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Computable Sheaf Invariants for Legendrian Rainbow Closures

Abstract

For any Legendrian link Λ(β) in the standard contact manifold
(
R3, ξ std

)
arising as the rainbow

closure of a positive braid word β, we develop an explicit and computable description of a novel

Legendrian isotopy invariant associated with it, namely H•(Sh1(Λ(β),K)0): the cohomological

category of compactly supported, microlocal rank-one, constructible sheaves of K-modules on R2

with singular support controlled by Λ(β). We achieve this by parametrizing the objects of the

category via the points of an associated braid varietyX(β,K), and for any pair of objects, we provide

a linear map that algebraically characterizes their possible non-trivial graded morphism spaces.

Furthermore, we establish combinatorial rules governing the compositions of graded morphisms in

the category under consideration. Finally, we present several applications of our results, highlighting

the structural features captured by the categorical invariant of our interest.
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characteristic of the graded morphism spaces in the categories considered in this dissertation led

me to reconnect the contact topology of the Legendrian links under study with the categorical

and algebraic framework developed in this work. I also thank Andrew Waldron for opening the

doors of his seminar, giving me the opportunity to share my interests in mathematical physics,

and for enthusiastically addressing my questions in this field. I am especially grateful to him for

encouraging me to approach Roger and for suggesting that I pursue my PhD research under his

supervision, which ultimately resulted in a wonderful experience.

In addition, I would like to thank Lenny Ng, Honghao Gao, Wenyuan Li, Orsola Capovilla-

Searle, and James Hughes for their interest in my dissertation project and for many enlightening

discussions on sheaf-theoretic and Floer-theoretic approaches to the study of Legendrian links. In

particular, I am grateful to Wenyuan for always being open to answering my questions on microlocal

sheaf theory, even when it was difficult for me to formulate them appropriately. I also thank Orsola

for constantly keeping an eye on my progress, for answering my questions on Legendrian contact

homology, and for her advice, which made my journey through graduate school much smoother.

vi



I am immensely grateful to my family, especially my grandmother, Maŕıa Tránsito López, who,
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my hometown—San Luis Potośı, México—which remains one of the most memorable experiences

of my time as a graduate student. Thank you for everything, guys! Finally, I would like to thank

Alberto Molgado and Jasel Berra, without whom I would not have found my way to UC Davis. I

sincerely appreciate their support and influence on my education, which helped set me on the path

toward becoming a mathematician. Particularly to Alberto: ¡Gracias por las enseñanzas de vida!
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CHAPTER 1

Introduction

In this thesis, we investigate a broad family of Legendrian links in the standard contact three-

dimensional space R3 through the lens of microlocal sheaf theory. More precisely, for any Legendrian

link arising as the rainbow closure of a positive braid word, we analyze in depth a Legendrian isotopy

invariant associated with it: the cohomological category of sheaves whose singular support lies on

the given Legendrian link. The main contribution of this dissertation is the development of an

explicit sheaf-theoretic framework that, for any Legendrian link in the family of interest, provides

a complete algebraic, combinatorial, and computable characterization of the objects, morphisms,

and compositions of its associated category. Furthermore, to illustrate our methods, we present

several examples demonstrating the range and effectiveness of our approach.

1.1. Scientific Context

In recent years, microlocal sheaf-theoretic methods [26] have emerged as a powerful framework

in contact and symplectic topology [15,17,18,23,27,28], providing new categorical invariants [33]

and novel approaches to long-standing problems in the theory of Legendrian links [1,10], thereby

revealing rich connections with cluster theory, algebraic geometry, and representation theory [3,4,

5,9,32,34].

For a Legendrian link, the study of its associated microlocal-sheaf categorical invariants has

evolved along two main directions. The first explores the relationship between these invariants

and those arising from Floer-theoretic constructions [12,29,33], while the second focuses on the

algebraic and geometric structures of their moduli spaces of objects and their applications to the

problem of existence and classification of exact Lagrangian fillings of the underlying Legendrian

link [1,6,7,9,10,21,22,31]. Despite the substantial progress achieved along these two research

directions, several aspects of these categorical invariants remain largely unexplored, particularly

those concerning their graded morphism spaces and their compositions. In particular, from the
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general framework developed by Nadler and Zaslow [28] and by Nadler [27], one can deduce that

the structure of the graded morphism spaces in these invariants encodes significant geometric and

topological information about the underlying Legendrian link [15]. For example, in [33], Shende,

Treumann, and Zaslow studied a concrete microlocal-sheaf categorical invariant for the Chekanov

pair, a pair of Legendrian knots with identical classical contact invariants, and used the structure

of the associated graded morphism spaces to show that the two Chekanov knots are not Legendrian

isotopic. Apart from this result, the work of Chantraine, Ng, and Sivek on Legendrian (2,m) torus

links [12] constitutes essentially the only study in the literature where the structure of the graded

morphism spaces and their compositions has been treated in detail for a microlocal-sheaf categorical

invariant.

Motivated by these considerations, the primary goal of this dissertation is to provide a detailed

investigation of a microlocal-sheaf categorical invariant for a broad family of Legendrian links and

to shed light on the rich algebraic, combinatorial, geometric, and topological structures encoded by

the graded morphism spaces and their compositions within the categorical invariant of interest.

1.2. Main Results

Before stating the main results in this thesis, we briefly introduce the notation and conven-

tions necessary for their formulation. Let (x, y, z) be coordinates on R3. The standard contact

structure ξstd on R3 is given by ξstd := ker (dz − ydx) [14]. Let n ≥ 2 be an integer. We denote

by Brn the braid group on n strands with Artin generators σ1, . . . , σn−1, and by Sn its associ-

ated Coxeter group—the symmetric group on n elements—with generators s1, . . . , sn−1, the

adjacent transpositions [5]. Accordingly, we denote by Br+n ⊂ Brn the monoid generated by the

positive powers of the Artin generators, and call its elements positive braid words. Finally, let

K be a ground field. For any integer m ≥ 1, we denote by Km the m-dimensional Cartesian vector

space over K with no basis specified, and by Km
std the same vector space equipped with its standard

ordered basis.

Let β ∈ Br+n be a positive braid word. Following [24,25,33], we associate to it the Legendrian

link Λ(β) in (R3, ξstd)—the rainbow closure of β—whose front projection Πx,z(Λ(β)) ⊂ R2 is

depicted in Figure 1.1. Subsequently, we denote by Sh1(Λ(β),K)0 the dg–category of microlocal-

rank-one, compactly supported, constructible sheaves of K–modules on R2 whose singular
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support lies on Λ(β) [33]. By the work of Guillermou, Kashiwara, and Schapira [18], this category

is an invariant of the Legendrian isotopy class of Λ(β), and in [33], Shende, Treumann, and

Zaslow provided an explicit local combinatorial description of its objects. In particular, building on

these foundations and the seminal work of Chantraine, Ng, and Sivek [12], the main results in this

dissertation lead to a concrete and computable characterization of a categorical invariant of Λ(β)

closely associated with Sh1(Λ(β),K)0, namely its cohomological category H• (Sh1(Λ(β),K)0).

Definition 1.2.1 (Cohomological Category for Rainbow Closures). Let β ∈ Br+n be a positive braid

word. According to [12,33], the category H• (Sh1(Λ(β),K)0) admits the following presentation:

• Objects: The objects of the category H• (Sh1(Λ(β),K)0) are the objects of the category

Sh1(Λ(β),K)0.

• Graded Morphisms: Let F , G be objects of the category H•(Sh1(Λ(β),K)0). The graded

morphism space associated with the pair (F ,G ) is given by the Yoneda graded vector space:

Ext•(F ,G ) =
⊕
p≥0

Ext p(F ,G ) .

• Graded Composition: Let F , G , H be objects of the category H•(Sh1(Λ(β),K)0), and let

p, q ≥ 0 be integers. The graded composition ◦ : Ext p(G ,H )× Ext q(F ,G ) → Ext p+q(F ,H )

is given by the Yoneda composition (see, for instance, [20]).

In recent years, the category H• (Sh1(Λ(β),K)0) has played a pivotal role in addressing several

long-standing problems in symplectic topology and algebraic geometry. For instance, the study of its

moduli space of objects has yielded fundamental results on the existence and classification of the

exact Lagrangian fillings of Λ(β) [1,6,32] and led to the definition of the braid varieties [3,4,5],

thereby revealing deep connections between the theory of Legendrian links, cluster theory, algebraic

geometry, and representation theory [9,21,22].

Definition 1.2.2 (A-type Braid Variety). Let n ≥ 2 be an integer, and let β = σi1 . . . σiℓ ∈ Br+n

be a positive braid word. The braid variety X(β,K) ⊂ Kℓ
std associated with β is the affine variety

defined by

X(β,K) :=
{
x⃗ ∈ Kℓ

std

∣∣ Pβ(x⃗) admits an LU decomposition
}
,
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where, for any x⃗ = (x1, . . . , xℓ) ∈ Kℓ
std, we denote by Pβ(x⃗) ∈ GL(n,K) the ordered matrix product

of the n-dimensional braid matrices associated with the generators of β and the entries of x⃗:

Pβ(x⃗) := B
(n)
i1

(x1) · · · B(n)
iℓ

(xℓ) .

Specifically, given an Artin generator σk ∈ Br+n , with k ∈ [1, n − 1], and a parameter x ∈ K, the

n-dimensional braid matrix B
(n)
k (x) ∈ GL

(
n, K

)
associated with σk and x is defined by

[
B

(n)
k (x)

]
i,j

:=



1 , if i = j and i ̸= k, k + 1 ,

1 , if (i, j) = (k, k + 1) or (k + 1, k) ,

x , if i = j = k ,

0 , otherwise ,

i, j ∈ [1, n] .

In [33], Shende, Treumann, and Zaslow showed that the objects of the category H•(Sh1(Λ(β),K)0)

can be geometrically described by linear configurations of complete flags in Kn that satisfy certain

transversality conditions determined by the positive braid word β. By the work of Casals, Gorsky,

Gorsky, and Simental [4,5], it is known that such configurations of flags are parametrized by points

in the braid variety X(β,K). In particular, combining these results yields the following algebraic

characterization of the objects of the category H•(Sh1(Λ(β),K)0).

Theorem 1.2.3 (Algebraic Characterization of the Objects, [5, 33]). Let β = σi1 · · ·σiℓ ∈ Br+n

be a positive braid word, and let F be an object of the category H•(Sh1(Λ(β),K)0). Then F is

algebraically parametrized by a basis f̂ (n) for Kn and a point x⃗ in the braid variety X(β,K).

Prior to this work, the only known results regarding the graded morphism spaces and their com-

positions in the category H•(Sh1(Λ(β),K)0) were those due to Chantraine, Ng, and Sivek [12].

Specifically, they provided an explicit characterization of the category for Legendrian (2,m) torus

links—positive braid words on two strands—and proved the hereditary-type property in full

generality.
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Theorem 1.2.4 (Hereditary-Type Property, [12]). Let β ∈ Br+n be a positive braid word, and let

F ,G be objects of the category H•(Sh1(Λ(β),K)0). Then, for any p ≥ 2,

Extp(F ,G ) = 0.

Building on the above foundations, we now present the first main result of this dissertation:

a theorem providing a precise algebraic description of the lower-degree morphism spaces in the

category H•(Sh1(Λ(β),K)0). To this end, the following definition plays a central role.

Definition 1.2.5 (δ–map). Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G

be objects of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n) be bases for Kn, and let x⃗ =

(x1, . . . , xℓ), y⃗ = (y1, . . . , yℓ) ∈ X(β,K) be points such that the pairs
(
f̂ (n), x⃗

)
and

(
ĝ(n), y⃗

)
algebraically characterize F and G according to Theorem 1.2.3, respectively. Then, we assign to

the pair (F ,G ) the linear map δF ,G : Kn
std → Kℓ

std defined by

δF ,G (u⃗ ) :=
(
δ1(u⃗ ), . . . , δℓ(u⃗ )

)
∈ Kℓ

std , u⃗ = (u1, . . . , un) ∈ Kn
std ,

where, for each j ∈ [1, ℓ],

δj(u⃗ ) :=
[ (
B

(n)
ij

(yj)
)−1

D
(
πβj−1

(u⃗ )
)
B

(n)
ij

(xj)
]
ij+1, ij

.

The components appearing in this formula are defined as follows:

• πβj−1
∈ Sn is the permutation associated with βj−1 = σi1 · · ·σij−1 ∈ Br+n , the truncation of β at

the (j − 1)-th crossing; in particular, πβ0 is the trivial permutation.

• πβj−1
(u⃗ ) := (uπβj−1

(1), . . . , uπβj−1
(n)) ∈ Kn

std is the vector obtained by permuting the entries of u⃗

via πβj−1
; accordingly, πβ0(u⃗ ) = u⃗.

• D(πβj−1
(u⃗ )) := diag

{
uπβj−1

(1), . . . , uπβj−1
(n)

}
∈ M(n,K) is the n × n diagonal matrix whose

diagonal entries are given by πβj−1
(u⃗ ).

• B
(n)
ij

(xj), B
(n)
ij

(yj) ∈ GL(n,K) are n-dimensional braid matrices associated with σij—the j-th

crossing of β—and xj , yj ∈ K—the j-th entries of x⃗ and y⃗—respectively.
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Theorem A (Algebraic Description of the Lower-Degree Morphism Spaces). Let β = σi1 · · ·σiℓ ∈

Br+n be a positive braid word, and let F , G be objects of the category H•(Sh1(Λ(β),K)0). Let

f̂ (n), ĝ(n) be bases for Kn, and let x⃗, y⃗ ∈ X(β,K) be points such that the pairs
(
f̂ (n), x⃗

)
and(

ĝ(n), y⃗
)
algebraically characterize F and G according to Theorem 1.2.3, respectively.

Following Definition 1.2.5, let δF ,G : Kn
std → Kℓ

std be the linear map associated with the pair

(F ,G ). Then there are isomorphisms of vector spaces

Ext0(F ,G ) ∼= ker δF ,G ,

Ext1(F ,G ) ∼= coker δF ,G .

Having established this, we proceed to present the second main result in this thesis: a theorem

providing a precise algebraic and combinatorial description of the composition between the lower-

degree morphism spaces in the category H•(Sh1(Λ(β),K)0). In particular, the following definition

is fundamental to its formulation.

Definition 1.2.6 (Braided Compositions). Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. We

introduce three bilinear operations associated with β: the Hadamard ⊙ : Kn
std × Kn

std → Kn
std,

the left braided ◦βL
: Kn

std × Kℓ
std → Kℓ

std, and the right braided ◦βR
: Kℓ

std × Kn
std → Kℓ

std

compositions.

Specifically, for any u⃗ = (u1, . . . , un), v⃗ = (v1, . . . , vn) ∈ Kn
std, and any p⃗ = (p1, . . . , pℓ), q⃗ =

(q1, . . . , qℓ) ∈ Kℓ
std, we define:

v⃗ ⊙ u⃗ := (v1u1, . . . , vnun) ∈ Kn
std ,

v⃗ ◦βL
p⃗ := (vπβ1

(i1+1)p1, . . . , vπβℓ
(iℓ+1)pℓ) ∈ Kℓ

std ,

q⃗ ◦βR
u⃗ := (q1uπβ1

(i1), . . . , qℓuπβℓ
(iℓ)) ∈ Kℓ

std ,

where, for each j ∈ [1, ℓ]:

• πβj
∈ Sn is the permutation associated with βj = σi1 . . . σij ∈ Br+n , the truncation of β at the

j-th crossing.

• uπβj
(ij) ∈ K and vπβj

(ij+1) ∈ K are the ij-th and (ij + 1)-th entries of πβj
(u⃗ ) ∈ Kn

std and

πβj
(v⃗ ) ∈ Kn

std—the vectors obtained by permuting the entries of u⃗ and v⃗ via πβj
—respectively,

where ij ∈ [1, n− 1] denotes the index of σij—the j-th crossing of β.
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Theorem B (Algebraic Description of the Graded Composition). Let β = σi1 . . . σiℓ ∈ Br+n

be a positive braid word, and let F , G , H be objects of the category H•(Sh1(Λ(β),K)0).

Let f̂ (n), ĝ(n), ĥ(n) be bases for Kn, and let x⃗, y⃗, z⃗ ∈ X(β,K) be points such that the pairs

( f̂ (n) , x⃗ ), ( ĝ(n) , y⃗ ), ( ĥ(n) , z⃗ ) algebraically characterize F , G , H according to Theorem 1.2.3,

respectively.

Following Definition 1.2.5, let δF ,G , δG ,H , δF ,H : Kn
std → Kℓ

std be the linear maps asso-

ciated with the pairs (F ,G ), (G ,H ), (F ,H ). In light of Theorem A, let µ ∈ Ext0(F ,G ),

ν ∈ Ext0(G ,H ), Θ ∈ Ext1(F ,G ), Φ ∈ Ext1(G ,H ), and suppose that, for some representatives

p⃗, q⃗ ∈ Kℓ
std, the vectors u⃗ ∈ ker δF ,G ⊆ Kn

std, v⃗ ∈ ker δG ,H ⊆ Kn
std, and the classes [ p⃗ ] ∈ coker δF ,G ,

[ q⃗ ] ∈ coker δG ,H determine µ, ν, Θ, Φ, respectively, under the isomorphisms

Ext0(F ,G ) ∼= ker δF ,G , Ext0(G ,H ) ∼= ker δG ,H ,

Ext1(F ,G ) ∼= coker δF ,G , Ext1(G ,H ) ∼= coker δG ,H .

Let i, j ≥ 0 be integers such that i + j ∈ {0, 1}. Then, building on Definition 1.2.6, the graded

composition ◦ : Exti(G ,H )× Extj(F ,G ) → Exti+j(F ,H ) admits the following description:

• (0, 0)-degree composition: Under the isomorphism Ext0(F ,H ) ∼= ker δF ,H , the graded com-

position ν ◦ µ ∈ Ext0(F ,H ) is determined by v⃗ ⊙ u⃗ ∈ ker δF ,H .

• (0, 1)-degree composition: Under the isomorphism Ext1(F ,H ) ∼= coker δF ,H , the graded

composition ν ◦Θ ∈ Ext1(F ,H ) is determined by the class [ v⃗ ◦βL
p⃗ ] ∈ coker δF ,H .

• (1, 0)-degree composition: Under the isomorphism Ext1(F ,H ) ∼= coker δF ,H , the graded

composition Φ ◦ µ ∈ Ext1(F ,H ) is determined by the class [ q⃗ ◦βR
u⃗ ] ∈ coker δF ,H .

The above results are of fundamental relevance, as together with Theorems 1.2.3 and 1.2.4, they

provide an explicit and computable characterization of the category H•(Sh1(Λ(β),K)0). Further-

more, alongside the work of Chantraine, Ng, and Sivek [12] on Legendrian (2,m) torus links, our

results constitute a significant expansion of the known literature, providing a comprehensive study

of a microlocal-sheaf categorical invariant for a broad family of Legendrian links.

Having presented the main results of this dissertation, we proceed to describe its organization.
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Figure 1.1. Front projection Πx,z(Λ(β)) of the Legendrian link Λ(β).

1.3. Organization

In this section, we briefly outline the organization of the dissertation. In particular, the remain-

der of Chapter 1 introduces the notation and conventions used throughout this thesis.

• Chapter 2 establishes the foundational framework for this manuscript. More precisely, it intro-

duces the geometric construction of the family of Legendrian links under study and provides a

review of the microlocal theory of sheaves as developed by Shende, Treumann, and Zaslow [33].

• Chapter 3 provides a detailed analysis of the objects of the category under study and derives

Theorem 1.2.3 from first principles in a self-contained manner.

• Chapter 4 discusses the graded morphism spaces and their compositions in the category of

interest, and provides the proofs of Theorems A and B.

• Chapter 5 presents applications of our main results and illustrates the scope and effectiveness

of our methods through a detailed study of selected examples.

• Appendix A records several technical results concerning braid matrices, included to ensure a

self-contained treatment of some of the algebraic structures discussed in the manuscript.
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It is important to emphasize that the contents of this dissertation are primarily based on the

author’s work in [30]. Apart from minor expository additions and organizational changes to fulfill

the thesis format requirements, this manuscript closely follows the exposition of the original work.

1.4. Notational Conventions

To ensure clarity and consistency, this section sets forth the notation and conventions used

throughout this thesis.

Let a, b ∈ N with a < b. We define [a, b] := {c ∈ N | a ≤ c ≤ b}. Let n ≥ 2 be an integer. We

denote by Brn the braid group on n strands; more precisely, the group on n− 1 generators whose

presentation is given by:

Brn :=

±
σ1, . . . , σn−1

∣∣∣∣∣∣∣
σiσi+1σi = σi+1σiσi+1 , for all i ∈ [1, n− 2]

σiσj = σjσi , for all i, j ∈ [1, n− 1] such that |i− j| ≥ 2

ª
,

where σi ∈ Brn corresponds to the standard i-th Artin generator for all i ∈ [1, n− 1]. Accordingly,

we denote by en the identity element of Brn, and by Br+n ⊂ Brn the monoid generated by the positive

powers of the Artin generators. Furthermore, a product expression of the form β = σi1 · · ·σiℓ ∈ Br+n

is referred to as a positive braid word of length ℓ ∈ N.

When drawing a braid diagram on n strands, our convention is that strands are enumerated

from bottom to top by 1, . . . , n. In addition, we multiply braids from left to right, and depict

the braid diagram of a positive braid word by reading its generators from left to right, drawing

the corresponding crossings in the same order. For example, the braid diagram on three strands

corresponding to the positive braid word σ1σ2 ∈ Br+3 is depicted in Figure 1.2.

Next, we denote by Sn the Coxeter group associated with Brn—the symmetric group on n

elements. More precisely,

Sn :=

µ
s1, . . . , sn−1

∣∣∣∣∣∣∣∣∣∣∣

s2i = 1 , for all i ∈ [1, n− 1]

sisi+1si = si+1sisi+1 , for all i ∈ [1, n− 2]

sisj = sjsi , for all i, j ∈ [1, n− 1] such that |i− j| ≥ 2

ø
,

9



1

2

3

σ1 σ2

σ1 σ2 =

Figure 1.2. Braid diagram on three strands of the positive braid word σ1σ2 ∈ Br+3 .

where si ∈ Sn denotes the i-th adjacent transposition for all i ∈ [1, n − 1]. In particular, by a

slight abuse of notation, we also use en to denote the identity element in Sn. Throughout this

manuscript, we compose permutations from left to right, so that the map Brn → Sn given by

σi 7→ si defines a group homomorphism. In other words, for any π1, π2 ∈ Sn and any k ∈ [1, n],

we set (π1π2)(k) := π2(π1(k)). For instance, the permutation s1s2 ∈ S3 is given by s1s2(1) = 3,

s1s2(2) = 1, s1s2(3) = 2. Furthermore, for any positive braid word β = σi1 · · ·σiℓ ∈ Br+n , we denote

by πβ := si1 · · · siℓ ∈ Sn the permutation associated with β.

Let m,n ∈ N, and let R be a commutative ring. We denote by M(n,m,R) the set of n × m

matrices over R, by M(n,R) the ring of n × n matrices over R, and by GL(n,R) the group of

invertible n×n matrices over R. Moreover, given a matrix A ∈ M(n,m,R), we denote by Ai,j ∈ R

the (i, j)-entry of A, for all i ∈ [1, n] and j ∈ [1,m]. In certain contexts, we also write

A =
î
c1 · · · cm

ó
, and A =


r1
...

rn

 ,
where ci and rj denote the i-th column and j-th row vectors of A, respectively, for all i ∈ [1,m]

and j ∈ [1, n].

Throughout this thesis, we identify K with an arbitrary ground field. Accordingly, for any

integer m ≥ 1, we denote by Km the m-dimensional Cartesian vector space over K with no basis

specified, and by Km
std the same vector space equipped with its standard ordered basis. Now, let

X and Y be finite-dimensional vector spaces over K such that dimKX = p and dimKY = q, for

some p, q ∈ N. Let T : X → Y be a linear map, and let x̂ :=
{
x̂i
}p
i=1

and ŷ :=
{
ŷi
}q
i=1

be bases

10



for X and Y , respectively. Then, we denote by
[
T
]

ŷ x̂
∈ M(q, p,K) the matrix representing T with

respect to the bases x̂ and ŷ.

Finally, let M be a smooth manifold, and let F be a sheaf on M with values in an abelian

category C [19,20,26]. For any point x ∈ M, we denote by Fx the stalk of F at x. Furthermore,

we denote by SS(F ) ⊆ T ∗M the singular support of F . For the definition of singular support of

a sheaf and a detailed treatment of its geometric and topological properties, see [26].

Having established our notation and conventions, we proceed to Chapter 2, which provides

the main geometric and categorical foundations for this dissertation; specifically, it introduces the

family of Legendrian links of interest and reviews some concrete aspects of the microlocal theory

of sheaves and its applications to the study of Legendrian links.
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CHAPTER 2

Foundations of Legendrian Links and Microlocal Sheaf Theory

2.1. Rainbow Closure of Positive Braids

This section is devoted to defining the rainbow closure of positive braid words—that is, a geometric

construction that yields a distinguished family of Legendrian links in R3.

Let (x, y, z) be coordinates on R3. In this setting, the standard contact structure ξstd on R3 is

defined by ξstd := ker (dz − ydx). Given this contact distribution, a Legendrian knot in (R3, ξstd)

is a knot in R3 with a smooth parametrization γ : S1 → R3 such that, for all t ∈ S1, the tangent

vector γ′(t) lies in ξstd at the point γ(t). Extending this notion, a Legendrian link in (R3, ξstd) is a

finite collection of disjoint Legendrian knots [14].

Next, we introduce a powerful representation for visualizing Legendrian knots in (R3, ξstd),

namely the front projection. To this end, let Λ ⊂ (R3, ξstd) be a Legendrian knot, and let Πx,z :

R3 → R2 be the smooth map given by Πx,z(x, y, z) := (x, z), for all (x, y, z) ∈ R3. Accordingly,

the front projection of Λ, denoted Πx,z(Λ) ⊂ R2, is defined as the image of Λ under the map

Πx,z. Notably, the front projection fully characterizes Λ. More precisely, since the 1-form dz− ydx

vanishes along Λ, the y-coordinate can be recovered from the front projection Πx,z(Λ) via the

relation y = dz/dx. The front projection possesses several powerful properties; in particular, any

immersed curve in R2 with no vertical tangencies lifts to a unique Legendrian link in (R3, ξstd) [14].

Consequently, certain distinguished families of Legendrian links in (R3, ξstd) can be constructed via

the process of cusping off braid diagrams of positive braid words on n strands. Following [24,25,33],

we introduce the following definition.

Definition 2.1.7. Let β ∈ Br+n be a positive braid word. We denote by Λ(β) the Legendrian link

in (R3, ξstd) whose front projection Πx,z(Λ(β)) ⊂ R2 is illustrated in Figure 1.1. We refer to Λ(β)

as the rainbow closure of β.
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Remark 2.1.8. Let en ∈ Br+n be the trivial braid word. The Legendrian link Λ(en) ⊂ (R3, ξstd)

corresponds to the Legendrian unlink on n strands. In particular, the front projection Πx,z(Λ(en)) ⊂

R2 of Λ(en) is depicted in Figure 2.1.

1

2

n− 1

n

R2
x,z

Figure 2.1. Front projection Πx,z(Λ(en)) ⊂ R2 of the Legendrian unlink Λ(en) ⊂
(R3, ξstd) on n strands.

The family of Legendrian links introduced in Definition 2.1.7 constitutes the essential geometric

foundation for the main categorical invariant under study in this dissertation. This family of

Legendrian links has also been studied from a variety of algebraic and geometric perspectives in

the literature; see, for instance, [1,2,8,16,21,24,25,31,32,33].

We conclude this section by recalling a construction from [33] that associates to any Legendrian

link Λ ⊂ (R3, ξstd) a closed conic Lagrangian L(Λ) ⊂ (T ∗R2, ωstd), where ωstd denotes the standard

symplectic structure on T ∗R2.

Construction 2.1.9. Let (x, z) be coordinates on R2, and let (x, z, px, pz) be induced coordinates

on T ∗R2. In this setting, T ∗R2 carries the standard symplectic structure ωstd := d θstd, where the

standard Liouville 1-form θstd on T ∗R2 is given by θstd := −(px dx+ pz dz).
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Let (x, y, z) be coordinates on R3, and recall that the standard contact structure ξstd on R3 is

defined by ξstd = ker (dz− y dx). Now, let κ : R3 → T ∗R2 be the smooth map given by κ(x, y, z) :=

(x, z, y,−1), for all (x, y, z) ∈ R3. By construction, ξstd = ker
(
κ∗θstd

)
, where κ∗θstd denotes the

pull-back of θstd via κ. It follows that, since κ is injective, has an injective differential, and R3 is

diffeomorphic to κ(R3), κ is an embedding [33]. As a result, κ realizes (R3, ξstd) as an embedded

contact submanifold of (T ∗R2, ωstd).

Let Λ ⊂ (R3, ξstd) be a Legendrian link. We denote by Λ̃ ⊂ T ∗R2 the image of Λ under

κ, namely Λ̃ := κ(Λ), and introduce L(Λ) ⊂ (T ∗R2, ωstd) to denote the closed conic Lagrangian

defined by L(Λ) := R>0 Λ̃ ∪ 0R2, where R>0 Λ̃ ⊂ T ∗R2 is the positive cone over Λ̃ and 0R2 ⊂ T ∗R2

is the zero section.

Notation 2.1.10. Let β ∈ Br+n be a positive braid word, and let Λ(β) ⊂ (R3, ξstd) be its associated

Legendrian link. Building on Construction 2.1.9, we introduce L(Λ(β)) ⊂ (T ∗R2, ωstd) to denote

the closed conic Lagrangian associated with Λ(β).

Having introduced the distinguished family of Legendrian links and the main contact and

symplectic constructions relevant to our study, we now turn to the definition of the associated

microlocal-sheaf categorical invariant of interest in this thesis.

2.2. Microlocal Theory of Legendrian Links

In this section, we briefly review the microlocal theory of Legendrian links developed by Shende,

Treumann, and Zaslow [33]. More precisely, given a ground field K, an integer r ≥ 1, and a

Legendrian link Λ ⊂ (R3, ξstd) whose front projection Πx,z(Λ) ⊂ R2 is generic and carries a binary

Maslov potential, we focus on the combinatorial description of the category Shr(Λ,K)0—that is, the

dg-derived category of microlocal rank r, compactly supported, constructible sheaves of K-modules

on R2 whose singular support is contained in the closed conic Lagrangian L(Λ) ⊂ (T ∗R2, ωstd)

associated with Λ (see Construction 2.1.9). In addition, we define the main object of interest in

this dissertation: the cohomological category H•(Shr(Λ,K)0
)
. To this end, we begin by describing

certain stratifications of R2, which are essential for the combinatorial characterization of the objects

of the categories under consideration.
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2.2.1. Regular Stratifications of R2 Induced by Legendrian Links. As previously men-

tioned, we aim to describe a specific dg-derived category of constructible sheaves of K-modules on

R2. Accordingly, the main goal of this subsection is to introduce the stratifications of R2 relevant

to our study.

Let Λ ⊂ (R3, ξstd) be a Legendrian link. We say that the front projection Πx,z(Λ) ⊂ R2 of Λ is

generic if Πx,z(Λ) has only cusps and crossings as singularities. In particular, when Λ has a generic

front projection, it induces a regular stratification SΛ of R2 defined as follows [33]:

(i) The 0-dimensional strata correspond to the cusps and crossings in Πx,z(Λ).

(ii) The 1-dimensional strata are given by the arcs in Πx,z(Λ).

(iii) The 2-dimensional strata consist of the disjoint open subsets of R2 whose union is equal to the

complement of Πx,z(Λ) in R2. Consequently, there is only one unbounded 2-dimensional stratum

in the stratification SΛ.

Next, let a ∈ SΛ be a stratum. We define the star of a, denoted s(a) ⊂ SΛ, as the union of

all the strata of SΛ whose closure contains a. By construction, SΛ forms a regular cell complex;

that is, each stratum a ∈ SΛ and its star s(a) are contractible in S2 = R2 ∪ {∞}, the one-point

compactification of R2.

It is important to emphasize that, for any positive braid word β ∈ Br+n , the front projection

Πx,z(Λ(β)) of the associated Legendrian link Λ(β) ⊂ (R3, ξstd) is generic. Bearing this in mind, we

henceforth restrict our discussion to Legendrian links with generic front projections.

Having introduced the stratifications of R2 relevant to our discussion, we now turn to the

definition of a binary Maslov potential for any Legendrian link in (R3, ξstd) arising as the rainbow

closure of a positive braid word. In particular, this binary Maslov potential will constitute an

essential ingredient in the combinatorial description of the objects of the categories of interest.

2.2.2. A Binary Maslov Potential for the Rainbow Closure of Positive Braids. Let

β ∈ Br+n be a positive braid word, and let Λ(β) ⊂ (R3, ξstd) be its associated Legendrian link. In

this subsection, our goal is to equip Πx,z(Λ(β)) ⊂ R2 with a binary Maslov potential; specifically,

a locally constant function µMaslov : Πx,z(Λ(β)) → Z satisfying certain combinatorial properties.
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To begin, observe that, given a generic positive braid word β ∈ Br+n , the front projection

Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂ (R3, ξstd) is illustrated in Figure 1.1. In this

manuscript, we call strands the smooth curves connecting a left cusp to a right cusp in Πx,z(Λ(β)).

It follows that, for each pair of left and right cusps cl and cr in Πx,z(Λ(β)), exactly two strands

meet at this pair of cusps. Consequently, we denote by L−
cl,cr

and L+
cl,cr

the bottom and top strands

meeting at cl and cr, respectively. Having established these notions, we define a binary Maslov

potential µMaslov : Πx,z(Λ(β)) → Z via the assignment µMaslov(L
−
cl,cr

) = 0 and µMaslov(L
+
cl,cr

) = 1,

for every pair of left and right cusps cl and cr in Πx,z(Λ(β)).

In particular, by closely inspecting the front projection Πx,z(Λ(β)) of the Legendrian link Λ(β),

illustrated in Figure 1.1, we observe that Πx,z(Λ(β)) has n left cusps, n right cusps, and 2n strands.

Then, according to our previous discussion, we have that:

• The n strands forming the braid diagram of β in the front projection Πx,z(Λ(β)) have Maslov

potential 0. These strands are referred to as the bottom strands in Πx,z(Λ(β)).

• The n strands comprising the rainbow-like shape that closes the braid diagram of β to form the

front projection Πx,z(Λ(β)) have Maslov potential 1. These strands are referred to as the top

strands in Πx,z(Λ(β)).

Having introduced a binary Maslov potential for the family of Legendrian links under study, we

now review the combinatorial description of the category Shr(Λ,K)0, which constitutes a robust

Legendrian isotopy invariant of a given Legendrian link Λ ⊂ (R3, ξstd) [33].

2.2.3. Combinatorial Description of the Category Shr(Λ,K)0. Let Λ ⊂ (R3, ξstd) be a

Legendrian link. Given a field K and an integer r ≥ 1, we denote by Shr(Λ,K)0 the dg-derived cat-

egory of microlocal rank r, compactly supported, constructible sheaves of K-modules on R2 whose

singular support is contained in the closed conic Lagrangian L(Λ) ⊂ (T ∗R2, ωstd) associated with

Λ (see Construction 2.1.9). From the perspective of contact topology, the category Shr(Λ,K)0 is

of fundamental relevance: more precisely, the work of Guillermou, Kashiwara, and Schapira [18]

establishes that it is a Legendrian isotopy invariant of Λ. Moreover, Shende, Treumann, and Za-

slow [33] proved that when the front projection Πx,z(Λ) ⊂ R2 is generic and equipped with a binary

Maslov potential, the category Shr(Λ,K)0 admits an explicit local combinatorial description. In
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this subsection, our goal is to briefly review this combinatorial characterization of such a microlocal-

sheaf categorical invariant of Λ. Accordingly, we henceforth assume that Λ is a Legendrian link

whose front projection Πx,z(Λ) is generic and equipped with a binary Maslov potential.

To begin, let SΛ denote the regular stratification of R2 induced by Λ. As shown in [33], when Λ

carries a binary Maslov potential, the objects of the category Shr(Λ,K)0 are quasi-isomorphic to

their zeroth cohomology sheaf, and therefore can be represented by honest sheaves of K-modules.

This simplification is particularly convenient, as it enables us to work with sheaves of K-modules

rather than complexes of such sheaves. Next, let F be an object of the category Shr(Λ,K)0. Then,

according to [33], F is fully characterized by the microlocal support conditions—namely, the set

of conditions relative to the stratification SΛ that determine F according to the following local

models:

a) Arcs: Let a be an arc in the stratification SΛ. Locally near a, SΛ consists of the arc a, an

upper two-dimensional stratum U , and a lower two-dimensional stratum D, as illustrated in

Sub-figure 2.2a. With respect to this local configuration, the behavior of F is described by the

diagram in Sub-figure 2.2b.

a

U

D

(a) Strata configuration near an arc.

F (U)

F (s(a))

F (D)

∼=

(b) Micro-support condition near an arc.

Figure 2.2. Strata configuration (left) and micro-support condition (right) near

an arc.
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b) Cusps: Let c be a cusp in the stratification SΛ. Locally near c, SΛ consists of the cusp c, an upper

arc u, a lower arc d, an inside region I, and an outside region O, as shown in Sub-figure 2.3a.

With respect to this local configuration, the behavior of F is characterized by the commutative

diagram in Sub-figure 2.3b.

cO I

u

d

(a) Strata configuration near a cusp.

F (s(u))

F (I)

F (s(d))

F (s(c))F (O)

∼=

∼=

∼=

∼=

(b) Micro-support condition near a cusp.

Figure 2.3. Strata configuration (left) and micro-support condition (right) near a

cusp.

c) Crossings: Let x be a crossing in the stratification SΛ. Locally near x, SΛ consists of the

crossing x, four two-dimensional strata N , S, E, and W , along with four arcs nw, ne, sw, and

se, as depicted in Sub-figure 2.4a. With respect to this local configuration, the behavior of F

is described by the commutative diagram in Sub-figure 2.4b. Moreover, the sequence

0 −→ F (s(x)) −→ F (s(nw))⊕ F (s(ne)) −→ F (N) −→ 0,

is required to be short exact.

Remark 2.2.11. In the diagrams of Sub-figures 2.2b, 2.3b, and 2.4b, all maps labeled with the

symbol “∼= ” are required to be isomorphisms. In this thesis, we further require these maps to

be the identity maps, a convenient convention often adopted in the literature when working with

concrete examples (see, for instance, [9,12,33]).
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x

N

S

W E

nw ne

sw se

(a) Strata configuration near a crossing.

F (s(x))

F (N)

F (S)

F (W ) F (E)

F (s(nw)) F (s(ne))

F (s(sw)) F (s(se))∼=

∼= ∼=

∼= ∼=

∼= ∼=

(b) Micro-support condition near a crossing.

Figure 2.4. Strata configuration (left) and micro-support condition (right) near a

crossing.

d) Microlocal Rank for Binary Maslov Potentials: Let r ≥ 1 be an integer, and let a be an arc

in the stratification SΛ. In particular, observe that locally near a, SΛ consists of the arc a,

an upper two-dimensional stratum U , and a lower two-dimensional stratum D, as illustrated

in Sub-figure 2.2a. Given this local configuration, let p ∈ U and q ∈ D be arbitrary points,

and denote by Fp and Fq the stalks of F at p and q, respectively. Then, depending on the

binary Maslov potential, the microlocal-rank-r condition impose the following constraints on

the dimensions of these stalks:

– If the arc a belongs to a strand with Maslov potential 0, we require dimK Fp−dimK Fq = r.

– If the arc a belongs to a strand with Maslov potential 1, we require dimK Fq−dimK Fp = r.

e) Compact Support Condition: Let U0 denote the unique unbounded two-dimensional stratum of

SΛ. Then, for any x ∈ U0, we require the stalk of F at x to be trivial; that is, Fx
∼= 0.

With the local combinatorial description of the objects of the category Shr(Λ,K)0 in place,

we now introduce one of the core concepts of this manuscript: the cohomological category

H•(Shr(Λ,K)0). To this end, let F and G be objects of the category Shr(Λ,K)0. Following [26],
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we define Exti(F ,G ) to be the i-th sheaf cohomology of the right-derived internal Hom sheaf

RH om(F ,G ); that is,

(2.2.1) Exti(F ,G ) := H i
(
RΓ(R2;RH om(F ,G ))

)
,

for all i ∈ Z. In particular, as shown in [33], when the front projection Πx,z(Λ) is generic and

equipped with a binary Maslov potential, Exti(F ,G ) = 0 for all i < 0. In this setting, the category

H•(Shr(Λ,K)0) admits the following presentation:

Definition 2.2.12. Let Λ ⊂ (R3, ξstd) be a Legendrian link whose front projection Πx,z(Λ) ⊂ R2

is generic and equipped with a binary Maslov potential. Then, building on [33], the cohomological

category H•(Shr(Λ,K)0) is characterized by the following data:

• Objects: The objects of the category H•(Shr(Λ,K)0) are those of the category Shr(Λ,K)0.

• Morphisms: The morphism spaces are positively graded K-modules. More precisely, let F , G be

objects of the category H•(Shr(Λ,K)0). Then,

HomH•(Shr(Λ,K)0)(F ,G ) := H•(HomShr(Λ,K)0(F ,G )
)
= Ext•(F ,G ) =

⊕
i≥0

Exti(F ,G ) .

• Composition: The morphism spaces are equipped with a graded composition. Specifically, let F ,

G , H be objects of the category H•(Shr(Λ,K)0), and let i, j ≥ 0 be integers. Then, the graded

composition

◦ : Homi
H•(Shr(Λ,K)0)

(G ,H )×Homj
H•(Shr(Λ,K)0)

(F ,G ) −→ Homi+j
H•(Shr(Λ,K)0)

(F ,H ) ,

is defined by the Yoneda composition on Ext groups (see, for instance, [20]).

With the above definition at hand, we conclude our brief review of the microlocal theory of

Legendrian links and turn our attention to the main goal of this dissertation. More precisely, given

a positive braid word β ∈ Br+n , the remainder of this thesis is devoted to providing an explicit and

computable characterization of the category H•(Sh1(Λ(β),K)0). In the next chapter, we present

both a geometric and an algebraic description of the objects of this category.
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CHAPTER 3

The Objects of the Category H•(Sh1(Λ(β),K)0)

Let β ∈ Br+n be a positive braid word. Then, given a fixed ground field K, the main purpose of

this chapter is to provide both a geometric and an algebraic characterization of the objects of the

category H•(Sh1(Λ(β),K)0). To this end, we first establish some technical definitions and lemmas

concerning linear maps and complete flags, which will be instrumental in the discussion ahead.

3.1. Some Technical Results on Linear Maps and Complete Flags

Let β ∈ Br+n be a positive braid word. In this section, we collect several technical lemmas

concerning linear maps subject to specific constraints. Furthermore, we introduce some relevant

definitions and properties of complete flags in finite-dimensional vector spaces. The importance

of the concepts we present below lies in the fact that they provide the basic framework for the

geometric and algebraic description of the objects of the category H•(Sh1(Λ(β),K)0).

We begin by introducing the following lemma, which will be fundamental in studying the objects

of the category H•(Sh1(Λ(β),K)0) near the cusps in the front projection of the Legendrian link

Λ(β).

Lemma 3.1.13 (Cusp Condition). Let S and N be finite-dimensional vector spaces over K such

that dimK S = p and dimKN = q, where p and q are two positive integers subject to the constraints

1 ≤ p ≤ q − 1 and q ≥ 2. Let ϕ : S → N and ψ : N → S be linear maps such that ψ ◦ ϕ = idS.

Then, the following statements hold:

(i) ψ is surjective.

(ii) ϕ is injective.

(iii) N = kerψ ⊕ imϕ.

Proof. First, we prove part (i). To this end, let s ∈ S. Then, we obtain that s = idS(s) = ψ(ϕ(s)),

which shows that s ∈ imψ. As a result, we conclude that S = imψ. Next, we verify part (ii).
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For this purpose, let x ∈ kerϕ ⊂ S. Hence, we have that x = idS(x) = ψ(ϕ(x)) = ψ(0) = 0. It

follows that kerϕ = 0. Finally, we prove part (iii). To this end, let n ∈ kerψ ∩ imϕ ⊂ N . By

definition, we know that there exists s ∈ S such that n = ϕ(s). In particular, we observe that

s = idS(s) = ψ(ϕ(s)) = ψ(n) = 0, which implies that kerψ ∩ imϕ = 0. Furthermore, by parts

(i) and (ii) above, we know that ψ is surjective and ϕ is injective. Therefore, by the rank-nullity

theorem, we get that dimK kerψ = q− p and dimK imϕ = p. Bearing this in mind, we deduce that

N = kerψ ⊕ imϕ. □

We now present a lemma that will play a key role in the description of the objects of the category

H•(Sh1(Λ(β),K)0) near the crossings in the front projection of the Legendrian link Λ(β).

Lemma 3.1.14 (Crossing Condition). Let S, W , E, and N be vector spaces over K. In addition,

suppose that α1 : S → W , β1 : W → N , α2 : S → E, and β2 : E → N are a collection of linear

maps subject to the following constraints:

• The diagram in Figure 3.1 commutes.

N

S

W E

β1 β2

α1 α2

Figure 3.1. Commutative diagram for a collection of linear maps α1, β1, α2, and

β2 satisfying the crossing condition.

• The sequence in Equation (3.1.1) is short exact.

(3.1.1) 0 S W ⊕ E N 0

(α1, α2) β1 ⊕
(
− β2

)
.

Then, the following statements hold:

(i) β1 ◦ α1 = β2 ◦ α2.
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(ii) im
(
β1 ◦ α1

)
= imβ1 ∩ imβ2 = im

(
β2 ◦ α2

)
.

(iii) N = imβ1 + imβ2.

(iv) If the maps α1 and β1 are injective, then the maps α2 and β2 are also injective.

Proof. First, we prove part (i). To this end, observe that, by assumption, the diagram in Figure

3.1 commutes. In consequence, we obtain that β1 ◦ α1 = β2 ◦ α2.

Next, we verify part (ii). For this purpose, let n ∈ imβ1∩ imβ2 ⊂ N . Then, there exist w ∈W and

e ∈ E such that n = β1(w) and n = β2(e). In particular, observe that β1(w)− β2(e) = n− n = 0,

which implies that (w, e) ∈ ker
(
β1 ⊕ (−β2 )

)
. Consequently, since the sequence in Equation (3.1.1)

is short exact, there exists s ∈ S such that (w, e) = (α1(s), α2(s)), which shows that n = β1(α1(s))

and n = β2(α2(s)). Therefore, by part (i) above, we conclude that im
(
β1 ◦ α1

)
= imβ1 ∩ imβ2 =

im
(
β2 ◦ α2

)
.

