiz j € [1,4], and let R; be the
open vertical strap in R? containing oi;—the j-th crossing of B (see Figure 3.13).

* Assumption 1: Let k :=i; € [1,n — 1] denote the index of oi;, and suppose that k = 1.

In this setting, we have that on R;, the sheaf F is specified by a collection of n injective linear
maps
(o2 K S KM U (D K S K,
as illustrated in Figure 3.15. According to Lemma 3.3.37, the compatibility conditions for these

maps ensure that the induced complete flags in K",

° 1 2 n—1 ° o/ (1 2 n—1
Fri=1F (62,02, 0%, and Fry=1F (09,62, 00,

are in si-relative position.

* Assumption 2: For each i € [1,n|, let £ = {f } be a basis for K¢, and suppose that

~

{f(i)}?zl is a system of bases adapted to {(b } _ (cf Definition 3.1.18—(3)).

Within this framework and relative to the basis £ for K*, Lemmas 3.1.22 and 3.1.28 alge-

braically capture the geometric compatibility between the flags F* and F2  as follows:

o F? is the standard flag, that is, F7 [f'( )] = Std[f( )}, and is therefore represented by the

matrix 1,,.

e F* is represented by the matriz product 1, - Bin)(z), where Bgn)(z) denotes the first braid

matriz of dimension n, for some z € K parameterizing the si-relative position between .7-"j° and
L]
J+1-
Main Conclusion: Under the given setup, the following statements hold:

e For eachi € [1,n — 1], the matriz ;.. [qﬁ;) ]fn(i) € M(i+ 1,i,K) representing gi)(/;) is given by
(%) _ (i1
f<i+1>[¢3; ]?(i) = (D,
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e The matriz ;s [qg;)}fm € M(2,1,K) representing 55@1) can be written as

i [69 50 = BP () 121,

where Bgz)(z) denotes the first braid matrix of dimension 2.

Definition (system of bases adapted to .F# on R;): For each i € [1,n], let h = {ﬁy)}ézl

be a basis for K¢, and denote by {fl(i)}?zl the collection of these bases.

We say that a pair ({fl(i)}?:p )\), with A € K, is a system of bases adapted to ¥ on R; if, with

respect to these bases, the linear maps defining % on R; have the following matriz representations:

RG+D) [¢Eo;) ] Ao = L+ L0) , forallie[l,n—1],

11(2)[(75,(?1) ] h() = B£2)(/\) . L(Q’I) )

In particular, under the given setup, the main conclusion implies that ({f'(i)}?zl, z) 18 a system

of bases adapted to F on R;.

Proof. By assumption, {f' (@) }?:1 is a system of bases adapted to {gbg«) };:11. Then, Definition 3.1.18—
(3) asserts that, for each 7 € [1,n — 1], the matrix ., [(ﬁg ]f(i) € M(i+ 1,i,K) representing ¢;>

is the standard inclusion matrix:

Fli+1) [(25;) ]f'(i) _ ,(i+1,9) )

Here, recall that, relative to the basis £ for K", the flags 7 and F2, that geometrically
characterize .# on R; are represented by the matrices 1,, and BY”) (z), respectively, where B§n)(z)
denotes the first braid matrix of dimension n, for some z € K parameterizing the si-relative position

between fj‘ and j.+1' In particular, this suggests that the matrix f@)[ggg)]f(l) € M(2,1,K)

representing @}1) can be expressed as
~1 ,
F2) [qbéz) ley = B§ )(z) CEN

where Bgz)(z) denotes the first braid matrix of dimension 2.
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Next, we verify that the linear map ggé;), henceforth thought of as defined by the above matrix
expression in the given bases, is compatible with the microlocal support conditions for .# on R;

and induces the flag F2 ; in K"

To begin, let & := a1f1(2) + a2f2(2) € K2, for some a1, as € K. Then, we have that

= Al(Q) - Z042f1(2) + za2f1(2) + 042f2(2) ;

= ¢fg1¥) (alfl(l) - Za2f1(1)) ¢(1)( - a2f1(1)) :

which implies that the linear map gb;) @ ( — ( )) K@K — K2 is surjective. Consequently, since

the linear maps gb;) and gg g) are injective, we conclude that:
(i) The diagram in Figure 3.16 commutes.
(ii) The sequence in Equation 3.3.2 is short exact.
Thus, <Z5 y is compatible with the microlocal support conditions for .# on R;.

Finally, let {f‘ @oy, z]}?zl be the braid-transformed bases obtained from {f‘ (i)}?zl via o1 and the

parameter z (cf, Definition 3.1.29). In particular, observe that:

e By construction, {f'(i) [Ul,z]}?: is a system of bases adapted to {qﬁ(l) ¢g), .. (n 2 } in the
sense of Definition 3.1.18-(3).

* Fila = I}"(atg),qbz(;),...,qbt(;fl)) is the type Z flag in K" associated with the indicated

collection of maps (cf. Definition 3.1.18—(1)).
Hence, by Lemma 3.1.22, we obtain that, relative to the basis £ [o1, 2] for K™, F* 41 s the standard

flag, that is, 72, [f( oy, zl] = ]:S‘td[f'(”) [01,2]], and is therefore represented by the matrix 1,,.

Furthermore, by Definition 3.1.29, the bases f(™ and £("[o1, 2] for K™ are related via the change-
of-basis matrix B%n)(z); specifically, for each j € [1,n],

n

fMo, 2 =3 (B (), 5

q=1

Therefore, by Lemma 3.1.26, we conclude that, relative to the basis £ for K™, the flag f "1 18
represented by the matrix product Bgn)(z) - 1,, confirming that the linear map &9) induces the

flag F* 741, as required. O
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Lemma 3.4.48 (Algebraic Local Model I1). Setup: Let B = oy, ...0;, € Br}l be a positive braid
word, and let ¥ be an object of the category H®*(Shi1(A(B),K)o). Fiz j € [1,/], and let R; be the
open vertical strap in R? containing oi; —the j-th crossing of j3 (see Figure 3.13).
x Assumption 1: Let k :=i; € [I,n — 1] denote the index of oy;, and suppose that k > 2.

In this setting, we have that on R;, the sheaf .F is specified by a collection of n + 1 injective
linear maps

{Cb() KZ—)KZ+1} U {¢ Kk‘ 1 k, 5(9]?) ZKk%Kk-i_l},

as illustrated in Figure 3.17. According to Lemma 3.8.38, the compatibility conditions for these

maps ensure that the induced complete flags in K™,

‘F] 71-; (¢ 7"'7¢(k27¢(k17¢ ¢(k+17"'7 (nl)v
‘F].Jrl _IF (¢ 7"’7¢; 27¢é§_1)7¢ (b(k—’_l 7"’7¢(n b )7

are in sg-relative position.

* Assumption 2: For each i € [1,n], let £ {f } be a basis for K, and suppose that

A

{f(i)}?zl is a system of bases adapted to {¢y }izl (cf. Definition 3.1.18—(3)).

Within this framework and relative to the basis () for K*, Lemmas 3.1.22 and 3.1.28 alge-

braically capture the geometric compatibility between the flags ]-"' and F? 41 0S8 follows:

i) F} is the standard flag, that is, fj‘[f'(”)] = s’td[f(")}, and is therefore represented by the

matrix 1,,.

it) Fyy is represented by the matriz product 1, B,gn)(z), where B,(C")(z) denotes the k-th braid

matriz of dimension n, for some z € K parameterizing the si-relative position between F} and
L]
jH1e
Main Result: Under the given setup, the following statements hold:

e For eachi € [1,n — 1], the matriz ;. [gbﬁ})]m € M(i+1,1,K) representing qb(;) s given by

FG+D) [¢;) ]f‘(i) = L(i+1,i) '
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e The matrices j, [5;71)]?@_1) € M(k, k—1,K) and ;1) [5(@]?(@ € M(k+1, k,K) representing

F
7 (k=1)

7z and 5(; ), respectively, can be written as

(k-1 _ ~(k k+1
£(k) [Gbgz )]f(k—m =50 and Fle+1) [ﬁb,gj) Jiw = Bl(c )(Z) L (ETLR)
where B,(karl)(z) denotes the k-th braid matriz of dimension k + 1.

Definition (system of bases adapted to F# on R;): For each i € [1,n], let h() = {flgl)}ézl

be a basis for K¢, and denote by {fl(i)}?zl the collection of these bases.

We say that a pair ({fl(i)}?zl, )\), with A € K, is a system of bases adapted to ¥ on R; if, with

respect to these bases, the linear maps defining % on R; have the following matriz representations:

frn (05 Jpe =L, foralli € [1,n—1],
7 (k-1 - ~(k k+1
h(k) [QZ);‘ )]ﬁ(kfl) = L(Mg % ) h(k+1) [¢(y) ] hk) — B;(g * )()\) : L(k+1’k) .

In particular, under the given setup, the main conclusion implies that ({f' (i)}?:p z) 18 a system

of bases adapted to F on R;.

Proof. By assumption, {f‘ (@) }?:1 is a system of bases adapted to {(Z)f;,) }?:_11. Then, Definition 3.1.18—
(3) asserts that, for each 7 € [1,n — 1], the matrix 5, [gb(;) ]?(i) € M(i+ 1,i,K) representing gb(;?)

is the standard inclusion matrix:

F+1) [(;5:;) ]f(i) = (LD

Here, recall that, relative to the basis £ for K", the flags F* and F2,, that geometrically
characterize .# on R; are represented by the matrices 1,, and B,(cn)(z), respectively, where B,i")(z)
denotes the k-th braid matrix of dimension n, for some z € K parameterizing the sg-relative
position between ]-"j’ and ]:J.+1 In particular, this suggests that the matrices ?(k>[5g71) ]?(k,l) €
M(k, k — 1,K) and 1) [ggg)}f(k) € M(k + 1, k,K) representing 5{;1“‘1) and q?g), respectively, can

be expressed as

7 (k—1) _ o (kk—1) = (k)

k1
i 97 Jjaon =1t ,and iy [dg ]f‘(’f):Bl(c J(z) - LR
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where B](fﬂ)(z) denotes the k-th braid matrix of dimension k + 1.

Next, we verify that the linear maps 5 gf U and ng), henceforth thought of as defined by the above
matrix expressions in the given bases, are compatible with the microlocal support conditions for

& on Rj and induce the flag £ ; in K"

To begin, a direct calculation shows that

~(k T (k-1 k+1 _
s [ 09 T+ g [ 05 Jgoemny = BTV (2) - (0 (k=)

_ Bl(€k+1)(z) . (k+1k=1)

)

_ (k11

)

and similarly,
k) k—1)

k+1,k k,k—
f(k+1)[¢fgz ]f(k)'f(k)[ﬁbfa} (k+1 )'L( 1)’

Jiomny =
— (k+Lk-1)
It follows that
0% 00 Vy) =6 068 V),

for all y := By f5 D oo B fETY € KA1, with By, ..., et € K.

(k+1) (k+1)

€ K+, for some ar,...,apr1 € K. Then, we have that

Now, let & := a3 f1 +t ozkak

f=a1f1(k+1)+ +Oékfkk+) P (+)+za+1fk +04+fk+1 7
k Ak Ak Ak 7 (k F(k
= ¢>)(a1f1( U Oékfé )~ ZOék+1f;§ )) - ¢;)( - ak+1f}£ )) ;
which implies that the linear map gbg;) & (—5;{)) : KF @ KF — KF is surjective.

In particular, since the linear maps qb(k 2 , (b (k 1), and 5 f; ) are injective, the above results

guarantee that:
(i) The diagram in Figure 3.18 commutes.
(ii) The sequence in Equation (3.3.3) is short exact.
Hence, 5 ;c U and 5(;) are compatible with the microlocal support conditions for .# on R;.

Finally, let {f' (@) [0k, z]}?zl be the braid-transformed bases obtained from {f' (i)}?zl via o, and the

parameter z (cf. Definition 3.1.29). In particular, observe that:
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e By construction, {f' (@) [ok, 2] }?:1 is a system of bases adapted to the collection of linear maps

{6, ..., 02 gl gk gt gy

in the sense of Definition 3.1.18—(3).

= (qb(l) .. ,¢(k 2) ,qﬁ(k 1), qﬁg N0} k+1), .. ¢g_1) ) is the type Z flag in K™ associated
with the indicated collection of maps (cf. Definition 3.1.18-(1)).

Hence, by Lemma 3.1.22, we obtain that, relative to the basis £(n) [0k, z] for K", the flag F* S s
the standard flag, that is, 72, [f" ™) [0, 2] ] = Fod [ £(n) [Ok, 2] ], and is therefore represented by the

S

matrix 1,,.

Furthermore, by Definition 3.1.29, the bases £(") and £ [0k, z] for K™ are related via the change-

of-basis matrix B,(Cn)(z); specifically, for each j € [1,n],

n
FPlow 1= (B il
q=1
Therefore, by Lemma 3.1.26, we conclude that, relative to the basis £(") for K", the flag Flq is
represented by the matrix product B,in) (z) - 1,, confirming that the linear maps 5 g b and a g)

induce the flag F2,,, as required. O

Remark 3.4.49. Let B =04, -0y, € Br)" be a positive braid word, F an object of the category
H*(Shi(A(B),K)o), and Rys) = {R; }ﬁzl the collection of £ open vertical straps in R? introduced
in Construction 3.3.36. For each i € [1,n], let £ .= {f;l)};zl be a basis for K', and denote by
{f'(i)}?zl the collection of these bases.

Intuitively, Lemmas 3.4.47 and 3.4.48 assert the following. If {f(i)}?zl is a system of bases
adapted to the n — 1 injective linear maps defining F to the left of a crossing o;; within a vertical
strap Rj, then the pair ({f }l 1 ) defines a system of bases adapted to F on Rj;, where z € K
algebraically encodes, relative to the basis £(n) for K", the s;;-relative position between the complete
flags in K" that geometrically characterize # on R;. In other words, the behavior of F on R; is
completely determined by the single parameter z together with the adapted bases {f(i)}?zl on the

left of the crossing o;;.
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Building on the local algebraic descriptions established in Lemmas 3.4.47 and 3.4.48, we now

state the following result.

Theorem 3.4.50. Setup: Let 3 = oy, -0y, € Br} be a positive braid word, and let F be an
object of the category H*(Shi1(A(B),K)o). Let Uy = {UO,UB,UL,UR,UT} be the open cover of
R? from Construction 3.3.33, and let R = {Rj }jzl be the partition of Up into £ open vertical

straps from Construction 3.5.36.

* Local descriptions on Urp and Uy: According to Lemma 3.3.34, F admits the following local

descriptions:

e On Uy, F is specified by a collection of n—1 surjective linear maps {w (KL Kz} 1 (see

Figure 3.9).

e On Uy, F is specified by a collection of n — 1 injective linear maps {qbf;) (K — K”l}?:_ll (see

Figure 3.7).

e Compatibility conditions: For each i € [1,n — 1],
' 0 6@ = idg .

* Global flag data: By Theorem 3.3.40, % is geometrically characterized by a sequence of complete

flags {ﬂ'}fié in K" such that: Fg is completely opposite to both F\* and F,° |, and for each
€ [1,4], F}is in si;-relative position with respect to F2 . In particular, by Lemma 3.53.35, we

know that:

Foi= e PP, 02 and Fro= 2 F (60,00 1)

are the type K and type I flags in K" associated with {¢ }n: ' and {(;5 } ., respectively (cf.
Definition 3.1.18-(1)—(2) ).

* Main assumption (Adapted bases): Let £ be a basis for K", and let Z = (z1,...,2) € X(8,K)

be a point such that the pair (f'(”), Z') algebraically characterizes F according to Theorem 3.4.46.

In this setting, we have that relative to the basis £ for K", the flags Fy and F* are the

anti-standard and standard flags, respectively, and for each j € [1,/], the flag Fy is represented
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by the path matriz Pg,(Z;) = Bi(f) (z1)-- -BZ«(;)(zj) € GL(n,K) associated with the truncated braid

word Bj = 04y -+ 04, € Br," and the truncated tuple Zj=(z1,...,%) € thd

Furthermore, under this assumption, the compatibility conditions and an inductive argu-
ment assert that, for each i € [1,n — 1], there is a unique basis £ .= {f } for K¢ such that
the collection {f(i)}?zl is a system of bases adapted to both {¢y} and {gb 1)}? 11 (cf. Defini-
tion 3.1.18—(3)—(4)).

Main conclusion: For each j € [1,/], let {f( B],ZJ]} denote the braid-transformed bases
obtained from {f }z‘:1 via the truncated braid word f; and the truncated tuple Z; (cf. Defini-
tion 3.1.29). Then:

. ({f'(i)}?zl,zl) is a system of bases adapted to F on R;.
e For each j € [1,{ — 1] ({f( 185, zj]} 1 zﬁ_l) is a system of bases adapted to F on Rjiq.

Proof. To begin, let Ry be the open vertical strap containing o;,, the first crossing of 8, and let z; be
the first entry of 2, which parametrizes the s;,-relative position between the complete flags F,* and

Fy in K" that geometrically characterize .# on R;. By assumption, { f (i)}?: is a system of bases

1
adapted to the n—1 injective linear maps defining .% on the intersection Uy, N Ry, namely {qﬁ P }n !
Then, depending on whether ¢; = 1 or 43 > 2, we can apply Lemma 3.4.47 or Lemma 3.4.48 to

deduce that ({f (@) }?:1, zl) is a system of bases adapted to % on R;.

Now, consider Rs, the open vertical strap containing o;,, the second crossing of 3, and let z2 be
the second entry of Z, which parametrizes the s;,-relative position between the complete flags F’
and Fy in K" that geometrically characterize .# on Ry. In addition, let {f (81, zl]} be the

braid-transformed bases obtained from {f‘ (i)}. via the truncated braid word B; = oy, and the

=1
truncated tuple 23 = z; (cf. Definition 3.1.29). By construction, {f ﬂl,zl]} _, Is a system of
bases adapted to the n — 1 injective linear maps defining .% on the intersection Ry N Ry. Then,
depending on whether i = 1 or ix > 2, we can apply Lemma 3.4.47 or Lemma 3.4.48 to obtain

that ({f [B1, zl]} 22) is a system of bases adapted to % on Rs.

Finally, for each j € [1,/], let {f( i) ﬁ],z]]} be the braid-transformed bases obtained from
{f(i)}?zl via the truncated braid word B; = o0y, ---0;. € Br; and the truncated tuple z; =

J

(21,...,25) € thd' Then, iterating the above argument over all the straps R; shows that, for
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each j € [1,¢ — 1], the pair ({f‘(i) 155, z_’j]}?:l, zj+1) is a system of bases adapted to .# on Rj;1, as

desired. O

Remark 3.4.51. Let B =0y, -0y, € Br)" be a positive braid word, F an object of the category
H*(Shi(A(B),K)o), and Rys) = {R; }ﬁzl the collection of £ open vertical straps in R? introduced
in Construction 3.5.36. Let £ be a basis for K™, and let Z = (z1,...,20) € X(B,K) be a point
such that the pair (f'(”), Z) algebraically characterizes F according to Theorem 3.4.46. Then,
Theorem 3.4.50 illustrates how the algebraic data (f'(”), Z') locally determines the behavior of F on
each vertical strap R; via the notion of braid-transformed bases, which will play a key role in the

computations and discussions ahead.

Having completed the algebraic characterization of the objects of the category
H*(Sh1(A(B),K)p), we now turn to the study of its graded morphism spaces and their compo-
sitions, which will further elucidate the rich algebraic, geometric, and combinatorial structures of

the categorical invariant under consideration.

72



CHAPTER 4

Morphism Spaces and Compositions in the Category

H*(Shi(A(B), K)o)

Let 8 € Br,l be a positive braid word. In this chapter, we present an explicit description of the
graded morphism spaces and the compositions in the category H®(Shi(A(5),K)p). To lay the

groundwork, we begin by reviewing some key results due to Chantraine, Ng, and Sivek [12].

4.1. Higher-Degree Morphism Spaces

Let B € Br; be a positive braid word. In this section, we analyze the structure of the higher-
degree morphism spaces in the category H®(Sh1(A(8),K)g). As a first step, we recall the following

fundamental result of Chantraine, Ng, and Sivek [12].

Proposition 4.1.52 ([Propositions 6.5 & 6.6, [12]). Let 3 € Br} be a positive braid word.
Let r;s > 1 be integers, and let .F and 9 be objects of the categories H®*(Shy(A(5),K)o) and
H*(Shs(A(B),K)g), respectively. Then, the following statements hold:

a) For allp > 2,
HP(RF(RQ;%om(f,%))) —0.

b) Forallq>1,
HY(RAom(F,9)) =0.

In other words, R om(F,9) = Hom(F,9).

Next, let .# and ¢4 be objects of the category H®(Shi(A(8),K)p). The local-to-global Ext

spectral sequence establishes that

B} = HY (RT (R HY(RA om(F,9)))) = Ext?1(.,9),
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for all p,q > 0. By Proposition 4.1.52—(b), we have that HY (R,%”om(,?,g)) =0 forall ¢ > 1, and
therefore E5*? = 0 whenever ¢ > 1. It follows that the Es-page is supported entirely along the axis

q = 0, and as a result, the spectral sequence collapses at this page. Consequently, we obtain that

Ext?(Z,9) = EL° = HP <RP(R2; H%R%om(ﬂ,%)))) — [ <RF(R2; Hom(Z, %))) :

for all p > 0 [12]. Proposition 4.1.52—(a) then implies that

Ext?(7,9) =0,

for all p > 2. In particular, this shows that the higher-degree morphism spaces in the category
H*(Shi1(A(B),K)p) are trivial.

Having established the vanishing of the higher-degree morphism spaces in category

H*(Shi(A(B),K)p), we now focus on analyzing the structure of its lower-degree morphism spaces.

4.2. Lower-Degree Morphism Spaces

Let 3 € Br;}l be a positive braid word. In this section, our goal is to provide an explicit and
computable description of the lower-degree morphism spaces in the category H*(Shi(A(5),K)o).

To this end, we begin by introducing some notation.

Notation 4.2.53. Let n > 1 be an integer. For any tuple @ = (u1,...,un) € KL, we denote by
D(u) € M(n,K) the n x n diagonal matriz given by
U1l
D(u) =

Un

Notation 4.2.54. Let n > 2 be an integer, and let B = oy, ---0;, € Br;} be a positive braid word.
For each j € [0,{], we denote by B := 0y, ...0;; € Br," the truncation of B at the j-th crossing,
with the convention By := e,, where e, € Br:;d 1s the trivial braid on n strands. Bearing this in

mind, we adopt the following notation:

e For each j € [0,4], we introduce mg, := s;, -~ 8i; € Sy, to denote the permutation associated with
Bj, with the convention g, = e,, where by slight abuse of notation e,, € S, denotes within this

context the trivial permutation on n elements.
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e For any tuple @ = (u1,...,u,) € Ky, we set mg. (1) := (uﬂﬁj(l),...,uﬁﬁj(n)) € Ki,4 for each

J € [0,4], with the convention mg, (1) = 4.

With the preceding notation in place, we now introduce a linear map that will be central to the

explicit description of the lower-degree morphism spaces in the categor 1 0)-
plicit description of the 1 deg phism spaces in th gory H*(Sh1(A(8),K)o)

Definition 4.2.55. Let 8 = 0y, --- 0y, € Br," be a positive braid word, and let F, 4 be objects
of the category H®(Shy(A(B),K)o). Let £ &) be bases for K”, and let 7 = (z1,...,20), 2/ =
(21,...,2p) € X(B,K) be points such that the pairs (f'(”), Z) and (g(">, Z") algebraically charac-
terize F and 94 according to Theorem 3.4.46, respectively. Then, we associate to the pair (F,9)

the linear 6z 4 : K4y — Kftd defined by

07,9 (t) = (01(i), ..., 00(a@), W= (u,...,un) € Kfq,

where, for each j € [1,4],

§; () = [(Bff)(zg'))_lD(Wﬁj—l(ﬁ)) Bgl)(zj)]i-ﬂ,i- ’

Building on the previous definition, we now state one of the main results of this dissertation:
a theorem providing an explicit and computable characterization of the lower-degree morphism

spaces in the category H®(Shi(A(B),K)o).

Theorem 4.2.56. Let 3 = oy, ---0;, € Br} be a positive braid word, and let F, 4 be objects
of the category H®(Sh1(A(B),K)g). Let £ 8 pe bases for K", and let Z, z/ € X(8,K) be
points such that the pairs (f("), 2’) and (g("), Z’) algebraically characterize F and 4 according

to Theorem 1.2.3, respectively.

Following Definition 4.2.55, let 6z 4 : KI ; — Kﬁtd be the linear map associated with the pair

(F,9). Then there are isomorphisms of vector spaces

(4.2.1) Ext’(F,9) 2 kerdzg,

(4.2.2) Ext!(F,9) = coker 7 .
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In particular, the following sections are devoted to proving the preceding statement. Bear-

ing this in mind, we now turn to the study of the zero-degree morphism spaces in the category

H*(Sh1(A(8),K)o).
4.3. Zero-Degree Morphism Spaces

Let B € Br} be a positive braid word. The main goal of this section is to establish the first
part of Theorem 4.2.56, namely, the isomorphism of vector spaces in Equation (4.2.1), thereby
providing an explicit algebraic characterization of the zero-degree morphism spaces in the category

H*(Shi1(A(B),K)p). To this end, we begin by introducing some preliminaries.

4.3.1. Technical Background. Let 3 € Br}' be a positive braid word. We now collect
some preliminaries that will play a fundamental role in the explicit computation of the zero-degree
morphism spaces in the category H®(Shi(A(5),K)o). In particular, we open the discussion with

the following definition.

