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ABSTRACT. In this thesis, we will provide a basic recursive formula of the Hilbert Series of a quotient
ring Ry, /I, where R,, = Clzo, ..., zn—1] and I, is the quadratic defining ideal of the nth jet scheme of a
double point. Knowing the Hilbert Series of the quotient will give us a way to derive the Hilbert Series
of the ideal. To achieve our goal, we will study the first syzygy module of the quotient ring and describe
its generators. In fact, by learning the structure of the first syzygy module, we can derive a recursive
formula for the minimal free resolution of the quotient ring as R, module which will provide an explicit
form for the Hilbert Series.

1. INTRODUCTION

Consider the ring
Rn = (C[SC(), L1,L2...y Tpp—1

and the ideal I, = (f1, f2-.., fn) C Rp, where

n—1
fn: § TreTn—1—k-

k=0

For example, when n — 1, we have I = (23), and when n = 2, we have Iy = (22, 2zox1). It is easy
to see that R, is an infinite dimensional complex vector space where the basis consists of all monomials
of xg, T1.0e, Tp_1.

Now, we define the bi-degree deg(m) = (a1, a2) to be the degree of a monomial m, where deg(z;) =
(7,1) and deg(mymsz) = deg(my) + deg(msz). Then obviously, R, is a commutative bi-graded C algebra,
and f; are homogeneous with respect to this bi-grading.

Definition 1.1.  For any field k£ and any bi-graded k vector space V, the Hilbert Series Hy (g,t) of V'
over k is defined as
Hy(gq,t)= Y ¢“t*dimy(as,az),
ayp,az

where dimy (a1, az2) is the dimension of the subspace of V' that has bi-degree (a1, az).

Now, let’s consider the Hilbert series of R,, over C

00
H(Qa t)n = Z qalta2an (a17 a2)

a,az

where dg, (a1,a2) = dimpg, (a1,a2) is the dimension of the subspace with bi-degree (a1,az2) in R,,; in
other word, it is the number of monomials in R,, having bi-degree (a1, az2). For example, when n = 1,
Ry = C[z], the standard basis for R; as a complex vector space is By = {1,z¢,3...}. Then a;(z5) = 0,
as(xf) = k, and that implies when a; = 0 and as € Zxo, dg, (a1,a2) = 1, and when a; # 0, dg, (a1, a2) =
0. Thus, the Hilbert series of R; is

o0 [e’s) 1
H(q, t)l - Z gt dp, (a17a2) = Z £ = 1—t¢
ai,az a2:0

Proposition 1.2. The Hilbert series H(q,t), of R, is given by the equation

n—1

1
H(q,t)n = H 11—t
k=0 q
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Proof. We are going to prove this proposition by using mathematical induction. For the base case, as we
stated earlier, when n =1,

1 SE |

Suppose for some m € Zsy,

m—1

1
H(q7t)m: H 1— ktv
k=0 q

Let’s consider n = m + 1. Let B,, be the standard basis of R,,, then the standard basis of R,,1 is
Bmt1 = Upe 2¥, B. Moreover, we know deg(z%,) = (km, k). Since deg(mimz) = deg(m1) + deg(ma),
we can convert the Hilbert series H(q,t)ma1 of Ry11 as following

o0
H(q,0)m+41 = Z q't*?dg,, ., (a1, a2)

ay,az

oo (o)
= qumtj Z q“'t**dg,, (a1, az)
=0

ai,a2

e . .
=Y ¢ H (g, t)m
j=0

1
- H(q, ),
1—qgmt (a:1)

1
:H?qkt.

k=0

Therefore, by mathematical induction, for Vn € Z~¢, the Hilbert series H(q,t), of R, is

n—1

H(q,t)n = H !

_ gkt
k:ol q~t
O

Remark 1.3. For any commutative bi-graded C algebra R and any bi-graded R module M, denote the
Hilbert series of M as H(M). We know that for any bi-graded submodule S C M, the Hilbert Series
over C satisfy

H(M) = H(S) + H(M/S).