Now, we prove part (iii). To this end, let n ∈ N . Then, since the sequence in Equation (3.1.1)

is short exact, there exist w ∈ W and e ∈ E such that n = β1(w) − β2(e). It follows that

N = imβ1 + imβ2.

Finally, we verify part (iv). For this purpose, let x ∈ kerα2 ⊂ S. Then, by part (i) above, we have

that β1(α1(x)) = β2(α2(x)) = β2(0) = 0. In particular, since the linear maps α1 and β1 are assumed

to be injective, we conclude that x = 0, and therefore kerα2 = 0. In addition, let y ∈ kerβ2 ⊂ E.

Then, we have that β1(0)− β2(y) = 0− 0 = 0, which implies that (0, y) ∈ ker
(
β1 ⊕ (−β2)

)
. Thus,

since the sequence in Equation (3.1.1) is short exact, there exists s ∈ S such that (α1(s), α2(s)) =

(0, y). Consequently, since the linear map α1 is assumed to be injective, we obtain that s = 0.

It follows that y = α2(s) = α2(0) = 0. Bearing this in mind, we deduce that kerβ2 = 0. This

completes the proof. □

Next, we introduce some key definitions and lemmas concerning complete flags in finite-

dimensional vector spaces.

Definition 3.1.15. Let V be a finite-dimensional vector space over K with dimKV = n, for some

integer n ≥ 1. Then, a complete flag F • =
{
F (0) ⊂ · · · ⊂ F (n)

}
in V is defined to be a nested

sequence of vector subspaces F (p) of V such that dimKF
(p) = p for all p ∈ [0, n]. With this definition

in place, we adopt the following terminology:
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• Two complete flags F • =
{
F (0) ⊂ · · · ⊂ F (n)

}
and G • =

{
G(0) ⊂ · · · ⊂ G(n)

}
in V are said to

be completely opposite if and only if

V = F (p) ⊕G(n−p) ,

for each p ∈ [0, n].

• Let k ∈ [1, n − 1] be an integer. Two complete flags F • =
{
F (0) ⊂ · · · ⊂ F (n)

}
and G • ={

G(0) ⊂ · · · ⊂ G(n)
}
in V are said to be in sk-relative position if and only if F (k) ̸= G(k) and

F (p) = G(p) for each p ̸= k, where p ∈ [0, n].

• Let x̂ :=
{
x̂i
}n
i=1

be a basis for V . We define the standard flag in V relative to the basis x̂ to be

the complete flag F •
std [x̂] :=

{
F

(0)
std ⊂ · · · ⊂ F

(n)
std

}
given by

F
(p)
std [x̂] :=


0 , if p = 0〈

x̂1, . . . , x̂p
〉
, if p ∈ [1, n]

.

Similarly, we define the anti-standard flag in V relative to the basis x̂ to be the complete flag

F •
astd [x̂] :=

{
F

(0)
astd ⊂ · · · ⊂ F

(n)
astd

}
given by

F
(p)
astd[x̂] :=


0 , if p = 0 ,〈

x̂n, . . . , x̂n+1−p

〉
, if p ∈ [1, n]

.

• Let x̂ :=
{
x̂i
}n
i=1

be a basis for V , and let A ∈ GL(n,K) be an n× n invertible matrix over K.

We introduce
{
a⃗j
}n
j=1

to denote the collection of vectors in V given by a⃗j :=
∑n

i=1Ai,j x̂i for

each j ∈ [1, n]. In particular, let F • =
{
F (0) ⊂ · · · ⊂ F (n)

}
be a complete flag in V such that

F (p) =


0 , if p = 0 ,〈

a⃗1, . . . , a⃗p
〉
, if p ∈ [1, n]

.

Then, we say that, relative to the basis x̂ for V , the complete flag F • is represented by the

matrix A.

Notation 3.1.16. Let n, m ≥ 1 be integers. Throughout this manuscript, we implement the

following standard matrices:
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• 1n ∈ GL(n,K): the identity matrix of size n× n.

• wn ∈ GL(n,K): the anti-diagonal identity matrix of size n×n; that is, the matrix with ones on

the anti-diagonal and zeros elsewhere.

• 0n×m ∈M(n,m,K): the zero matrix of size n×m.

Explicitly,

1n :=


1 · · · 0
...
. . .

...

0 · · · 1


n×n

, wn :=


0 · · · 1
... . .

. ...

1 · · · 0


n×n

, 0n×m :=


0 · · · 0
...
. . .

...

0 · · · 0


n×m

.

In addition, for any pair of integers p, q ≥ 1 with q > p, we denote by ι(q,p) ∈ M(q, p,K) the

standard inclusion matrix, and by π(p,q) ∈M(p, q,K) the standard projection matrix, defined by

ι(q,p) :=

[
1p

0(q−p)×p

]
, π(p,q) :=

î
1p 0p×(q−p)

ó
.

Accordingly, for all k ≥ 2, the following identities hold:

π(1,2) · · ·π(k−1,k) = π(1,k) , π(p,q) · ι(q,p) = 1p , ι(k,k−1) · · · ι(2,1) = ι(k,1) .

Remark 3.1.17. Let V be a finite-dimensional vector space over K with dimKV = n, for some

integer n ≥ 1. Furthermore, suppose that x̂ :=
{
x̂i
}n
i=1

is a basis for V . Then, according to

Definition 3.1.15, we have that:

• Relative to the basis x̂ for V , the standard flag F•
std[x̂] in V is represented by the matrix 1n ∈

GL(n,K).

• Relative to the basis x̂ for V , the anti-standard flag F•
astd[x̂] in V is represented by the matrix

wn ∈ GL(n,K).

With the basic notions of complete flags and standard matrices in place, we now formalize

how complete flags arise naturally from collections of vector spaces and linear maps. Moreover, we

introduce the notion of bases adapted to such collections, which provide concrete matrix realizations

of the resulting flags.
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Definition 3.1.18. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over

K such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ϕ(i) : V (i) → V (i+1)

}n−1

i=1
and

{
ψ(i) : V (i+1) →

V (i)
}n−1

i=1
be collections of injective and surjective linear maps, respectively. Then, we introduce the

following definitions:

(1) Type I Flag: Consider the collection
{
ϕ(i)
}n−1

i=1
. We associate to this data the filtration in

V (n) given by

I F •(ϕ(1), . . . , ϕ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
,

where

(3.1.2) F (p) :=


0, if p = 0 ,

im
(
ϕ(n−1) ◦ · · · ◦ ϕ(p)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

We refer to I F •(ϕ(1), . . . , ϕ(n−1)) as the type I flag in V (n) associated with
{
ϕ(i)
}n−1

i=1
.

(2) Type K Flag: Consider the collection
{
ψ(i)

}n−1

i=1
. We associate to this data the filtration in

V (n) given by

KF •(ψ(1), . . . , ψ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
,

where

(3.1.3) F (p) :=


0, if p = 0 ,

ker
(
ψ(n−p) ◦ · · · ◦ ψ(n−1)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

We refer to KF •(ψ(1), . . . , ψ(n−1)) as the type K flag in V (n) associated with
{
ψ(i)

}n−1

i=1
.

(3) Adapted System of Bases I: Consider the collection
{
ϕ(i)
}n−1

i=1
. For each i ∈ [1, n], let

f̂ (i) :=
{
f̂
(i)
k

}i
k=1

be a basis for V (i), and denote by
{
f̂ (i)
}n
i=1

the collection of such bases. We

say that
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ(i)
}n−1

i=1
if, for each i ∈ [1, n−1], the matrix[

ϕ (i)
]

f̂ (i+1) f̂ (i)
∈M(i+ 1, i,K) representing ϕ(i) is the standard inclusion matrix; namely,

[
ϕ (i)

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) .
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(4) Adapted System of Bases II: Consider the collection
{
ψ(i)

}n−1

i=1
. For each i ∈ [1, n], let

f̂ (i) :=
{
f̂
(i)
k

}i
k=1

be a basis for V (i), and denote by
{
f̂ (i)
}n
i=1

the collection of such bases. We

say that
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ψ(i)

}n−1

i=1
if, for each i ∈ [1, n−1], the matrix[

ψ (i)
]

f̂ (i) f̂ (i+1) ∈M(i, i+ 1,K) representing ψ(i) is the standard projection matrix; specifically,

[
ψ (i)

]
f̂ (i) f̂ (i+1) = π(i,i+1) .

Lemma 3.1.19. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over K

such that dimK V
(i) = i for all i ∈ [1, n]. In addition, let

{
ϕ(i) : V (i) → V (i+1)

}n−1

i=1
be a collection of

injective linear maps. Then the type I flag I F •(ϕ(1), . . . , ϕ(n−1)) in V (n) associated with
{
ϕ(i)
}n−1

i=1

is a complete flag.

Proof. By Definition 3.1.18–(1), the filtration I F •(ϕ(1), . . . , ϕ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
in V (n)

is given by

F (p) :=


0, if p = 0 ,

im
(
ϕ(n−1) ◦ · · · ◦ ϕ(p)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

In particular, observe that since each ϕ(i) is injective, the composition ϕ(n−1)◦· · ·◦ϕ(p) : V (p) → V (n)

is also injective for every p ∈ [1, n− 1]. Consequently, by the rank-nullity theorem, we deduce that

dimK im
(
ϕ(n−1) ◦ · · · ◦ ϕ(p)

)
= p ,

for all p ∈ [1, n− 1], which shows that I F •(ϕ(1), . . . , ϕ(n−1)) is a complete flag. □

Lemma 3.1.20. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over

K such that dimK V
(i) = i for all i ∈ [1, n]. In addition, let

{
ψ(i) : V (i+1) → V (i)

}n−1

i=1
be a

collection of surjective linear maps. Then the type K flag KF •(ψ(1), . . . , ψ(n−1)) in V (n) associated

with
{
ψ(i)

}n−1

i=1
is a complete flag.

27



Proof. By Definition 3.1.18–(2), the filtration KF •(ψ(1), . . . , ψ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
in

V (n) is given by

(3.1.4) F (p) :=


0, if p = 0 ,

ker
(
ψ(n−p) ◦ · · · ◦ ψ(n−1)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

In addition, note that since each ψ(i) is surjective, the composition ψ(n−p) ◦ · · · ◦ ψ(n−1) : V (n) →

V (n−p) is also surjective for every p ∈ [1, n − 1]. Consequently, by the rank-nullity theorem, we

deduce that

dimK ker
(
ψ(n−p) ◦ · · · ◦ ψ(n−1)

)
= p ,

for all p ∈ [1, n− 1], which confirms that KF •(ψ(1), . . . , ψ(n−1)) is a complete flag. □

Lemma 3.1.21. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over K

such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ψ(i) : V (i+1) → V (i)

}n−1

i=1
be a collection of surjective

linear maps, and let
{
ϕ(i) : V (i) → V (i+1)

}n−1

i=1
be a collection of injective linear maps satisfying:

ψ(i) ◦ ϕ(i) = idV (i) ,

for each i ∈ [1, n− 1]. In particular, denote by

F •
0 := KF •(ψ(1), . . . , ψ(n−1)) ,

F •
1 := I F •(ϕ(1), . . . , ϕ(n−1)) ,

the type K and type I flags in V (n) associated with
{
ψ(i)

}n−1

i=1
and

{
ϕ(i)
}n−1

i=1
, respectively. Then,

F •
0 and F •

1 are completely opposite flags.

Proof. By assumption, ψ(i) ◦ ϕ(i) = idV (i) for all i ∈ [1, n − 1]. Thus, for each i ∈ [1, n − 1], the

compositions ψ(i) ◦ · · · ◦ ψ(n−1) : V (n) → V (i) and ϕ(n−1) ◦ · · · ◦ ϕ(i) : V (i) → V (n) satisfy

(
ψ(i) ◦ · · · ◦ ψ(n−1)

)
◦
(
ϕ(n−1) ◦ · · · ◦ ϕ(i)

)
= idV (i) .
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Consequently, a direct application of Lemma 3.1.13 yields, for each i ∈ [1, n − 1], the direct sum

decomposition

(3.1.5) V (n) = ker
(
ψ(i) ◦ · · · ◦ ψ(n−1)

)
⊕ im

(
ϕ(n−1) ◦ · · · ◦ ϕ(i)

)
.

Now, consider

F •
0 = KF •(ψ(1), . . . , ψ(n−1)) =

{
F

(0)
0 ⊂ · · · ⊂ F

(n)
0

}
,

F •
1 = I F •(ϕ(1), . . . , ϕ(n−1)) =

{
F

(0)
1 ⊂ · · · ⊂ F

(n)
1

}
.

the type K and type I flags in V (n) associated with
{
ψ(i)

}n−1

i=1
and

{
ϕ(i)
}n−1

i=1
, respectively. By

Definition 3.1.18–(1)–(2), we have that

F
(p)
0 :=


0, if p = 0 ,

ker
(
ψ(n−p) ◦ · · · ◦ ψ(n−1)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

F
(p)
1 :=


0, if p = 0 ,

im
(
ϕ(n−1) ◦ · · · ◦ ϕ(p)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

Therefore, by the direct sum decompositions (3.1.5), we deduce that

V (n) = F
(p)
0 ⊕ F

(n−p)
1 ,

for all p ∈ [1, n− 1], which shows that F •
0 and F •

1 are completely opposite flags, as desired. □

Lemma 3.1.22. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over K

such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ϕ(i) : V (i) → V (i+1)

}n−1

i=1
be a collection of injective

linear maps, and for each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
k

}i
k=1

be a basis for V (i) such that
{
f̂ (i)
}n
i=1

is

a system of bases adapted to
{
ϕ(i)
}n−1

i=1
(see Definition (3.1.18)–3). Then, relative to the basis f̂ (n)

for V (n), the type I flag I F •(ϕ(1), . . . , ϕ(n−1)) in V (n) associated with
{
ϕ(i)
}n−1

i=1
coincides with the

standard flag, I F •(ϕ(1), . . . , ϕ(n−1))
[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
, and is therefore represented by the matrix

1n.
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Proof. By Definition 3.1.18–(1), the filtration I F •(ϕ(1), . . . , ϕ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
in V (n)

is given by

F (p) :=


0, if p = 0 ,

im
(
ϕ(n−1) ◦ · · · ◦ ϕ(p)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

Now, since
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ(i)
}n−1

i=1
, Definition 3.1.18–(3) asserts that

for each i ∈ [1, n − 1], the matrix
[
ϕ (i)

]
f̂ (i+1) f̂ (i)

∈ M(i + 1, i,K) representing ϕ (i) is the standard

inclusion matrix; that is,
[
ϕ (i)

]
f̂ (i+1) f̂ (i)

= ι(i+1,i). As a result, we deduce that

F (p) =
¨
f̂
(n)
1 , . . . , f̂ (n)p

∂
,

for all p ∈ [1, n−1], which confirms that I F •(ϕ(1), . . . , ϕ(n−1))
[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
, as claimed. □

Remark 3.1.23. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces

over K such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ϕ(i) : V (i) → V (i+1)

}n−1

i=1
be a collec-

tion of injective linear maps, and let f̂ (n) :=
{
f̂
(n)
k

}n
k=1

be a basis for V (n) such that the type

I flag I F •(ϕ(1), . . . , ϕ(n−1)) in V (n) associated with
{
ϕ(i)
}n−1

i=1
coincides with the standard flag,

I F •(ϕ(1), . . . , ϕ(n−1))
[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
. Then, an inductive argument establishes that, for each

i ∈ [1, n − 1], there is a unique basis f̂ (i) :=
{
f̂
(i)
k

}i
k=1

for V (i) such that the collection of bases{
f̂ (i)
}n
i=1

is a system of bases for
{
V (i)

}n
i=1

adapted to
{
ϕ(i)
}n−1

i=1
(see Definition 3.1.18–(3)). In

particular, this observation will play a key role in our discussion ahead.

Lemma 3.1.24. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces over K

such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ψ(i) : V (i+1) → V (i)

}n−1

i=1
be a collection of surjective

linear maps, and for each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
k

}i
k=1

be a basis for V (i) such that
{
f̂ (i)
}n
i=1

is

a system of bases adapted to
{
ψ(i)

}n−1

i=1
(see Definition 3.1.18–(4)). Then, relative to the basis f̂ (n)

for V (n), the type K flag KF •(ψ(1), . . . , ψ(n−1)) in V (n) associated with
{
ψ(i)

}n−1

i=1
coincides with

the anti-standard flag, KF •(ψ(1), . . . , ψ(n−1))
[
f̂ (n)

]
= F•

astd

[
f̂ (n)

]
, and is therefore represented by

the matrix wn.
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Proof. By Definition 3.1.18–(2), the filtration KF •(ψ(1), . . . , ψ(n−1)) :=
{
F (0) ⊂ · · · ⊂ F (n)

}
in

V (n) is given by

F (p) :=


0, if p = 0 ,

ker
(
ψ(n−p) ◦ · · · ◦ ψ(n−1)

)
, if p ∈ [1, n− 1] ,

V (n), if p = n .

Now, since
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ψ(i)

}n−1

i=1
, Definition 3.1.18–(4) asserts that

for each i ∈ [1, n− 1], the matrix
[
ψ (i)

]
f̂ (i) f̂ (i+1) ∈ M(i, i+ 1,K) representing ψ (i) is the standard

projection matrix; that is,
[
ψ (i)

]
f̂ (i) f̂ (i+1) = π(i,i+1). Consequently, we obtain that

F (p) =
¨
f̂ (n)n , . . . , f̂

(n)
n−p+1

∂
,

for all p ∈ [1, n − 1], which establishes that KF •(ψ(1), . . . , ψ(n−1))
[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
, as desired.

□

Remark 3.1.25. Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a collection of vector spaces

over K such that dimK V
(i) = i for all i ∈ [1, n]. Let

{
ψ(i) : V (i+1) → V (i)

}n−1

i=1
be a collection

of surjective linear maps, and let f̂ (n) :=
{
f̂
(n)
k

}n
k=1

be a basis for V (n) such that the type K

flag KF •(ψ(1), . . . , ψ(n−1)) in V (n) associated with
{
ψ(i)

}n−1

i=1
coincides with the anti-standard flag,

KF •(ψ(1), . . . , ψ(n−1))
[
f̂ (n)

]
= F•

astd

[
f̂ (n)

]
. Then, an inductive argument shows that, for each

i ∈ [1, n − 1], there is a unique basis f̂ (i) :=
{
f̂
(i)
k

}i
k=1

for V (i) such that the collection of bases{
f̂ (i)
}n
i=1

is a system of bases for
{
V (i)

}n
i=1

adapted to
{
ψ(i)

}n−1

i=1
(see Definition 3.1.18–(4)). In

particular, this observation will play a key role in our discussion ahead.

Before proceeding further, we state a lemma that describes how the matrix representation of a

complete flag in a vector space transforms under a change of basis.

Lemma 3.1.26. Let V be a finite-dimensional vector space over K with dimKV = n for some

integer n ≥ 1, and let x̂ :=
{
x̂i
}n
i=1

and ŷ :=
{
ŷj
}n
j=1

be bases for V related via the change-

of-basis matrix M ∈ GL(n,K); that is, ŷj =
∑n

i=1Mi,j x̂i for each j ∈ [1, n]. Furthermore, let

F • :=
{
F 0 ⊂ · · · ⊂ Fn

}
be a complete flag in V , and suppose that relative to the basis ŷ for V , the

flag is represented by the matrix A ∈ GL(n,K). Then, relative to the basis x̂ for V , the complete

flag F • is represented by the matrix product M ·A ∈ GL(n,K).
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Proof. To begin with, let
{
v⃗k
}n
k=1

be the collection of vectors in V given by v⃗k =
∑n

j=1Aj,k ŷj for

each k ∈ [1, n]. Thus, since relative to the basis ŷ for V , the flag F • is represented by the matrix

A, we have that

F (p) =


0 , if p = 0 ,〈

v⃗1, . . . , v⃗p
〉
, if p = 1, . . . , n .

In addition, recall that ŷj =
∑n

i=1Mi,j x̂i for each j ∈ [1, n]. As a result, we obtain that

v⃗k =

n∑
j=1

n∑
i=1

Aj,kMi,j x̂i ,

=

n∑
i=1

(
n∑

j=1

Mi,jAj,k

)
x̂i ,

=

n∑
i=1

(
M ·A

)
i,k
x̂i ,

for each k ∈ [1, n]. Bearing this in mind, we conclude that, relative to the basis x̂ for V , the flag

F • is represented by the matrix product M ·A. This completes the proof. □

We now introduce a collection of matrices that parametrize complete flags in relative position,

the so-called braid matrices. These matrices are of central importance, as they will play a key role

in the algebraic description of the objects of the category H•(Sh1(Λ(β),K)0).

Definition 3.1.27 (Braid Matrices). Let n ≥ 2 be an integer. Given an Artin generator σk ∈ Br+n ,

with k ∈ [1, n − 1], and a parameter z ∈ K, the n-dimensional braid matrix B
(n)
k (z) ∈ GL

(
n, K

)
associated with σk and z is defined by

[
B

(n)
k (z)

]
i,j

:=



1 , if i = j and i ̸= k, k + 1 ,

1 , if (i, j) = (k, k + 1) or (k + 1, k) ,

z , if i = j = k ,

0 , otherwise ,

i, j ∈ [1, n] .
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More precisely,

1 · · · 0
...
. . .

...

0 · · · 1

0 0
...
...

0 0

0 · · · 0
...
. . .

...

0 · · · 0

0 · · · 0

0 · · · 0

z 1

1 0

0 · · · 0

0 · · · 0

0 · · · 0
...
. . .

...

0 · · · 0

0 0
...
...

0 0

1 · · · 0
...
. . .

...

0 · · · 1





k 2 n− (k + 1)

k

2

n− (k + 1)

B
(n)
k (z) :=

In this manuscript, we refer to B
(n)
k (z) as the k-th braid matrix of dimension n associated with σk

and z.

The braid matrices have been extensively studied and employed in the literature (see, for in-

stance, [4, 5, 5, 8, 12, 16, 25]). In particular, in Appendix A, we list some of their properties,

focusing on those most relevant for this thesis.

Lemma 3.1.28. Let V be a finite-dimensional vector space over K with dimKV = n for some

integer n ≥ 1. Let F • =
{
F (0) ⊂ · · · ⊂ F (n)

}
and G • =

{
G(0) ⊂ · · · ⊂ G(n)

}
be a pair of complete

flags in V such that G • is in sk-relative position with respect to F • for some k ∈ [1, n − 1].

Furthermore, let x̂ :=
{
x̂i
}n
i=1

be a basis for V , and suppose that relative to the basis x̂, the flag F •

is represented by the matrix A ∈ GL(n,K). Then there exists z ∈ K such that, relative to the basis

x̂, the flag G • is represented by the matrix product A · B(n)
k (z), where B

(n)
k (z) ∈ GL(n,K) denotes

a k-th braid matrix of dimension n.

Proof. Let
{
v⃗j
}n
j=1

be the collection of vectors in V given by v⃗j =
∑n

i=1Ai,j x̂i for each j ∈ [1, n].

By hypothesis, we know that, relative to the basis x̂, the flag F • is represented by the matrix A.

In other words, we have that

F (p) =


0 , if p = 0 ,〈

v⃗1, . . . , v⃗p
〉
, if p = 1, . . . , n .
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Moreover, recall that the flag G • is in sk-relative position with respect to F •. To be more precise,

we know that F (k) ̸= G(k) and F (p) = G(p) for all p ̸= k, where p ∈ [0, n]. Here, observe that

for each p ∈ [1, n], the set
{
v⃗1, . . . , v⃗p

}
is a basis for F (p). Thus, since F (k−1) ⊂ G(k), we can

extend the basis {v⃗1, . . . , v⃗k−1} for F (k−1) to a basis
{
v⃗1, . . . , v⃗k−1, g⃗

}
for G(k), for some non-

zero vector g⃗ ∈ G(k). Moreover, since
{
v⃗1, . . . , v⃗k+1

}
spans F (k+1) and G(k) ⊂ F (k+1), we can

write g⃗ = α1 v⃗1 + · · · + αk+1 v⃗k+1 for some αj ∈ K, where j ∈ [1, k + 1]. In particular, since

G(k) ̸= F (k), we know that g⃗ does not belong to F (k), and therefore αk+1 ̸= 0. Thus, we obtain

that g⃗ = α1 v⃗1 + · · · + αk−1 v⃗k−1 + αk+1

(
v⃗k+1 + z v⃗k

)
, where z := α−1

k+1αk ∈ K. As a result, we

can see that the set
{
v⃗1, . . . , v⃗k−1, v⃗k+1+ z v⃗k

}
spans G(k). Bearing this in mind, we conclude that,

there is z ∈ K such that, relative to the basis x̂ for V , the flag G • is represented by the matrix

whose column vectors are given by
[
v⃗1, . . . , v⃗k−1, v⃗k+1 + z v⃗k, v⃗k, v⃗k+2, . . . , v⃗n

]
. Finally, in light of

Claim A.0.112, we readily verify that

A ·B(n)
k (z) =

[
v⃗1, . . . , v⃗k−1, v⃗k+1 + z v⃗k, v⃗k, v⃗k+2, . . . , v⃗n

]
,

where B
(n)
k (z) ∈ GL(n,K) denotes a k-th braid matrix of dimension n. Therefore, we deduce that,

relative to the basis x̂, the flag G • is represented by the matrix product A · B(n)
k (z), for some

z ∈ K. □

Finally, we introduce the notion of braid-transformed bases, which captures how a positive braid

word β = σi1 · · ·σiℓ ∈ Br+n , together with a tuple z⃗ ∈ Kℓ
std, acts on a collection of bases for a family

of vector spaces and produces a new set of bases for the corresponding family.

Definition 3.1.29 (Braid-Transformed Bases). Let n ≥ 2 be an integer, and let
{
V (i)

}n
i=1

be a

collection of vector spaces over K such that dimK V
(i) = i for all i ∈ [1, n]. For each i ∈ [1, n], let

f̂ (i) :=
{
f̂
(i)
k

}i
k=1

be basis for V (i), and denote by
{
f̂ (i)
}n
i=1

the collection of such bases.

Let σp ∈ Br+n be the p-th Artin generator for some p ∈ [1, n − 1], and let z ∈ K be a fixed

parameter. For each i ∈ [1, n], we define a new basis for V (i), f̂ (i)[σp, z] :=
{
f̂
(i)
k [σp, z]

}i
k=1

, as

follows: for each k ∈ [1, i], we set

f̂
(i)
k [σp, z] :=


f̂
(i)
k , if i ∈ [1, p] ,∑i

j=1

(
B

(i)
p (z)

)
j,k
f̂
(i)
j , if i ∈ [p+ 1, n] ,
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where B
(i)
p (z) denotes the p-th braid matrix of dimension i associated with σp and z. In other words,

for each i ∈ [1, n], the new basis for V (i) is obtained from the old basis via the change-of-basis matrix

B
(i)
p (z) if i ≥ p+ 1; otherwise, the new and old bases agree.

Accordingly, let β = σi1 . . . σiℓ ∈ Br+n be a positive braid word, and let z⃗ = (z1, . . . , zℓ) ∈ Kℓ
std

be a fixed tuple. Then, we define the braid-transformed bases
{
f̂ (i)[β, z⃗ ]

}n
i=1

, a new collection of

bases for the family of vector spaces
{
V (i)

}n
i=1

, by recursively applying, in order, the single-step

transformations corresponding to each Artin generator in β and the associated entry of z⃗ to the old

bases
{
f̂ (i)
}n
i=1

, namely:

f̂ (i)[β, z⃗ ] :=
(
· · ·
(
f̂ (i)[σi1 , z1]

)
· · ·
)
[σiℓ , zℓ] , i ∈ [1, n].

Having established the necessary technical background, we now turn to the explicit characteri-

zation of the objects of the category H•(Sh1(Λ(β),K)0) in the case β = en.

3.2. The Case of the Trivial Braid

Let en ∈ Br+n be the trivial braid word. In this section, we study the objects of the category

H•(Sh1(Λ(en),K)0). In particular, this concrete example, corresponding to the Legendrian unlink

Λ(en) ⊂ (R3, ξstd) on n strands, will serve as a prototype for the general theory developed later in

this chapter.

Let F be an object of the category H•(Sh1(Λ(en),K)0). Next, we construct an open cover of

R2 adapted to the front projection Πx,z(Λ(en)) ⊂ R2 of the Legendrian link Λ(en) ⊂ (R3, ξstd). The

purpose of this construction is to decompose the plane into manageable regions where the local

behavior of F can be analyzed independently and later integrated into a concise global description.

Construction 3.2.30. Let en ∈ Br+n be the trivial braid word. Given the front projection

Πx,z(Λ(en)) ⊂ R2 of the Legendrian link Λ(en) ⊂ (R3, ξstd), we denote by UΛ(en) :=
{
U0, UB, UT

}
the finite open cover of R2 illustrated in Figure 3.2. Specifically, we assume that:

• U0 is an unbounded open subset of R2 such that U0 ∩ Πx,z(Λ(en)) = ∅. In Figure 3.2, the region

U0 is depicted in purple.
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• UB is a bounded open subset of R2 such that the intersection UB ∩ Πx,z(Λ(en)) consists of the n

strands at the bottom of the front projection Πx,z(Λ(en)). In Figure 3.2, the region UB is shown

in pink.

• UT is a bounded open subset of R2 such that the intersection UT ∩ Πx,z(Λ(en)) consists the n

strands at the top of the front projection Πx,z(Λ(en)). In Figure 3.2, the region UT is illustrated

in green.

1

2

n− 1

n

U0

UT

UB

R2
x,z

Figure 3.2. The front projection Πx,z(Λ(en)) ⊂ R2 of the Legendrian link Λ(en) ⊂
(R3, ξstd), along with the finite open cover UΛ(en) =

{
U0, UB, UT

}
of R2. The regions

U0, UB, and UT are depicted in purple, pink, and green, respectively.

Next, by applying the sheaf axioms to the open cover UΛ(en) of R2 introduced in Construc-

tion 3.2.30, we provide a global characterization of F in terms of its local data and the associated

gluing conditions.
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Proposition 3.2.31. Let en ∈ Br+n be the trivial braid word, F an object of the category

H•(Sh1(Λ(en),K)0), and UΛ(en) =
{
U0, UB, UT

}
the open cover of R2 introduced in Construc-

tion 3.2.30. Then, the following statements hold:

• On U0, F is identically zero.

• On UT, F is specified by a collection of n− 1 surjective linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, as

illustrated in Figure 3.3.

• On UB, F is specified by a collection of n − 1 injective linear maps
{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, as

illustrated in Figure 3.4.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi .

Proof. To begin, consider the front projection Πx,z(Λ(en)) ⊂ R2 of the Legendrian link Λ(en) ⊂

(R3, ξstd), which is depicted in Figure 2.1. In particular, recall that in Πx,z(Λ(en)), the strands at

the bottom have Maslov potential 0 and the strands at the top have Maslov potential 1. Thus, by

the microlocal rank conditions and the microlocal support conditions near the arcs, we obtain that:

• For all q ∈ U0, the stalk of F at q is trivial; that is, Fq = 0. In other words, F is identically

zero on U0.

• On UT, F is defined by a collections of n− 1 linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, as shown in

Figure 3.3.

• On UB, F is defined by a collections of n − 1 linear maps
{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, as shown in

Figure 3.4.

Now, note that the intersection UB ∩ UT ∩ Πx,z(Λ(en)) consists of the n left cusps and the n right

cusps in Πx,z(Λ(en)). Thus, on UB ∩ UT, F is described by the diagram in Figure 3.5. Bearing

this in mind, the microlocal support conditions near the cusps establish that:

(3.2.1) ψ
(i)
F ◦ ϕ(i)F = idKi ,
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0

K1

K2

Kn−2

Kn−1

Kn

0

ψ
(1)
F

ψ
(n−2)
F

ψ
(n−1)
F

n

n− 1

2

1

UT

Figure 3.3. An object F of the category H•(Sh1(Λ(en),K)0) on the region UT.

0

K1

K2

Kn−2

Kn−1

Kn

0

ϕ
(1)
F

ϕ
(n−2)
F

ϕ
(n−1)
F

1

2

n− 1

n

UB

Figure 3.4. An object F of the category H•(Sh1(Λ(en),K)0) on the region UB.
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for each i ∈ [1, n − 1]. Consequently, a direct application of Lemma 3.1.13 yields that the maps{
ψ
(i)
F

}n−1

i=1
are surjective, whereas the maps

{
ϕ
(i)
F

}n−1

i=1
are injective. This concludes the proof.

1

n

KnKn−1

ψ (n−1)

ϕ
(n−1)
F

2

n− 1

Kn−2

ψ (n−2)

ϕ
(n−2)
F

n− 1

2

K2K1

ψ (1)

ϕ
(1)
F

n

1

0

0

0

UB ∩ UT

1

n

Kn Kn−1

ψ (n−1)

ϕ
(n−1)
F

2

n− 1

Kn−2

ψ (n−2)

ϕ
(n−2)
F

n− 1

2

K2 K1

ψ (1)

ϕ
(1)
F

n

1

0

0

0

Figure 3.5. An object F of the category H•(Sh1(Λ(en),K)0) on the intersection

UB ∩ UT.

□

Finally, we formalize how the description of F in terms of linear maps, as established in Propo-

sition 3.2.31, naturally gives rise to a geometric characterization via complete flags in Kn.

Proposition 3.2.32. Let en ∈ Br+n be the trivial braid word, F an object of the category

H•(Sh1(Λ(en),K)0), and UΛ(en) =
{
U0, UB, UT

}
the open cover of R2 introduced in Construc-

tion 3.2.30. Then, the following statements hold:

• On U0, F is identically zero.

• On UT, F is characterized by a complete flag F •
0 in Kn.

• On UB, F is characterized by a complete flag F •
1 in Kn.

• Compatibility condition: F •
0 and F •

1 are completely opposite.

Proof. By Proposition 3.2.31, we know that:

• On U0, F is identically zero.

• On UT, F is specified by a collection of n− 1 surjective linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
.

• On UB, F is specified by a collection of n− 1 injective linear maps
{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
.
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• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi .

To verify the result, it suffices to show that the above data determines a pair of completely opposite

flags F •
0 and F •

1 in Kn, thereby providing a geometric description of F . To this end, relying on the

notions of type I and type K flags introduced in Definition 3.1.18–(1)–(2), we proceed as follows:

(1) Since the maps
{
ψ
(i)
F

}n−1

i=1
are surjective, we assign to F on UT the complete flag F •

0 in Kn

given by

F •
0 := KF •(ψ(1)

F , . . . , ψ
(n−1)
F

)
.

(2) Since the maps
{
ϕ
(i)
F

}n−1

i=1
are injective, we assign to F on UB the complete flag F •

1 in Kn

given by

F •
1 := I F •(ϕ(1)F , . . . , ϕ

(n−1)
F

)
.

Finally, observe that the compatibility conditions on the maps
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
allow a

direct application of Lemma 3.1.21, which shows that F •
0 and F •

1 are completely opposite, as

desired. □

With the above results at hand, we consider the analysis of the objects of the category

H•(Sh1(Λ(en),K)0) complete. Next, we extend our discussion to general positive braid words

β ∈ Br+n , aiming to establish a geometric characterization of the objects of the category

H•(Sh1(Λ(β),K)0).

3.3. A Geometric Characterization of the Objects for General Positive Braids

Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word. In this section, we focus our attention on the

study of the objects of the category H•(Sh1(Λ(β),K)0). In particular, our goal is to describe these

objects geometrically, thereby extending the approach previously developed for the Legendrian

unlink Λ(en) ⊂ (R3, ξstd) on n strands. Following [33], we provide a characterization of the objects

of the category H•(Sh1(Λ(β),K)0) using configurations of complete flags in Kn subject to certain

compatibility conditions determined by the singularities in the front projection Πx,z(Λ(β)) ⊂ R2 of

the Legendrian link Λ(β) ⊂ (R3, ξstd).
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Let F be an object of the category H•(Sh1(Λ(β),K)0). Next, we construct an open cover of

R2 adapted to the front projection Πx,z(Λ(β)). The purpose of this construction is to decompose

the plane into simple regions where the local behavior of F can be examined independently and

subsequently assembled into a concise global description.

Construction 3.3.33. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word. Given the front

projection Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂ (R3, ξstd), we introduce UΛ(β) :={
U0, UB, UL, UR, UT

}
to denote the finite open cover of R2 illustrated in Figure 3.6. Specifically,

we assume that:

• U0 is an unbounded open subset of R2 such that U0 ∩ Πx,z(Λ(β)) = ∅. In Figure 3.6, the region

U0 is depicted in purple.

• UB is a bounded open subset of R2 such that the intersection UB ∩ Πx,z(Λ(β)) comprises the

braid diagram of β. In Figure 3.6, the region UB is illustrated in pink.

• UL is a bounded open subset of R2 such that the intersection UL ∩ Πx,z(Λ(β)) consists of the n

arcs on the left side of the braid diagram of β. In Figure 3.6, the region UL is shown in yellow.

• UR is a bounded open subset of R2 such that the intersection UR ∩ Πx,z(Λ(β)) consists of the

n arcs on the right side of the braid diagram of β. In Figure 3.6, the region UR is also depicted

in yellow.

• UT is a bounded open subset of R2 such that the intersection UT ∩ Πx,z(Λ(β)) consists of the

rainbow on n strands that closes the braid diagram of β in R2 to form the front projection

Πx,z(Λ(β)). In Figure 3.6, the region UT is illustrated in green.

Next, by applying the sheaf axioms to the open cover UΛ(β) =
{
U0, UB, UL, UR, UT

}
of R2

introduced in Construction 3.3.33, we provide a global description of F in terms of its local data

and the associated gluing conditions. Among the subsets of the cover UΛ(β), the region UB is

particularly important, as it contains all the crossings in the front projection Πx,z(Λ(β)), and

consequently, the behavior of F on UB is more intricate and warrants a detailed analysis. We

therefore begin by analyzing F on the remaining subsets, postponing the study of its behavior on

UB until afterward. With this strategy in place, we now present the following result.
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n

n− 1

2

1

n

n− 1

2

1

UT

β

UBUL UR

R2
x,zU0

Figure 3.6. The front projection Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂
(R3, ξstd), along with the finite open cover UΛ(β) =

{
U0, UB, UL, UR, UT

}
of R2. The

regions UL and UR are shown in yellow, while U0, UB, and UT are depicted in purple,

pink, and green, respectively.

Lemma 3.3.34. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word, F an object of the cate-

gory H•(Sh1(Λ(β),K)0), and UΛ(β) =
{
U0, UB, UL, UR, UT

}
the open cover of R2 introduced in

Construction 3.3.33. Then, the following statements hold:

• On U0, F is identically zero.

• On UT, F is specified by a collection of n− 1 surjective linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, as

illustrated in Figure 3.9.

• On UL, F is specified by a collection of n − 1 injective linear maps
{
α
(i)
F : Ki → Ki+1

}n−1

i=1
, as

illustrated in Figure 3.7.
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• On UR, F is specified by a collection of n− 1 injective linear maps
{
β
(i)
F : Ki → Ki+1

}n−1

i=1
, as

illustrated in Figure 3.8.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ α(i)

F = idKi , and ψ
(i)
F ◦ β(i)F = idKi .

Proof. To begin, consider the front projection Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂

(R3, ξstd), which is depicted in Figure 1.1. In particular, recall that in Πx,z(Λ(β)), the strands at

bottom have Maslov potential 0 and the strands at the top have Maslov potential 1. Thus, by the

microlocal rank conditions and the microlocal support conditions near the arcs, we obtain that:

• For all q ∈ U0, the stalk of F at q is trivial; that is, Fq = 0. In other words, F is identically

zero on U0.

• On UT, F is defined by a collection of n − 1 linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, as shown in

Figure 3.9.

• On UL, F is defined by a collection of n − 1 linear maps
{
α
(i)
F : Ki → Ki+1

}n−1

i=1
, as shown in

Figure 3.7.

• On UR, F is defined by a collection of n − 1 linear maps
{
β
(i)
F : Ki → Ki+1

}n−1

i=1
, as shown in

Figure 3.8.

Now, note that the intersection UL ∩ UT ∩ Πx,z(Λ(β)) consists of the n left cusps in Πx,z(Λ(β)).

Thus, on UL ∩ UT, F is described by the diagram in Figure 3.10. Similarly, the intersection

UR ∩ UT ∩ Πx,z(Λ(β)) consists of the n right cusps in Πx,z(Λ(β)), and hence, on UR ∩ UT, F is

described by the diagram in Figure 3.11. Bearing this in mind, the microlocal support conditions

near the cusps establish that:

(3.3.1) ψ
(i)
F ◦ α(i)

F = idKi , and ψ
(i)
F ◦ β(i)F = idKi ,

for each i ∈ [1, n − 1]. Consequently, a straightforward application of Lemma 3.1.13 yields that

the maps
{
ψ
(i)
F

}n−1

i=1
are surjective, whereas the maps

{
α
(i)
F

}n−1

i=1
and

{
β
(i)
F

}n−1

i=1
are injective. This

completes the proof. □
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Figure 3.7. An object F of the cohomological category H•(Sh1(Λ(β),K)0) on the

region UL.
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Figure 3.8. An object F of the cohomological category H•(Sh1(Λ(β),K)0) on the

region UR.
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Figure 3.9. An object F of the cohomological category H•(Sh1(Λ(β),K)0) on the

region UT.
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Figure 3.10. An object F of the cohomological category H•(Sh1(Λ(β),K)0) on

the intersection UL ∩ UT.
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β
(n−1)
F

Kn−2

ψ (n−2)
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Figure 3.11. An object F of the cohomological category H•(Sh1(Λ(β),K)0) on

the intersection UR ∩ UT.
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Next, we address how the description of F on the regions UT, UL, and UR in terms of linear

maps, as specified in Lemma 3.3.34, naturally leads to a geometric characterization via complete

flags in Kn.

Lemma 3.3.35. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word, F an object of the cate-

gory H•(Sh1(Λ(β),K)0), and UΛ(β) =
{
U0, UB, UL, UR, UT

}
the open cover of R2 introduced in

Construction 3.3.33. Then, the following statements hold:

• On U0, F is identically zero.

• On UT, F is characterized by a complete flag F •
0 in Kn.

• On UL, F is characterized by a complete flag F •
left in Kn.

• On UR, F is characterized by a complete flag F •
right in Kn.

• Compatibility conditions: F •
0 is completely opposite to both F •

left and F •
right.

Proof. By Lemma 3.3.34, we know that:

• On U0, F is identically zero.

• On UT, F is defined by a collection of n− 1 surjective linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
.

• On UL, F is defined by a collection of n− 1 injective linear maps
{
α
(i)
F : Ki → Ki+1

}n−1

i=1
.

• On UR, F is defined by a collection of n− 1 injective linear maps
{
β
(i)
F : Ki → Ki+1

}n−1

i=1
.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ α(i)

F = idKi , and ψ
(i)
F ◦ β(i)F = idKi .

To prove the claim, it suffices to show that the above data determines three complete flags F •
0 ,

F •
left, and F •

right in Kn, with F •
0 completely opposite to both F •

left and F •
right, thereby providing

a geometric description of F . To this end, relying on the notions of type I and type K flags

introduced in Definition 3.1.18–(1)–(2), we proceed as follows:

(1) Since the maps
{
ψ
(i)
F

}n−1

i=1
are surjective, we assign to F on UT the complete flag F •

0 in Kn

given by

F •
0 := KF •(ψ(1)

F , . . . , ψ
(n−1)
F

)
.
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(2) Since the maps
{
α
(i)
F

}n−1

i=1
are injective, we assign to F on UL the complete flag F •

left in Kn

given by

F •
left := I F •(α(1)

F , . . . , α
(n−1)
F

)
.

(3) Since the maps
{
β
(i)
F

}n−1

i=1
are injective, we assign to F on UR the complete flag F •

right in Kn

given by

F •
right := I F •(β(1)F , . . . , β

(n−1)
F

)
.

Finally, the compatibility conditions on the maps
{
ψ
(i)
F

}n−1

i=1
,
{
α
(i)
F

}n−1

i=1
, and

{
β
(i)
F

}n−1

i=1
allow a

direct application of Lemma 3.1.21, which shows that F •
0 is completely opposite to both F •

left and

F •
right, as desired. □

We now turn to the analysis of F on the region UB, the last remaining element of the open

cover UΛ(β) of R2 introduced in Construction 3.3.33. As previously mentioned, UB contains all the

crossings in the front projection Πx,z(Λ(β)), and consequently, the behavior of F on this region

is inherently more intricate. To facilitate the exposition, we construct a finite open cover of UB

adapted to the front projection Πx,z(Λ(β)), allowing us to study F on this region in terms of

tractable local data and the corresponding gluing conditions.

Construction 3.3.36. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let UΛ(β) ={
U0, UB, UL, UR, UT

}
be the open cover of R2 introduced in Construction 3.3.33. Then, we decom-

pose the region UB ⊂ R2 into a collection RΛ(β) :=
{
Rj

}ℓ
j=1

of ℓ open vertical straps Rj ⊂ R2

as illustrated in Figure 3.12. In particular, given Πx,z(Λ(β)) ⊂ R2 the front projection of the

Legendrian link Λ(β) ⊂ (R3, ξstd), we assume that:

• For each j ∈ [1, ℓ], the intersection Rj ∩ Πx,z(Λ(β)) consists of the braid on n strands associated

with σij—the j-th crossing of β—as shown in Figure 3.13.

• For each j ∈ [1, ℓ− 1], the intersection Rj ∩ Rj+1 ∩ Πx,z(Λ(β)) consists of the trivial braid on

n strands as depicted in Figure 3.14.

Next, by applying the sheaf axioms to the open cover RΛ(β) =
{
Rj

}ℓ
j=1

of UB introduced in

Construction 3.3.36, we provide an explicit characterization of F on the region UB as follows: First,

we give a geometric description of F on each vertical strap Rj independently, for every j ∈ [1, ℓ].
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Figure 3.12. Region UB in R2 decomposed into a collection RΛ(β) :=
{
Ri

}ℓ
i=1

of

ℓ open vertical straps Rj in R2.
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2

1

σij

Rj

Figure 3.13. Intersection of an open vertical strap Rj in R2 with the front projec-

tion Πx,z(Λ(β)) ⊂ R2.
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n− 1
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1

n

n− 1

2

1

Rj ∩Rj+1

Figure 3.14. Intersection of the overlap Rj ∩Rj+1 of two adjacent straps Rj and

Rj+1 in R2 with the front projection Πx,z(Λ(β)) ⊂ R2.

Second, we proceed by gluing the local data that characterizes F across adjacent straps Rj and

Rj+1, for every j ∈ [1, ℓ− 1]. Accordingly, we present the following results.

