TOPOLOGICAL QUANTUM FIELD THEORY FROM THE VIEWPOINT OF
CELLULAR GRAPHS

RUIAN CHEN

ABSTRACT. The edge-contraction axioms are introduced for topological recursion of multilinear
maps that arise from cellular graphs, and it is proven that these axioms are equivalent to topological
quantum field theories over a Frobenius algebra, assuming the consistency of the axioms. As an
example, the concrete formulas of topological quantum field theories on the finite-dimensional
abelian group algebra is computed.
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1. INTRODUCTION

The purpose of this paper is to relate the moduli space M, ,, (or the Deligne-Mumford
compactification ﬂg,n) to topological quantum field theories over a Frobenius algebra, via
the theory of cellular graphs. As a result, we obtain a graphical description of topological
quantum field theory, along with a convenient tool of computing it.

The moduli space Mg, is defined as the set of biholomorphic isomorphism classes of
complex structures on a compact, oriented surface of genus g, with n points speciﬁedﬂ
For example, it is well-known that My 3 is a single point since the Riemann sphere P!
with any three marked points is biholomorphic to P! with {0, 1,00} specified. It is also
known that M ; consists of the elliptic curves. Every elliptic curve is a quotient C/A for
some lattice A = Z @ Z7 (hence is topologically a torus), and is uniquely determined by
7€ H = {2z € ClImz > 0}, up to a fractional linear transformation 7 + %+ where

cT+d
[2%] € PGLy(Z). That is,

M1 = H/PGLy(Z).

1Equiva1ently, it is also the space of smooth algebraic curves of genus g with n marked points.
1
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In general, the moduli space M, ,, is very mysterious; however, one may understand it
with the aid of ribbon graphs. A ribbon graph is a graph together with a cyclic ordering
on the set of half-edges incident to each vertex. We may attach oriented disks to a ribbon
graph I' in a unique way compatible with the ordering of the half-edges to obtain a compact
oriented topological surface C'(I'). A ribbon graph I is said to have topological type (g, n) if
C(T") has genus g and is obtained by attaching n disks. Moreover, if we assign a positive real
number (“length”) to each edge of a ribbon graph, then we obtain a metric ribbon graph.
It is a theorem, due to Harer [8], Mumford [13], Strebel [17], Thurston and others |16], that
there is an orbifold isomorphism

Mgn xR} =2 RGy .,

where RG,, denotes the space of metric ribbon graphs of type (g,n). For more details,
see |11]; and for topological recursion on ribbon graphs, see [3].

Because attaching 2-cells to a ribbon graph gives a surface, a ribbon graph is essentially
the 1-skeleton of a cell-decomposition of a compact oriented topological surface of genus g
with n 2-cells. The dual graph of a ribbon graph of type (g,n), i.e., the 1-skeleton of a
closed oriented surface with n (labeled) 0-cells, is called a cellular graph of type (g,n).

Why do cellular graphs matter? One reason is that cellular graphs serve as an important
tool of topological recursion. We consider n-linear maps on a Frobenius algebra that arise
from the set I'y, of cellular graphs of type (g,n). On cellular graphs, one may contract
edges to obtain graphs of simpler types. We impose a set of axioms, called edge-contraction
azioms (ECA), to relate maps that arise from graphs before and after contraction. One of
our goals of the paper is to explore the following conjecture due to Mulase.

Conjecture 1.1 (Graph-independence, Conjecture [3.2). The assignment of multilinear
maps obeying the ECA depends only on the topological type (g,n), not any particular choice
of graphs.

Our first main result is a series of evidence for graph-independence:

Theorem 1.2 (Propositions Theorem. For g = 0,1, graph-independence holds
for all n and all Frobenius algebra A; for the Frobenius algebra C[G|, where G is a finite
abelian group, graph-independence holds for all (g,n).

On the other hand, it is observed that two-dimensional topological quantum field the-
ories are equivalent to commutative Frobenius algebras |9, 3.3.2]. A topological quantum
field theory (TQFT) is by definition a quantum field theory that is a priori topologically
invariant. Atiyah [2] gives a set of axioms, now called the Atiyah—Segal axzioms, to describe
an n-dimensional TQFT as an assignment of vector spaces V(%) to (n — 1)-manifold 3 and
of linear maps to cobordism M : V(X) — V(X') [9, 1.2.23]. In categorical language, an
n-dimensional TQFT is a symmetric monoidal functor

(Bord)",1T) — (Vect, ®),

where Bord?" is the category whose objects are closed oriented (n — 1)-manifolds, and
morphisms are oriented n-dimensional bordisms [18]. However, for our purpose, we define a
(two-dimensional) TQFT as a collection of multilinear maps on a Frobenius algebra, indexed
by (g,n), where g > 0 and n > 0.

By the equivalence between the TQFT and Frobenius algebras, in principle it is possible
to reconstruct the TQFT from any given Frobenius algebras. Our second main result,
also due to Mulase, is that topological recursion on cellular graphs provides a method of
reconstruction. More precisely,
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Theorem 1.3 (Theorems and [3.5)). Assuming graph-independence, a collection {Qg,}
of totally symmetric multilinear maps is a TQFT if and only if it satisfies the ECA.