Thus, instead of calculate the Hilbert Series of I,, directly, we can first calculate H(R,/I,) and
subtract it from H(R,) which is known. Because of the relation, we can calculate the Hilbert Series of
I,, over C by subtracting the Hilbert Series of R, /I, from the Hilbert Series of R,. Since we already
have the formula for H(R,,) for Vn € N, once we know H(R,/I,), we can easily deduce H(I,).

In this sense, the main goal of this thesis is to prove the following theorem.

Main Theorem. Let H,(q,t) = H(R,/I,), then when n > 4, it can be derived by the following
recursion:

tH,—3(q,¢*t) + Hn—2(q, qt)
1—qgn—1t

Hn(Qa t) = :

When n is approching to co, an explicit formula for the Hilbert Series of R, /I, is proven by Br-
uschek, Mourtada and Schepers[1], which relates the Hilbert series of the arc space for the double point
to the Rogers-Ramanujan identity. A similar result for n = co was obtained by Feigin-Stoyanovsky [2, 3],
Lepowsky et al. [4, 5], and Gorsky, Oblomkov and Rasmussen in [6].

Moreover, the result of this thesis, together with the explicit formula for the Hilbert Series of R, /I,
can be found in [7].
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2. BUILD UP FOR RECURSIVE RELATION

Basis of R,,/I, for small n

In order to calculate the Hilbert Series of R,,/I,,, we need to know the basis of R, /I, over C. Now,
let’s consider the basis B,, of R,,/I, forn =1,2,3.

When n =1, Ry = C[xzg] and I; = (23), then By = {1,2¢};

When n = 2, Ry = Clzg, 71] and Iy = (22, 2z¢71), then By = {1, x¢, 2%k € N};

When n = 3, R3 = Clzog, x1,72] and I3 = (23, 2w021, 27922 + 7%), we can see that by choosing the
reversed degree lexicographic order as the monomial order, {x%, 22071, 2207 + 12} satisfies Buchberger’s
Criterion and is indeed a reduced Groebner basis for I3.

Therefore, By = {ab, zox}, x125i, j, k € Z>0} which consists of all monomials which are not divisible
by any of the leading terms of the elements in the Groebner basis.

For bigger n, we will get the basis from a recursive relation, but before we do that, we need some
tools.

Definition 2.1. A shift of a polynomial f(z1,...,2,) € R, is f(z2,...,Tnt1), which is in R, for all
m > n, we denote it as S(f). Moreover, for any subset M C R,, or quotient of R,,, we denote the shift
of M as S(M) = {S(f) : f € M}. If we consider S as a linear function from R,, to R,, where m > n,
then S is an injection as its kernel is trivial.

Lemma 2.2.  For any ay,...,a, € Ry, > oi ) S(e;)S(fi) =0 if and only if Y1 o f; = 0.

Proof. Since Y1 S(a;)S(fi) = S(X -, a;fi). Because S is an injection, then S(g) = 0 if and only if
g =0. Thus, >, S(a;)S(f;) = 0if and only if > | a;f; = 0. O

Recursive relation between the bases of R, /I,

Now, we claim that for n > 3, B,, = Uje, 2% _1[20S%(By—3) U S(Bn—2)].

The way we consider this is to construct two subsets of R,,/I,, which we name as @Q,, and P,,, where
Q@ consists of all elements in R,,/I,, that are divisible by z¢ and P, consists of all elements in R, /I,
which contain no term divisible by xg.

We can see that @, is an ideal in R,/I, and P, is a subring of R, /I, which is isomorphic to
[R./I,]/Qrn. Consequently, we have H(R,/I,) = H(Q,) + H(P,). In fact, @, can be considered as
2oR,/[In((z0)] and P, can be considered as R, /[, + (zo)]. Now, we need to study their structure
respectively. First, let’s consider the quotient ring R, /[I, + (z0)]-

Lemma 2.3.  For the subring P, of R, /I, which consists of elements having no term divisible by xo,

we have R R
Pn _ n -9 n—2 1l
In + (l’o) ( In72 )[x 1]

Proof. By the Third Isomorphism Theorem, it’s isomorphic to

Ry /(o)
[In + (z0)]/(20)’
where R,,/(x9) = S(Rn—2)[xn-1]. Since I, + (zo) is generated by fi, fa, ..., fn, Zo, by the natural map,
the quotient [I,, + (z9)]/(z0) is generated by the residue of the generator of I,, + (z¢), where the residue
of f1, f2 is 0 since they contain g, and residue of f, is S(fn_2) for n > 3 as f, = S(fn_2) + 220ZTn_1.