Lemma 3.3.37. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F be an object of

the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj ⊂ R2 be the open vertical strap whose

intersection with the front projection Πx,z(Λ(β)) ⊂ R2 consists of the braid diagram on n strands

associated with σij , i.e., the j-th crossing of β (see Figure 3.13). Denote by k := ij ∈ [1, n − 1]

the index of σij , and suppose that k = 1. Then, on the region Rj, the sheaf F is specified by a

collection of n linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

as illustrated in Figure 3.15.

Compatibility conditions: The maps ϕ
(1)
F and ϕ̃

(1)
F are injective and have complementary

image in K2; that is, K2 = imϕ
(1)
F ⊕ im ϕ̃

(1)
F .

In particular, if we assume that the maps
{
ϕ
(i)
F

}n−1

i=2
are injective, we further obtain that, on Rj,

F is characterized by two complete flags F •
j and F •

j+1 in Kn, which are in s1–relative position.
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Proof. To begin, consider the front projection Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂

(R3, ξstd), which is depicted in Figure 1.1. In particular, recall that in Πx,z(Λ(β)), the strands at

the bottom have Maslov potential 0. Thus, since k = 1, the microlocal rank conditions and the

microlocal support conditions near the arcs imply that, on Rj , F is defined by a collection of n

linear maps {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

as shown in Figure 3.15.

Now, let Uj ⊂ R2 be the small open ball—centered at the crossing σij—highlighted in yellow in

Figure 3.15, where k = ij = 1. Then, by the microlocal support conditions near the crossings, we

obtain that the maps ϕ
(1)
F and ϕ̃

(1)
F defining F on Uj satisfy the following compatibility conditions:

(i) The diagram in Figure 3.16 commutes.

(ii) The sequence in Equation (3.3.2) is short exact.

(3.3.2) 0 0 K1 ⊕K1 K2 0

(0, 0) ϕ
(1)
F ⊕

(
− ϕ̃

(1)
F

)
.

Consequently, since 0 ≤ dimK imϕ
(1)
F ≤ 1 and 0 ≤ dimK im ϕ̃

(1)
F ≤ 1, the short exact sequence in

Equation 3.3.2 guarantees that the maps ϕ
(1)
F and ϕ̃

(1)
F are injective and their images are comple-

mentary subspaces in K2; that is, K2 = imϕ
(1)
F ⊕ im ϕ̃

(1)
F .

Finally, assuming the maps
{
ϕ
(i)
F

}n−1

i=2
are injective, we show that the linear maps defining F on

Rj determine two complete flags F •
j and F •

j+1 in Kn, which are in s1–relative position, thereby

providing a geometric characterization of F on Rj . To this end, relying on the notion of type I

flag introduced in Definition 3.1.18–(1), we proceed as follows:

(1) Since the maps
{
ϕ
(i)
F

}n−1

i=1
are injective, we assign to F on Rj the complete flag F •

j in Kn

given by

F •
j := I F •(ϕ(1)F , . . . , ϕ

(n−1)
F

)
.
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(2) Since the maps
{
ϕ̃
(1)
F , ϕ

(2)
F , . . . , ϕ

(n−1)
F

}
are injective, we assign to F on Rj the complete flag

F •
j+1 in Kn given by

F •
j+1 := I F •(ϕ̃ (1)

F , ϕ
(2)
F , . . . , ϕ

(n−1)
F

)
.

In particular, by Definition 3.1.18–(1), we know that, as filtrations of vector subspaces in Kn, the

flags

F •
j =

{
F

(0)
j ⊂ · · · ⊂ F

(n)
j

}
,

F •
j+1 =

{
F

(0)
j+1 ⊂ · · · ⊂ F

(n)
j+1

}
,

are given by

F
(p)
j :=



0 , if p = 0 ,

im
(
ϕ
(n−1)
F ◦ ϕ (n−2)

F ◦ · · · ◦ ϕ (2)
F ◦ ϕ (1)

F

)
, if p = 1 ,

im
(
ϕ
(n−1)
F ◦ ϕ (n−2)

F ◦ · · · ◦ ϕ (p+1)
F ◦ ϕ (p)

F

)
, if p ∈ [2, n− 1] ,

Kn , if p = n .

F
(p)
j+1 :=



0 , if p = 0 ,

im
(
ϕ
(n−1)
F ◦ ϕ (n−2)

F ◦ · · · ◦ ϕ (2)
F ◦ ϕ̃ (1)

F

)
, if p = 1 ,

im
(
ϕ
(n−1)
F ◦ ϕ (n−2)

F ◦ · · · ◦ ϕ (p+1)
F ◦ ϕ (p)

F

)
, if p ∈ [2, n− 1] ,

Kn , if p = n .

Thus, since imϕ
(1)
F ̸= im ϕ̃

(1)
F and the composition ϕ

(n−1)
F ◦ · · · ◦ ϕ (2)

F : K2 −→ Kn is injective, we

deduce that F
(1)
j ̸= F

(1)
j+1 and F

(p)
j = F

(p)
j+1 for all p ∈ [0, n] with p ̸= 1, confirming that F •

j and

F •
j+1 are in s1–relative position. This concludes the proof. □

Lemma 3.3.38. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F be an object of

the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj ⊂ R2 be the open vertical strap whose

intersection with the front projection Πx,z(Λ(β)) ⊂ R2 consists of the braid diagram on n strands

associated with σij , i.e., the j-th crossing of β (see Figure 3.13). Denote by k := ij ∈ [1, n − 1]

the index of σij , and suppose that k ≥ 2. Then, on the region Rj, the sheaf F is specified by a
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Figure 3.15. An object F on the vertical strap Rj containing a crossing σij in the

case k = ij = 1.
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Figure 3.16. Commutative diagram for the linear maps defining a sheaf F on the

region Uj in the case k = ij = 1.
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collection of n+ 1 linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

as illustrated in Figure 3.17.

Compatibility conditions: The maps ϕ
(k)
F , ϕ

(k−1)
F , ϕ̃

(k)
F , and ϕ̃

(k−1)
F satisfy the following

properties:

• ϕ
(k)
F ◦ ϕ (k−1)

F = ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F .

• im
(
ϕ
(k)
F ◦ ϕ (k−1)

F

)
= imϕ

(k)
F ∩ im ϕ̃

(k)
F = im

(
ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F

)
.

• Kk+1 = imϕ
(k)
F + im ϕ̃

(k)
F .

In particular, if we assume that the maps
{
ϕ
(i)
F

}n−1

i=1
are injective, we further obtain that:

• The maps ϕ̃
(k−1)
F and ϕ̃

(k)
F are injective.

• On Rj, F is characterized by two complete flags F •
j and F •

j+1 in Kn, which are in sk–relative

position.

Proof. To begin, consider the front projection Πx,z(Λ(β)) ⊂ R2 of the Legendrian link Λ(β) ⊂

(R3, ξstd), which is depicted in Figure 1.1. In particular, recall that in Πx,z(Λ(β)), the strands at

the bottom have Maslov potential 0. Thus, since k ≥ 2, the microlocal rank conditions and the

microlocal support conditions near the arcs establish that, on Rj , F is defined by a collection of

n+ 1 linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

as shown in Figure 3.17.

Now, let Uj ⊂ R2 be the small open ball—centered at the crossing σij—highlighted in yellow in

Figure 3.17. Then, by the microlocal support conditions near the crossings, we obtain that the maps

ϕ
(k)
F , ϕ

(k−1)
F , ϕ̃

(k)
F , and ϕ̃

(k−1)
F defining F on Uj satisfy the following compatibility conditions:

(i) The diagram in Figure 3.18 commutes.
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(ii) The sequence in Equation 3.3.3 is short exact.

(3.3.3)0 Kk−1 Kk ⊕Kk Kk+1 0

(
ϕ
(k−1)
F , ϕ̃

(k−1)
F

)
ϕ
(k)
F ⊕

(
− ϕ̃

(k)
F

)
.

Consequently, a straightforward application of Lemma 3.1.14 ensures that:

• (i) ϕ
(k)
F ◦ ϕ (k−1)

F = ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F .

• (ii) im
(
ϕ
(k)
F ◦ ϕ (k−1)

F

)
= imϕ

(k)
F ∩ im ϕ̃

(k)
F = im

(
ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F

)
.

• (iii) Kk+1 = imϕ
(k)
F + im ϕ̃

(k)
F .

Finally, assume that the maps
{
ϕ
(i)
F

}n−1

i=1
are injective. Then, the compatibility conditions for the

maps ϕ
(k)
F , ϕ

(k−1)
F , ϕ̃

(k)
F , and ϕ̃

(k−1)
F further imply, via Lemma 3.1.14, that ϕ̃

(k−1)
F and ϕ̃

(k)
F are also

injective.

Bearing this in mind, we now show that, under the above injectivity assumptions, the linear maps

defining F on Rj determine two complete flags F •
j and F •

j+1 in Kn, which are in sk–relative

position, thereby providing a geometric characterization of F on Rj . To this end, relying on the

notion of type I flag introduced in Definition 3.1.18–(1), we proceed as follows:

(1) Since the maps
{
ϕ
(i)
F

}n−1

i=1
are injective, we assign to F on Rj the complete flag F •

j in Kn

given by

F •
j := I F •(ϕ(1)F , . . . , ϕ

(n−1)
F

)
.

(2) Since the maps
{
ϕ
(1)
F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

}
are injective, we assign to F

on Rj the complete flag F •
j+1 in Kn given by

F •
j+1 := I F •(ϕ(1)F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

)
.

In particular, by Definition 3.1.18–(1), we know that, as filtrations of vector subspaces in Kn, the

flags

F •
j =

{
F

(0)
j ⊂ · · · ⊂ F

(n)
j

}
,

F •
j+1 =

{
F

(0)
j+1 ⊂ · · · ⊂ F

(n)
j+1

}
,
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are given by

F
(p)
j :=



{0} , if p = 0 ,

im
Ä
ϕ
(n−1)
F ◦ · · · ◦ ϕ (k+1)

F ◦ ϕ (k)
F ◦ ϕ (k−1)

F ◦ ϕ (k−2)
F ◦ · · · ◦ ϕ (p)

F

ä
, if p ∈ [1, n− 1] ,

Kn , if p = n .

F
(p)
j+1 :=



{0} , if p = 0 ,

im
Ä
ϕ
(n−1)
F ◦ · · · ◦ ϕ (k+1)

F ◦ ϕ̃ (k)
F ◦ ϕ̃ (k−1)

F ◦ ϕ (k−2)
F ◦ · · · ◦ ϕ (p)

F

ä
, if p ∈ [1, n− 1] ,

Kn , if p = n .

Thus, since ϕ
(k)
F ◦ ϕ (k−1)

F = ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F , we have that F
(p)
j = F

(p)
j+1 for all p ∈ [0, n] with p ̸= k.

Moreover, since imϕ
(k)
F ̸= im ϕ̃

(k)
F and the composition map ϕ

(n−1)
F ◦ · · · ◦ ϕ (k+1)

F : Kk+1 −→ Kn

is injective, we deduce that F
(k)
j ̸= F

(k)
j+1, confirming that F •

j+1 and F •
j are in sk-relative position.

This concludes the proof. □

Building on the previous results, we now present a concise geometric description of F on the

region UB.

Lemma 3.3.39. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word, F an object of the category

H•(Sh1(Λ(β),K)0), and UΛ(β) =
{
U0, UB, UL, UR, UT

}
the open cover of R2 introduced in Construc-

tion 3.3.33. Then, on the region UB, F is characterized by a sequence of complete flags
{
F •
j

}ℓ+1

j=1

in Kn, such that for each j ∈ [1, ℓ], F •
j+1 is in sij -relative position with respect to F •

j .

Proof. Let RΛ(β) =
{
Rj

}ℓ
j=1

be the collection of ℓ open vertical straps in R2 that partition the

region UB ⊂ R2, as specified in Construction 3.3.36. Specifically, for each j ∈ [1, ℓ], Rj ⊂ R2

denotes the open vertical strap whose intersection with the front projection Πx,z(Λ(β)) consists of

the braid diagram on n strands associated with σij , i.e., the j-th crossing of β, as illustrated in

Figure 3.13.

Next, we develop a recursive argument to analyze the behavior of F on each successive vertical

strap Rj , thereby obtaining a geometric characterization of F on UB. With this strategy in place,

we begin by studying F on the first region R1. Let k := i1 ∈ [1, n−1] denote the index of σi1—the

first crossing of β and the only crossing contained in R1. Accordingly, we distinguish two cases:
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k + 2

k + 1

k

k − 1

σij

Kk+2

Kk+1

Kk Kk

Kk−1

Kk−2

ϕ
(k)
F ϕ̃

(k)
F

ϕ
(k−1)
F ϕ̃

(k−1)
F

ϕ
(k+1)
F

ϕ
(k−2)
F

Rj

Uj

Figure 3.17. An object F on the vertical strap Rj containing the crossing σij in

the case k = ij ≥ 2.

• Case 1 : Suppose that k = 1. Then, on R1, F is defined by a collection of n linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

as shown in Figure 3.15, where j = 1. In particular, these maps satisfy the compatibility conditions

stated in Lemma 3.3.37.

• Case 2 : Suppose that k ≥ 2. Then, on Rj , F is defined by a collection of n+ 1 linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

as shown in Figure 3.17, where j = 1. Specifically, these maps satisfy the compatibility conditions

stated in Lemma 3.3.38.

56



k + 1

k
σij
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Kk+1

Kk−1

Kk Kk

ϕ
(k)
F ϕ̃

(k)
F

ϕ
(k−1)
F ϕ̃

(k−1)
F

Figure 3.18. Commutative diagram for the linear maps that define a sheaf F on

the region Uj in the case k = ij ≥ 2.

Now, let UL be the region of the open cover UΛ(β) of R2 intersecting UB on the left, as illustrated

in Figure 3.6. By construction, R1 is the only vertical strap in the partition RΛ(β) of UB whose

intersection with UL is nontrivial. Consequently, in either of the above cases, constructibility and

the sheaf axioms imply that, on UL, F is determined by the collection of linear maps
{
ϕ
(i)
F

}n−1

i=1
,

and hence, by Lemma 3.3.34, these maps are injective. Bearing this in mind, depending on the

value of k, we can apply Lemma 3.3.37 or Lemma 3.3.38 to obtain that:

• If k = 1, the map ϕ̃
(1)
F is injective.

• If k ≥ 2, the maps ϕ̃
(k−1)
F and ϕ̃

(k)
F are injective.

• On R1, F is characterized by two complete flags F •
1 and F •

2 in Kn, which are in sk-relative

position (recalling that k = i1 as fixed earlier).

In particular, note that regardless of the value of i1, all the linear maps defining F on R1 are

injective.

Next, consider the region R2 in the partition RΛ(β) of UB; that is, the open vertical strap adjacent

to R1 on the right. By construction, the intersection R1 ∩ R2 ∩ Πx,z(Λ(β)) consists of the trivial

braid on n strands, as illustrated in Figure 3.14. Thus, since all the linear maps defining F on R1

are injective, the sheaf axioms ensure that the linear maps defining F on the intersection R1 ∩ R2
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are also injective. Consequently, depending on the value of the index i2 of the second crossing σi2

of β, we can apply Lemma 3.3.37 or Lemma 3.3.38 to conclude that:

• The linear maps determining F on R2 are injective.

• On R2, F is characterized by two complete flags F •
2 and F •

3 in Kn, which are in si2–relative

position.

In particular, by applying the above argument recursively to each vertical strap Rj in the partition

RΛ(β) of UB, we deduce that on UB, the object F is determined by a sequence of complete flags{
F •
j

}ℓ+1

j=1
in Kn, such that for each j ∈ [1, ℓ], F •

j+1 is in sij -relative position with respect to F •
j . □

With the preceding results in place, we now present a global geometric characterization of F ,

a result which also follows from [33] and is included here for completeness.

Theorem 3.3.40. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F be an object of the

category H•(Sh1(Λ(β),K)0). Then, as illustrated in Figure 3.19, F is determined by a sequence

of complete flags
{
F •
j

}ℓ+1

j=0
in Kn satisfying the following compatibility conditions:

• For each j ∈ [1, ℓ], F •
j+1 is in sij -relative position with respect to F •

j .

• F •
0 is completely opposite to both F •

1 and F •
ℓ+1.

Proof. Let UΛ(β) =
{
U0, UB, UL, UR, UT

}
denote the finite open cover of R2 introduced in Construc-

tion 3.3.33. By Lemma 3.3.35, we know that:

• On U0, F is identically zero.

• On UT, F is characterized by a complete flag F •
0 in Kn.

• On UL, F is characterized by a complete flag F •
left in Kn.

• On UR, F is characterized by a complete flag F •
right in Kn.

• Compatibility conditions: F •
0 is completely opposite to both F •

left and F •
right.

Furthermore, by Lemma 3.3.39, we have that on UB, F is characterized by a sequence of complete

flags
{
F •
j

}ℓ+1

j=1
in Kn such that, for each j ∈ [1, ℓ], F •

j+1 is in sij -relative position with respect to

F •
j . In particular, observe that on the left and right edges of the region UB, F is determined by the

complete flags F •
1 and F •

ℓ+1, respectively. Hence, by applying the sheaf axioms to the intersections
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UL ∩ UB and UR ∩ UB, we obtain that F •
left = F •

1 and F •
right = F •

ℓ+1. Bearing this in mind,

we conclude that F is determined by a sequence of complete flags
{
F •
j

}ℓ+1

j=0
in Kn satisfying the

compatibility conditions stated in the theorem. □

n

n− 1

2

1

n

n− 1

2

1

β

R2
x,z

σi1 σiℓσi2 σiℓ−1

F •
1 F •

2 F •
ℓ F •

ℓ+1

F •
0

Figure 3.19. An object F of the category H•(Sh1(Λ(β),K)0).

Having established a geometric description of the objects of the category H•(Sh1(Λ(β),K)0), we

now turn to an algebraic characterization, which is particularly well-suited for concrete computa-

tions and will play a key role in the analysis of the graded morphism spaces and their compositions

in the category under study.

3.4. An Algebraic Characterization of the Objects for General Positive Braids

Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. Building on the previous section, we now

develop a correspondence between the objects of the category H•(Sh1(Λ(β),K)0) and the points

of the so-called braid variety X(β,K), thereby providing an algebraic description of these objects.

With this goal in mind, we begin by introducing the following definitions.
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Definition 3.4.41. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. For each j ∈ [1, ℓ], we

define βj := σi1 · · ·σij ∈ Br+n to be the truncation of β at its j-th crossing. In particular, we have

that βℓ = β.

Definition 3.4.42. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let z⃗ = (z1, . . . , zℓ) ∈

Kℓ
std be a fixed tuple. Then, the path matrix Pβ(z⃗ ) ∈ GL

(
n,K

)
associated with β and z⃗ is defined

by

Pβ(z⃗ ) := B
(n)
i1

(z1) · · ·B(n)
iℓ

(zℓ) ,

where, for each j ∈ [1, ℓ], the matrix B
(n)
ij

(zj) ∈ GL
(
n,K

)
denotes the ij-th braid matrix of dimen-

sion n associated with the j-th crossing σij of β and the j-th entry zj of z⃗.

Remark 3.4.43. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. For each k ∈ [1, ℓ − 1], the

truncations satisfy βk+1 = βk · σik+1
. Consequently, for any z⃗ = (z1, . . . , zℓ) ∈ Kℓ

std, the associated

path matrices satisfy Pβk+1
(z⃗k+1) = Pβk

(z⃗k) ·B
(n)
ik+1

(zk+1), where z⃗k ∈ Kk
std and z⃗k+1 ∈ Kk+1

std denote

the truncations of z⃗ at the k-th and (k + 1)-th entries, respectively.

Definition 3.4.44. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. The braid variety X(β,K)

associated with β corresponds to the affine variety defined by

(3.4.1) X(β,K) :=
{
z⃗ ∈ Kℓ

std

∣∣ Pβ(z⃗ ) admits an LU decomposition
}
.

Braid varieties have been the focus of considerable research (see, for instance, [8, 16, 25]). In

particular, Casals, Gorsky, Gorsky, and Simental, along with their collaborators, have explored

their cluster-algebraic structures and their connections with classical varieties in algebraic geometry,

including positroid varieties [3,4,5].

Next, we proceed to reformulate Theorem 3.3.40 in terms of the braid matrices. To facilitate

this, we present the following lemma.

Lemma 3.4.45. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let
{
F •
j

}ℓ+1

j=1
be a sequence

of complete flags in Kn such that, for each j ∈ [1, ℓ], F •
j+1 is in sij -relative position with respect to

F •
j .

Let f̂ (n) :=
{
f̂
(n)
i

}n
i=1

be a basis for Kn, and suppose that, relative to this basis, F •
1 is the

standard flag, that is, F •
1

[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
. Then there exists a tuple z⃗ = (z1, . . . , zℓ) ∈ Kℓ

std
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such that, relative to the basis f̂ (n) for Kn, the flag F •
j+1 is represented by the path matrix Pβj

(z⃗j) =

B
(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid word βj = σi1 · · ·σij ∈ Br+n

and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std, for each j ∈ [1, ℓ].

Proof. To prove the claim, we proceed recursively. To begin, observe that f̂ (n) is a basis for Kn

such that F •
1

[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
. Hence, relative to this basis, the flag F •

1 is represented by the

matrix 1n.

Now, consider the flag F •
2 . By assumption, F •

2 is in si1–relative position with respect to F •
1 . Then,

by Lemma 3.1.28, there exists z1 ∈ K such that, relative to the basis f̂ (n), the flag F •
2 is represented

by the matrix product 1n ·B(n)
i1

(z1). In particular, since β1 = σi1 , we have that Pβ1(z1) = B
(n)
i1

(z1),

implying that the flag F •
2 is represented by the path matrix Pβ1(z1).

Next, consider the flag F •
3 . By hypothesis, F •

3 is in si2–relative position with respect to F •
2 .

Then, by Lemma 3.1.28, there exists z2 ∈ K such that, relative to the basis f̂ (n), the flag F •
3 is

represented by the matrix product Pβ1(z1) · B
(n)
i2

(z2). Furthermore, by Remark 3.4.43, we know

that Pβ2(z1, z2) = Pβ1(z1) ·B
(n)
i2

(z2), confirming that the flag F •
3 is represented by the path matrix

Pβ2(z1, z2).

Continuing this process recursively, we conclude that there exists a tuple z⃗ = (z1, . . . , zℓ) ∈ Kℓ
std

such that, relative to the basis f̂ (n) for Kn, the flag F •
j+1 is represented by the path matrix Pβj

(z⃗j) =

B
(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid word βj = σi1 · · ·σij ∈ Br+n

and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std, for each j ∈ [1, ℓ]. This completes the proof. □

Building on the above preliminary result, we now present the following theorem, which alge-

braically characterizes an object F of the category H•(Sh1(Λ(β),K)0) in terms of a basis for Kn

and a point in the braid variety X(β,K).

Theorem 3.4.46. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F be an object of

the category H•(Sh1(Λ(β),K)0). In accordance with Theorem 3.3.40, we denote by
{
F •
j

}ℓ+1

j=0
the

sequence of complete flags in Kn that geometrically characterize F .

Let f̂ (n) :=
{
f̂
(n)
i

}n
i=1

be a basis for Kn, and suppose that, relative to this basis, F •
0 and F •

1 are

the anti-standard and standard flags, respectively, that is, F •
0

[
f̂ (n)

]
= F•

astd

[
f̂ (n)

]
and F •

1

[
f̂ (n)

]
=

F•
std

[
f̂ (n)

]
.
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Then F is algebraically parametrized by the basis f̂ (n) and a point z⃗ = (z1, . . . , zℓ) in the braid

variety X(β,K) ⊂ Kℓ
std. Furthermore, relative to the basis f̂ (n) for Kn, the flag F •

j+1 is represented

by the path matrix Pβj
(z⃗j) := B

(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid

word βj = σi1 · · ·σij ∈ Br+n and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std, for each j ∈ [1, ℓ].

Proof. By Theorem 3.3.40,
{
F •
j

}ℓ+1

j=0
is a sequence of complete flags in Kn such that: F •

0 is com-

pletely opposite to both F •
1 and F •

ℓ+1, and for each j ∈ [1, ℓ], F •
j+1 is in sij -relative position with

respect to F •
j .

Observe that, relative to the basis f̂ (n) for Kn, F •
0 and F •

1 are the anti-standard and standard flags,

respectively. Consequently, Lemma 3.4.45 asserts that there exists a tuple z⃗ = (z1, . . . , zℓ) ∈ Kℓ
std

such that, relative to the basis f̂ (n) forKn, the flag F •
j+1 is represented by the path matrix P

(n)
βj

(z⃗j) =

B
(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid word βj = σi1 · · ·σij ∈ Br+n

and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj , for each j ∈ [1, ℓ]. Thus, since βℓ = β and z⃗ℓ = z⃗,

we have that, relative to the basis f̂ (n) for Kn, the flag F •
ℓ+1 is represented by the path matrix

Pβ(z⃗).

Finally, recall that F •
0 is completely opposite to F •

ℓ+1. Then, since relative to the basis f̂ (n) for Kn,

F •
0 is the anti-standard flag, the Bruhat decomposition of GL(n,K) implies that Pβ(z⃗) = wnŨwnU

for some upper triangular matrices Ũ , U ∈ GL(n,K), where wn corresponds to the permutation

matrix associated with the longest element in Sn [3, 5, 31]. In particular, note that the matrix

L = wnŨwn ∈ GL(n,K) is lower triangular, and hence Pβ(z⃗) = LU , which shows Pβ(z⃗) admits

an LU factorization. Bearing this in mind, it follows from Definition 3.4.44 that z⃗ is a point in the

braid variety X(β,K), which completes the proof. □

Lastly, let F be an object of the category H•(Sh1(Λ(β),K)0), and consider the open cover

UΛ(β) =
{
U0, UB, UL, UR, UT

}
of R2 (cf. Construction 3.3.33), together with the partition RΛ(β) ={

Rj

}ℓ
j=1

of UB into ℓ open vertical straps (cf. Construction 3.3.36). We conclude this subsection by

describing how the global correspondence established in Theorem 3.4.46 manifests locally on each

vertical strap Rj . More precisely, following the approach developed by Chantraine, Ng, and Sivek

in [12], we construct algebraic local models for F on the regions Rj , employing braid matrices.

In particular, these local models will be instrumental in the explicit computation of the graded
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morphism spaces and their compositions in the category H•(Sh1(Λ(β),K)0), which constitutes the

main subject of study in the subsequent chapter. Accordingly, we present the following results.

Lemma 3.4.47 (Algebraic Local Model I). Setup: Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid

word, and let F be an object of the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the

open vertical strap in R2 containing σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k = 1.

In this setting, we have that on Rj, the sheaf F is specified by a collection of n injective linear

maps {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

as illustrated in Figure 3.15. According to Lemma 3.3.37, the compatibility conditions for these

maps ensure that the induced complete flags in Kn,

F •
j := I F •(ϕ(1)F , ϕ

(2)
F , . . . , ϕ

(n−1)
F

)
, and F •

j+1 := I F •( ϕ̃ (1)
F , ϕ

(2)
F , . . . , ϕ

(n−1)
F

)
,

are in s1-relative position.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

be a basis for Ki, and suppose that{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
(cf. Definition 3.1.18–(3)).

Within this framework and relative to the basis f̂ (n) for Kn, Lemmas 3.1.22 and 3.1.28 alge-

braically capture the geometric compatibility between the flags F •
j and F •

j+1 as follows:

• F •
j is the standard flag, that is, F •

j

[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
, and is therefore represented by the

matrix 1n.

• F •
j+1 is represented by the matrix product 1n · B(n)

1 (z), where B
(n)
1 (z) denotes the first braid

matrix of dimension n, for some z ∈ K parameterizing the s1-relative position between F •
j and

F •
j+1.

Main Conclusion: Under the given setup, the following statements hold:

• For each i ∈ [1, n− 1], the matrix
[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

∈M(i+ 1, i,K) representing ϕ
(i)
F is given by

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) .
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• The matrix
[
ϕ̃
(1)
F

]
f̂ (2) f̂ (1)

∈ M(2, 1,K) representing ϕ̃
(1)
F can be written as

[
ϕ̃
(1)
F

]
f̂ (2) f̂ (1)

= B
(2)
1 (z) · ι(2,1) ,

where B
(2)
1 (z) denotes the first braid matrix of dimension 2.

Definition (system of bases adapted to F on Rj): For each i ∈ [1, n], let ĥ(i) :=
{
ĥ
(i)
j

}i
j=1

be a basis for Ki, and denote by
{
ĥ(i)
}n
i=1

the collection of these bases.

We say that a pair
({

ĥ(i)
}n
i=1
, λ
)
, with λ ∈ K, is a system of bases adapted to F on Rj if, with

respect to these bases, the linear maps defining F on Rj have the following matrix representations:

[
ϕ
(i)
F

]
ĥ(i+1) ĥ(i) = ι(i+1,i) , for all i ∈ [1, n− 1] ,

[
ϕ̃
(1)
F

]
ĥ(2) ĥ(1) = B

(2)
1 (λ) · ι(2,1) .

In particular, under the given setup, the main conclusion implies that
({

f̂ (i)
}n
i=1
, z
)
is a system

of bases adapted to F on Rj.

Proof. By assumption,
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
. Then, Definition 3.1.18–

(3) asserts that, for each i ∈ [1, n− 1], the matrix
[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

∈ M(i+ 1, i,K) representing ϕ
(i)
F

is the standard inclusion matrix:

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) .

Here, recall that, relative to the basis f̂ (n) for Kn, the flags F •
j and F •

j+1 that geometrically

characterize F on Rj are represented by the matrices 1n and B
(n)
1 (z), respectively, where B

(n)
1 (z)

denotes the first braid matrix of dimension n, for some z ∈ K parameterizing the s1-relative position

between F •
j and F •

j+1. In particular, this suggests that the matrix
[
ϕ̃
(1)
F

]
f̂ (2) f̂ (1)

∈ M(2, 1,K)

representing ϕ̃
(1)
F can be expressed as

[
ϕ̃
(1)
F

]
f̂ (2) f̂ (1)

= B
(2)
1 (z) · ι(2,1) ,

where B
(2)
1 (z) denotes the first braid matrix of dimension 2.
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Next, we verify that the linear map ϕ̃
(1)
F , henceforth thought of as defined by the above matrix

expression in the given bases, is compatible with the microlocal support conditions for F on Rj

and induces the flag F •
j+1 in Kn.

To begin, let x⃗ := α1f̂
(2)
1 + α2f̂

(2)
2 ∈ K2, for some α1, α2 ∈ K. Then, we have that

x⃗ = α1f̂
(2)
1 − z α2f̂

(2)
1 + z α2f̂

(2)
1 + α2f̂

(2)
2 ,

= ϕ
(1)
F

(
α1f̂

(1)
1 − z α2f̂

(1)
1

)
− ϕ̃

(1)
F

(
− α2f̂

(1)
1

)
,

which implies that the linear map ϕ
(1)
F ⊕

(
− ϕ̃ (1)

F

)
: K⊕K −→ K2 is surjective. Consequently, since

the linear maps ϕ
(1)
F and ϕ̃

(1)
F are injective, we conclude that:

(i) The diagram in Figure 3.16 commutes.

(ii) The sequence in Equation 3.3.2 is short exact.

Thus, ϕ̃
(1)
F is compatible with the microlocal support conditions for F on Rj .

Finally, let
{
f̂ (i)[σ1, z]

}n
i=1

be the braid-transformed bases obtained from
{
f̂ (i)
}n
i=1

via σ1 and the

parameter z (cf, Definition 3.1.29). In particular, observe that:

• By construction,
{
f̂ (i)[σ1, z]

}n
i=1

is a system of bases adapted to
{
ϕ̃
(1)
F , ϕ

(2)
F , . . . , ϕ

(n−1)
F

}
in the

sense of Definition 3.1.18–(3).

• F •
j+1 = I F •( ϕ̃ (1)

F , ϕ
(2)
F , . . . , ϕ

(n−1)
F

)
is the type I flag in Kn associated with the indicated

collection of maps (cf. Definition 3.1.18–(1)).

Hence, by Lemma 3.1.22, we obtain that, relative to the basis f̂ (n)[σ1, z] for Kn, F •
j+1 is the standard

flag, that is, F •
j+1

[
f̂ (n)[σ1, z]

]
= F•

std

[
f̂ (n)[σ1, z]

]
, and is therefore represented by the matrix 1n.

Furthermore, by Definition 3.1.29, the bases f̂ (n) and f̂ (n)[σ1, z] for Kn are related via the change-

of-basis matrix B
(n)
1 (z); specifically, for each j ∈ [1, n],

f̂
(n)
j [σ1, z] =

n∑
q=1

(
B

(n)
1 (z)

)
q,j
f̂ (n)q .

Therefore, by Lemma 3.1.26, we conclude that, relative to the basis f̂ (n) for Kn, the flag F •
j+1 is

represented by the matrix product B
(n)
1 (z) · 1n, confirming that the linear map ϕ̃

(1)
F induces the

flag F •
j+1, as required. □
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Lemma 3.4.48 (Algebraic Local Model II). Setup: Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid

word, and let F be an object of the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the

open vertical strap in R2 containing σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k ≥ 2.

In this setting, we have that on Rj, the sheaf F is specified by a collection of n + 1 injective

linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

as illustrated in Figure 3.17. According to Lemma 3.3.38, the compatibility conditions for these

maps ensure that the induced complete flags in Kn,

F •
j := I F •(ϕ(1)F , . . . , ϕ

(k−2)
F , ϕ

(k−1)
F , ϕ

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

)
,

F •
j+1 := I F •(ϕ(1)F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

)
,

are in sk-relative position.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

be a basis for Ki, and suppose that{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
(cf. Definition 3.1.18–(3)).

Within this framework and relative to the basis f̂ (n) for Kn, Lemmas 3.1.22 and 3.1.28 alge-

braically capture the geometric compatibility between the flags F •
j and F •

j+1 as follows:

i) F •
j is the standard flag, that is, F •

j

[
f̂ (n)

]
= F•

std

[
f̂ (n)

]
, and is therefore represented by the

matrix 1n.

ii) F •
j+1 is represented by the matrix product 1n · B(n)

k (z), where B
(n)
k (z) denotes the k-th braid

matrix of dimension n, for some z ∈ K parameterizing the sk-relative position between F •
j and

F •
j+1.

Main Result: Under the given setup, the following statements hold:

• For each i ∈ [1, n− 1], the matrix
[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

∈M(i+ 1, i,K) representing ϕ
(i)
F is given by

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) .
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• The matrices
[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) ∈ M(k, k−1,K) and

[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

∈ M(k+1, k,K) representing

ϕ̃
(k−1)
F and ϕ̃

(k)
F , respectively, can be written as

[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) = ι(k,k−1) , and

[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

= B
(k+1)
k (z) · ι(k+1,k) ,

where B
(k+1)
k (z) denotes the k-th braid matrix of dimension k + 1.

Definition (system of bases adapted to F on Rj): For each i ∈ [1, n], let ĥ(i) :=
{
ĥ
(i)
j

}i
j=1

be a basis for Ki, and denote by
{
ĥ(i)
}n
i=1

the collection of these bases.

We say that a pair
({

ĥ(i)
}n
i=1
, λ
)
, with λ ∈ K, is a system of bases adapted to F on Rj if, with

respect to these bases, the linear maps defining F on Rj have the following matrix representations:

[
ϕ
(i)
F

]
ĥ(i+1) ĥ(i) = ι(i+1,i) , for all i ∈ [1, n− 1] ,

[
ϕ̃
(k−1)
F

]
ĥ(k) ĥ(k−1) = ι(k,k−1) ,

[
ϕ̃
(k)
F

]
ĥ(k+1) ĥ(k) = B

(k+1)
k (λ) · ι(k+1,k) .

In particular, under the given setup, the main conclusion implies that
({

f̂ (i)
}n
i=1
, z
)
is a system

of bases adapted to F on Rj.

Proof. By assumption,
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
. Then, Definition 3.1.18–

(3) asserts that, for each i ∈ [1, n− 1], the matrix
[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

∈ M(i+ 1, i,K) representing ϕ
(i)
F

is the standard inclusion matrix:

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) .

Here, recall that, relative to the basis f̂ (n) for Kn, the flags F •
j and F •

j+1 that geometrically

characterize F on Rj are represented by the matrices 1n and B
(n)
k (z), respectively, where B

(n)
k (z)

denotes the k-th braid matrix of dimension n, for some z ∈ K parameterizing the sk-relative

position between F •
j and F •

j+1. In particular, this suggests that the matrices
[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) ∈

M(k, k − 1,K) and
[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

∈ M(k + 1, k,K) representing ϕ̃
(k−1)
F and ϕ̃

(k)
F , respectively, can

be expressed as

[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) = ι(k,k−1), and

[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

= B
(k+1)
k (z) · ι(k+1,k) ,
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where B
(k+1)
k (z) denotes the k-th braid matrix of dimension k + 1.

Next, we verify that the linear maps ϕ̃
(k−1)
F and ϕ̃

(k)
F , henceforth thought of as defined by the above

matrix expressions in the given bases, are compatible with the microlocal support conditions for

F on Rj and induce the flag F •
j+1 in Kn.

To begin, a direct calculation shows that[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

·
[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) = B

(k+1)
k (z) · ι(k+1,k) · ι(k,k−1) ,

= B
(k+1)
k (z) · ι(k+1,k−1) ,

= ι(k+1,k−1) ,

and similarly, [
ϕ
(k)
F

]
f̂ (k+1) f̂ (k)

·
[
ϕ
(k−1)
F

]
f̂ (k) f̂ (k−1) = ι(k+1,k) · ι(k,k−1) ,

= ι(k+1,k−1) .

It follows that

ϕ
(k)
F ◦ ϕ(k−1)

F (y) = ϕ̃
(k)
F ◦ ϕ̃ (k−1)

F (y) ,

for all y := β1f̂
(k−1)
1 + · · ·+ βk−1f̂

(k−1)
k−1 ∈ Kk−1, with β1, . . . , βk−1 ∈ K.

Now, let x⃗ := α1f̂
(k+1)
1 + · · ·+ αk+1f̂

(k+1)
k+1 ∈ Kk+1, for some α1, . . . , αk+1 ∈ K. Then, we have that

x⃗ = α1f̂
(k+1)
1 + · · ·+ αkf̂

(k+1)
k − z αk+1f̂

(k+1)
k + z αk+1f̂

(k+1)
k + αk+1f̂

(k+1)
k+1 ,

= ϕ
(k)
F

(
α1f̂

(k)
1 + · · ·+ αkf̂

(k)
k − z αk+1f̂

(k)
k

)
− ϕ̃

(k)
F

(
− αk+1f̂

(k)
k

)
,

which implies that the linear map ϕ
(k)
F ⊕ (−ϕ̃ (k)

F ) : Kk ⊕Kk −→ Kk+1 is surjective.

In particular, since the linear maps ϕ
(k−1)
F , ϕ

(k)
F , ϕ̃

(k−1)
F , and ϕ̃

(k)
F are injective, the above results

guarantee that:

(i) The diagram in Figure 3.18 commutes.

(ii) The sequence in Equation (3.3.3) is short exact.

Hence, ϕ̃
(k−1)
F and ϕ̃

(k)
F are compatible with the microlocal support conditions for F on Rj .

Finally, let
{
f̂ (i)[σk, z]

}n
i=1

be the braid-transformed bases obtained from
{
f̂ (i)
}n
i=1

via σk and the

parameter z (cf. Definition 3.1.29). In particular, observe that:
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• By construction,
{
f̂ (i)[σk, z]

}n
i=1

is a system of bases adapted to the collection of linear maps

{
ϕ
(1)
F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

}
in the sense of Definition 3.1.18–(3).

• F •
j+1 = I F •(ϕ(1)F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

)
is the type I flag in Kn associated

with the indicated collection of maps (cf. Definition 3.1.18–(1)).

Hence, by Lemma 3.1.22, we obtain that, relative to the basis f̂ (n)[σk, z] for Kn, the flag F •
j+1 is

the standard flag, that is, F •
j+1

[
f̂ (n)[σk, z]

]
= F•

std

[
f̂ (n)[σk, z]

]
, and is therefore represented by the

matrix 1n.

Furthermore, by Definition 3.1.29, the bases f̂ (n) and f̂ (n)[σk, z] for Kn are related via the change-

of-basis matrix B
(n)
k (z); specifically, for each j ∈ [1, n],

f̂
(n)
j [σk, z] =

n∑
q=1

(
B

(n)
k (z)

)
q,j
f̂ (n)q .

Therefore, by Lemma 3.1.26, we conclude that, relative to the basis f̂ (n) for Kn, the flag F •
j+1 is

represented by the matrix product B
(n)
k (z) · 1n, confirming that the linear maps ϕ̃

(k−1)
F and ϕ̃

(k)
F

induce the flag F •
j+1, as required. □

Remark 3.4.49. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, F an object of the category

H•(Sh1(Λ(β),K)0), and RΛ(β) =
{
Rj

}ℓ
j=1

the collection of ℓ open vertical straps in R2 introduced

in Construction 3.3.36. For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

be a basis for Ki, and denote by{
f̂ (i)
}n
i=1

the collection of these bases.

Intuitively, Lemmas 3.4.47 and 3.4.48 assert the following. If
{
f̂ (i)
}n
i=1

is a system of bases

adapted to the n− 1 injective linear maps defining F to the left of a crossing σij within a vertical

strap Rj, then the pair
({

f̂ (i)
}n
i=1
, z
)
defines a system of bases adapted to F on Rj, where z ∈ K

algebraically encodes, relative to the basis f̂ (n) for Kn, the sij -relative position between the complete

flags in Kn that geometrically characterize F on Rj. In other words, the behavior of F on Rj is

completely determined by the single parameter z together with the adapted bases
{
f̂ (i)
}n
i=1

on the

left of the crossing σij .
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Building on the local algebraic descriptions established in Lemmas 3.4.47 and 3.4.48, we now

state the following result.

Theorem 3.4.50. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F be an

object of the category H•(Sh1(Λ(β),K)0). Let UΛ(β) =
{
U0, UB, UL, UR, UT

}
be the open cover of

R2 from Construction 3.3.33, and let RΛ(β) =
{
Rj

}ℓ
j=1

be the partition of UB into ℓ open vertical

straps from Construction 3.3.36.

⋆ Local descriptions on UT and UL: According to Lemma 3.3.34, F admits the following local

descriptions:

• On UT, F is specified by a collection of n−1 surjective linear maps
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
(see

Figure 3.9).

• On UL, F is specified by a collection of n− 1 injective linear maps
{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
(see

Figure 3.7).

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi .

⋆ Global flag data: By Theorem 3.3.40, F is geometrically characterized by a sequence of complete

flags
{
F •
j

}ℓ+1

j=0
in Kn such that: F •

0 is completely opposite to both F •
1 and F •

ℓ+1, and for each

j ∈ [1, ℓ], F •
j is in sij -relative position with respect to F •

j+1. In particular, by Lemma 3.3.35, we

know that:

F •
0 := KF •(ψ(1)

F , . . . , ψ
(n−1)
F

)
, and F •

1 := I F •(ϕ(1)F , . . . , ϕ
(n−1)
F

)
,

are the type K and type I flags in Kn associated with
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
, respectively (cf.

Definition 3.1.18–(1)–(2)).

⋆ Main assumption (Adapted bases): Let f̂ (n) be a basis for Kn, and let z⃗ = (z1, . . . , zℓ) ∈ X(β,K)

be a point such that the pair ( f̂ (n), z⃗ ) algebraically characterizes F according to Theorem 3.4.46.

In this setting, we have that relative to the basis f̂ (n) for Kn, the flags F •
0 and F •

1 are the

anti-standard and standard flags, respectively, and for each j ∈ [1, ℓ], the flag F •
j+1 is represented
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by the path matrix Pβj
(z⃗j) = B

(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid

word βj = σi1 · · ·σij ∈ Br+n and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std.

Furthermore, under this assumption, the compatibility conditions and an inductive argu-

ment assert that, for each i ∈ [1, n − 1], there is a unique basis f̂ (i) :=
{
f̂
(i)
j

}i
j=1

for Ki such that

the collection
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
(cf. Defini-

tion 3.1.18–(3)–(4)).

Main conclusion: For each j ∈ [1, ℓ], let
{
f̂ (i)[βj , z⃗j ]

}n
i=1

denote the braid-transformed bases

obtained from
{
f̂ (i)
}n
i=1

via the truncated braid word βj and the truncated tuple z⃗j (cf. Defini-

tion 3.1.29). Then:

•
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

• For each j ∈ [1, ℓ− 1],
({

f̂ (i)[βj , z⃗j ]
}n
i=1
, zj+1

)
is a system of bases adapted to F on Rj+1.

Proof. To begin, let R1 be the open vertical strap containing σi1 , the first crossing of β, and let z1 be

the first entry of z⃗, which parametrizes the si1-relative position between the complete flags F •
1 and

F •
2 in Kn that geometrically characterize F on R1. By assumption,

{
f̂ (i)
}n
i=1

is a system of bases

adapted to the n−1 injective linear maps defining F on the intersection UL ∩R1, namely
{
ϕ
(i)
F

}n−1

i=1
.

Then, depending on whether i1 = 1 or i1 ≥ 2, we can apply Lemma 3.4.47 or Lemma 3.4.48 to

deduce that
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

Now, consider R2, the open vertical strap containing σi2 , the second crossing of β, and let z2 be

the second entry of z⃗, which parametrizes the si2-relative position between the complete flags F •
2

and F •
3 in Kn that geometrically characterize F on R2. In addition, let

{
f̂ (i)[β1, z⃗1]

}n
i=1

be the

braid-transformed bases obtained from
{
f̂ (i)
}n
i=1

via the truncated braid word B1 = σi1 and the

truncated tuple z⃗1 = z1 (cf. Definition 3.1.29). By construction,
{
f̂ (i)[β1, z⃗1]

}n
i=1

is a system of

bases adapted to the n − 1 injective linear maps defining F on the intersection R1 ∩ R2. Then,

depending on whether i2 = 1 or i2 ≥ 2, we can apply Lemma 3.4.47 or Lemma 3.4.48 to obtain

that
({

f̂ (i)[β1, z⃗1]
}n
i=1
, z2
)
is a system of bases adapted to F on R2.

