A BOUND FOR ORDERINGS OF REIDEMEISTER MOVES

JULIAN GOLD

AsstracT. We provide an upper bound on the number of ordered Reid&neisoves
required to pass between two diagrams of the same link. Thisdis in terms of the
number of unordered Reidemeister moves required.

In 1927 Kurt Reidemeister proved that any two link diagraemesenting the same link
may be joined by a finite sequence of Reidemeister moves. nipertance of this theo-

rem to knot theory cannot be understated. Mathematiciaasiexander Coward [1, 2],

Marc Lackenby [2], Bruce Trace [4], Joel Hass anffely Lagarias [3] have all explored
properties of sequences of Reidemeister moves.
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Ficure 1. Reidemeister Moves.

In 2006, Alexander Coward showed [1] that given any sequefdteidemeister moves
between link diagramB; andD,, it is possible to construct a new sequence ordered in
the following way: first2] moves, ther2} moves, ther2; moves, finally} moves. We
present, via the following theorem, an upper bound on thebmiraf moves required for
an ordered sequence in terms of the number of moves presanyisequence of Reide-
meister moves.

Theorem 1. Let D; and D, be diagrams for the same link that are joined by a sequence
of M Reidemeister moves. LetN6M+**M. Then there exists a sequence of no more than
exg™) (N) moves from Rto D, ordered in the following way: firs@l, thenQ; thenQgs,

. : .
thenQ; and finallyQ;.

Here the function exp is defined as expé& 2* and ex§(x) is the function exp iterated
times on inpui.

| am extraordinarily grateful to Alexander Coward for mangightful discussions and for
his guidance in writing this paper. | would also like to thaldssica Banks for her helpful
feedback.
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We define a link diagram to be a 4-valent graph embeddéf iwith crossing informa-
tion recorded at each vertex. All diagrams will be orientgthat they represent oriented
links. We regard two diagrams as the same if there is an amisietopy of R? taking
one diagram to the other, preserving crossing informatmahthe orientation of each link
component. To prove Theorem 1, we will adapt the methodsakider Coward uses in [1]
and borrow the following terminology.

Definition: Let D be a link diagram and suppose [0,1] — R? is an embedded path
whose imageC intersectsD transversely at finitely many points, whee) € D and
c(1) ¢ D. We stipulate that no point of intersectionBfandC is a vertex ofD. At each
such point, apart frorn(0), we designate wheth& passes over or undeér.

LetC x [—¢, €] be a small enough neighborhood®fo that C x[—¢€,€]) "D = (Cn D) x
[—€, €]. Then define the diagra®@’ as the 4-valent graph

DUJ(C x [—¢,€]) \ (c(0) X (—e, €))

with crossing information induced by the path We write D ~» D’ and say thaD’ is
obtained fronD by adding a tail along CAdditionally, we will call C the core of this tail
We require that adding a tail to a diagrdproduces a diagra@’ wherec(D’) > c(D).
Figure 2 illustrates the construction of a tail.
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Ficure 2. Adding a tail.

Definition: SupposeéD; ~» D, via some patlt : [0, 1] — R?. Suppose additionally that
¢(1) lies in a small neighborhood of some crossingf D;. Let D3 be as in Figure 3, a
diagram obtained fror®, by performing twan moves followed by on€3; move:

% o A
7 - K=K

D3
Ficure 3. Adding a lollipop.

We sayDs is obtained fromD; by adding a lollipopand writeD; 0— D3. Thelollipop
itself is defined a®3 \ D;. Thetail part of the lollipopis (D3 N D2) \ D, and the closure
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of the rest of the lollipop is theircle part of the lollipop We say that the lollipop isen-
tered aty.

We think of a sequencg of Reidemeister moves, tails and lollipops between lingchans
L; andL; in the following way:
S:L1=D031—>D1—az—>...—an—>Dn=L2

Here eacly is a Reidemeister move, a tail or a lollipop. A tail or lolljponay be added
from D; to Dj;1 (egDj ~ Djy1) or from Dj;1 to Dj (egD; «~ Diy1). We say thdengthof
Sisn. The intermediate link diagrani3; are often omitted from the figures in this paper
for clarity, but are implicit in any sequence.