As a result,
Rn Rn—Q
—— =S5 1)
In + (330) < In72 ) [zn 1]
Thus, the basis of P, is y—y 2% _1S(B—2). O

In order to study @, we first need to know the structure of I,, ()(zo), which requires us to study
the module of first syzygy of fi,..., fu.

3. STUDY OF THE FIRST SYZYGY

Definition 3.1. Let R be a commutative ring and M be an R-module generated by mi, ms,...my,,
where n < co. Let F be an rank n free R-module with basis B = {ey,...,e,} and there is a R-module
homomorphism ¢ : F — M such that ¢(e;) =m; for i = 1,...,n. The first syzygy module of m,...m,
is ker ¢ and an element of ker ¢ is a syzygy of my,..., m,. Moreover, since F' is a free module, every
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element in F' can be written as a unique R combination of eq, ..., e,. As a result, we can write the element
in ker ¢ in n-tuple form.

In our case, I, is an R,-module and {f1, ..., f»} is a generating set of I,,. It is important for us to
learn the first syzygy module of f1, ..., f, as it will help us understand the structure of I,, ()(xo).

Lemma 3.2.  For fi, fo,...fn, the following relation holds
n—1

> (n—1-3i)aifni=0.

i=0
Proof. Tt is easy to see that all terms in Z?:_Ol(n —1—3d)x; fn_; = 0 are scalar multiples of monomials
To2pxe such that a + b+ c=n—1 since f, is the summation of monomials z,x; such that a +b=n — 1.

If a # b # ¢, then the coefficient of x,xpz, is
2n—1-3a)+2(n—1-3b)+ (n—1—-3¢) =

If a = b # ¢, then the coefficient of x,zpx, is
2n—1-3a)+(n—1-3¢) =3(n—1) — (6a + 3c¢)
=3n—1)-3(a+b+c¢)
=3(n—1)=3(n—-1)

Ifa=b=c,then3a=n—1and a=b=c=(n—1—a)/2. Thus, the coefficient of z,xpz. is
n—1—3a:n_1_w
_3a-(n-1)
- 2
= 0.
As a result, Z?gol(n —1—3)2i fn_; = 0. -

From Lemma 1, we can recognize some syzygies of f1, fa, ..., fn-

Proposition 3.3.  Let
wi = (—2ixz;, (=20 + 3)x;—1, ..., 170, 0, ..., 0),
Vik = —frej + fiek.
Then p; and vy are syzygies of fi,..., fn fori#n—1 and j, k # n such that j < k.

Proof. For p;, it directly follows from Lemma 3.2. For v;;, we realize that f;fi — fif; = 0 when j > k,
the preimage of this relation is v; ;. As a result, p; and v; ), are in the first syzygy module of f1, ..., f,,. O

In fact, they are the generators of the first syzygy module of fi,.., f, and we will prove this later.
If we have already had the conclusion in hand, we will have enough information to discover the structure
of I, (\(xo), which gives us an explicit form of Q.

Proposition 3.4. When n > 3,
n—1

D (=30 fur1—i = —n20S(fa1) = —nlworrzn_1 + 205 (fa-s)],
i=1
where the second equation holds when n > 4.
Proof. Similar to Lemma 1, we can see that each term of the sum is a scalar multiple of monomial z,xpx.
where a + b+ ¢ =n. When a,b,c # 0, if a # b # ¢, then the coefficient of z,xpx. is
2(n—3a)+2(n—3b)+2(n—3c)=6n—6(a+b+c)
= 0;
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if a = b # ¢, then the coefficient of x,xpz. is
2(n —3a) 4+ (n— 3c) = 3n — 6a — 3¢
=3n—-3(a+b+c)
= 0;
if a=b=c, then a = b= c¢=mn/3. The coefficient of x,zpz. is
n—3a=0.
Thus, if a, b, ¢ # 0, then the coefficient of z,zp2. is 0. As a result, x| Z;:ll(n —3i)x; fati—i-