Finally, for each j ∈ [1, ℓ], let
{
f̂ (i)[βj , z⃗j ]

}n
i=1

be the braid-transformed bases obtained from{
f̂ (i)
}n
i=1

via the truncated braid word Bj = σi1 · · ·σij ∈ Br+n and the truncated tuple z⃗j =

(z1, . . . , zj) ∈ Kj
std. Then, iterating the above argument over all the straps Rj shows that, for

71



each j ∈ [1, ℓ− 1], the pair
({

f̂ (i)[βj , z⃗j ]
}n
i=1
, zj+1

)
is a system of bases adapted to F on Rj+1, as

desired. □

Remark 3.4.51. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, F an object of the category

H•(Sh1(Λ(β),K)0), and RΛ(β) =
{
Rj

}ℓ
j=1

the collection of ℓ open vertical straps in R2 introduced

in Construction 3.3.36. Let f̂ (n) be a basis for Kn, and let z⃗ = (z1, . . . , zℓ) ∈ X(β,K) be a point

such that the pair ( f̂ (n), z⃗ ) algebraically characterizes F according to Theorem 3.4.46. Then,

Theorem 3.4.50 illustrates how the algebraic data ( f̂ (n), z⃗ ) locally determines the behavior of F on

each vertical strap Rj via the notion of braid-transformed bases, which will play a key role in the

computations and discussions ahead.

Having completed the algebraic characterization of the objects of the category

H•(Sh1(Λ(β),K)0), we now turn to the study of its graded morphism spaces and their compo-

sitions, which will further elucidate the rich algebraic, geometric, and combinatorial structures of

the categorical invariant under consideration.
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CHAPTER 4

Morphism Spaces and Compositions in the Category

H•(Sh1(Λ(β),K)0)

Let β ∈ Br+n be a positive braid word. In this chapter, we present an explicit description of the

graded morphism spaces and the compositions in the category H•(Sh1(Λ(β),K)0). To lay the

groundwork, we begin by reviewing some key results due to Chantraine, Ng, and Sivek [12].

4.1. Higher-Degree Morphism Spaces

Let β ∈ Br+n be a positive braid word. In this section, we analyze the structure of the higher-

degree morphism spaces in the category H•(Sh1(Λ(β),K)0). As a first step, we recall the following

fundamental result of Chantraine, Ng, and Sivek [12].

Proposition 4.1.52 ([Propositions 6.5 & 6.6, [12]). Let β ∈ Br+n be a positive braid word.

Let r, s ≥ 1 be integers, and let F and G be objects of the categories H•(Shr(Λ(β),K)0) and

H•(Shs(Λ(β),K)0), respectively. Then, the following statements hold:

a) For all p ≥ 2,

Hp
(
RΓ
(
R2;H om(F ,G )

))
= 0 .

b) For all q ≥ 1,

Hq
(
RH om(F ,G )

)
= 0 .

In other words, RH om(F ,G ) ⋍ H om(F ,G ).

Next, let F and G be objects of the category H•(Sh1(Λ(β),K)0). The local–to–global Ext

spectral sequence establishes that

Ep,q
2 = Hp

(
RΓ(R2;Hq(RH om(F ,G )))

)
=⇒ Extp+q(F ,G ) ,
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for all p, q ≥ 0. By Proposition 4.1.52–(b), we have that Hq
(
RH om(F ,G )

)
= 0 for all q ≥ 1, and

therefore Ep,q
2 = 0 whenever q ≥ 1. It follows that the E2-page is supported entirely along the axis

q = 0, and as a result, the spectral sequence collapses at this page. Consequently, we obtain that

Extp(F ,G ) = Ep,0
2 = Hp

(
RΓ
(
R2;H0(RH om(F ,G ))

))
= Hp

(
RΓ
(
R2;H om(F ,G )

))
,

for all p ≥ 0 [12]. Proposition 4.1.52–(a) then implies that

Extp(F ,G ) = 0 ,

for all p ≥ 2. In particular, this shows that the higher-degree morphism spaces in the category

H•(Sh1(Λ(β),K)0) are trivial.

Having established the vanishing of the higher-degree morphism spaces in category

H•(Sh1(Λ(β),K)0), we now focus on analyzing the structure of its lower-degree morphism spaces.

4.2. Lower-Degree Morphism Spaces

Let β ∈ Br+n be a positive braid word. In this section, our goal is to provide an explicit and

computable description of the lower-degree morphism spaces in the category H•(Sh1(Λ(β),K)0).

To this end, we begin by introducing some notation.

Notation 4.2.53. Let n ≥ 1 be an integer. For any tuple u⃗ = (u1, . . . , un) ∈ Kn
std, we denote by

D(u⃗) ∈ M(n,K) the n× n diagonal matrix given by

D(u⃗) :=


u1

. . .

un

 .
Notation 4.2.54. Let n ≥ 2 be an integer, and let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word.

For each j ∈ [0, ℓ], we denote by βj := σi1 . . . σij ∈ Br+n the truncation of β at the j-th crossing,

with the convention β0 := en, where en ∈ Br+std is the trivial braid on n strands. Bearing this in

mind, we adopt the following notation:

• For each j ∈ [0, ℓ], we introduce πβj
:= si1 · · · sij ∈ Sn to denote the permutation associated with

βj, with the convention πβ0 := en, where by slight abuse of notation en ∈ Sn denotes within this

context the trivial permutation on n elements.
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• For any tuple u⃗ = (u1, . . . , un) ∈ Kn
std, we set πβj

(u⃗) := (uπβj
(1), . . . , uπβj

(n)) ∈ Kn
std for each

j ∈ [0, ℓ], with the convention πβ0(u⃗) := u⃗.

With the preceding notation in place, we now introduce a linear map that will be central to the

explicit description of the lower-degree morphism spaces in the category H•(Sh1(Λ(β),K)0).

Definition 4.2.55. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n) be bases for Kn, and let z⃗ = (z1, . . . , zℓ), z⃗
′ =

(z′1, . . . , z
′
ℓ) ∈ X(β,K) be points such that the pairs

(
f̂ (n), z⃗

)
and

(
ĝ(n), z⃗ ′ ) algebraically charac-

terize F and G according to Theorem 3.4.46, respectively. Then, we associate to the pair (F ,G )

the linear δF ,G : Kn
std → Kℓ

std defined by

δF ,G (u⃗) :=
(
δ1(u⃗), . . . , δℓ(u⃗)

)
, u⃗ = (u1, . . . , un) ∈ Kn

std ,

where, for each j ∈ [1, ℓ],

δj(u⃗) :=
[
(B

(n)
ij

(z′j))
−1D

(
πβj−1

(u⃗)
)
B

(n)
ij

(zj)
]
ij+1,ij

.

Building on the previous definition, we now state one of the main results of this dissertation:

a theorem providing an explicit and computable characterization of the lower-degree morphism

spaces in the category H•(Sh1(Λ(β),K)0).

Theorem 4.2.56. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n) be bases for Kn, and let z⃗, z⃗ ′ ∈ X(β,K) be

points such that the pairs
(
f̂ (n), z⃗

)
and

(
ĝ(n), z⃗ ′ ) algebraically characterize F and G according

to Theorem 1.2.3, respectively.

Following Definition 4.2.55, let δF ,G : Kn
std → Kℓ

std be the linear map associated with the pair

(F ,G ). Then there are isomorphisms of vector spaces

Ext0(F ,G ) ∼= ker δF ,G ,(4.2.1)

Ext1(F ,G ) ∼= coker δF ,G .(4.2.2)
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In particular, the following sections are devoted to proving the preceding statement. Bear-

ing this in mind, we now turn to the study of the zero-degree morphism spaces in the category

H•(Sh1(Λ(β),K)0).

4.3. Zero-Degree Morphism Spaces

Let β ∈ Br+n be a positive braid word. The main goal of this section is to establish the first

part of Theorem 4.2.56, namely, the isomorphism of vector spaces in Equation (4.2.1), thereby

providing an explicit algebraic characterization of the zero-degree morphism spaces in the category

H•(Sh1(Λ(β),K)0). To this end, we begin by introducing some preliminaries.

4.3.1. Technical Background. Let β ∈ Br+n be a positive braid word. We now collect

some preliminaries that will play a fundamental role in the explicit computation of the zero-degree

morphism spaces in the category H•(Sh1(Λ(β),K)0). In particular, we open the discussion with

the following definition.

Definition 4.3.57. Let A, B, X, Y be vector spaces over K, and let γF : A→ B and γG : X → Y

be linear maps. A morphism λξ,δ := (λξ, λδ) between γF and γG consists of a pair of linear maps

λξ : A→ X and λδ : B → Y such that the diagram in Figure 4.1 commutes. Equivalently,

λδ ◦ γF = γG ◦ λξ .

A

B

X

Y

γF γG

λδ

λξ

Figure 4.1. A morphism λξ,δ between γF by γG .
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Lemma 4.3.58. Let
{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
be two collections of

surjective linear maps, and let
{
T
(i)
λ : Ki → Ki

}n
i=1

be a collection of linear maps such that for each

i ∈ [1, n− 1], the pair (T
(i)
λ , T

(i+1)
λ ) defines a morphism between ψ

(i)
F and ψ

(i)
G , i.e.,

(4.3.1) T
(i)
λ ◦ ψ(i)

F = ψ
(i)
G ◦ T (i+1)

λ .

For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki such that the collec-

tions
{
f̂ (j)
}n
j=1

and
{
ĝ(j)

}n
j=1

are systems of bases adapted to
{
ψ
(i)
F

}n−1

i=1
and

{
ψ
(i)
G

}n−1

i=1
, respectively

(cf. Definition 3.1.18–(4)). Then:

• The matrix
[
T

(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) representing T

(n)
λ is lower triangular.

• For each i ∈ [1, n − 1], the matrix
[
T

(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) representing T
(i)
λ coincides with the

principal i× i submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n).

Proof. By assumption,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to
{
ψ
(i)
F

}n−1

i=1
and{

ψ
(i)
G

}n−1

i=1
, respectively. Then, Definition 3.1.18–(4) asserts that for each i ∈ [1, n−1], the matrices[

ψ
(i)
F

]
f̂ (i) f̂ (i+1) ∈ M(i, i + 1,K) and

[
ψ
(i)
G

]
ĝ(i) ĝ(i+1) ∈ M(i, i + 1,K) representing ψ

(i)
F and ψ

(i)
G are

the standard projection matrices:

[
ψ
(i)
F

]
f̂ (i) f̂ (i+1) = π(i,i+1) , and

[
ψ
(i)
G

]
ĝ(i) ĝ(i+1) = π(i,i+1) .

Now, for each i ∈ [1, n], denote by
[
T

(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) the matrix representing T
(i)
λ . Then, for

each i ∈ [1, n− 1], the morphism condition (4.3.1) translates into the matrix equation

[
T
(i)
λ

]
ĝ(i) f̂ (i)

·
[
ψ
(i)
F

]
f̂ (i) f̂ (i+1) =

[
ψ

(i)
G

]
ĝ(i) ĝ(i+1) ·

[
T
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) .

Consequently, a direct substitution of the standard projection matrices into the above relation

shows thatî [
T
(i)
λ

]
ĝ(i) f̂ (i)

0i×1

ó
i×(i+1)

=
the upper-left

(i, i+ 1) submatrix of

[
T
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) ,

for each i ∈ [1, n − 1]. Hence, by applying the above identity recursively, we conclude that the

matrix
[
T
(n)
λ

]
ĝ(n) f̂ (n) representing T

(n)
λ is lower triangular, and that for each i ∈ [1, n − 1], the

77



matrix
[
T
(i)
λ

]
ĝ(i) f̂ (i)

representing T
(i)
λ coincides with the principal i× i submatrix of

[
T
(n)
λ

]
ĝ(n) f̂ (n) ,

as claimed. □

Lemma 4.3.59. Let
{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
be two collections of

injective linear maps, and let
{
B

(i)
λ : Ki → Ki

}n
i=1

be a collection of linear maps such that for each

i ∈ [1, n− 1], the pair (B
(i+1)
λ , B

(i)
λ ) defines a morphism between ϕ

(i)
F and ϕ

(i)
G , i.e.,

(4.3.2) B
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦B(i)

λ .

For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki such that the collec-

tions
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
, respectively

(cf. Definition 3.1.18–(3)). Then:

• The matrix
[
B

(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) representing B

(n)
λ is upper triangular.

• For each i ∈ [1, n − 1], the matrix
[
B

(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) representing B
(i)
λ coincides with the

principal i× i submatrix of
[
B

(n)
λ

]
ĝ(n) f̂ (n).

Proof. By assumption,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
and{

ϕ
(i)
G

}n−1

i=1
, respectively. Then, Definition 3.1.18–(3) asserts that, for each i ∈ [1, n−1], the matrices[

ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

∈M(i+1, i,K) and
[
ϕ
(i)
G

]
ĝ(i+1) ĝ(i) ∈M(i+1, i,K) representing ϕ

(i)
F and ϕ

(i)
G are the

standard inclusion matrices:

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) , and
[
ϕ
(i)
G

]
ĝ(i+1) ĝ(i) = ι(i+1,i) .

Now, for each i ∈ [1, n], denote by
[
B

(i)
λ

]
ĝ(i) f̂ (i)

∈M(i,K) the matrix representing B
(i)
λ . Then, for

each i ∈ [1, n− 1], the morphism condition (4.3.2) translates into the matrix equation

[
B

(i+1)
λ

]
ĝ(i+1) f̂ (i+1) ·

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

=
[
ϕ
(i)
G

]
ĝ(i+1) ĝ(i) ·

[
B

(i)
λ

]
ĝ(i) f̂ (i)

.

Consequently, a direct substitution of the standard inclusion matrices into the above relation shows

that
the upper-left

(i+ 1, i) submatrix of

[
B

(i+1)
λ

]
ĝ(i+1) f̂ (i+1) =

 [
B

(i)
λ

]
ĝ(i) f̂ (i)

01×i


(i+1)×i

,
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for each i ∈ [1, n − 1]. Hence, by applying the above identity recursively, we conclude that the

matrix
[
B

(n)
λ

]
ĝ(n) f̂ (n) representing B

(n)
λ is upper triangular, and that for each i ∈ [1, n − 1], the

matrix
[
B

(i)
λ

]
ĝ(i) f̂ (i)

representing B
(i)
λ coincides with the principal i× i submatrix of

[
B

(n)
λ

]
ĝ(n) f̂ (n) ,

as claimed. □

Having established the necessary groundwork, we conclude this part of the manuscript with the

following observation, which sheds light on the local structure of the zero-degree morphism spaces

in the category H•(Sh1(Λ(β),K)0).

Observation 4.3.60. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, SΛ(β) the stratification of

R2 induced by Λ(β) ⊂ (R3, ξstd), and F and G objects of the category H•(Sh1(Λ(β),K)0). By the

microlocal support conditions, the global structure of F and G is determined by their local behavior

along the arcs in SΛ(β), together with compatibility conditions imposed at cusps and crossings. Now,

recall that elements of Ext0(F ,G ) are global sheaf homomorphisms between F and G . Hence, the

constructibility of F and G with respect to SΛ(β), together with the sheaf axioms, implies that the

global structure of the elements of Ext0(F ,G ) is likewise determined by their local behavior along

the arcs in SΛ(β), together with compatibility conditions required at cusps and crossings.

Next, we explicitly describe the structure of the elements of Ext0(F ,G ) near an arc a in SΛ(β).

To this end, observe that in a neighborhood of a, the stratification SΛ(β) consists of an upper 2-

dimensional stratum U and a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a.

Given this local configuration, let p ∈ U and q ∈ D be arbitrary points, and denote by A = Fp,

B = Fq, X = Gp, and Y = Gq the stalks of F and G at these points, respectively. It then follows

from the microlocal support conditions near the arcs that, near a, F and G are determined by a pair

of linear maps γF : A → B and γG : X → Y , respectively. According to our previous discussion,

we have that a sheaf homomorphism λ ∈ Ext0(F ,G ) between F and G is specified near a by two

linear maps λξ : A→ X and λδ : B → Y such that

λδ ◦ γF = γG ◦ λξ .

In other words, near a, λ is determined by a morphism λξ,δ := (λξ, λδ) between γF and γG (cf.

Definition 4.3.57).
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Building on the preceding local description of the elements of the zero-degree morphism spaces

in the category H•(Sh1(Λ(β),K)0), we proceed to analyze the global structure of these elements,

yielding an explicit characterization of the zero-degree morphism spaces under consideration. In

particular, we begin our analysis by considering the case β = en.

4.3.2. The Case of the Trivial Braid. Let en ∈ Br+n be the trivial braid word. Next, we

study the zero-degree morphism spaces in the category H•(Sh1(Λ(en),K)0).

To begin, consider the open cover UΛ(en) =
{
U0, UB, UT

}
of R2 introduced in Construc-

tion 3.2.30. Let F and G be objects of the category H•(Sh1(Λ(en),K)0), and let λ ∈ Ext0(F ,G )

be a sheaf homomorphism between them. By Proposition 3.2.32, F and G are identically zero on

U0, and as a result, λ is also identically zero on this region. It follows that λ is entirely deter-

mined by its behavior on the regions UB and UT. Having established this, we present the following

proposition.

Proposition 4.3.61. Setup: Let en ∈ Br+n be the trivial braid word, UΛ(en) =
{
U0, UB, UT

}
the open cover of R2 introduced in Construction 3.2.30, and F and G objects of the category

H•(Sh1(Λ(en),K)0). Accordingly, Proposition 3.2.31 asserts that:

• On UT, F and G are specified by two collections of surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively (see Figure 3.3 for a schematic representation).

• On UB, F and G are specified by two collections of injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,

respectively (see Figure 3.4 for a schematic representation).

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Assumption: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki. In

particular, building on Definition 3.1.18–(3)–(4), we assume that:
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•
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Main Conclusion: Let λ ∈ Ext0(F ,G ) be a sheaf homomorphism between F and G . Then,

under the given setup, the following statements hold:

• λ is characterized by a collection of n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that, for each

i ∈ [1, n− 1]:

T
(i)
λ ◦ ψ(i)

F = ψ
(i)
G ◦ T (i+1)

λ , and T
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦ T (i)

λ .

• The matrix
[
T

(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) representing T

(n)
λ is diagonal.

• For each i ∈ [1, n − 1], the matrix
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) representing T
(i)
λ coincides with the

principal i× i submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n).

Consequently, we deduce that

Ext0(F ,G ) ∼= Kn
std .

Proof. Building on our previous discussion, we have that:

• On UT, λ is specified by a collection of linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that for each

i ∈ [1, n− 1], the pair
(
T
(i+1)
λ , T

(i)
λ

)
defines a morphism between ψ

(i)
F and ψ

(i)
G , i.e.,

(4.3.3) T
(i)
λ ◦ ψ(i)

F = ψ
(i)
G ◦ T (i+1)

λ .

• On UB, λ is specified by a collection of linear maps
{
B

(i)
λ : Ki → Ki

}n
i=1

such that for each

i ∈ [1, n− 1], the pair
(
B

(i)
λ , B

(i+1)
λ

)
defines a morphism between ϕ

(i)
F and ϕ

(i)
G , i.e.,

(4.3.4) B
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦B(i)

λ .

In particular, note that a direct application of the sheaf axioms to the intersection UB ∩ UT ⊂ R2

implies that T
(n)
λ = B

(n)
λ . Hence, combining the morphism conditions (4.3.3) and (4.3.4) with the

compatibility conditions for the maps characterizing F and G on UB and UT, we further deduce
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that T
(i)
λ = B

(i)
λ for every i ∈ [1, n − 1]. It follows that λ is determined by a collection of linear

maps
{
T
(i)
λ : Ki → Ki

}n
i=1

satisfying the stated conditions.

Finally, recall that
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to the pairs({
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1

)
and

({
ψ
(i)
G

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1

)
, respectively. Thus, relying on our previous

results, Lemmas 4.3.58 and 4.3.59 guarantee that:

• The matrix
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) representing T

(n)
λ is both lower and upper triangular, and

hence diagonal.

• For each i ∈ [1, n − 1], the matrix
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) representing T
(i)
λ coincides with the

principal i× i submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n) .

Bearing this in mind, we conclude that

Ext0(F ,G ) ∼= Kn
std .

This completes the proof. □

Having established the preceding result, we conclude our study of the zero-degree mor-

phism spaces in the category H•(Sh1(Λ(en),K)0), and turn to their analysis in the category

H•(Sh1(Λ(β),K)0) for an arbitrary positive braid word β ∈ Br+n .

4.3.3. General Positive Braids. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. Next,

we analyze the zero-degree morphism spaces in the category H•(Sh1(Λ(β),K)0).

To being, we establish an observation that will facilitate the study the zero-degree morphism

spaces in the category H•(Sh1(Λ(β),K)0).

Observation 4.3.62. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, SΛ(β) the stratification of

R2 induced by Λ(β) ⊂ (R3, ξstd), and F an object of the category H•(Sh1(Λ(β),K)0). Let UΛ(β) ={
U0, UB, UL, UR, UT

}
be the open cover of R2 from Construction 3.3.33, and let RΛ(β) =

{
Rj

}ℓ
j=1

be the partition of UB into ℓ open vertical straps from Construction 3.3.36.

In particular, observe that the only singularities of Πx,z(Λ) contained in UL are the n left cusps,

and R1 is its only adjacent vertical strap. Hence, since UL contains no crossings of Πx,z(Λ), the

constructibility of F with respect to SΛ(β) and the sheaf axioms guarantee that the maps defining
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F on UL coincide with those specifying it on the intersection UL ∩ R1. It follows that, for the

purpose of studying F , instead of considering the region UL, it suffices to restrict to R1, with the

understanding that the data characterizing F on R1 inherits the compatibility conditions associated

with the left cusps in UL.

Finally, note that a completely analogous argument applies to the region UR and the vertical

strap Rℓ, with the data characterizing F on Rℓ inheriting the compatibility conditions associated

with the right cusps in UR. Consequently, we deduce that the global structure of F can be fully

recovered from its local description on the region UT and the collection of vertical straps RΛ(β),

together with the appropriate compatibility conditions.

Now, let UΛ(β) =
{
U0, UB, UL, UR, UT

}
be the open cover of R2 from Construction 3.3.33,

RΛ(β) =
{
Rj

}ℓ
j=1

be the partition of UB into ℓ open vertical straps from Construction 3.3.36, F

and G objects of the category H•(Sh1(Λ(β),K)0), and λ ∈ Ext0(F ,G ) a sheaf homomorphism

between them. Building on Observation 4.3.62, we have that the global structure of λ can be fully

recovered from its local description on the region UT and the collection of vertical straps RΛ(β),

together with the appropriate compatibility conditions. Accordingly, we present the following

result.

Lemma 4.3.63. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, UΛ(β) ={
U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and F and G objects of

the category H•(Sh1(Λ(β),K)0). According to Lemma 3.3.34, F and G have the following local

descriptions:

• On UT, F and G are specified by two collections of surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UT, see Figure 3.9.

• On UL, F and G are specified by two collections of injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,
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respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Assumption: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki. Based

on Definition 3.1.18–(3)–(4), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Main Conclusion: Let λ ∈ Ext0(F ,G ). Under the given setup, the following statements hold:

⋆ Local characterization of λ on UT and UL: On UT and UL, λ is characterized by a collection of

n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that for each i ∈ [1, n− 1]:

T
(i)
λ ◦ ψ(i)

F = ψ
(i)
G ◦ T (i+1)

λ , and T
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦ T (i)

λ .

⋆ Block-diagonal properties: With respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, we have that:

•
[
T

(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) is a diagonal matrix.

• For each i ∈ [1, n − 1], the matrix
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) coincides with the principal i × i

submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n).

Proof. The argument parallels that of Proposition 4.3.61. More precisely, given the local descrip-

tions of F and G on UT and UL from Lemma 3.3.34, the local characterization of λ on UT and UL

follows from Observation 4.3.60. Furthermore, this characterization, combined with the standing

assumption and Lemmas 4.3.58 and 4.3.59, yields the block-diagonal properties. □

Fix j ∈ [1, ℓ], and let Rj be the vertical strap in R2 containing σij—the j-th crossing of β (see

Figure 3.13). Building on the algebraic local models established in Lemmas 3.4.47 and 3.4.48, we

now give an explicit local characterization of the elements of the zero-degree morphism spaces in

the category H•(Sh1(Λ(β),K)0) on Rj .
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Lemma 4.3.64. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F and G be

objects of the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the vertical strap in R2

containing σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k = 1.

Under this assumption, on Rj, F and G are specified by two collections of n injective linear

maps

(4.3.5)

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
G : K1 → K2

}
,

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.15.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Based on Definition 3.1.18–(3), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
G

}n−1

i=1
.

Under this assumption, Lemma 3.4.47 ensures that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are system

of bases adapted to F and G on Rj, where z, z′ ∈ K algebraically parameterize, relative to the

bases f̂ (n) and ĝ(n) for Kn, the s1-relative position between the pairs of complete flags in Kn that

geometrically characterize F and G on Rj, respectively. In particular, following Definition 3.1.29,

we denote by
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

the corresponding braid-transformed bases.

Main Conclusion: Let λ ∈ Ext0(F ,G ). Under the given setup, the following statements hold:

⋆ Local characterization of λ on Rj: On Rj, λ is specified by a collection of n+ 1 linear maps

(4.3.6)
{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃

(1)
λ : K1 → K1

}
,

such that

(4.3.7) T
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦ T (i)

λ , and T
(2)
λ ◦ ϕ̃ (1)

F = ϕ̃
(1)
G ◦ T̃ (1)

λ ,
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for each i ∈ [1, n− 1].

⋆ Block-Triangular Properties I: With respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, we have that:

•
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) is an upper-triangular matrix.

• For each i ∈ [1, n − 1], the matrix
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) coincides with the principal i × i

submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n),

⋆ Block-Triangular Properties II: With respect to the bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

, we

have that:

•
[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

∈M(n,K) is upper-triangular.

•
[
T̃

(1)
λ

]
ĝ(1)[σ1,z′] f̂ (1)[σ1,z]

∈ M(1,K) coincides with the principal 1 × 1 submatrix of[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

.

• For each i ∈ [2, n − 1],
[
T

(i)
λ

]
ĝ(i)[σ1,z′] f̂ (i)[σ1,z]

∈ M(i,K) coincides with the principal i × i

submatrix of
[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

.

⋆ Refinement: Suppose that
[
T

(n)
λ

]
ĝ(n) f̂ (n) is diagonal, that is,

[
T

(n)
λ

]
ĝ(n) f̂ (n) = D(u⃗) ,

for some tuple u⃗ = (u1, . . . , un) ∈ Kn
std. Then:

• Compatibility condition for λ: The (1 + 1, 1)-entry of the matrix product

(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z)

must vanish.

• Under the above condition,

[
T
(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

= D(π1(u⃗)) ,

where π1(u⃗) denotes the permutation of u⃗ associated with σ1.

Proof. According to Assumption 1, on Rj , F and G are defined by the collections of n injective

linear maps listed in (4.3.5). Hence, the Local characterization of λ on Rj , specified by the n + 1

86



linear maps listed in (4.3.6) and subject to the morphism conditions (4.3.7), follows from Obser-

vation 4.3.60, which establishes the local description of the elements of Ext0(F ,G ) near an arc of

the stratification SΛ(β) of R2 induced by Λ(β) ⊂ (R3, ξstd).

By Assumption 2,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
,

respectively. Therefore, by virtue of the morphism conditions (4.3.7), the Block-Triangular

Properties I follow directly from Lemma 4.3.59.

Moreover, under Assumption 2, Lemma 3.4.47 asserts that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are

system of bases adapted to F and G on Rj , where z, z
′ ∈ K algebraically parameterize, relative to

the bases f̂ (n) and ĝ(n) for Kn, the s1-relative position between the pairs of complete flags in Kn

that geometrically characterize F and G on Rj , respectively. Accordingly, we have that:

• With respect to the bases
{
f̂ (i)
}n
i=1

, the linear maps determining F on Rj have the matrix

representations:

[
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) , for all i ∈ [1, n− 1] , and
[
ϕ̃
(1)
F

]
f̂ (2) f̂ (1)

= B
(2)
1 (z) · ι(2,1) .

• With respect to the bases
{
ĝ(i)
}n
i=1

, the linear maps determining G on Rj have the matrix

representations:

[
ϕ
(i)
G

]
ĝ(i+1) ĝ(i) = ι(i+1,i) , for all i ∈ [1, n− 1] , and

[
ϕ̃
(1)
G

]
ĝ(2) ĝ(1) = B

(2)
1 (z′) · ι(2,1) .

Next, consider the braid-transformed bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

(cf. Defini-

tion 3.1.29). In particular, a direct calculation shows that:

• With respect to the bases
{
f̂ (i)[σ1, z]

}n
i=1

,

[
ϕ
(i)
F

]
f̂ (i+1)[σ1,z] f̂ (i)[σ1,z]

= ι(i+1,i) , for all 2 ∈ [1, n− 1] , and
[
ϕ̃
(1)
F

]
f̂ (2)[σ1,z] f̂ (1)[σ1,z]

= ι(2,1) .

• With respect to the bases
{
ĝ(i)[σ1, z

′]
}n
i=1

,

[
ϕ
(i)
G

]
ĝ(i+1)[σ1,z′] ĝ(i)[σ1,z′]

= ι(i+1,i) , for all 2 ∈ [1, n− 1] , and
[
ϕ̃
(1)
G

]
ĝ(2)[σ1,z′] ĝ(1)[σ1,z′]

= ι(2,1) .
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It follows from Definition 3.1.18–(3) that
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

are systems of bases

adapted to
{
ϕ̃
(1)
F , ϕ

(2)
F , . . . , ϕ

(n−1)
F

}
and

{
ϕ̃
(1)
G , ϕ

(2)
G , . . . , ϕ

(n−1)
G

}
, respectively. Hence, by virtue of the

morphism conditions (4.3.7), the Block-Triangular Properties II follow directly from Lemma 4.3.59.

Finally, assume that
[
T
(n)
λ

]
ĝ(n) f̂ (n) = D(u⃗) for some tuple u⃗ = (u1, . . . , un) ∈ Kn

std. In particular,

observe that the bases f̂ (n)[σ1, z] and f̂ (n) for Kn, as well as the bases ĝ(n)[σ1, z
′] and ĝ(n), are related

by the change-of-basis matrices B
(n)
1 (z) and B

(n)
1 (z′), respectively. Therefore, by the change-of-basis

formula, we deduce that

[
T
(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

=
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) .

Consequently, since
[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

must be upper-triangular, a direct application of

Lemma A.0.116 yields that:

• The (1 + 1, 1)-entry of the matrix
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) must vanish.

• Under the above condition,
[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

= D(π1(u⃗)),

where π1(u⃗) denotes the permutation of u⃗ associated with σ1. This completes the proof. □

Lemma 4.3.65. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F and G be

objects of the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the vertical strap in R2

containing σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k ≥ 2.

Under this assumption, on Rj, F and G are specified by two collections of n+1 injective linear

maps

(4.3.8)

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
G : Kk−1 → Kk , ϕ̃

(k)
G : Kk → Kk+1

}
,

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.17.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Based on Definition 3.1.18–(3), we assume that:
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•
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
G

}n−1

i=1
.

Under this assumption, Lemma 3.4.48 ensures that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are system

of bases adapted to F and G on Rj, where z, z′ ∈ K algebraically parameterize, relative to the

bases f̂ (n) and ĝ(n) for Kn, the sk-relative position between the pairs of complete flags in Kn that

geometrically characterize F and G on Rj, respectively. In particular, following Definition 3.1.29,

we denote by
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

the corresponding braid-transformed bases.

Main Conclusion: Let λ ∈ Ext0(F ,G ). Under the given setup, the following statements hold:

⋆ Local characterization of λ on Rj: On Rj, λ is specified by a collection of n+ 1 linear maps

(4.3.9)
{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃

(k)
λ : Kk → Kk

}
,

such that

(4.3.10)

T
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦ T (i)

λ ,

T̃
(k)
λ ◦ ϕ̃ (k−1)

F = ϕ̃
(k−1)
G ◦ T (k−1)

λ ,

T
(k+1)
λ ◦ ϕ̃ (k)

F = ϕ̃
(k)
G ◦ T̃ (k)

λ ,

for each i ∈ [1, n− 1].

⋆ Block-Triangular Properties I: With respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, we have that:

•
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈M(n,K) is upper-triangular.

• For each i ∈ [1, n − 1],
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) coincides with the principal i × i submatrix of[
T

(n)
λ

]
ĝ(n) f̂ (n).

⋆ Block-Triangular Properties II: With respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, we

have that:

•
[
T
(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

∈M(n,K) is upper-triangular.

•
[
T̃

(k)
λ

]
ĝ(k)[σk,z′] f̂ (k)[σk,z]

∈ M(k,K) coincides with the principal k × k submatrix of[
T
(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

.
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• For each i ∈ [1, n− 1] with i ̸= k,
[
T
(i)
λ

]
ĝ(i)[σk,z′] f̂ (i)[σk,z]

∈ M(i,K) coincides with the principal

i× i submatrix of
[
T
(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

.

⋆ Refinement: Suppose that
[
T

(n)
λ

]
ĝ(n) f̂ (n) is diagonal, that is,

[
T

(n)
λ

]
ĝ(n) f̂ (n) = D(u⃗) ,

for some tuple u⃗ = (u1, . . . , un) ∈ Kn
std. Then:

• Compatibility condition for λ: The (k + 1, k)-entry of the matrix product

(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z)

must vanish.

• Under the above condition,

[
T
(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

= D(πk(u⃗)) ,

where πk(u⃗) denotes the permutation of u⃗ associated with σk.

Proof. According to Assumption 1, on Rj , F and G are defined by the collections of n + 1 injec-

tive linear maps listed in (4.3.8). Hence, the Local characterization of λ on Rj , specified by the

n + 1 linear maps listed in (4.3.9) and subject to the morphism conditions (4.3.10), follows from

Observation 4.3.60, which establishes the local description of the elements of Ext0(F ,G ) near an

arc of the stratification SΛ(β) of R2 induced by Λ(β) ⊂ (R3, ξstd).

By Assumption 2,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
,

respectively. Therefore, by virtue of the morphism conditions (4.3.10), the Block-Triangular

Properties I follow directly from Lemma 4.3.59.

Moreover, under Assumption 2, Lemma 3.4.48 asserts that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are

system of bases adapted to F and G on Rj , where z, z
′ ∈ K algebraically parameterize, relative to

the bases f̂ (n) and ĝ(n) for Kn, the sk-relative position between the pairs of complete flags in Kn

that geometrically characterize F and G on Rj , respectively. Accordingly, we have that:
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• With respect to the bases
{
f̂ (i)
}n
i=1

, the linear maps determining F on Rj have the matrix

representations: [
ϕ
(i)
F

]
f̂ (i+1) f̂ (i)

= ι(i+1,i) , for all i ∈ [1, n− 1] ,[
ϕ̃
(k−1)
F

]
f̂ (k) f̂ (k−1) = i(k,k−1) ,

[
ϕ̃
(k)
F

]
f̂ (k+1) f̂ (k)

= B
(k+1)
k (z) · ι(k+1,k) .

• With respect to the bases
{
ĝ(i)
}n
i=1

, the linear maps determining G on Rj have the matrix

representations: [
ϕ
(i)
G

]
ĝ(i+1) ĝ(i) = ι(i+1,i) , for all i ∈ [1, n− 1] ,[
ϕ̃
(k−1)
G

]
ĝ(k) ĝ(k−1) = i(k,k−1) ,

[
ϕ̃
(k)
G

]
ĝ(k+1) ĝ(k) = B

(k+1)
k (z′) · ι(k+1,k) .

Next, consider the braid-transformed bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

(cf. Defini-

tion 3.1.29). In particular, a direct calculation shows that:

• With respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

,

[
ϕ
(i)
F

]
f̂ (i+1)[σk,z] f̂ (i)[σk,z]

= ι(i+1,i) , for all i ∈ [1, n− 1] with i ̸= k − 1, k,[
ϕ̃
(k−1)
F

]
f̂ (k)[σk,z] f̂ (k−1)[σk,z]

= ι(k,k−1) ,[
ϕ̃
(k)
F

]
f̂ (k+1)[σk,z] f̂ (k)[σk,z]

= ι(k+1,k) .

• With respect to the bases
{
ĝ(i)[σk, z

′]
}n
i=1

,

[
ϕ
(i)
G

]
ĝ(i+1)[σk,z′] ĝ(i)[σk,z′]

= ι(i+1,i) , for all i ∈ [1, n− 1] with i ̸= k − 1, k,[
ϕ̃
(k−1)
G

]
ĝ(k)[σk,z′] ĝ(k−1)[σk,z′]

= ι(k,k−1) ,[
ϕ̃
(k)
G

]
ĝ(k+1)[σk,z′] ĝ(k)[σk,z′]

= ι(k+1,k) .

It follows from Definition 3.1.18–(3) that
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

are systems of bases

adapted to the collections{
ϕ
(1)
F , . . . , ϕ

(k−2)
F , ϕ̃

(k−1)
F , ϕ̃

(k)
F , ϕ

(k+1)
F , . . . , ϕ

(n−1)
F

}
,

{
ϕ
(1)
G , . . . , ϕ

(k−2)
G , ϕ̃

(k−1)
G , ϕ̃

(k)
G , ϕ

(k+1)
G , . . . , ϕ

(n−1)
G

}
,
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respectively. Hence, by virtue of the morphism conditions (4.3.10), the Block-Triangular Properties

II follow directly from Lemma 4.3.59.

Finally, assume that
[
T
(n)
λ

]
ĝ(n) f̂ (n) = D(u⃗) for some tuple u⃗ = (u1, . . . , un) ∈ Kn

std. In particular,

observe that the bases f̂ (n)[σk, z] and f̂ (n) for Kn, as well as the bases ĝ(n)[σk, z
′] and ĝ(n), are related

by the change-of-basis matrices B
(n)
k (z) and B

(n)
k (z′), respectively. Therefore, by the change-of-basis

formula, we deduce that

[
T
(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

=
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

Consequently, since
[
T

(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

must be upper-triangular, a direct application of

Lemma A.0.116 yields that:

• The (k + 1, k)-entry of the matrix product
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) must vanish.

• Under the above condition,
[
T

(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

= D(πk(u⃗)),

where πk(u⃗) denotes the permutation of u⃗ associated with σk. This completes the proof. □

Having established the preceding lemmas, we are now in a position to state and prove the first

part of one of our main theorems.

Theorem 4.3.66. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, UΛ(β) ={
U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and F and G objects of

the category H•(Sh1(Λ(β),K)0).

⋆ Local descriptions on UT and UL: According to Lemma 3.3.34, F and G have the following local

descriptions:

• On UT, F and G are specified by two collections of n− 1 surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UT, see Figure 3.9.

92



• On UL, F and G are specified by two collections of n− 1 injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Global flag data: By Theorem 3.3.40, F and G are geometrically characterized by two sequence

of complete flags
{
F •
j

}ℓ+1

j=0
and

{
G •
j

}ℓ+1

j=0
in Kn, respectively, such that:

• F •
0 is completely opposite to both F •

1 and F •
ℓ+1, and for each j ∈ [1, ℓ], F •

j is in sij -relative

position with respect to F •
j+1.

• G •
0 is completely opposite to both G •

1 and G •
ℓ+1, and for each j ∈ [1, ℓ], G •

j is in sij -relative

position with respect to G •
j+1.

In particular, by Lemma 3.3.35, we know that:

F •
0 := KF •(ψ(1)

F , . . . , ψ
(n−1)
F

)
, and F •

1 := I F •(ϕ(1)F , . . . , ϕ
(n−1)
F

)
,

G •
0 := KF •(ψ(1)

G , . . . , ψ
(n−1)
G

)
, and G •

1 := I F •(ϕ(1)G , . . . , ϕ
(n−1)
G

)
,

are the type K and type I flags in Kn associated with
{
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1
,
{
ψ
(i)
G

}n−1

i=1
, and{

ϕ
(i)
G

}n−1

i=1
, respectively (cf. Definition 3.1.18–(1)–(2)).

⋆ Main assumption (Adapted bases): Let f̂ (n), ĝ(n) be bases for Kn, and let z⃗ = (z1, . . . , zℓ), z⃗
′ =

(z′1, . . . , z
′
ℓ) ∈ X(β,K) be points such that the pairs ( f̂ (n), z⃗ ) and ( ĝ(n), z⃗ ′ ) algebraically charac-

terizes F and G according to Theorem 3.4.46, respectively. In this setting, we have that:

• Relative to the basis f̂ (n) for Kn: F •
0 and F •

1 are the anti-standard and standard flags, re-

spectively. For each j ∈ [1, ℓ], the flag F •
j+1 is represented by the path matrix Pβj

(z⃗j) =

B
(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid word βj = σi1 · · ·σij ∈ Br+n

and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std.
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• Relative to the basis ĝ(n) for Kn: G •
0 and G •

1 are the anti-standard and standard flags, re-

spectively. For each j ∈ [1, ℓ], the flag G •
j+1 is represented by the path matrix Pβj

(z⃗ ′
j) =

B
(n)
i1

(z′1) · · ·B
(n)
ij

(z′j) ∈ GL(n,K) associated with the truncated braid word βj and the truncated

tuple z⃗ ′
j = (z′1, . . . , z

′
j) ∈ Kj

std.

Furthermore, under this assumption, the compatibility conditions and an inductive argument

ensure that, for each i ∈ [1, n − 1], there are unique bases f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

for Ki such that (cf. Definition 3.1.18–(3)–(4)):

• The collection
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

• The collection
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Building on this, for each j ∈ [1, ℓ], we denote by
{
f̂ (i)[βj , z⃗j ]

}n
i=1

and
{
ĝ(i)[βj , z⃗

′
j ]
}n
i=1

the braid-

transformed bases obtained from
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

via the truncated braid word βj and the

truncated tuples z⃗j and z⃗ ′
j, respectively (cf. Definition 3.1.29). Accordingly, by Theorem 3.4.50,

we have that:

•
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

• For each j ∈ [1, ℓ− 1],
({

f̂ (i)[βj , z⃗j ]
}n
i=1
, zj+1

)
is a system of bases adapted to F on Rj+1.

•
({

ĝ(i)
}n
i=1
, z′1
)
is a system of bases adapted to G on R1.

• For each j ∈ [1, ℓ− 1],
({

ĝ(i)[βj , z⃗
′
j ]
}n
i=1
, z′j+1

)
is a system of bases adapted to G on Rj+1.

⋆ Main Conclusion: Following Definition 4.2.55, let δF ,G : Kn
std → Kℓ

std be the linear map as-

sociated with the pair (F ,G ). Then, under the given setup, there is an isomorphism of vector

spaces

Ext0(F ,G ) ∼= ker δF ,G .

Proof. To begin, let SΛ(β) be the stratification of R2 induced by Λ(β) ⊂
(
R3, ξstd

)
, UΛ(β) ={

U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and RΛ(β) =

{
Rj

}ℓ
j=1

the

partition of UB into ℓ open vertical straps from Construction 3.3.36.
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Let λ ∈ Ext0(F ,G ). By Lemma 4.3.63, on UT and UL, λ is characterized by a collection of n linear

maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that for each i ∈ [1, n− 1]:

T
(i)
λ ◦ ψ(i)

F = ψ
(i)
G ◦ T (i+1)

λ , and T
(i+1)
λ ◦ ϕ(i)F = ϕ

(i)
G ◦ T (i)

λ .

By assumption,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to the pairs({
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1

)
and

({
ψ
(i)
G

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1

)
, respectively. Hence, by Lemma 4.3.63, we

obtain that,
[
T

(n)
λ

]
ĝ(n) f̂ (n) ∈ M(n,K) is diagonal, that is,

[
T

(n)
λ

]
ĝ(n) f̂ (n) = D(u⃗) for some tuple

u⃗ = (u1, . . . , un) ∈ Kn
std.

Next, consider R1, the vertical strap in R2 containing σi1—the first crossing of β. In particular, we

denote by k = i1 ∈ [1, n− 1] the index of σi1 . By construction, R1 is the vertical strap immediately

to the right of UL. Thus, by the constructibility of F and G with respect to SΛ(β), we obtain one

of the following two cases:

• Case 1 : Suppose that k = 1. Then, on R1, F and G are described by two collections of n

injective linear maps: {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
G : K1 → K2

}
,

respectively. In this local configuration, Lemma 4.3.64 asserts that λ is described by a collection

of n+ 1 linear maps {
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃

(1)
λ : K1 → K1

}
.

• Case 2 : Suppose that k ≥ 2. Then, on R1, F and G are characterized by two collections of

n+ 1 injective linear maps:{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
G : Kk−1 → Kk , ϕ̃

(k)
G : Kk → Kk+1

}
,

respectively. In this local configuration, Lemma 4.3.65 asserts that λ is described by a collection

of n+ 1 linear maps

{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃

(k)
λ : Kk → Kk

}
.
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In any of the above cases,
{
ϕ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1
, and

{
T
(i)
λ

}n
i=1

are precisely the linear maps char-

acterizing F , G , and λ on UL.

Now, let z⃗ = (z1, . . . , zℓ) and z⃗
′ = (z′1, . . . , z

′
ℓ) be the points in the braid variety X(β,K) such that

the pairs
(
f̂ (n) , z⃗

)
and

(
ĝ(n) , z⃗ ′ ) algebraically characterize F and G according to Theorem 3.4.46,

respectively. By Theorem 3.4.50, we know that:

•
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

•
({

ĝ(i)
}n
i=1
, z′1
)
is a system of bases adapted to G on R1.

Then, a direct application of either Lemma 4.3.64 or Lemma 4.3.65 depending on the value of k,

considering that k = i1, implies that:

• Compatibility condition for λ at σi1 : The (i1 + 1, i1)-entry of
(
B

(n)
i1

(z′1)
)−1

D(u⃗)B
(n)
i1

(z1)

must vanish.

• Under the above condition,

[
T
(n)
λ

]
ĝ(n)[σi1

,z′1] f̂ (n)[σi1
,z1]

= D(πi1(u⃗)) ,

where πi1(u⃗) denotes the permutation of u⃗ associated with σi1 .

Applying the same reasoning to R2, the vertical strap in R2 containing σi2—the second crossing of

β—we obtain that:

• Compatibility condition for λ at σi2 : The (i2+1, i2)-entry of
(
B

(n)
i2

(z′2)
)−1

D(πi1(u⃗))B
(n)
i2

(z2)

must vanish.

• Under the above condition, [
T
(n)
λ

]
ĝ(n)[β2,z⃗ ′

2] f̂ (n)[β2,z⃗2]
= D

(
πi2(πi1(u⃗))

)
,

= D(πi1· i2(u⃗)) ,

= D(πβ2(u⃗)) ,
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where πβ2(u⃗) denotes the permutation of u⃗ associated with β2 = σi1σi2 ∈ Br+n , the truncation of β

at its second crossing, and z⃗2 = (z1, z2), z⃗
′
2 = (z′1, z

′
2) ∈ K2

std denote the truncation of the tuples z⃗

and z⃗ ′ at their second entry, respectively.

Proceeding iteratively through all the vertical straps Rj , we obtain ℓ compatibility conditions for

λ, one for each crossing σij of β. More precisely, for each j ∈ [1, ℓ], we deduce that

[ (
B

(n)
ij

(z′j)
)−1

D(πβj−1
(u⃗))B

(n)
ij

(zj)
]
ij+1,ij

= 0 .