In summary, the main goal of this paper is the completion the following chain of corre-
spondences:

xR, ~ dual graph Frob. Alg.
RGQyn gn Qg,n

Mg

1.1. Organization of the paper. The paper is organized as follows. We begin in Section
2 with definitions of and introductions to the three main objects of our study—Frobenius
algebras, TQFT, and cellular graphs. In Section 3, we introduce the edge-contraction ax-
ioms and discuss their consequences. In particular, we will discuss the graph-independence
conjecture and prove the main theorem. In Section 4, we use the ECA to compute the
TQFT defined on finite-dimensional abelian group algebras. This serves both as an exam-
ple of computation of TQFT using ECA, as well as an evidence of graph-independence in
this particular case.

1.2. A note on research development and latest progress. In fact, the conjecture
only stayed open for a very short time; around the completion of this paper, Mulase gives
a proof in their paper [6] to appear. Unfortunately, we have not been able to record the
proof here, and we would not grant graph-independence a theorem status in this paper.

Along the development of the theory, immediately obtained were the relation between
TQFT and ECA assuming graph-independence, as well as graph-independence in the cases
(0,n) and (1,1). Indeed, graph-independence were once believed false, and in hope of find-
ing a counterexample for graph-independence in (1,2) case, the author computed concrete
values of assigned maps using ECA reduction for the non-abelian group algebras Z(C[G]),
where G takes S3, Dy, and Z7 x Z3, but surprisingly found the conjecture to be hold in all
three cases. This was the turning point of the development of the full theory, and for this
reason, we include the concrete computations in Appendix [B]

The author humbly remarks that, in addition to the three examples above, the (1,n)
graph-independence (Proposition and computation of the TQFT on abelian group
algebras (Proposition were also completed independently by the author.

Acknowledgement. 1 take this opportunity to express my deepest gratitude to my re-
search advisor, Professor Motohico Mulase, for his mathematical mentoring and academic
advice. I also thank him for teaching me this subject, and for his guidance and patience
in my preparation of this thesis; without him, this thesis would be impossible. I am also
grateful to Motohico Mulase and Olivia Dumitrescu for the access to the working draft of
their paper, which has been a great source of reference. Lastly, I would also like to thank my
mathematics teachers: Professor Greg Kuperberg, Professor Dmitry Fuchs, and Professor
Anne Schilling, among others.

2. BACKGROUND
In this section, we give precise definitions of the objects of study.
2.1. Frobenius algebra.

Definition 2.1. A Frobenius algebra is a finite-dimensional associative unital algebra A
over a field K, equipped with a non-degenerate symmetric bilinear form n: A x A — K,
called the Frobenius form, which satisfies

n(v1, vav3) = n(v1ve, v3)
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for all vy, v9,v3 € A.

Remark 2.2.
e We define the co-unit (or trace) e : A — K by
e(v) =n(1,v) = n(v,1).
Clearly € is a linear functional. Note that in general, n(vi,v2) = €(viva) for any

v1,v9 € A, so specifying the Frobenius form is equivalent to specifying the co—unitﬂ
e The non-degeneracy of n implies the canonical isomorphism

A A — A*

(2.1) v o= v, —)

e We define the co-multiplication § : A — A ® A by requiring the diagram

A—2 L AmA

A LIA®A

*

to commute. Here p: A ® A — A denotes the multiplication map in A.
e We introduce a basis (e1, e, ..., €,) of A with e; = 1. For this basis, let n;; = n(e;, ),
and [n¥] = [n;;]7!. Then
E(ea) = 7)(1, ea) = Ma,
and

(2.2) §(eq) = Z P nn(eq, epec)e; @ e;.
b,cyi,j

The last identity follows from the formulas
o Avr, v2) = n(v1v2)
for any vi,ve € A, and

A7) = ne(en)es
bi

for any ¢ € A*.

Example 2.1. Any matrix algebra A = Mat, (K) over a field K is a Frobenius algebra
with co-unit the usual trace of matrices (this justifies the alternative name “trace” for ¢).

Example 2.2. A = K[G], where K is any field and G is any finite group, is a Frobenius

algebra, with co-unit
€ (Z cgg> =
g

110, Ex. (3.15 E)]. K[G] is commutative if and only if G is abelian. In general, the center
Z(K|[G]) of the group algebra is always a commutative Frobenius algebra.

2The term “Frobenius form” is sometimes referred to the linear functional e rather than the bilinear form n.
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Example 2.3. Let X be a closed oriented manifold of dimensional n, and let H*(X) =
@Zzo H1(X) denote the de Rham cohomology on X, which together with the wedge product
forms an algebra over R. It is a Frobenius algebra with Frobenius form

/ : HY(X)x HY(X) — R
@s = [ans
X
The Poincaré duality implies the Frobenius form is non-degenerate, for it states the duality
between H'(X) and H" *(X).
Technically speaking, this is not exactly a Frobenius algebra according to our definition.

For the Frobenius form is not symmetric, but rather graded-symmetric, since the algebra is
itself graded-commutative, that is, if « € HP(X) and 5 € HY(X), then

BAa=(—1PlaAp.

Nonetheless, it is worth mentioning because of its relation to cohomological field theory
(CohFT).

As we are only interested in commutative case, in the sequel the term “Frobenius algebra”
shall always mean a commutative Frobenius algebra. The main examples of Frobenius
algebra considered in this paper are abelian group algebras over C.