Now, let’s consider the coefficient of xzgx,xp. From the observation above, we have a + b = n, if
a # b, then the coefficient of zgz,xp is

2(n —3a) + (2n — 3b) = 4n — 6(a + b)
=4n — 6n
= —2n;
if a = b, then the coefficient of xgx,xp is

2(n — 3a) = 2n — 6a

=2n—3(a+b)
=2n—3n
= —n.

. —1 .
Therefore, we can rewrite > . (n — 3i)x; fot1-; as

n—1 n—2

—Nxo Z LiTp—5 = —NTo Z Tit1T(n—2—4)+1 — *mﬂos(fnq).

Moreover, because f; = 2zox;_1 + S(fi_2) when i > 3, then S(f;) = 2z12; + S%(f;_2) when i > 3.
Hence, when n > 4,

—n20S(fa-1) = —n20(2212n—1 + S*(fa—3)) = —n[roT1Zn_1 + 205> (fa_3)].

By Proposition 3.4, we notice that £9S?(f,,_3) € I, when n > 4, which implies that
I ((@o) 2 (20S*(Tn—3) + (f1, f2))[#n-1]

4. MAIN THEOREMS
Theorem 4.1.  If the first syzygy module of f1,..., fn is generated by p; and v where i <n —1 and
j, k <mn such that j # k,then forn >4,
l'ORn
— Tp_1)-
I, ﬂ(xO) )[ 1]

Proof. In order to prove Theorem 4.1, we first of all need to show that

I ﬂﬂﬁo (20S*(In—3) + (f1, f2))[#n-1]

when the first syzygy module is generated by p and v. One direction is already derived by Proposition
2, we just need to show the other direction.

Rn73

= 55052(7[ 5

For all g € I, there exists a; € R, such that g = Z?:l «; f;. For each «;, we can separate it into
two parts, one is divisible by xy and the other contains no term divisible by zq:

a; = zoa; + S(5;).
Do the similar thing to f;, we get
f1 = JU%)
fo = 2z071
fi = 2xoxi—1 + S(fi—2) for >3
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Thus, we can rewrite g into the following form

g =x3(zoa + S(B1)) + 2xox1 (zod, + S(Ba)) + Z 2x3w; 10l + Z 2o S(fi2)
=3 i=3

+ Z 2z07;_15(B;) + Z S(8i)S(fi-2)

=3 1=3

= Fa(mont + S(B) + Falzomy + S(82)) + 3 2fuicra + sabe

1=3

+ oo fo + Z 200l (S%(fiia) + 21125 _2) + Z 2xoz;-15(8;) + Z S(Bi)S(fi-2)

=5 =3 =3

=fi(zoa) + S(B1)) + fa(xoas + S(B2)) + Z 2f1zi10 + %
=3

+aywafa+ Y [wiod fo+ jwoSP(fia)] + ) 2w0wi1S(B:) + > S(B)S(fi2)

=5 1=3 =3

a1 fo

The only thing that may not in (x9S?(I,,_3)+(f1, f2))[xn_1] is Z;;B 2x0xi,15(ﬂi)+2?:3 S(Bi)S(fi—2)
and it’s totally depends on S;.

If g € I, 2o Rn, we know 37 o S(8)S(fi2) = 3202 S(Bir2)S(fi) = 0, which implies Y7 Biyofi =
0. By assumptions, (s, ..., 55) is a combination of y; and v, where i <n —3,and j <k <n—2.