If a link diagramD, is reached fronD; by a sequence dﬁ; moves of lengtm, we write
D1 —»" Dz.

The following lemma allows us to take a sequescand produce a sequens8éwith one
lessQ; move.

Lemma 2. Let D; and D, be link diagrams such that 1D&> D,. Then there exists a
diagram D; such that @ -2 D3 and D, O Ds.

Proof.

O

If an Q3 move occurs in a sequence of Reidemeister moves, tails dipdjs S, we can
apply Lemma 2 taS to get a new sequencs:

S:A—>---—>B&>C—>---—>D
Q) Q)
S:As---5B5B 5B «0C—----D

When we apply Lemma 2 to construgt from S, we call thiscapping theQ; movefrom
BtoC.

The following proposition and its corollary will also allows to build new sequences from
old ones in a useful way.

Proposition 3. Suppose P> D) (or D; 0~ D7) and also that -1 D,. Then there
exists a diagram Dsuch that  ~ D7, (D> 0~ Dj, respectively) and D—»® D), where

(A) ¢(D3) — ¢(D2) < 2(c(D}) - ¢(Dy))
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and

(B) @ < ¢(Dj) - ¢(Dy).
D, D, s D,
: N
D1 — Dy D1 — D

Proof. The diagranD; is obtained fronD; by a singleﬂg move which takes place over
two (possibly non-distinct) edges ande, of D;. Pick pointsp; and p, one; ande;
respectively, so thgp; and p, are disjoint from a neighborhood of the t&} ~ D’. We
can perform th@; move fromD; to D, by adding a tail along a pat?, which starts ap;
and ends slightly beyongb.

Ficure 4. Constructindd’, from D’ by adding a tail alongp.

DiagramD contains the pointp; andp,. We may arrange that the intersectiorPofvith

the tailD; ~ D] contains at mosthJ points. To see this, consider the c@@e
of the tailDy ~» D' Every instance of the tail corresponding@gassing over or under
an edge oDy contrlbutes 2 to the quantityD’) — c¢(D1). In particular, wheneveC spans
two edges, the tail correspondmg(tocontrlbutes 4 ta(D)) - ¢(D,) at the intersection of

C and the given edges. Hence there are at m‘é%{)f(—Dl)J connected, closed segments
{¢;} of the curveC which lie inside the region betweesn ande,. Any pathP connecting
p1 andp, need only intersect eaghtransversely at most once. Such a path will cross the
tail D; ~» D/ in at most ZWJ points. Figure 4 depicts this. Hence, when adding a
tail alongP, we build a diagran®’, with
c(D;) — c(D
c(Dy) - ¢(Dy) < 4L%J +2.
Hence
c(D3) — ¢(D}) < ¢(D}) — c(D1) + 2.
We note that(D}) —¢(D1) + 2 < 2(c(D’) — ¢(D1)), because adding a tail to a diagram must
raise its crossing number by at least two. This implies trsérdd bound om. Also

c(D3) — ¢(D7) < ¢(D}) —c(D1) +2
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implies, by adding:(D3) to both sides and subtractie¢D>), that
¢(D3) — ¢(D2) < 2¢(D}) — ¢(D1) + 2 - ¢(D2).
Usingc(Dy) = ¢(D1) + 2 we get
o(Dy) - (D) < 26(D}) ~ 2¢(Dy).

In the case thaD; 0— D/, choosep; andp, to be outside the circle part of the lollipop,
and the above considerations go through. O

Corollary 4 is a natural generalization of Proposition 3.

Corollary 4. Suppose b~ D] (or D; O~ D)) and also that @ -»" D. Then there
exists a diagram Dsuch that Q ~» D, (D, 0- D, respectively) and D—# D}, where

B < 2°(c(DY) - ¢(Dy)).