Definition 4.3.57. Let A, B, X, Y be vector spaces over K, and let vz : A — B andyy : X =Y
be linear maps. A morphism ¢ 5 := (A¢, As) between vz and vy consists of a pair of linear maps

A A— X and \s : B —Y such that the diagram in Figure 4.1 commutes. Equivalently,

AsOYF =Yg 0 A¢ -

Yz Y&

FIGURE 4.1. A morphism ¢ 5 between vz by 4.
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Lemma 4.3.58. Let {w(;z) s KL Ki};:ll and {@D((;) K Ki};.:ll be two collections of
surjective linear maps, and let {Tii) (K — Ki}?zl be a collection of linear maps such that for each

i €[1,n—1], the pair (T/@,TSH)) defines a morphism between ng) and wg), i.e.,

(4.3.1) TA(Z') o 7/’,;) _ w,(gf) o TA(HI) '

For each i € [1,n], let £ .= {fj(z)}zzl and g = {QJ(-i)};:l be bases for K* such that the collec-

tions {f'(j)};;l and {g(ﬁ};‘:l are systems of bases adapted to {wgf)}?;ll and {wg(;)}nfl

i1 » respectively
(cf. Definition 3.1.18-(4)). Then:

e The matrix [T)\(n) }f"(”) € M(n,K) representing T)(\n) s lower triangular.

gn)

e For each i € [1,n — 1], the matriz £ [TA(“ ]fu) € M(i,K) representing Tf\i) coincides with the

principal i X i submatriz of &) [T/\(n) ]f(n)'

n—1

i1 and

Proof. By assumption, {f'(i)}?zl and {g@)}?:l are systems of bases adapted to {1#((??}
{wg) };:11, respectively. Then, Definition 3.1.18-(4) asserts that for each ¢ € [1,n — 1], the matrices
) [1/{(;7) ]f<i+1> € M(i,i + 1,K) and e [1/1;) ]g(iﬂ) € M(i,i + 1,K) representing 1/1;) and 1/1;) are
the standard projection matrices:

w0 [¥5 Ty = 77, and g<i>[1/’g(¢l)]gu+nZﬂ(i’m)-

Now, for each ¢ € [1,n], denote by &0 [TA(i) ]f(i) € M(i,K) the matrix representing T)(\i). Then, for

each i € [1,n — 1], the morphism condition (4.3.1) translates into the matrix equation

&0 [T )30 - 30 [¥5 Jgen = &0 [ Jgaen * g [T T

Consequently, a direct substitution of the standard projection matrices into the above relation

shows that

the upper-left

[ o[ ]ew | 050 Jigoen = g

T)(\i—i—l) ]
(7,7 + 1) submatrix of

FG+1)

for each i € [1,n — 1]. Hence, by applying the above identity recursively, we conclude that the

matrix [T)(\n) }f(”) representing T/Sn) is lower triangular, and that for each i € [1,n — 1], the

gn)
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matrix &0 [T /@ ]?(i) representing T)(\i) coincides with the principal ¢ X ¢ submatrix of () [T)(\n) ]1@("),

as claimed. 0O

Lemma 4.3.59. Let {(ﬁg K — KiJrl}T,L:l and {qﬁg K! — K”l} ' be two collections of

injective linear maps, and let {B; K — Kz} be a collection of linear maps such that for each

i € [1,n—1], the pair (B(Hl), Bg\i)) defines a morphism between qby and gbg , i.e.,
(4.3.2) B{tY 0 % — ¢ 6 B

For each i € [1,n], let £ .= {f } -, and g g0 { }; be bases for K such that the collec-
tions {f'(i)}?zl and {g(i)}i: are systems of bases adapted to {gf) }n: U and {gi)(;)}
(cf. Definition 3.1.18-(3)). Then:

1 » respectively

(n) (n)

o The matrix g(m[B,\ ]?(n) € M(n,K) representing B, is upper triangular.

e For each i € [1,n — 1], the matrix £ [B/(\i) ]f(i) € M(i,K) representing B/(\i) coincides with the

principal i X © submatriz of () [Bg\n) ]f(n).

Proof. By assumption, {f(i)}?zl and {g@)}?: are systems of bases adapted to {qby }n ! and
{gf)g)};:ll, respectively. Then, Definition 3.1.18—(3) asserts that, for each i € [1,n — 1], the matrices
B(i+1) [gb(}) ]f(i) € M(i+1,i,K) and g+1) [(bg(;) ]g(i) € M(i+1,i,K) representing ¢(;) and gb_(é) are the

standard inclusion matrices:
A [¢(i)] (i+1,0) d [gzb(i)} — (i+19)
fGi+1) £ = and s+ [Py Jgi) = ¢ :

Now, for each i € [1,n], denote by &0 [B/(\i)]fm € M (i,K) the matrix representing B/(\i). Then, for

each i € [1,n — 1], the morphism condition (4.3.2) translates into the matrix equation

gl+D) [BY ) Tgerm e [6F ] = g(i+1)[¢€(¢i) lgw " g [BY Tz -

Consequently, a direct substitution of the standard inclusion matrices into the above relation shows

that 0
K3
the upper-left _ [B(i—i-l) Laon = g(i)[BA J#o
(i 4+ 1,i) submatrix of gL gy 01x; ’

(i4+1)xi
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for each i € [1,n — 1]. Hence, by applying the above identity recursively, we conclude that the

)

matrix ) [Bgn) ]?(n) representing Bg\n is upper triangular, and that for each i € [1,n — 1], the

matrix ) [B/(\i) ]f‘(i) representing Bf\i) coincides with the principal i x ¢ submatrix of &) [Bgn) ]f(n),

as claimed. O

Having established the necessary groundwork, we conclude this part of the manuscript with the
following observation, which sheds light on the local structure of the zero-degree morphism spaces

in the category H*(Sh1(A(5),K)o).

Observation 4.3.60. Let 3 =0, ---0;, € Br,} be a positive braid word, Sip) the stratification of
R? induced by A(B) C (R3,&xq), and F and G objects of the category H®(Shy(A(B),K)o). By the
microlocal support conditions, the global structure of F and & is determined by their local behavior
along the arcs in Sy gy, together with compatibility conditions imposed at cusps and crossings. Now,
recall that elements of Ext?(.F,9) are global sheaf homomorphisms between .F and 4. Hence, the
constructibility of # and & with respect to Sp(g), together with the sheaf azioms, implies that the
global structure of the elements of Exto(ﬁ,g) 1s likewise determined by their local behavior along

the arcs in Sy(g), together with compatibility conditions required at cusps and crossings.

Next, we explicitly describe the structure of the elements of Exto(ﬁ,g) near an arc a in Sy(g)-
To this end, observe that in a neighborhood of a, the stratification Sy(g) consists of an upper 2-
dimensional stratum U and a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a.
Given this local configuration, let p € U and q € D be arbitrary points, and denote by A = %),
B=%, X=%, andY =9, the stalks of F and & at these points, respectively. It then follows
from the microlocal support conditions near the arcs that, near a, % and ¥ are determined by a pair
of linear maps v : A — B and vy : X — Y, respectively. According to our previous discussion,
we have that a sheaf homomorphism X € Ext?(F,9) between F and 9 is specified near a by two

linear maps A\¢ : A — X and \s : B —'Y such that

A5 0VF =Yg 0 A¢ -

In other words, near a, X is determined by a morphism \¢s := (A¢, As) between vz and vy (cf.

Definition 4.3.57).

79



Building on the preceding local description of the elements of the zero-degree morphism spaces
in the category H®(Shi(A(5),K)p), we proceed to analyze the global structure of these elements,
yielding an explicit characterization of the zero-degree morphism spaces under consideration. In

particular, we begin our analysis by considering the case 8 = e,.

4.3.2. The Case of the Trivial Braid. Let ¢, € Br," be the trivial braid word. Next, we

study the zero-degree morphism spaces in the category H®(Shi(A(ey), K)o).

To begin, consider the open cover Up(,) = {UO,UB,UT} of R? introduced in Construc-
tion 3.2.30. Let .# and ¢ be objects of the category H®(Shi(A(en),K)o), and let A € Ext?(.#,9)
be a sheaf homomorphism between them. By Proposition 3.2.32, % and ¢ are identically zero on
Up, and as a result, A is also identically zero on this region. It follows that A is entirely deter-
mined by its behavior on the regions Up and Ur. Having established this, we present the following

proposition.

Proposition 4.3.61. Setup: Let e, € Br) be the trivial braid word, Unen) = {UO,UB,UT}
the open cover of R? introduced in Construction 3.2.30, and F and 4 objects of the category
H*(Shi(A(en),K)o). Accordingly, Proposition 3.2.31 asserts that:

e On Uy, ¥ and 4 are specified by two collections of surjective linear maps

{@0(6}) K Ki}?:_ll , and {1/1((;) KA Ki};:ll ,

respectively (see Figure 3.3 for a schematic representation).

e OnUg, . and 9 are specified by two collections of injective linear maps

{69 K 5KV and {0 K K

respectively (see Figure 3.4 for a schematic representation).

e Compatibility conditions: For eachi € [1,n — 1],
D0 ¢W —idgi, and P 0 ¢ =idyi .

* Assumption: For each i € [1,n], let £ = {fj(l) };.:1 and g\ = {gj(i)};:l be bases for K. In

particular, building on Definition 3.1.18—-(3)—(4), we assume that:
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° {f(i)}?: 1 a system of bases adapted to both {@Z) z)}n ' and {d) }n !

n—1

° {g@)};‘:l is a system of bases adapted to both {wg)};:ll and {qﬁ;) }1:1 .

Main Conclusion: Let A € ExtY(%,9) be a sheaf homomorphism between F and 4. Then,

under the given setup, the following statements hold:

e )\ is characterized by a collection of n linear maps {T)(\i) K — Ki}?zl such that, for each

ie[l,n—1]:
T o = oD 0 and T 0 9% = ¢80 o TV

(n)

e The matriz &) [TA(n) ]f(n) € M(n,K) representing Ty’ is diagonal.

e For each i € [1,n — 1], the matriz e [T)(\i) ]f@) € M(i,K) representing T)(\i) coincides with the

principal © X © submatriz of &) [T/\(n) ]f(n).

Consequently, we deduce that

Ext)(#,9) 2 K%, .
Proof. Building on our previous discussion, we have that:

e On Uy, A is specified by a collection of linear maps {T)(\i) K — Ki}?zl such that for each

i € [1,n — 1], the pair (T§i+1), T/@) defines a morphism between w;) and 1/15(;), ie.,

(4.3.3) Tf) o d)(&}) _ 111;(;) o T)EH_I) .

e On Up, A is specified by a collection of linear maps {Bg\i) K — Ki}?zl such that for each

i € [1,n — 1], the pair (Bg\i), B§i+1)) defines a morphism between gbf}) and gbg), ie.,

(4.3.4) B{ 0 % = ¢ 6 B

In particular, note that a direct application of the sheaf axioms to the intersection Ug N Ur C R?
implies that T)En) = B/(\n). Hence, combining the morphism conditions (4.3.3) and (4.3.4) with the

compatibility conditions for the maps characterizing .# and ¢4 on Ug and Ur, we further deduce
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that T/gi) = B/(\i) for every ¢ € [1,n — 1]. It follows that A is determined by a collection of linear

maps {T/@ (K — Ki}?zl satisfying the stated conditions.

Finally, recall that {f‘(i)}?zl and {g<i>}?:1 are systems of bases adapted to the pairs
({w:(g}')}n_l {gb(;)}?:_ll) and ({1/1{(;)}”_1 {gf)f(;)}?:_ll), respectively. Thus, relying on our previous

1=1" i=1"

results, Lemmas 4.3.58 and 4.3.59 guarantee that:

e The matrix [Tin) ] ¢y € M(n,K) representing Tin) is both lower and upper triangular, and

)

hence diagonal.

e For each i € [1,n — 1], the matrix e [T)(\i) ]f(i) € M (i,K) representing T;\i) coincides with the

principal ¢ X ¢ submatrix of &) [TA ]?(m.

Bearing this in mind, we conclude that
Ext)(F,9) 2 K%, .
This completes the proof. ]

Having established the preceding result, we conclude our study of the zero-degree mor-
phism spaces in the category H®(Shi(A(e,),K)p), and turn to their analysis in the category
H*(Sh1(A(B),K)p) for an arbitrary positive braid word 3 € Br;!.

4.3.3. General Positive Braids. Let 3 = 0y, -+~ 0;, € Br; be a positive braid word. Next,

we analyze the zero-degree morphism spaces in the category H®(Sh1(A(8),K)g).

To being, we establish an observation that will facilitate the study the zero-degree morphism

spaces in the category H*(Shi(A(5),K)o).

Observation 4.3.62. Let 3 =0y, ---0;, € Br;} be a positive braid word, Si(p) the stratification of
R? induced by A(B) C (R3,&xq), and F an object of the category H®(Shi(A(8),K)o). Let Upp) =
{UO,UB, Ui, Ur, UT} be the open cover of R? from Construction 3.3.33, and let Rap) = {Rj}ﬁzl

be the partition of Ug into £ open vertical straps from Construction 3.3.36.

In particular, observe that the only singularities of I, ,(A) contained in Uy, are the n left cusps,
and Ry is its only adjacent vertical strap. Hence, since Uy, contains no crossings of Iy (A), the

constructibility of & with respect to Sy(g) and the sheaf axioms guarantee that the maps defining
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Z on Uy, coincide with those specifying it on the intersection Uy, N Ry. It follows that, for the
purpose of studying % , instead of considering the region Uy, it suffices to restrict to Ry, with the
understanding that the data characterizing F on Ry inherits the compatibility conditions associated

with the left cusps in Ur,.

Finally, note that a completely analogous argument applies to the region Ur and the vertical
strap Ry, with the data characterizing & on Ry inheriting the compatibility conditions associated
with the right cusps in Ur. Consequently, we deduce that the global structure of F can be fully
recovered from its local description on the region Ut and the collection of vertical straps Ryg),

together with the appropriate compatibility conditions.

Now, let Uy = {UO,UB,UL,UR,UT} be the open cover of R? from Construction 3.3.33,
Rap) = {Rj}ﬁzl be the partition of Ug into ¢ open vertical straps from Construction 3.3.36, %
and ¢ objects of the category H*(Shi(A(B),K)o), and A € Ext’(#,%) a sheaf homomorphism
between them. Building on Observation 4.3.62, we have that the global structure of A can be fully
recovered from its local description on the region Ur and the collection of vertical straps Ry (g),
together with the appropriate compatibility conditions. Accordingly, we present the following

result.

Lemma 4.3.63. Setup: Let 3 = oy, -0, € Br} be a positive braid word, Upnpy =
{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and F and 4 objects of
the category H®*(Shi(A(B),K)o). According to Lemma 3.3.34, F and &4 have the following local

descriptions:

e On Uy, F and 9 are specified by two collections of surjective linear maps

(W K S KL e () K S K

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ur, see Figure 3.9.

e On UL, ¥ and ¥ are specified by two collections of injective linear maps

(69 K K+ and {9 K- KIS

i=1"
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respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

e Compatibility conditions: For each i € [1,n — 1],

D00 —idygi, and ¥ 0 ¢l =idy .

* Assumption: For each i € [1,n], let £ := {fj(l)};zl and g = {g](.")}j.zl be bases for K'. Based

on Definition 3.1.18—(3)—(4), we assume that:

° {f'(i)}?zl is a system of bases adapted to both {@/1;)};:11 and {gbg) }2:11.

n—1
i=1"

° {g(ﬂ}?:l is a system of bases adapted to both {w(g)};:ll and {gé;) }

Main Conclusion: Let \ € Exto(gf,g). Under the given setup, the following statements hold:

* Local characterization of X\ on Ut and Ur,: On Ut and Uy, X is characterized by a collection of

n linear maps {T)(\i) (K — Ki}?zl such that for each i € [1,n — 1]:
T o = oD - and T 0 % = 68 o TV

n
K2

* Block-diagonal properties: With respect to the bases {f(i)}.zl and {g(i)}le, we have that:

L [T)\(n) ]?(n) € M(n,K) is a diagonal matriz.

e For each i € [1,n — 1], the matrix g(i)[T/@] y € M(i,K) coincides with the principal i X i

i

submatriz of &) | T/\(n) l3tmy -

Proof. The argument parallels that of Proposition 4.3.61. More precisely, given the local descrip-

tions of .# and ¢4 on Ut and Uy, from Lemma 3.3.34, the local characterization of A on Ut and Uy,

follows from Observation 4.3.60. Furthermore, this characterization, combined with the standing

assumption and Lemmas 4.3.58 and 4.3.59, yields the block-diagonal properties. ([l

Fix j € [1,4], and let R; be the vertical strap in R? containing o;;—the j-th crossing of 3 (see
Figure 3.13). Building on the algebraic local models established in Lemmas 3.4.47 and 3.4.48, we
now give an explicit local characterization of the elements of the zero-degree morphism spaces in

the category H®(Shi(A(5),K)p) on R;.
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Lemma 4.3.64. Setup: Let B =04, ---04, € Br," be a positive braid word, and let F and 9 be
objects of the category H®*(Shi(A(B),K)o). Fiz j € [1,£], and let R; be the vertical strap in R?

containing o;; —the j-th crossing of 8 (see Figure 3.13).
x Assumption 1: Let k :=ij € [1,n — 1] denote the index of oy, and suppose that k = 1.

Under this assumption, on Rj, . and ¢ are specified by two collections of n injective linear
maps
(1) LK Kit! n—1 (1) . K! K2
{¢7 K — fion U{ds K=K},
(4.3.5)
{68 K - KV U (o) K K2,
respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.15.

* Assumption 2: For each i € [1,n], let £ .= {fj(z)}zzl and g\ = {gj(.i)};:l be bases for K.

Based on Definition 3.1.18-(3), we assume that:

n—1

. {f'(i)}?zl 1 a system of bases adapted to {qb(/f) }izl .

n—1

° {g(i)}?zl s a system of bases adapted to {¢g) }izl .

Under this assumption, Lemma 3.4.47 ensures that ({f(i)}?zl, z) and ({g(i)}?zl, z’) are system
of bases adapted to F and 4 on Rj, where z, 2 € K algebraically parameterize, relative to the
bases £ and g™ for K™, the si-relative position between the pairs of complete flags in K™ that

geometrically characterize # and &4 on R;, respectively. In particular, following Definition 3.1.29,

we denote by {f'(i) (o1, z]}?zl and {g@') o1, z’]}?zl the corresponding braid-transformed bases.

Main Conclusion: Let \ € Ext?(.#,9). Under the given setup, the following statements hold:

* Local characterization of X on R;: On R;, X is specified by a collection of n + 1 linear maps

(4.3.6) (¥ .k -k} u {1V K - K},
such that
(4.3.7) T 090 — gD 0@ - and TP 0 M =g o TV
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for each i € [1,n — 1].

* Block-Triangular Properties I: With respect to the bases {f'(i)}?zl and {g(i)}?zl, we have that:

* s [T)(\n) ]f(n) € M(n,K) is an upper-triangular matriz.

e For each i € [1,n — 1], the matrix g(i)[T)(\i)]?(i) € M(i,K) coincides with the principal i X i

submatriz of () [ T,\(n) ] RO

* Block-Triangular Properties II: With respect to the bases {f'(i) [o1, z]}?zl and {g(” (01, z’]}n

=17 W

have that:

° g(n)[al,z/][TA(n) ]f'(")[o'lyz] € M(n,K) is upper-triangular.

7 (1)

° g(1>[g1,z'][T)\ ]f(l)[al,z] € M(1,K) coincides with the principal 1 x 1 submatriz of

g [o1,2'] [ T)‘(n ] £(")[o1,2]"

e For each i € [2,n — 1], g(i>[al,z'][TA(i)]fﬁ)[al,z] € M(i,K) coincides with the principal © X i

: (n)

submatriz of ) [or,2/] [T/\” ]f(n)[m’z].

* Refinement: Suppose that &) [T)\(n) ]f(n) is diagonal, that is,
(7., = D()
g LA f(n) >
for some tuple @ = (uy,...,up) € Kiy. Then:
e Compatibility condition for \: The (1 + 1,1)-entry of the matriz product
-1 .
(B{"(=) ™" - D) - B{"(2)
must vanish.

e Under the above condition,

(n) _ =
g(") [0’172/] [ T)\ :| f‘(n) [0’1,2] - D(ﬂ-l (u)) ’
where 71 (@) denotes the permutation of U associated with o1.

Proof. According to Assumption 1, on R;, .# and ¢ are defined by the collections of n injective

linear maps listed in (4.3.5). Hence, the Local characterization of A on R;, specified by the n + 1

86



linear maps listed in (4.3.6) and subject to the morphism conditions (4.3.7), follows from Obser-
vation 4.3.60, which establishes the local description of the elements of Ext’(.#,%) near an arc of

the stratification Sy () of R? induced by A(B) C (R3, &q).

By Assumption 2, {f (@) }Z and { g ’)} are systems of bases adapted to {gb 7 } ! and {qﬁg }Z X

respectively.  Therefore, by virtue of the morphism conditions (4.3.7), the Block-Triangular

Properties 1 follow directly from Lemma 4.3.59.

Moreover, under Assumption 2, Lemma 3.4.47 asserts that ({f } 1 ) and ({g(i)}?ﬂ,z’ ) are
system of bases adapted to .# and ¢ on Rj, where z, 2’ € K algebraically parameterize, relative to
the bases £ and g™ for K", the si-relative position between the pairs of complete flags in K™

that geometrically characterize .# and ¢ on Rj, respectively. Accordingly, we have that:

e With respect to the bases {f(i)}?zl, the linear maps determining .# on R; have the matrix

representations:

7 i i . 7(1 2
fli+1) (65 Jpo =T forallie [I,n—1], and 4 (oY) iy = BP(z) -2

e With respect to the bases {g“)}?:l, the linear maps determining ¢ on R; have the matrix

representations:

gD [(ﬁg(;) ]g(i) =) - forallie[l,n—1], and gm[@” ]g(l) = Bgz) () -2

Next, consider the braid-transformed bases {f(i)[ol,z]}?zl and {g(i)[al,z’]}?zl (cf.  Defini-

tion 3.1.29). In particular, a direct calculation shows that:
e With respect to the bases {f(i) (o1, z]}?

=1’

i i+1,0 (1 — (2
et o, Z]W ) Jirg 0 =, forall2e[l,n—1], and f<2>[ol,z][¢f¢)hm[mz] _ @D
e With respect to the bases {g@) [o1, z’]}n

=1’

&+ [o1,2/] [gbg }g(l)[al o= LD forall2€ [1,n—1], and £@ o, z’][¢£¢ ]g(l)[al = L2
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It follows from Definition 3.1.18-(3) that {f'(i) [o1, z]}?zl and {g@') [o1, z’]}?zl are systems of bases
adapted to {gb% , (2) e ,(;5 o 1)} and {qb((;), gb{(;), ceey gb{(g*l)}, respectively. Hence, by virtue of the

morphism conditions (4.3.7), the Block-Triangular Properties II follow directly from Lemma 4.3.59.

Finally, assume that [TA(n) ]f(n) = D(u) for some tuple @ = (u1,...,u,) € K%,. In particular,
observe that the bases £ [0y, z] and (™ for K™, as well as the bases (™ [o1, /] and g™, are related
by the change-of-basis matrices Bgn) (z) and B%n) (2), respectively. Therefore, by the change-of-basis

formula, we deduce that

n n —1 — n
[TV Jsoioy . = (B () ™ D(@) - B (2).

(n) }

Consequently, since 50 (01,2 [T)\

) o 2] must be upper-triangular, a direct application of

Lemma A.0.116 yields that:
e The (1+ 1,1)-entry of the matrix (Bgn)(z’))_1 - D(4) - Bgn)(z) must vanish.
e Under the above condition, g(n>[017zl][T>\(7”L) ]?(n)[al’z] = D(m (1)),
where 71 () denotes the permutation of # associated with o;. This completes the proof. U

Lemma 4.3.65. Setup: Let B = oy, ---0;, € Br}' be a positive braid word, and let F and 4 be
objects of the category H®*(Shi(A(B),K)o). Fiz j € [1,£], and let R; be the vertical strap in R>

containing o;; —the j-th crossing of 8 (see Figure 3.13).
x Assumption 1: Let k :=i; € [I,n — 1] denote the index of o;;, and suppose that k > 2.

Under this assumption, on R;, % and 9 are specified by two collections of n+ 1 injective linear

maps

(6% K - KT U (g kM S KE, g KRR o kMY
(4.3.8)
{¢§(;) S K KH—l}" 1 U {d)(k 1) Kk‘—l N Kk, ~€g€) 2Kk — Kk’-i—l}’

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.17.

* Assumption 2: For each i € [1,n], let £ = {f;(z)};: and gl {gj }; | be bases for Kt.
Based on Definition 3.1.18-(3), we assume that:
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° {f(i)}?: 1 a system of bases adapted to {qb(l }n !

n—1
i=1"

. {g@};‘:l s a system of bases adapted to {(bg) }

Under this assumption, Lemma 3.4.48 ensures that ({f } 1 ) and ({g@')}:f:l, z/) are system
of bases adapted to .F and 4 on R;, where z,72" € K algebraically parameterize, relative to the
bases £ and g™ for K", the si-relative position between the pairs of complete flags in K" that

geometrically characterize # and & on R;, respectively. In particular, following Definition 3.1.29,

we denote by {f'(i) [k, z]}?zl and {g(i) ™ z’]}?zl the corresponding braid-transformed bases.

Main Conclusion: Let \ € Ext?(.#,9). Under the given setup, the following statements hold:

* Local characterization of A\ on R;: On Rj, X is specified by a collection of n + 1 linear maps

(4.3.9) (r K -k}’ u (TP K - K,
such that
T)(\iJrl) ¢ d) (%) T(z
(4.3.10) T8 o gl — gl o =)
T 063 =0 0 T,
for each i € [1,n —1].

* Block-Triangular Properties I: With respect to the bases {f'(i)}.: and {g }Z 1> we have that:

* s [T)(\n) ]f(n) € M(n,K) is upper-triangular.

e For each i € [1,n — 1], & [T)(\i) ]f(i) € M(i,K) coincides with the principal i X i submatriz of
(n)
g [T T

* Block-Triangular Properties II: With respect to the bases {f(i) ™ z]}?zl and {g@ ™ z’]}?zl, we

have that:

(n) } .
A f(n) [Jk 73}

~

® 5oy Z,}[ € M(n,K) is upper-triangular.

!

(k)

° g(’f)[ak,z’}[TA ]f‘(k)[ak,z] € M(k,K) coincides with the principal k x k submatriz of
(n)
g(n) [O'kvz/] |:T)\ ] F(n) [ak,z} !
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e For each i € [1,n — 1] with i # k, [T)(\i) ]f(i)[% g€ M (i,K) coincides with the principal

gD oy,z']

o . (n)
i X © submatriz of & o2 [7," ]f(n)[ok,z]'

* Refinement: Suppose that &) [T)\(n) ]%(n) is diagonal, that is,
[T\ g = D(id)
gL oA f(n) >

for some tuple @ = (uy,...,up) € KYy. Then:

e Compatibility condition for \: The (k + 1,k)-entry of the matriz product
n -1 — n
(B() - D) B (2)

must vanish.

e Under the above condition,

(n) . .
s or TN Loy = Dme(id)
where m(1d) denotes the permutation of U associated with oy,.

Proof. According to Assumption 1, on R;, .# and ¢ are defined by the collections of n + 1 injec-

tive linear maps listed in (4.3.8). Hence, the Local characterization of A on R;, specified by the

n + 1 linear maps listed in (4.3.9) and subject to the morphism conditions (4.3.10), follows from
Observation 4.3.60, which establishes the local description of the elements of Ext’(.#,%) near an

arc of the stratification Sy(gy of R? induced by A(8) C (R?, &a)-

n—1
i=1"

By Assumption 2, {f’ (@) }:.L:l and { g@}j:l are systems of bases adapted to {gzﬁ?}ZZl and {(;5;)}

respectively. Therefore, by virtue of the morphism conditions (4.3.10), the Block-Triangular

Properties 1 follow directly from Lemma 4.3.59.