In particular, building on Definition 4.2.55, we observe that the above compatibility conditions are

precisely those characterizing the elements of the kernel of the linear map δF ,G , which allows us to

conclude that

Ext0(F ,G ) ∼= ker δF ,G .

□

Having established the previous result, we conclude the analysis of the zero-degree morphism

spaces in the category H•(Sh1(Λ(β),K)0) and proceed to study the structure of its one-degree

morphism spaces.

4.4. One-Degree Morphism Spaces

Let β ∈ Br+n be a positive braid word. The main goal of this section is to establish the second

part of Theorem 4.2.56, namely, the isomorphism of vector spaces in Equation (4.2.2), thereby

providing an explicit algebraic characterization of the one-degree morphism spaces in the category

H•(Sh1(Λ(β),K)0). To this end, we begin by introducing some preliminaries.

4.4.1. Technical Background. Let β ∈ Br+n be a positive braid word. We now collect

some preliminaries that will play a fundamental role in the explicit computation of the one-degree

morphism spaces in the category H•(Sh1(Λ(β),K)0). In particular, we begin by establishing some

notation.

Notation 4.4.67. Let C be a category, and suppose that A is an object of the category C . Then,

when drawing diagrams, we introduce A ===== A to denote the identity morphism between A and

A.
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Definition 4.4.68. Let M be a smooth manifold, and let F and G be sheaves of K-modules on

M. A sheaf H of K-modules on M is called an extension of F by G if there exists a short exact

sequence of the form

(4.4.1) 0 −→ G −→ H −→ F −→ 0 .

In particular, two extensions H and H ′ of F by G are said to be equivalent if there exists a

sheaf isomorphism λ : H → H ′ such that the diagram in Figure 4.2 commutes in each square.

0 G H F 0

0 G H
′ F 0

λ

Figure 4.2. Two equivalent extensions H and H ′ of F by G .

Now, recall that the category of sheaves of K-modules on a smooth manifold is an abelian

category with enough injectives [19,26]. The following result is standard in classical sheaf theory

and also follows from the general theory of abelian categories (see, for instance, [20]).

Lemma 4.4.69. Let M be a smooth manifold, and let F and G be sheaves of K-modules on M.

Then there exists a canonical isomorphism

(4.4.2) Ext1(F ,G ) ∼=
{
equivalence classes of extensions of F by G

}
.

Let F and G be objects of the category H•(Sh1(Λ(β),K)0). Building on Lemma 4.4.69, we

proceed to characterize Ext1(F ,G ) via the equivalence classes of extensions of F by G . To this

end, we introduce several useful definitions and preliminary results.

Definition 4.4.70. Let A, B, C, X, Y , Z be vector spaces over K, and let γG : A → X, ΓH :

B → Y , and γF : C → Z be linear maps. We say that ΓH is an extension of γF by γG if there
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exists a diagram as in Figure 4.3 where the horizontal rows are short exact sequences and each

square commutes.

0 X Y Z 0

0 A B C 0

ΓH
γG γF

Figure 4.3. An extension ΓH of γF by γG .

Definition 4.4.71. Let A, B, B′, C, X, Y , Y ′, Z be vector spaces over K, and let γG : A → X,

ΓH : B → Y , ΓH ′ : B′ → Y ′, and γF : C → Z be linear maps, with ΓH and ΓH ′ realizing

extensions of γF by γG . We say that ΓH and ΓH ′ are equivalent extensions of γF by γG if there

exist linear isomorphisms ξ : B → B′ and δ : Y → Y ′ making the diagram in Figure 4.4 commute

in each square.

Throughout this subsection, we will implement the following notation.

Notation 4.4.72. Let A, B, X, Y be vector spaces over K. Then we know that there exists a

canonical isomorphism

HomK(A⊕B,X ⊕ Y ) ∼= HomK(A,X)⊕HomK(B,X)⊕HomK(A, Y )⊕HomK(B, Y ) .

More precisely, we have that, for any linear map ξ : A ⊕ B → X ⊕ Y , there exist linear maps

λ
(1)
ξ : A→ X, λ

(2)
ξ : B → X, λ

(3)
ξ : A→ Y , and λ

(4)
ξ : B → Y such that

(4.4.3) ξ(a, b) =
(
λ
(1)
ξ (a) + λ

(2)
ξ (b), λ

(3)
ξ (a) + λ

(4)
ξ (b)

)
, for all (a, b) ∈ A⊕B .

Then, by abuse of notation, we denote the expression in equation 4.4.3 by

ξ =

λ(1)ξ λ
(2)
ξ

λ
(3)
ξ λ

(4)
ξ

 .
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0

0
Z

C
Y

B
X

A
0

0

0

0
Z

C
Y ′

B′
X

A
0

0

ξ

δ

γG

ΓH

γF

γG

ΓH ′

γF

Figure 4.4. Two equivalent extensions ΓH and ΓH ′ of γF by γG .

Definition 4.4.73. Let A and B be vector spaces over K. We denote by ιA : A → A ⊕ B the

canonical inclusion ιA(a) := (a, 0) for all a ∈ A, and by πB : A⊕ B → B the canonical projection

πB(a, b) := b for all (a, b) ∈ A⊕B.

The following lemma introduces a concept that will play a central role in the subsequent dis-

cussion.

Lemma 4.4.74. Let A, C, X, Z be vector spaces over K, and let γG : A→ X, γH : C → X, and

γF : C → Z be linear maps. Then the linear map ⟨γH ⟩γG γF
: A⊕ C → X ⊕ Z defined by

⟨γH ⟩γG γF
:=

[
γG γH

0 γF

]

is an extension of γF by γG , which we call the block extension of γF by γG associated with γH .
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Proof. To begin, consider the canonical inclusion and projection maps ιA⊕C : A → A⊕ C, ιX⊕Z :

X → X ⊕Z, ρA⊕C : A⊕C → C, and ρX⊕Z : X ⊕Z → Z (see Definition 4.4.73). By construction,

we have that:

• ιA⊕C and ιX⊕Z are injective.

• ρA⊕C and ρX⊕Z are surjective.

• im ιA⊕C = ker ρA⊕C and im ιX⊕Z = ker ρX⊕Z .

In addition, a direct calculation shows that

⟨γH ⟩γG γF
◦ ιA⊕C(a) = ιX⊕Z ◦ γG (a) , for all a ∈ A ,

ρX⊕Z ◦ ⟨γH ⟩γG γF
(a, c) = γF ◦ ρA⊕C(a, c) , for all (a, c) ∈ A⊕ C .

Combining the above results, we observe that each square in the diagram in Figure 4.5 commutes

and its horizontal rows are short exact sequences. Hence, building on Definition 4.4.70, we conclude

that ⟨γH ⟩γG γF
is an extension of γF by γG .

0 X X ⊕ Z Z 0

0 A A⊕ C C 0

⟨γH ⟩
γG γF

γG γF

ιX⊕Z ρX⊕Z

ιA⊕C ρA⊕C

Figure 4.5. The block extension ⟨γH ⟩γG γF
of γF by γG associated with γH .

□

The following lemma shows that every extension of linear maps is equivalent to a block ex-

tension, which will simplify the analysis of the one-degree morphism spaces in the category

H•(Sh1(Λ(β),K)0).
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Lemma 4.4.75. Let A, B, C, X, Y , Z be vector spaces over K, and let γG : A→ X, ΓH : B → Y ,

and γF : C → Z be linear maps, with ΓH realizing an extension of γF by γG .

Then there exists a linear map γH : C → X such that ΓH and ⟨γH ⟩γG γF
: A ⊕ C → X ⊕ Z

are equivalent extensions of γF by γG , where ⟨γH ⟩γG γF
denotes the block extension of γF by γG

associated with γH .

Proof. By assumption, ΓH is an extension of γF by γG . Hence, according to Definition 4.4.70,

there exists a diagram as in Figure 4.6 where the horizontal rows are short exact sequences and

each square commutes. Furthermore, since A, C, X, Z are vector spaces (hence free K-modules), we

have that Ext1(A,C) = 0 and Ext1(X,Z) = 0. It then follows that there exist linear isomorphisms

ξ : B → A⊕C and δ : Y → X ⊕Z such that the diagrams in Figures 4.7 and 4.8 commute in each

square.

0 X Y Z 0

0 A B C 0
α1 β1

α2 β2

ΓH
γG γF

Figure 4.6. An extension ΓH of γF by γG .

Next, consider the diagram in Figure 4.9, and define the linear map Γ′
H : A ⊕ C → X ⊕ Z by

Γ′
H := δ ◦ ΓH ◦ ξ−1. By the commutativity of the diagrams in Figures 4.6, 4.7, and 4.8, we have

that

Γ′
H ◦ ιA⊕C = δ ◦ ΓH ◦ ξ−1 ◦ ιA⊕C ,

= δ ◦ ΓH ◦ ξ−1 ◦ ξ ◦ α1 ,

= δ ◦ ΓH ◦ α1 ,

= δ ◦ α2 ◦ γG ,

= ιX⊕Z ◦ γG .
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Similarly, we deduce that

ρX⊕Z ◦ Γ′
H = ρX⊕Z ◦ δ ◦ ΓH ◦ ξ−1 ,

= β2 ◦ ΓH ◦ ξ−1 ,

= γF ◦ β1 ◦ ξ−1 ,

= γF ◦ ρA⊕C ◦ ξ ◦ ξ−1 ,

= γF ◦ ρA⊕C .

0 A A⊕ C C 0

0 A B C 0

ξ

ιA⊕C ρA⊕C

α1 β1

Figure 4.7. Two equivalent extensions B and A⊕ C of A by C.

0 X X ⊕ Z Z 0

0 X Y Z 0

δ

ιX⊕Z ρX⊕Z

α2 β2

Figure 4.8. Two equivalent extensions Y and X ⊕ Z of X by Z.

Combining the above results, we conclude that there exist linear isomorphisms ξ : B → A⊕C and

δ : Y → X ⊕Z such that the diagram in Figure 4.9 commutes in each square. It then follows from

Definition 4.4.71 that ΓH and Γ′
H are equivalent extensions of γF by γG .
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Finally, consider the linear map Γ′
H : A⊕ C → X ⊕ Z. By the homomorphism decomposition for

direct sums, there exist linear maps λ
(1)
H : A → X, λ

(2)
H : C → X, λ

(3)
H : A → Z, and λ

(4)
H : C → Z

such that

Γ′
H =

λ(1)H λ
(2)
H

λ
(3)
H λ

(4)
H

 .
In particular, it follows from the commutativity of the diagram in Figure 4.9 that

λ
(1)
H = γG , λ

(3)
H = 0 , λ

(4)
H = γF .

Hence, by setting γH := λ
(2)
H : C → X, the above relations ensure that Γ′

H = ⟨γH ⟩γG γF
, where

⟨γH ⟩γG γF
: A⊕C → X⊕Z denotes the block extension of γF by γG associated with γH . Bearing

this in mind, we conclude that there exists a linear map γH : C → X such that ΓH and ⟨γH ⟩γG γF

are equivalent extensions of γF by γG . This completes the proof.

□

The following lemma establishes necessary and sufficient conditions for the equivalence of block

extensions of linear maps.

Lemma 4.4.76. Let A, C, X, Z be vector spaces over K, and let γG : A → X, γH : C → X,

γH ′ : C → X, and γF : C → Z be linear maps. In particular, consider ⟨γH ⟩γG γF
: A⊕C → X⊕Z

and ⟨γH ′⟩γG γF
: A ⊕ C → X ⊕ Z the block extensions of γF by γG associated with γH and γH ′,

respectively. Then, we have that ⟨γH ⟩γG γF
and ⟨γH ′⟩γG γF

are equivalent extensions of γF by γG

if and only if there exist linear maps λξ : C → A and λδ : Z → X such that

γH ′ = γH + λδ ◦ γF − γG ◦ λξ .

Proof. To begin, suppose that ⟨γH ⟩γG γF
and ⟨γH ′⟩γG γF

are equivalent extensions of γF by γG .

Thus, according to Definition 4.4.71, there exist linear isomorphisms ξ : A ⊕ C → A ⊕ C and

δ : X ⊕ Z → X ⊕ Z such that the diagram in Figure 4.10 commutes in each square. By the

homomorphism decomposition for direct sums, there exist linear maps λ
(1)
ξ : A→ A, λ

(2)
ξ : C → A,

λ
(3)
ξ : A→ C, and λ

(4)
ξ : C → C such that ξ can be written as

ξ =

λ(1)ξ λ
(2)
ξ

λ
(3)
ξ λ

(4)
ξ

 .
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0

0
Z

C
Y

B
X

A
0

0

0

0
Z

C
X ⊕ Z

A⊕ C
X

A
0

0

ξ

δ

γG

ΓH

γF

γG

Γ′
H

γFα1

β1

α2

β2

ιA⊕C

ρA⊕C

ιX⊕Z

ρX⊕Z

Figure 4.9. Two equivalent extensions ΓH and Γ′
H of γF by γG .

Likewise, there exist linear maps λ
(1)
δ : X → X, λ

(2)
δ : Z → X, λ

(3)
δ : X → Z, and λ

(4)
δ : Z → Z

such that δ can be expressed as

δ =

λ(1)δ λ
(2)
δ

λ
(3)
δ λ

(4)
δ

 .
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From these decompositions, the commutativity of the diagram in Figure 4.10 implies that

λ
(1)
ξ = idA ,

λ
(3)
ξ = 0 ,

λ
(4)
ξ = idC ,

λ
(1)
δ = idX ,

λ
(3)
δ = 0 ,

λ
(4)
δ = idZ ,

γH ′ + γG ◦ λ(2)ξ = γH + λ
(2)
δ ◦ γF .

Thus, by setting λξ := λ
(2)
ξ : C → A and λδ := λ

(2)
δ : Z → X, we deduce that there exist linear

maps λξ and λδ such that

γH ′ = γH + λδ ◦ γF − γG ◦ λξ .

Conversely, suppose that there exist linear maps λξ : C → A and λδ : Z → X such that

γH ′ = γH + λδ ◦ γF − γG ◦ λξ .

Thus, we introduce ξ : A⊕C → A⊕C and δ : X ⊕Z → X ⊕Z to denote the linear isomorphisms

defined by

ξ :=

[
idA λξ

0 idC

]
, δ :=

[
idX λδ

0 idZ

]
.

In particular, a direct calculation shows the diagram in Figure 4.10 commutes in each square.

Hence, building on Definition 4.4.71, we conclude that ⟨γH ⟩γG γF
and ⟨γH ′⟩γG γF

are equivalent

extensions of γF by γG . This concludes the proof. □

Next, we state a lemma and a related observation that make explicit how extensions of sheaves

with singular support in L(Λ(β)) inherit the microlocal support and rank conditions, thus eluci-

dating the structure of the one-degree morphism spaces in the category H•(Sh1(Λ(β),K)0).

Lemma 4.4.77. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let L(Λ(β)) ⊂ T ∗R2 be

the closed conic Lagrangian associated with Λ(β) ⊂ (R3, ξstd) (see Construction 2.1.9). Let F and
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0

0
Z

C
X ⊕ Z

A⊕ C
X

A
0

0

0

0
Z

C
X ⊕ Z

A⊕ C
X

A
0

0

ξ

δ

γG

⟨γH
⟩

γG

γF

γF

γG

⟨γH
′⟩

γG

γF

γF

ιA⊕C

ρA⊕C

ιX⊕Z

ρX⊕Z

ιA⊕C

ρA⊕C
ιX⊕Z

ρX⊕Z

Figure 4.10. Two equivalent extensions ⟨γH ⟩γG γF
and ⟨γH ′⟩γG γF

of γF by γG .

G be objects of the category H•(Sh1(Λ(β),K)0), and suppose that H is an extension of F by G .

Then:

• The singular support of H is contained in L(Λ(β)), namely SS(H ) ⊂ L(Λ(β)).

• H is compactly supported.

• H has microlocal rank 2.

Proof. By assumption, H is an extension of F by G . Hence, H fits into a short exact sequence

of the form

(4.4.4) 0 −→ G −→ H −→ F −→ 0 .
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Next, we verify that SS(H ) ⊂ L(Λ(β)). In particular, a direct application of the triangle inequality

for the singular support to the short exact sequence in (4.4.4) (see [26]) yields that SS(H ) ⊂

SS(F ) ∪ SS(G ). Here, recall that F and G are objects of the category H•(Sh1(Λ(β),K)0), and

therefore SS(F ) ⊂ L(Λ(β)) and SS(G ) ⊂ L(Λ(β)), which implies that SS(H ) ⊂ L(Λ(β)).

Now, we prove that H is compactly supported. To begin, observe that for any x ∈ R2, the short

exact sequence in (4.4.4) yields a short exact sequence of K-modules at the stalks:

0 −→ Gx −→ Hx −→ Fx −→ 0 .

Bearing this in mind, we deduce that supp(H ) = supp(F ) ∪ supp(G ). In particular, recall that,

since F and G are objects of the category H•(Sh1(Λ(β),K)0), supp(F ) and supp(G ) are compact

sets in R2. Then, since the finite union of compact sets is compact, we conclude that supp(H ) is

also a compact set in R2, thereby obtaining that H is compactly supported.

Finally, we show that H has microlocal rank 2. To this end, let a be an arc in SΛ(β), the strati-

fication of R2 induced by Λ(β). Near a, SΛ(β) consists of an upper 2-dimensional stratum U and

a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a. Given this local configuration,

let p ∈ U and q ∈ D be two arbitrary points. Then, the short exact sequence in (4.4.4) yields short

exact sequences of K-modules, for the stalks at p and q, of the form

0 −→ Gp −→ Hp −→ Fp −→ 0 ,

0 −→ Gq −→ Hq −→ Fq −→ 0 .

Bearing this in mind, we obtain that dimKHp = dimKFp + dimKGp and dimKHq = dimKFq +

dimKGq. Accordingly, we distinguish two cases:

- Suppose that a belongs to a strand with Maslov potential 0. By the microlocal rank conditions,

dimKFp−dimKFq = 1 and dimKGp−dimKGq = 1. Hence, in this case dimKHp−dimKHq = 2.

- Suppose that a belongs to a strand with Maslov potential 1. By the microlocal rank conditions,

dimKFq−dimKFp = 1 and dimKGq−dimKGp = 1. Hence, in this case dimKHq−dimKHp = 2.

Therefore, since a is an arbitrary arc in SΛ(β), we conclude that H has microlocal rank 2. This

completes the proof. □
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Observation 4.4.78. Let β ∈ Br+n be a positive braid word, and let SΛ(β) denote the stratification

of R2 induced by Λ(β). Let F and G be objects of the category H•(Sh1(Λ(β),K)0), and suppose

that H is an extension of F by G .

By Lemma 4.4.77, H is a compactly supported sheaf of K-modules on R2 of microlocal rank 2,

whose singular support is contained in L(Λ(β)), the closed conic Lagrangian associated with Λ(β).

It then follows from [33] that H is not only constructible with respect to SΛ(β), but is also subject

to the microlocal support conditions. Building on this, we now provide a detailed characterization

of H at the key local models: arcs, cusps, and crossings.

⋆ Arcs: Let a be an arc in SΛ(β). Thus, near a, SΛ(β) consists of a, an upper 2-dimensional stratum

U , and a lower 2-dimensional stratum D, as illustrated in Sub-figure 2.2a. Choose arbitrary points

p ∈ U and q ∈ D, and denote the stalks of G , H , and F at these points by

X = Gp, Y = Hp, Z = Fp,

A = Gq, B = Hq, C = Fq.

Thus, near a, the microlocal support conditions assert that G , H , and F are specified by linear

maps γG : A → X, ΓH : B → Y , and γF : C → Z. Moreover, since H is an extension of F by

G , we deduce that ΓH is an extension of γF by γG , see Definition 4.4.70.

Next, recall that (1) Ext1(F ,G ) is identified with the set of equivalence classes of extensions of

F by G , and (2) every extension of linear maps is equivalent to a block extension, as established

in Lemma 4.4.75. Hence, we deduce that there exists a linear map γH : C → X such that, viewed

as an element of Ext1(F ,G ), H is locally specified near a by the block extension ⟨γH ⟩γG γF
:

A ⊕ C → X ⊕ Z of γF by γG associated with γH (see Lemma 4.4.74). In particular, we call γH

the characteristic map of H near a.

Let H ′ be an extension of F by G representing the same equivalence class as H in Ext1(F ,G ),

so that there exists a sheaf isomorphism λ : H → H ′ such that the diagram in Figure 4.2 commutes

in each square. Analogously to H , we have that there exists a linear map γH ′ : C → X such

that, viewed as an element of Ext1(F ,G ), H ′ is locally specified near a by the block extension

⟨γH ′⟩γG γF
: A⊕C → X ⊕Z of γF by γG associated with γH ′ (the characteristic map of H ′ near

a). Consequently, since H and H ′ represent the same equivalence class in Ext1(F ,G ), we deduce
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that ⟨γH ⟩γG γF
and ⟨γH ′⟩γG γF

must be equivalent extensions of γF by γG . It then follows from

Lemma 4.4.76 that there exist linear maps λξ : C → A and λδ : Z → X such that

γH ′ = γH + λδ ◦ γF − γG ◦ λξ ,

with the pair (λξ, λδ) realizing the sheaf isomorphism λ near a, providing a concrete description

of the relationship between two representatives of the same class in Ext1(F ,G ) at the level of

characteristic maps near an arbitrary arc a.

⋆ Cusps: Let c be a cusp in SΛ(β). Near c, F and G are specified by two pairs of linear maps

between vector spaces, say αF : X1 → X2, βF : X2 → X1, αG : Z1 → Z2, and βG : Z2 → Z1 such

that:

βF ◦ αF = idX1 , and βG ◦ αG = idZ1 .

Hence, based on our previous discussion, an extension H of F by G is specified by two character-

istic maps αH : X1 → Z2 and βH : X2 → Z1.

Now, let ⟨αH ⟩αG αF
: Z1 ⊕ X1 → Z2 ⊕ X2 and ⟨βH ⟩βG βF

: Z2 ⊕ X2 → Z1 ⊕ X1 be the block

extensions of αF by αG and of βF by βG associated with the characteristic maps αH and βH ,

respectively. That is, the linear maps describing H near c, which explicitly read as

⟨αH ⟩αG αF
=

[
αG αH

0 αF

]
, and ⟨βH ⟩βG βF

=

[
βG βH

0 βF

]
.

Then, by the microlocal support conditions near the cusps, we require the composition ⟨βH ⟩βG βF
◦

⟨αH ⟩αG αF
to be an isomorphism. In particular, observe that

⟨βH ⟩βG βF
◦ ⟨αH ⟩αG αF

=

[
βG ◦ αG βG ◦ αH + βH ◦ αF

0 βF ◦ αF

]
.

Consequently, since βF ◦αF = idX1 and βG ◦αG = idZ1, we conclude that ⟨βH ⟩βG βF
◦ ⟨αH ⟩αG αF

is

automatically an isomorphism. Therefore, the microlocal support conditions near the cusps impose

no additional constraints on extensions of F by G .

⋆ Crossings: Let x be a crossing in SΛ(β). Near x, each of F and G is determined by four linear

maps between certain vector spaces, namely αF : A→ B, βF : B → C, α̃F : A→ D, β̃F : D → C,
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and αG : X → Y , βG : Y → Z, α̃G : X →W , β̃G :W → Z, respectively. By the microlocal support

conditions near the crossings, we have that:

• βF ◦ αF = β̃F ◦ α̃F and βG ◦ αG = β̃G ◦ α̃G .

• The following sequences are short exact:

0 A B ⊕D C 0

(
αF , α̃F

)
βF ⊕

(
− β̃F

)
.

0 X Y ⊕W Z 0

(
αG , α̃G

)
βG ⊕

(
− β̃G

)
.

Thus, building on our previous discussion, an extension H of F by G is determined by a collection

of four characteristic maps αH : A→ Y , βH : B → Z, α̃H : A→W , and β̃H : D → Z.

Next, consider the block extensions ⟨αH ⟩αG αF
: X ⊕A→ Y ⊕B, ⟨βH ⟩βG βF

: Y ⊕B → Z⊕C,

⟨α̃H ⟩α̃G α̃F
: X ⊕ A → W ⊕ D, and ⟨β̃H ⟩

β̃G β̃F
: W ⊕ D → Z ⊕ C. That is, the linear maps

determining H near x, which explicitly read as

⟨αH ⟩αG αF
=

[
αG αH

0 αF

]
, and ⟨βH ⟩βG βF

=

[
βG βH

0 βF

]
,

⟨α̃H ⟩α̃G α̃F
=

[
α̃G α̃H

0 α̃F

]
, and ⟨β̃H ⟩

β̃G β̃F
=

[
β̃G β̃H

0 β̃F

]
.

Then, the microlocal support conditions near the crossings require:

(a) ⟨βH ⟩βG βF
◦ ⟨αH ⟩αG αF

= ⟨β̃H ⟩
β̃G β̃F

◦ ⟨α̃H ⟩α̃G α̃F
.

(b) The following sequence must be short exact:

0 X ⊕ A (Y ⊕B)⊕ (W ⊕D) Z ⊕ C 0

(
⟨αH ⟩αG αF

, ⟨α̃H ⟩α̃G α̃F

)
⟨βH ⟩βG βF

⊕
(
− ⟨β̃H ⟩

β̃G β̃F

)
.

In fact, once the commutativity condition (a) holds, the defining properties of the maps character-

izing F and G near x automatically guarantee that the sequence in (b) is short exact. In other

words, the microlocal support conditions near the crossings only impose on H the commutativity
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condition (a). Concretely, a direct calculation shows that at the level of characteristic maps, the

constraint on H is given by

βG ◦ αH + βH ◦ αF = β̃G ◦ α̃H + β̃H ◦ α̃F .

With the above observation at hand, we close this subsection by presenting several technical

lemmas that will play a crucial role in the explicit computation of the one-degree morphism spaces

in the category H•(Sh1(Λ(β),K)0).

Lemma 4.4.79. Fix an integer n ≥ 2, let
{
X(i) ∈ M(i + 1, i,K)

}n−1

i=1
be a collection of matrices,

and consider the system of equations

X ′ (i) = X(i) + Y (i+1) · ι(i+1,i) − ι(i+1,i) · Y (i) , for all i ∈ [1, n− 1] ,

with X ′ (i) ∈ M(i+ 1, i,K) and Y (j) ∈ M(j,K) for all i ∈ [1, n− 1] and j ∈ [1, n]. Then:

• General Case: For any choice of
{
X ′ (i)}n−1

i=1
there exists a collection of matrices

{
Y (i)

}n
i=1

solving the system, with the upper-triangular part of Y (n) chosen arbitrarily. More precisely,

the solution space of the system is affine over the entries of the matrices
{
X ′ (i)}n−1

i=1
and the

upper-triangular part of Y (n).

• Special case: if X(i) = X ′ (i) = 0(i+1)×i for all i ∈ [1, n − 1], then every solution
{
Y (i)

}n
i=1

of

the system arises from an arbitrary upper-triangular matrix Y (n), with Y (i) given by the principal

i× i submatrix of Y (n), for all i ∈ [1, n− 1].

Proof. The proof follows by induction on n− 1, keeping track of the entries of X ′(i) and the upper-

triangular part of Y (n). □

Lemma 4.4.80. Fix an integer n ≥ 2, let
{
X(i) ∈ M(i, i + 1,K)

}n−1

i=1
be a collection of matrices,

and consider the system of equations

X ′ (i) = X(i) + Y (i) · π(i,i+1) − π(i,i+1) · Y (i+1) , for all i ∈ [1, n− 1] ,

with X ′ (i) ∈ M(i, i+ 1,K) and Y (j) ∈ M(j,K) for all i ∈ [1, n− 1] and j ∈ [1, n]. Then:

• General Case: For any choice of
{
X ′ (i)}n−1

i=1
there exists a collection of matrices

{
Y (i)

}n
i=1

solving the system, with the lower-triangular part of Y (n) chosen arbitrarily. More precisely,

112



the solution space of the system is affine over the entries of the matrices
{
X ′ (i)}n−1

i=1
and the

lower-triangular part of Y (n).

• Special case: if X(i) = X ′ (i) = 0i×(i+1) for all i ∈ [1, n − 1], then every solution
{
Y (i)

}n
i=1

of

the system arises from an arbitrary lower-triangular matrix Y (n), with Y (i) given by the principal

i× i submatrix of Y (n), for all i ∈ [1, n− 1].

Proof. The proof follows by induction on n− 1, keeping track of the entries of X ′(i) and the lower-

triangular part of Y (n). □

Lemma 4.4.81. Fix an integer n ≥ 2, and let
{
Y (i) ∈ M(i,K)

}n
i=1

be a collection of matrices

such that:

Y (n) = D(u⃗) , for some u⃗ = (u1, . . . , un) ∈ Kn
std .

Y (i) = principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

Furthermore, let ‹X(1) ∈ M(2, 1,K) be a fixed matrix, and let z, z′ ∈ K be two fixed parameters.

Then the system of equations

(4.4.5) ‹X ′ (1) = ‹X(1) +
((
B

(2)
1 (z′)

)−1 · Y (2) ·B(2)
1 (z)

)
· ι(2,1) − ι(2,1) · ‹Y (1) ,

with ‹X ′ (1) ∈ M(2, 1,K) and ‹Y (1) ∈ M(1,K), has the following properties:

(a) General Solution: The solution set
(‹X ′ (1),‹Y (1)

)
of (4.4.5) is an affine line parametrized by

the (1, 1)-entry of ‹X ′ (1). More precisely, once the (1, 1)-entry of ‹X ′ (1) is chosen, the system of

equations (4.4.5) uniquely determines ‹Y (1) and the remaining entry of ‹X ′ (1).

(b) Special case: Consider ‹X ′ (1) =

[
0

x̃′2,1

]
, and ‹X(1) =

[
0

x̃2,1

]
.

Then the solution set
(‹X ′ (1),‹Y (1)

)
of (4.4.5) reduces to a single point:‹Y (1) = principal 1× 1 submatrix of

(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) ,

x̃′2,1 = x̃2,1 + d(z′, u⃗, z) ,

where

d(z′, u⃗, z) := the (2, 1)-entry of
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) .
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Proof. Set M :=
(
B

(2)
1 (z′)

)−1 · Y (2) · B(2)
1 (z). Then, since Y (2) is the principal 2 × 2 submatrix of

D(u⃗), the block structure of the braid matrices guarantees that

M = principal 2× 2 submatrix of
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) .

Next, let us write ‹X ′ (1) =

[
x̃′1,1

x̃′2,1

]
, ‹X(1) =

[
x̃1,1

x̃2,1

]
, ‹Y (1) = [ ỹ1,1 ] .

Then, the system of equations in (4.4.5) reduces to

x̃′1,1 = x̃1,1 +m1,1 − ỹ1,1 ,

x̃′2,1 = x̃2,1 +m2,1 ,

where m1,1 and m2,1 denote the (1, 1) and (2, 1) entries of M , respectively. This shows that once

x̃′1,1 is chosen, ỹ1,1 and x̃′2,1 are uniquely determined. In other words, the solution set
(‹X ′ (1),‹Y (1)

)
of (4.4.5) is an affine line parametrized by the (1, 1)-entry of ‹X ′ (1).

Finally, in the special case x̃1,1 = x̃′1,1 = 0, the solution of the system of equations in (4.4.5) is

uniquely given by

ỹ1,1 = m1,1 ,

x̃′2,1 = x̃2,1 +m2,1 .

The result follows once we identify d(z′, u⃗, z) = m2,1. □

Lemma 4.4.82. Fix an integer k ≥ 2. Let ‹X(k−1) ∈ M(k, k − 1,K) and ‹X(k) ∈ M(k + 1, k,K) be

fixed matrices, and let z′ ∈ K be a fixed parameter. Consider the system of equations

(4.4.6)
(
B

(k+1)
k (z′)

)−1 ·
Å
ι(k+1,k) · ‹X(k−1) + ‹X(k) · ι(k,k−1)

ã
= ι(k+1,k) · ‹X ′ (k−1) + ‹X ′ (k) · ι(k,k−1) ,

with ‹X ′ (k−1) ∈ M(k, k − 1,K) and ‹X ′ (k) ∈ M(k + 1, k,K). Then the solution set
(‹X ′ (k−1), ‹X ′ (k))

of (4.4.6) is an affine space parametrized by the entries of ‹X ′ (k−1) and the entries of the k-th

column of ‹X ′ (k). More precisely, once ‹X ′ (k−1) and the k-th column of ‹X ′ (k) are chosen, the system

of equations (4.4.6) uniquely determines the first k − 1 columns of ‹X ′ (k).
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Proof. The system of equations (4.4.6) is linear in ‹X ′ (k−1) and ‹X ′ (k). In particular, since ι(k,k−1)

has only k − 1 columns, the k-th column of ‹X ′ (k) is not involved in the system of equations, and

is therefore free. The remaining columns of ‹X ′ (k) are uniquely determined once ‹X ′ (k−1) is chosen.

It follows that the solution set
(‹X ′ (k−1), ‹X ′ (k)) of (4.4.6) is an affine space parametrized by the

entries of ‹X ′ (k−1) and the entries in the k-th column of ‹X ′ (k). □

Lemma 4.4.83. Fix an integer n ≥ 2, and let
{
Y (i) ∈ M(i,K)

}n
i=1

be a collection of matrices

such that:

Y (n) = D(u⃗) , for some u⃗ = (u1, . . . , un) ∈ Kn
std .

Y (i) = principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

In addition, fix an integer k ∈ [2, n− 1]. Let ‹X(k−1) ∈ M(k, k− 1,K) and ‹X(k) ∈ M(k+1, k,K)

be fixed matrices, and let z, z′ ∈ K be two fixed parameters. Then the system of equations‹X ′ (k−1) = ‹X(k−1) + ‹Y (k) · ι(k,k−1) − ι(k,k−1) · Y (k−1),(4.4.7a) ‹X ′ (k) = ‹X(k) +
(
B

(k+1)
k (z′)

)−1 · Y (k+1) ·B(k+1)
k (z) · ι(k+1,k) − ι(k+1,k) · ‹Y (k),(4.4.7b)

with ‹X ′ (k−1) ∈ M(k, k − 1,K), ‹X ′ (k) ∈ M(k + 1, k,K), and ‹Y (k) ∈ M(k,K), has the following

properties:

(a) General case: The solution set
(‹X ′ (k−1), ‹X ′ (k),‹Y (k)

)
of (4.4.7) is an affine space parametrized

by the entries of ‹X ′ (k−1) and the entries of the k-th column of ‹X ′ (k) except its last one. More

precisely, once ‹X ′ (k−1) and the k-th column of ‹X ′ (k) except its last entry are chosen, the system

of equations (4.4.7) uniquely determines ‹Y (k) and the remaining entries of ‹X ′ (k).
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(b) Special case: Consider

‹X ′ (k−1) = 0k×(k−1) , and ‹X ′ (k) =


x̃′1,1 · · · x̃′1,k−1 0
...

. . .
...

...

x̃′k,1 · · · x̃′k,k−1 0

x̃′k+1,1 · · · x̃′k+1,k−1 x̃′k+1,k

 ,

‹X(k−1) = 0k×(k−1) , and ‹X(k) =


x1,1 · · · x1,k−1 0
...

. . .
...

...

xk,1 · · · xk,k−1 0

xk+1,1 · · · xk+1,k−1 xk+1,k

 .

Then the solution set
(‹X ′ (k−1), ‹X ′ (k),‹Y (k)

)
of (4.4.7) reduces to a single point:‹Y (k) = principal k × k submatrix of

(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

x̃′i,j = x̃i,j , for all i ∈ [1, k + 1] and j ∈ [1, k − 1] ,

x̃′k+1,k = x̃k+1,k + d(z′, u⃗, z) ,

where

d(z′, u⃗, z) := the (k + 1, k)-entry of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

Proof. SetM =
(
B

(k+1)
k (z′)

)−1·Y (k+1)·B(k+1)
k (z). Then, since Y (k+1) is the principal (k+1)×(k+1)

submatrix of D(u⃗), the block structure of the braid matrices guarantees that

M = principal (k + 1)× (k + 1) submatrix of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z).

Next, observe that the set of equations (4.4.7a) allows us to solve for the first k−1 columns of ‹Y (k),

while leaving its k-th column and all entries of ‹X ′ (k−1) undetermined. Then, after substituting our

partial solution into the set of equations (4.4.7b), we can exploit the remaining freedom in the k-th

column of ‹Y (k) to solve the system completely, while keeping all entries of ‹X ′ (k−1) and the entries

of the k-th column of ‹X ′ (k), except for its very last entry, arbitrary.

Finally, in the special case where ‹X(k−1) = ‹X ′ (k−1) = 0k×(k−1) and the constraints on the last

columns of ‹X(k) and ‹X ′ (k) required in the lemma are imposed, the procedure described above

yields a unique solution. In particular, the set of equations (4.4.7a) implies that the principal
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(k − 1) × (k − 1) submatrix of ‹Y (k) is equal to Y (k−1), while its remaining entries outside its last

column are zero.

Furthermore, since Y (k+1) is the principal (k + 1) × (k + 1) submatrix of the diagonal matrix

D(u⃗), the block structure of the braid matrices guarantee that the principal (k − 1) × (k − 1)

sub-matrices of Y (k+1) and M coincide. Hence, under the assumptions of the special case, the set

of equations (4.4.7b) further implies that ‹Y (k) is equal to the principal k × k submatrix of M .

Lastly, recall that M is almost diagonal, with the only potentially non-zero off-diagonal entry at

the (k + 1, k) position. Consequently, in the set of equations (4.4.7b), ‹Y (k) cancels almost all

the contribution of M , thus yielding that ‹X ′ (k) coincides with ‹X(k) entry-wise, except for the

(k + 1, k)-entry, which differs by the corresponding entry of M . This completes the proof. □

Having established the relevant technical lemmas and the local structure of the one-degree

morphism spaces in the category H•(Sh1(Λ(β),K)0), we turn to their global analysis, aiming for

an explicit description of these morphism spaces. As a first step, we consider the case of the

Legendrian unlink on n strands, β = en.

4.4.2. The Case of the Trivial Braid. Let en ∈ Br+n be the trivial braid word. Next, we

study the one-degree morphism spaces in the category H•(Sh1(Λ(en),K)0).

To begin, consider the open cover UΛ(en) =
{
U0, UB, UT

}
of R2 introduced in Construc-

tion 3.2.30. Let F and G be objects of the category H•(Sh1(Λ(en),K)0), and let H be an

extension of F by G . By Proposition 3.2.32, F and G are identically zero on U0, and as a result,

H is also identically zero on this region. It follows that H is entirely determined by its behavior

on the regions UB and UT. Having established this, we present the following proposition.

Proposition 4.4.84. Setup: Let en ∈ Br+n be the trivial braid word, UΛ(en) =
{
U0, UB, UT

}
the open cover of R2 introduced in Construction 3.2.30, and F and G objects of the category

H•(Sh1(Λ(en),K)0). In this setting, Proposition 3.2.31 asserts that:

• On UT, F and G are specified by two collections of surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively (see Figure 3.3 for a schematic representation).
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• On UB, F and G are specified by two collections of injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,

respectively (see Figure 3.4 for a schematic representation).

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Assumption: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Building on Definition 3.1.18–(3)–(4), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Main Conclusion: Let H be an extension of F by G . Under the given setup, H is equivalent

to the trivial extension 0Ext of F by G . In other words, we have that

Ext1(F ,G ) ∼= 0 .

Proof. Let H ′ be an extension of F by G representing the same equivalence class as H in

Ext1(F ,G ), so that there exists a sheaf isomorphism λ : H → H ′ such that the diagram in

Figure 4.2 commutes in each square. Building on Observation 4.4.78, we have that:

• On UT, H and H ′ are determined by collections of n− 1 characteristic maps

{
ψ
(i)
H : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
H ′ : Ki+1 → Ki

}n−1

i=1
,

while λ is characterized by a collection of n linear maps
{
S
(i)
λ : Ki → Ki

}n
i=1

such that

(4.4.8) ψ
(i)
H ′ = ψ

(i)
H + S

(i)
λ ◦ ψ(i)

F − ψ
(i)
G ◦ S(i+1)

λ ,

for all i ∈ [1, n− 1].

• On UB, H and H ′ are determined by collections of n− 1 characteristic maps

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
,
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while λ is characterized by a collection of n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that

(4.4.9) ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ ,

for all i ∈ [1, n− 1].

In particular, applying the sheaf axioms to the intersection UT ∩ UB yields that S
(n)
λ = T

(n)
λ .

By assumption,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to the pairs({
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1

)
and

({
ψ
(i)
G

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1

)
, respectively. Consequently, with respect to

these bases, the equivalence conditions (4.4.8) and (4.4.9) translate into the system of equations[
ψ
(i)
H ′
]

ĝ(i) f̂ (i+1) =
[
ψ
(i)
H

]
ĝ(i) f̂ (i+1) +

[
S
(i)
λ

]
ĝ(i) f̂ (i)

· π(i,i+1) − π(i,i+1) ·
[
S
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) ,

[
ϕ
(i)
H ′
]

ĝ(i+1) f̂ (i)
=

[
ϕ
(i)
H

]
ĝ(i+1) f̂ (i)

+
[
T
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) · ι(i+1,i) − ι(i+1,i) ·

[
T
(i)
λ

]
ĝ(i) f̂ (i)

,

for all i ∈ [1, n− 1].

Now, since
[
T
(n)
λ

]
ĝ(n) f̂ (n) =

[
S
(n)
λ

]
ĝ(n) f̂ (n) , Lemmas 4.4.80 and 4.4.79 guarantee that for any

choice of matrices
{ [

ψ
(i)
H ′
]

ĝ(i) f̂ (i+1)

}n−1

i=1
and

{ [
ϕ
(i)
H

]
ĝ(i+1) f̂ (i)

}n−1

i=1
there exist collections of matrices{ [

S
(i)
λ

]
ĝ(i) f̂ (i)

}n
i=1

and
{ [

T
(i)
λ

]
ĝ(i) f̂ (i)

}n
i=1

solving the system of equations, with the diagonal part

of
[
T
(n)
λ

]
ĝ(n) f̂ (n) chosen arbitrarily.

Bearing this in mind, we deduce that H is equivalent to any extension of F by G , and in partic-

ular, it is equivalent to the trivial extension 0Ext. Hence, since H is arbitrary, we conclude that

Ext1(F ,G ) ∼= 0. □

With the above result at hand, we conclude our study of the one-degree morphism spaces in the

category H•(Sh1(Λ(en),K)0), and now turn to their analysis in the category H•(Sh1(Λ(β),K)0)

for an arbitrary positive braid word β ∈ Br+n .

4.4.3. General Positive Braids. Let β := σi1 · · ·σiℓ ∈ Br+n be a positive braid word. Next,

we analyze the one-degree morphism spaces in the category H•(Sh1(Λ(β),K)0).

Let UΛ(β) =
{
U0, UB, UL, UR, UT

}
be the open cover of R2 from Construction 3.3.33, RΛ(β) ={

Rj

}ℓ
j=1

the partition of UB into ℓ open vertical straps from Construction 3.3.36, F and G objects of

the category H•(Sh1(Λ(β),K)0), and H an extension of F by G . Building on Observations 4.3.62
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and 4.4.78, we have that the global structure of H can be fully recovered from its local descrip-

tion on the region UT and the collection of vertical straps RΛ(β), together with the appropriate

compatibility conditions. Accordingly, we present the following result.

Lemma 4.4.85. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, UΛ(β) ={
U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and F and G objects of

the category H•(Sh1(Λ(β),K)0). According to Lemma 3.3.34, F and G have the following local

descriptions:

• On UT, F and G are specified by collections of n− 1 surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UT, see Figure 3.9.

• On UL, F and G are specified by collections of n− 1 injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Assumption: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Building on Definition 3.1.18–(3)–(4), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Main Conclusion: Under the given setup, the following statements hold:

⋆ Local characterization of Ext1(F ,G ) on UT ∪ UL: Any extension H of F by G is locally

equivalent to the trivial extension 0Ext on UT ∪ UL.
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⋆ Block-diagonal properties: Let H and H ′ be two extensions of F by G representing the same

equivalence class in Ext1(F ,G ), and suppose that both H and H ′ coincide with the trivial exten-

sion 0Ext on UT ∪ UL. Let λ : H → H ′ be a sheaf isomorphism realizing the equivalence between

H and H ′. Then, λ is characterized by a collection of n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

, which,

with respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, satisfy the following properties:

•
[
T

(n)
λ

]
ĝ(n) f̂ (n)

∈M(n,K) is diagonal.

• For each i ∈ [1, n − 1],
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) is given by the principal i × i submatrix of[
T

(n)
λ

]
ĝ(n) f̂ (n).

Proof. Let H ′ be an extension of F by G representing the same equivalence class as H in

Ext1(F ,G ), and let λ : H → H ′ be a sheaf isomorphism such that the diagram in Figure 4.2

commutes in each square. Building on Observation 4.4.78, we have that:

• On UT, H and H ′ are determined by collections of n− 1 characteristic maps

{
ψ
(i)
H : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
H ′ : Ki+1 → Ki

}n−1

i=1
,

while λ is characterized by a collection of n linear maps
{
S
(i)
λ : Ki → Ki

}n
i=1

such that

(4.4.10) ψ
(i)
H ′ = ψ

(i)
H + S

(i)
λ ◦ ψ(i)

F − ψ
(i)
G ◦ S(i+1)

λ ,

for all i ∈ [1, n− 1].

• On UL, H and H ′ are determined by collections of n− 1 characteristic maps

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
,

while λ is characterized by a collection of n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that

(4.4.11) ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ ,

for all i ∈ [1, n− 1].

In particular, applying the sheaf axioms to the intersection UT ∩ UL yields that S
(n)
λ = T

(n)
λ .

By assumption,
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

are systems of bases adapted to the pairs({
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1

)
and

({
ψ
(i)
G

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1

)
, respectively. Consequently, with respect to
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these bases, the equivalence conditions (4.4.10) and (4.4.11) translate into the system of equations

(4.4.12)

[
ψ
(i)
H ′
]

ĝ(i) f̂ (i+1) =
[
ψ
(i)
H

]
ĝ(i) f̂ (i+1) +

[
S
(i)
λ

]
ĝ(i) f̂ (i)

· π(i,i+1) − π(i,i+1) ·
[
S
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) ,

[
ϕ
(i)
H ′
]

ĝ(i+1) f̂ (i)
=

[
ϕ
(i)
H

]
ĝ(i+1) f̂ (i)

+
[
T
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) · ι(i+1,i) − ι(i+1,i) ·

[
T
(i)
λ

]
ĝ(i) f̂ (i)

,

for all i ∈ [1, n− 1].