B

D} 1 —>» D)
: .
D1 —> D, D — Dy

Proof. Let Dy, D2 and D] be as in the statement of the theorem. We work in the case

D; ~» Dj, but the proof for lollipops is identical. L& be the sequence 612 moves of
lengthn from D; to D,

S:Dy=Eyg»'E; »--- »1E, =D,,

and letE| = D}. We use Proposition 3 to construct a diagr&frsuch thate; ~» E; and
E; »% E;, whereBo < c(E() — c(Eo). Apply Proposition 3 again to the tripl&(, E/, Ey)
to build a diagrank). Repeat this application to construct the diagr&shroughEy, as
below.

B
, , Bo , B1 , Bn-2 , Bn-1 , ,
Dl = EO — El — ... En—Z—» En—l—» E = D2
Di=Ep — E1— ... Epo—E..1—2E,=D

Proposition 3 B) gives us thag; < c(E/) — ¢(E;), while Proposition 34) tells usc(E) -
c(E) <2 (c(Ep) — c(Eo)). The sequence db, moves fromE] to E}, has lengtB, where

B =Yt B. Hence,
B < (2" - 1)(c(Ep) - ¢(E)).
TakeD;, = E; and a larger bound ghito complete the proof. O



6 JULIAN GOLD

Theorem 5 uses the tools we've developed (Lemma 2, Propogtand Corollary 4) to
begin building an ordered sequence from an unordered seguea special case.

Theorem 5. Let D, be a link diagram obtained from Dvia a sequence d®, and Q3
moves of length M. Then there exists a diagragsich that @ -»” D3 and Ds is obtained
from D, by adding a sequence no more than M tails and lollipops. Farrth

y < exp\(6M).

Proof. Consider a sequenc® of Q, and Q3 moves of lengthM from D; to Dy, a3 of
which areQj:

S:D1=A0~>A - > Au=D;
Using Lemma 2, cap evety; move to build a new sequenég with no Q3 moves:

81:D1=E0—>E1—>"'_>EM+2(13=D2

A N Ay _ Awm
r 7 N . / N /
LN TN N
Ex /™ E4 7% Ems 205

E / N A% /" N /"
N 7%/ N/ N/

Ficure 5. Constructingg; from S.

Ql
If E; — Ei,1, We instead writeE; «~ Ej,q1, because @E move may be performed by
adding a tail. Define dcal minimumof &; to be a diagrank; such that

Q) Q)
Ei_y + Ei — Ei;1 or Ei.1 «O Ef — Ej;1.

LetEy € {Ea,..., Emi20,-1) b€ the last local minimum appearingdn. Letr; be the num-
ber of consecutivezg moves in&; to the right ofEy. Let ¢, be the number of consecutive
Q] moves in&; to the left ofEy 1.

F
7" % P e
5/ SN/ “'a//
WS WS Baw

Ex
Ficure 6. Constructing=. In this caseExr, = Emi2q-

Apply Corollary 4 to the triple Ex_1, Ex, Ex.r,) to build a diagrant, whereEy_; »2 F
and whereky;, O~ F if Ex O» Ex_1 or Exir;, »» F if Ex ~» Ex 1. Corollary 4 tells us
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r, <4-27,in the worst case théi, O— Ex 1. This is because any tail & is anQ; move
in disguise, and hence creates two new crossings, whileodlipolp in &; creates four new
crossings. Figure 6 depicts the constructiofirof

Define&, to be the following sequence:

E:Di=Eg—E1—> - > Ex1— > F > Eu, = = Emizo,

Then&; is a sequence of diagrams with consecutiveﬂg moves to the right of its last
local minimum, withr, bounded by

rp<4-2"+¢.

Hence
r2 < 2r1+2+[1

In general le€y be a sequence with the number oQ£ moves to the right of the last local

minimum of E. Let ¢ be the number of consecutiﬂi moves preceding the diagram to
the immediate left of the last local minimum &f. Given the triple &, rx, {x), we may
apply Corollary 4 as above to produce a tripfg.(, rk:+1, fk+1) With r,1 satisfying

Mg < 2I”k+2+fk.

Inductively,

k
Iks1 < expfk) [rl + 2K + Z fi] .

i=1

Ficure 7. Repeatedly applying Corollary 4 to builz.