2.2. Topological quantum field theory. For the purpose of this paper, we define TQFT
as follows:

Definition 2.3. Let A be a Frobenius algebra over a field K. A TQFT is a collection of
totally symmetric linear maps Qg ,, : A" — K indexed by (g,n) (where g > 0 and n > 0)
that satisfies

(1) Qo,3(v1,v2,v3) = n(v1, v203) = n(vive, v3);

(2) Qgn+1(v1, .oy, 1) = Qg p(v1, .., Up);
(3) Qg,n(vlu eeey Un) - Z(Lb nang—l,n-i-Q(ea) €y, V1, eeny /Un)’
(4) Qgn(v1,-svn) =3, nang1,|I\+1(€a7 v1)8yg, 171+1(€p, vg) whenever IUJ = {1,...,n};

(Here, as well as in the sequel, v; = @) vi-)
for all v; € A.
We remark that parts (2)—(4) in the definition above correspond to the natural morphisms

between moduli spaces M, ,, of stable algebraic curves of genus g with n nonsingular marked
points [19]. Specifically, (2) corresponds to the forgetful morphism

Mgy = Mg
given by forgetting the last marked point; (3) and (4) correspond to the gluing morphisms
Mg—l,n-i—? — Mg,na
Mg,y X Mgy ny = Mgy 4go na+nss

where the first map glues the first and the last marked points of the curve, and the second
maps glues the two curves at their first marked points. For more discussion about the moduli
space Mg,n and Gromov-Witten theory, we refer to [19]. For the equivalence between two-
dimensional TQFT and Frobenius algebras, we refer to [1,41/5,/14}/15]. For more discussion
of other relations between the TQFT and Frobenius algebras, we refer to [9] and [18§].
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2.3. Cellular graphs.

Definition 2.4. A cellular graph is a 1-skeleton of a cell-decomposition of an oriented,
connected surface of genus g with labeled wvertices, or O-cells. At each vertex, an outgoing
arrow is attached to an incident half-edge. A cellular graph with genus g and n vertices is
said to have type (g,n), and the set of all cellular graphs of type (g,n) is denoted by Iy .

For fixed (g,n), cellular graphs are characterized by the degrees of the vertices, namely

Fg,n = |_| Fg,n(ﬂ17-~-aﬂn)a

(H’l?hu"fl)ezi

where 'y, (11, ..., ftn) denotes the subset of Iy, that consists of graphs whose Vertex 4 has
degree p; (0 < i < m). The number of cellular graphs also contains rich combinatorial
information; for instance, it is showed in [7] that

1 2m
To1(2 = — =Chn
| 0’1( m)| m+1<m> <

is the n-th Catalan number. For more details of cellular graphs and generalization of
Catalan numbers, we refer to [7,/12,20].

3. EDGE-CONTRACTION AXIOMS

In this section, we introduce the edge-contraction axioms, and explore its relations with
the TQFT.

For a Frobenius algebra A over K, we consider assignment of multilinear maps to each
v € I'yn, on which we impose the following axioms, called the edge-contraction axioms
(ECA). By abuse of notation, we also denote by 7 the map assigned to the graph ~. (For
simplicity, we assume that the assigned maps are totally symmetric, although this is in fact
a consequence of the ECA.)

ECA 0: If v € I'g,1 consists of a single vertex and no edges, then

(3.1) Y(v) = €(v)
for any v € A.
ECA 1: If the arrowed edge at Vertex 1 of v connects to Vertex j, where j # 1, then

(3.2) Y1,y vp) = ’yj(vlvj,vg, ey Ujy eeey Up)

for any v; € A, where +/ € I'y n—1 is obtained from « by contracting the arrowed
edge at Vertex 1, as Figure [1| shows.

e

FIGURE 1. contracting edge
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ECA 2: If the arrowed edge at Vertex 1 is a loop, then

7(1}17 ceey UTL) = 7/(6(1}1)7 V2, ..y Un))
for any v; € A, where 7/ is obtained from v by contracting the loop at Vertex 1, as
Figure [2] shows.

FIGURE 2. contracting loop

Note that here the coproduct d(v;) has two components, hence it occupies the
first and the second slots of ~/.

Depending on the type of the arrowed loop in v, in the lase case above the resulting
graph +' may be connected or disconnected. If 7/ is connected, we call the loop a loop of a
handle, and if 7/ is disconnected, we call the loop a separating loop. More precisely, using
(2.2) we may rewrite these two cases of ECA 2 as follows:

ECA 2-1: (loop of a handle) If v €Tg_1n41, then

(33) r)/(vh . Z 77bl77q77 Ul)ebGC)fy/(e’hej)rU?)"'71}71);
b,c,i,j

ECA 2-2: (separating loop) If v/ = v/ Ly/, where v/ € Ly 7141 and = Ly, 17141, With
I'UJ=1{2,..,n}, then

(3.4) Y1, mvn) = > P In(or,epec)y’ (€5, 0077 (e, v5).
b,c,i,j

If v € I'y,, we define m(y) = 29 — 2+ n. Then contraction of edges reduces m(y) in
most of the cases: for ECA 1, we have m(y/) = 29 — 2+ (n — 1) = m(y) — 1; for ECA
2-1, we have m(y') =2(¢g — 1) =2+ (n+ 1) = m(y) — 1; for ECA 2—ﬂ unless g1 = 0 and
I =0, we have m(y!) < m(v), and it is similar for m(y”). Moreover, if gy = 0 and I = 0,
although m(y!) = m(y), the degree of Vertex 1 is ¥/ less than that in +; by induction on
that degree, it follows that the recursion may proceed in all cases above. Finally, if v is
connected, then the minimum of m(vy) is —1, admitted by v € 'y 1; in this case v = € € A*
as we shall see later. Hence, the ECA completely determine the assignment of multilinear
maps to connected cellular graphs.