Now, since
[
T
(n)
λ

]
ĝ(n) f̂ (n) =

[
S
(n)
λ

]
ĝ(n) f̂ (n) , Lemmas 4.4.80 and 4.4.79 guarantee that for any

choice of matrices
{ [

ψ
(i)
H ′
]

ĝ(i) f̂ (i+1)

}n−1

i=1
and

{ [
ϕ
(i)
H

]
ĝ(i+1) f̂ (i)

}n−1

i=1
there exist collections of matri-

ces
{ [

S
(i)
λ

]
ĝ(i) f̂ (i)

}n
i=1

and
{ [

T
(i)
λ

]
ĝ(i) f̂ (i)

}n
i=1

solving the system of equations in (4.4.12), with the

diagonal part of
[
T
(n)
λ

]
ĝ(n) f̂ (n) chosen arbitrarily.

Bearing this in mind, we deduce that H is locally equivalent to any extension of F by G on

UT ∪ UL, and in particular, it is equivalent to the trivial extension 0Ext on this region, that is, the

extension whose characteristic maps are zero.

Next, suppose that H and H ′ are two equivalent extensions of F by G which coincide with the

trivial extension of UT ∪ UL. More precisely, assume that ψ
(i)
H = ψ

(i)
H ′ = 0 and ϕ

(i)
H = ϕ

(i)
H ′ = 0 for

all i ∈ [1, n− 1]. Then, the system of equations in (4.4.12) reduces to

(4.4.13)

0i×(i+1) = 0i×(i+1) +
[
S
(i)
λ

]
ĝ(i) f̂ (i)

· π(i,i+1) − π(i,i+1) ·
[
S
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) ,

0(i+1)×i = 0(i+1)×i +
[
T
(i+1)
λ

]
ĝ(i+1) f̂ (i+1) · ι(i+1,i) − ι(i+1,i) ·

[
T
(i)
λ

]
ĝ(i) f̂ (i)

.

Finally, recall that
[
T
(n)
λ

]
ĝ(n) f̂ (n) =

[
S
(n)
λ

]
ĝ(n) f̂ (n) , and hence Lemmas 4.4.80 and 4.4.79 ensure

that any solution of the reduced system of equations in (4.4.13) arises from a diagonal matrix[
T

(n)
λ

]
ĝ(n) f̂ (n)

∈ M(n,K), with
[
S
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) and
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) given by the

principal i× i submatrix of
[
T

(n)
λ

]
ĝ(n) f̂ (n) for each i ∈ [1, n− 1]. It follows that S

(i)
λ = T

(i)
λ for each

i ∈ [1, n − 1], and hence λ is characterized by a collection of linear maps
{
T
(i)
λ

}n
i=1

satisfying the

conditions stated in the lemma. □

The next lemmas will help us analyze the structure of the one-degree morphism spaces in the

category of our interest on a region Rj . In order to state the lemmas, let us first introduce a setup.
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Setup 4.4.86. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F and G be objects of

the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the vertical strap in R2 containing

σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k = 1.

Under this assumption, on Rj, F and G are specified by two collections of n injective linear

maps {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
G : K1 → K2

}
,

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.15.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Following Definition 3.1.18–(3), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
G

}n−1

i=1
.

Under this assumption, Lemma 3.4.47 ensures that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are system

of bases adapted to F and G on Rj, where z, z′ ∈ K parameterize, relative to the bases f̂ (n)

and ĝ(n) for Kn, the s1-relative position between the pair of complete flags in Kn that geometrically

characterize F and G on Rj, respectively. Following Definition 3.1.29, we denote by
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

the corresponding braid-transformed bases.

Lemma 4.4.87. Consider the assumptions of Setup 4.4.86 and fix an equivalence class ξ ∈

Ext1(F ,G ). Let H and H ′ be two equivalent extensions of F by G representing ξ, and let

λ : H → H ′ be a sheaf isomorphism realizing their equivalence.

On Rj, H and H ′ are specified by two collections of n characteristic maps

(4.4.14)

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H : K1 → K2

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H ′ : K1 → K2

}
,
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while λ is characterized by a collection of n+ 1 linear maps

(4.4.15)
{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃ (1) : K1 → K1

}
such that:

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1],(4.4.16a)

ϕ̃
(1)
H ′ = ϕ̃

(1)
H + T

(2)
λ ◦ ϕ̃ (1)

F − ϕ̃
(1)
G ◦ T̃ (1)

λ .(4.4.16b)

⋆ Assumption 1: Suppose that there are linear maps
{
γ(i) : Ki → Ki+1

}n−1

i=1
that fully characterize

ξ, up to equivalence, on the left of the crossing in Rj. Building on this assumption, we choose

representatives H and H ′ such that:

ϕ
(i)
H = ϕ

(i)
H ′ = γ(i) , for all i ∈ [1, n− 1] .

⋆ Assumption 2: Suppose that, with respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, the matrices

representing the maps
{
T
(i)
λ

}n
i=1

, which characterize λ on the left of the crossing in Rj, satisfy:[
T
(n)
λ

]
ĝ(n) f̂ (n) ≡ D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn

srd ,[
T
(i)
λ

]
ĝ(i) f̂ (i)

≡ principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

In particular, under the above assumptions, the equivalence conditions in (4.4.16a) are auto-

matically satisfied.

⋆ Main Conclusion: H is equivalent to a representative H ′ such that, with respect to the bases

ĝ(2)[σ1, z
′] and f̂ (1)[σ1, z], the matrix representing ϕ̃

(1)
H ′ is given by

[
ϕ̃
(1)
H ′
]

ĝ(2)[σ1,z′] f̂ (1)[σ1,z]
=

[
0

a′

]
,

for some a′ ∈ K. In other words, the parameter a′, together with the data encoded in
{
γ(i)
}n−1

i=1
,

completely determines ξ on Rj, up to equivalence.

Proof. To begin, recall that H and H ′ are two extensions of F by G , and hence their local

description on Rj via the characteristic maps in (4.4.14) follows from Observation 4.4.78. Moreover,
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building on Assumption 1, we suppose that H and H ′ are representatives with ϕ
(i)
H = ϕ

(i)
H ′ = γ(i),

for all i ∈ [1, n− 1].

Analogously to the case of H and H ′, it follows from Observation 4.4.78 that λ : H → H ′, the

sheaf isomorphism realizing the equivalence between H and H ′, is locally characterized on Rj by

a collection of linear maps as in (4.4.15), which are subject to the equivalence conditions (4.4.16).

Now, given the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, let us define

Y (n) :=
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈ M(n,K) ,

Y (i) :=
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) , for all i ∈ [1, n− 1].

By Assumption 2, we have that Y (n) = D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn
std, and that Y (i) is

given by the principal i× i submatrix of D(u⃗), for all i ∈ [1, n− 1].

Next, given the bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

, let us define‹X (1) :=
[
ϕ̃
(1)
H

]
ĝ(2)[σ1,z′] f̂ (1)[σ1,z]

=

[
x̃1,1

x̃2,1

]
∈ M(2, 1,K) ,

‹X ′ (1) :=
[
ϕ̃
(1)
H ′
]

ĝ(2)[σ1,z′] f̂ (1)[σ1,z]
=

[
x̃′1,1

x̃′2,1

]
∈ M(2, 1,K) ,‹Y (1) :=

[
T̃
(1)
λ

]
ĝ(1)[σ1,z′] f̂ (1)[σ1,z]

= [ỹ1,1] ∈ M(1,K) .

Then, with respect to the braid transformed bases, relation (4.4.16b) translates into the system of

equations

(4.4.17) ‹X ′ (1) = ‹X(1) +
((
B

(2)
1 (z′)

)−1 · Y (2) ·B(2)
1 (z)

)
· ι(2,1) − ι(2,1) · ‹Y (1) .

It follows from Lemma 4.4.81–(a) that, for any choice of x̃′1,1, there exist unique ỹ1,1 and x̃′2,1

solving (4.4.17), and hence H is equivalent to a representative H ′ with x̃′1,1 = 0 and x̃′2,1 = a, for

some a ∈ K, as claimed. □

Lemma 4.4.88. Consider the assumptions of Setup 4.4.86 and fix an equivalence class ξ ∈

Ext1(F ,G ). Let H and H ′ be two equivalent extensions of F by G representing ξ, and let

λ : H → H ′ be a sheaf isomorphism realizing their equivalence.
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On Rj, H and H ′ are specified by two collections of n characteristic maps

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H : K1 → K2

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H ′ : K1 → K2

}
,

while λ is characterized by a collection of n+1 linear maps
{
T
(i)
λ : Ki → Ki

}
∪
{
T̃ (1) : K1 → K1

}
such that

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1],

ϕ̃
(1)
H ′ = ϕ̃

(1)
H + T

(2)
λ ◦ ϕ̃ (1)

F − ϕ̃
(1)
G ◦ T̃ (1)

λ .

⋆ Assumption 1: Suppose that there are linear maps
{
γ(i) : Ki → Ki+1

}n−1

i=1
that fully characterize ξ,

up to equivalence, on the left of the crossing in Rj. Under this assumption, we choose representatives

H and H ′ such that

ϕ
(i)
H = ϕ

(i)
H ′ = γ(i) , for all i ∈ [1, n− 1] .

⋆ Assumption 2: Suppose that, with respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, the matrices

representing the maps
{
T
(i)
λ

}n
i=1

, which characterize λ on the left of the crossing in Rj, satisfy:[
T
(n)
λ

]
ĝ(n) f̂ (n) ≡ D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn

std ,[
T
(i)
λ

]
ĝ(i) f̂ (i)

≡ principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

Under this assumption, Lemma 4.4.87 allows us to choose representatives H and H ′ such that,

with respect to the bases ĝ(2)[σ1, z
′] and f̂ (1)[σ1, z], the matrices representing ϕ̃

(1)
H and ϕ̃

(1)
H ′ are given

by [
ϕ̃
(1)
H

]
ĝ(2)[σ1,z′] f̂ (1)[σ1,z]

=

[
0

a

]
, and

[
ϕ̃
(1)
H ′
]

ĝ(2)[σ1,z′] f̂ (1)[σ1,z]
=

[
0

a′

]
,

for some a, a′ ∈ K.

⋆ Main Conclusion: Under the given assumptions, the following statements hold:

• Equivalence Condition: a′ = a+ d(z′, u⃗, z), where the residual parameter controlling the equiva-

lence class in Ext1(F ,G ) after the crossing in Rj is given by

d(z′, u⃗, z) := (2, 1)-entry of
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) .

126



• With respect to the bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

, the matrices representing the maps

T̃ (1) ∪
{
T
(i)
λ

}n
i=2

, which characterize λ on the right of the crossing in Rj, satisfy:[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

≡ D(π1(u⃗)) ,[
T̃

(1)
λ

]
ĝ(1)[σ1,z′] f̂ (1)[σ1,z]

≡ principal 1× 1 submatrix of D(π1(u⃗)) ,[
T

(i)
λ

]
ĝ(i)[σ1,z′] f̂ (i)[σ1,z]

≡ principal i× i submatrix of D(π1(u⃗)) , for all i ∈ [2, n− 1],

where π1 denotes the permutation associated with σ1.

Proof. Consider the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, and set

Y (n) :=
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈ M(n,K) ,

Y (i) :=
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) , for all i ∈ [1, n− 1].

By Assumption 2, we have that Y (n) = D(u⃗), and Y (i) is given by the principal i× i submatrix of

D(u⃗), for all i ∈ [1, n− 1].

Next, given the bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

, let us define‹X (1) :=
[
ϕ̃
(1)
H

]
ĝ(2)[σ1,z′] f̂ (1)[σ1,z]

=

[
0

a

]
∈ M(2, 1,K) ,

‹X ′ (1) :=
[
ϕ̃
(1)
H ′
]

ĝ(2)[σ1,z′] f̂ (1)[σ1,z]
=

[
0

a′

]
∈ M(2, 1,K) ,‹Y (1) :=

[
T̃
(1)
λ

]
ĝ(1)[σ1,z′] f̂ (1)[σ1,z]

= [ỹ1,1] ∈ M(1,K) .

Then, with respect to the braid-transformed bases, the equivalence condition for the maps ϕ̃
(1)
H and

ϕ̃
(1)
H ′ translates into the system of equations

(4.4.18) ‹X ′ (1) = ‹X(1) +
((
B

(2)
1 (z′)

)−1 · Y (2) ·B(2)
1 (z)

)
· ι(2,1) − ι(2,1) · ‹Y (1) .

It follows from Lemma 4.4.81–(b) that the system of equations in (4.4.18) has a unique solution:‹Y (1) = principal 1× 1 submatrix of
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) ,

a′ = a+ d(z′, u⃗, z) ,
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where

d(z′, u⃗, z) = the (2, 1)-entry of
(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) .

Specifically, we have that d(z′, u⃗, z) measures the redundancy in the choice of representatives for

the equivalence classes in Ext1(F ,G ) on the right of the crossing in Rj , and since redundancies

vanish when restricting to Ext1(F ,G ), we deduce that d(z′, u⃗, z) ≡ 0.

In particular, observe that

(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) = D(π1(u⃗)) + d(z′, u⃗, z)E2,1 ,

where E2,1 ∈ M(n,K) denotes the elementary matrix with 1 in the position (2, 1) and zeros every-

where else. Moreover, since Y (i) is given by the principal i×i submatrix of D(u⃗) for all i ∈ [2, n−1],

the block structure of the braid matrices guarantees that

(
B

(i)
1 (z′)

)−1 · Y (i) ·B(i)
1 (z) = principal i× i submatrix of

(
B

(n)
1 (z′)

)−1 ·D(u⃗) ·B(n)
1 (z) ,

for all i ∈ [2, n− 1].

Finally, note that, with respect to the bases
{
f̂ (i)[σ1, z]

}n
i=2

and
{
ĝ(i)[σ1, z

′]
}n
i=2

,

[
T

(i)
λ

]
ĝ(i)[σ1,z′] f̂ (i)[σ1,z]

=
(
B

(i)
1 (z′)

)−1 ·
[
T
(i)
λ

]
ĝ(i) f̂ (i)

·B(i)
1 (z) ,

for all i ∈ [2, n− 1]. Hence, when restricting to Ext1(F ,G ), we obtain that[
T

(n)
λ

]
ĝ(n)[σ1,z′] f̂ (n)[σ1,z]

≡ D(π1(u⃗)) ,[
T̃

(1)
λ

]
ĝ(1)[σ1,z′] f̂ (1)[σ1,z]

≡ principal 1× 1 submatrix of D(π1(u⃗)) ,[
T

(i)
λ

]
ĝ(i)[σ1,z′] f̂ (i)[σ1,z]

≡ principal i× i submatrix of D(π1(u⃗)) , for all i ∈ [2, n− 1].

This completes the proof. □

Setup 4.4.89. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F and G be objects of

the category H•(Sh1(Λ(β),K)0). Fix j ∈ [1, ℓ], and let Rj be the vertical strap in R2 containing

σij—the j-th crossing of β (see Figure 3.13).

⋆ Assumption 1: Let k := ij ∈ [1, n− 1] denote the index of σij , and suppose that k ≥ 2.
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Under this assumption, on Rj, F and G are specified by two collections of n+1 injective linear

maps {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
G : Kk−1 → Kk , ϕ̃

(k)
G : Kk → Kk+1

}
,

respectively. For a schematic illustration of a generic representative of one of these sheaves, see

Figure 3.17.

⋆ Assumption 2: For each i ∈ [1, n], let f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

be bases for Ki.

Following Definition 3.1.18–(3), we assume that:

•
{
f̂ (i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
F

}n−1

i=1
.

•
{
ĝ(i)
}n
i=1

is a system of bases adapted to
{
ϕ
(i)
G

}n−1

i=1
.

Under this assumption, Lemma 3.4.48 ensures that
({

f̂ (i)
}n
i=1
, z
)
and

({
ĝ(i)
}n
i=1
, z′
)
are system

of bases adapted to F and G on Rj, where z, z
′ ∈ K parameterize, relative to the bases f̂ (n) and

ĝ(n) for Kn, the sk-relative position between the pairs of complete flags in Kn that geometrically

characterize F and G on Rj, respectively. Following Definition 3.1.29, we denote by
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

the corresponding braid-transformed bases.

Lemma 4.4.90. Consider the assumptions of Setup 4.4.89 and fix an equivalence class ξ ∈

Ext1(F ,G ). Let H and H ′ be two equivalent extensions of F by G representing ξ, and let

λ : H → H ′ be a sheaf isomorphism realizing their equivalence.

On Rj, H and H ′ are specified by two collections of n+ 1 characteristic maps

(4.4.19)

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H : Kk−1 → Kk , ϕ̃

(k)
H : Kk → Kk+1

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H ′ : Kk−1 → Kk , ϕ̃

(k)
H ′ : Kk → Kk+1

}
,

while λ is characterized by a collection of n+ 1 linear maps

(4.4.20)
{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃ (k) : Kk → Kk

}
such that:

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1] ,(4.4.21a)
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ϕ̃
(k)
H ′ = ϕ̃

(k)
H + T

(k+1)
λ ◦ ϕ̃ (k)

F − ϕ̃
(k)
G ◦ T̃ (k)

λ ,(4.4.21b)

ϕ̃
(k−1)
H ′ = ϕ̃

(k−1)
H + T̃

(k)
λ ◦ ϕ̃ (k−1)

F − ϕ̃
(k−1)
G ◦ T (k−1)

λ .(4.4.21c)

⋆ Assumption 1: Suppose that there are linear maps
{
γ(i) : Ki → Ki+1

}n−1

i=1
that fully characterize

ξ, up to equivalence, on the left of the crossing in Rj. Building on this assumption, we choose

representatives H and H ′ such that:

ϕ
(i)
H = ϕ

(i)
H ′ = γ(i) , for all i ∈ [1, n− 1] .

⋆ Assumption 2: Suppose that, for the above choice of representatives and with respect to the bases{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, the matrices representing the maps
{
T
(i)
λ

}n
i=1

, which characterize λ on the

left of the crossing in Rj, satisfy:[
T
(n)
λ

]
ĝ(n) f̂ (n) ≡ D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn

std ,[
T
(i)
λ

]
ĝ(i) f̂ (i)

≡ principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

In particular, under the above assumptions, the equivalence conditions in (4.4.21a) are auto-

matically satisfied.

⋆ Main Conclusion: H is equivalent to a representative H ′ such that, with respect to the bases{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the matrices representing ϕ̃
(k−1)
H ′ and ϕ̃

(k)
H ′ are given by

[
ϕ̃
(k−1)
H ′

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

= 0k×(k−1) , and
[
ϕ̃
(k)
H ′
]

ĝ(k+1)[σk,z′] f̂ (k)[σk,z]
=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ a′

 ,

for some a′ ∈ K, where the starred entries are uniquely determined by the data associated with

ϕ
(k)
G , γ(k−1), γ(k), and ϕ

(k−1)
F . In other words, the parameter a′, together with the data encoded in{

γ(i)
}n−1

i=1
, completely determines ξ on Rj, up to equivalence.

Proof. To begin, recall that H and H ′ are two extensions of F by G , and hence their local

description on Rj via the characteristic maps in (4.4.19) follows from Observation 4.4.78. Moreover,
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building on Assumption 1, we suppose that H and H ′ are representatives with ϕ
(i)
H = ϕ

(i)
H ′ = γ(i),

for all i ∈ [1, n− 1].

Analogously to the case of H and H ′, it follows from Observation 4.4.78 that λ : H → H ′, the

sheaf isomorphism realizing the equivalence between H and H ′, is locally characterized on Rj by

a collection of linear maps as in (4.4.20), which are subject to the equivalence conditions (4.4.21).

Moreover, building on Observation 4.4.78, we know that the microlocal support conditions near the

crossing impose the following constraints on the characteristic maps of H and H ′

ϕ
(k)
G ◦ γ(k) + γ(k−1) ◦ ϕ(k−1)

F = ϕ̃
(k)
G ◦ ϕ̃ (k−1)

H + ϕ̃
(k)
H ◦ ϕ̃ (k−1)

F ,

ϕ
(k)
G ◦ γ(k) + γ(k−1) ◦ ϕ(k−1)

F = ϕ̃
(k)
G ◦ ϕ̃ (k−1)

H ′ + ϕ̃
(k)
H ′ ◦ ϕ̃ (k−1)

F ,

where have used that ϕ
(i)
H = ϕ

(i)
H ′ = γ(i), for all i ∈ [1, n− 1].

Here, given the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, let us define

Y (n) :=
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈ M(n,K) ,

Y (i) :=
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) , for all i ∈ [1, n− 1] ,

Z(k−1) :=
[
γ(k−1)

]
ĝ(k) f̂ (k−1) ∈ M(k, k − 1,K) ,

Z(k) :=
[
γ(k)

]
ĝ(k+1) f̂ (k)

∈ M(k + 1, k,K) .

In particular, by Assumption 2, we have that Y (n) = D(u⃗), and Y (i) is given by the principal i× i

submatrix of D(u⃗), for all i ∈ [1, n− 1].

Also, consider the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, and set‹Y (k) :=
[
T̃

(k)
λ

]
ĝ(k)[σk,z′] f̂ (k)[σk,z]

∈ M(k,K) ,‹X(k−1) :=
[
ϕ̃
(k−1)
H ′

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

∈ M(k, k − 1,K) ,‹X(k) :=
[
ϕ̃
(k)
H ′
]

ĝ(k+1)[σk,z′] f̂ (k)[σk,z]
∈ M(k + 1, k,K) ,‹X ′ (k−1) :=

[
ϕ̃
(k−1)
H ′

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

∈ M(k, k − 1,K) ,‹X ′ (k) :=
[
ϕ̃
(k)
H ′
]

ĝ(k+1)[σk,z′] f̂ (k)[σk,z]
∈ M(k + 1, k,K) .
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Next, observe that, with respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the equivalence

relations (4.4.21b) and (4.4.21b) translate into the system of equations‹X ′ (k−1) = ‹X(k−1) + ‹Y (k) · ι(k,k−1) − ι(k,k−1) · Y (k−1) ,‹X ′ (k) = ‹X(k) +
(
B

(k+1)
k (z′)

)−1 · Y (k+1) ·B(k+1)
k (z) · ι(k+1,k) − ι(k+1,k) · ‹Y (k) .

It follows from Lemma 4.4.83–(a) that for any choice of ‹X ′ (k−1) and the k-th column of ‹X ′ (k) expect

its very last entry, the above system of equations uniquely determines ‹Y (k) and the remaining entries

of ‹X ′ (k), and hence, H is equivalent to a representative H ′ such that with respect to the bases{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the matrices representing ϕ̃
(k−1)
H ′ and ϕ̃

(k)
H ′ are given by

(4.4.22) ‹X ′ (k−1) = 0k×(k−1) , and ‹X ′ (k) =


x̃′1,1 · · · x̃′1,k−1 0
...

. . .
...

...

x̃′k,1 · · · x̃′k,k−1 0

x̃′k+1,1 · · · x̃′k+1,k−1 x̃′k+1,k

 .

Finally, note that, with respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the crossing

constraint for the extensions H ′ translate into the system of equations

(4.4.23)
(
B

(k+1)
k (z′)

)−1 ·
(
ι(k+1,k) · Z(k−1) + Z(k) · ι(k,k−1)

)
= ι(k+1,k) · ‹X ′ (k−1) + ‹X ′ (k) · ι(k,k−1) .

In particular, given our choice of representative H ′ in (4.4.22), Lemma 4.4.82 ensures that the first

k− 1 columns of ‹X ′ (k) are uniquely determined by the system of equations in (4.4.23), and in this

case, these columns are uniquely determined by the data associated with ϕ
(k)
G , γ(k−1), γ(k), and

ϕ
(k−1)
F . Thus, the result follows once we identify a′ = x̃′k+1,k. □

Lemma 4.4.91. Consider the assumptions of Setup 4.4.89 and fix an equivalence class ξ ∈

Ext1(F ,G ). Let H and H ′ be two equivalent extensions of F by G representing ξ, and let

λ : H → H ′ be a sheaf isomorphism realizing their equivalence.

On Rj, H and H ′ are specified by two collections of n+ 1 characteristic maps

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H : Kk−1 → Kk , ϕ̃

(k)
H : Kk → Kk+1

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H ′ : Kk−1 → Kk , ϕ̃

(k)
H ′ : Kk → Kk+1

}
,
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while λ is characterized by a collection of n+ 1 linear maps

{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃ (k) : Kk → Kk

}
such that:

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1] ,

ϕ̃
(k)
H ′ = ϕ̃

(k)
H + T

(k+1)
λ ◦ ϕ̃ (k)

F − ϕ̃
(k)
G ◦ T̃ (k)

λ ,

ϕ̃
(k−1)
H ′ = ϕ̃

(k−1)
H + T̃

(k)
λ ◦ ϕ̃ (k−1)

F − ϕ̃
(k−1)
G ◦ T (k−1)

λ .

⋆ Assumption 1: Suppose that there are linear maps
{
γ(i) : Ki → Ki+1

}n−1

i=1
that fully characterize

ξ, up to equivalence, on the left of the crossing in Rj. Building on this assumption, we choose

representatives H and H ′ such that:

ϕ
(i)
H = ϕ

(i)
H ′ = γ(i) , for all i ∈ [1, n− 1] .

⋆ Assumption 2: Suppose that, with respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, the matrices

representing the maps
{
T
(i)
λ

}n
i=1

, which characterize λ on the left of the crossing in Rj, satisfy:[
T
(n)
λ

]
ĝ(n) f̂ (n) ≡ D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn

std ,[
T
(i)
λ

]
ĝ(i) f̂ (i)

≡ principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

Under this assumption, Lemma 4.4.90 allows us to choose representatives H and H ′ such

that with respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the matrices representing ϕ̃
(k−1)
H ,

ϕ̃
(k)
H , ϕ̃

(k−1)
H ′ and ϕ̃

(k)
H ′ are given by

[
ϕ̃
(k−1)
H

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

= 0k×(k−1) , and
[
ϕ̃
(k)
H

]
ĝ(k+1)[σk,z′] f̂ (k)[σk,z]

=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ a

 ,

[
ϕ̃
(k−1)
H ′

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

= 0k×(k−1) , and
[
ϕ̃
(k)
H ′
]

ĝ(k+1)[σk,z′] f̂ (k)[σk,z]
=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ a′

 ,
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for some a, a′ ∈ K.

⋆ Main Conclusion: Under the given assumptions, the following statements hold:

• Equivalence Condition: a′ = a+ d(z′, u⃗, z), where the residual parameter controlling the equiva-

lence class in Ext1(F ,G ) after the crossing in Rj is given by

d(z′, u⃗, z) := (k + 1, k)-entry of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

• With respect to the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, the matrices representing the

collection of maps
{
T
(i)
λ

}
i∈[1,n]\{k} ∪

{
T̃

(k)
λ

}
, which characterize λ on the right of the crossing

in Rj, satisfy:[
T

(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

≡ D(πk(u⃗)) ,[
T̃

(k)
λ

]
ĝ(k)[σk,z′] f̂ (k)[σk,z]

≡ principal k × k submatrix of D(πk(u⃗)) ,[
T

(i)
λ

]
ĝ(i)[σk,z′] f̂ (i)[σk,z]

≡ principal i× i submatrix of D(πk(u⃗)) , for all i ∈ [1, n− 1] \ {k} ,

where πk denotes the permutation associated with σk.

Proof. Consider the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

, and set

Y (n) :=
[
T
(n)
λ

]
ĝ(n) f̂ (n) ∈ M(n,K) ,

Y (i) :=
[
T
(i)
λ

]
ĝ(i) f̂ (i)

∈ M(i,K) , for all i ∈ [1, n− 1].

By Assumption 2, we have that Y (n) = D(u⃗), and Y (i) is given by the principal i× i submatrix of

D(u⃗), for all i ∈ [1, n− 1].
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Next, given the bases
{
f̂ (i)[σk, z]

}n
i=1

and
{
ĝ(i)[σk, z

′]
}n
i=1

, let us define‹X(k−1) :=
[
ϕ̃
(k−1)
H

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

= 0k×(k−1) ,

‹X(k) :=
[
ϕ̃
(k)
H

]
ĝ(k+1)[σk,z′] f̂ (k)[σk,z]

=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ a

 ,

‹X ′ (k−1) :=
[
ϕ̃
(k−1)
H ′

]
ĝ(k)[σk,z′] f̂ (k−1)[σk,z]

= 0k×(k−1) ,

‹X ′ (k) :=
[
ϕ̃
(k)
H ′
]

ĝ(k+1)[σk,z′] f̂ (k)[σk,z]
=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ a′

 .

Then, with respect to the braid-transformed bases, the equivalence conditions for the pairs of maps(
ϕ̃
(k−1)
H , ϕ̃

(k−1)
H ′

)
and

(
ϕ̃
(k)
H , ϕ̃

(k)
H ′
)
translate into the system of equations

(4.4.24)

‹X ′ (k−1) = ‹X(k−1) + ‹Y (k) · ι(k,k−1) − ι(k,k−1) · Y (k−1) ,‹X ′ (k) = ‹X(k) +
(
B

(k+1)
k (z′)

)−1 · Y (k+1) ·B(k+1)
k (z) · ι(k+1,k) − ι(k+1,k) · ‹Y (k) .

It follows from Lemma 4.4.83–(b) that the system of equations in (4.4.24) has a unique solution:‹Y (k) = principal k × k submatrix of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) ,

⋆ = ⋆ ,

a′ = a+ d(z′, u⃗, z) ,

where

d(z′, u⃗, z) = the (k + 1, k)-entry of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

Specifically, we have that d(z′, u⃗, z) measures the redundancy in the choice of representatives for

the equivalence classes in Ext1(F ,G ) on the right of the crossing in Rj , and since redundancies

vanish when restricting to Ext1(F ,G ), we deduce that d(z′, u⃗, z) ≡ 0.
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In particular, observe that

(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) = D(πk(u⃗)) + d(z′, u⃗, z)Ek+1,k ,

where Ek+1,k ∈ M(n,K) denotes the elementary matrix with 1 in the position (k + 1, k) and zeros

everywhere else. Moreover, since Y (i) is given by the principal i × i submatrix of D(u⃗) for all

i ∈ [1, n− 1], the block structure of the braid matrices guarantees that:

• For all i ∈ [1, k − 1],

Y (i) = principal i× i submatrix of
(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

• For all i ∈ [k + 1, n− 1],

(
B

(i)
k (z′)

)−1 · Y (i) ·B(i)
k (z) = principal i× i submatrix of

(
B

(n)
k (z′)

)−1 ·D(u⃗) ·B(n)
k (z) .

Finally, note that, with respect to the bases
{
f̂ (i)[σ1, z]

}n
i=1

and
{
ĝ(i)[σ1, z

′]
}n
i=1

,

[
T

(i)
λ

]
ĝ(i)[σk,z′] f̂ (i)[σk,z]

=
[
T
(i)
λ

]
ĝ(i) f̂ (i)

, for all i ∈ [1, k − 1] ,

[
T

(i)
λ

]
ĝ(i)[σk,z′] f̂ (i)[σk,z]

=
(
B

(i)
k (z′)

)−1 ·
[
T
(i)
λ

]
ĝ(i) f̂ (i)

·B(i)
k (z) , for all i ∈ [k + 1, n] .

Hence, when restricting to Ext1(F ,G ), we obtain that[
T

(n)
λ

]
ĝ(n)[σk,z′] f̂ (n)[σk,z]

≡ D(πk(u⃗)) ,[
T̃

(k)
λ

]
ĝ(k)[σk,z′] f̂ (k)[σk,z]

≡ principal k × k submatrix of D(πk(u⃗)) ,[
T

(i)
λ

]
ĝ(i)[σk,z′] f̂ (i)[σk,z]

≡ principal i× i submatrix of D(πk(u⃗)) , for all i ∈ [1, n− 1] \ {k} .

This completes the proof. □

Having established the preceding lemmas, we are now in a position to state and prove the second

part of our first main theorem.

Theorem 4.4.92. Setup: Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, UΛ(β) :={
U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and F and G objects of

the category H•(Sh1(Λ(β),K)0).
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⋆ Local descriptions on UT and UL: According to Lemma 3.3.34, F and G have the following local

descriptions:

• On UT, F and G are specified by two collections of n− 1 surjective linear maps

{
ψ
(i)
F : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
G : Ki+1 → Ki

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UT, see Figure 3.9.

• On UL, F and G are specified by two collections of n− 1 injective linear maps

{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
,

respectively. For a schematic illustration of a generic representative of one of these sheaves on

UL, see Figure 3.7.

• Compatibility conditions: For each i ∈ [1, n− 1],

ψ
(i)
F ◦ ϕ(i)F = idKi , and ψ

(i)
G ◦ ϕ(i)G = idKi .

⋆ Global flag data: By Theorem 3.3.40, F and G are geometrically characterized by two sequence

of complete flags
{
F •
j

}ℓ+1

j=0
and

{
G •
j

}ℓ+1

j=0
in Kn, respectively, such that:

• F •
0 is completely opposite to both F •

1 and F •
ℓ+1, and for each j ∈ [1, ℓ], F •

j is in sij -relative

position with respect to F •
j+1.

• G •
0 is completely opposite to both G •

1 and G •
ℓ+1, and for each j ∈ [1, ℓ], G •

j is in sij -relative

position with respect to G •
j+1.

In particular, by Lemma 3.3.35, we know that:

F •
0 := KF •(ψ(1)

F , . . . , ψ
(n−1)
F

)
, and F •

1 := I F •(ϕ(1)F , . . . , ϕ
(n−1)
F

)
,

G •
0 := KF •(ψ(1)

G , . . . , ψ
(n−1)
G

)
, and G •

1 := I F •(ϕ(1)G , . . . , ϕ
(n−1)
G

)
,

are the type K and type I flags in Kn associated with
{
ψ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
F

}n−1

i=1
,
{
ψ
(i)
G

}n−1

i=1
, and{

ϕ
(i)
G

}n−1

i=1
, respectively (cf. Definition 3.1.18–(1)–(2)).
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⋆ Main assumption (Adapted bases): Let f̂ (n), ĝ(n) be bases for Kn, and let z⃗ = (z1, . . . , zℓ), z⃗
′ =

(z′1, . . . , z
′
ℓ) ∈ X(β,K) be points such that the pairs ( f̂ (n), z⃗ ) and ( ĝ(n), z⃗ ′ ) algebraically charac-

terizes F and G according to Theorem 3.4.46, respectively. In this setting, we have that:

• Relative to the basis f̂ (n) for Kn: F •
0 and F •

1 are the anti-standard and standard flags, re-

spectively. For each j ∈ [1, ℓ], the flag F •
j+1 is represented by the path matrix Pβj

(z⃗j) =

B
(n)
i1

(z1) · · ·B(n)
ij

(zj) ∈ GL(n,K) associated with the truncated braid word βj = σi1 · · ·σij ∈ Br+n

and the truncated tuple z⃗j = (z1, . . . , zj) ∈ Kj
std.

• Relative to the basis ĝ(n) for Kn: G •
0 and G •

1 are the anti-standard and standard flags, re-

spectively. For each j ∈ [1, ℓ], the flag G •
j+1 is represented by the path matrix Pβj

(z⃗ ′
j) =

B
(n)
i1

(z′1) · · ·B
(n)
ij

(z′j) ∈ GL(n,K) associated with the truncated braid word βj and the truncated

tuple z⃗ ′
j = (z′1, . . . , z

′
j) ∈ Kj

std.

Furthermore, under this assumption, the compatibility conditions and an inductive argument

ensure that, for each i ∈ [1, n − 1], there are unique bases f̂ (i) :=
{
f̂
(i)
j

}i
j=1

and ĝ(i) :=
{
ĝ
(i)
j

}i
j=1

for Ki such that (cf. Definition 3.1.18–(3)–(4)):

• The collection
{
f̂ (i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
F

}n−1

i=1
and

{
ϕ
(i)
F

}n−1

i=1
.

• The collection
{
ĝ(i)
}n
i=1

is a system of bases adapted to both
{
ψ
(i)
G

}n−1

i=1
and

{
ϕ
(i)
G

}n−1

i=1
.

Building on this, for each j ∈ [1, ℓ], we denote by
{
f̂ (i)[βj , z⃗j ]

}n
i=1

and
{
ĝ(i)[βj , z⃗

′
j ]
}n
i=1

the braid-

transformed bases obtained from
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

via the truncated braid word βj and the

truncated tuples z⃗j and z⃗ ′
j, respectively (cf. Definition 3.1.29). Accordingly, by Theorem 3.4.50,

we have that:

•
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

• For each j ∈ [1, ℓ− 1],
({

f̂ (i)[βj , z⃗j ]
}n
i=1
, zj+1

)
is a system of bases adapted to F on Rj+1.

•
({

ĝ(i)
}n
i=1
, z′1
)
is a system of bases adapted to G on R1.

• For each j ∈ [1, ℓ− 1],
({

ĝ(i)[βj , z⃗
′
j ]
}n
i=1
, z′j+1

)
is a system of bases adapted to G on Rj+1.

⋆ Main Conclusion: Following Definition 4.2.55, let δF ,G : Kn
std → Kℓ

std be the linear map as-

sociated with the pair (F ,G ). Then, under the given setup, there is an isomorphism of vector
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spaces

Ext1(F ,G ) ∼= coker δF ,G .

Proof. To begin, let SΛ(β) be the stratification of R2 induced by Λ(β) ⊂
(
R3, ξstd

)
, UΛ(β) ={

U0, UB, UL, UR, UT

}
the open cover of R2 from Construction 3.3.33, and RΛ(β) =

{
Rj

}ℓ
j=1

the

partition of UB into ℓ open vertical straps from Construction 3.3.36.

Fix an equivalence class ξ ∈ Ext1(F ,G ). Let H and H ′ be two equivalent extensions of F by G

representing ξ, and let λ : H → H ′ be a sheaf isomorphism realizing their equivalence.

Then, building on Observation 4.4.78, we have that:

• On UT, H and H ′ are determined by two collections of n− 1 characteristic maps

{
ψ
(i)
H : Ki+1 → Ki

}n−1

i=1
, and

{
ψ
(i)
H ′ : Ki+1 → Ki

}n−1

i=1
,

while λ is characterized by a collection of n linear maps
{
S
(i)
λ : Ki → Ki

}n
i=1

such that

ψ
(i)
H ′ = ψ

(i)
H + S

(i)
λ ◦ ψ(i)

F − ψ
(i)
G ◦ S(i+1)

λ ,

for all i ∈ [1, n− 1].

• On UB, H and H ′ are determined by two collections of n− 1 characteristic maps

{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
, and

{
ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
,

while λ is characterized by a collection of n linear maps
{
T
(i)
λ : Ki → Ki

}n
i=1

such that

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ ,

for all i ∈ [1, n− 1].

According to Lemma 4.4.85, any extension of F by G is locally equivalent to the trivial extension

0Ext on UT ∪ UL, and hence we choose representatives H and H ′ such that ϕ
(i)
H = ϕ

(i)
H ′ = 0 and

ψ
(i)
H = ψ

(i)
H ′ = 0, for all i ∈ [1, n − 1]. Under these conditions, Lemma 4.4.85 further asserts that

the maps characterizing λ on UT ∪ UL satisfy the following properties:

• For all i ∈ [1, n], S
(i)
λ = T

(i)
λ .
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• With respect to the bases
{
f̂ (i)
}n
i=1

and
{
ĝ(i)
}n
i=1

,

[
T
(n)
λ

]
ĝ(n) f̂ (n) ≡ D(u⃗), for some u⃗ = (u1, . . . , un) ∈ Kn

std ,[
T
(i)
λ

]
ĝ(i) f̂ (i)

≡ principal i× i submatrix of D(u⃗) , for all i ∈ [1, n− 1] .

Next, consider R1, the vertical strap in R2 containing the first crossing of β, namely σi1 , and denote

by k = i1 ∈ [1, n− 1] the index of σi1 . By construction, R1 is the vertical strap immediately to the

right of UL, and hence, the constructibility of F and G with respect to SΛ(β) leads to one of the

following two cases:

• Case 1 : Suppose that k = 1. Then, on R1, F and G are characterized by two collections of n

injective linear maps: {
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
F : K1 → K2

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
G : K1 → K2

}
.

respectively. Thus, in this local configuration, Lemma 4.4.87 asserts that, on R1, H and H ′

are specified by two collections of n characteristic maps{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H : K1 → K2

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(1)
H ′ : K1 → K2

}
,

while λ is characterized by a collection of n+1 linear maps
{
T
(i)
λ : Ki → Ki

}
∪
{
T̃ (1) : K1 → K1

}
such that

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1],

ϕ̃
(1)
H ′ = ϕ̃

(1)
H + T

(2)
λ ◦ ϕ̃ (1)

F − ϕ̃
(1)
G ◦ T̃ (1)

λ .

• Case 2 : Suppose that k ≥ 2. Then, on R1, F and G are characterized by two collections of

injective linear maps:{
ϕ
(i)
F : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
F : Kk−1 → Kk , ϕ̃

(k)
F : Kk → Kk+1

}
,

{
ϕ
(i)
G : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
G : Kk−1 → Kk , ϕ̃

(k)
G : Kk → Kk+1

}
.
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Thus, in this local configuration, Lemma 4.4.90 asserts that, on R1, H and H ′ are specified

by two collections of n+ 1 characteristic maps{
ϕ
(i)
H : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H : Kk−1 → Kk , ϕ̃

(k)
H : Kk → Kk+1

}
,{

ϕ
(i)
H ′ : Ki → Ki+1

}n−1

i=1
∪
{
ϕ̃
(k−1)
H ′ : Kk−1 → Kk , ϕ̃

(k)
H ′ : Kk → Kk+1

}
,

while λ is characterized by a collection of n+ 1 linear maps

{
T
(i)
λ : Ki → Ki

}n
i=1

∪
{
T̃ (k) : Kk → Kk

}
such that:

ϕ
(i)
H ′ = ϕ

(i)
H + T

(i+1)
λ ◦ ϕ(i)F − ϕ

(i)
G ◦ T (i)

λ , for all i ∈ [1, n− 1] ,

ϕ̃
(k)
H ′ = ϕ̃

(k)
H + T

(k+1)
λ ◦ ϕ̃ (k)

F − ϕ̃
(k)
G ◦ T̃ (k)

λ ,

ϕ̃
(k−1)
H ′ = ϕ̃

(k−1)
H + T̃

(k)
λ ◦ ϕ̃ (k−1)

F − ϕ̃
(k−1)
G ◦ T (k−1)

λ .

In any of the above cases, we have that
{
ϕ
(i)
F

}n−1

i=1
,
{
ϕ
(i)
G

}n−1

i=1
,
{
ϕ
(i)
H

}n−1

i=1
,
{
ϕ
(i)
H ′
}n−1

i=1
, and

{
T
(i)
λ

}n
i=1

are precisely the linear maps determining F , G , H ′, H , and λ on UL, respectively. In particular,

given our choice of representatives H and H ′, we have that ϕ
(i)
H = ϕ

(i)
H ′ = 0, for all i ∈ [1, n− 1].

Now, let z⃗ = (z1, . . . , zℓ) and z⃗ ′ = (z′1, . . . , z
′
ℓ) be the points in the braid variety X(β,K) that

algebraically characterize F and G in accordance with Theorem 3.4.46, respectively. By Theo-

rem 3.4.50, we know that:

•
({

f̂ (i)
}n
i=1
, z1
)
is a system of bases adapted to F on R1.

•
({

ĝ(i)
}n
i=1
, z′1
)
is a system of bases adapted to G on R1.

Then, a direct application of either Lemma 4.4.87 or Lemma 4.3.65 depending on the value of k,

considering that k = i1, implies that:

• Parametrization of H and H ′ at σi1 : On R1, H and H ′ are determined by a pair of

parameters a1, a
′
1 ∈ K, respectively, such that a′1 = a1 + δ1(z

′
1, u⃗, z), where the parameter

controlling the gauge freedom in Ext1(F ,G ) after the crossing in R1 is given by

δ1(z
′
1, u⃗, z1) :=

[ (
B

(n)
i1

(z′1)
)−1 ·D(u⃗) ·B(n)

i1
(z1)

]
i1+1,i1

.
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Hence, when restricting to Ext1(F ,G ), we have that δ1(z
′
1, u⃗, z1) ≡ 0.

• Block diagonal properties of λ at σi1 : With respect to the bases
{
f̂ (i)[σi1 , z1]

}n
i=1

and{
ĝ(i)[σi1 , z

′
1]
}n
i=1

, [
T
(n)
λ

]
ĝ(n)[σi1

,z′1] f̂ (n)[σi1
,z1]

≡ D(πi1(u⃗)) ,

where πi1(u⃗) denotes the permutation of u⃗ associated with σi1 .

Applying the same reasoning to R2, the vertical strap in R2 containing σi2—the second crossing of

β—we obtain that:

• Parametrization of H and H ′ at σi2 : On R2, H and H ′ are determined by a pair of

tuples a⃗2 := (a1, a2) ∈ K2 and a⃗ ′
2 := (a′1, a

′
2) ∈ K2, respectively, such that a′2 = a2+δ2(z

′
2, u⃗, z2),

where:

– a1 and a′1 are the scalar parameterizing H and H ′ in R1.

– The additional parameter controlling the gauge freedom in Ext1(F ,G ) after the crossing in

R2 is given by

δ2(z
′
2, u⃗, z2) :=

[ (
B

(n)
i2

(z′2)
)−1 ·D(π1(u⃗)) ·B(n)

i2
(z2)

]
i2+1,i2

.

Hence, when restricting to Ext1(F ,G ), we have that δ2(z
′
2, u⃗, z2) ≡ 0.

• Block diagonal properties of λ at σi2 : With respect to
{
f̂ (i)[β2, z⃗2]

}n
i=1

and
{
ĝ(i)[β2, z⃗

′
2]
}n
i=1

,

[
T
(n)
λ

]
ĝ(n)[β2,z⃗ ′

2] f̂ (n)[β2,z⃗2]
≡ D(πi2(πi1(u⃗))) ,

≡ D(πβ2(u⃗)) ,

where πβ2(u⃗) denotes the permutation of u⃗ associated with the truncated braid word β2 = σi1 ·σi2 .

Proceeding iteratively through the all vertical straps Rj , we obtain that H and H ′ are globally

parametrized by tuples a⃗ = (a1, . . . , aℓ) ∈ Kℓ
std and a⃗ ′ = (a′1, . . . , a

′
ℓ) ∈ Kℓ

std such that a′j =

aj + δj(z
′
j , u⃗, zj), where the gauge parameters are defined by

δj(z
′
j , u⃗, zj) :=

[ (
B

(n)
ij

(z′j)
)−1 ·D(πβj−1

(u⃗)) ·B(n)
ij

(zj)
]
ij+1,ij

,
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with πβj−1
(u⃗) denoting the permutation of u⃗ associated with the truncated braid word βj−1 =

σi1 · · ·σij−1 ∈ Br+n , for all j ∈ [1, ℓ].