Moreover, under Assumption 2, Lemma 3.4.48 asserts that ({f'(i)}?zl,z) and ({g@')}?:l,z’) are
system of bases adapted to .# and ¢ on Rj, where z, 2’ € K algebraically parameterize, relative to
the bases £ and g for K", the sj-relative position between the pairs of complete flags in K™

that geometrically characterize .# and ¢ on Rj, respectively. Accordingly, we have that:
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e With respect to the bases {f(i)}?zl, the linear maps determining .# on R; have the matrix

representations:

f‘(i+1)[ E/E) ]f(i) =

~(k—1 (e e ~(k k+1
?(k)[@z )]M—l) = i(hk 1)7 f(k+1>[¢,(?)]f'(k) = Bl(c - )(Z) (BTLE)

GHLD " for all i € [1,n — 1],

e With respect to the bases {g@')}?:l, the linear maps determining ¢ on R; have the matrix
representations:

glith) [qjs(;) ]g(w =T forall i € [1,n — 1],

T(k—1 . _ 7 (k k+1
g(k>[¢s; )]gw—w =i, g<k+1)[¢é )]gw) = BTV () R

Next, consider the braid-transformed bases {f(i)[ak,z]}?zl and {g(i)[ok,z’]}?zl (cf.  Defini-

tion 3.1.29). In particular, a direct calculation shows that:

e With respect to the bases {f'(i) (oK, Z]}:‘L:p

£E+D[oy,2] [(b;) ]f"(i)[ok,z} = D) ) forall i € [1,n — 1] with i # k — 1, k,
7 (k=1) _ (kk—1
f'(k)[ak,z} |: ¢§ ]f‘(kil)[o'k,z} - L( ) )
7 (k) — (k+1k)

Fr+D) [y 2] [ ¢¥ ] £®)[o4,,2]

e With respect to the bases {g¥ [0y, z’]}?zl,

g0 [ 98 Ny = 1T foralli€ [Lin— 1] with i # k— 1k,

T (k—1) kk—1
g(k)[o'lmz’} [ d)(f ]g(k—l)[ak,zl] - L( ) ’

~ (k) _
g(kﬂ)[ak,z'][(bg ]g(k) [ok,2"] ‘

It follows from Definition 3.1.18-(3) that {f'(i) (0%, z]}?zl and {g@ [0k, z’]}?zl are systems of bases

adapted to the collections

1 k—2) 7(k—=1) T(k k+1 (n—1
{(bé?)?v(ét(@ )’(A(Q )’(A(Q)’(A(Q )77¢ﬁ‘ )}7
{(b(i/l)a R (;k_Z)vgggc_l)vgggc)v (;k—’—l)v R {(j}hb_l)} ’
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respectively. Hence, by virtue of the morphism conditions (4.3.10), the Block-Triangular Properties

II follow directly from Lemma 4.3.59.

Finally, assume that [T/gn) ]f(n) = D(u) for some tuple 4 = (u1,...,u,) € K. In particular,

g(n)
observe that the bases £("[oy,, 2] and £(") for K", as well as the bases g™ [0y, 2/] and g™, are related
by the change-of-basis matrices B,gn) (z) and B,in) (z), respectively. Therefore, by the change-of-basis

formula, we deduce that

(n) _ (p® -1 - (n)
g(”)[gk’z/][T)\n ]f‘(”)[o‘k’z] = (Bkn (Z,)) - D(a) - Bkn (2).
Consequently, since £ o z’][TX(n)}f‘(")[ak ] must be upper-triangular, a direct application of

Lemma A.0.116 yields that:

e The (k + 1, k)-entry of the matrix product (Blin)(z/))f1 - D() - B,(cn)(z) must vanish.

£

e Under the above condition, (., [T/\(") ]?(n)[ahz] = D(m(1)),
where 7 (%) denotes the permutation of 4 associated with . This completes the proof. O

Having established the preceding lemmas, we are now in a position to state and prove the first

part of one of our main theorems.

Theorem 4.3.66. Setup: Let 3 = oy, ---0;, € Br} be a positive braid word, Upnp) =

{4

{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and F and 9 objects of
the category H®*(Shi(A(B),K)o).

* Local descriptions on Ut and UL,: According to Lemma 3.3.34, F and 4 have the following local

descriptions:

e On Uy, F and 4 are specified by two collections of n — 1 surjective linear maps

{@D(O/? K Ki}?:_ll , and {1#((;) (KA Ki}n_l

i=1"

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ur, see Figure 3.9.
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e On Uy, ¥ and 9 are specified by two collections of n — 1 injective linear maps
(@) . Kt Kit1 n—1 d (@) . K Kit! n—1
{¢7 K — Yoy o and {¢g K" — Yict

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

e Compatibility conditions: For each i € [1,n — 1],
0D ol =idg:, and 9§ 06} =idg: .

* Global flag data: By Theorem 3.3.40, % and 9 are geometrically characterized by two sequence

of complete flags {.7-" }ZH and {g;}fié in K", respectively, such that:

e Fo is completely opposite to both Fi* and F , and for each j € [1,/], F} s in s -relative

position with respect to ]-'j’Jrl

e Gy is completely opposite to both G and G2 ., and for each j € [1,4], g; is in s;;-relative

position with respect to Qj'_H

In particular, by Lemma 3.3.35, we know that:

Fo o= F( ;)w-'aw(;_l))v and F:=,F* (¢ ,...,(b(n 1)’
g3 = PP V), and Gf = P60, 00D

are the type K and type I flags in K" associated with {wl)}Z 1 {gf)l)}Z 1 {@b(;)}l 1, and

{gzbé)}i:l , respectively (cf. Definition 3.1.18-(1)—(2)).

bod )

* Main assumption (Adapted bases): Let £ 6 pe bases for K", and let 7 = (z1,..-,20), 2/ =

(215, 2) € X(B,K) be points such that the pairs (£, 2) and (g™, ') algebraically charac-

terizes F and 9 according to Theorem 3.4.40, respectively. In this setting, we have that:

e Relative to the basis £(™ for K": Fg§ and F* are the anti-standard and standard flags, re-
spectively. For each j € [1,{], the flag F, is represented by the path matriz Pg;(Z;) =
B,L.(ln)(zl) e B,L.(;L)(zj) € GL(n,K) associated with the truncated braid word B = o;, - - 0;; € Br;}

and the truncated tuple Zj = (21,...,2;) € thd

93



e Relative to the basis g™ for K": Gy and G are the anti-standard and standard flags, re-
spectively.  For each j € [1,4], the flag G, is represented by the path matriz PBJ.(Z;-) =

Bfln)(zi) e ijn)(z;) € GL(n,K) associated with the truncated braid word ; and the truncated

tuple 2% = (21,...,2}) € thd

Furthermore, under this assumption, the compatibility conditions and an inductive argument
ensure that, for each i € [1,n — 1], there are unique bases £ .= {f;i)};:l and g\ = {g}j(-i)};:l
for K® such that (cf. Definition 3.1.18-(3)—(4)):

e The collection {f(i)}?: 1 a system of bases adapted to both {wd)}n ' and {qﬁ(jj\)}?:_ll
e The collection {g@}?: is a system of bases adapted to both {@ZJ@ } ' and {(;SS(;)}?:_E

Building on this, for each j € [1,{], we denote by {f Bj,z]]} _, and {g 185, 2 _”]} the braid-
transformed bases obtained from {f(Z }Z.zl and {g l)}izl via the truncated braid word (; and the
truncated tuples Z; and Z’; j» respectively (cf. Definition 3.1.29). Accordingly, by Theorem 3.4.50,

we have that:

o ({f"(i)}?:l,zl) is a system of bases adapted to F on R;.

e For each j € [1,0 —1] ({f( BJ,Z]]}Z 1,2]+1) is a system of bases adapted to F on Rjy;.
. ({g@}?:l, z1) is a system of bases adapted to 4 on Ry.

e For each j € [1,£ — 1] ({g 185, 2" }Z 1 ]+1) is a system of bases adapted to 4 on Rj 1.

* Main Conclusion: Following Definition 4.2.55, let dz 4 : K4 — Ke .q be the linear map as-

sociated with the pair (%#,9). Then, under the given setup, there is an isomorphism of vector
spaces

Ext’(F,9) 2 kerdzg .

Proof. To begin, let Sy3) be the stratification of R? induced by A(B) C (]R3 §Std) AB) =
{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and Rap) = {R }J , the

partition of Up into £ open vertical straps from Construction 3.3.36.
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Let A € Ext® (#,%9). By Lemma 4.3.63, on Ut and Uy, A is characterized by a collection of n linear

maps {T/@ K — Ki}?zl such that for each i € [1,n — 1]:

Tii) o "A(yl) = 1/1;) o T;\H_l) , and T)(\H_l) o (;) = ¢;) o T/Ei) .
By assumption, {f' () }?:1 and { g@') }?:1 are systems of bases adapted to the pairs
({wg ?:_11, {QS;) }?:_11) and ({wé,f) }?:_11, {gf);) }?:_11), respectively. Hence, by Lemma 4.3.63, we

obtain that, g(n)[T)\(n)h(n) € M(n,K) is diagonal, that is, g(n)[T)\(n)h‘(n) = D(u) for some tuple

U= (ul,...,un) ngtd‘

Next, consider Ry, the vertical strap in R? containing o;,—the first crossing of 3. In particular, we
denote by k = i1 € [1,n — 1] the index of ¢;,. By construction, R; is the vertical strap immediately
to the right of Up,. Thus, by the constructibility of .7 and ¢ with respect to Sy(g), we obtain one

of the following two cases:

e (Case 1: Suppose that £k = 1. Then, on R;, % and ¢ are described by two collections of n

injective linear maps:
(69 K KV u {6 K » K2,
{65 K - KU (o) K 5 K,

respectively. In this local configuration, Lemma 4.3.64 asserts that A is described by a collection

of n 4+ 1 linear maps
(K - K o {1V K 5 K'Y
e (Case 2: Suppose that & > 2. Then, on Ry, . and ¢ are characterized by two collections of
n + 1 injective linear maps:
(69 K - K U (g0 kM S KE, g KE 5 kMY

(680 K - KT U (o) kM o KE, g KF 5 KM

respectively. In this local configuration, Lemma 4.3.65 asserts that A is described by a collection

of n + 1 linear maps
N i1 PN .

95



In any of the above cases, {qb(;) }n_l {d){(;)}n_l and {T)Ei)}?zl are precisely the linear maps char-

i=1" i=1"

acterizing %, ¢4, and A on Uy,.

Now, let 2= (z1,...,2¢) and 2’/ = (2], ..., %) be the points in the braid variety X (8, K) such that
the pairs (f' ) z ) and (g<"> 2! ) algebraically characterize .% and ¢ according to Theorem 3.4.46,

respectively. By Theorem 3.4.50, we know that:
. ({f"(i)}?zl, z1) is a system of bases adapted to .# on Ry.
° ({g(i>}f:1, zi) is a system of bases adapted to 4 on Rj.

Then, a direct application of either Lemma 4.3.64 or Lemma 4.3.65 depending on the value of k,

considering that k& = 41, implies that:

e Compatibility condition for \ at o;,: The (i; + 1,41)-entry of (Bi(ln)(zi))_lD(ﬁ) BZ-(:L) (z1)

must vanish.

e Under the above condition,

(n) _ (7
g [Uil 72“ [T)\ } F(n) [Uil ) T D(ﬂ'zl (U)) )
where 7;, (@) denotes the permutation of @ associated with o, .

Applying the same reasoning to Ry, the vertical strap in R? containing o, —the second crossing of

[—we obtain that:

e Compatibility condition for A at o;,: The (ia+1,i3)-entry of (B(n)(zé))_lD(m1 (1)) BZ-(:) (22)

i2

must vanish.

e Under the above condition,

g [82,71] [Tin) ]?(")[,BQ,ZQ] = D(miy (mi, (1)) ,
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where 74, (%) denotes the permutation of @ associated with 8y = 04,04, € Br,!, the truncation of 3
at its second crossing, and 2 = (z1, 22), £ = (21, 2) € K%, denote the truncation of the tuples Z

and Z” at their second entry, respectively.

Proceeding iteratively through all the vertical straps R;, we obtain ¢ compatibility conditions for

A, one for each crossing o;; of 8. More precisely, for each j € [1,7], we deduce that

[(BI() ' Dims, @) B (z) | =0,

S P S
In particular, building on Definition 4.2.55, we observe that the above compatibility conditions are
precisely those characterizing the elements of the kernel of the linear map d.# , which allows us to

conclude that

Ext’(F,9) 2 kerdzg .
([l

Having established the previous result, we conclude the analysis of the zero-degree morphism
spaces in the category H®(Shi(A(8),K)p) and proceed to study the structure of its one-degree

morphism spaces.

4.4. One-Degree Morphism Spaces

Let 8 € Br,} be a positive braid word. The main goal of this section is to establish the second
part of Theorem 4.2.56, namely, the isomorphism of vector spaces in Equation (4.2.2), thereby
providing an explicit algebraic characterization of the one-degree morphism spaces in the category

H*(Shi(A(B),K)p). To this end, we begin by introducing some preliminaries.

4.4.1. Technical Background. Let 3 € Br} be a positive braid word. We now collect
some preliminaries that will play a fundamental role in the explicit computation of the one-degree
morphism spaces in the category H®(Shi(A(8),K)p). In particular, we begin by establishing some

notation.

Notation 4.4.67. Let € be a category, and suppose that A is an object of the category €. Then,

when drawing diagrams, we introduce A A to denote the identity morphism between A and

A.
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Definition 4.4.68. Let M be a smooth manifold, and let ¥ and 9 be sheaves of K-modules on
M. A sheaf 7 of K-modules on M is called an extension of F by 4 if there exists a short exact

sequence of the form

(4.4.1) 0 —Y — X —F —0.

In particular, two extensions F and A of F by 4 are said to be equivalent if there exists a

sheaf isomorphism \ : A — A" such that the diagram in Figure 4.2 commutes in each square.

0 > 9 > A > 7

=}

0 % > > F > 0

2

FIGURE 4.2. Two equivalent extensions # and ¢’ of # by 4.

Now, recall that the category of sheaves of K-modules on a smooth manifold is an abelian
category with enough injectives [19,26]. The following result is standard in classical sheaf theory

and also follows from the general theory of abelian categories (see, for instance, [20]).

Lemma 4.4.69. Let M be a smooth manifold, and let F and & be sheaves of K-modules on M.

Then there exists a canonical isomorphism

(4.4.2) Ext!(7,9) = {equivalence classes of extensions of F by {é} .

Let .# and ¢ be objects of the category H®*(Shi(A(8),K)p). Building on Lemma 4.4.69, we
proceed to characterize Ext!(.#,%) via the equivalence classes of extensions of .% by 4. To this

end, we introduce several useful definitions and preliminary results.

Definition 4.4.70. Let A, B, C, X, Y, Z be vector spaces over K, and let v¢ : A — X, T',p :

B =Y, and vz : C — Z be linear maps. We say that Ty is an extension of vz by vy if there
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exists a diagram as in Figure 4.3 where the horizontal rows are short eract sequences and each

> X
}g
> A

FIGURE 4.3. An extension I' ) of 72 by 4.

square commutes.

~
N
~
o

~

& <
X

V7

~
~

C

~
@)

Definition 4.4.71. Let A, B, B', C, X, Y, Y', Z be vector spaces over K, and let vy : A — X,
Iy :B—Y, Ty :B —Y' and vz : C — Z be linear maps, with T, and T, realizing

extensions of vz by v¢. We say that U 0 and U are equivalent extensions of v by v« if there

exist linear isomorphisms € : B — B’ and 6 :' Y — Y’ making the diagram in Figure 4./ commute

in each square.

Throughout this subsection, we will implement the following notation.
Notation 4.4.72. Let A, B, X, Y be vector spaces over K. Then we know that there exists a
canonical isomorphism

Homg(A® B, X @Y) = Homg (A, X) ® Homg (B, X) @ Homg(A,Y) ® Homg(B,Y) .

More precisely, we have that, for any linear map € : A® B — X @Y, there exist linear maps

MW iA- X A B X AP A Y, and AP B Y such that
(4.4.3) £(a,0) = (A (@) + AP (0),2P (@) + AP (®)) . for all (a,0) e A® B.

Then, by abuse of notation, we denote the expression in equation 4.4.3 by

AL AP
&=

(3) (@)
AeT Ag
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><
—>

FIGURE 4.4. Two equivalent extensions I' ,» and I" y of v by 4.

Definition 4.4.73. Let A and B be vector spaces over K. We denote by 1o : A - A® B the
canonical inclusion va(a) := (a,0) for all a € A, and by 7 : A® B — B the canonical projection

mp(a,b) :=b for all (a,b) € A® B.

The following lemma introduces a concept that will play a central role in the subsequent dis-

cussion.

Lemma 4.4.74. Let A, C, X, Z be vector spaces over K, and let v : A = X, v : C = X, and

vz : C — Z be linear maps. Then the linear map 'ngﬁf)“/y A C — X @ Z defined by

Yo VH#
gV )y 5 = [ ]

0 vz

is an extension of vz by Yo, which we call the block extension of v by Yo associated with v p.
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Proof. To begin, consider the canonical inclusion and projection maps tagc : A - AS C, txgpz :
X >X®Z, page : A C — C,and pxgz : X ® Z — Z (see Definition 4.4.73). By construction,

we have that:

e L g0 and Lxgyz are injective.

e pagc and pxgqz are surjective.

e imiggo = ker page and imixgz = ker pxgz.
In addition, a direct calculation shows that

g Vot )y © tasc(a) = txez 0 yg(a), forallae€ A,
PXBZ © 5y (Vo )y (a:¢) =Yz 0 pascl(a,c), forall (a,c) € A C.
Combining the above results, we observe that each square in the diagram in Figure 4.5 commutes

and its horizontal rows are short exact sequences. Hence, building on Definition 4.4.70, we conclude

that . _(7.)., is an extension of vz by vy.

> ¢ ¥/ PX®Z
0 > X »X ©Z > 7 > 0
Lg g Vo) Vo
0 > A yAoC > C > 0
LAGQC pPABC

FIGURE 4.5. The block extension (V). of 7.7 by 7 associated with 7.

F

O

The following lemma shows that every extension of linear maps is equivalent to a block ex-
tension, which will simplify the analysis of the one-degree morphism spaces in the category

H*(Shi(A(B), K)o)-
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Lemma 4.4.75. Let A, B, C, X, Y, Z be vector spaces over K, andletvy : A — X, Uy : B =Y,

and vz : C — Z be linear maps, with T ,p realizing an extension of vz by V4.

Then there exists a linear map v : C — X such that Uy and . (Vw),, : A®C - X O Z
are equivalent extensions of vz by g, where ., <’y%/>79 denotes the block extension of vo by Vg

associated with v .

Proof. By assumption, I',» is an extension of vz by . Hence, according to Definition 4.4.70,
there exists a diagram as in Figure 4.6 where the horizontal rows are short exact sequences and
each square commutes. Furthermore, since A, C, X, Z are vector spaces (hence free K-modules), we
have that Ext!(A, C) = 0 and Ext!(X, Z) = 0. It then follows that there exist linear isomorphisms

E:B—A®Cand é:Y — X @ Z such that the diagrams in Figures 4.7 and 4.8 commute in each

X
WM
A

FIGURE 4.6. An extension I' j» of 72 by 4.

square.

o) Ba

~
N
~
@)

~

0 >

Y&

& <
X

~

C

~
@)

~

0 >
aq b1

Next, consider the diagram in Figure 4.9, and define the linear map IV, : A®@ C — X & Z by
Iy =00l po ¢! By the commutativity of the diagrams in Figures 4.6, 4.7, and 4.8, we have

that
Iy otagc =00T p o0&t orpac,

=dolpoftoloan,
=dolyoa,
=domony,

=lX@ez° g -
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Similarly, we deduce that

pxez oy =pxazodolpol™,
=Byol o,
=7ygzopiol T,

=g 0pasc ool !,

=V © PAaC -
LAQC PAGC
0 > A >ADC > C > 0
§
0 > A > B > C > 0
ai B1

FIGURE 4.7. Two equivalent extensions B and A ® C of A by C.

> ¢:¥4 PX®Z

F1GURE 4.8. Two equivalent extensions Y and X & Z of X by Z.

Combining the above results, we conclude that there exist linear isomorphisms £ : B =+ A® C and
0:Y — X @ Z such that the diagram in Figure 4.9 commutes in each square. It then follows from

Definition 4.4.71 that T 4 and I, are equivalent extensions of vz by ~vy.
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Finally, consider the linear map I, : A® C — X & Z. By the homomorphism decomposition for
direct sums, there exist linear maps )\22 A= X, )\(,222 C — X, )\(j;) : A — Z, and )\_(;}) C =7

such that 0 @
1 2

A9 A

In particular, it follows from the commutativity of the diagram in Figure 4.9 that

A=, AN=0, AY=ns.

Hence, by setting v := )\;? : €' — X, the above relations ensure that I, = w<73f>79’ where
g Vo) 1 ADC — X & Z denotes the block extension of v by y¢ associated with 7. Bearing
this in mind, we conclude that there exists a linear map v, : C' — X such that I'y and (7).,

are equivalent extensions of 74 by . This completes the proof.
O

The following lemma establishes necessary and sufficient conditions for the equivalence of block

extensions of linear maps.

Lemma 4.4.76. Let A, C, X, Z be vector spaces over K, and let v¢ : A = X, v : C — X,
Y C— X, and vz : C — Z be linear maps. In particular, consider ﬁ/%('yyfhgz tAeC - XaZ
and ., (fy%/>%@ :A®C — X & Z the block extensions of vg by Yo associated with v and -,
respectively. Then, we have that . (Vo) and . (V). , are equivalent extensions of vz by vy

if and only if there exist linear maps \¢ : C — A and \s : Z — X such that

Yor =Y+ As0VF — Vg 0 e

Proof. To begin, suppose that ._(7v.),, and . (7)., are equivalent extensions of vz by vg.

V7
Thus, according to Definition 4.4.71, there exist linear isomorphisms £ : A® C — A @ C and
0: X®Z — X & Z such that the diagram in Figure 4.10 commutes in each square. By the
homomorphism decomposition for direct sums, there exist linear maps )\él) A — A, )\22) :C — A,

A§3) :A— C, and AW . 0 = O such that & can be written as

¢
(1) 4@

eo | e
(3 @

AT A



FIGURE 4.9. Two equivalent extensions I' » and I, of v by y4.

Likewise, there exist linear maps )\((51) X = X, )\((52) 1 Z = X, /\((53) : X = Z, and /\((54) A A

NORYC)
5= |: o 6

such that § can be expressed as
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From these decompositions, the commutativity of the diagram in Figure 4.10 implies that

A =idy,
2 =0,
A =ide,
A = idy,
A =0,
A =idyg,

Yo + g © A?) =1+ 2 0z .

Thus, by setting ¢ := Aég) :C — A and A5 := )\((52) : Z — X, we deduce that there exist linear
maps A¢ and As such that

Yor =Y + A5 07 — Vg 0 ¢
Conversely, suppose that there exist linear maps A¢ : C' — A and As : Z — X such that

Yor =V +As0VF — Yz 0 A¢ -

Thus, we introduce £ : AGC - AP C and §: X ®Z — X @ Z to denote the linear isomorphisms
defined by

§=

idg >\§ 5= idx As
0 ide |’ ' 0 idy |

In particular, a direct calculation shows the diagram in Figure 4.10 commutes in each square.
Hence, building on Definition 4.4.71, we conclude that (7)., and , (v),, are equivalent

extensions of v# by ~«. This concludes the proof. O

Next, we state a lemma and a related observation that make explicit how extensions of sheaves
with singular support in L(A(S)) inherit the microlocal support and rank conditions, thus eluci-

dating the structure of the one-degree morphism spaces in the category H®(Shi(A(5),K)o).

Lemma 4.4.77. Let 8 = 0y, --- 04, € Br, be a positive braid word, and let L(A(B)) C T*R? be

the closed conic Lagrangian associated with A(B) C (R3,&xwq) (see Construction 2.1.9). Let F and
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Z

VF
lxez X®Z

/ PAsC C
X w@m ﬂw "
)

7z /
/ tage AP C 0
V#
0 " T Xz PX7 T /
A LNW ¢
/ %

§
X Ixez
0 ]\ Ve
’ A
/ A

FIGURE 4.10. Two equivalent extensions . _(v.x),, and . (Yx),, of 77 by 7.

0

Ao C

G be objects of the category H®*(Shi(A(B),K)o), and suppose that F is an extension of F by 9.
Then:

o The singular support of F is contained in L(A(B)), namely SS(7) C L(A(B)).
o J¢ is compactly supported.
e J7 has microlocal rank 2.

Proof. By assumption, . is an extension of .% by ¢. Hence, 7 fits into a short exact sequence

of the form

(4.4.4) 0 —Y — X —F —0.
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Next, we verify that SS(7#) C L(A(5)). In particular, a direct application of the triangle inequality
for the singular support to the short exact sequence in (4.4.4) (see [26]) yields that SS(#) C
SS(F) U SS(¥). Here, recall that # and ¢ are objects of the category H®*(Shi(A(8),K)), and
therefore SS(.#) C L(A(B)) and SS(¥) C L(A(B)), which implies that SS(°) C L(A(B)).

Now, we prove that J# is compactly supported. To begin, observe that for any = € R?, the short

exact sequence in (4.4.4) yields a short exact sequence of K-modules at the stalks:
0—Y% — I — %, — 0.

Bearing this in mind, we deduce that supp(7¢) = supp(.#) U supp(¥). In particular, recall that,
since .# and ¥ are objects of the category H®(Shi(A(5),K)o), supp(.#) and supp(¥) are compact
sets in R2. Then, since the finite union of compact sets is compact, we conclude that supp(J#) is

also a compact set in R?, thereby obtaining that ¢ is compactly supported.

Finally, we show that 7 has microlocal rank 2. To this end, let a be an arc in Sy (g), the strati-
fication of R? induced by A(3). Near a, Sa(p) consists of an upper 2-dimensional stratum U and
a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a. Given this local configuration,
let p € U and ¢ € D be two arbitrary points. Then, the short exact sequence in (4.4.4) yields short

exact sequences of K-modules, for the stalks at p and ¢, of the form
0 —Y9, — 4, — %, —0,

0 —Y9, — H, — Fq—0.

Bearing this in mind, we obtain that dimg.74, = dimg.%#, + dimk%¥, and dimg.7%; = dimg.%, +

dimg%¥,. Accordingly, we distinguish two cases:

- Suppose that a belongs to a strand with Maslov potential 0. By the microlocal rank conditions,

dimg.#,—dimg.#, = 1 and dim%, —dim%, = 1. Hence, in this case dim k.74, —dim g, = 2.

- Suppose that a belongs to a strand with Maslov potential 1. By the microlocal rank conditions,

dimg.#,—dimg.#, = 1 and dimg%¥, —dimg%¥, = 1. Hence, in this case dim g4 —dim g%, = 2.

Therefore, since a is an arbitrary arc in Sy(g), we conclude that " has microlocal rank 2. This

completes the proof. O
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Observation 4.4.78. Let 3 € Br,' be a positive braid word, and let Sa(p) denote the stratification
of R? induced by A(B). Let F and 4 be objects of the category H®(Shi(A(B),K)o), and suppose

that 2 is an extension of & by 4.

By Lemma 4.4.77, 7 is a compactly supported sheaf of K-modules on R? of microlocal rank 2,
whose singular support is contained in L(A(B)), the closed conic Lagrangian associated with A(3).
It then follows from [33] that F is not only constructible with respect to Sa(p)s but is also subject
to the microlocal support conditions. Building on this, we now provide a detailed characterization

of A at the key local models: arcs, cusps, and crossings.

x Ares: Let a be an arc in Sy(g). Thus, near a, Sygy consists of a, an upper 2-dimensional stratum
U, and a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a. Choose arbitrary points

p €U and q € D, and denote the stalks of 4, F, and ¥ at these points by
X =9, Y =72, Z = Fyp,
A=9Y9, B = 7, C =2,

Thus, near a, the microlocal support conditions assert that 4, 7, and ¥ are specified by linear
maps yg : A = X, Tp: B—=Y, and vz : C — Z. Moreover, since 7 is an extension of % by

&, we deduce that I y is an extension of vz by v«, see Definition 4.4.70.