Less obviously, the ECA also determine the assignment of maps to disconnected graphs.
For one may “paste” two connected components of a disconnected cellular graph v by
attaching a separating loop to form another graph 4/, then ECA 2-2 determines 7 in terms of
~'. By induction on number of connected components, it follows that indeed the assignment
to all cellular graphs are completely determined by the ECA.

3Indeed, even in this case we have

m(y") +m(y7) =201 =2+ (11 4+ 1) + 202 = 2+ (17| +1) = 2(91 + g2) = 2+ (| +[J]) =m(7) — 1.
However, since m(y!) or m(y”7)
nents.

could take value —1, there is no guarantee that the m value decreases for all compo-
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The reason why the ECA are important is that establishes connections between TQFT
and cellular graphs, hence gives an alternative description of TQFT. Mulase proves the
following result:

Theorem 3.1. Given a TQFT {Qg, : A — K}, we associate to each v € I'y, a totally
symmetric multilinear map A®™ — K, also denoted by v, in the following way:
(i) If v € To 1, then set v(v) = €(v) = Qo1;
(ii) If v € To2, then set y(vi,v2) = n(vi,v2) = Qo 2;
(111) If v € Ty, where m(y) =29 —2+n > 0, then set v = Qg p.
Then ~ satisfies the ECA.

Proof. The proof is direct verification of the ECA. We write
(3.5) ejej = Zm%ek.
k

ECA 0: This is satisfied by definition (1).
ECA 1: From Deﬁnition (4), taking g1 =0, go = g, I = {1,2}, and J = {3,...,n}, we

have
Qg (V1 0n) = Y Qo.3(v1,v2, €)Y n1(€5, V3, ..., V)
(3.6) - )
= Zn(vlvg, ea)nN™’ Qg n—1(€p, V3, ..., ) by Def. (1)
a,b

by Definition [2.3[ (1). We want to show
ng(’l}l, V2,U3, ...y Un) = Qg’n_l(vlvg, V3, eeny ’Un),

and it suffices to consider v = ¢;, v2 = ¢;. We obtain

Qgnles,ej,v3,...,0,) = Z n(ese;, ea)n“bﬂg,n,l (eb, V3, .eey Up)

a,b
§ k b
= mijnk’ana Qg,nfl(eb U3, .., UTL)
a,bk
k b
= Z mij5ng7n,1 (eb, U3y eeey Un)
b,k

b
= Z ml‘ng,nfl(eba U3, vy Un)
b

= ng,l(eiej, V3y eeey Un),
as desired.
ECA 2-1: We want to show
Qg n(vi,v2,...,0n) = Qgn(d(v1),v2, ..., U),
and it suffices to consider v; = e,. We obtain

Qgn(eq,v2,...,0n) = ancﬂg,lﬂm(ea, €by Ecy V2, vey Up) by Def. (3)
b,c

= > "0 3(ea, €5, €1)Q-1mi1(ej, 0,02, .., 0n) by (3.6)
b7c’i7j
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b
E n C772]77 eaaebez)ngLnJrﬂej,ec,U2, vy Up)
b,c,i,j

= Qg 1n+1(6(ea); v2, - Un) by (2.2)
as desired.
ECA 2-2: We fix I and J with I U J{2,...,n}, and we want to show

Qg,n(vla vr, ’UJ Z anUC]U €a, ebeC)le,\IPrl (eia UI)QgQ,|J|+l(ej7 UJ)-;
b,c,i,j
and again it suffices to consider v; = e,. We compute
Qgnleq,vr,v7) = Z Qg 111+2(€a, €, 1), 17141 (€5, 0)
i?j
by Def. 2.3 (4), with I' = TU {1}, J' =

= Z nijanQO,S(emeiaeb)Qgh\IH-l(ecaUI)QQQ,|J|+1(ejavJ> by (3.6)
i7j7b7c

_ ij,.be
=) 0" (eas eien) Qg 1141 (€ v1) gy 17111 (€5, 0)
i7j7b7c
as desired. O

The main question, therefore, is the converse to the above theorem. Since the TQFT
are topologically invariant, it is a necessary condition for the converse to hold that the
assignments of maps determined by the ECA are also topologically invariant. This is indeed
a conjecture by Mulase.

Conjecture 3.2 (Graph-independence). For each v € 'y, we associate an n-linear map
v : A®" — K in such a way that the ECA are satisfied. If y1,72 € Ty, then y1 =2 as an
element of (A*)®™.

For cellular graphs of small genus, there is evidence for graph-independence, as verified
by brute-force computation. More precisely, Mulase proves the following.

Proposition 3.3.
o Ify ey, then

(3.7) Y1, ey V) = €(viva - - p).
o IfyeT, then
= Zn(vv eaeb)nab
a,b

(3.8) b
- Z 70,3(1)7 €a; @b)77a )

where v0.3 € I'g 3.
The case g = 1 in the above proposition may be generalized further to arbitrary n:

Proposition 3.4 (C). If y € "1, then

v(v1, .. Z n(vy -+ - Vp, eaey)n®

(3.9)
= TI‘ Hoy-vp )
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where p, : A — A is the linear map given by the (left) multiplication by v € A.

In particular, graph-independence holds in all cases above. The proofs to these proposi-
tions are based on direct computations using structure constants of the Frobenius algebra.
Since the computations are quite cumbersome, we leave them in Appendix [A]

3.1. Main results. As a consequence of graph-independence, it is established that TQFT
and ECA are equivalent, so the cellular graphs give another description of the TQFT.