Finally, building on Definition 4.2.55, we observe that two extensions H (⃗a) and H ′(⃗a ′) represent

the same equivalence class in Ext1(F ,G ) if and only if the tuples a⃗, a⃗ ′ ∈ Kℓ
std that algebraically

parametrize them satisfy a⃗ ′ − a⃗ ∈ im δF ,G ⊆ Kℓ
std. Hence, we conclude that

Ext1(F ,G ) ∼= coker δF ,G .

□

As an immediate yet striking consequence of Theorems 4.3.66 and 4.4.92, we obtain the following

result, which not only provides a powerful computational tool but also offers profound insight into

the rich topological information that the category H•(Sh1(Λ(β),K)0) carries about the Legendrian

link Λ(β) ⊂ (R3, ξstd).

Theorem 4.4.93. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n) be bases for Kn, and let z⃗, z⃗ ′ ∈ X(β,K) be

points such that the pairs
(
f̂ (n), z⃗

)
and

(
ĝ(n), z⃗ ′ ) algebraically parametrize F and G according to

Theorem 3.4.46, respectively. Then, the Poincaré–Euler characteristic of the graded vector space

Ext•(F ,G ) is given by

χ (Ext•(F ,G )) = −tb(Λ(β)) ,

where tb(Λ(β)) := ℓ − n denotes the Thurston–Bennequin number of the Legendrian link Λ(β) ⊂

(R3, ξstd).

Proof. To begin, following Definition 4.2.55, let δF ,G : Kn
std → Kℓ

std be the linear map associated

with the pair (F ,G ). In particular, by the rank–nullity theorem, we know that

dimK ker δF ,G − dimK coker δF ,G = n− ℓ .

Moreover, by Theorems 4.3.66 and 4.4.92, we have that the lower-degree morphism spaces between

F and G are given by

Ext0(F ,G ) ∼= ker δF ,G ,

Ext1(F ,G ) ∼= coker δF ,G .
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Hence, putting the above results together, we obtain that

χ (Ext•(F ,G )) =
∑
i∈Z

(−1)idimK Exti(F ,G ) ,

= dimK Ext0(F ,G )− dimK Ext1(F ,G ) ,

= dimK ker δF ,G − dimK coker δF ,G ,

= n− ℓ .

Finally, since the Thurston–Bennequin number of the Legendrian link Λ(β) is given by tb(Λ(β)) =

ℓ− n [25], the result follows. □

Having analyzed the linear structure of the graded morphism spaces in the category

H•(Sh1(Λ(β),K)0), we now turn to the study of its graded compositions.

4.5. Combinatorial Structure of the Graded Compositions

Let β ∈ Br+n be a positive braid word. This section is devoted to studying the composition of

graded morphisms in the category H•(Sh1(Λ(β),K)0). More precisely, our main goal is to establish

some combinatorial rules that describe how these graded morphisms compose. Bearing this in mind,

we begin by introducing some preliminaries.

4.5.1. Technical Background. Let β ∈ Br+n be a positive braid word. Next, we now collect

some preliminaries that will play a fundamental role in the explicit computation of the composition

of the graded morphisms in the category H•(Sh1(Λ(β),K)0). In particular, we open the discussion

with the following definition.

Definition 4.5.94. Let M be a smooth manifold. Let F , F ′, and G be sheaves of K-modules on

M, and let λ : F ′ → F be a sheaf homomorphism between F ′ and F . Suppose H is an extension

of F by G . Then, we define the pull-back λ∗H of H via λ to be an extension of F ′ by G such

that there exists a sheaf homomorphism α : λ∗H → H making each square in the diagram in

Figure 4.11 commute.

Definition 4.5.95. Let M be a smooth manifold. Let F , G , and G ′ be sheaves of K-modules on

M, and let λ : G → G ′ be a sheaf homomorphism between G and G ′. Suppose H is an extension

of F by G . Then, we define the push-out λ∗H of H via λ to be an extension of F by G ′ such
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0 G λ∗H F
′ 0

0 G H F 0

λα

Figure 4.11. The pull-back λ∗H of an extension H of F by G via a sheaf ho-

momorphism λ between F ′ and F .

that there exists a sheaf homomorphism α : H → λ∗H making each square in the diagram in

Figure 4.12 commute.

0 G H F 0

0 G
′ λ∗H F 0

λ α

Figure 4.12. The push-out λ∗H of an extension H of F by G via a sheaf homo-

morphism λ between G and G ′.

With these definitions in place, we now present a formal and concrete definition of the compo-

sition of graded morphisms in the category H•(Sh1(Λ(β),K)0).

Definition 4.5.96. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G , Q be objects

of the category H•(Sh1(Λ(β),K)0). For any p, q ≥ 0, the graded composition

◦ : Extp(G ,Q)× Extq(F ,G ) → Extp+q(F ,Q) ,

is given by the Yoneda composition for Ext groups [20], which in degrees 0 and 1 is defined as

follows:

(i) Let λ ∈ Ext0(F ,G ) and λ′ ∈ Ext0(G ,Q). Then λ′ ◦ λ ∈ Ext0(F ,Q) is given by the usual

composition between sheaf homomorphisms.
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(ii) Let λ ∈ Ext0(F ,G ), ξ ′ ∈ Ext1(G ,Q), and H ′ be an extension of G by Q representing the

equivalence class ξ ′, namely
[
H ′ ] = ξ ′. Then ξ ′ ◦ λ =

[
λ∗H ′ ] ∈ Ext1(F ,Q).

(iii) Let ξ ∈ Ext1(F ,G ), λ′ ∈ Ext0(G ,Q), and H be an extension of F by G representing the

equivalence class ξ, namely
[
H
]
= ξ. Then λ′ ◦ ξ =

[
λ′∗H

]
∈ Ext1(F ,Q).

Next, we present several technical lemmas that will enable us to explicitly describe the com-

position of graded morphisms in the category H•(Sh1(Λ(β),K)0). To this end, we introduce the

following definitions.

Definition 4.5.97. Let A, B, C, C ′, X, Y , Z, Z ′ be vector spaces over K, and let γG : A → X,

ΓH : B → Y , γF : C → Z, and γF ′ : C ′ → Z ′ be linear maps, with ΓH an extension of γF by γG

(see Definition 4.4.70).

Let λξ : C ′ → C and λδ : Z ′ → Z be linear maps defining a morphism λξ,δ := (λξ, λδ) between

γF ′ and γF (see Definition 4.3.57). Then, the pull-back λξ,δ
∗ΓH of ΓH via λξ,δ is an extension

of γF ′ by γG . Concretely, it is a linear map λξ,δ
∗ΓH : B′ → Y ′ between vector spaces B′ and Y ′

over K, such that there exist linear maps W1 : B′ → B and W2 : Y ′ → Y making each square of

the diagram in Figure 4.13 commute.

Definition 4.5.98. Let A, A′, B, C, X, X ′, Y , Z be vector spaces over K, and let γG : A → X,

γG ′ : A′ → X ′, ΓH : B → Y , and γF : C → Z be linear maps, with ΓH an extension of γF by γG

(see Definition 4.4.70).

Let λξ : A → A′ and λδ : X → X ′ be linear maps defining a morphism λξ,δ := (λξ, λδ) between

γG and γG ′ (see Definition 4.3.57). Then, the push-out λξ,δ∗ΓH of ΓH via λξ,δ is an extension of

γF by γG ′. Concretely, it is a linear map λξ,δ∗ΓH : B′ → Y ′ between vector spaces B′ and Y ′ over

K, such that there exist linear maps W1 : B → B′ and W2 : Y → Y ′ making each square of the

diagram in Figure 4.14 commute.

Lemma 4.5.99. Let A, C, C ′, X, Z, Z ′ be vector spaces over K, and let γG : A→ X, γH : C →

X, γF : C → Z, and γF ′ : C ′ → Z ′ be linear maps.
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0

0
Z ′

C ′
Y ′

B′
X

A
0

0

0

0
Z

C
Y

B
X

A
0

0

W1

W2
λξ

λδ

γG

λ∗ξ,δΓH

γF ′

γG

ΓH

γF

Figure 4.13. The pull-back λ∗ξ,δΓH of the extension ΓH of γF by γG via the

morphism λξ,δ between γF ′ and γF .

Let λξ : C ′ → C and λδ : Z ′ → Z be linear maps defining a morphism λξ,δ := (λξ, λδ) between

γF ′ and γF , and let ⟨γH ⟩γG γF
: A ⊕ C → X ⊕ Z be the block extension of γF by γG associated

with γH (see Lemma 4.4.74).

Finally, let λ∗ξ,δ ⟨γH ⟩γG γF
: B → Y be the pull-back of ⟨γH ⟩γG γF

via λξ,δ, see Definition 4.5.97,

and let ⟨γQ⟩γG γF
: A⊕C ′ → X ⊕Z ′ be the block extension of γF ′ by γG associated with the linear

map γQ := γH ◦ λξ : C ′ → X. Then, λ∗ξ,δ ⟨γH ⟩γG γF
and ⟨γQ⟩γG γF

are equivalent extensions of

γF ′ by γG .

Proof. By definition, λ∗ξ,δ ⟨γH ⟩γG γF
is an extension of γF ′ by γG , and hence, Lemma 4.4.75 asserts

that there exists a linear map γR : C ′ → X such that λ∗ξ,δ ⟨γH ⟩γG γF
and ⟨γR⟩γG γF′ are equivalent
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0

0
Z

C
Y

B
X

A
0

0

0

0
Z

C
Y ′

B′
X ′

A′
0

0

W1

W2

λξ

λδ

γG

ΓH

γF

γG ′

λξ,δ∗ΓH

γF

Figure 4.14. The push-out λξ,δ∗ΓH of the extension ΓH of γF by γG via the

morphism λξ,δ between γG and γG ′ .

extensions of γF ′ by γG , where ⟨γR⟩γG γF′ : A ⊕ C ′ → X ⊕ Z ′ denotes the block extension of γF ′

by γG associated with γR .

By Definitions 4.4.71 and 4.5.97, there exist linear maps N1 : A⊕C ′ → A⊕C and N2 : X ⊕Z ′ →

X ⊕ Z making each square of the diagram in Figure 4.15 commute. In particular, observe that

there exist linear maps λ
(1)
N1

: A→ A, λ
(2)
N1

: C ′ → A, λ
(3)
N1

: A→ C, and λ
(4)
N1

: C ′ → C such that N1

can be decomposed as

N1 =

λ(1)N1
λ
(2)
N1

λ
(3)
N1

λ
(4)
N1

 .
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Similarly, there exist linear maps λ
(1)
N2

: X → X, λ
(2)
N2

: Z ′ → X, λ
(3)
N2

: X → Z, and λ
(4)
N2

: Z ′ → Z

such that N2 can be expressed as

N2 =

λ(1)N2
λ
(2)
N2

λ
(3)
N2

λ
(4)
N2

 .
It then follows from the commutativity of the diagram in Figure 4.15 that

λ
(1)
N1

= idA ,

λ
(3)
N1

= 0 ,

λ
(4)
N1

= λξ ,

λ
(1)
N2

= idX ,

λ
(3)
N2

= 0 ,

λ
(4)
N2

= λδ ,

λδ ◦ γF ′ = γF ◦ λξ ,

γR + λ
(2)
N2

◦ γF ′ = γH ◦ λξ + γG ◦ λ(2)N1
.

Thus, defining γQ = γH ◦ λξ : C ′ → X, the above relations show that there exist linear maps

λ
(2)
N1

: C ′ → A and λ
(2)
N2

: Z ′ → X such that

γQ = γR + λ
(2)
N2

◦ γF ′ − γG ◦ λ(2)N1
.

Hence, building on Lemma 4.4.75, we conclude that ⟨γR⟩γG γF′ and ⟨γQ⟩γG γF′ are equivalent ex-

tensions of γF ′ by γG , where ⟨γQ⟩γG γF′ : A⊕ C ′ → X ⊕ Z ′ denotes the block extension of γF ′ by

γG associated with γQ. Finally, by transitivity of equivalence, we deduce that λ∗ξ,δ ⟨γH ⟩γG γF
and

⟨γQ⟩γG γF′ are equivalent extensions of γF ′ by γG . This completes the proof.

□

Lemma 4.5.100. Let A, A′, C, X, X ′, Z be vector spaces over K, and let γG : A → X, γG ′ :

A′ → X ′, γH : C → X, and γF : C → Z be linear maps.
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0

0
Z ′

C ′
X ⊕ Z ′

A⊕ C ′
X

A
0

0

0

0
Z

C
X ⊕ Z

A⊕ C
X

A
0

0

N1

N2

γG

⟨γR
⟩

γG

γF
′

γF ′

γG

⟨γH
⟩

γG

γF

γF

ιA⊕C′

ρA⊕C′

ιX⊕Z′

ρX⊕Z′

ιA⊕C

ρA⊕C
ιX⊕Z

ρX⊕Z

λξ

λδ

Figure 4.15. Commutative diagram between the block extensions ⟨γR⟩γG γF′ and

⟨γH ⟩γG γF
.

Let λξ : A → A′ and λδ : X → X ′ be linear maps defining a morphism λξ,δ = (λξ, λδ) between

γG and γG ′, and let ⟨γH ⟩γG γF
: A⊕C → X⊕Z be the block extension of γF by γG associated with

γH (see Lemma 4.4.74).

Finally, let λξ,δ∗ ⟨γH ⟩γG γF
: B → Y be the push-out of ⟨γH ⟩γG γF

via λξ,δ, see Definition 4.5.98,

and let ⟨γQ⟩γG ′ γF
: A′ ⊕C → X ′ ⊕Z be the block extension of γF by γG ′ associated with the linear

map γQ := λδ ◦ γH : C → X ′. Then, λξ,δ∗ ⟨γH ⟩γG γF
and ⟨γQ⟩γG ′ γF

are equivalent extensions of

γF by γG ′.

Proof. By definition, λξ,δ∗ ⟨γH ⟩γG γF
is an extension of γF by γG ′ , and hence, Lemma 4.4.75 asserts

that there exists a linear map γR : C → X ′ such that λξ,δ∗ ⟨γH ⟩γG γF
and ⟨γR⟩γG ′ γF

are equivalent
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extensions of γF by γG ′ , where ⟨γR⟩γG ′ γF
: A′ ⊕ C → X ′ ⊕ Z denotes the block extension of γF

by γG ′ associated with γR .

By Definitions 4.4.71 and 4.5.98, there exist linear maps N1 : A⊕ C → A′ ⊕ C and N2 : X ⊕ Z →

X ′ ⊕ Z making each square of the diagram in Figure 4.16 commute. In particular, observe that

there exist linear maps λ
(1)
N1

: A→ A′, λ
(2)
N1

: C → A′, λ
(3)
N1

: A→ C, and λ
(4)
N1

: C → C such that N1

can be decomposed as

N1 =

λ(1)N1
λ
(2)
N1

λ
(3)
N1

λ
(4)
N1

 .
Similarly, there exist linear maps λ

(1)
N2

: X → X ′, λ
(2)
N2

: Z → X ′, λ
(3)
N2

: X → Z, and λ
(4)
N2

: Z → Z

such that N2 can be expressed as

N2 =

λ(1)N2
λ
(2)
N2

λ
(3)
N2

λ
(4)
N2

 .
It then follows from the commutativity of the diagram in Figure 4.16 that

λ
(1)
N1

= λξ ,

λ
(3)
N1

= 0 ,

λ
(4)
N1

= idC ,

λ
(1)
N2

= λδ ,

λ
(3)
N2

= 0 ,

λ
(4)
N2

= idZ ,

λδ ◦ γG = γG ′ ◦ λξ ,

γR + γG ′ ◦ λ(2)N1
= λδ ◦ γH + λ

(2)
N2

◦ γF .

Thus, defining γQ := λδ ◦ γH : C → X ′, the above relations show that there exist linear maps

λ
(2)
N1

: C → A′ and λ
(2)
N2

: Z → X ′ such that

γR = γQ + λ
(2)
N2

◦ γF − γG ′ ◦ λ(2)N1
.

Hence, building on Lemma 4.4.76, we conclude that ⟨γQ⟩γG ′ γF
and ⟨γR⟩γG ′ γF

are equivalent ex-

tensions of γF by γG ′ , where ⟨γQ⟩γG ′ γF
: A′ ⊕ C → X ′ ⊕ Z denotes the block extension of γF by
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γG ′ associated with γQ. Finally, by transitivity of equivalence, we deduce that λξ,δ∗ ⟨γH ⟩γG γF
and

⟨γQ⟩γG ′ γF
are equivalent extensions of γF by γG ′ .

0

0
Z

C
X ⊕ Z

A⊕ C
X

A
0

0

0

0
Z

C
X ′ ⊕ Z

A′ ⊕ C
X ′

A′
0

0

N1

N2

γG

⟨γH
⟩

γG

γF

γF

γG ′

⟨γR
⟩

γG
′

γF

γF

ιA⊕C

ρA⊕C

ιX⊕Z

ρX⊕Z

ιA′⊕C

ρA′⊕C
ιX′⊕Z

ρX′⊕Z

λξ

λδ

Figure 4.16. Commutative diagram between the block extensions ⟨γH ⟩γG γF
and

⟨γR⟩γG ′ γF
.

□

Having established the above technical lemmas, we now present an observation that

will elucidate the structure of the composition of mixed graded morphisms in the category

H•(Sh1(Λ(β),K)0).

Observation 4.5.101. Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid word, and let SΛ(β) denote the

stratification of R2 induced by Λ(β). Next, we analyze the composition of graded morphisms in the

category H•(Sh1(Λ(β),K)0) near an arbitrary arc in SΛ(β).
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To begin, let a be an arc in SΛ(β). As illustrated in Sub-figure 2.2a, near a, the stratification

SΛ(β) consists of a, an upper 2-dimensional stratum U , and a lower 2-dimensional stratum D. In

particular, given this local configuration, we choose two arbitrary points p ∈ U and q ∈ D.

Let F , F ′, G , and G ′ be objects of the category H•(Sh1(Λ(β),K)0). In addition, fix λ ∈

Ext0(F ′,F ), ξ ∈ Ext1(F ,G ), and λ′ ∈ Ext0(G ,G ′), and let H be an extension of F by G

representing ξ, namely ξ =
[
H
]
. Bearing this in mind, our goal is to provide local models for the

compositions λ ◦ ξ =
[
λ∗H

]
∈ Ext1(F ′,G ) and ξ ◦ λ′ =

[
λ∗H

]
∈ Ext1(F ,G ′) near a, where

λ∗H and λ′∗H denote the pull-back and push-out of H via λ and λ′, respectively.

Now, consider the points p and q, and denote the stalks of the sheaves G , G ′, H , F , and F ′

at these points by

X = Gp , X ′ = G ′
p , Y = Hp , Z = Fp , Z ′ = F ′

p ,

A = Gq , A′ = G ′
q , B = Hq , C = Fq , C ′ = F ′

q .

Then, according to the microlocal support conditions, near a, the sheaves G , G ′, H , F , and

F ′ are specified by linear maps γG : A → X, γG ′ : A′ → X ′, ΓH : B → Y , γF : C → Z,

and γF ′ : C ′ → Z ′, respectively, with ΓH an extension of γF by γG (see Definition 4.4.70). In

particular, by Lemma 4.4.75, we know that there exists a linear map γH : C → X such that ΓH is

equivalent to the block extension ⟨γH ⟩γG γF
of γF by γG associated with γH . Hence, for the purpose

of studying ξ, we identify H with the equivalent extension determined near a by the characteristic

map γH .

In addition, observe that near a, the sheaf homomorphisms λ and λ′ are characterized by linear

maps µλ : C ′ → C, νλ : Z ′ → Z, µλ′ : A→ A′, and νλ′ : X → X ′ such that the pairs λµ,ν := (µλ, νλ)

and λ′µ,ν := (µλ′ , νλ′) define morphisms between γF ′ and γF and between γG and γG ′, respectively

(see Definition 4.3.57).

By definition, the pull-back λ∗H is an extension of F ′ by G , and hence, near a, it is determined

by the pull-back λµ,ν
∗ ⟨γH ⟩γG γF

of ⟨γH ⟩γG γF
via λµ,ν , which is an extension of γF ′ by γG (see

Definition 4.5.97). Moreover, by Lemma 4.5.99, we know that λµ,ν
∗ ⟨γH ⟩γG γF

is equivalent to the

block extension of γF ′ by γG associated with the composition γH ◦ µλ : C ′ → X. Consequently, we
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deduce that the equivalence class λ ◦ ξ =
[
λ∗H

]
can be represented, near a, by an extension of F ′

by G whose characteristic map is γH ◦ µλ.

Similarly, the push-out λ′∗H is an extension of F by G ′, and hence, near a, it is determined

by the push-out λ′µ,ν∗ ⟨γH ⟩γG γF
of ⟨γH ⟩γG γF

via λ′µ,ν , which is an extension of γF by γG ′ (see

Definition 4.5.98). Furthermore, by Lemma 4.5.100, we have that λ′µ,ν∗ ⟨γH ⟩γG γF
is equivalent to

the block extension of γF by γG ′ associated with the composition νλ′ ◦ γH : C → X ′. Therefore, we

conclude that near a, the equivalence class ξ ◦ λ′ =
[
λ′∗H

]
can be represented by an extension of

F by G ′ whose characteristic map is νλ′ ◦ γH .

With the above observation at hand, we now turn to the explicit analysis of the composition of

graded morphisms in the category H•(Sh1(Λ(β),K)0).

4.5.2. Combinatorial Composition Rules. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid

word. Next, we establish combinatorial rules for the composition of graded morphisms in the

category H•(Sh1(Λ(β),K)0). To this end, we begin by introducing a definition and a related

lemma, which ensure that our combinatorial formulas yield a well-defined composition of graded

morphisms.

Definition 4.5.102. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. We introduce three

bilinear operations associated with β: the Hadamard ⊙ : Kn
std × Kn

std → Kn
std, the left braided

◦βL
: Kn

std ×Kℓ
std → Kℓ

std, and the right braided ◦βR
: Kℓ

std ×Kn
std → Kℓ

std compositions.

Specifically, for any u⃗ = (u1, . . . , un), v⃗ = (v1, . . . , vn) ∈ Kn
std, and any p⃗ = (p1, . . . , pℓ), q⃗ =

(q1, . . . , qℓ) ∈ Kℓ
std, we define:

v⃗ ⊙ u⃗ := (v1u1, . . . , vnun) ∈ Kn
std ,

v⃗ ◦βL
p⃗ := (vπβ1

(i1+1)p1, . . . , vπβℓ
(iℓ+1)pℓ) ∈ Kℓ

std ,

q⃗ ◦βR
u⃗ := (q1uπβ1

(i1), . . . , qℓuπβℓ
(iℓ)) ∈ Kℓ

std .

Lemma 4.5.103. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word, and let F , G , Q be objects of

the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n), q̂(n) be bases for Kn, and let x⃗, y⃗, z⃗ ∈ X(β,K) be

points such that the pairs ( f̂ (n), x⃗ ), ( ĝ(n), y⃗ ), ( q̂(n), z⃗ ) algebraically characterize F , G , Q according

to Theorem 3.4.46, respectively.
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Following Definition 4.2.55, let δF ,G , δG ,Q , δF ,Q : Kn
std → Kℓ

std be the linear maps associated

with the pairs (F ,G ), (G ,Q), (F ,Q), respectively. Then the following statements hold:

(i) Let u⃗ ∈ ker δF ,G , and v⃗ ∈ ker δG ,Q. Then the Hadamard product v⃗ ⊙ u⃗ ∈ Kn
std satisfies

v⃗ ⊙ u⃗ ∈ ker δF ,Q .

(ii) Let u⃗ ∈ ker δF ,G . Then the action of u⃗ on im δG ,Q induced by the right braided graded composition

satisfies

im δG ,Q ◦βR
u⃗ ⊆ im δF ,Q .

(iii) Let v⃗ ∈ ker δG ,Q. Then the action of v⃗ on im δF ,G induced by the left braided graded composition

satisfies

v⃗ ◦βL
im δF ,G ⊆ im δF ,Q .

Proof. We prove parts (i) and (ii); part (iii) is analogous to (ii).

Part (i): By Definition 4.2.55, we know that u⃗ = (u1, . . . , un) ∈ ker δF ,G ⊆ Kn
std and v⃗ =

(v1, . . . , vn) ∈ ker δG ,Q ⊆ Kn
std if and only if

D(πβj−1
(u⃗)) ·B(n)

ij
(xj) = B

(n)
ij

(yj) ·D(πβj
(u⃗)) ,

D(πβj−1
(v⃗)) ·B(n)

ij
(yj) = B

(n)
ij

(zj) ·D(πβj
(v⃗)) ,

for all j ∈ [1, ℓ], with β0 = en ∈ Br+n and πβ0 = en ∈ Sn denoting the trivial braid word on n strands

and the trivial permutation on n elements, respectively. Hence, since v⃗ ⊙ u⃗ = (v1u1, . . . , vnun) ∈

Kn
std, we immediately observe that

D(πβj−1
(v⃗ ⊙ u⃗)) ·B(n)

ij
(xj) = D(πβj−1

(v⃗)) ·D(πβj−1
(u⃗)) ·B(n)

ij
(xj) ,

= D(πβj−1
(v⃗)) ·B(n)

ij
(yj) ·D(πβj

(u⃗)) ,

= B
(n)
ij

(zj) ·D(πβj
(v⃗)) ·D(πβj

(u⃗)) ,

= B
(n)
ij

(zj) ·D(πβj
(v⃗ ⊙ u⃗)) ,

for all j ∈ [1, ℓ]. It then follows from Definition 4.2.55 that v⃗ ⊙ u⃗ ∈ ker δF ,Q.
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Part (ii): By Definition 4.2.55, we know that u⃗ = (u1, . . . , un) ∈ ker δF ,G ⊆ Kn
std if and only if

(4.5.1) D(πβj−1
(u⃗)) ·B(n)

ij
(xj) = B

(n)
ij

(yj) ·D(πβj
(u⃗)) ,

for all j ∈ [1, ℓ].

Now, let v⃗ ∈ Kn
std. By Definition 4.2.55, we have that δG ,Q(v⃗) = (δ1, . . . , δℓ) ∈ Kℓ

std, where

δj(z⃗, v⃗, y⃗) :=
[ (
B

(n)
ij

(zj)
)−1 ·D(πβj−1

(v⃗)) ·B(n)
ij

(yj)
]
ij+1,ij

,

for all j ∈ [1, ℓ]. Then, in light of Definition 4.5.102, we observe that δG ,Q(v⃗) ◦βR
u⃗ = (δ′1, . . . , δ

′
ℓ) ∈

Kℓ
std, where

δ′j(z⃗, v⃗, y⃗) :=
[ (
B

(n)
ij

(zj)
)−1 ·D(πβj−1

(v⃗)) ·B(n)
ij

(yj) ·D(πβj
(u⃗))

]
ij+1,ij

,

for all j ∈ [1, ℓ]. Bearing this in mind, the kernel constraints (4.5.1) for u⃗ imply that

δ′j(z⃗, v⃗, y⃗) =
[ (
B

(n)
ij

(zj)
)−1 ·D(πβj−1

(v⃗)) ·D(πβj−1
(u⃗)) ·B(n)

ij
(xj)

]
ij+1,ij

,

=
[ (
B

(n)
ij

(zj)
)−1 ·D(πβj−1

(v⃗ ⊙ u⃗)) ·B(n)
ij

(xj)
]
ij+1,ij

,

for all j ∈ [1, ℓ]. It then follows from Definition 4.2.55 that δG ,Q(v⃗) ◦βR
u⃗ = δF ,Q(v⃗ ⊙ u⃗). Finally,

since v⃗ is arbitrary, we conclude that im δG ,Q ◦βR
u⃗ ⊆ im δF ,Q. This completes the proof. □

With this result at hand, we now proceed to prove the first part of our second main result:

a theorem providing a combinatorial rule for the composition of zero-degree morphisms in the

category H•(Sh1(Λ(β),K)0).

Theorem 4.5.104. Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid word, and let F , G , Q be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n), q̂(n) be bases for Kn, and let x⃗, y⃗, z⃗ ∈ X(β,K)

be points such that the pairs ( f̂ , x⃗ ), ( ĝ , y⃗ ), ( q̂ , z⃗ ) algebraically characterize F , G , Q according

to Theorem 3.4.46, respectively.

Following Definition 4.2.55, let δF ,G , δG ,Q, δF ,Q : Kn
std → Kℓ

std be the linear maps associated

with the pairs (F ,G ), (G ,Q), (F ,Q), respectively. In light of Theorem 4.3.66, let µ ∈ Ext0(F ,G )

and ν ∈ Ext0(G ,Q), and suppose that the vectors u⃗ ∈ ker δF ,G ⊆ Kn
std and v⃗ ∈ ker δG ,Q ⊆ Kn

std
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determine µ and ν under the isomorphisms

Ext0(F ,G ) ∼= ker δF ,G , Ext0(G ,Q) ∼= ker δG ,Q .

Then, building on Definition 4.5.102, the composition ν ◦µ ∈ Ext0(F ,Q) is determined, under the

isomorphism Ext0(F ,Q) ∼= ker δF ,Q, by the vector v⃗ ⊙ u⃗ ∈ ker δF ,Q ⊆ Kn
std.

Proof. To begin, observe that, given the bases f̂ (n), ĝ(n), and q̂(n), the sheaf homomorphisms µ and

ν are fully determined by their characteristic maps T
(n)
µ : Kn → Kn and T

(n)
ν : Kn → Kn, namely

the linear maps whose matrix representations are given by

[
T (n)
µ

]
ĝ(n) f̂ (n) = D(u⃗) , and

[
T (n)
ν

]
q̂(n) ĝ(n) = D(v⃗) .

By definition, ν ◦µ corresponds to the standard composition of sheaf homomorphisms ν and µ, and

hence, in our case, it is fully determined by the composition of the characteristic maps T
(n)
ν and

T
(n)
µ , that is, by the linear map T

(n)
ν ◦T (n)

µ : Kn → Kn whose matrix representation with respect to

the bases f̂ (n) and q̂(n) is given by [
T (n)
ν ◦ T (n)

µ

]
q̂(n) f̂ (n) = D(v⃗) ·D(u⃗) ,

= D(v⃗ ⊙ u⃗) ,

where v⃗ ⊙ u⃗ = (v1u1, . . . , vnun) ∈ Kn
std. Finally, observe that since u⃗ ∈ ker δF ,G and v⃗ ∈ ker δG ,Q,

Lemma 4.5.103 ensures that v⃗ ⊙ u⃗ ∈ ker δF ,Q, which shows that, under the isomorphism

Ext0(F ,Q) ∼= ker δF ,Q, the composition ν ◦µ is completely determined by the Hadamard product

v⃗ ⊙ u⃗, thereby providing a well-posed and explicit combinatorial rule for the composition of the

graded morphisms under consideration. This completes the proof. □

Next, we extend our combinatorial approach to give an explicit description of the composition

of mixed-degree morphisms in the category H•(Sh1(Λ(β),K)0), as made precise in the following

theorems.

Theorem 4.5.105. Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid word, and let F , G , Q be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n), q̂(n) be bases for Kn, and let x⃗, y⃗, z⃗ ∈ X(β,K)

be points such that the pairs ( f̂ , x⃗ ), ( ĝ , y⃗ ), ( q̂ , z⃗ ) algebraically characterize F , G , Q according

to Theorem 3.4.46, respectively.
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Following Definition 4.2.55, let δF ,G , δG ,Q, δF ,Q : Kn
std → Kℓ

std be the linear maps associated

with the pairs (F ,G ), (G ,Q), (F ,Q), respectively. In light of Theorems 4.3.66 and 4.4.92, let

µ ∈ Ext0(F ,G ) and Φ ∈ Ext1(G ,Q), and suppose that, for some representative q⃗ ∈ Kℓ
std, the vector

u⃗ ∈ ker δF ,G ⊆ Kn
std and the class [ q⃗ ] ∈ coker δG ,Q determine µ and Φ under the isomorphisms

Ext0(F ,G ) ∼= ker δF ,G , Ext1(G ,Q) ∼= coker δG ,Q .

Then, building on Definition 4.5.102, the composition Φ◦µ ∈ Ext1(F ,Q) is determined, under the

isomorphism Ext1(F ,Q) ∼= coker δF ,Q, by the class [ q⃗ ◦βR
u⃗ ] ∈ coker δF ,Q.

Proof. To begin, let UΛ(β) =
{
U0, UB, UL, UR, UT

}
be the open cover of R2 from Construction 3.3.33.

By definition, Φ◦µ =
[
µ∗H ′ ], for any extension H ′ of G by Q representing Φ, where µ∗H ′ denotes

the pull-back of H ′ via µ. Next, consider the open set UB, the region in R2 whose intersection

with the front projection Πx,z(Λ(β)) comprises the braid diagram on n strands associated with

β, as illustrated in Figure 3.6. By Theorem 4.4.92, any extension of G by Q is equivalent to a

simple extension—namely, an extension determined by a tuple q⃗ = (q1, . . . , qℓ) ∈ Kℓ
std on UB and

equivalent to the trivial extension away from this region, where two simple extensions are equivalent

if and only if their characteristic tuples, say q⃗, q⃗ ′ ∈ Kℓ
std, satisfy q⃗

′ − q⃗ ∈ im δG ,Q. Consequently,

for the purpose of studying Φ ◦ µ, it suffices to choose as representative for Φ a simple extension

H ′ determined by a tuple q⃗ ∈ Kℓ
std, compute the pull-back µ∗H ′ on UB, and then pass to its

equivalence class.

Let RΛ(β) =
{
Rj

}ℓ
j=1

be the partition of UB into ℓ open vertical straps from Construction 3.3.36.

Observe that, as we move from left to right through the regions Rj , the data characterizing the

extension H ′ accumulates. In particular, in each region Rj , the new contribution is encoded in

the characteristic map specifying the extension along the (ij + 1)-st strand immediately after the

crossing σij , the j-th and only crossing of β contained in Rj . Thus, to analyze the pull-back µ∗H ′,

it suffices to extract, in each region Rj , the data that determines the pull-back along the (ij +1)-st

strand, for all j ∈ [1, ℓ].

Fix a region Rj for some j ∈ [1, ℓ], and denote by k = ij ∈ [1, n − 1] the index of σij . Then, near

the (k + 1)-st strand immediately after the crossing σk, we have that:
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• F and G are specified by a pair of linear maps ϕ̃
(k)
F : Kk → Kk+1 and ϕ̃

(k)
G : Kk → Kk+1,

respectively.

• The extension H ′ is specified by a characteristic map ϕ̃
(k)
H ′ : Kk → Kk+1.

• The morphism µ is characterized by two linear maps T
(k+1)
µ : Kk+1 → Kk+1 and T̃

(k)
µ : Kk → Kk

such that the pair (T
(k+1)
µ , T̃

(k)
µ ) defines a morphism between ϕ̃

(k)
F : Kk → Kk+1 and ϕ̃

(k)
G : Kk →

Kk+1.

Consequently, we obtain that, near the (k + 1)-st strand immediately after the crossing σk, the

pull-back µ∗H ′ is determined by the characteristic map ϕ̃
(k)
H ′ ◦ T̃ (k)

µ : Kk → Kk+1.

Now, for each i ∈ [1, n − 1], let f̂ (i), ĝ(i), and q̂(i) be bases for Ki induced by the bases f̂ (n), ĝ(n),

and q̂(n) for Kn, so that
{
f̂ (i)
}n
i=1

,
{
ĝ(i)
}n
i=1

, and
{
q̂(i)
}n
i=1

are systems of bases adapted to the

linear maps characterizing F , G , and Q on the left of the crossing in R1, respectively.

Next, consider the braid-transformed bases f̂ (i)[βj , x⃗j ], ĝ
(i)[βj , y⃗j ], and ĝ(i)[βj , z⃗j ] associated with

the truncated braid word βj and the truncated tuples x⃗j , y⃗j , z⃗j ∈ Kj
std. Then, with respect to these

bases, we have that

• The matrix representing ϕ̃
(k)
H ′ is given by

[
ϕ̃
(k)
H ′
]

q̂(k+1)[βj , z⃗j ] ĝ(k)[βj , y⃗j ]
=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ qj


(k+1,k)

,

where qj denotes the j-th entry of the tuple q⃗ = (q1, . . . , qℓ) ∈ Kℓ
std characterizing H ′, and the

starred entries depend on the data from prior crossings before σij .

• The matrix representing T̃
(k)
µ is given by

[
T̃ (k)
µ

]
ĝ(k)[βj , y⃗j ] f̂ (k)[βj , x⃗j ]

= principal k × k submatrix of D(πβj
(u⃗)) .
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Hence, a direct calculation shows that

[
ϕ̃
(k)
H ′ ◦ T̃ (k)

µ

]
q̂(k+1)[βj , z⃗j ] f̂ (k)[βj , x⃗j ]

=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ qj · uβj(k)


(k+1,k)

,

where uπβj
(k) is the (k, k)-entry of D(πβj

(u⃗)), namely the k-th entry of the permutation of u⃗ by πβj
,

the permutation associated with the truncated braid word βj . Moreover, since k = ij , we deduce

that the new contribution to the data characterizing the pull-back µ∗H ′ after the crossing σij is

given by the parameter q′j = qj · uβj(ij).

By systematically applying the above argument to all the regions Rj , we obtain that the pull-back

µ∗H ′ is characterized by a tuple q⃗ ′ := (q′1, . . . , q
′
ℓ) ∈ Kℓ

std, which entrywise is given by

q′j = qj · uπβj
(ij) ,

for all j ∈ [1, ℓ], and in light of Definition 4.5.102, we immediately recognize that q⃗ ′ = q⃗ ◦βR
u⃗.

Finally, observe that, since u⃗ ∈ ker δF ,G , Lemma 4.5.103 ensures that im δG ,Q ◦βR
u⃗ ⊆ im δF ,Q,

and hence, passing to the equivalence class of the pull-back µ∗H ′ in Ext1(F ,Q) allows us to con-

clude that the composition Φ ◦ µ is completely determined, under the isomorphism Ext1(F ,Q) ∼=

coker δF ,Q, by the class [ q⃗ ◦βR
u⃗ ] ∈ coker δF ,Q, thereby providing a well-posed and explicit com-

binatorial rule for the composition of the graded morphisms under consideration. This completes

the proof. □

Theorem 4.5.106. Let β = σi1 . . . σiℓ ∈ Br+n be a positive braid word, and let F , G , Q be objects

of the category H•(Sh1(Λ(β),K)0). Let f̂ (n), ĝ(n), q̂(n) be bases for Kn, and let x⃗, y⃗, z⃗ ∈ X(β,K)

be points such that the pairs ( f̂ , x⃗ ), ( ĝ , y⃗ ), ( q̂ , z⃗ ) algebraically characterize F , G , Q according

to Theorem 3.4.46, respectively.

Following Definition 4.2.55, let δF ,G , δG ,Q, δF ,Q : Kn
std → Kℓ

std be the linear maps associated

with the pairs (F ,G ), (G ,Q), (F ,Q), respectively. In light of Theorems 4.3.66 and 4.4.92, let

ν ∈ Ext0(G ,Q) and Θ ∈ Ext1(F ,G ), and suppose that, for some representative p⃗ ∈ Kℓ
std, the vector
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v⃗ ∈ ker δG ,Q ⊆ Kn
std and the class [ p⃗ ] ∈ coker δF ,G determine ν and Θ under the isomorphisms

Ext0(G ,Q) ∼= ker δG ,Q , Ext1(F ,G ) ∼= coker δF ,G .

Then, building on Definition 4.5.102, the composition ν ◦ Θ ∈ Ext1(F ,Q) is determined, under

the isomorphism Ext1(F ,Q) ∼= coker δF ,Q, by the class [ v⃗ ◦βL
p⃗ ] ∈ coker δF ,Q.

Proof. To begin, let UΛ(β) =
{
U0, UB, UL, UR, UT

}
be the open cover of R2 from Construction 3.3.33.

By definition, ν ◦Θ =
[
ν∗H

]
, for any extension H of F by G representing Θ, where ν∗H denotes

the push-out of H via ν. Next, consider the open set UB, the region in R2 whose intersection with

the front projection Πx,z(Λ(β)) comprises the braid diagram on n strands associated with β, as

illustrated in Figure 3.6. By Theorem 4.4.92, any extension of F by G is equivalent to a simple

extension—namely, an extension determined by a tuple p⃗ = (p1, . . . , pℓ) ∈ Kℓ
std on UB and equivalent

to the trivial extension away from this region, where two simple extensions are equivalent if and

only if their characteristic tuples, say p⃗, p⃗ ′ ∈ Kℓ
std, satisfy p⃗ ′ − p⃗ ∈ im δF ,G . Consequently, for

the purpose of studying ν ◦ Θ, it suffices to choose as representative for Θ a simple extension H

determined by a tuple p⃗ ∈ Kℓ
std, compute the push-out ν∗H on UB, and then pass to its equivalence

class.

Let RΛ(β) =
{
Rj

}ℓ
j=1

be the partition of UB into ℓ open vertical straps from Construction 3.3.36.

Observe that, as we move from left to right through the regions Rj , the data characterizing the

extension H accumulates. In particular, in each region Rj , the new contribution is encoded in

the characteristic map specifying the extension along the (ij + 1)-st strand immediately after the

crossing σij , the j-th and only crossing of β contained in Rj . Thus, to analyze the push-out ν∗H ,

it suffices to extract, in each region Rj , the data that determines the push-out along the (ij +1)-st

strand, for all j ∈ [1, ℓ].

Fix a region Rj for some j ∈ [1, ℓ], and denote by k = ij ∈ [1, n − 1] the index of σij . Then, near

the (k + 1)-st strand immediately after the crossing σk, we have that:

• G and Q are specified by a pair of linear maps ϕ̃
(k)
G : Kk → Kk+1 and ϕ̃

(k)
Q : Kk → Kk+1,

respectively.

• The extension H is specified by a characteristic map ϕ̃
(k)
H : Kk → Kk+1.
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• The morphism ν is characterized by two linear maps T
(k+1)
ν : Kk+1 → Kk+1 and T̃

(k)
ν : Kk → Kk

such that the pair (T
(k+1)
ν , T̃

(k)
ν ) defines a morphism between ϕ̃

(k)
G : Kk → Kk+1 and ϕ̃

(k)
Q : Kk →

Kk+1.

Consequently, we obtain that, near the (k + 1)-st strand immediately after the crossing σk, the

push-out ν∗H is determined by the characteristic map T
(k+1)
ν ◦ ϕ̃ (k)

H : Kk → Kk+1.

Now, for each i ∈ [1, n − 1], let f̂ (i), ĝ(i), and q̂(i) be bases for Ki induced by the bases f̂ (n), ĝ(n),

and q̂(n) for Kn, so that
{
f̂ (i)
}n
i=1

,
{
ĝ(i)
}n
i=1

, and
{
q̂(i)
}n
i=1

are systems of bases adapted to the

linear maps characterizing F , G , and Q on the left of the crossing in R1, respectively.

Next, consider the braid-transformed bases f̂ (i)[βj , x⃗j ], ĝ
(i)[βj , y⃗j ], and ĝ(i)[βj , z⃗j ] associated with

the truncated braid word βj and the truncated tuples x⃗j , y⃗j , z⃗j ∈ Kj
std. Then, with respect to these

bases, we have that

• The matrix representing ϕ̃
(k)
H is given by

[
ϕ̃
(k)
H

]
ĝ(k+1)[βj , y⃗j ] f̂ (k)[βj , x⃗j ]

=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ pj


(k+1,k)

,

where pj denotes the j-th entry of the tuple p⃗ = (p1, . . . , pℓ) ∈ Kℓ
std characterizing H , and the

starred entries depend on the data from prior crossings before σij .

• The matrix representing T
(k+1)
ν is given by

[
T (k+1)
ν

]
q̂(k+1)[βj , z⃗j ] ĝ(k+1)[βj , y⃗j ]

= principal (k + 1)× (k + 1) submatrix of D(πβj
(v⃗)) .

Hence, a direct calculation shows that

[
T (k+1)
ν ◦ ϕ̃ (k)

H

]
q̂(k+1)[βj , z⃗j ] f̂ (k)[βj , x⃗j ]

=


⋆ · · · ⋆ 0
...
. . .

...
...

⋆ · · · ⋆ 0

⋆ · · · ⋆ vβj(k+1) · pj


(k+1,k)

,
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where vπβj
(k+1) is the (k+1, k+1)-entry of D(πβj

(v⃗)), namely the k+1-th entry of the permutation

of v⃗ by πβj
, the permutation associated with the truncated braid word βj . Moreover, since k = ij ,

we deduce that the new contribution to the data characterizing the push-out ν∗H after the crossing

σij is given by the parameter p′j = vβj(ij+1) · pj .

By systematically applying the above argument to all the regions Rj , we obtain that the push-out

ν∗H is characterized by a tuple p⃗ ′ := (p′1, . . . , p
′
ℓ) ∈ Kℓ

std, which entrywise is given by

p′j = vπβj
(ij+1) · pj ,

for all j ∈ [1, ℓ], and in light of Definition 4.5.102, we immediately recognize that p⃗ ′ = v⃗ ◦βL
p⃗.

Finally, observe that, since v⃗ ∈ ker δG ,Q, Lemma 4.5.103 ensures that v⃗ ◦βL
im δF ,G ⊆ im δF ,Q,

and hence, passing to the equivalence class of the push-out ν∗H in Ext1(F ,Q) allows us to con-

clude that the composition ν ◦Θ is completely determined, under the isomorphism Ext1(F ,Q) ∼=

coker δF ,Q, by the class [ v⃗ ◦βL
p⃗ ] ∈ coker δF ,Q, thereby providing a well-posed and explicit com-

binatorial rule for the composition of the graded morphisms under consideration. This completes

the proof. □

Having established the preceding results, we conclude the explicit algebraic characterization

of the category H•(Sh1(Λ(β),K)0). In the next chapter, we explore some applications of this

characterization.
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CHAPTER 5

Applications

Let β ∈ Br+n be a positive braid word. Next, we present some applications of the explicit description

of the category H•(Sh1(Λ(β),K)0) that we developed in the preceding chapters. More precisely, we

first consider the case where Λ(β) is a Legendrian knot—a single-component Legendrian link. In

this setting, we establish some structural results concerning the category H•(Sh1(Λ(β),K)0) over a

generic field K and provide a simple characterization of the category in the case where β = σ1σ2σ1σ2

and K = Z2, which corresponds to the Legendrian trefoil knot realized as the rainbow closure of

a positive braid on three strands. Furthermore, to illustrate how our theoretical framework works

for multi-component Legendrian links, we explicitly analyze the category H•(Sh1(Λ(β),K)0) in the

case where β = σ1σ2σ1 and K = Z2, thereby covering the case of the Legendrian Hopf link realized

as the rainbow closure of a positive braid word on three strands.