Next, recall that (1) Ext!(F,9) is identified with the set of equivalence classes of extensions of
F by Y, and (2) every extension of linear maps is equivalent to a block extension, as established
in Lemma 4.4.75. Hence, we deduce that there exists a linear map v : C — X such that, viewed
as an element of Ext!(F,9), A is locally specified near a by the block extension g Vo) e
A C — X ®Z of vo by vy associated with vy (see Lemma 4.4.74). In particular, we call

the characteristic map of F€ near a.

Let 7' be an extension of F by ¥ representing the same equivalence class as H in Ext'(F,9),
so that there exists a sheaf isomorphism X\ : A — A such that the diagram in Figure /.2 commutes
in each square. Analogously to €, we have that there exists a linear map v : C — X such
that, viewed as an element of Ext'(F,4), A" is locally specified near a by the block extension
g V') y gt ABC = X O Z of vz by v¢ associated with vz (the characteristic map of S near

a). Consequently, since # and ' represent the same equivalence class in Ext'(F,9), we deduce
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that (Vo )y, and (Vo) must be equivalent extensions of vz by . It then follows from

Lemma 4.4.76 that there exist linear maps A¢ : C'— A and \s : Z — X such that

Yo =V +As0VF — Vg 0 A¢,

with the pair (A, As) realizing the sheaf isomorphism X near a, providing a concrete description
of the relationship between two representatives of the same class in Ext'(Z,4) at the level of

characteristic maps near an arbitrary arc a.

x Cusps: Let ¢ be a cusp in Spg). Near ¢, F and & are specified by two pairs of linear maps
between vector spaces, say ag : X1 — Xo, Bz : Xo = X1, ay : Z1 — Zs, and Py : Zs — Z1 such
that:

Bzoagz=idx,, and Pyoay=idy .

Hence, based on our previous discussion, an extension € of F by 4 is specified by two character-

istic maps oy : X1 — Zy and By : Xo — Z7.

Now, let O{g<a%>ag 210X = Z958 Xs and 5@(,8%)5? 1 2y @ X9 — Z1 @ X1 be the block
extensions of ag by ay and of Bz by By associated with the characteristic maps oy and Bz,
respectively. That is, the linear maps describing 7€ near ¢, which explicitly read as

Qg Ogp

By ij] '
0 B«

ag<0‘%>ag = [ ] , and ﬁg<6%>ﬁg = [

0 agz

Then, by the microlocal support conditions near the cusps, we require the composition By (Bre) By ©

ag Q) to be an isomorphism. In particular, observe that

By © g 5g0a,9f+5%004ﬂ]

Consequently, since Bzoagz = idx, and fyoay = idz,, we conclude that 5g<ﬁ%>ﬂg 0 (o), 18
automatically an isomorphism. Therefore, the microlocal support conditions near the cusps impose

no additional constraints on extensions of F by 4.

x Crossings: Let x be a crossing in Sy(g). Near x, each of # and & is determined by four linear

maps between certain vector spaces, namely ag : A — B, Bz : B—>C,agz : A— D, ng D — C,
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andag : X =Y, By Y = Z, ay: X - W, Bg : W — Z, respectively. By the microlocal support

conditions near the crossings, we have that:
e Sgoag =pgoag and fyoay = Py oay.

e The following sequences are short exact:

(ar ) B (-Bs)

0O—— A —— BaeD c¢ » 0
(g, ) By®(-By)

0O ——— X — s YW A s 0.

Thus, building on our previous discussion, an extension € of F by ¥ is determined by a collection

of four characteristic maps cp : A=Y, By B — Z,ayp: A— W, and Ejf D — Z.

Next, consider the block extensions o, (C)o, : X BA =Y ®B, 5 (Bw)s, : Y OB = Z®C,

G O)g, 1 XA > WD, and §g<6%>59 WD — Za&C. That is, the linear maps

determining € near x, which explicitly read as

Qg By B |
«a = , and = )
0«5< %>0@ i 0 as Bg<5”>53 i 0 ﬁg@‘_
. B Gy ax | ~ B [ By B
ag<a%>ay = 0 &y_ ., and §g<5%>§g = 0 57_ .

Then, the microlocal support conditions near the crossings require:

(a) ﬁg<r3%>5§ © ag<a%>ag = 5@<E%>59 © ag<0‘

as
(b) The following sequence must be short exact:

(afg <a’f>(19’ &fq<ayf>ag ) By <B%1>57 & ( By <E%>§9 )

0— 3 X®A— s, YOBOWOD) — s Z3C —— 5 0.

In fact, once the commutativity condition (a) holds, the defining properties of the maps character-
izing F and 4 near x automatically guarantee that the sequence in (b) is short exact. In other

words, the microlocal support conditions near the crossings only impose on € the commutativity
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condition (a). Concretely, a direct calculation shows that at the level of characteristic maps, the

constraint on € is given by

By ooy +Broag=PLByoay+Broag.

With the above observation at hand, we close this subsection by presenting several technical
lemmas that will play a crucial role in the explicit computation of the one-degree morphism spaces

in the category H*(Shi(A(5),K)o).

Lemma 4.4.79. Fiz an integer n > 2, let {X(i) e M(i + 1,2’,K)};:11 be a collection of matrices,

and consider the system of equations
X0 = xO 4 y@+) ) _ @)y G - forallie [1,n —1],

with X'@ e M(i + 1,i,K) and Y9 € M(j,K) for alli € [I,n — 1] and j € [1,n]. Then:

e General Case: For any choice of {X’(i)}?}l there exists a collection of matrices {Y(i)}n

_ i=1
solving the system, with the upper-triangular part of Y™ chosen arbitrarily. More precisely,
the solution space of the system is affine over the entries of the matrices {X’ (i)}::ll and the

upper-triangular part of Y,
e Special case: if X = X'() = 0(ir1)x; for all i € [1,n — 1], then every solution {Y(i)}?zl of
the system arises from an arbitrary upper-triangular matriz Y™ | with Y9 given by the principal

i x i submatriz of Y™, for all i € [1,n — 1].
Proof. The proof follows by induction on n — 1, keeping track of the entries of X’®) and the upper-
triangular part of Y (). O

Lemma 4.4.80. Fiz an integer n > 2, let {X(i) € M(i,i + 1,K)}?:_11 be a collection of matrices,

and consider the system of equations
X' = xO 4 y@ . gt _ Gt oy GHD) o allie [In — 1],

with X' € M(i,i 4+ 1,K) and YU € M(§,K) for all i € [1,n — 1] and j € [1,n]. Then:

n

e General Case: For any choice of {X’(i)};:ll there exists a collection of matrices {Y(i)}i:1

solving the system, with the lower-triangular part of Y™ chosen arbitrarily. More precisely,
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the solution space of the system is affine over the entries of the matrices {X’ (i)};:ll and the

lower-triangular part of Y (™).

e Special case: if X = X'() = 0, (i+1) for all i € [1,n — 1], then every solution {Y(i)}?zl of
the system arises from an arbitrary lower-triangular matriz Y™, with Y% given by the principal

i x i submatriz of Y™ for all i € [1,n — 1].

Proof. The proof follows by induction on n — 1, keeping track of the entries of X’ and the lower-

triangular part of Y (™). O

Lemma 4.4.81. Fizx an integer n > 2, and let {Y(i) € M(i, K) }?:1 be a collection of matrices

such that:
Y™ = D(@), for some @ = (uy,... up) € Ky,

Y@ = principal i x i submatriz of D(@), forallie [1l,n—1].

Furthermore, let XM e M(2,1,K) be a fized matriz, and let z,2" € K be two fized parameters.

Then the system of equations
(4.4.5) X' = x4 ((352)(2'))_1 Y@, B§2)(z)> @D, en  ym) 7

with X'V ¢ M(2,1,K) and Yy e M(1,K), has the following properties:

(a) General Solution: The solution set (X’(l),?(l)) of (4.4.5) is an affine line parametrized by
the (1,1)-entry of X', More precisely, once the (1,1)-entry of X' s chosen, the system of

equations (4.4.5) uniquely determines YO and the remaining entry of X',

(b) Special case: Consider

0| Ve g0 =] 0
L9 1 €21

Then the solution set (5(/’(1),?(1)) of (4.4.5) reduces to a single point:
Y = principal 1 x 1 submatriz of (Bgn) (z'))_1 - D(u) - B§n)(z) ,
CZ'IQ’I = i’Q’l + d(z', U, Z) ,

where

d(Z', i, z) = the (2,1)-entry of (B%n)(z’))
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Proof. Set M := (Bf) (z’))_1 Y@ -Bgz)(z). Then, since Y () is the principal 2 x 2 submatrix of
D(1), the block structure of the braid matrices guarantees that
M = principal 2 x 2 submatrix of (Bin)(z'))_1 - D(4) - B%n) (2).

Next, let us write

~ i = z v i
) [”1’1] . X0 = [NIJI ;o YW =[g4].
Zo1 L2,1

Then, the system of equations in (4.4.5) reduces to
Ty =T +mi1— 1,
Ty = Ta1 +may,

where m; 1 and mg; denote the (1,1) and (2, 1) entries of M, respectively. This shows that once
7 1 is chosen, 11 and 75 ; are uniquely determined. In other words, the solution set (f ! (1),?(1))

of (4.4.5) is an affine line parametrized by the (1, 1)-entry of X',

Finally, in the special case 11 = 5:’1’1 = 0, the solution of the system of equations in (4.4.5) is

uniquely given by

Y11 =mi1,

~/ ~
To1 = T21 +M21.

The result follows once we identify d(2',u, z) = ma ;. O
Lemma 4.4.82. Fix an integer k > 2. Let X(k=1) ¢ M(k, k — 1,K) and Xk ¢ M(k + 1,k,K) be
fized matrices, and let 2/ € K be a fized parameter. Consider the system of equations

(4.4.6) (Bl(gk—i-l)(zl))*l ‘ <L(k+1,k) X k=1 4 X (k) .L(k,k—n) = (BHLR) R 1) RR) L (k)

with X' =1 ¢ M(k, k — 1,K) and X'k ¢ M(k + 1,k,K). Then the solution set (Xv’(k_l),kv’(k))
of (4.4.6) is an affine space parametrized by the entries of X' k=1 and the entries of the k-th
column of X'®) . More precisely, once X' k=1 and the k-th column of X'(®) gre chosen, the system

of equations (4.4.6) uniquely determines the first k — 1 columns of X' (k)
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Proof. The system of equations (4.4.6) is linear in X'k=1) and X'®). In particular, since (k1)
has only k& — 1 columns, the k-th column of X' is not involved in the system of equations, and
is therefore free. The remaining columns of X'®) are uniquely determined once X' (*=1) ig chosen.
It follows that the solution set (f’ (k_l),f’(k)) of (4.4.6) is an affine space parametrized by the

entries of X’ *=1 and the entries in the k-th column of X’ ). O

Lemma 4.4.83. Fir an integer n > 2, and let {Y(i) € M(i, K) }?:1 be a collection of matrices

such that:
Y™ = D(@), for some @ = (uy,... up) € Kly.

Y@ = principal i x i submatriz of D(@), for allie [1,n—1].

In addition, fiz an integer k € [2,n—1]. Let X*~1D € M(k,k — 1,K) and X*) € M(k +1, k, K)

be fized matrices, and let z,z' € K be two fized parameters. Then the system of equations
(4.4.72) X/ k=) = X (k=1) 4 y(k) | (Rk=1) _ (kk—1) Cy k=1

(4.4.7D) X'k — x() 4 (Bl(ckﬂ)(zl))il .y (k+1) 'B;(CkH)(Z) C(kHLE) o (R+LE) |y (k)

)

with X'®=1 € M(k,k — 1,K), X'® e M(k + 1,k,K), and Y® € M(k,K), has the following

properties:

(a) General case: The solution set (X’/(k—l)’i/ (k) ?(k)) of (4.4.7) is an affine space parametrized
by the entries of X' (k=1) gnd the entries of the k-th column of X' (k) except its last one. More

(k—1)

precisely, once X' and the k-th column of X' (k) except its last entry are chosen, the system

of equations (4.4.7) uniquely determines Y® and the remaining entries of X' (k).
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(b) Special case: Consider

- B -
i1 0 Tig 0
3/ (k—1 3/ (k
X = 0oy, and X' = . :
L1 0 Tpg—1 0
.i'/ E/ EI
| Tha1,1 E+1,k—1 Th+1k ]
Ti1 o Tpk—1 0
(k-1 Tk
X =041y, and X¥ =
Tl 0 Tpg-1 0
| Th+1,1 " Th+1,k—1 Th41,k |

Then the solution set (X’ (k_l),g' (k),?(k)) of (4.4.7) reduces to a single point:

Y®) = principal k x k submatriz of (Bl(gn)(z'))*1 - D(1) - B,gn)(z) .

T =a&i;, forallic[l,k+1] andje[1,k—1],

~/ ~ !/ —
Tpi1k = Thilk T d(z, 4, 2),

where
d(Z', i, z) := the (k + 1,k)-entry of (B/,(Cn)(z’))f1 - D(@) - B,(c”)(z) .
Proof. Set M = (B,(Ckﬂ)(z’))fl-Y(k“)~B](€k+1)(z). Then, since Y *+1) is the principal (k+1) x (k+1)

submatrix of D(u), the block structure of the braid matrices guarantees that

-1

M = principal (k+ 1) x (k+ 1) submatrix of (B,(Cn) (")) - D(u) - B,(Cn)(z).

Next, observe that the set of equations (4.4.7a) allows us to solve for the first ¥ —1 columns of ?(k),
while leaving its k-th column and all entries of X' (k=1) yndetermined. Then, after substituting our
partial solution into the set of equations (4.4.7b), we can exploit the remaining freedom in the k-th
column of Y ® to solve the system completely, while keeping all entries of X'®=1) and the entries

of the k-th column of X’ (k) except for its very last entry, arbitrary.

Finally, in the special case where X*k-1) = X/ (k=1) = Orx(k—1) and the constraints on the last
columns of X®) and X'®*) required in the lemma are imposed, the procedure described above

yields a unique solution. In particular, the set of equations (4.4.7a) implies that the principal
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(k—1) x (k — 1) submatrix of Y®) is equal to Y *=1, while its remaining entries outside its last

column are zero.

Furthermore, since Y*+1) is the principal (k + 1) x (k + 1) submatrix of the diagonal matrix
D(1), the block structure of the braid matrices guarantee that the principal (k — 1) x (k — 1)
sub-matrices of Y **1) and M coincide. Hence, under the assumptions of the special case, the set

of equations (4.4.7b) further implies that Y (®) is equal to the principal k x k submatrix of M.

Lastly, recall that M is almost diagonal, with the only potentially non-zero off-diagonal entry at
the (k + 1,k) position. Consequently, in the set of equations (4.4.7b), Y*®) cancels almost all
the contribution of M, thus yielding that X'®) coincides with X®) entry-wise, except for the

(k + 1, k)-entry, which differs by the corresponding entry of M. This completes the proof. O

Having established the relevant technical lemmas and the local structure of the one-degree
morphism spaces in the category H®(Shi(A(5),K)p), we turn to their global analysis, aiming for
an explicit description of these morphism spaces. As a first step, we consider the case of the

Legendrian unlink on n strands, 5 = e,.

4.4.2. The Case of the Trivial Braid. Let ¢, € Br," be the trivial braid word. Next, we

study the one-degree morphism spaces in the category H®(Shi(A(ey), K)o).

To begin, consider the open cover Up(,) = {UO,UB,UT} of R? introduced in Construc-
tion 3.2.30. Let .# and ¢ be objects of the category H®(Shi(A(en),K)p), and let 7 be an
extension of % by 4. By Proposition 3.2.32, .% and ¢ are identically zero on Uy, and as a result,
J€ is also identically zero on this region. It follows that 7 is entirely determined by its behavior

on the regions Up and Ut. Having established this, we present the following proposition.

Proposition 4.4.84. Setup: Let e, € Br) be the trivial braid word, Un(en) = {UO,UB,UT}
the open cover of R? introduced in Construction 3.2.30, and F and 4 objects of the category
H*(Shi(A(en),K)o). In this setting, Proposition 3.2.31 asserts that:

e OnUr, % and 9 are specified by two collections of surjective linear maps

(W2 K oK and {9 K S KOS

i=1" i=1"

respectively (see Figure 3.3 for a schematic representation,).
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e On Up, F and 9 are specified by two collections of injective linear maps
(@) . K Kit1 n—1 d (@) . K Kit! n—1
{¢y . - }z‘:l »  an {d)‘f : - }z‘:l ’

respectively (see Figure 3.4 for a schematic representation).

e Compatibility conditions: For eachi € [1,n — 1],

D0 ¢W —idygi, and ¥ 0 ¢l =idy .

*x Assumption: For each i € [1,n], let £0) .= {f;l)}zzl and gl = {g](i)};.zl be bases for K.

Building on Definition 3.1.18—-(3)—(4), we assume that:
° {f(i)}?zl is a system of bases adapted to both {ngz)}?;ll and {gbg }?;11.

. {g@')}f:l is a system of bases adapted to both {wé})}?:_ll and {(;55(;) }n_l

i=1"

Main Conclusion: Let 57 be an extension of .F by 4. Under the given setup, 7 is equivalent

to the trivial extension Ogyy of F by 4. In other words, we have that
Ext!(7,94) =0.

Proof. Let ' be an extension of .# by ¥ representing the same equivalence class as .7 in
Ext!(.#,9), so that there exists a sheaf isomorphism \ : # — ' such that the diagram in

Figure 4.2 commutes in each square. Building on Observation 4.4.78, we have that:

e On Uy, # and ' are determined by collections of n — 1 characteristic maps

{0f KM S KT and {ulp K 5 K

i=1"
while A is characterized by a collection of n linear maps {SS) K — Ki}?zl such that
i i i i i it+1
(4.4.8) P, =0 4 50 ol i) o glHY)
for all i € [1,n —1].
e On Ug, 7 and ' are determined by collections of n — 1 characteristic maps

{69 K K+ and {91, K - KA

=1
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while X is characterized by a collection of n linear maps {Ti (K — Kz} such that
(4.4.9) oW, = ¢l 4 Tl 6 g0 _ gl o (i)
for all i € [1,n —1].

In particular, applying the sheaf axioms to the intersection Ut N Up yields that S/(\n) = T)(\").

By assumption, {f }l , and {g@}’? are systems of bases adapted to the pairs

({¢ }Z 1 {gbj} ) and ({1/@)}Z 1 {¢¢)}Z 1) respectively. Consequently, with respect to

these bases, the equivalence conditions (4.4.8) and (4.4.9) translate into the system of equations
(52 T = go [T + o 80T ) =550 (8679,
&0 LYo g+ an T am[Px Jjo g0 [P e

: ‘ i+l i+1,i i+1,i i
g(i+1) (65 150 = g(i+D) (65150 + g(i+l>[T>(\ Mgrn - LT — 41D &0 [T )z
for all i € [1,n —1].

Now, since gm)[T)(\n)]f(n) = g(n)[S/(\n)]f(n), Lemmas 4.4.80 and 4.4.79 guarantee that for any
choice of matrices { &) [1#(}2, ]f(iﬂ) }7.1_1 and {g(i+1) [Qb(,}; ] £ }?:_11 there exist collections of matrices
{g(i) [S/(\i) }f(i) }?:1 and {g( )[ ]f( )} solving the system of equations, with the diagonal part

of &) [Tin) ] #(n) Chosen arbitrarily.
Bearing this in mind, we deduce that 7 is equivalent to any extension of .% by ¢, and in partic-
ular, it is equivalent to the trivial extension Opy:. Hence, since ¢ is arbitrary, we conclude that

Ext!(#,9) = 0. O

With the above result at hand, we conclude our study of the one-degree morphism spaces in the
category H®(Shi(A(en),K)o), and now turn to their analysis in the category H®(Shi(A(S5),K)o)

for an arbitrary positive braid word 8 € Br;'.

4.4.3. General Positive Braids. Let 8 := 0y, ---0;, € Br; be a positive braid word. Next,

we analyze the one-degree morphism spaces in the category H®(Shi(A(8),K)g).

Let Upg) = {Uo, Ug, Uy, Ug, UT} be the open cover of R? from Construction 3.3.33, Rap) =
{Rj}j:1 the partition of Up into £ open vertical straps from Construction 3.3.36, .# and ¢ objects of
the category H®*(Sh1(A(B),K)p), and S an extension of .% by 4. Building on Observations 4.3.62
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and 4.4.78, we have that the global structure of J# can be fully recovered from its local descrip-
tion on the region Ut and the collection of vertical straps R, (g), together with the appropriate

compatibility conditions. Accordingly, we present the following result.

Lemma 4.4.85. Setup: Let 3 = oy, 0, € Br} be a positive braid word, Unpy =
{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and F and 9 objects of
the category H®*(Shi(A(B),K)o). According to Lemma 3.3.34, F and 4 have the following local

descriptions:

e On Uy, F and 9 are specified by collections of n — 1 surjective linear maps

{1/’;) (K o Ki}:‘;l , and {wg(;) K - Ki};:ll ’

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ur, see Figure 3.9.

e On UL, ¥ and 9 are specified by collections of n — 1 injective linear maps

(o K S K and {0 K KT

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ur, see Figure 3.7.

e Compatibility conditions: For each i € [1,n — 1],
D0 —idygi, and 5 0 =idy: .

* Assumption: For each i € [1,n], let £ = {f;(z)}l and g = {g(.i)};:l be bases for K.

Jj=1 J

Building on Definition 3.1.18-(3)—(4), we assume that:
. {f'(i)}?zl is a system of bases adapted to both {@Z);)}::ll and {gf)(;z) }?:_11.
. {g@)}?:l is a system of bases adapted to both {1,/15(;)};:11 and {¢;) };:11.

Main Conclusion: Under the given setup, the following statements hold:

* Local characterization of Extl(ﬁ,%) on Upr U Uy: Any extension € of F by 4 is locally

equivalent to the trivial extension Oy on Up U Up,.
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* Block-diagonal properties: Let 7 and F' be two extensions of F by 4 representing the same

equivalence class in Ext!(F,9), and suppose that both S and H' coincide with the trivial exten-
sion Oyt on Ur U Up,. Let X\ : 2 — ' be a sheaf isomorphism realizing the equivalence between
A and . Then, X is characterized by a collection of n linear maps {T/& (K — KZ} 1> which,
with respect to the bases {f'(i)}?zl and {g@')}f:l, satisfy the following properties:

. ot [T/\(H)L(n) € M(n,K) is diagonal.

e For each i € [1,n — 1], g(i)[TS)]?(i) € M(i,K) is given by the principal i X i submatriz of

g [T,\(n) lem-

Proof. Let 2’ be an extension of .% by ¥ representing the same equivalence class as .7 in
Ext!(#,9), and let A : ## — ' be a sheaf isomorphism such that the diagram in Figure 4.2

commutes in each square. Building on Observation 4.4.78, we have that:

e On Uy, # and ' are determined by collections of n — 1 characteristic maps

WF;;Z (K — Ki}?:’ and {1/’75/ K+ — Kz}? 11’

while X is characterized by a collection of n linear maps {Sy) (KPP — Ki}?zl such that
(4.4.10) wg;/ — 1/}22 + Sg\l) o 1/{(91) _ wg) o Sgi-i—l) 7
for all i € [1,n —1].

e On Uy, 7 and ' are determined by collections of n — 1 characteristic maps

{64 K- K and {84, : Kz—>KZ“}l s

while A is characterized by a collection of n linear maps {T)(\ (K — KZ} such that
(4.4.11) o5 =0+ T\ 06l — ¢y o1y

for all i € [1,n —1].
In particular, applying the sheaf axioms to the intersection Ut N Uy, yields that S/(\n) = Tf\n).

By assumption, {f'(i)}n and {g(i>}"_ are systems of bases adapted to the pairs

({7’/{7)}1 1 {¢ )} ) and ({wj)}z 1 {gb(,l)} ), respectively. Consequently, with respect to
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these bases, the equivalence conditions (4.4.10) and (4.4.11) translate into the system of equations

(hit1) _ o (ii+1) Gli+1)

N0 [“/’Szl Jparn = g W(;;]f(m) 50 [S&i) lgo ' g(i+1)[ X e

(4.4.12)

i+1 i+1,3 i+1,3
[T ]y - o) — 1D

gli+1) [¢%]?(i> = gl+1) [‘75;2]?@ + g6t Q) [Tx(i) lg -

for alli e [1,n —1].

Now, since g<n>[T§n)]?(n) = g(n)[S/(\n)]ﬂn), Lemmas 4.4.80 and 4.4.79 guarantee that for any
choice of matrices {g<i) [111;2, ] B(i+1) }?2_11 and {g(iﬂ) [gb(;}] f(i)}?:_ll there exist collections of matri-
ces {g(i) [S&Z) ]f(,-) }?:1 and {g(i) [T;\Z) ]f@) }?:1 solving the system of equations in (4.4.12), with the

diagonal part of g [Tf\n) ] #(n) chosen arbitrarily.

Bearing this in mind, we deduce that # is locally equivalent to any extension of % by ¢ on
Ut U Uy, and in particular, it is equivalent to the trivial extension Ogy; on this region, that is, the

extension whose characteristic maps are zero.

Next, suppose that 2 and ' are two equivalent extensions of .% by ¢ which coincide with the
trivial extension of Up U Uy,. More precisely, assume that ¢;if) = ¢gf),, =0 and qbgz = <Z>;2, =0 for

all i € [1,n — 1]. Then, the system of equations in (4.4.12) reduces to

(i,i+1) _ _(3,i+1) S(i+1)

T 'g(i+1)[ A ]f(ulw

Oisxc(it1) = Oix(it1) + &) [Sg\z) ]f(i) T
(4.4.13)

pli+D)

. 17. . 17. )
OGi+1)xi = Oit1)xi + g(i+1)[ A ]f<i+1> D ) g@ [T>(\Z h(i) .

(n)

Finally, recall that g(n)[T/\ ]f(n) = g(n)[Sgn)h(n), and hence Lemmas 4.4.80 and 4.4.79 ensure
that any solution of the reduced system of equations in (4.4.13) arises from a diagonal matrix

o [T/\(")]f(n) € M(n,K), with gm[sg”]f(,.) € M(i,K) and ) [T\ |50 € M(i,K) given by the

&)
principal ¢ x i submatrix of & [T/\(n) ] #(ny for each i € [1,n —1]. Tt follows that S&i) = T)(\i) for each
i € [1,n — 1], and hence \ is characterized by a collection of linear maps {T/@}?:l satisfying the

conditions stated in the lemma. OJ

The next lemmas will help us analyze the structure of the one-degree morphism spaces in the

category of our interest on a region R;. In order to state the lemmas, let us first introduce a setup.
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Setup 4.4.86. Let 3 = 04, ---0;, € Br;| be a positive braid word, and let F and 4 be objects of
the category H®*(Shi(A(B),K)o). Fiz j € [1,£], and let R; be the vertical strap in R? containing

i, —the j-th crossing of B (see Figure 5.13).
* Assumption 1: Let k :=i; € [1,n — 1] denote the index of oi;, and suppose that k = 1.

Under this assumption, on Rj, . and ¢ are specified by two collections of n injective linear
maps
(o K S KM U (30 K 5 K,
(68 K 5 KV U () K 5 K2
respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.15.