Theorem 3.5 (Main theorem). Assuming graph-independence, we denote by Qg n(v1, ..., vp)
the associated map y(v1,...,vy) for any v € T'ypn. Then {Qg,} is a TQFT.

Proof. The proof is again by direct verification of axioms in Definition

(1) Qo,3(v1,v2,v3) = n(v1,vev3) by (3.7).
(2) Take an arbitrary v € I'y,, and construct an extension 7 € I'y 11 by adding a

vertex of degree 1. Then by ECA 1,
Qgnt1(L,v1, 0 vn) =71, 01,0 0n) =Y(1 - 01, .0, 0p)
= Y(V1, 0y Un) = Qg n(V1, ..., Un).

(3) Take a v € I'g 41 such that Vertex (n + 1) has an arrowed loop, which is a loop of
a handle. Suppose the contraction of the loop leads to a graph v' € I'y_1 n4+2. Then
by ECA 2-1,

Qgn(V1, o) = Qg1 (V1, ooy Un, 1) = y(v1, ooy 0p, 1) = Y (V1 ooy U, 8(1))

at, bj

= Z n(laeaeb)n 77]7 (Ula"‘uvnveiaej)

a,b,i,j

ai b

= Z Tad?) ] Ul,...,?)n,ei,ej)

a,b,i,j

i,.bj

2251777 J’Y vlv"'vvn)eiaej)

bi,j

= Z 77ij’Y/(Ula veey Un,y €4,y 6])

= Zning—l7n+2(U17 ey Uns €3, €5).
i3
(4) Let IUJ ={1,2,...,n} and g = g1 + go. We choose a graph v € I'y ,11 that has an
arrowed loop at Vertex (n+ 1), which is a separating loop. Suppose the contraction
of this loop produces v — v/ Li~y7, where ! € Ly, 11+1 and v e Ly, 17141+ Then by
ECA 2-2

Qgn(V1, ) = Qg1 (v1, ..y Un, 1)

= > (L eaeo)n™ "y (i, v0)v (e, v)
a7b7i?j

= Z 0" Qg 1141 (€6, 01) gy | 7141 (€5, v.5)-
a,b,i,j
This completes the proof. O
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4. EXAMPLE: ABELIAN GROUP ALGEBRA

In this section, we use the ECA to compute the explicit formulas of the TQFT on the
Frobenius algebra A = C[G], where G is any finite abelian group. Here, we do not assume
the graph-independence conjecture; rather, our computation provides evidence for graph-
independence in this special case.

Theorem 4.1. Let G be a finite abelian group, and A = C|G] the group algebra. Then any
assignment of linear, totally symmetric map to v € I'y,, obeying the ECA has formula
(4.1) v(v1,v2, ..., vn) = |Ge(viva - - - vp).

As a result, graph-independence is true for all (g,n) for the Frobenius algebra C[G].

Proof. Note that A has G as basis, and for any «, 8 € G, we have

n(e,§) = e(ap) = 077,
so the matrix [1,4] is a permutation matrix (for any fixed ordering of the elements in G)

corresponding to the permutation {o : a — a~'} on G given by inversion. Furthermore,
[Nas] is symmetric, hence

[7°°] = [Map) ™" = Mgl = [Masl;

s0 78 = §% also. Substitution into (12.2)) gives
n 1 g

S(a) = Y nla, o)y ¢
Bods

= Z e(afo)ft@o !
B,0

= Zﬁ_l ® af.
B

We denote by ~(v1, ..., v,,) the map C[G]®™ — C associated to v € 'y, in a way so that
the ECA are satisfied. We will prove the theorem by double inductions on m() and on the
degree d of Vertex 1. The base case is m(y) = —1, and v € I'g1; in this case the formula
holds by ECA 0.

For the inductive step, we assume that the theorem is true for all v with m(vy) < m;
consider v € I'y , with m(y) = m. We argue by cases:

Case 1: The arrowed edge at Vertex 1 of v connects to Vertex j # 1:
By ECA 1, contraction gives the graph 47/ € I'y ,,_1, which has m(y9) = m(y) — 1,
SO
v(v1,v2, ..., vn) =¥ (V1v5, 02, -+ D, -, Up)
= |G)9€(v1vs - - vp),

where the last equality follows by induction.
Case 2-1: The arrowed edge at Vertex 1 is a loop of a handle, and the contracted graph
v has type (¢ —1,n+1):
By ECA 2-1, we have
Y, va,y .y vn) =7 (8(), v, .y ).
Since m(vy') = m(y) — 1,

’Y(O&, V2, .uey vn) = Z’Y/(B_lv CVB,UQ, -"7vn)
B



12 RUIAN CHEN

= Z 1G9 Y e(avs - vn)
B

= |Ge(avy - - - vy)
by induction. Therefore, if v1 =) cqoa, then
V(01,02 oy vpn) = |G e(viva - - Uy).

Case 2-2: The arrowed edge at Vertex 1 is a separating loop, and contraction results
has two components v/ € Ly 141 and = Ly, 17141, Where g1 + g2 = g and
IuJ={2,..,n}:

By ECA 2-2, we have
7(047 V2, .-y Un) = /YIfYJ((s(a% vr, UJ)'
For any I C {1,...,n}, write uy = [[,c; v;. Since suppose g1,g2 # 0, and I,J # 0,
then both m(vy!) and m(y J) are less than m(), by induction

v(a, v, .00 Z’Y o)y (eB,vr)
= Z |G (8™ ur)| G192 e(aBu )
B

=GPy (5 up)e(apuy)
B

= |Ge(ava - - vp).