5.1. The Case of Legendrian Knots

Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word such that Λ(β) is a Legendrian knot. Next, we

provide some structural results concerning the linear structure of the graded morphism spaces and

the algebraic properties of the graded endomorphism spaces in the category H•(Sh1(Λ(β),K)0).

Moreover, we present a detailed analysis of some aspects of the category H•(Sh1(Λ(β),K)0) in the

case where β = σ1σ2σ1σ2 and K = Z2.

5.1.1. Some Structural Results. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word such

that Λ(β) is a Legendrian knot. In particular, recall that Λ(β) defines a knot if and only if the

permutation πβ ∈ Sn associated with β consists of a single cycle in its cycle decomposition in Sn [5].

Bearing this in mind, we now proceed to exploit the stated property of πβ to establish some results

revealing the linear structure of the graded morphism spaces and the algebraic properties of the

graded endomorphism spaces in the category H•(Sh1(Λ(β),K)0).
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Let X(β,K) be the braid variety associated with β, and let us consider the (n− 1)-dimensional

torus T := (K∗)n/ ∼, where two representatives t⃗1, t⃗2 ∈ (K∗)n are said to be equivalent and denoted

by t⃗1 ∼ t⃗2, if and only if t⃗2 = λ t⃗1, for some λ ∈ K∗. As shown in [5], T acts naturally on X(β,K),

and the following definition formalizes this group action.

Definition 5.1.107. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. The torus action on

X(β,K) corresponds to the map

⋆ : T ×X(β,K) −→ X(β,K) ,

( t⃗ , z⃗ ) 7−→ t⃗ ⋆ z⃗ ,

where, for any z⃗ = (z1, . . . , z⃗ℓ) ∈ X(β,K), the point t⃗ ⋆ z⃗ := (z′1, . . . , z
′
ℓ) ∈ X(β,K) is uniquely

determined by the system of equations

D(πβj−1
( t⃗ )) ·B(n)

ij
(zj) = B

(n)
ij

(z′j) ·D(πβj
( t⃗ )) , for all j ∈ [1, ℓ] .

Accordingly, we say that two points z⃗1, z⃗2 ∈ X(β,K) are equivalent under the torus action if there

exists t⃗ ∈ T such that z⃗2 = t⃗ ⋆ z⃗1, and we denote this relation by z⃗2 ∼= z⃗1; otherwise, we write

z⃗2 ≇ z⃗1.

A notable property of the torus action on X(β,K) is that, when Λ(β) is a Legendrian knot, it

is free [5]. In view of this property, we now introduce a definition that will play a fundamental role

in the subsequent discussion.

Definition 5.1.108. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. We define the subvariety‹X(β,K) ⊂ X(β,K) by‹X(β,K) :=
{
z⃗ ∈ Kℓ

std

∣∣ ∆k

(
Pβ(z⃗ )

)
= 1 , for all k ∈ [1, n− 1]

}
,

where ∆k : M(n,K) → K denotes the k-th leading principal minor function.

Remark 5.1.109. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word. By definition, we have that

∆n(Pβ(z⃗ )) = (−1)ℓ, for any z⃗ ∈ Kℓ
std.

The subvariety ‹X(β,K) ⊂ X(β,K) plays a particularly important role in our current setting.

Specifically, when Λ(β) is a Legendrian knot, the defining properties of ‹X(β,K) together with the
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freeness of the torus action on X(β,K) ensure that the map

T × ‹X(β,K) → X(β,K) ,

( t⃗ , z⃗ ) 7→ t⃗ ⋆ z⃗ ,

is a bijection. In other words, for any z⃗ ∈ X(β,K) there exist unique t⃗ ∈ T and z⃗ ′ ∈ ‹X(β,K) such

that z⃗ = t⃗ ⋆ z⃗ ′.

Next, we present a result that, exploiting the torus action on X(β,K), provides an explicit

description of the linear structure of the graded morphism spaces in the categoryH•(Sh1(Λ(β),K)0)

in the case where Λ(β) is a Legendrian knot.

Theorem 5.1.110. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word such that Λ(β) is a Legen-

drian knot, and let F , G be objects of the category H•(Sh1(Λ(β),K)0). Let f̂n, ĝn be bases for Kn,

and let z⃗1, z⃗2 ∈ X(β,K) be points such that the pairs ( f̂ , z⃗ ) and ( ĝ, z⃗ ′ ) algebraically characterize

F and G according to Theorem 3.4.46, respectively. Then there is an isomorphism of graded vector

spaces

Ext•(F ,G ) ∼=


K [0]⊕Ktb(Λ(β))+1 [1] , if z⃗ ′ ∼= z⃗

0 [0]⊕Ktb(Λ(β)) [1] , if z⃗ ′ ≇ z⃗

where tb(Λ(β)) := ℓ− n corresponds to the Thurston–Bennequin number of Λ(β).

Proof. To begin, let us consider the points z⃗, z⃗ ′ ∈ X(β,K). By our previous discussion, there exist

unique s⃗, t⃗ ∈ T and x⃗, y⃗ ∈ ‹X(β,K) such that z⃗ = s⃗ ⋆ x⃗ and z⃗ ′ = t⃗ ⋆ y⃗. More precisely, building

on Definition 5.1.107, we have that

D(πβj−1
( s⃗ )) ·B(n)

ij
(xj) = B

(n)
ij

(zj) ·D(πβj
( s⃗ )) , for all j ∈ [1, ℓ] ,

D(πβj−1
( t⃗ )) ·B(n)

ij
(yj) = B

(n)
ij

(z′j) ·D(πβj
( t⃗ )) , for all j ∈ [1, ℓ] ,

where z⃗ = (z1, . . . , zℓ), z⃗
′ = (z′1, . . . , z

′
ℓ), x⃗ = (x1, . . . , xℓ), and y⃗ = (y1, . . . , yℓ).

Now, let us consider the linear map δF ,G : Kn
std → Kℓ

std associated with F and G , as introduced in

Definition 4.2.55, and let u⃗ ∈ ker δF ,G . By definition, we know that

D(πβj−1
(u⃗ )) ·B(n)

ij
(zj) = B

(n)
ij

(z′j) ·D(πβj
(u⃗ )) , for all j ∈ [1, ℓ] .
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Hence, putting the above relations together yields that

(5.1.1) D(πβj−1
(v⃗ )) ·B(n)

ij
(xj) = B

(n)
ij

(yj) ·D(πβj
(v⃗ )) , for all j ∈ [1, ℓ] ,

where v⃗ =
(
t⃗
)−1 ⊙ u⃗ ⊙ s⃗. Furthermore, implementing relations (5.1.1) iteratively throughout

j ∈ [1, ℓ], we obtain that

(5.1.2) D(v⃗ ) · Pβ( x⃗ ) = Pβ( y⃗ ) ·D(πβ(v⃗ )) ,

where Pβ(x⃗) = B
(n)
i1

(x1) · · ·B(n)
iℓ

(xℓ) and Pβ(y⃗) = B
(n)
i1

(y1) · · ·B(n)
iℓ

(yℓ). In particular, observe

that, since x⃗, y⃗ ∈ ‹X(β,K), the defining properties of the subvariety ‹X(β,K) and the matrix

equation (5.1.2) imply that

(5.1.3) πβ( v⃗ ) = v⃗ .

Here, recall that, by assumption, Λ(β) is a Legendrian knot, and hence the permutation πβ is a

single-cycle in its cycle decomposition in Sn [5]. Bearing this in mind, identity (5.1.3) guaran-

tees that there exists u ∈ K such that v⃗ = u 1⃗n, where 1⃗n = (1, . . . , 1) ∈ Kn
std. Consequently,

relations (5.1.1) reduce to the vector equation

u ( y⃗ − x⃗ ) = 0 ,

which yields the following two cases:

• Case 1: Suppose y⃗ = x⃗. In this case, u is a free parameter, and as a result u⃗ = u a⃗, where

a⃗ = t⃗ ⊙
(
s⃗
)−1 ∈ ker δF ,G . Hence, since since u⃗ is arbitrary, we obtain that ker δF ,G =

SpanK{ a⃗ } ∼= K, and by Theorem 4.3.66, we conclude that Ext1(F ,G ) ∼= K. Here, it is

important to emphasize that, if z⃗ ′ = z⃗ or z⃗, z⃗ ′ ∈ ‹X(β,K), then a⃗ = 1⃗n ∈ Kn
std, and in any of

these particular situations u⃗ = u 1⃗n.

• Case 2: Suppose y⃗ ̸= x⃗. In this case, we have that u = 0, and as a result u⃗ = u a⃗ = 0. Hence,

since u⃗ is arbitrary, we conclude that ker δF ,G
∼= 0, and by Theorem 4.3.66, we deduce that

Ext1(F ,G ) ∼= 0 .
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Next, by Theorem 4.4.93, we know that

χ(Ext•(F ,G )) = dimKExt
0(F ,G )− dimKExt

1(F ,G ) ,

= −tb(Λ(β)) ,

which implies that

dimKExt
1(F ,G ) = tb(Λ(β)) + dimKExt

0(F ,G ) .

Bearing this in mind, we arrive to the following two cases:

• Case 1: Suppose that y⃗ = x⃗. In this case, Ext1(F ,G ) ∼= K, and hence dimKExt
1(F ,G ) =

tb(Λ(β)) + 1, which shows that Ext1(F ,G ) ∼= Ktb(Λ(β))+1.

• Case 2: Suppose that y⃗ ̸= x⃗. In this case, Ext1(F ,G ) ∼= 0, and therefore dimKExt
1(F ,G ) =

tb(Λ(β)), which implies that Ext1(F ,G ) ∼= Ktb(Λ(β)).

Finally, observe that, if y⃗ = x⃗, then z⃗ ′ ∼= z⃗, whereas if y⃗ ̸= x⃗, then z⃗ ′ ≇ z⃗. The result follows. □

From our point of view, Theorem 5.1.110 is particularly enlightening. It establishes that, in the

knot case, the linear structure of the graded morphism spaces in the category H•(Sh1(Λ(β),K)0)

is remarkably simple: it is largely determined by intrinsic topological data associated with Λ(β),

namely its Thurston-Bennequin number.

Next, we present a result that, in the spirit of Theorem 5.1.110, provides a simple descrip-

tion of the unital graded ring structure of the graded endomorphism spaces in the category

H•(Sh1(Λ(β),K)0).

Theorem 5.1.111. Let β = σi1 · · ·σiℓ ∈ Br+n be a positive braid word such that Λ(β) is a Legen-

drian knot. Let F be an object of the category H•(Sh1(Λ(β),K)0). Let f̂ (n) a basis for Kn, and

let z⃗ ∈ X(β,K) be a point such that the pair ( f̂ (n), z⃗ ) algebraically characterizes F according to

Theorem 3.4.46. Then:

(1) There is an isomorphism of graded vector spaces

Ext•(F ,F ) ∼= K [0]⊕Ktb(Λ(β))+1 [1] .
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(2) Under the isomorphism of graded vector spaces in (1), the unital graded ring structure of

Ext•(F ,F ) induced by the graded composition is given by

Ext•(F ,F )× Ext•(F ,F ) −→ End•(F ) ,(
(u, x⃗ ), (v, y⃗ )

)
7−→ (v, y⃗ ) ◦ (u, x⃗) = (vu, vx⃗+ uy⃗ ) ,

for all u, v ∈ K and x⃗, y⃗ ∈ Ktb(Λ(β))+1.

Equivalently, there is an isomorphism of unital graded rings

Ext•(F ,F ) ∼= H•(Σg,1,K) ,

where H•(Σg,1,K) denotes the unital cohomology ring over K of a genus-g surface Σg,1 with one

puncture and 2g = tb(Λ(β)) + 1.

Proof. First, observe that part (1) follows directly from Theorem 4.4.92; nevertheless, we briefly

outline the main arguments of its proof, as this will naturally set the stage for the proof of part

(2).

To begin, consider the linear map δF ,F : Kn
std → Kℓ

std associated with F , as introduced in Defini-

tion 4.2.55. Then, building on Theorems 4.3.66 and 4.4.92, we identify Ext0(F ,F ) with ker δF ,F

and Ext1(F ,F ) with coker δF ,F .

Let u⃗ = (u1, . . . , un) ∈ ker δF ,F ⊆ Kn
std. By an argument analogous to that in the proof of

Theorem 5.1.111, there exists u ∈ K such that ui = u for all i ∈ [1, n], that is, u⃗ = u 1⃗n, where

1⃗n = (1, . . . , 1) ∈ Kn
std. Hence, since u⃗ is arbitrary, we deduce that ker δF ,F = SpanK{ 1⃗n } ∼= K. It

follows from Theorem 4.4.93 that dimExt1(F ,F ) = tb(Λ(β)) + dimExt0(F ,F ), and as a result,

we conclude that coker δF ,F
∼= Ktb(Λ(β))+1. Bearing this in mind, part (1) follows:

Ext•(F ,F ) ∼= K [0]⊕Ktb(Λ(β))+1 [1] .

Next, we verify part (2). For this purpose, we introduce the following notation. Let u ∈ K and

x⃗ ∈ Ktb(Λ(β))+1. Then, we write

u ≃ u⃗ ∈ ker δF ,F , and x⃗ ≃ [ x⃗ ′ ] ∈ coker δF ,F , x⃗ ′ ∈ Kℓ
std
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to denote that u⃗ and [ x⃗ ′ ] are the unique elements corresponding to u and x⃗ under the isomorphism

of graded vector spaces established in part (1), respectively. With this notation at hand, we proceed

to analyze the algebraic structure induced by the graded composition in Ext•(F ,F ) by considering

the following three cases:

• Case 1 (Ext0(F ,F )×Ext0(F ,F )): Let u, v ∈ K, and consider u⃗, v⃗ ∈ ker δF ,F such that u ≃ u⃗

and v ≃ v⃗, namely, u⃗ = u 1⃗n and v⃗ = v 1⃗n. By Theorem 4.5.104, we know that v⃗ ◦ u⃗ = v⃗ ⊙ u⃗ ∈

ker δF ,F , which implies that v⃗ ◦ u⃗ = vu 1⃗n. Hence, if we define the composition

◦ : K×K → K

(v, u) 7→ v ◦ u

via the assignment v ◦ u ≃ v⃗ ◦ u⃗, we deduce that v ◦ u = vu.

• Case 2 (Ext1(F ,F )× Ext0(F ,F )): Let u ∈ K and y⃗ ∈ Ktb(Λ(β))+1, and consider u⃗ ∈ ker δF ,F

and [ y⃗ ′ ] ∈ coker δF ,F such that u ≃ u⃗ and y⃗ ≃ [ y⃗ ′ ] for some y⃗ ′ = (y′1, . . . , y
′
ℓ) ∈ Kℓ

std; in particular,

u⃗ = (u1, . . . , un) ∈ Kn
std with ui = u for all i ∈ [1, n], namely u⃗ = u 1⃗n. By Theorem 4.5.105, we

know that [ y⃗ ′] ◦ u⃗ = [ y⃗ ′ ◦βR
u⃗ ], where y⃗ ′ ◦βR

u⃗ = (ỹ1, . . . , ỹℓ) ∈ Kℓ
std is entrywise given by

ỹj = y′j · uπβj
(ij) ,

for all j ∈ [1, ℓ]. Thus, since uπβj
(ij) = u for all j ∈ [1, ℓ], we obtain that y⃗ ′ ◦βR

u⃗ = u y⃗ ′, and as a

result, we also deduce that u y⃗ ≃ u [ y⃗ ′ ] = [ y⃗ ′] ◦ u⃗. Hence, if we define the composition

◦ : Ktb(Λ(β))+1 ×K → Ktb(Λ(β))+1

( y⃗ , u ) 7→ y⃗ ◦ u

via the assignment y⃗ ◦ u ≃ [ y⃗ ′] ◦ u⃗, we conclude that y⃗ ◦ u = uy⃗.

• Case 3 (Ext0(F ,F )× Ext1(F ,F )): Let v ∈ K and x⃗ ∈ Ktb(Λ(β))+1, and consider v⃗ ∈ ker δF ,F

and [ x⃗ ′ ] ∈ coker δF ,F such that v ≃ v⃗ and x⃗ ≃ [ x⃗ ′ ] for some x⃗ ′ = (x′1, . . . , x
′
ℓ) ∈ Kℓ

std; in particular,

v⃗ = (v1, . . . , vn) ∈ Kn
std with vi = v for all i ∈ [1, n], namely v⃗ = v 1⃗n. By Theorem 4.5.106, we

know that v⃗ ◦ [ x⃗ ′] = [ v⃗ ◦βL
x⃗ ′], where v⃗ ◦βL

x⃗ ′ = (x̃1, . . . , x̃ℓ) ∈ Kℓ
std is entrywise given by

x̃j = vπβj
(ij+1) · x′j ,
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for all j ∈ [1, ℓ]. Thus, since vπβj
(ij+1) = v for all j ∈ [1, ℓ], we obtain that v⃗ ◦βL

x⃗ ′ = v x⃗ ′, and as

a result, we also deduce that v x⃗ ≃ v [ x⃗ ′ ] = v⃗ ◦ [ x⃗ ′]. Hence, if we define the composition

◦ : K×Ktb(Λ(β))+1 → Ktb(Λ(β))+1

( v, x⃗ ) 7→ v ◦ x⃗

via the assignment v ◦ x⃗ ≃ v⃗ ◦ [ x⃗ ′], we conclude that v ◦ x⃗ = v x⃗.

In particular, combining the above cases, we obtain the graded composition rule

Ext•(F ,F )× Ext•(F ,F ) −→ Ext•(F ,F ) ,(
(u, x⃗ ), (v, y⃗ )

)
7−→ (v, y⃗ ) ◦ (u, x⃗) = (vu, vx⃗+ uy⃗ ) ,

for all u, v ∈ K and x⃗, y⃗ ∈ Ktb(Λ(β))+1. Bearing this in mind, part (2) follows.

Now, let Σg,1 be a genus g-surface with one puncture. As is well known, the unital graded coho-

mological ring H•(Σg,1,K) of Σg,1 over K is given by

H•(Σg,1,K) = K[0]⊕K2g[1] ,

where the graded composition rule induced by the cup product is defined by

H•(Σg,1,K)×H•(Σg,1,K) −→ H•(Σg,1,K) ,(
(u, x⃗ ), (v, y⃗ )

)
7−→ (v, y⃗ ) ◦ (u, x⃗) = (vu, vx⃗+ uy⃗ ) ,

for all u, v ∈ K and x⃗, y⃗ ∈ K2g.

Finally, recall that since by definition Λ(β) is a Legendrian knot with maximal Thurston–Bennequin

number, arising as the rainbow closure of a positive braid word β, tb(Λ(β)) is an odd integer. Thus,

if we consider Σg,1 such that 2g = tb(Λ(β)) + 1, we conclude that there exists an isomorphism of

unital graded rings

Ext•(F ,F ) ∼= H•(Σg,1,K) .

This completes the proof. □

Conceptually, the previous result may be viewed as a sheaf-theoretic analogue of the Seidel

isomorphism theorem [13]. From another perspective, and building on the insightful work of

Chantraine [11], Theorem 5.1.111 shows that, when Λ(β) is a Legendrian knot, the unital graded
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ring structure of the graded endomorphism spaces in the category H•(Sh1(Λ(β),K)0) is fully de-

termined by the smooth topology of the possible exact Lagrangian fillings of Λ(β). This reveals

the rich algebraic, geometric, and topological structures encoded by the categorical invariant under

consideration and illustrates the power of the sheaf-theoretic framework developed in this disserta-

tion.

With the above result at hand, we conclude our discussion compiling some structural aspects

of the category H•(Sh1(Λ(β),K)0) in the Legendrian knot case. Building on this, we proceed to

analyze in detail some aspects of the category H•(Sh1(Λ(β),K)0) in the case where K = Z2 and

Λ(β) is a concrete Legendrian knot, namely the Legendrian trefoil knot on three strands.

5.1.2. The Case of the Legendrian Trefoil Knot. Let βT := σ1σ2σ1σ2 ∈ Br+3 . In this case,

Λ(βT) ⊂ (R3, ξstd) is Legendrian trefoil knot presented as the rainbow closure of a positive braid

word on three strands. Next, we apply the framework we developed in the previous chapters to

provide a detailed description of certain aspects of the categoryH•(Sh1(Λ(βT),Z2)0). In particular,

since this category is a Legendrian isotopy invariant, our results agree with those in [33], where

the Legendrian trefoil knot is studied as the rainbow closure of a positive braid on two strands.

What is new here is the explicit description of the compositions of graded morphisms, which is not

discussed in [33].

• Setup: To begin, observe that, for any z⃗ = (z1, z2, z3, z4) ∈ Z4
2, the path matrix associated with

βT is given by

PβT
(z⃗ ) =

 z1z3 + z2 z1z4 + 1 z1

z3 z4 1

1 0 0

 ∈ GL(3,Z2) .

Consequently, the braid variety associated with βT is defined by

X(βT,Z2) =
{
z⃗ = (z1, z2, z3, z4) ∈ Z4

2 | z1z3 + z2 = 1 , z2z4 − z3 = 1
}
⊂ Z4

2 .

Accordingly, a straightforward calculation shows that X(βH,Z2) consists of five points:

X(βT,Z2) = {z⃗1 = (0, 1, 0, 1) , z⃗2 = (0, 1, 1, 0) , z⃗3 = (1, 0, 1, 0) , z⃗4 = (1, 0, 1, 1) , z⃗5 = (1, 1, 0, 1)} .
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By Theorem 3.4.46, the objects of the category H∗(Sh1(Λ(βT),Z2)0) are parametrized by a

basis for Z3
2 together with a point in the braid variety X(βT,Z2). Bearing this in mind, we write

Ob(H∗(Sh1(Λ(βT),Z2)0)) =
{ Ä

f̂ (3) , z⃗
ä ∣∣∣ f̂ (3) is a basis for Z3

2, and z⃗ ∈ X(βT,Z2)
}
.

Under the preceding identification, the linear structure of the graded morphism spaces in the

category H•(Sh1(Λ(βT),Z2)0) is described as follows: let F =
Ä
f̂ (3) , x⃗

ä
and G =

Ä
ĝ(3) , y⃗

ä
be

objects of the category H∗(Sh1(Λ(βT),Z2)0), and let δF ,G : Z3
2 → Z4

2 be the linear maps associated

with these objects, as introduced in Definition 4.2.55. Specifically,

δF ,G (u⃗) = (u1x1 − y1u2, u1x2 − y2u3, u2x3 − y3u3, u2x4 − y4u1) , u⃗ = (u1, u2, u3) ∈ Z3
2 ,

where x⃗ = (x1, x2, x3, x4) and y⃗ = (y1, y2, y3, y4). Then, building on Theorems 4.3.66 and 4.4.92,

we write

Ext0(F ,G ) = ker δF ,G , and Ext1(F ,G ) = coker δF ,G .

Later, when dealing with concrete examples and in order to simplify our discussion, we will work

under the identification Ext1(F ,G ) = W , where W corresponds to some fixed complement of

im δF ,G in Z4
2, that is, a vector subspace such that Z4

2 = im δF ,G ⊕ W .

With the above identifications at hand, the graded composition between the graded morphism

spaces in the category H•(Sh1(Λ(βT),Z2)0) is characterized as follows: let F =
Ä
f̂ (3) , x⃗

ä
,

G =
Ä
ĝ(3) , y⃗

ä
, and Q =

Ä
q̂(3) , z⃗

ä
be objects of the category H•(Sh1(Λ(βT),Z2)0). Fix

u⃗ = (u1, u2, u3) ∈ Ext0(F ,G ), v⃗ = (v1, v2, v3) ∈ Ext0(G ,Q), Σ ∈ Ext1(F ,G ), and Γ ∈ Ext1(G ,Q),

and let p⃗ = (p1, p2, p3, p4) ∈ Z4
2 and q⃗ = (q1, q2, q3, q4) ∈ Z4

2 be representatives such that Σ = [ p⃗ ]

and Γ = [ q⃗ ]. Then, by Theorems 4.5.104, 4.5.106, and 4.5.105, the graded compositions between

the morphisms under consideration are given by:

v⃗ ◦ u⃗ = v⃗ ⊙ u⃗ ∈ Ext0(F ,Q) , v⃗ ⊙ u⃗ = (v1u1, v2u2, v3u3, v4u4) ∈ Z3
2 ,

Γ ◦ u⃗ = [ q⃗ ◦βR
u⃗ ] ∈ Ext1(F ,Q) , q⃗ ◦βR

u⃗ = (q1u2, q2u3, q3u3, q4u1) ∈ Z4
2 ,

v⃗ ◦ Σ = [ v⃗ ◦βL
p⃗ ] ∈ Ext1(F ,Q) , v⃗ ◦βL

p⃗ = (v1p1, v1p2, v2p3, u2p4) ∈ Z4
2 .

Later, when working with concrete examples and in order to simplify our discussion, we identify

Ext1(F ,G ), Ext1(G ,Q), Ext1(F ,Q) with some fixed complements W1, W2, W3 of the images of
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the corresponding linear maps δF ,G , δG ,Q, δF ,Q : Z3
2 → Z4

2 in Z4
2. In this setting, the mixed degree

graded compositions are computed via the left ◦βL
: Z3

2 × Z4
2 → Z4

2 and right ◦βR
: Z4

2 × Z3
2 → Z4

2

braided compositions, and the resulting vectors in the ambient space Z4
2 are then projected onto

W3 for consistency.

• Some Concrete Computations: To illustrate how to apply the setup we established above, we

consider five explicit objects of the category H•(Sh1(Λ(βT),Z2)0):

Fi =
Ä
f̂
(3)
i , z⃗i

ä ∣∣∣∣∣∣∣∣ f
(3)
i is a fixed basis for Z3

2 ,

z⃗i is the i-th distinct point in X(βT,Z2) ,

i ∈ [1, 5]

 .

Next, we analyze in detail the algebraic properties of some of the graded morphism spaces

associated with the objects
{
Fi

}n
i=1

. In particular, we begin by examining the ring structure of

the graded endomorphism space End•(F1), summarized for clarity in Table 5.1. From this table,

we see that End•(F1) has a particularly simple ring structure, namely that of the cohomology ring

of a genus-one surface with one puncture. This is not a coincidence: since tb(Λ(βT)) = ℓ− n = 1,

Theorem 5.1.111 asserts that, for any i ∈ [1, 5], there is an isomorphism of unital graded rings

End•(Fi) ∼= H•(Σ1,1,Z2) ,

where H•(Σ1,1,Z2) denotes the unital cohomology ring over Z2 of a genus-one surface with one

puncture. It follows that the algebraic structure of the graded endomorphism spaces of the ob-

jects
{
Fi

}5
i=1

is particularly simple and depends primarily on intrinsic data associated with the

Legendrian knot Λ(βT).

We now extend our discussion by explicitly analyzing the graded morphism spaces and their

compositions for the ordered triples (F1,F2,F3) and (F1,F1,F2). As summarized in Tables 5.2

and 5.3, these examples illustrate two contrasting behaviors: when all objects are distinct, com-

positions are trivial, whereas when some objects coincide, nontrivial mixed-degree compositions

appear.

Finally, we conclude our discussion by examining the linear algebraic structure of the graded

morphism spaces associated with the objects
{
Fi

}5
i=1

. For this purpose, recall that tb(Λ(βT)) = 1.

Then, since the points z⃗i are all distinct and the torus action onX(βT,Z2) is trivial, Theorem 5.1.110
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yields an isomorphism of graded vector spaces

Ext•(Fi,Fj) ∼=


Z2[0]⊕ Z2

2[1], if i = j,

0[0]⊕ Z2[1], if i ̸= j,

which shows that the linear structure of the graded morphism spaces associated with the objects{
Fi

}5
i=1

is particularly simple and largely determined by intrinsic data associated with the Legen-

drian knot Λ(βT).

Having established this, we conclude our study of the category H•(Sh1(Λ(β),K)0) in the case

where Λ(β) is a Legendrian knot. The general case of Legendrian links is richer in structure and

depends more heavily on the choice of the positive braid word β. In the next subsection, we apply

the machinery we developed in the preceding sections to a simple yet illuminating example that

offers significant insight into the structure of the category H•(Sh1(Λ(β),K)0) in the case where

K = Z2 and Λ(β) is a Legendrian link, namely the Legendrian Hopf link on three strands.

Object: F1

Graded Endomorphism Spaces

End 0(F1) = SpanZ2

{
û1 = ⟨1, 1, 1⟩

}
End 1(F1) = SpanZ2

{
α̂1 = ⟨1, 0, 0, 0⟩ , α̂2 = ⟨0, 0, 1, 0⟩

}
Graded Composition

◦ : End 0(F1)× End 0(F1) → End 0(F1) ,(
b1û1 , a1û1

)
7→ b1a1û1 .

◦ : End 1(F1)× End 0(F1) → End 1(F1) ,(
q1α̂1 + q2α̂2 , a1û1

)
7→ q1a1α̂1 + q2a1α̂2 .

◦ : End 0(F1)× End 1(F1) → End 1(F1) ,(
b1û1 , p1α̂1 + p2α̂2

)
7→ b1p1α̂1 + b1p2α̂2 .

Table 5.1. Unital ring structure of the graded endomorphism space End•(F1).
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Ordered Triple: (F1,F2,F3)

Graded morphism Spaces

Ext0(F1,F2) = 0 Ext1(F1,F2) = SpanZ2

{
α̂1 = ⟨1, 0, 0, 0⟩

}
Ext0(F2,F3) = 0 Ext1(F2,F3) = SpanZ2

{
β̂1 = ⟨0, 0, 0, 1⟩

}
Ext0(F1,F3) = 0 Ext1(F1,F3) = SpanZ2

{
γ̂1 = ⟨1, 0, 0, 1⟩

}
Graded Composition

◦ : Ext0(F2,F3)× Ext0(F1,F2) → Ext0(F1,F3) ,(
0 , 0

)
7→ 0 .

◦ : Ext1(F2,F3)× Ext0(F1,F2) → Ext1(F1,F3) ,(
q1β̂1 , 0

)
7→ 0 .

◦ : Ext0(F2,F3)× Ext1(F1,F2) → Ext1(F1,F3) ,(
0 , p1α̂1

)
7→ 0 .

Table 5.2. Graded morphism spaces and their compositions for the ordered triple

(F1,F2,F3).

Ordered Triple: (F1,F1,F2)

Graded morphism Spaces

Ext0(F1,F1) = SpanZ2

{
û1 = ⟨1, 1, 1⟩

}
Ext1(F1,F1) = SpanZ2

{
α̂1 = ⟨1, 0, 0, 0⟩ , α̂2 = ⟨0, 0, 1, 0⟩

}
Ext0(F1,F2) = 0 Ext1(F1,F2) = SpanZ2

{
β̂1 = ⟨1, 0, 0, 0⟩

}
Graded Composition

◦ : Ext0(F1,F2)× Ext0(F1,F1) → Ext0(F1,F2) ,(
0 , a1û1

)
7→ 0 .

◦ : Ext1(F1,F2)× Ext0(F1,F1) → Ext1(F1,F2) ,(
q1β̂1 , a1û1

)
7→ q1a1β̂1 .

◦ : Ext0(F1,F2)× Ext1(F1,F1) → Ext1(F1,F2) ,(
0 , p1α̂1 + p2α̂2

)
7→ 0 .

Table 5.3. Graded morphism spaces and their compositions for the ordered triple

(F1,F1,F2).
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5.2. The Case of the Legendrian Hopf Link

Let βH := σ1σ2σ1 ∈ Br+3 . In this case, Λ(βH) ⊂ (R3, ξstd) is the Legendrian Hopf link presented

as the rainbow closure of a positive braid word on three strands. Next, we apply the framework

we developed in the previous chapters to provide a detailed description of certain aspects of the

category H•(Sh1(Λ(βH),Z2)0).

• Setup: To begin, observe that, for any z⃗ = (z1, z2, z3) ∈ Z3
2, the path matrix associated with βH

is given by

PβH
(z⃗ ) =

 z1z3 + z2 z1 1

z3 1 0

1 0 0

 ∈ GL(3,Z2) .

Consequently, the braid variety associated with βH is defined by

X(βH,Z2) =
{
z⃗ = (z1, z2, z3) ∈ Z3

2 | z1z3 + z2 = 1 , z2 = 1
}
⊂ Z3

2 .

Accordingly, a straightforward calculation shows that X(βH,Z2) consists of three points:

X(βH,Z2) = {z⃗1 = (0, 1, 0) , z⃗2 = (0, 1, 1) , z⃗3 = (1, 1, 0)} .

By Theorem 3.4.46, the objects of the category H•(Sh1(Λ(βH),Z2)0) are parametrized by a

choice of basis for Z3
2 together with a point in the braid variety X(βH,Z2). Bearing this in mind,

we write

Ob(H•(Sh1(Λ(βH),Z2)0)) =
{ Ä

f̂ (3) , z⃗
ä ∣∣∣ f̂ (3) is a basis for Z3

2, and z⃗ ∈ X(βH,Z2)
}
.

Under the preceding identification, the linear structure of the graded morphism spaces in the

category H•(Sh1(Λ(βH),Z2)0) is described as follows: let F =
Ä
f̂ (3) , x⃗

ä
and G =

Ä
ĝ(3) , y⃗

ä
be

objects of the category H•(Sh1(Λ(βH),Z2)0), and let δF ,G : Z3
2 → Z3

2 be the linear maps associated

with these objects, as introduced in Definition 4.2.55. Specifically,

δF ,G (u⃗) = (u1x1 − y1u2, u1x2 − y2u3, u2x3 − y3u3) , u⃗ = (u1, u2, u3) ∈ Z3
2 ,

where x⃗ = (x1, x2, x3) and y⃗ = (y1, y2, y3). Then, building on Theorems 4.3.66 and 4.4.92, we write

Ext0(F ,G ) = ker δF ,G , and Ext1(F ,G ) = coker δF ,G .
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Later, when dealing with concrete examples and in order to simplify our discussion, we will work

under the identification Ext1(F ,G ) = W , where W corresponds to some fixed complement of

im δF ,G in Z3
2, that is, a vector subspace such that Z3

2 = im δF ,G ⊕ W .

In particular, with the preceding identifications at hand, the composition of graded morphisms in

the category H•(Sh1(Λ(βH),Z2)0) is characterized as follows: let F =
Ä
f̂ (3) , x⃗

ä
, G =

Ä
ĝ(3) , y⃗

ä
,

and Q =
Ä
q̂(3) , z⃗

ä
be objects of the category H•(Sh1(Λ(βH),Z2)0). Fix u⃗ = (u1, u2, u3) ∈

Ext0(F ,G ), v⃗ = (v1, v2, v3) ∈ Ext0(G ,Q), Σ ∈ Ext1(F ,G ), and Γ ∈ Ext1(G ,Q), and let p⃗ =

(p1, p2, p3) ∈ Z3
2 and q⃗ = (q1, q2, q3) ∈ Z3

2 be representatives such that Σ = [ p⃗ ] and Γ = [ q⃗ ]. Then,

by Theorems 4.5.104, 4.5.106, and 4.5.105, the graded compositions between the morphisms under

consideration are given by:

v⃗ ◦ u⃗ = v⃗ ⊙ u⃗ ∈ Ext0(F ,Q) , v⃗ ⊙ u⃗ = (v1u1, v2u2, v3u3) ∈ Z3
2 ,

Γ ◦ u⃗ = [ q⃗ ◦βR
u⃗ ] ∈ Ext1(F ,Q) , q⃗ ◦βR

u⃗ = (q1u2, q2u3, q3u3) ∈ Z3
2 ,

v⃗ ◦ Σ = [ v⃗ ◦βL
p⃗ ] ∈ Ext1(F ,Q) , v⃗ ◦βL

p⃗ = (v1p1, v1p2, v2p3) ∈ Z3
2 .

Later, when working with concrete examples and in order to simplify our discussion, we identify

Ext1(F ,G ), Ext1(G ,Q), Ext1(F ,Q) with some fixed complements W1, W2, W3 of the corre-

sponding linear maps δF ,G , δG ,Q, δF ,Q : Z3
2 → Z3

2 in Z3
2. In this setting, the mixed degree graded

compositions are computed via the left ◦βL
: Z3

2 × Z3
2 → Z3

2 and right ◦βR
: Z3

2 × Z3
2 → Z3

2 braided

compositions, and the resulting vectors in the ambient space Z3
2 are then projected onto W3 for

consistency.

• Some Concrete Computations: To illustrate how to apply the framework we developed in the

previous chapters, we consider three concrete objects of the category H•(Sh1(Λ(βH),Z2)0):

F1 =
Ä
f̂ (3) , z⃗1

ä
, F2 =

Ä
ĝ(3) , z⃗2

ä
, F3 =

Ä
q̂(3) , z⃗3

ä
,

where f̂ (3), ĝ(3), q̂(3) are fixed bases for Z3
2, and z⃗1, z⃗2, z⃗3 are the three distinct points in the braid

variety X(βH,Z2).

Next, we explicitly describe the algebraic properties of some of the graded morphism spaces

associated with F1, F2, F3. To begin, note that the ring structure of the graded endomorphism
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space End•(F1) is summarized in Table 5.4, which reveals that End0 (F1) and End 1(F1) are 2-

dimensional over Z2, with the graded composition exhibiting a non-trivial, rich algebraic structure.

Object: F1

Graded Endomorphism Spaces

End 0(F1) = SpanZ2

{
û1 = ⟨0, 1, 0⟩ , û2 = ⟨1, 0, 1⟩

}
End 1(F1) = SpanZ2

{
α̂1 = ⟨1, 0, 0⟩ , α̂2 = ⟨0, 0, 1⟩

}
Graded Composition

◦ : End 0(F1)× End 0(F1) → End 0(F1) ,(
b1û1 + b2û2 , a1û1 + a2û2

)
7→ b1a1û1 + b2a2û2 .

◦ : End 1(F1)× End 0(F1) → End 1(F1) ,(
q1α̂1 + q2α̂2 , a1û1 + a2û2

)
7→ q1a1α̂1 + q2a2α̂2 .

◦ : End 0(F1)× End 1(F1) → End 1(F1) ,(
b1û1 + b2û2 , p1α̂1 + p2α̂2

)
7→ b2p1α̂1 + b1p2α̂2 .

Table 5.4. Unital ring structure of the graded endomorphism space End•(F1).

Similarly, the ring structure of the graded endomorphism spaces End•(F2) and End•(F3) is

summarized in Tables 5.5 and 5.6. In particular, these tables reveal that, compared to End•(F1),

the graded endomorphism spaces associated with F2 and F3 have a slightly simpler ring structure,

namely that of the cohomology ring of an annulus.

Next, we extend our discussion by explicitly analyzing the graded morphism spaces and their

compositions for the ordered triple (F3,F1,F2), which for clarity is summarized in Table 5.7. In

this concrete example, the graded composition is largely trivial, with the only non-trivial contribu-

tions arising from the degree zero morphism spaces.

Finally, we close our discussion by summarizing in Table 5.8 the linear algebraic structure of

the graded morphism spaces associated with F1, F2, F3. From this table, we observe that F1

stands out, as its graded morphism spaces exhibit a richer structure compared to the others.
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Object: F2

Graded Endomorphism Spaces

End 0(F2) = SpanZ2

{
û1 = ⟨1, 1, 1⟩

}
End 1(F2) = SpanZ2

{
α̂1 = ⟨1, 0, 0⟩

}
Graded Composition

◦ : End 0(F2)× End 0(F2) → End 0(F2) ,(
b1û1 , a1û1

)
7→ b1a1û1 .

◦ : End 1(F2)× End 0(F2) → End 1(F2) ,(
q1α̂1 , a1û1

)
7→ q1a1α̂1 .

◦ : End 0(F2)× End 1(F2) → End 1(F2) ,(
b1û1 , p1α̂1

)
7→ b1p1α̂1 .

Table 5.5. Unital ring structure of the graded endomorphism space End•(F2).

Object: F3

Graded Endomorphism Spaces

End 0(F3) = SpanZ2

{
û1 = ⟨1, 1, 1⟩

}
End 1(F3) = SpanZ2

{
α̂1 = ⟨0, 0, 1⟩

}
Graded Composition

◦ : End 0(F3)× End 0(F3) → End 0(F3) ,(
b1û1 , a1û1

)
7→ b1a1û1 .

◦ : End 1(F3)× End 0(F3) → End 1(F3) ,(
q1α̂1 , a1û1

)
7→ q1a1α̂1 .

◦ : End 0(F3)× End 1(F3) → End 1(F3) ,(
b1û1 , p1α̂1

)
7→ b1p1α̂1 .

Table 5.6. Unital ring structure of the graded endomorphism space End•(F3).
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Ordered Triple: (F3,F1,F2)

Graded morphism Spaces

Ext0(F3,F1) = SpanZ2

{
û1 = ⟨0, 1, 0⟩

}
Ext1(F3,F1) = SpanZ2

{
α̂1 = ⟨0, 0, 1⟩

}
Ext0(F1,F2) = SpanZ2

{
v̂1 = ⟨0, 1, 0⟩

}
Ext1(F1,F2) = SpanZ2

{
β̂1 = ⟨1, 0, 0⟩

}
Ext0(F3,F2) = SpanZ2

{
ŵ1 = ⟨0, 1, 0⟩

}
Ext1(F3,F2) = SpanZ2

{
γ̂1 = ⟨1, 1, 1⟩

}
Graded Composition

◦ : Ext0(F1,F2)× Ext0(F3,F1) → Ext0(F3,F2) ,(
b1v̂1 , a1û1

)
7→ b1a1ŵ1 .

◦ : Ext1(F1,F2)× Ext0(F3,F1) → Ext1(F3,F2) ,(
q1β̂1 , a1û1

)
7→ 0 .

◦ : Ext0(F1,F2)× Ext1(F3,F1) → Ext1(F3,F2) ,(
b1v̂1 , p1α̂1

)
7→ 0 .

Table 5.7. Graded morphism spaces and their compositions for the ordered triple

(F3,F1,F2).

Ext•(Fi,Fj) F1 F2 F3

F1 Z2
2[0]⊕ Z2

2[1] Z2[0]⊕ Z2[1] Z2[0]⊕ Z2[1]

F2 Z2[0]⊕ Z2[1] Z2[0]⊕ Z2[1] Z2[0]⊕ Z2[1]

F3 Z2[0]⊕ Z2[1] Z2[0]⊕ Z2[1] Z2[0]⊕ Z2[1]

Table 5.8. Linear structure of the graded morphism spaces associated with F1,

F2, F3.
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APPENDIX A

Auxiliary Results on Braid Matrices

In this appendix, we record several auxiliary results concerning the braid matrices (see Defini-

tion 3.1.27). Let n ≥ 2 be an integer. Given M ∈ M(n,K), k ∈ [1, n − 1], and z ∈ K, the

following claims provide explicit formulas for the products MB
(n)
k (z), B

(n)
k (z)M , M(B

(n)
k (z))−1,

and (B
(n)
k (z))−1M .

Claim A.0.112. Let n ≥ 2 be an integer, and let M ∈ M(n,K) be a matrix given by

M =
[
c⃗1, . . . , c⃗n

]
,

where c⃗i denotes the i-th column vector of M for each i ∈ [1, n]. Then, for any k ∈ [1, n − 1] and

z ∈ K, we have that

MB
(n)
k (z) =

[
c⃗1, . . . , c⃗k−1, c⃗k+1 + c⃗k · z, c⃗k, c⃗k+2, . . . , c⃗n

]
.

Proof. Multiplying the matrix M on the right by the braid matrix B
(n)
k (z) only changes the k-th

and (k + 1)-th columns of M . Specifically,

c⃗k 7→ c⃗k · z + c⃗k+1, c⃗k+1 7→ c⃗k,

while all other columns of M remain unchanged. The claim follows. □

Claim A.0.113. Let n ≥ 2 be an integer, and let M ∈ M(n,K) be a matrix given by

M =


r⃗1
...

r⃗n

 ,
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where r⃗i denotes the i-th row vector of M for each i ∈ [1, n]. Then, for any k ∈ [1, n − 1] and

z ∈ K, we have that

B
(n)
k (z)M =



r⃗1
...

r⃗k−1

r⃗k+1 + z · r⃗k
r⃗k

r⃗k+2

...

r⃗n


.

Proof. Multiplying the matrixM on the left by the braid matrix B
(n)
k (z) only changes the k-th and

(k + 1)-th rows of M . Explicitly,

r⃗k 7→ r⃗k+1 + z · r⃗k, r⃗k+1 7→ r⃗k,

while all other rows of M remain unchanged. The claim follows. □

Claim A.0.114. Let n ≥ 2 be an integer, and let M ∈ M(n,K) be a matrix given by

M =
[
c⃗1, . . . , c⃗n

]
,

where c⃗i denotes the i-th column vector of M for each i ∈ [1, n]. Then, for any k ∈ [1, n − 1] and

z ∈ K, we have that

M(B
(n)
k (z))−1 =

[
c⃗1, . . . , c⃗k−1, c⃗k+1, c⃗k − c⃗k+1 · z, c⃗k+2, . . . , c⃗n

]
.

Proof. Multiplying the matrixM on the right by the inverse braid matrix
(
B

(n)
k (z)

)−1
only changes

the k-th and (k + 1)-th columns of M . Specifically,

c⃗k 7→ c⃗k+1, c⃗k+1 7→ c⃗k − c⃗k+1 · z,

while all other columns of M remain unchanged. The claim follows. □

183



Claim A.0.115. Let n ≥ 2 be an integer, and let M ∈ M(n,K) be a matrix given by

M =


r⃗1
...

r⃗n

 ,
where r⃗i denotes the i-th row vector of M for each i ∈ [1, n]. Then, for any k ∈ [1, n − 1] and

z ∈ K, we have that

(B
(n)
k (z))−1M =



r⃗1
...

r⃗k−1

r⃗k+1

r⃗k − z · r⃗k+1

r⃗k+2

...

r⃗n


.

Proof. Multiplying the matrix M on the left by the inverse braid matrix
(
B

(n)
k (z)

)−1
only changes

the k-th and (k + 1)-th rows of M . Explicitly,

r⃗k 7→ r⃗k+1, r⃗k+1 7→ r⃗k − z · r⃗k+1,

while all other rows of M remain unchanged. The claim follows. □

We conclude this appendix with the following lemma, which describes the effect of a generalized

conjugation of a diagonal matrix by braid matrices.

Lemma A.0.116. Let u⃗ = (u1, . . . , un) ∈ Kn
std be a fixed tuple. Then, for any k ∈ [1, n − 1] and

any z, z′ ∈ K, we have that
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(
B

(n)
k (z′)

)−1
D(u⃗) B

(n)
k (z) =



u1
. . .

uk−1

uk+1 0

uk z − z′ uk+1 uk

uk+2

. . .

un


.

Proof. The result follows from a straightforward application of Claims A.0.112 and A.0.115. □
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