* Assumption 2: For each i € [1,n], let £ .= {f }A: and gt {gj }; | be bases for K¢,
Following Definition 3.1.18-(3), we assume that:

° {f(i)}?: 1 a system of bases adapted to {d)(l }n !

n—1
i=1"

. {g@}?:l is a system of bases adapted to {(bf;) }

Under this assumption, Lemma 3.4.47 ensures that ({f } 1 ) and ({g(l } 1 /) are system
of bases adapted to F and 4 on Rj, where z, 2 € K parameterize, relative to the bases £(n)
and g™ for K", the si-relative position between the pair of complete flags in K™ that geometrically

characterize & and ¥ on Rj, respectively. Following Definition 3.1.29, we denote by {f (@) [o1, z]}?zl

and {g(i) [o1, z’]}?zl the corresponding braid-transformed bases.

Lemma 4.4.87. Consider the assumptions of Setup 4.4.86 and fix an equivalence class £ €
Ext!(#,9). Let A and ' be two equivalent extensions of F by 4 representing &, and let

A H — H' be a sheaf isomorphism realizing their equivalence.

On Rj, A and A are specified by two collections of n characteristic maps
7 i ‘ n—1 7
(o) K - K1 U {8)) K - K2},

(4.4.14)
{6, K - KH Y U {6 K 5 K2},
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while A is characterized by a collection of n + 1 linear maps

(4.4.15) (1K' - K}" U {TW:K' - K'}

such that:

4.4.16a o, = ¢l 4 Tl 6 g0 _ 4 . forallie[l,n—1],
H F

(4.4.16D) 60 =D+ 1P ogD g, TVA“) .

* Assumption 1: Suppose that there are linear maps {v(i) (K — K”l}?:_ll that fully characterize
&, up to equivalence, on the left of the crossing in R;. Building on this assumption, we choose

representatives J and ' such that:

) =, =50 forallie[l,n—1].

* Assumption 2: Suppose that, with respect to the bases {f }Z , and {g }Z ,» the matrices

representing the maps {T( } 1» which characterize X on the left of the crossing in R;, satisfy:
g(n)[T)(\n) iy = D(@),  for some @ = (ui,...,u,) € Kiy,

) [TS) |3 = principal i X i submatriz of D(@), for alli€ [1,n—1].

In particular, under the above assumptions, the equivalence conditions in (4.4.16a) are auto-
matically satisfied.

* Main Conclusion: J is equivalent to a representative F' such that, with respect to the bases

g@[o1, 2] and £ V|01, 2], the matriz representing @2 is given by

a

(1) _ |0
@0y [ iy 2 = [ ,] )

for some o' € K. In other words, the parameter o', together with the data encoded in {’y(i)}?;ll,

completely determines & on R;, up to equivalence.

Proof. To begin, recall that # and ' are two extensions of .# by ¢, and hence their local

description on R; via the characteristic maps in (4.4.14) follows from Observation 4.4.78. Moreover,

124



building on Assumption 1, we suppose that 2 and #” are representatives with qb(;; = qui}, =~

for alli € [1,n —1].
Analogously to the case of 7 and ", it follows from Observation 4.4.78 that \ : J# — J#’, the

sheaf isomorphism realizing the equivalence between . and 7", is locally characterized on R; by

a collection of linear maps as in (4.4.15), which are subject to the equivalence conditions (4.4.16).
Now, given the bases {f'(i)}?zl and {g@}?:l, let us define

YO = [T |50 € M(n,K)

gn)

Y= [T\ )5 € M(3,K), forallie [1,n— 1].
By Assumption 2, we have that V(™ = D(4), for some @ = (uy,...,u,) € K4, and that Y@ s
given by the principal i x i submatrix of D(u), for all i € [1,n — 1].

Next, given the bases {f'(i) [o1, z]}?zl and {g@') [o1, z’]}?zl, let us define

= ~(1 il,l_
X . g(2)[ol,z’][¢§f> ]?m[ahz} =5 € M(2,1,K),
FUORS o) — % | emee, 1K
T g(2)[o'1,z’]|:¢%, ]?(1)[0173] - ~/ G ( ) ) 9
[ ¥2,1
(1) . (1) I
Y( ) = g(l)[01,z’] |:T)\ ]f(l)[Ul,Z} — [yl’l] S M(l,K) .

Then, with respect to the braid transformed bases, relation (4.4.16b) translates into the system of

equations

(4.4.17) X0 =x0 4 ((B?’(z’))*l Y. B§2>(z)) NCONNCHIREOR

It follows from Lemma 4.4.81-(a) that, for any choice of 7 ,, there exist unique g1 and 3,
solving (4.4.17), and hence J# is equivalent to a representative /¢ with 7 ; = 0 and &3, = a, for

some a € K, as claimed. O

Lemma 4.4.88. Consider the assumptions of Setup 4.4.86 and fix an equivalence class & €
Ext!(#,9). Let A and ' be two equivalent extensions of F by 4 representing &, and let

\: H — H' be a sheaf isomorphism realizing their equivalence.
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On R;, A and H' are specified by two collections of n characteristic maps
(o0 K K+ U {6 K - K? ),
(ol K SR U (30K K2,

while X\ is characterized by a collection of n+ 1 linear maps {T/@ K — Ki} U {f(l) (K — Kl}

such that ' ' ‘ ' ‘ .
oW, = ¢l 4 T 6 0 _ gl o@D o alli € [1,n — 1],

~(1 ~(1 2) () T &0
o= 0% + TV 065 o) o T
* Assumption 1: Suppose that there are linear maps {v(i) (K — K”l};;l that fully characterize &,
up to equivalence, on the left of the crossing in R;. Under this assumption, we choose representatives
H and A such that
¢2:¢S},:7(i), forallie[l,n—1].

* Assumption 2: Suppose that, with respect to the bases {f(i)}?zl and {g@}?:l, the matrices

representing the maps {T)(\i)}?zl, which characterize X on the left of the crossing in R;, satisfy:
&) [Tf\") ]f"(n) = D(@), for some d = (u1,...,u) € Ky,

£ [Tii) ]?(i) = principal i X i submatriz of D(@W), for alli € [1,n—1].

Under this assumption, Lemma 4.4.87 allows us to choose representatives A and ' such that,
with respect to the bases §@[o1, 2] and £ V[0, 2], the matrices representing %{g) and 5;9, are given
by

(1) _ |0 (1) _ |0
g(Q)[al,z’][d)jf ]f(l)[ol,z] - [ ] ; and g(Q)[gl,z’][qbe%”’]f'(l)[al,z] - [ /] ’

a a

for some a,a’ € K.

* Main Conclusion: Under the given assumptions, the following statements hold:

e Fquivalence Condition: a' = a+ d(2',u;z), where the residual parameter controlling the equiva-

lence class in Ext'(F,9) after the crossing in R; s given by

d(', i, z) == (2,1)-entry of (B%n)(z'))_l - D(4) - Bgn)(z).
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o With respect to the bases {f'(i) [o1, 2] }?:1 and {g@ [o1, 2] }?:1, the matrices representing the maps

T U {T)Ei)}n which characterize X on the right of the crossing in R;, satisfy:

i=2’

7"

" by = D),

g(n) [0-1 ,Z’] [

g(l)[al,z’][f)\(l) ]?(1)[01%] = principal 1 X 1 submatriz of D(m (1)),

}[T)\(i) ]f‘(i)[al Q= principal i X i submatriz of D(mi(@)), for alli € [2,n — 1],

gWo1,2

where w1 denotes the permutation associated with o1.
Proof. Consider the bases {f (i)}?zl and {g@}’;l, and set
Y0 = [TV )0 € MG,K),  foralli€[1,n—1].

By Assumption 2, we have that Y (™) = D(w), and Y@ is given by the principal i x i submatrix of
D(4), for all i € [1,n — 1].

Next, given the bases {f'(i) [01, z]}?zl and {g@ o1, z’]}?zl, let us define

XM .= g(2)[01,z’][¢%ﬂ ]f'<1)[‘717Z] -

] e M(2,1,K),
a

0
/] € M(2,1,K),

o 7(1) =
X' .= g(z)[al,z’][ﬁb%']?U)[JLZJ a

oy (1

= g(l)[a1,z’][T)(\ )]f'(l)[al,z] = [gl,l] € M(l,K) .

Then, with respect to the braid-transformed bases, the equivalence condition for the maps 52) and

q; E/Llp)/ translates into the system of equations

(4.4.18) XM =Xy ((B{?)(z’))‘1 Y@ . B (z)) @D @)y
It follows from Lemma 4.4.81—(b) that the system of equations in (4.4.18) has a unique solution:

Y™ = principal 1 x 1 submatrix of (Bgn)(z'))fl - D(@) - BYL)(Z),

a =a+d(Z, i, z2),
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where

d(7', i, z) = the (2,1)-entry of (B\™ ()" D()- B (2).

Specifically, we have that d(z2/, #, z) measures the redundancy in the choice of representatives for

Y y
the equivalence classes in Ext!(.%#,%) on the right of the crossing in R;, and since redundancies
Y7

,9), we deduce that d(2/,4,z) = 0.

U
vanish when restricting to Ext*(

In particular, observe that

(B ()" D(@) - B{" () = D(mi(@)) + d(=', @, 2) Ea,1

where E3 1 € M(n,K) denotes the elementary matrix with 1 in the position (2,1) and zeros every-
where else. Moreover, since Y@ is given by the principal i x i submatrix of D(#@) for all i € [2,n—1],

the block structure of the braid matrices guarantees that
(Bf) (z’))_1 LY. Bgi) (z) = principal ¢ x ¢ submatrix of (Bin)(z’))_1 - D(4) - Bin)(z) ,

for all i € [2,n — 1].

Finally, note that, with respect to the bases {f'(i) [0, z]}?zz and {g@') o1, z’]}?:2,

&0 [th,}[T/\(i) }f‘(i)[al,z] = (Bgi) (z/))_l e [Tx(i) ]?@) .Bii)(z),

for all i € [2,n — 1]. Hence, when restricting to Ext!(.#, %), we obtain that

(n) }

g(n) [0172/} [T)\ = D(ﬂ-l (ﬁ)) ’

QIE

~(1
g(l)[gl,z’] |:T>\( )

]f<1>[al 4= principal 1 x 1 submatrix of D(m (%)),
5@ [or,2/] [T)\(i) ]?(”[01 2= principal ¢ x i submatrix of D(mi(@)), forallie [2,n—1].

This completes the proof. O

Setup 4.4.89. Let 3 = 0y, --- 0, € Br; be a positive braid word, and let F and 4 be objects of
the category H®*(Shi(A(B8),K)o). Fiz j € [1,£], and let R; be the vertical strap in R? containing
oi;—the j-th crossing of B (see Figure 5.13).

x Assumption 1: Let k :=i; € [I,n — 1] denote the index of o;;, and suppose that k > 2.

128



Under this assumption, on R;, % and ¥ are specified by two collections of n+ 1 injective linear

maps
{¢5§Q :Kz Kerl}n 1 U {¢ Kk 1 k:’ 5;?) 3Kk—>Kk+1}7
(68 K 5 KT UGS kM S RE, R o MY

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.17.

* Assumption 2: For each i € [1,n], let £ = {f } _, and gl .= {gj(.i)}j.:l be bases for K'.

Following Definition 3.1.18—(3), we assume that:
° {f(i)}?zl 1 a system of bases adapted to {qb;) };:11.
. {g@')}j: is a system of bases adapted to {(;5 }?: L

Under this assumption, Lemma 3.4.48 ensures that ({f } _1 ) and ({g@}?:l, z’) are system
of bases adapted to .F and 4 on R;, where z, 2" € K parameterize, relative to the bases £ and
g™ for K", the sj-relative position between the pairs of complete flags in K" that geometrically
characterize & and 9 on Rj, respectively. Following Definition 3.1.29, we denote by {f(i) [ok, z]}?zl
and {g@') [k, 2’ ]}?:1 the corresponding braid-transformed bases.

Lemma 4.4.90. Consider the assumptions of Setup 4.4.89 and fix an equivalence class & €
Ext!(#,9). Let A and ' be two equivalent extensions of F by 4 representing &, and let

\: H — H' be a sheaf isomorphism realizing their equivalence.

On Rj, 7€ and F' are specified by two collections of n+ 1 characteristic maps

(60 K - Ko {4y K 5 KE 5;2’2) L KF — KFY
(4.4.19)
(6% K KT u e K 5K, 60 KE 5 KM,

while X is characterized by a collection of n + 1 linear maps

(4.4.20) (TP K - K u {T® . KF - K}
such that:
(4.4.21a) oW, =60 4 T 6 0 _ 60 o7 forallie [1,n— 1],

129



(4.4.21b) o9 =05 + 1 0 g W g o T,

(4.4.21¢) D = g L TR o g1 F ) o kL)

* Assumption 1: Suppose that there are linear maps {’y(i) K — K”l}?;ll that fully characterize
&, up to equivalence, on the left of the crossing in R;. Building on this assumption, we choose

representatives J and ' such that:

qb(;% = ¢Fi)/ =+, for allie [1,n—1].

* Assumption 2: Suppose that, for the above choice of representatives and with respect to the bases

n

1, Which characterize X on the

{f(i)}?zl and {g(i)}le, the matrices representing the maps {T;\i)}

left of the crossing in R;, satisfy:
&) [T)(\n) }f"(”) = D(@), for some d = (u1,...,u) € Ky,

£ [TS) |30 = principal i x i submatriz of D(@), for all i € [1,n —1].

In particular, under the above assumptions, the equivalence conditions in (4.4.21a) are auto-

matically satisfied.

* Main Conclusion: J is equivalent to a representative F' such that, with respect to the bases

{f"(i) [ok, z]}?zl and {g@ [ok, z’]}?zl, the matrices representing a(k,_l) and 5;;), are given by

- %x 0
~(k—1 B (k) I I

eion [ O e, = Okxh1) s 00 sieino [ Do [0 0, = o 0|
* * a

for some o' € K, where the starred entries are uniquely determined by the data associated with
qbg(;), A &= A (R) and (;5((;71). In other words, the parameter o', together with the data encoded in

{'y(i)}?;ll, completely determines £ on R;, up to equivalence.

Proof. To begin, recall that # and ' are two extensions of .% by ¢, and hence their local

description on R; via the characteristic maps in (4.4.19) follows from Observation 4.4.78. Moreover,
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building on Assumption 1, we suppose that 2 and #” are representatives with qu qb o = A
for alli € [1,n —1].

Analogously to the case of 7 and ", it follows from Observation 4.4.78 that \ : J# — J#’, the
sheaf isomorphism realizing the equivalence between . and 7", is locally characterized on R; by

a collection of linear maps as in (4.4.20), which are subject to the equivalence conditions (4.4.21).

Moreover, building on Observation 4.4.78, we know that the microlocal support conditions near the

crossing impose the following constraints on the characteristic maps of 7 and #”
oy oW +9E D 095 =6 065V 165 0987,
6y 0™ +4ED 0T =g 0 g + 65 0 gE Y

where have used that (;5(;20 = gb%, =~ forallie[l,n—1].

Here, given the bases {f'(i)}?zl and {g@}j:l, let us define

Y = [T 50 € M(n,K),

g
Y@= (T35 € M(3,K), forallie [I,n— 1],
25D = [P Ty € Mk k- 1K),
AL S04 (Y% i) € Mk +1,k,K) .
In particular, by Assumption 2, we have that Yy = D(1), and Y@ is given by the principal ¢ X ¢
submatrix of D(#), for all i € [1,n — 1].

Also, consider the bases {f'(i) [k, z]}?zl and {g@) [k, z’]}?zl, and set

7 (k
vk . Q;(’“)[ak,z’][T)\( >]%(k)[akvz} € M(k,K),

F(k— (k-1
Tk=1) . ¥ o, Z,][gbﬁw )]?(H)[W] € M(k,k —1,K),

XW = g+ [oy,,2'] [qb%’]f(k)[a 2] €M(k+ 1,k K),

(k—1)

= g<k)[ak Z/][(be/ ]f<k71)[0'k,z] S M(k, k - 17K) 5

e T(k
X,(k) = g(k‘*l)[ak,z’}[¢=;f2]f(k)[0k,z] S M(k “I’ 1, k7 K) .
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Next, observe that, with respect to the bases {f‘ @ oy, z]}?zl and { g oy, 2/ ]}?:1, the equivalence

relations (4.4.21b) and (4.4.21b) translate into the system of equations

X1 _ 1) g (k1) (k1) |y (k1)

)

X'k = x k) 4 (Blgk+1)(2/))—1 Ly (k1) B,&Hl)(z) S ketLE) (kLK) y(k)

It follows from Lemma 4.4.83—(a) that for any choice of X'(=1) and the k-th column of X' (*) expect
its very last entry, the above system of equations uniquely determines Y ® and the remaining entries

of X' (k) and hence, # is equivalent to a representative .#” such that with respect to the bases

)

{f' O[oy, Z]}?:1 and { g oy, 2/ ]}?:1, the matrices representing gfiz(y;,fl and 5;2 are given by

~/ =~/
i1 0 ik 0
(4.4.22) X'* D =051y, and X'W =
AP 0
k,1 kk—1
~! =~/ =~/
Tht1,1 Lit1,k—1 Th+1,k

Finally, note that, with respect to the bases {f(i) [O']C,Z]}?Zl and {g@ [Uk,z’]} the crossing

n
i=1’

constraint for the extensions .7’ translate into the system of equations
(4.4.23) (B](Ck-‘rl)(zl))—l ) (L(k+1,k) k=) (k) L(k,k—l)) _ (kLR X (k=1 (k) Rk

In particular, given our choice of representative ¢’ in (4.4.22), Lemma 4.4.82 ensures that the first
k — 1 columns of X' are uniquely determined by the system of equations in (4.4.23), and in this
case, these columns are uniquely determined by the data associated with ¢g§ ), k=1 A (K) - and

qbe(;*l). Thus, the result follows once we identify a’ = 7}, . O

Lemma 4.4.91. Consider the assumptions of Setup 4.4.89 and fix an equivalence class & €
Ext!(#,9). Let A and ' be two equivalent extensions of F by 4 representing &, and let

\: A — H' be a sheaf isomorphism realizing their equivalence.
On Rj, 7€ and F' are specified by two collections of n + 1 characteristic maps
(60 K - KU {657V kM 5 KR %) K - KR

(69, K - K u {0 K S KE 60 KE - KA
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while A is characterized by a collection of n + 1 linear maps
(@) | i i\ F (k) . ek k
{1y K - K}, u {T® K - K}

such that: ‘
¢, =W + TV o o0 _ g0 07O forailie [1,n—1],

o =0y + T 00l — g o 1Y,
@? ¢ - 1) O¢(k Y ¢g¢ T(k 1)

* Assumption 1: Suppose that there are linear maps {fy(i) (K — K”l}?:_ll that fully characterize
&, up to equivalence, on the left of the crossing in R;. Building on this assumption, we choose

representatives S and ' such that:

65 =0, =1, forallie[l,n—1].

* Assumption 2: Suppose that, with respect to the bases {f'(i)} _, and {g }l |+ the matrices

representing the maps {T( } which characterize X on the left of the crossing in R;, satisfy:

=1’
g(m[T/sn) ]?(n) = D(w), for some @ = (u1,...,uy) € Ky,

&) [T)Ei) ]f(i) = principal i X © submatriz of D(@), for alli € [1,n —1].

Under this assumption, Lemma /4.4.90 allows us to choose representatives ¢ and ' such

that with respect to the bases {f'(i) [k, z]}?zl and {g@') [0k, z’]} , the matrices representing gb (o= 1),
qﬁ qb(k Y and EEﬁQ are given by
(% oo % 0
§®)on, v B Do) = DXkt ERE g0y L O JE 0o T
| * - xoa
(% o % 0
k—1) ~ PRI
g [0, z/][¢(/f/ ](k—l)[gk,z]ZOkX(k—l)v and g<k+1>[gk,z/][¢yf)f]f<k)[gk,z]: . Lol
a/
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for some a,a’ € K.

* Main Conclusion: Under the given assumptions, the following statements hold:

e Fquivalence Condition: a' = a+ d(2',u;z), where the residual parameter controlling the equiva-

lence class in Ext'(#,9) after the crossing in R; is given by

-1

d(,i,2) == (k + 1,k)-entry of (B(n (")) - D(u) - Blin)(z).

o With respect to the bases {f'(i) [Jk,z]}?zl and {g(i) [Jk,z’]}?zl, the matrices representing the

collection of maps {T/Si)} \{k} U {TV)\(k)}, which characterize A on the right of the crossing

1€[1,n]

in Rj, satisfy:

n)
g(”)[ak,zq |:T>\( } (n) [Uk Z] D(Trk( )) Y
B o, z’][f( )]f(k Vow] = = principal k x k submatriz of D(my(@)),
g(i)[aw,][T)\(i) leo 0] = principal i X i submatriz of D(m(@)), for alli € [1,n— 1]\ {k},

where T, denotes the permutation associated with oy.
Proof. Consider the bases {f' (i)}?zl and {g(i)}:’:l, and set

YO = [T ] EMG,K),  forallie[l,n—1].

By Assumption 2, we have that Y = D(@), and Y is given by the principal i x ¢ submatrix of
D(a), for all i € [1,n — 1].
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Next, given the bases {f'(i) [0k, z}}?zl and {g(i) [0k, z’]}?zl, let us define

(e 7 (k-1
X(k 1 = g(k)[gmz/}[qb;f )]f'(k_l)[a'k,z} = 0k‘>((k—1)7
*x - % 0
Sk ~ (k) X . oot L
XW= g(k+1)[gk,z'][¢jf ]f(k>[ak,z} B e % 0 ’
* DRI * a
T (k=1) ._ 7 (k—1) _
X' = g(k)[gk,z/][gb%” ]?(k—l)[ak,z} = Okx (k1) »
* - x 0
k) . 7 (k)7 —
X T g(k+1)[0k,z’][¢ff/]f(k)[ak,z] - % %0
* e * a/

Then, with respect to the braid-transformed bases, the equivalence conditions for the pairs of maps

(522_1), 5;;2,_1)) and (@i’f), 5;;),) translate into the system of equations

k=1 K1) P Rk (kk=1) yh=1)

(4.4.24)
X'k = Xk 4 (Blgk+1)(zl))—1 Ly (kH1) B,S;Hl)(zt) Skt LE) (k1K) y(k)

It follows from Lemma 4.4.83-(b) that the system of equations in (4.4.24) has a unique solution:

Y®) = principal k x k submatrix of (B/,(cn)(z'))f1 - D(4) - B,gn)(z) ,

where

d(7,ii,2) = the (k+ 1,k)-entry of (B ()" D(@) - B{"(z).

Specifically, we have that d(z/, 4, z) measures the redundancy in the choice of representatives for
the equivalence classes in Ext!(.%#,%) on the right of the crossing in Rj, and since redundancies

a
vanish when restricting to Ext'(.#,%), we deduce that d(2/,,z) = 0.
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In particular, observe that
(B{"(z) " D(@) - B{" () = D(my(i0)) + d(2', 0. 2) B

where Ejq 1, € M(n,K) denotes the elementary matrix with 1 in the position (k4 1, k) and zeros
everywhere else. Moreover, since Y ® is given by the principal i x i submatrix of D(4) for all

i € [1,n — 1], the block structure of the braid matrices guarantees that:

e Forallie[1,k—1],

Y@ = principal i x i submatrix of (B,(;Z)(z:’))_1 - D(4) - B,gn)(z) .

e Forallie [k+1,n—1],

(B,(:)(,z’))f1 Y@ B,(:) (z) = principal ¢ x ¢ submatrix of (B,(gn)(z'))f1 - D(@) - B,in)(z) .

Finally, note that, with respect to the bases {f'(i) (o1, z]}?zl and {g@ o1, z’]}

n
=1’

g(i)[ak,z’][ s 0] = g<i)[ for all i € [1,k —1],

HOB
7 7 —1 7 7 .
0t [T Lo = BYEN) T o [T g - BY(2), foralli € [k +1,m],

Hence, when restricting to Ext!(.#,%), we obtain that

&M [0y, 2] [Tx(n) J§m or.2) = D(me(@))
g(k)[dk,z’][f)\(k) ]f'(k) (00,2 = principal k x k submatrix of D(m (1)),
gD [ok,2'] [T)\(i) ]f(ﬂ k2] = principal i x i submatrix of D(m(@)), forall i € [1,n — 1]\ {k}.

This completes the proof. O

Having established the preceding lemmas, we are now in a position to state and prove the second

part of our first main theorem.

Theorem 4.4.92. Setup: Let f = o4 ---0;, € Br,}" be a positive braid word, Upnpy =
{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and F and 9 objects of
the category H®(Shi(A(B),K)o).
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* Local descriptions on Ut and Uyr,: According to Lemma 3.3.34, F and 4 have the following local

descriptions:

e On Uy, ¥ and 4 are specified by two collections of n — 1 surjective linear maps

{0 (K™ S K and {uy) KT S KT

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ur, see Figure 3.9.

e On Uy, % and 9 are specified by two collections of n — 1 injective linear maps

{69 K 5KV and {6 Ko KT

respectively. For a schematic illustration of a generic representative of one of these sheaves on

Ui, see Figure 3.7.

e Compatibility conditions: For eachi € [1,n — 1],
7%9? ° §Z5(;~) =idg:, and ¢£(;) o ¢§;) = idgi .

* Global flag data: By Theorem 3.3.40, % and 9 are geometrically characterized by two sequence
of complete flags {.7-'; }fié and {gj'}ﬁj) in K™, respectively, such that:

e Fy is completely opposite to both F\* and FJ ,, and for each j € [1,4], .7-"j’ is in s;;-relative

position with respect to ]—1—1

e Gy is completely opposite to both G and G2 |, and for each j € [1,{], g; is in s;;-relative

position with respect to g;H.
In particular, by Lemma 3.3.35, we know that:
Fo = F( (1) "’@Z’,(;_l))v and  Fi 3:If.(¢;)a~-,¢g_l))a
Go = F* (%Z) ,---,111(n 1), and G :ZI}"(gbg(j,l),...,gbg_l)),
are the type K and type T flags in K" associated with {gbl)}z L {gf)l)}z L {7’[)(;)}1 iy

{qbg)}i:l , respectively (cf. Definition 3.1.18-(1)—(2)).
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* Main assumption (Adapted bases): Let £, g be bases for K", and let Z = (z1,...,20), 2/ =

(24,...,2p) € X(8,K) be points such that the pairs (£, 2) and (g™, 2") algebraically charac-

a7

terizes F# and 94 according to Theorem 3.4.46, respectively. In this setting, we have that:

e Relative to the basis £ for K": Fg5 and .7-"1’ are the anti-standard and standard flags, re-
spectively.  For each j € [1,{], the flag F | is represented by the path matriz Pg (Z;) =
BZ.(ln)(zl) e Bgl)(zj) € GL(n,K) associated with the truncated braid word B = oy, - - 04, € Br}

and the truncated tuple Z; = (z1,...,z;) € K/,

e Relative to the basis §™ for K": Gy and G are the anti-standard and standard flags, re-
spectively. For each j € [1,4], the flag Gy is represented by the path matriz Pﬁj(Z;) =

Bl(f)(zi) e ij”)(z;) € GL(n,K) associated with the truncated braid word ; and the truncated

tuple 2% = (21,...,% )EKstd

Furthermore, under this assumption, the compatibility conditions and an inductive argument
ensure that, for each i € [1,n — 1], there are unique bases £ = {fj(z) };:1 and g = { )}j 1
for K® such that (cf. Definition 3.1.18-(3)—(4)):

e The collection {f(i)}?: 1 a system of bases adapted to both {1/) l)}n ' and {gi)(;)}zzll
e The collection {g@}?:l is a system of bases adapted to both {wf(/’j)}i: and {Qﬁw }Z 1

Building on this, for each j € [1,/], we denote by {f ﬂ],z]]} _, and {g@ [ﬂj,fg]}?zl the braid-
transformed bases obtained from {f(z)}l.zl and {g ’)}izl via the truncated braid word B; and the
truncated tuples Z; and Z’; 7 respectively (cf. Definition 3.1.29). Accordingly, by Theorem 3.4.50,

we have that:

° ({f'(i)}?zl,zl) is a system of bases adapted to F on Ry.

e For each j € [1,0 —1] ({f( 185, ZJ]}Z 1 zJH) is a system of bases adapted to F on Rjiq.
o ({g(")}?zl, z1) is a system of bases adapted to 4 on R;.

e For each j € [1,£ — 1] ({g(z 1Bj, 2" } 1 j+1) is a system of bases adapted to 4 on Rjiq.