To see the last equality above, we write
ur = Ze(/B_luI)B7 uj = Z E(J_IUJ)Jv
B o
then
vy vn = uguy =Y e(B)e(o™")Bo,

B,o
SO

e(lavy---vy) = Ze(ﬁ_lw) (o uy)e(afo) = Ze B~ vr)e(afuy).
B,o B
It then follows again by linearity that
7(”17 V25 -eey Un) - ’G‘96(U102 T Un)-
Finally, without loss of generality, assume g; = 0 and I = (). Then we have

’}/I €TI0, and ’}/J elyn
Y(a, v2, ..., v Z'y T(aB,vg, ..., vp)

= Z aﬁ,vg,...,vn)

= 'yJ(OQUQ’ ...,Un),
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so in general v = 4 by linearity. But the degree of Vertex 1 in 47 is less than that
of vy, and the base cases where the degree is 0 or 1 are handled in ECA 0 or ECA 1,
hence by induction we have

V(01,02 oy vpn) = |G e(viva - - - Uy).

Hence, no matter how we apply the ECA to contract the edges, we will always get the same
result (4.1)); the induction is now complete. O

APPENDIX A. GRAPH-INDEPENDENCE FOR g = 0,1

In this section we prove Propositions and
First we record Mulase’s proof to Proposition For the convenience of the reader, we
restate the proposition below:
Proposition A.1.
o Ifyeyy, then
Y(V1,y ey V) = €(V1V2 - - - Uy).
o IfyeT, then

Y(0) = n(v, eaey)n™.
a,b

We argue by cases, and divide the original statement into following chain of lemmas.
Lemma A.2. Ify €Ty, then y(v) = €(v).

Proof. We proceed by induction on degree of . The base case is when « has degree 0, i.e.,
it has no edges, then by ECA 0 we have y(v) = €(v).

Now suppose the lemma is true for all v € I'g ; with degree less than 2m. Let  have degree
2m, and denote by ~; and 7» the two components of the graph obtained by contracting the
arrowed loop of 7. Then 71,72 € I'g 1, so ECA 2-2 gives

Y(W) = Y nv,eaer)n®n?yi(erale))

a?b)i’j
= Y (v, eaer)n™nPe(ei)e(e;)  deg(m),deg(r2) < 2m
a,b,i,j
= > n(v,eaen)n®nPmim;
a,b,i,j
= (v, eaes)d7}
a,b
=n(v,ere1) =n(v,1) = e(v). O

Lemma A.3. Ify € Iy, then y(vi,v2) = n(vi,v2) = €(vivz).

Proof. We proceed by induction on the degree of Vertex 1. The base case is when the degree
is 1, i.e., it connects vertices 1 and 2. Then contraction results in v2 € Io,1, so by ECA 1
and Lemma [A.2] we have

(o1, v2) = 7 (v1v2) = e(vrv2) = V1, v2).
Now suppose the lemma is true for all v € I'g2 in which Vertex 1 has degree less than
m. Let v € I'g 2 in which Vertex 1 has degree m.

Case 1: If the arrowed edge connects vertices 1 and 2, then ECA 1 implies the desired
formula, just as in the base case.
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Case 2: If the arrowed edge is a (separating) loop, again denote by 7 and 2 the compo-
nents of the contracted graph. Note that v; € I'g 1, and since the Vertex 1 in -2 has
degree less than m (in fact, the degree of v; and the degree of Vertex 1 in 2 add
to m — 1), we have by inductive assumption that v = 1 as an element of (A*)®2,
Therefore

Y(v1,ec) = Z 0 n( (v1, eaep)vi(ei)r2(e; ec)
a,b,i,j

= > i n(vr, eacs)eled)n(e;, ec)
a,b,i,j

= 8" n(v1, eacs)nje
a,b,j

= 3" (w1, @)
b

= 77(7)17 66)7

hence by linearity we have v(v1,v2) = n(v1,v2). This completes the induction. O
Lemma A.4. Ify € Loy, then y(vi,...,v,) = €(viva - - vy).

Proof. We proceed by induction on n, and the base cases n = 1,2 are taken care of in
Lemmas [A.2) and [A.3] Now let v € T'g, with n > 2. If the arrowed edge at Vertex 1
connects to Vertex j # 1, then ECA 1 implies

~

Y(v1,v2, ..., Up) = ¥ (V1V5, V2, ..o, U,y oo, U) = €((V1V5)V2 -V - - vp) = €(V1V2 - V)
as desired.

If the arrowed edge is a loop, then n does not decrease after contraction, so we use
another induction on the degree of Vertex 1. Suppose Vertex 1 in v has degree m > 1 (the
case where degree is 1 is considered in the last paragraph), and let v = v/ U ~”/, where
v €T 7141 and vF € T 41 with TUJ = {2,...,n}. Writing

_ _ P _ _ q

uI—Hvi— E mrep, uJ—ij— E mjeq,
i€l p JeJ q

we have

’y(eav V2, ...,V Z 7767,770]77 Ga, ebec)’yl(eia ’UI)’YJ(ej7 UJ)
b NAN

=) n"nn(ea, evec)nes ur)n(e;, uy)
b,c,i,j

bi, c
Z nn 377 (€as €b6c)mfﬁzpmj773q
b,c,i,3,p,q

q
Z q77 €a; ebec)mlmj
b,c,p,q

= Zn(ea, epec)myms
b,c
=n(eq,uruy) = €(eqva -+ - vy).
By linearity, this gives
Y01,y vp) = €(v1 -+ Up),
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hence completes the double induction. O
Lemma A.5. Ify €'y 1, then y(v) = >, , 1(v, eqep)n™.