Iterate the constructions of th&y, ry, £x) until we produce a sequenég with no local
minima and withr, consecutiveQ; moves followingEg. The number of times we apply



8 JULIAN GOLD

Corollary 4 to construat, from &; is exactly the number of tails and lollipopsdh, which
is less than or equal thl. Soz < M + 1, and via our above formula,

z-1
r, < exg?? {rl +2(z-1)+ Z Zi].

i=1
We note that; < M andZiZ;ll i < M + 2a3 < 3M. Substituting, we get
r, < exg™(6M).

There arg, moves of typeﬂg following D1 = Eg in &, so letD3 be the diagram obtained
by performing these moves d»y. BecauseD; is obtained fronEw.2,, = D2 by at most
M tails and lollipops, Theorem 5 holds. |

The following theorem allows us to construct an ordered sage ofQ2, and Q3 moves
from the tails and lollipops arising in Theorem 5.

Theorem 6. Suppose Ris obtained from B by a sequenc& of tails and lollipops of
length S:

T Di=TooT1 3. .5 Ts=D,
where either T~ Tj;; or Tj O— Tj41. Then there exists a diagramgD@btained from B
by a sequence (ﬂg moves of length no more th%(c(Dz) —¢(D1)) + 2S, followed by a
sequence a2; moves of length no more than S . Additionallyi®obtained from B by a
sequence (ﬁlé moves of length at moégl(c(Dg) —¢(Dy)) +2S.

Proof. Consider a crossing of the diagranD, about which the circle part of a lollipop
in 7 is centered. There may be multiple lollipops (suppose thes&) centered aj, so
consider a poinpg on the outermost one. Lgtbe a point in a small enough neighborhood
of y such that a straight line segment frano y does not intersedd, except aj.

Consider a patfe : [0,1] — R? such thatc(0) = px andc(1) = g. Choosec in such
a way that its image€ intersects each concentric lollipop at only one point. Thap
of intersection ofC and theith concentric lollipop is denoteg;. Letdx = 0 and let
Ok-1 < Ok_2 < - - < 61 be the real numbers in (D) such that(s;) = pi.

D,uC E

Ficure 8. Adding concentric tails at the crossigg
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Via the argument used in the proof of Proposition 3, we alsmshc so thatC N D, con-
sists of no more than|, (DZ);C(D“J points, excluding the pointg; throughpx.

Add a tail along the pathis, 1j to construct a diagrar; from D, wherec(E1) — ¢(D2) <
c(Dy) — c(Dy). Perturb this tail slightly, so that it is closer to the @iog)y, and now add a
second tail disjoint from the first tail along the paff3, 1;. This second tail introduces no
more tharc(D;) — ¢(D1) crossings.

Repeating this process of perturbing and adding tails abpsg for alli € [1,...,k], we
produce a diagrar, wherec(Ey) — ¢(D2) < k(c(D2) — ¢(D1)). To build a diagrank, add
nested tails in the same way for every crossin@gthat is the center of some lollipop, so
thatc(E) — ¢(D2) < S(c(D2) — ¢(D1)). ThenE may be obtained frord, by a sequence of
Qg moves of length at mo§(c(D2) —¢(Dy)).

Now construct the diagrard’ from E by doing the following for each crossing: If there
arek concentric circles centered at a crossingerform X type Q; moves, forking the
previously constructed tails over the edges of the crosgiag Figure 9 illustrates.

Ficure 9. Perform X typeQE moves, so that each tail ‘forks’ over the crossing.

The diagranE’ may be reached from, via a sequence dﬁg moves with length at most

%(C(Dz) — ¢(Dy)) + 2S. Finally, construct the diagrais by performing at mosg moves
of typeQs, as in Figure 10.

Ficure 10. Performing2z moves to pass fror’ to Ds.