* Main Conclusion: Following Definition 4.2.55, let dz 4 : K4 — Kﬁtd be the linear map as-

sociated with the pair (%#,9). Then, under the given setup, there is an isomorphism of vector
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spaces

Ext!(.#,9) = coker 07 -

Proof. To begin, let Sy(g) be the stratification of R? induced by A(B) C (R3 fstd) Z/lA(ﬁ) =
{UO,UB,UL,UR,UT} the open cover of R? from Construction 3.3.33, and Rap) = {R }] , the

partition of Uy into ¢ open vertical straps from Construction 3.3.36.

Fix an equivalence class ¢ € Ext!(.#,9). Let s and J#” be two equivalent extensions of .# by ¥

representing &, and let \ : 7 — 5’ be a sheaf isomorphism realizing their equivalence.
Then, building on Observation 4.4.78, we have that:

e On Uy, # and ' are determined by two collections of n — 1 characteristic maps

(0 K Sk and {90 K S KA

while )\ is characterized by a collection of n linear maps {SS) K — Ki}?zl such that
Vi = e+ S0 0w —ug o 51T,
for all i € [1,n —1].
e On Ug, 7 and ' are determined by two collections of n — 1 characteristic maps

{qbz(}l; KH—l}z 17 and {qse(;;’ :KZ KH_l}z 17

while X is characterized by a collection of n linear maps {Ti (K — K’} such that
W = 0+ T 00 — g o1,
for all i € [1,n —1].

According to Lemma 4.4.85, any extension of .% by ¢ is locally equivalent to the trivial extension
Oyt on Ur U Uy, and hence we choose representatives 7 and " such that g[) %; = d),(y}/ =0 and
w% = w%, =0, for all ¢ € [1,n — 1]. Under these conditions, Lemma 4.4.85 further asserts that

the maps characterizing A on Ut U Uy, satisfy the following properties:

e For all i € [1,n], Sg\i) = T)(\i).

139



o With respect to the bases {f(i)}?zl and {g@}?:l,
&) [TA(H) 3y = D(i@), for some @ = (uy, ..., un) € Ky,

£ [T;\i) ]?m = principal ¢ x i submatrix of D(«), forallie [1,n—1].

Next, consider Ry, the vertical strap in R? containing the first crossing of 3, namely o;,, and denote
by k = i1 € [1,n — 1] the index of 0;,. By construction, R; is the vertical strap immediately to the
right of Up, and hence, the constructibility of 7 and ¢ with respect to Sy(g) leads to one of the

following two cases:

e (Case 1: Suppose that k = 1. Then, on Ry, .% and ¢4 are characterized by two collections of n

injective linear maps:
) ; -1 ~(1
{69 K 5KV U (6D K S K2 Y,
{6 K 5 KV U () K S K2

respectively. Thus, in this local configuration, Lemma 4.4.87 asserts that, on Ry, # and ¢’

are specified by two collections of n characteristic maps
{6 K - K1 U {g)) K - K2},
{69, K KTV U {30 K 5 KR,

while A is characterized by a collection of n+1 linear maps {T/@ K= Ki} U {f(l) (K — Kl}

such that ‘ ‘ ‘ ‘ ‘ ‘
¢(j?w = ¢(]«Zf) + T)(\ZH) 0l — ¢;) o T)(\Z) , forallie[l,n—1],

F
5 =30 11 oG oY
e (Case 2: Suppose that k& > 2. Then, on Ry, % and ¢ are characterized by two collections of

injective linear maps:

{gb;‘) CKE s KL }?;11 U {5;54) KR KR }f) CKF s KR }’

(68 K 5 KU {8 K S KE, g KR o KM
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Thus, in this local configuration, Lemma 4.4.90 asserts that, on Ry, % and ¢’ are specified

by two collections of n 4+ 1 characteristic maps
{60 K - Ky {¢(’“ RED G GRS GRS Gy
{69, K - KU B kT S KE W) KRE - K
while A is characterized by a collection of n + 1 linear maps

(10 K 5K} U {T® . KF - KR

=1
such that:
¢, =W + T 00 _ oW o7 forallie [1,n—1],
B =5+ T 03 G o TV,
¢ (k1) _ d)f +T(k) &;71) (bg;k UoTA(k*l).

In any of the above cases, we have that {qﬁ(z }Z 1 {qﬁy }Z 1 {(ﬁ%)}l 1 {¢ }Z . and {T( )}
are precisely the linear maps determining %, 4, 7', 7, and X\ on Uy, respectively. In particular,

given our choice of representatives . and 7', we have that qS Jf = qbg;, =0, forall i € [1,n —1].

Now, let Z = (z1,...,2¢) and Z’ = (2],...,2;) be the points in the braid variety X(8,K) that
algebraically characterize .# and ¢ in accordance with Theorem 3.4.46, respectively. By Theo-

rem 3.4.50, we know that:
. ({f'(i)}?zl, z1) is a system of bases adapted to .# on R;.
o ({g@}j:l, z}) is a system of bases adapted to ¢ on R.

Then, a direct application of either Lemma 4.4.87 or Lemma 4.3.65 depending on the value of k,

considering that k£ = 41, implies that:

e Parametrization of # and ' at o;,: On Ry, # and ' are determined by a pair of
parameters aj,a} € K, respectively, such that a] = a1 + 01(2],4, z), where the parameter

controlling the gauge freedom in Ext!(.#,%) after the crossing in R; is given by

o1(4,@.21) = | (BY(=) 1 D(@) - B (=)

7 . .
! 11+1,41
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Hence, when restricting to Ext!(.#,%), we have that & (2, @, z1) = 0.

e Block diagonal properties of X at 0;;:  With respect to the bases {f'(i) [O‘il,Zﬂ}?zl and
{&D]o, A1}y,

(n)
g0y, ,21] [TA } £(n) [041 ,21]

= D(ﬂ-il (ﬁ)) )
where m;, (@) denotes the permutation of 4 associated with o,

Applying the same reasoning to Rs, the vertical strap in R? containing o;,—the second crossing of

[B—we obtain that:

e Parametrization of 7 and ' at o;,: On Ry, # and ' are determined by a pair of
tuples @y := (a1, a2) € K2 and @} := (a}, a}) € K2, respectively, such that ay, = ag+ 62(2h, @, 22),
where:

— a1 and a) are the scalar parameterizing . and #” in R;.

— The additional parameter controlling the gauge freedom in Ext!(.#,%) after the crossing in

Ry is given by

02(2h, T 22) = | (BE(24)) " D(m(@) - B (29) |

Hence, when restricting to Ext!(.%,%), we have that o(2}, @, 22) = 0.

n

e Block diagonal properties of A\ at 0;,: With respect to {f'(i) [B2, 2’2]}?:1 and {g(ﬂ [B2, 2,2]}1‘:1’

(n) _ ,
ez TN g2 = D (in (10 (1)),
= D(ﬂ-ﬁz (@),
where 7, (%) denotes the permutation of @ associated with the truncated braid word fo = 0, -05,.

Proceeding iteratively through the all vertical straps Rj, we obtain that .7 and %" are globally

parametrized by tuples @ = (a1,...,a;) € K&y and @’ = (a},...,a)) € K’ such that a =

a; + 5]-(23-, U, zj), where the gauge parameters are defined by

025, 2) 1= [ (B () D, (@) - B (2)

b
ERR PRSP
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with mg,_, (@) denoting the permutation of @ associated with the truncated braid word 8;-1 =

0i, -+ 0i,_, € Br}, for all j € [1,4].

Finally, building on Definition 4.2.55, we observe that two extensions (@) and ' (d’) represent
the same equivalence class in Ext!(.#,%) if and only if the tuples @, @’ € Kftd that algebraically

parametrize them satisfy @’ — @ € imdz g C thd. Hence, we conclude that
Ext!(#,9) = coker Sz -

0

As an immediate yet striking consequence of Theorems 4.3.66 and 4.4.92, we obtain the following
result, which not only provides a powerful computational tool but also offers profound insight into
the rich topological information that the category H®(Shy(A(8),K)g) carries about the Legendrian
link A(B) C (R3, &xq)-

Theorem 4.4.93. Let 3 = oy, ---0;, € Br} be a positive braid word, and let F, 4 be objects
of the category H®(Sh1(A(B),K)g). Let £ &) pe bases for K", and let Z, 2’ € X(B,K) be
points such that the pairs (f("), 2’) and (g<”>, 2”) algebraically parametrize F and 9 according to
Theorem 3.4.46, respectively. Then, the Poincaré—Euler characteristic of the graded vector space
Ext®(#,9) is given by

x (Ext®(F,9)) = —tb(A(B)),

where tb(A(B)) := £ — n denotes the Thurston-Bennequin number of the Legendrian link A(B) C
(R?, &ta)-

Proof. To begin, following Definition 4.2.55, let dz ¢ : K}, — Kftd be the linear map associated

with the pair (%#,%). In particular, by the rank-nullity theorem, we know that
dimg ker 0 7z ¢ — dimg cokerdgz o =mn —£.

Moreover, by Theorems 4.3.66 and 4.4.92, we have that the lower-degree morphism spaces between

ZF and ¥ are given by
Ext’(F,9) 2 kerdzq,

Ext!(#,9) = coker Sz -
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Hence, putting the above results together, we obtain that
X (Bxt*(F,9)) = ) (~1)'dimg Ext'(#,9),
1€EZ

= dimg Ext®(#,9) — dimg Ext}(#,¥),
=dimgkerdz ¢ — dimg coker .z v ,
=n—/.

Finally, since the Thurston-Bennequin number of the Legendrian link A(3) is given by th(A(B)) =
¢ —n [25], the result follows. O

Having analyzed the linear structure of the graded morphism spaces in the category

H*(Shi(A(B),K)p), we now turn to the study of its graded compositions.

4.5. Combinatorial Structure of the Graded Compositions

Let 3 € Br," be a positive braid word. This section is devoted to studying the composition of
graded morphisms in the category H®(Shi(A(B),K)p). More precisely, our main goal is to establish
some combinatorial rules that describe how these graded morphisms compose. Bearing this in mind,

we begin by introducing some preliminaries.

4.5.1. Technical Background. Let 3 € Br) be a positive braid word. Next, we now collect
some preliminaries that will play a fundamental role in the explicit computation of the composition
of the graded morphisms in the category H*(Sh1(A(5),K)p). In particular, we open the discussion

with the following definition.

Definition 4.5.94. Let M be a smooth manifold. Let .7, F', and 4 be sheaves of K-modules on
M, and let X : F' — F be a sheaf homomorphism between F' and .%. Suppose F is an extension
of F by 4. Then, we define the pull-back \* 7 of 7 via \ to be an extension of F' by 4 such
that there exists a sheaf homomorphism o : XN* — H making each square in the diagram in

Figure 4.11 commute.

Definition 4.5.95. Let M be a smooth manifold. Let %, 4, and 4" be sheaves of K-modules on
M, and let X\ : 9 — 4’ be a sheaf homomorphism between 4 and 4'. Suppose H is an extension
of F by 4. Then, we define the push-out \yJ€ of F via \ to be an extension of F by 4’ such
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jen}

0 > G > H >

FI1GURE 4.11. The pull-back A\*5Z of an extension 4 of % by ¢ via a sheaf ho-

momorphism A between .’ and .Z.

that there exists a sheaf homomorphism o : € — A\ F€ making each square in the diagram in

Figure 4.12 commute.

o

@)
2

74 >N > F

FI1GURE 4.12. The push-out A\, of an extension 77 of % by ¢ via a sheaf homo-
morphism A between ¢4 and ¥’.

With these definitions in place, we now present a formal and concrete definition of the compo-

sition of graded morphisms in the category H®(Shi(A(SB),K)o).
Definition 4.5.96. Let 8 = 0y, ---0;, € Br} be a positive braid word, and let F, 4, 2 be objects
of the category H®*(Sh1(A(B),K)o). For any p,q > 0, the graded composition

o: ExtP(¥4, 2) x Ext!(F,¥) — ExtPT(F, 2),
is given by the Yoneda composition for Ext groups [20], which in degrees 0 and 1 is defined as
follows:

(i) Let A € Ext(F,9) and N € Ext’(¥4,2). Then N o\ € Ext?(F,2) is given by the usual

composition between sheaf homomorphisms.
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(ii) Let A € ExtY(F,9), ¢' € Ext!(¥4,2), and S be an extension of 4 by 2 representing the
equivalence class £, namely [ '] =¢&'. Then &' oA = [N ] € Ext!(Z, 2).

(iii) Let ¢ € Ext'(F,9), N € Ext®(¥4,2), and A be an extension of F by G representing the
equivalence class &, namely [ A ] =¢. Then N o& = [N ] € Ext! (7, 2).

Next, we present several technical lemmas that will enable us to explicitly describe the com-
position of graded morphisms in the category H®(Shi(A(8),K)g). To this end, we introduce the

following definitions.

Definition 4.5.97. Let A, B, C, C', X, Y, Z, Z' be vector spaces over K, and let v : A — X,
Iy :B—Y,vz:C—Z, and vz : C' — Z' be linear maps, with T an extension of vz by vy
(see Definition 4.4.70).

Let \e : C" = C and s : Z' — Z be linear maps defining a morphism ¢ 5 := (A¢, As) between
vz and vz (see Definition 4.3.57). Then, the pull-back A¢ 5™y of Ty via A¢s is an extension
of vz by vg. Concretely, it is a linear map Aes*T  : B — Y’ between vector spaces B' and Y’
over K, such that there exist linear maps W1 : B — B and Wy : Y/ — Y making each square of

the diagram in Figure 4.13 commute.

Definition 4.5.98. Let A, A', B, C, X, X', Y, Z be vector spaces over K, and let vy : A — X,
vgr : Al = X', T : B—Y, and vz : C — Z be linear maps, with T, an extension of vz by vy

(see Definition 4.4.70).

Let A\¢e : A — A" and \s : X — X' be linear maps defining a morphism A¢ 5 := (Ae, As) between
Yy and g (see Definition 4.3.57). Then, the push-out A¢s5 I of I 5 via ¢ 5 is an extension of
vz by vgr. Concretely, it is a linear map Ae 5, T 0 : B' =Y’ between vector spaces B' and 'Y’ over
K, such that there exist linear maps W1 : B — B’ and Wy : Y — Y’ making each square of the

diagram in Figure 4.14 commute.

Lemma 4.5.99. Let A, C, C', X, Z, Z' be vector spaces over K, and let v : A — X, v : C —

X,v7:C— Z, and vz : C' — Z' be linear maps.
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Ficure 4.13. The pull-back )\2,51“%0 of the extension I',r of v by v« via the

& — <

%4

a>—>><

morphism A¢ s between vz and 7.

Let A\e : C" — C and \s : Z' — Z be linear maps defining a morphism \¢ s := (A¢, As) between
v and Yg, and let W(’y{%hg cADC — X & Z be the block extension of vz by vo associated
with v, (see Lemma 4.4.74).

Finally, let Xt 5 .., (Yo#)yy + B =Y be the pull-back of ., (v via A¢ 5, see Definition 4.5.97,

)ve
and let 7g<79>79 cA®C" — X @& 7' be the block extension of vz by vy associated with the linear

map Yo = Yw o A : C' — X. Then, A 5vg (Vo) and (Vo). are equivalent extensions of
Y7 by g

is an extension of v by v, and hence, Lemma 4.4.75 asserts

Proof. By definition, A{ 5., (Vo)

that there exists a linear map 4 : C' — X such that A& 5 (Y)y, and (g<'ygf)7y, are equivalent
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FIGURE 4.14. The push-out A¢s5.I'» of the extension I'» of v# by v via the

morphism A¢ s between v and ~yg-.

extensions of vz by g, where . (7z) : A® C" — X & 7' denotes the block extension of vz

Y&
by 7« associated with 4.

By Definitions 4.4.71 and 4.5.97, there exist linear maps N1 : A C' - A®C and Ny : X ® 7' —
X @& Z making each square of the diagram in Figure 4.15 commute. In particular, observe that
there exist linear maps )\5\1,1) A= A, )\531) :C'— A, )\g\?;z :A— C, and )\531) : C" — C such that Ny

can be decomposed as

Ny =

1 2
Ay Agvg}

3) ()
AG AL
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Similarly, there exist linear maps )\5\2 X — X, )\5\2,3 7 = X, )\5\22 : X — Z, and )\5\2 A

such that Ny can be expressed as

1 2
v AG AR
2T e @
No “'Na

It then follows from the commutativity of the diagram in Figure 4.15 that

Ay =ida,
AY) =0,
AY = e,
Ay =idy
A =0,
A = s

As 0 Vgr =77 © A¢,

2 2
7%+)‘Sv3°79’ :7%’0)‘£+’7%0)‘§v3‘

Thus, defining 79 = v 0 A¢ : ¢’ — X, the above relations show that there exist linear maps

A ¢ = Aand AY) : 2/ — X such that

1

2 2
Y2 = Y% —i—)\g\,; oYz — Vg o)\gvz.

Hence, building on Lemma 4.4.75, we conclude that ,_(vx),_, and , (72), , are equivalent ex-
tensions of vz by vy, where ., <’}/Q>,Y9/ :A® C' — X @ Z' denotes the block extension of vz by
v associated with v9. Finally, by transitivity of equivalence, we deduce that )\z 57 (v ”>7 ,» and

N (v Q>vg, are equivalent extensions of vz by v«. This completes the proof.
O

Lemma 4.5.100. Let A, A', C, X, X', Z be vector spaces over K, and let v : A — X, vy :

A= X',vyp:C— X, and vz : C — Z be linear maps.
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o

]
Xz XoZz 0
/ ]‘ pascr . C' As /
NAF
X W A
/ ]‘ tagcr A @ C' Ny Ag ]‘ 0
YF
0 " X@z o7 /
A N1 k,.\{ 75\\ NTF C
~NY /
X LX®Z D AGC

0 Ao C

T Y
0 A
/ A
0
FIGURE 4.15. Commutative diagram between the block extensions ,_(vz). , and

Yz

Y (Ve >’Yff )

Let \e : A — A" and \s : X — X' be linear maps defining a morphism ¢ 5 = (A¢, As) between
Vg and yg:, and let (fy%%g AP C — X ®Z be the block extension of v by Yo associated with

Y (see Lemma 4.4.74).

Finally, let \¢ s, (Yor ), + B =Y be the push-out of ., (Vo) , via A¢s, see Definition 4.5.98,
and let ,Yg,<'7=@>,\/g :A®C — X' @ Z be the block extension of v by v associated with the linear

map v = Aso v C — X'. Then, Aes, (Vo) , and Ml(*yghg are equivalent extensions of

V7 by Y.

Proof. By definition, A¢ s, ., (V) , 1S an extension of 77 by 7, and hence, Lemma 4.4.75 asserts

F

that there exists a linear map 5 : C — X’ such that AE 84y (Y)~ 5 and e (Ya)~, are equivalent
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extensions of vz by ~¢s, where Wl(’y@),yg : A" ® C — X' & Z denotes the block extension of vz

by 4+ associated with vg.

By Definitions 4.4.71 and 4.5.98, there exist linear maps N1 : A C — A & C and Ny : X & Z —
X' @ Z making each square of the diagram in Figure 4.16 commute. In particular, observe that

there exist linear maps Ay : A — A/, A% : 0 — A, A 1 A = ©, and A : € — C such that Ny
can be decomposed as

1) (2
g

3 4
A AR

Ny =

Similarly, there exist linear maps )\5\1,3 X — X, /\% 7 — X/, )\5\2 : X — Z, and )\53; A A

such that N5 can be expressed as
AW @)
Ny Ny

3 4
A

Ny =

It then follows from the commutativity of the diagram in Figure 4.16 that

AN = e
2§ =ide,
AL =2,
AY) =0,

A =idy,

As 0 Yy =Yg 0 ¢,

2 2
Y + Vg © Asz =Xsovw + Aﬁvi °NZ -

Thus, defining v9 := A\s o7 : C — X', the above relations show that there exist linear maps

AY € = A and AY) : Z — X' such that

1"

2 2
Yz =2+ A§V§ 0YF — Yy © ASVE

Hence, building on Lemma 4.4.76, we conclude that . (v2),, and ,_(yz),, are equivalent ex-

tensions of v# by 74/, where W,W 2)yy t A'®C — X' @ Z denotes the block extension of vz by
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Yy associated with 7. Finally, by transitivity of equivalence, we deduce that A¢ s, -, (v %’>w; and

,Yg,<'yg>7  are equivalent extensions of .z by vy

/
pxy

X@Z X7z 0
PADC C
ﬁ\”‘g
LA@C ApC 0
0 X®z PX'®dZ
gﬁ’*g
X es PA®C
0 A¢ AoC

'M

FIGURE 4.16. Commutative diagram between the block extensions . (7.),, and

Yeg! <’7@>m¢ :

0

Having established the above technical lemmas, we now present an observation that

will elucidate the structure of the composition of mixed graded morphisms in the category

H*(Shi(A(8), K)o)-

Observation 4.5.101. Let f =0y, ...04, € Br," be a positive braid word, and let Sa(p) denote the
stratification of R? induced by A(B). Neat, we analyze the composition of graded morphisms in the
category H*(Sh1(A(B),K)o) near an arbitrary arc in Syg).-
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To begin, let a be an arc in Syg)y. As illustrated in Sub-figure 2.2a, near a, the stratification
Si(p) consists of a, an upper 2-dimensional stratum U, and a lower 2-dimensional stratum D. In

particular, given this local configuration, we choose two arbitrary points p € U and q € D.

Let F, F', 4, and 9’ be objects of the category H®*(Sh1(A(B),K)o). In addition, fir X\ €
Ext?(F,.F), € € Ext{(Z#,9), and N € ExtY(¥4,9'), and let A be an extension of F by G
representing &, namely £ = [e%”} Bearing this in mind, our goal is to provide local models for the
compositions Ao & = [N ] € Ext'(F',9) and Eo N = [\J] € Ext'(F,9') near a, where
N and N oA denote the pull-back and push-out of 7 via X and N, respectively.

Now, consider the points p and q, and denote the stalks of the sheaves 4, 4', A, F, and F'

at these points by
X=9%, X=9, Y=4 =%, @ I=7
A=99,, A=9, B = 7, C=2,, C”:ﬁ’é.

Then, according to the microlocal support conditions, near a, the sheaves 4, 4', A, F, and
F' are specified by linear maps vg : A — X, v : A\ - X', Ty : B =Y, vz : C = Z,
and vz : C" — Z', respectively, with T, an extension of vz by v (see Definition 4.4.70). In
particular, by Lemma 4.4.75, we know that there exists a linear map v : C — X such that T 4 is
equivalent to the block extension ., (’y{;ﬁw7 of v# by v associated with . Hence, for the purpose

of studying &, we identify F with the equivalent extension determined near a by the characteristic

In addition, observe that near a, the sheaf homomorphisms X\ and N are characterized by linear
maps iy : C' = C,vn:Z' = Z, uy : A— A, and vy : X — X' such that the pairs A, = (px, Vx)
and N, == (un,vy) define morphisms between vz and vz and between vy and vy, respectively

(see Definition 4.3.57).

By definition, the pull-back \* 7 is an extension of .F' by ¥, and hence, near a, it is determined
by the pull-back Nyy™ o (V) s Of 4y(Vor)yy Via Auy, which is an extension of vz by vy (see
Definition 4.5.97). Moreover, by Lemma 4.5.99, we know that A, ,* 7g<’7%>79 1s equivalent to the

block extension of vz by v associated with the composition vz o uy : C' — X. Consequently, we
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deduce that the equivalence class Ao & = [)\*,%”] can be represented, near a, by an extension of F'

by ¥ whose characteristic map is vy o i).

Similarly, the push-out N € is an extension of F by 4', and hence, near a, it is determined
by the push-out Ny, (Vo )ys OF 1y(Yow)ny via Ny, which is an extension of vz by vy (see
Definition 4.5.98). Furthermore, by Lemma 4.5.100, we have that X'y, ., . (V). is equivalent to
the block extension of vz by o associated with the composition vy oy : C — X'. Therefore, we
conclude that near a, the equivalence class £ o N = [A’*%] can be represented by an extension of

F by 94" whose characteristic map is vy 0 Y.

With the above observation at hand, we now turn to the explicit analysis of the composition of

graded morphisms in the category H®(Shi(A(B),K)o).

4.5.2. Combinatorial Composition Rules. Let 8 = 0, ---0;, € Br;l be a positive braid
word. Next, we establish combinatorial rules for the composition of graded morphisms in the
category H®(Shi(A(B),K)p). To this end, we begin by introducing a definition and a related
lemma, which ensure that our combinatorial formulas yield a well-defined composition of graded

morphisms.

Definition 4.5.102. Let 3 = o0y, ---0;, € Br)| be a positive braid word. We introduce three
bilinear operations associated with 3: the Hadamard © : K[, ; x Kii, — K&, the left braided

og, + Kii4 X Kﬁtd — Kﬁtd, and the right braided og, : Kﬁtd x Kiq — Kﬁtd compositions.

Specifically, for any @ = (u1,...,un), U = (vi,...,v,) € Ky, and any p = (p1,...,00), ¢ =

(q1,---5q0) € thd, we define:

TOU = (viu1,...,vun) € Ky,
v og3, ]7 = (UW,Bl (i1+1)p1’ PN ’vme(iﬁl)pf) € Kﬁtd s
T opp @ = (Qlny, (iy)s - - > Wlmy, (i) € Kq -

Lemma 4.5.103. Let 8 = 0y, -+~ 0;, € Br} be a positive braid word, and let F, 4, 2 be objects of
the category H®(Shi(A(B),K)g). Let £ g q") be bases for K", and let T, §, Z € X(8,K) be
points such that the pairs (f'(”),f), (g™, 7), (4™, 2) algebraically characterize F, 9, 2 according

to Theorem 3.4.46, respectively.
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Following Definition 4.2.55, let 0z 4,0y, 2,07 2 : Ky — Kﬁtd be the linear maps associated

with the pairs (F,9), (9,2), (¥#,2), respectively. Then the following statements hold:

(i) Let @ € ker 0z ¢, and U € kerdy 9. Then the Hadamard product v © @ € K., satisfies

7O ﬁ6k6r5g7g.

(ii) Letd € ker 6z 4. Then the action of U onimdy, o induced by the right braided graded composition
satisfies

imdy 9 og, U C imdz o.