Proof. We proceed by induction on degree of «v. The base case is when « has degree 4, i.e.,
it consists of a meridian circle and a longitude circle on a torus, then contracting either of
them results in ' € I'g 5. Hence ECA 2-1 gives

Y(w) = > nv, eact)n™n" (e:, €5)
a/7b7i7j

= > n(v,eaes)n®nn;
a/7b7i7j

= > n(v,eact) '}

a,b,i

= (v, eacs)n™,
a,b

as desired.
Now suppose the lemma is true for all v € I'1; with degree less than 2m, and let ~y has
degree 2n.

Case 1: If the arrowed loop is a loop of a handle, then same argument in the previous
paragraph gives the desired formula.

Case 2: If the arrowed loop is a separating loop, then the contracted graph has two compo-
nents, denoted by 71 and 2. Without loss of generality, let v1 € I'g 1 and v2 € I'1 1.
Since v2 has degree less than 2m, our desired formula holds for v by induction. We

have
v(ea) = Y nlea evec)n” n (e yales)

b7c7i7j

= ) nea, evee)n” nTninvales)
b7c7i7j

= nlea evec)din™ > nlej, exer)n™
b,c,j k,l

= Z n(ea; ec)nle;, ekez)annkl
C7j7k7l

_ . cj ki

= > Naen(ej, exer)nn
C’j7k7l

= Z n(eaa ekel)nkl>
Wl

so by linearity

v() =Y n(v, exer)n*
ol

as desired.
This completes the induction. ]
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Now we prove Proposition We first note that

> nlea evec)n™ = nleaes, ec)n’

b,c b,c

= Z maynacn” = Z mey
b

b,c,d

= Tr[mgple.d = Tr pre,

so by linearity we have », .7(v, epec) = Tr py. Thus, it remains to prove the following

Proposition A.6. Ify € I'1,, then

’7 U1y..-,0 ZTI "vnveaeb>naba

where , 1s the multiplication by v.

Proof. 1t suffices to consider v; = ¢4, and we proceed by multiple inductions. We first apply
induction on n. The base case n = 1 is the second half of Proposition Now assume
the proposition is true for v € I'1,,, where m < n, and consider v € I';,, whose Vertex
1 has degree 1. Then the edge connects to Vertex j # 1, and the contraction results in
= I't n—1, so by induction and ECA 1, we have

Y(v1,v2, .y vp) = yj(vlvj,vz, ey Ufy eeny Up)

= n(vi1vy - U, €pe)T

be

Now assume the statement is true for v € I'y ,, whose Vertex 1 has degree less than d,
and consider v € I'; ;, whose Vertex 1 has degree d.

Case 1: If the arrowed edge connects Vertex 1 to Vertex j # 1, then the proof is the same
as d =1 case.

Case 2-1: If the arrowed edge is a loop of a handle, suppose the contraction results in
v € Topt1. Then ECA 2-1 implies

bi, ¢ /
v(€eq, V2, ... E n”'n 777 €a, €pec)Y (€i, €5, 02, ..., Up)
b,c,i,j

=Y 0" n(eaes, ec)e(eiejva---va) by (B7)
b,c,i,j

bi, c
E nn Jm bndce<ez€]7)2 n)
b,c,d,i,j

bi
= E 6 mye(eiejug - - - vy)
b,d,i,j

= Z nbimibe(eiejvg C )

bi,j

= ne(eicacsva - vn)
bi

= n"nleava- - vn, eicy).
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Case 2-1: If the arrowed edge is a separating loop, suppose the contraction results in
v = ~' U~7 where without loss of generality, 7/ € Lo,j71+1 and = L'y 7)1, With
I'uJ=12,..,n}. First assume I # (), then ECA 2-2 implies

fy(ean V2, ...,V Z nblnCJT/ ea) ebec)/y[(eia UI)’YJ(GJF UJ)
b,c,i,j
Writing
u1:Hv¢:Zm§6p, uJ:ij:quJeq,
i€l p JjeJ q
we have
’y(eav V2, ...,V Z annC]T/ 6a7 ebec)’yl(eia ’UI)/VJ(GJ') UJ)
b,c,i,j
= > n"nInleacs, ec)e(eiur)n(ejug, exe)n™ by B3.7), B9)
b,c,i,7,k,l

— bi, cj,d P q kl
= D anImgnaminimin(ejeq exer)n

b,c,d,i,j,k,l,p,q

_ bsid P _q kl
- Z 6p5dmabmlmﬂ7(€jeqv ekel)n
b7d7j7k7l7p7q

J b, a Kl
Z mgmmin(ejeq, exer)n
b7j7k7l7q

_ b, q K
= Y mimin(eacseq, ere)n
b7k7l7q

= nlequruy, exer)n™

= n(eqvz -+ vn, exer)n™

Finally, if I = ), then v/ € ', as well, then ECA 2-2 gives

Y(easv2, s vn) = Y 0" nIn(ea, evec)y (ei)y (€5, v2, ... vn)
b,c,i,j
bi, cj, d N~d (5.
Z n"'n“mgyn(eq, ec)e(ei)y’ (ej,v2, ..., vy)
b,c,dyi,j

bi, cj, d J
= Z n chjmabndcnli,y (ej7 V2, ey ’Un)
b7d7j

_ bsi o d J
= Zélédmab’y (€j,v2, ..., Up)
b7d7j

= meﬂ’y‘](ej, V2, «eey Up)
J

= 7J<ea7 1)27 ccey Un)-

But the degree of Vertex 1 in 4”7 is less than d, so induction on d implies v has the
same formula as 7”. O
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APPENDIX B. EXAMPLES: SOME NON-ABELIAN GROUP ALGEBRAS AT (1,2) CASE