We may now pass fror®s to D; by performingQé moves as follows. Each tail and lol-
lipop of 7 in D, is still present inD3, with the circle parts of each lollipop modified. We
remove them one at a time starting with the last tail or lolfigs in the sequence. Hs

is a lollipop, it now has the form depicted by Figure 110p, and may be removed txyg
moves. Ifag is a tail, it may likewise be removed k:’yé moves. We continue to remove
tails and lollipops in the reverse order they are added imtil we obtainD;.
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Ficure 11

Because&(Ds3) = ¢(E’), we knowc(D3) — ¢(D,) is exactlyc(E’) — ¢(D3) + ¢(D2) — ¢(Dy),
which is at mosB(c(D2) — ¢(D1)) +4S + ¢(D2) — ¢(D1). Simplifying and then halving this
bound gives us the numberﬁg moves fromD3 to D1. O

We consolidate the results of Theorem 5 and Theorem 6 int@rEne 7. This theorem
bounds the length of an ordered sequence of Reidemeistegangiven the sequence we
started with consists only &b, andQz moves, and hence solves the central problem of
this paper in a special case.

Theorem 7. Let D, be a link diagram obtained from {by a sequence 6, andQ3; moves
of length M. Then there is a sequence of at neagf?™ (6M) Reidemeister moves from D
to D, ordered in the following way: fir@l moves, thef2; moves and finallyzé moves.

Proof. GivenD; andD», construct a diagrar®; using Theorem 5, wher@; is obtained
from D1 by no more than ex{)(6M) typeQE moves. AdditionallyD3 is obtained from
D, by no more thaM tails and lollipops. Note thai(D3) — ¢(D,) < 2-expg™(6M) + 2M.

FromD, andD3, apply Theorem 6 to construct a diagr@xwith the following properties.
Thereis a sequencem‘2 moves whose length is no more thisin exg™ (6M) + M2 + 2M,
followed by a sequence @3 moves of length no more thavl from D3 to D4. There is
also a sequence ﬁé moves whose length is at most ¢ 1) - exg™ (6M) + M? + 3M from
D4 to Ds.

Following the sequences of moves constructed fidrto D3, then toD,4 and finally to

D,, we have a sequence of no more thall(22) - exg™)(6M) + (2M + 6)M Reidemeister

moves ordered as desired. Rdr> 1, exg?™)(6M) > (2M + 2) - exg™) (6M) + (2M + 6)M.
]

Before we prove Theorem 1, we need two lemmas relating;tonoves. These lemmas
allow us to take a sequence of Reidemeister moves and buédd/a@quence in which the
Q, moves occur only at the beginning and end.

Lemma 8. Let A, B and C be link diagrams such that
QT
AL B

whereQ is anQ, or Q3 move. Then there exists a diagrarivihich may be obtained from
Abya singleﬂ{ move, and where C is obtained from I8/ no more than six2, or Q3
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moves. Additionally, if instea@ = Qi, there is a diagram Bsuch that

ol 1

1 Ql
A— B —C.

Ql
Lemma 9. Let A, B and C be link diagrams such thatA B LA C, whereQ is anQ, or
Q3 move. Then there exists a diagrarhsBch that Bis obtained from A by no more than
six Q, or Q3 moves and where C may be obtained frohibda singIeQi move.

The proofs of Lemma 8 and Lemma 9 are left to be verified by thdee and Corollary
10 is a rapid consequence of these lemmas.

Corollary 10. Let D, be obtained from Pby an arbitrary sequence of M Reidemeister
movesg of which areQ} and g of which areQi. Then there exist diagrams;and D,
such that D) is obtained from B by typeQI moves and Ris obtained from D by g
typeQi moves. Additionally, Dis obtained from [ by no more thais™ M Reidemeister
moves of typ€, andQs.

Proof of Theorem 1.Begin with an arbitrary sequence df Reidemeister moves from
diagramD; to diagramD;, « of which areQI andg of which areQi. ConstrucD] andD;,
as in Corollary 10. Then apply Theorem 7 to the sequendé@,@&ndQ3 moves fromD]
to D, to obtain a sorted sequence of Reidemeister moves Boto D> of length at most

exg®'M6-6MM) + o + 8 < exd® M (M 1Mm).
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