(111) Let U € ker 0y o. Then the action of ¥ on imdz 4 induced by the left braided graded composition
satisfies

7 op imdzy C imdg.o.
Proof. We prove parts (i) and (ii); part (iii) is analogous to (ii).
Part (i): By Definition 4.2.55, we know that @ = (u1,...,u,) € kerdzgy C KI, and 7 =
(vi,...,vn) € kerdy o C KT, if and only if
D(mg, (@) - B{" (x;) = B{”(y;) - D(mg, () ,

D(rs,_, (0) - B (y5) = B (2)) - D(mp, (),

<y

for all j € [1,4], with 8y = e, € Br} and 73, = €,, € S,, denoting the trivial braid word on n strands
and the trivial permutation on n elements, respectively. Hence, since ¥ ® @ = (viuq,...,vpuy,) €

K~ 4, we immediately observe that

D(mp,_, (7 © ) - B"(2;) = D(s,_,(5)) - D(ms,_, (@) - B (),

= D(rp,_, (9) - BI" (y;) - D(mg, (i),
= B (2)) - D(p,(9)) - D(mg, (@),

for all j € [1,¢]. It then follows from Definition 4.2.55 that ¥ ® @ € kerdz o.
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Part (ii): By Definition 4.2.55, we know that @ = (u1,...,u,) € kerdz o C KL, if and only if

(4.5.1) D(m, (@) - B! (x5) = B\ (y;) - D(mg, (@) ,

¥
for all j € [1,7].

Now, let v € K[;. By Definition 4.2.55, we have that dy o(0) = (01,...,d¢) € thdv where

0(Z,5,9) = [ (BI ()" Dlma, (@) - B ()]

J 5

for all j € [1,4]. Then, in light of Definition 4.5.102, we observe that dy o(7) og, @ = (07,...,9;) €

Kﬁt 1> Where

05(2,7,7) = {(Bz‘(?)(zj))_l + D(mg;, (7)) - Bi(?)(yj) +D(mg, (J))]i-+1,i~ ’

for all j € [1,/¢]. Bearing this in mind, the kernel constraints (4.5.1) for @ imply that

85(2,0,9) = [ (Bz'(;)(zj))_l +D(mg; 1 (0)) - D, (@)) - Bi(j)(xj)}wrl,r ’

[(BI) ™ D, (70 @) - B () ]

J ]

Q415
for all j € [1,4]. It then follows from Definition 4.2.55 that dy o(¥) ogy U = 67 2(U © «). Finally,

since ¥ is arbitrary, we conclude that imdg g og, i@ C imd gz 9. This completes the proof. ([

With this result at hand, we now proceed to prove the first part of our second main result:
a theorem providing a combinatorial rule for the composition of zero-degree morphisms in the

category H®(Shi(A(B),K)p).

Theorem 4.5.104. Let 3 =0y, ...0;, € Br) be a positive braid word, and let F, 4, 2 be objects
of the category H*(Shi(A(8),K)o). Let £, g™ g be bases for K”, and let &, 7, Z € X(3,K)
be points such that the pairs (f',:ﬁ'), (g,7), (q,7) algebraically characterize F, 4, 2 according

to Theorem 3.4.46, respectively.

Following Definition 4.2.55, let 0z 4, 0y 2, 67,2 : Kiiqy — Kﬁtd be the linear maps associated

with the pairs (F,9), (9,2), (F,2), respectively. In light of Theorem, 4.3.66, let u € Ext(F,9)

and v € Ext®(¥,2), and suppose that the vectors ii € ker dzg C Ky and U € kerdy o C KI
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determine u and v under the isomorphisms
Ext’(F,9) 2 kerdz g, Ext’(¥,2) 2 kerdy o .

Then, building on Definition 4.5.102, the composition vo u € Exto(f, 2) is determined, under the

isomorphism Ext?(F, 2) = ker 07, 2, by the vector v ©® @ € kerdz o9 C K.

Proof. To begin, observe that, given the bases f (n) g<”>, and G, the sheaf homomorphisms w and
v are fully determined by their characteristic maps T,Sn) : K" — K" and T,,(n) : K" — K", namely

the linear maps whose matrix representations are given by

e [T T = D(@), and o [T ] 0 = D(D).

By definition, v o i corresponds to the standard composition of sheaf homomorphisms v and u, and
hence, in our case, it is fully determined by the composition of the characteristic maps T,,(n) and
T,Sn), that is, by the linear map T,En) o lsn) : K™ — K™ whose matrix representation with respect to

the bases £(™ and g™ is given by

g [TV 0 TV 4y = D(@) - D(@)
=DV © 1),
where v ©® 4 = (viu1,...,vpuy,) € K, ;. Finally, observe that since @ € kerdz « and v € ker 0y, o,

Lemma 4.5.103 ensures that ¥ ©® % € kerdz o, which shows that, under the isomorphism
Ext(#, 2) = ker § 7,92, the composition v oy is completely determined by the Hadamard product
¥ ® U, thereby providing a well-posed and explicit combinatorial rule for the composition of the

graded morphisms under consideration. This completes the proof. O

Next, we extend our combinatorial approach to give an explicit description of the composition
of mixed-degree morphisms in the category H*®(Shi(A(8),K)o), as made precise in the following

theorems.

Theorem 4.5.105. Let 3 =0y, ...0;, € Br; be a positive braid word, and let F, 9, 2 be objects
of the category H*(Shy(A(B),K)o). Let £, g™ q™ be bases for K, and let &, §, 7 € X(B,K)
be points such that the pairs (f,f), (g,7), (4,2) algebraically characterize ¥, 4, 2 according

to Theorem 3.4.46, respectively.
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Following Definition 4.2.55, let 0z 4, 0y 2, 67,2 : Kiiqy — Kﬁtd be the linear maps associated
with the pairs (#.,9), (9,2), (#,2), respectively. In light of Theorems 4.3.66 and 4.4.92, let
p € Ext(Z,9) and ® € Ext!(¥4, 2), and suppose that, for some representative ¢ € Kﬁtd, the vector

U € ker 674 C K, and the class [ §] € coker dy o determine p and ® under the isomorphisms
Ext(F,9) 2 kerdzg, Ext!(¥,2) = coker dy o .

Then, building on Definition 4.5.102, the composition ® oy € Ext!(F, 2) is determined, under the

isomorphism Ext! (%, 2) = coker 07,2, by the class [§ op, U] € cokerdz 9.

Proof. To begin, let Uy g) = {Uo, Ug, Uy, Ug, UT} be the open cover of R? from Construction 3.3.33.
By definition, ®oyp = [ p*7#” ], for any extension #” of 4 by 2 representing ®, where p* #” denotes
the pull-back of #’ via u. Next, consider the open set Ug, the region in R? whose intersection
with the front projection II, ,(A(8)) comprises the braid diagram on n strands associated with
B, as illustrated in Figure 3.6. By Theorem 4.4.92, any extension of ¢ by 2 is equivalent to a
simple extension—namely, an extension determined by a tuple ¢ = (q1,...,q¢) € Kﬁtd on Up and
equivalent to the trivial extension away from this region, where two simple extensions are equivalent
if and only if their characteristic tuples, say ¢,q¢" € thd, satisfy ¢’ — ¢ € im0y 9. Consequently,
for the purpose of studying ® o p, it suffices to choose as representative for ® a simple extension
" determined by a tuple ¢ € Kftd, compute the pull-back p*.7#” on Ug, and then pass to its

equivalence class.

Let Ry(p) = {Rj }ﬁzl be the partition of Up into ¢ open vertical straps from Construction 3.3.36.
Observe that, as we move from left to right through the regions R;, the data characterizing the
extension ¢’ accumulates. In particular, in each region R;, the new contribution is encoded in
the characteristic map specifying the extension along the (i; + 1)-st strand immediately after the
crossing oy, the j-th and only crossing of § contained in R;. Thus, to analyze the pull-back p*.7#”,
it suffices to extract, in each region R;, the data that determines the pull-back along the (i; 4 1)-st

strand, for all j € [1,].

Fix a region R; for some j € [1,/], and denote by k = i; € [1,n — 1] the index of o;;. Then, near

the (k + 1)-st strand immediately after the crossing oy, we have that:
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e & and ¥ are specified by a pair of linear maps 5&;) : KF — KF*1 and g%};’“) : KF — KFL

respectively.
e The extension #” is specified by a characteristic map 5(;2, c KE — KR

e The morphism p is characterized by two linear maps T,Skﬂ) : Kk — KA and Tlsk) : KF - KF

such that the pair (Tﬁkﬂ), T &k)) defines a morphism between QNSS;) : KF — K*1 and 55;’“) (KE —

Kk+1.
Consequently, we obtain that, near the (k + 1)-st strand immediately after the crossing oy, the

pull-back p*.7#" is determined by the characteristic map %ﬁ’;} o Tvu(k) cKF — KR

Now, for each i € [1,n — 1], let f'(i), g and g be bases for K¢ induced by the bases f'(”), g
and q™ for K", so that {f(i)}?zl, {g@}j:l, and {q@}?:l are systems of bases adapted to the
linear maps characterizing .%, ¢4, and 2 on the left of the crossing in Ry, respectively.

Next, consider the braid-transformed bases f(®) 185, Z5], g (85, 79;], and g [Bj, Z;] associated with

the truncated braid word §; and the truncated tuples Z;, ;, 2 € th q- Then, with respect to these

bases, we have that

e The matrix representing 5;’;2, is given by

* -x 0
(k) - A
q(k+1)[/3j72j][¢<%”’}é“c)[ﬁjv?jj] N % 0 7
G ek

where ¢; denotes the j-th entry of the tuple ¢= (q1,...,q) € Kﬁtd characterizing 7', and the

starred entries depend on the data from prior crossings before o;;.

)

e The matrix representing T M(k is given by

T (F)

g(k>[,8j,gj][ h ]?(k>[,8j,fj} = principal k x k submatrix of D(7g, (1))
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Hence, a direct calculation shows that

e 0
Z() F )] =
a0+01s,. 51100 0 T Jgoors, 2 koex 0 |
Fo U (R) ] (g g

where uz, () is the (k, k)-entry of D(7g, (1)), namely the k-th entry of the permutation of @ by 7s;,
J

the permutation associated with the truncated braid word ;. Moreover, since k = i;, we deduce

that the new contribution to the data characterizing the pull-back p*#” after the crossing o; ;18

given by the parameter q; = qj - ug,(i)-

2
By systematically applying the above argument to all the regions R;, we obtain that the pull-back

p* A" is characterized by a tuple ¢’ := (¢}, .. .,q;) € K4, which entrywise is given by

/
Gj = Gj  Ung_(ij) »

for all j € [1,4], and in light of Definition 4.5.102, we immediately recognize that ¢’ = ¢ og, .
Finally, observe that, since @ € kerdz ¢, Lemma 4.5.103 ensures that imdy o og, @ C imdz o,
and hence, passing to the equivalence class of the pull-back p*#”" in Ext!(.%, 2) allows us to con-
clude that the composition ® o y is completely determined, under the isomorphism Ext!(.%, 2) =
coker .z o, by the class [§og, U] € cokerdz o, thereby providing a well-posed and explicit com-
binatorial rule for the composition of the graded morphisms under consideration. This completes

the proof. O

Theorem 4.5.106. Let 8 =0y, ...04, € Br," be a positive braid word, and let F, 4, 2 be objects
of the category H®*(Shi(A(B),K)g). Let £ ) g pe bases for K, and let &, i, Z € X(8,K)
be points such that the pairs (f',f), (g,7), (q,2) algebraically characterize %, 4, 2 according
to Theorem 3.4.46, respectively.

Following Definition 4.2.55, let dz 4, 0y 2, 67,9 : Kiiy — thd be the linear maps associated
with the pairs (#.,9), (9,2), (¥#,2), respectively. In light of Theorems 4.3.66 and 4.4.92, let

v € ExtY(¥, 2) and © € Ext}(F,9), and suppose that, for some representative p € Kﬁtd, the vector

160



U € kerdy 9 C KT, and the class [p] € coker 6z 4 determine v and © under the isomorphisms
Ext’(¥,2) = kerdy o, Ext!(F,9) = cokerd7 4 .

Then, building on Definition 4.5.102, the composition v o © € Ext!(F,2) is determined, under

the isomorphism Ext! (%, 2) = coker 07,2, by the class [V og, P € cokerdz o.

Proof. To begin, let Uy g) = {Uo, Up, Uy, Ug, UT} be the open cover of R? from Construction 3.3.33.
By definition, vo© = [V*j‘f ], for any extension 7 of .% by ¢ representing ©, where v,.7¢ denotes
the push-out of .7 via v. Next, consider the open set Ug, the region in R? whose intersection with
the front projection II, ,(A(S)) comprises the braid diagram on n strands associated with j3, as
illustrated in Figure 3.6. By Theorem 4.4.92, any extension of .% by ¥ is equivalent to a simple
extension—namely, an extension determined by a tuple = (p1,...,p¢) € Kﬁt q on Up and equivalent
to the trivial extension away from this region, where two simple extensions are equivalent if and
only if their characteristic tuples, say p,p’ € thd’ satisfy p” — p € imdzg. Consequently, for
the purpose of studying v o ©, it suffices to choose as representative for © a simple extension ¢
determined by a tuple g € Kftd, compute the push-out v, on Up, and then pass to its equivalence

class.

Let Ry = {Rj }ﬁzl be the partition of Up into ¢ open vertical straps from Construction 3.3.36.
Observe that, as we move from left to right through the regions R;, the data characterizing the
extension 7 accumulates. In particular, in each region R;, the new contribution is encoded in
the characteristic map specifying the extension along the (i; + 1)-st strand immediately after the
crossing o;;, the j-th and only crossing of 3 contained in R;. Thus, to analyze the push-out v,
it suffices to extract, in each region R;, the data that determines the push-out along the (i; + 1)-st

strand, for all j € [1,].

Fix a region R; for some j € [1,/], and denote by k = i; € [1,n — 1] the index of o;;. Then, near

the (k 4 1)-st strand immediately after the crossing oy, we have that:

e 4 and 2 are specified by a pair of linear maps &;k) . KF — KF*! and af@’“) : KF — KFL

respectively.

e The extension ¢ is specified by a characteristic map 5(;2 cKFE — KL
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e The morphism v is characterized by two linear maps 7D KRR KREH and T L KF — KE

such that the pair (TlEkH), T:Ek)) defines a morphism between (755(;) : KF — KF1 and %e(@k) :KE —

Kk—H

Consequently, we obtain that, near the (k + 1)-st strand immediately after the crossing oy, the

push-out v,.57 is determined by the characteristic map T, lSkH) o 59’;) : KF — Kk

Now, for each i € [1,n — 1], let f'(i), g and g be bases for K¢ induced by the bases f'("), g
and ™ for K", so that {f(i)}?:p {g@)};‘:l, and {q(“};‘:l are systems of bases adapted to the
linear maps characterizing .%, ¢4, and 2 on the left of the crossing in Ry, respectively.

Next, consider the braid-transformed bases f(®) 185, Z5], g0 (85, 7;], and g0 [Bj, Z;] associated with

the truncated braid word ; and the truncated tuples &, ¥, 2; € thd. Then, with respect to these

bases, we have that

e The matrix representing 5;;2) is given by

* * 0

~ (k) ) B LT
é(kH)[ﬁj,ﬂj}[(ﬁ% ]f(k)[ﬂj’fj] [ |

LR ]

(k+1,k)
where p; denotes the j-th entry of the tuple p'= (p1,...,p¢) € Kﬁtd characterizing S, and the
starred entries depend on the data from prior crossings before o;;.

T+

e The matrix representing is given by

ypiany ]g(kﬂ)[ﬁj,gj] = principal (k + 1) x (k + 1) submatrix of D(mg,(v)).

61“““)[&7%1[ v

Hence, a direct calculation shows that

. 0
(k1) o G0 — | :
fl<k+1>[ﬁj,5j][T" O }f(m[ﬁj’@] * ek 0 |
LIRS MUTEVRY 7 PR
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where vy, (r11) is the (k+1, k+1)-entry of D(mg, (¥)), namely the k+ 1-th entry of the permutation
J

of ¥ by ms;, the permutation associated with the truncated braid word 3;. Moreover, since k = iy,

we deduce that the new contribution to the data characterizing the push-out v, 57 after the crossing

oi; is given by the parameter p;- = Ug,(i;+1) " Dj-

By systematically applying the above argument to all the regions R;, we obtain that the push-out

v is characterized by a tuple p’ := (p,...,p}) € Kﬁtd, which entrywise is given by

(A .
b, = UWﬁj(i]-—l-l) “Pj,

for all j € [1,4], and in light of Definition 4.5.102, we immediately recognize that p” = ¥ og,_ p.
Finally, observe that, since v € ker éy 9, Lemma 4.5.103 ensures that ¥ og, imdz ¢4 C imdz o,
and hence, passing to the equivalence class of the push-out v, in Ext!(.#, 2) allows us to con-
clude that the composition v o © is completely determined, under the isomorphism Extl(ﬁ ,2) =
coker 8z o, by the class [¢/ og D] € cokerdz o, thereby providing a well-posed and explicit com-
binatorial rule for the composition of the graded morphisms under consideration. This completes

the proof. O

Having established the preceding results, we conclude the explicit algebraic characterization
of the category H®(Shi(A(B),K)p). In the next chapter, we explore some applications of this

characterization.
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CHAPTER 5

Applications

Let B € Br, be a positive braid word. Next, we present some applications of the explicit description
of the category H®(Shi(A(B),K)p) that we developed in the preceding chapters. More precisely, we
first consider the case where A(f) is a Legendrian knot—a single-component Legendrian link. In
this setting, we establish some structural results concerning the category H®(Shi(A(5),K)g) over a
generic field K and provide a simple characterization of the category in the case where 8 = 01090109
and K = Zs, which corresponds to the Legendrian trefoil knot realized as the rainbow closure of
a positive braid on three strands. Furthermore, to illustrate how our theoretical framework works
for multi-component Legendrian links, we explicitly analyze the category H®(Shi(A(5),K)p) in the
case where § = g10901 and K = Zs, thereby covering the case of the Legendrian Hopf link realized

as the rainbow closure of a positive braid word on three strands.

5.1. The Case of Legendrian Knots

Let 8 =0y, - -+ 0;, € Br;| be a positive braid word such that A(3) is a Legendrian knot. Next, we
provide some structural results concerning the linear structure of the graded morphism spaces and
the algebraic properties of the graded endomorphism spaces in the category H®(Shi(A(8),K)o).
Moreover, we present a detailed analysis of some aspects of the category H®(Shi(A(B),K)p) in the

case where 8 = 01090109 and K = Zs.

5.1.1. Some Structural Results. Let 3 = 0y, ---0;, € Br; be a positive braid word such
that A(B) is a Legendrian knot. In particular, recall that A(5) defines a knot if and only if the
permutation mg € S,, associated with § consists of a single cycle in its cycle decomposition in S,, [5].
Bearing this in mind, we now proceed to exploit the stated property of 7 to establish some results
revealing the linear structure of the graded morphism spaces and the algebraic properties of the

graded endomorphism spaces in the category H®(Shi(A(5),K)o).
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Let X (8,K) be the braid variety associated with (3, and let us consider the (n — 1)-dimensional
torus 7 := (K*)"/ ~, where two representatives t1, to € (K*)" are said to be equivalent and denoted
by t1 ~ to, if and only if 5 = \#}, for some A € K*. As shown in [5], 7 acts naturally on X (8, K),

and the following definition formalizes this group action.

Definition 5.1.107. Let 8 = oy, ---0;, € Br, be a positive braid word. The torus action on

X (B,K) corresponds to the map

x: T x X(8,K)

— X(8,K),
(t,2) +— tx

8y

where, for any Z = (z1,...,%) € X(B,K), the point t x 7 := (21,...,2;) € X(B,K) is uniquely

determined by the system of equations

D(mg, (1)) B (zj) = BM(2}) - D(mg,(¥)),  forall j €[1,4].

] ]

Accordingly, we say that two points Z1, %> € X (B,K) are equivalent under the torus action if there

~

exists t € T such that Z» = t % 71, and we denote this relation by Zo = Zy; otherwise, we write

Zo 2 7).

A notable property of the torus action on X (,K) is that, when A(S) is a Legendrian knot, it
is free [5]. In view of this property, we now introduce a definition that will play a fundamental role

in the subsequent discussion.

Definition 5.1.108. Let 8 =0y, --- 0, € Br}" be a positive braid word. We define the subvariety
X(8,K) € X(8,K) by

X(B,K):={7eKq| Ar(Ps(2)) =1, forallke[l,n—1]},

where Ag : M(n,K) — K denotes the k-th leading principal minor function.

Remark 5.1.109. Let 3 = 0y, -~ 0y, € Br; be a positive braid word. By definition, we have that
An(P3(2)) = (=1), for any 7 € K.

The subvariety X (8,K) c X(B,K) plays a particularly important role in our current setting.
Specifically, when A(f) is a Legendrian knot, the defining properties of X (8,K) together with the
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freeness of the torus action on X (/3,K) ensure that the map

T x X(8,K) — X(8,K),

=

(t, 2) -tk Z,

is a bijection. In other words, for any z € X (3, K) there exist unique £ € 7 and 2’ € )A(/(B, K) such

that Z=1 % 2.

Next, we present a result that, exploiting the torus action on X (f,K), provides an explicit
description of the linear structure of the graded morphism spaces in the category H®*(Sh1(A(5),K)o)

in the case where A(3) is a Legendrian knot.

Theorem 5.1.110. Let 3 = 0y, - -0y, € Br}} be a positive braid word such that A(B) is a Legen-
drian knot, and let F, 4 be objects of the category H®(Sh1(A(B),K)g). Let £, 8" be bases for K",
and let Z1, Zo € X(B,K) be points such that the pairs (f, Z) and (&,Z") algebraically characterize
F and 9 according to Theorem 3.4.46, respectively. Then there is an isomorphism of graded vector

spaces

K [0] @ K®PABD+L (1] | if 2/ =z
Ext*(#,9) =

01[0] @ KPA®) 1] , if 7127
where tb(A(B)) := £ — n corresponds to the Thurston—Bennequin number of A(S3).

Proof. To begin, let us consider the points z, 2’ € X(3,K). By our previous discussion, there exist
unique §, € T and Z, j € )?(ﬁ,K) such that Z= &+ Z and Z/ = ¢ » §. More precisely, building

on Definition 5.1.107, we have that

D(mg, (£))- B (y;) = B™(2) - D(ms, (), forall je[1,4],

% j J

>/

where Z = (z1,...,2¢), 2/ = (21,...,2)), T = (x1,...,2), and ¥ = (Y1, ..., Yr)-

Now, let us consider the linear map 67« : KJ;; — K¢ . associated with .# and ¢, as introduced in

std std

Definition 4.2.55, and let @ € ker 6 7 . By definition, we know that

D(rs, (i) - B

]

" (z;) = B™ () - D(mg, (7)), forall je (1,6,

15 Vi
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Hence, putting the above relations together yields that

(5.1.1) D(ms, ,(#)) - B (w;) = B () - D(mg, (¥)), for all j € [1,4],

v

where ¥ = (F )_1 ® 4 © §. Furthermore, implementing relations (5.1.1) iteratively throughout

j € [1,¢], we obtain that
(5.1.2) D(v) - Ps(%) = Ps(y) - D(mp(V))

where P3(7) = BE?)(xl)'--Bff)(xg) and Pg(y) = Bi(f)(yl) . -Bi(;)(yg). In particular, observe

that, since Z, § € X (8,K), the defining properties of the subvariety X (8,K) and the matrix

equation (5.1.2) imply that
(5.1.3) m5(7) = 7.

Here, recall that, by assumption, A(3) is a Legendrian knot, and hence the permutation mg is a
single-cycle in its cycle decomposition in S,, [5]. Bearing this in mind, identity (5.1.3) guaran-
tees that there exists v € K such that @ = w1, where 1,, = (1,...,1) € Ki,. Consequently,

relations (5.1.1) reduce to the vector equation
u(y—2)=0,

which yields the following two cases:

e Case 1: Suppose § = Z. In this case, u is a free parameter, and as a result ¥ = ua, where
a=t0o (§ )_l € ker 67 4. Hence, since since # is arbitrary, we obtain that ker 6z 4 =
Spang{d } = K, and by Theorem 4.3.66, we conclude that Ext!(#,¥) = K. Here, it is
important to emphasize that, if 2/ = Z or 2, 27/ € X(B,K), then @ = 1, € K% 4, and in any of

these particular situations @ = u 1,,.

e Case 2: Suppose § # &. In this case, we have that u = 0, and as a result ¥ = uad = 0. Hence,
since 4 is arbitrary, we conclude that ker 67«4 = 0, and by Theorem 4.3.66, we deduce that

Ext!(#,9) >0 .
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Next, by Theorem 4.4.93, we know that
x(Ext®*(Z,9)) = dimgExt’(Z,9) — dimgExt' (#,9),

= —th(A(B)),
which implies that
dim gExt! (%, 9) = tb(A(B)) + dimgExt’(F,¥) .
Bearing this in mind, we arrive to the following two cases:

e Case 1: Suppose that = #. In this case, Ext!'(#,¥) = K, and hence dimgExt!(#,¥) =
tb(A(3)) + 1, which shows that Ext!(.#, %) = KA B)+1,

e Case 2: Suppose that 7 # #. In this case, Ext!(.%,¥) = 0, and therefore dimgExt'(#,9) =
tb(A(3)), which implies that Ext!(.#,%) = KP(A(®),
Finally, observe that, if i = Z, then z/ = 2, whereas if i # Z, then 2/ 2 Z. The result follows. [
From our point of view, Theorem 5.1.110 is particularly enlightening. It establishes that, in the
knot case, the linear structure of the graded morphism spaces in the category H®(Shi(A(5),K)p)

is remarkably simple: it is largely determined by intrinsic topological data associated with A(/3),

namely its Thurston-Bennequin number.

Next, we present a result that, in the spirit of Theorem 5.1.110, provides a simple descrip-

tion of the unital graded ring structure of the graded endomorphism spaces in the category

H*(Shi(A(B), K)o)-

Theorem 5.1.111. Let 3 = 0, - -0, € Br}} be a positive braid word such that A(B) is a Legen-
drian knot. Let . be an object of the category H®*(Shi(A(5),K)p). Let £ g basis for K", and
let 7 € X(B,K) be a point such that the pair (f'("), Z) algebraically characterizes F according to
Theorem 3.4.46. Then:

(1) There is an isomorphism of graded vector spaces

Ext®(Z,.7) = K [0] @ KOO+ ]
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(2) Under the isomorphism of graded vector spaces in (1), the unital graded ring structure of
Ext®(F,.7) induced by the graded composition is given by
Ext*(#,.7) x Ext*(#,.%) — End®*(7),
((’LL, f)v (’U, 37)) — (’U, g) © (’LL, f) - ('U’LL, Uf—'_ Ug) )

for all u, v € K and Z, § € KPAB)+1,

Equivalently, there is an isomorphism of unital graded rings
Ext*(#,#) = H*(X4.1,K),

where H®*(341,K) denotes the unital cohomology ring over K of a genus-g surface ¥41 with one

puncture and 2g = tb(A(B)) + 1.

Proof. First, observe that part (1) follows directly from Theorem 4.4.92; nevertheless, we briefly
outline the main arguments of its proof, as this will naturally set the stage for the proof of part
(2).

To begin, consider the linear map 4z z : K[, ; — Kﬁtd associated with .%, as introduced in Defini-
tion 4.2.55. Then, building on Theorems 4.3.66 and 4.4.92, we identify Ext®(.#,.%) with ker 7.7

and Ext!(.#,.%) with coker d7.7.