In this section, we compute the maps assigned to v12 € I'i2 obeying ECA for the
Frobenius algebras Z(C|G]), where G takes the symmetric group S3 of order 6, dihedral
group Dy of order 8, and Z7 x Zs of order 21; the first two are the smallest non-abelian
glroupsﬂ7 and the last one is the smallest non-abelian group of odd order.

In general, for any finite group G, the Frobenius algebra Z(C[G]) has basis

< Z a|[a] conjugacy class in G > ;

a€cla]

for if 3~ caax € Z(C[G]), then commuting with § € G forces ¢, = cg for all o € [5].
By linearity of the assigned maps, it suffices to compute the values of these basis elements.
Restricted to the (g,n) = (1,2) case, ECA 1 reads

(B.1) Y1,2(€as €6) = 11,1(€aks),
and ECA 2-1 reads

M2(eares) = Y nnUn(ea, ecea)rosle ¢, e)

(B 2) C7d7i7j
' - cipdj .
= Z nN°nn(eq, eceq)e(eiejep) by Prop.
C7d7i7j

For ECA 2-2, we assume without loss of generality that g; = 0; then if I = {2}, ECA 2-2
reads

aleares) = > 1°nYn(ea, ecea)roa(ei en)m1(e;)

c,d,i,]

= Z 1°nYn(eq, eceq)e e(eien)v1,1(€5) by Prop. [3:3]
c,d,i,j

while if I = (), ECA 2-2 reads

(B.3)

maleaer) = > 1nUn(ea, ecea)vo(ei)2le;, e)

c,d,i,j
= Z Uczﬁd]ﬁ (€as€ceq)e (61)71,2(63'61)) by Prop.
c,d,i,j
= Z 776177d]77 (€aseceq)12(ejep)
c,d,j
= Z nYn(eq, ea)m1.2(ejen)
dj
= Y nearia(ejen)
Py,

= ya(eje)
J

= 71.2(€eqts),

4Although C[Q] % C[D4], where @ denotes the quaternion group, which is the other non-abelian group of order
8, it turns out that Z(C[Q]) = Z(C[D4)).
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which is vacuously true. Therefore, for all cases below we only need to check that (B.1]),
(B.2) and (B.3) give the same values.

For G = S3, the basis elements are

€1 = 1, 62:(1,2,3)+(1,3,2), 63:(1,2)+(1,3)+(2,3).
The multiplication table
‘ €1 €2 €3
€1 | €1 €9 €3
€2 | €9 261 + e2 263
e3 | es 2es 3+ 2e9

gives

oNI= O
W= o O

100 N
mijl=10 2 0), [’]=[0
0 0 3 0
From these we use (3.8)) to compute 1 1:

v €1 ey €3
Y13 3 0

By direct computation, we find that (B.1)), (B.2) and (B.3]) all give

71,2 | €1 €2 €3

er |3 3 O
es |3 9 O
e3 |0 0 15
ForG:D4:<x,y‘x4:y2:(:L‘y)zzl , the basis elements are
e1=1, e=1? eg=z+2% e=y+2’y, e =ay+a’y
The multiplication table
€1 € €3 €4 €5
e1 el ez €3 €4 €5
ex | ea e €3 €4 €5
es | e3 es 2e; 4+ 2eo 2es 2ey
e4 | eq ey 2es 2e1 + 2eq 2es
es | es es 2ey4 2es 2e1 + 2e9
gives
1 0 000 1 0 0 0 O
01 000 - 01 0 0 O
mjl=10 02 00|, [K9=]001 00
00020 000 3 0
0000 2 0000 3
In this case, all three formulas give
Y12 | €1 €2 €3 €4 €5
er |5 3 0 0 O
e2 |3 5 0 0 O
e3 |0 0 16 0 O
es |0 0 0 16 0
es |0 0 O O 16
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For G=@Q = <az,y}:c7 =3 =1,y oy = :c2>, the basis elements are

6
e1 =1, ey =z + 22 + 24, es = 2° + 2° + a8, e4 = g 'y, e4 = g ziy?.
i=0

1=0

The multiplication table

€1 €9 €3 €4 €5
€1 | el €92 €3 €4 €5
e | e2 es + 2e3 3e1 + ey +e3 3ey 3es
es | es 3e; +ex+e3 2es + e3 3eyq 3es
e4 | ey4 3ey 3ey Tes 7(61+€2+63)
es | es 3es 3es (61+€2+63) Tey
gives
1 0 0 00 1 0 0 0 O
00300 B 00 3% 00
m]=10 3 0 0 0f, m9]=10 3 0 0 0
00007 0000 1
00070 000 1 0
In this case, all three formulas give
71,2 | €1 €2 €3 €4 €5
el |5 8 8 0 0
eo | 8 24 31 O 0
e3 |8 31 24 0 0
e4 |0 0 0 147 O
es |0 0 O 0 147
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