Let @ = (ui,...,up) € keréz # C Kl;4. By an argument analogous to that in the proof of
Theorem 5.1.111, there exists u € K such that u; = u for all i € [1,n], that is, @ = u1,, where
1, = (1,...,1) € K. Hence, since # is arbitrary, we deduce that ker d# # = Spany{ fn} =K. It
follows from Theorem 4.4.93 that dim Ext!(.#,.%) = tb(A(B)) + dim Ext?(.#,.#), and as a result,

we conclude that cokerd gz z# = KPABE)+! | Bearing this in mind, part (1) follows:

Ext®(Z,.7) = K [0] @ KOO+ ]

Next, we verify part (2). For this purpose, we introduce the following notation. Let u € K and

Z € KPPAB)D+L | Then, we write

u~i€ekerdy z, and T~[F']€ cokerds z, f’eKﬁtd
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to denote that @ and [Z'] are the unique elements corresponding to u and Z under the isomorphism
of graded vector spaces established in part (1), respectively. With this notation at hand, we proceed
to analyze the algebraic structure induced by the graded composition in Ext®(.%#,.%) by considering

the following three cases:

e Case 1 (ExtY(Z,.7) x ExtY(%,.7)): Let u,v € K, and consider i, 7 € ker 0.7 .7 such that u ~ 4
and v ~ ¥, namely, @ = u1, and ¥ = v1,. By Theorem 4.5.104, we know that To@ = 7O @ €

—

ker 6z #, which implies that ¢ o @ = vu 1,. Hence, if we define the composition
o: KxK —» K
(v,u) — vou
via the assignment v o u ~ ¥ o @, we deduce that v o u = vu.
o Case 2 (Ext'(Z,.7) x Ext’ (%, .#)): Let u € K and i € KP*AB)+1 " and consider @ € ker dz.7
and [§'] € coker 67 g such that u ~ @ and i ~ [’ ] for some i’ = (y},...,y}) € K ; in particular,
@ = (uy,...,uy) € K2, with u; = u for all i € [1,n], namely @ = u1,. By Theorem 4.5.105, we

know that [§'] o @ = [’ oy, ©], where i’ og, @ = (J1,...,7¢) € K4 is entrywise given by

~ /
Yi = Y5~ Umg, (i) »

for all j € [1,£]. Thus, since ur, (;;) = u for all j € [1,/], we obtain that y' og, U =uy’', and as a

result, we also deduce that uy ~ u[y’] = [y'] o 4. Hence, if we define the composition
o KtPAMBN+! « K — Kb(AB)+1
( ga u) = :lj ou

via the assignment ¢ ou ~ [§'] o @, we conclude that ¢ o u = ug.

e Case 3 (Ext'(F,F) x Ext!(F,F)): Let v € K and ¥ € K®PAED+1 and consider 7 € ker 6.7

and [Z'] € coker 67 7 such that v ~ ¥ and & ~ [ '] for some &’ = (21, ...,2}) € K’ ; in particular,
7= (vi,...,vp) € Ky with v; = v for all i € [1,n], namely ¢ = v1,. By Theorem 4.5.106, we
know that @ o [F'] = [¥ og, ©'], where ¥ o5, T’ = (F1,...,3s) € K4 is entrywise given by

~ /
Lj = Umg, (i5+1) 55
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for all j € [1,/]. Thus, since VUry (i;41) = v for all j € [1,], we obtain that ¢ og, &' = v @', and as
J

-/ —

a result, we also deduce that vZ ~v[Z'] = ¥ o [Z’]. Hence, if we define the composition

o K x Ktb(AMB)+1 _y Rtb(A(S))+1

(v, @) = volXd
via the assignment v o & ~ ¥ o [Z'], we conclude that v o & = v 7.
In particular, combining the above cases, we obtain the graded composition rule
Ext*(Z,.7) x Ext* (%, %) — Ext*(7#,.%),
((u,f),(v,gj’)) — (v,9) o (u, %) = (vu, v+ uy),
for all u, v € K and Z, § € KPP(AB)+1 Bearing this in mind, part (2) follows.
Now, let 41 be a genus g-surface with one puncture. As is well known, the unital graded coho-
mological ring H*(3,1,K) of ¥, 1 over K is given by

H*(241,K) = K[0] ® K*[1],

where the graded composition rule induced by the cup product is defined by
H*(241,K) x H*(¥41,K) — H*(%41,K),
((u,i‘),(v,y_’)) — (v,¥) o (u,Z) = (vu, vZ+uy),
for all u, v € K and 7, i € K?9.
Finally, recall that since by definition A(f) is a Legendrian knot with maximal Thurston-Bennequin
number, arising as the rainbow closure of a positive braid word 3, tb(A(3)) is an odd integer. Thus,
if we consider X, 1 such that 2g = tb(A(3)) + 1, we conclude that there exists an isomorphism of

unital graded rings

Ext*(#,7) = H*(X,1,K).
This completes the proof. ]

Conceptually, the previous result may be viewed as a sheaf-theoretic analogue of the Seidel
isomorphism theorem [13]. From another perspective, and building on the insightful work of

Chantraine [11], Theorem 5.1.111 shows that, when A(3) is a Legendrian knot, the unital graded
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ring structure of the graded endomorphism spaces in the category H®(Shi(A(8),K)p) is fully de-
termined by the smooth topology of the possible exact Lagrangian fillings of A(f3). This reveals
the rich algebraic, geometric, and topological structures encoded by the categorical invariant under
consideration and illustrates the power of the sheaf-theoretic framework developed in this disserta-

tion.

With the above result at hand, we conclude our discussion compiling some structural aspects
of the category H®*(Shi1(A(B),K)p) in the Legendrian knot case. Building on this, we proceed to
analyze in detail some aspects of the category H®(Shi(A(8),K)p) in the case where K = Zg and

A(B) is a concrete Legendrian knot, namely the Legendrian trefoil knot on three strands.

5.1.2. The Case of the Legendrian Trefoil Knot. Let f1 := 01090109 € Brg'. In this case,
A(Br) C (R3,&4q) is Legendrian trefoil knot presented as the rainbow closure of a positive braid
word on three strands. Next, we apply the framework we developed in the previous chapters to
provide a detailed description of certain aspects of the category H®(Shi(A(Br),Z2)o). In particular,
since this category is a Legendrian isotopy invariant, our results agree with those in [33], where
the Legendrian trefoil knot is studied as the rainbow closure of a positive braid on two strands.
What is new here is the explicit description of the compositions of graded morphisms, which is not

discussed in [33].

e Setup: To begin, observe that, for any zZ' = (z1, 29, 23, 24) € Z%, the path matrix associated with

Bt is given by
2123 +20 2z +1 =
Ppr(Z) = 23 24 1 | € GL(3,Zy).
1 0 0

Consequently, the braid variety associated with S is defined by
X(ﬁT,Zg) = {Z: (21,2’2,23,24) S Z% | 2123 + 29 = 1, 2924 — 23 = 1} C Z% .
Accordingly, a straightforward calculation shows that X (5, Z2) consists of five points:

X(Br,Z2) ={z1 =(0,1,0,1), z5 =(0,1,1,0), 23 = (1,0,1,0), Z, = (1,0,1,1), z5 = (1,1,0,1)} .
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By Theorem 3.4.46, the objects of the category H*(Shi(A(Br),Z2)o) are parametrized by a

basis for Z3 together with a point in the braid variety X (Br,Zz). Bearing this in mind, we write

Ob(H* (Shi(A(Br), Zs)o)) = { (i®, ) ‘ £ is a basis for Z3, and 7 € X (B, Z») } .

Under the preceding identification, the linear structure of the graded morphism spaces in the
category H®(Sh1(A(fSt),Z2)0) is described as follows: let .F# = (f‘(?’) , f) and ¥ = (g(3> , gj) be
objects of the category H*(Sh1(A(B1),Z2)o), and let 6« : Z3 — Z3 be the linear maps associated

with these objects, as introduced in Definition 4.2.55. Specifically,

— — 3
59,%(“) = (U121 — Yy1u2, U1T2 — Y2Uu3, UL — Y3U3, U2T4 — Y4UL) , U = (u1,ug,u3) € Zy,

where ¥ = (21, 22,23,24) and ¥ = (y1,Y2,¥3,v4). Then, building on Theorems 4.3.66 and 4.4.92,
we write

Ext)(#,9) =kerdzy, and Ext'(F,9)=cokerdzg.

)

Later, when dealing with concrete examples and in order to simplify our discussion, we will work
under the identification Ext!(.%#,%4) = W, where W corresponds to some fixed complement of

imdz g in 73, that is, a vector subspace such that Z3 = im dxgg © W.

With the above identifications at hand, the graded composition between the graded morphism
spaces in the category H®(Shi(A(Br),Z2)o) is characterized as follows: let .F# = (f'(?’) , :i”),
Y = (g<3),g), and 2 = (q(3>, 5) be objects of the category H®(Shy(A(Br),Z2)o). Fix
i = (u1,uz,u3) € Ext?(F,9), 7 = (v1,v2,v3) € Ext’(¥4, 2), ¥ € Ext!(F,¥), and T € Ext} (¥4, 2),
and let 7 = (p1,p2,p3,p4) € Z3 and § = (q1,q2,q3,94) € Z3 be representatives such that ¥ = [ ]
and I' = [¢]. Then, by Theorems 4.5.104, 4.5.106, and 4.5.105, the graded compositions between

the morphisms under consideration are given by:

Tod=701UE EXtO(y, 2), U O U = (viug, vaug, v3U3, V4Uy) € Zg,
I'od=][qop, 4] € Ext'(F,2), q opy U@ = (qus, g2us, gsuz, qau1) € Zs
ToX=[Vop pl|e Extl(f,e@), T og, p= (vip1,v1p2, V2p3, U2ps) € Z%.

Later, when working with concrete examples and in order to simplify our discussion, we identify

Ext!(#,9), Ext! (4, 2), Ext! (%, 2) with some fixed complements Wi, Ws, W3 of the images of
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the corresponding linear maps dz ¢, 0y 2, 07 2 : Z3 — 745 in Z3. In this setting, the mixed degree
graded compositions are computed via the left o : Z3 x Z3 — Z3 and right og, : Z3 x Z3 — Z3
braided compositions, and the resulting vectors in the ambient space Zj are then projected onto

W3 for consistency.

o Some Concrete Computations: To illustrate how to apply the setup we established above, we

consider five explicit objects of the category H®(Shy(A(Br),Z2)o):

£®) is a fixed basis for 73,

)

i = ( £ , ,Z,) Z; is the i-th distinct point in X (fr,Zs),
i€l,5]

Next, we analyze in detail the algebraic properties of some of the graded morphism spaces
associated with the objects {ﬂz}:;l In particular, we begin by examining the ring structure of
the graded endomorphism space End®(.%;), summarized for clarity in Table 5.1. From this table,
we see that End®(.#1) has a particularly simple ring structure, namely that of the cohomology ring
of a genus-one surface with one puncture. This is not a coincidence: since tb(A(fr)) =¢—n =1,

Theorem 5.1.111 asserts that, for any i € [1, 5], there is an isomorphism of unital graded rings

End®*(%#) = H*(X11,2Z9) ,

where H®(X; 1,Zs) denotes the unital cohomology ring over Zs of a genus-one surface with one
puncture. It follows that the algebraic structure of the graded endomorphism spaces of the ob-
jects {9}}?:1 is particularly simple and depends primarily on intrinsic data associated with the

Legendrian knot A(fr).

We now extend our discussion by explicitly analyzing the graded morphism spaces and their
compositions for the ordered triples (%, %2, %#3) and (F1, #1,F%2). As summarized in Tables 5.2
and 5.3, these examples illustrate two contrasting behaviors: when all objects are distinct, com-
positions are trivial, whereas when some objects coincide, nontrivial mixed-degree compositions
appear.

Finally, we conclude our discussion by examining the linear algebraic structure of the graded
morphism spaces associated with the objects {9}}25:1 For this purpose, recall that tb(A(S1)) = 1.

Then, since the points Z; are all distinct and the torus action on X (31, Zs) is trivial, Theorem 5.1.110
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yields an isomorphism of graded vector spaces

Zol0) @ Z3[1], ifi=j,
0[0] @ Zo[1], if i # 4,

which shows that the linear structure of the graded morphism spaces associated with the objects
{ﬂ’i}?zl is particularly simple and largely determined by intrinsic data associated with the Legen-

drian knot A(fSr).

Having established this, we conclude our study of the category H®(Shi(A(5),K)o) in the case
where A(f3) is a Legendrian knot. The general case of Legendrian links is richer in structure and
depends more heavily on the choice of the positive braid word 3. In the next subsection, we apply
the machinery we developed in the preceding sections to a simple yet illuminating example that
offers significant insight into the structure of the category H®(Shi(A(5),K)o) in the case where

K = Zy and A(S) is a Legendrian link, namely the Legendrian Hopf link on three strands.

Object: F;

Graded Endomorphism Spaces

End®(%)) = Spang, {t; = (1,1,1) }

End!(%) = Spang,{a; = (1,0,0,0), a2 = (0,0,1,0) }

Graded Composition
o: End°(%)) x End°(.#,) — End%(7),

(blﬂl ,alle) — biaiuq .

o: End!(#)) x End°(%#) —  End(%),

(161 4 b2, a101) = qra1dy + geaide .

o: Endo(ﬁl) X Endl(éffl) — Endl(gzl),
(bitiy ,p1G1 4 p2da) > bipidy + bipada .

TABLE 5.1. Unital ring structure of the graded endomorphism space End®(.%1).
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Ordered Triple: (1, %2, %#3)

Graded morphism Spaces

EXtO(ﬁl, 54\2) = Eth(g‘\l, fg) = SpanZQ{ (341 = <1, 0, 0, 0> }

0
Ext’(F, F3) =0 | Ext!(F, F3) = Spany,{ /1 = (0,0,0,1) }
0

EXtO(yl,g‘\;g) = Eth(ﬁl,ﬁg) = SpanZQ{ ’3/1 = <1,0,0, 1> }

Graded Composition

o: Exto(ﬁ%ﬁz})) X EXtO(yl,ﬁg) — EXtO(yl,fgg),
(0,0) — 0.

o: Eth(gg, c973) X EXto(gl, 92) — Eth(fl, 93) s
(q151,0) =

o: EXtO(yg, F3) X Eth(ﬁl, Fa) — Eth(yl, F3),
( 0,p101 ) — 0.

TABLE 5.2. Graded morphism spaces and their compositions for the ordered triple
(5?1, y?a y?))

Ordered Triple: (%1, %1, F2)

Graded morphism Spaces

Ext(#,.#1) = Spang, {4 = (1,1,1) } | BExt'(F, #1) = Spany,{é1 = (1,0,0,0), a2 = (0,0,1,0) }

Ext’(%1, %) =0 Ext!(Z1, %) = Spany, { #1 = (1,0,0,0) }

Graded Composition

o: EXtO(yl,ﬁg) X EXtO(ﬂ\l,yl) — EXtO(ﬂ\l,yg)7
(070/1/&1) — 0.

o: Extl(fl 9\2) X Exto(gzl,gzl) — Eth(ﬂl,ﬂg),

(Q151 ,ardy ) — qra1 B -

o: ExtO(F1, Fo) x Ext!(F1,.71) — Ext'(F1,.%),
(0,p1d1 + pacia ) — 0.

TABLE 5.3. Graded morphism spaces and their compositions for the ordered triple
(F1, F1, F2).
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5.2. The Case of the Legendrian Hopf Link

Let By := 0102071 € Bra. In this case, A(Bn) C (R3,&xa) is the Legendrian Hopf link presented
as the rainbow closure of a positive braid word on three strands. Next, we apply the framework

we developed in the previous chapters to provide a detailed description of certain aspects of the

category H*®(Shi(A(Bu), Z2)o).

e Setup: To begin, observe that, for any z = (z1, 22, 23) € Z3, the path matrix associated with By

is given by
z123+22 21 1
Pgy, (z)= 23 1 0 | € GL(3,Z,).
1 0 O

Consequently, the braid variety associated with Sy is defined by
X(ﬁH,ZQ) = {5: (Zl,Z2,Z3) S Z% | z123+ 290 =1, 290 = 1} - Zg.
Accordingly, a straightforward calculation shows that X (i, Zs2) consists of three points:

X(Bu,Z2) ={z1 =(0,1,0), z5 = (0,1,1), z3 = (1,1,0)} .

By Theorem 3.4.46, the objects of the category H®(Shi(A(Bu),Zz2)o) are parametrized by a
choice of basis for Z3 together with a point in the braid variety X (8y,Z2). Bearing this in mind,

we write
Ob(H*(Sh1(A(Bn), Zs)o)) = { (i@, 7) ‘ £ is a basis for Z3, and 7 € X (B, Z») } .

Under the preceding identification, the linear structure of the graded morphism spaces in the
category H®(Sh1(A(Su),Z2)o) is described as follows: let .7 = (f(3) , f) and ¥ = (g(3> , gj) be
objects of the category H®(Sh1(A(Bn),Z2)o), and let 87« : Z3 — Z3 be the linear maps associated

with these objects, as introduced in Definition 4.2.55. Specifically,

07 (W) = (U121 — Y1u2, u1T2 — Yous, U2T3 — Y3us), @ = (u1,u2,u3) € Z3,

where ¥ = (21,22, x3) and ¥ = (y1, y2, y3). Then, building on Theorems 4.3.66 and 4.4.92, we write

Ext’(#,9) = ker dz@, and Ext!(#,9) = coker 0.z o -
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Later, when dealing with concrete examples and in order to simplify our discussion, we will work
under the identification Ext!(.#,4) = W, where W corresponds to some fixed complement of

imdg« in Z3, that is, a vector subspace such that Z3 =imdz g & W.

In particular, with the preceding identifications at hand, the composition of graded morphisms in
the category H®(Shi(A(Bu),Z2)o) is characterized as follows: let .# = (f'(g) , :1_:’), 9 = (g(3> , gj’),
and 2 = (fl(?’), 2’) be objects of the category H®*(Shy(A(Bu),Z2)o). Fix @ = (uy,uz,us)
Ext’(Z,9), ¥ = (v1,v9,v3) € Ext®(¥4,2), ¥ € Ext!(#,9), and T' € Ext!(¥4,2), and let p =
(p1,p2,p3) € Z3 and ¢ = (q1, g2, g3) € Z3 be representatives such that ¥ = [p] and T = [§]. Then,
by Theorems 4.5.104, 4.5.106, and 4.5.105, the graded compositions between the morphisms under

consideration are given by:

Toi=1v01cExt)(F,2), TO @ = (viug, vouy, v3uz) € Zs
INod= [ JOﬂR ﬁ] € Eth(y,Q), JOﬁR U= (Q1U27QQU37QSU3) € Zg)
ToX=[7op p|e Extl(y,a@), U og, p'= (vip1,v1p2,v2p3) € Z%’.

Later, when working with concrete examples and in order to simplify our discussion, we identify
Ext!(#,9), Ext}(¥,2), Ext}(%,2) with some fixed complements Wy, Ws, W3 of the corre-
sponding linear maps 0z ¢, 0y 2, 0.7 2 : Z3 — Z3 in Z3. In this setting, the mixed degree graded
compositions are computed via the left og, : Z3 x Z3 — Z3 and right og, : Z3 x Z3 — Z3 braided
compositions, and the resulting vectors in the ambient space Zg are then projected onto W3 for

consistency.

e Some Concrete Computations: To illustrate how to apply the framework we developed in the

previous chapters, we consider three concrete objects of the category H®(Shi(A(Bu),Z2)o):
3‘\1:(%(3)’21)7 Q\Q:(g@),fé), 93:(61(3)’23)’

where £3), §3), §®) are fixed bases for 73, and Zz1, Z», 73 are the three distinct points in the braid

variety X (S, Z2).

Next, we explicitly describe the algebraic properties of some of the graded morphism spaces

associated with #1, %, Z3. To begin, note that the ring structure of the graded endomorphism
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space End®(.%;) is summarized in Table 5.4, which reveals that End® (%) and End'(.%;) are 2-

dimensional over Zs, with the graded composition exhibiting a non-trivial, rich algebraic structure.

Object: F;

Graded Endomorphism Spaces
End?(%) = Spang, {@; = (0,1,0), 4o = (1,0,1) }
End!(%) = Spang, {a; = (1,0,0), a2 = (0,0,1) }

Graded Composition
o: End(%#)xEnd’(%#) — End(%),

(blﬂl + bt , a1ty + azﬂg) — brai1t; + baagls .

o: EndY(#)xEnd’(#) —  End'(%),

(q1én + @22, a1y + aglla ) — qrai1dy + geagds .

o: End%%) xEnd'(%#) — End'(%),
(brdy + botia , pray 4 pada ) — bopiGy + bipads .

TABLE 5.4. Unital ring structure of the graded endomorphism space End®(.%1).

Similarly, the ring structure of the graded endomorphism spaces End®(%#) and End®(%3) is
summarized in Tables 5.5 and 5.6. In particular, these tables reveal that, compared to End®(.#1),
the graded endomorphism spaces associated with %, and %3 have a slightly simpler ring structure,

namely that of the cohomology ring of an annulus.

Next, we extend our discussion by explicitly analyzing the graded morphism spaces and their
compositions for the ordered triple (%3, %, %), which for clarity is summarized in Table 5.7. In
this concrete example, the graded composition is largely trivial, with the only non-trivial contribu-

tions arising from the degree zero morphism spaces.

Finally, we close our discussion by summarizing in Table 5.8 the linear algebraic structure of
the graded morphism spaces associated with %1, %, %3. From this table, we observe that %1

stands out, as its graded morphism spaces exhibit a richer structure compared to the others.
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Object: F5

Graded Endomorphism Spaces
End®(#,) = Spang, {4 = (1,1,1) }
End!(%;) = Spang,{ & = (1,0,0) }

Graded Composition

o: End%(%) x End®(%#;) — End°(%),
(bl’[Ll ,alﬁl ) —> blal’&l .
o El’ld1 ﬁz) X Endo(yg) — Endl(yg),

(
(q1éu , a1y ) = qraidy .

o: End%(%) x End! (%) — End!(%),

(b1, prév ) = bipiag .

TABLE 5.5. Unital ring structure of the graded endomorphism space End®(.%3).

Object: F3

Graded Endomorphism Spaces

End?(Z3) = Spang, {4 = (1,1,1) }

End (%) = Spany,{ a1 = (0,0,1) }

Graded Composition

o: End%(#3) x End®(%3) — End°(%3),

(
(bl’l},l ,alﬁl ) —> blalﬁl .

o: Endl ﬁg) X Endo(ﬁg) — Endl(ﬁg),

(
(qué,arii) = qaog .

o: End?(#3) x End!(%3) — End!(%3),

(briiy, prn ) = bipiag .

TABLE 5.6. Unital ring structure of the graded endomorphism space End®(Z3).
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Ordered Triple: (F3,.%1, %2)

Graded morphism Spaces

Ext’(F3, #1) = Spanyg, { 41 = (0,1,0) } | Ext' (%3, .71) = Spany, { &1 = (0,0,1) }

Ext?(%#, %) = Spany, { o1 = (0,1,0) } Ext! (%, %) = SpanZQ{Bl = (1,0,0) }

EXtO(ﬁB, ﬁg) = SpanZQ{ ’LZ)1 = <0, 1, 0> } Eth(yg, g‘\g) = SpanZQ{ ’3/1 = <1, 1, 1> }

Graded Composition

o: Exto(fl, yg) X EXtO(ﬁg, ﬁl) — EXtO(yg, fQ) ,

(bl’f)l ,alzll ) —> blallf)l .

o: Eth(gl, fg) X EXto(gg, 91) — Eth(fg, 92) s
(@11, artiy ) — 0.

o: EXtO(fl, yg) X Eth(ﬁg, ﬁl) — Eth(yg, <9\2) ,

(b101, prén ) > 0.

TABLE 5.7. Graded morphism spaces and their compositions for the ordered triple

(F3, F1, F2).

Ext*(F;, 7;) 7 F F
T Z30) e Z3[1] | Z2[0] ® Zo[1] | Zs[0] © Zo[1]
F Zo[0] @ Zo[l] | Zo0] @ Za[l] | Z2[0] @ Zo[1]
F Zo[0] ® Zo[1] | Zo0] @ Za[l] | Z2[0] @ Zo[1]

TABLE 5.8. Linear structure of the graded morphism spaces associated with %1,

Fo, F3.
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APPENDIX A

Auxiliary Results on Braid Matrices

In this appendix, we record several auxiliary results concerning the braid matrices (see Defini-
tion 3.1.27). Let n > 2 be an integer. Given M € M(n,K), k € [1,n — 1], and z € K, the
following claims provide explicit formulas for the products M B,(Cn)(z), B](Cn)(z)M , M (B,(gn)(z))*l,
and (B (2))"1 M.

Claim A.0.112. Let n > 2 be an integer, and let M € M(n,K) be a matriz given by

where ¢; denotes the i-th column vector of M for each i € [1,n]. Then, for any k € [1,n — 1] and

z € K, we have that
A = 1€15-+-5Ck—1,Ck+1 T Ck * 2, Ck, C42, - - -, Cp | -

Proof. Multiplying the matrix M on the right by the braid matrix B,gn)(z) only changes the k-th
and (k 4 1)-th columns of M. Specifically,

Ck —> C - 2+ Cig1, Ch+1 > Ck,

while all other columns of M remain unchanged. The claim follows. ]

Claim A.0.113. Let n > 2 be an integer, and let M € M(n,K) be a matriz given by
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where T; denotes the i-th row vector of M for each i € [1,n]. Then, for any k € [1,n — 1] and

z € K, we have that

Tht1 + 2 - T
Tk
Tht2

—

Tn

Proof. Multiplying the matrix M on the left by the braid matrix B,(cn) (z) only changes the k-th and
(k + 1)-th rows of M. Explicitly,

Tk F Tht1 + 2 - Tk, Thtl F> Ty

while all other rows of M remain unchanged. The claim follows. O

Claim A.0.114. Let n > 2 be an integer, and let M € M(n,K) be a matriz given by

where ¢; denotes the i-th column vector of M for each i € [1,n]. Then, for any k € [1,n — 1] and

z € K, we have that

M(B,E”)(z))‘l = [C1, -+, Ghe1s 15 G — g1 - 2, Chg2s - -5 G -

Proof. Multiplying the matrix M on the right by the inverse braid matrix (B,in) (2)) ! only changes

the k-th and (k + 1)-th columns of M. Specifically,
Ck = Chi1, Chit1 F Ch — Ch1 " 2,

while all other columns of M remain unchanged. The claim follows. (|
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Claim A.0.115. Let n > 2 be an integer, and let M € M(n,K) be a matriz given by

where T; denotes the i-th row vector of M for each i € [1,n]. Then, for any k € [1,n — 1] and

z € K, we have that

Th—1
Thi1

Tk — 2 Thtl
T2

—

Tn

Proof. Multiplying the matrix M on the left by the inverse braid matrix (B,gn) (z))f1 only changes
the k-th and (k + 1)-th rows of M. Explicitly,

Th > Thetl, Thil — Th — 2 - Tht1,

while all other rows of M remain unchanged. The claim follows. U

We conclude this appendix with the following lemma, which describes the effect of a generalized

conjugation of a diagonal matrix by braid matrices.

Lemma A.0.116. Let @ = (u1,...,un) € KLy be a fized tuple. Then, for any k € [1,n — 1] and

any z, 2’ € K, we have that
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U1

Uk—1

Proof. The result follows from a straightforward application of Claims A.0.112 and A.0.115.
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up 2 — 2 Uy

Uk 42

Un
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