For p; = (—2iz;, (—2i+3)z;—1, ..., 120, 0, ..., 0), we have S(u;) = (0,0, —2iz;41, (—2i+3)x;, ..., 121, 0, ..., 0),
and the image of S(u;) onto R, is

D (= 35)zja ficjes = Y (i — 341 (S(fimjs1) — 2T0Ti—j42)
j=0 j=0
= (i —3)8(x;)S(fij1) = D (i — 35)2w0wj 11212
j=0 7=0

1
= —2w0 Y (i — 3j)Tj1ij4o
=0

= (3 — i)xOS(fi+1) — 6.%’0331.’17i+2
= 2(3 - i)$0$1$i+2 + (3 - i)iL’QSQ(fi_l) - 6:]30(13133i+g
= (3 —1)20S*(fi—1) — 2ifomito

Since i < n — 3, then the image is inside (20S5?(I,_3) + (f1, f2))[Tn_1].
For v;, = —fre; + fiexr, we have S(v; i) = —S(fr)ej+2 + S(fj)er+e, and the image of S(v;;) onto
R, is
=S(fr) fiv2 + S(fi) frra = =S(fr)(S(f3) + 2xoxj—1) + S(f;)(S(fx) + 2207k —1)
= —=S(fe)S(f;) + S(f5)S(fx) = 2S(fr)xowj—1 + 25(fj)T0TR—1
= 2(S%(fj—2) + 2712)T0TK—1 — 2(S*(fr—2) + 2717%) 071
=230(S*(fj—2)Th—1 — S*(fr—2)Tj—1) + 4f2(TjTh1 — TRTj_1)

Since j < k <n — 2, the image is in (20S?(I,—3) + (f1, f2))[Tn-1]-

Therefore, by our assumption on the generators of the first syzygy module, we have for all g €
I,NxoRn, g € (x0S*(In_3) + (f1, f2))[Tn_1].

As a result, we have

:EORn xORn

In(wo) — (20S*(In-3) + (f1, f2))[tn—1]
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Since R,, = C[zg, 1, ..., n_1], we can consider the ideal zoR,, as C[z3, zox1, ..., ToZn_1]. Then

xoR, B Clxd, zox1, o ToTp—1]
(©0S%(In—3) + (f1, f2))[#n—1] — (20S%(In—3) + (25, 22021))[n—1]
_ Clzowa, x07,3 , .., ToTp 1]
205?(I—3)[zn—1]
_ 2oC[S%(20), S%(x1), --., S (wn—a)][n—1]
205%(In—3)[Tn—1]
20S*(Ry—3)[#n-1]

B x9S%(I, )[mn 1]

R, _
L Ce g [

Now, since we already have the recursive form for the ideal @,, of R,,/I,, which consists of all elements
divisible by xo and the quotient P,, = (R, /I,)/Qn, we are ready to calculate the recursive relation of the
Hilbert Series of R, /I,. However, before we start the calculation, we still need to know how the shift
map affects the Hilbert Series.

O

Lemma 4.2. For any bi-graded M where M consists of polynomials of x1, o, ..., Ty, denote the Hilbert
Series of M as Hy(q,t). Then the Hilbert Series of S(M), which is denoted as Hg(nr)(q,t), satisfies
Hgny(g,t) = Har(g, qt).
Proof. By definition, we know that
Hy(g,t) = ) "'t dimy(ay, az),
ay,az

then we have
Hsn(g,t) = Z q“1t** dimgpy (a1, az).

ay,a2
Since S(z;) = x;41, which shift the first degree for all ;. Then because deg(mims) = deg(m1) +
deg(msz) for all monomials my and ma, a1[S(m)] = a1(m) + az(m) and az[S(m)] = az(m) for any
monomial m as as denotes the total degree of a monomial and that won’t be changed by shifting.
Hence, dimys (a1, az) = dimgay (a1 + az, az) for all ay,as € Z>o, and we have
Hsn(g:t) = Y ¢*'t* dimga (a1, az)

a,az

= Z qa1+a2ta2 dimS(M)(al +a2’a2)

ap,az

= Z q** (qt)* dimps (a1, az)

ay,a2

Proposition 4.3. For alln € N, Hgn(pp)(q,t) = Hu (g, q").

We can derive this result by repeating the process n times. Notice that Hgz(ap(q,t) = Har(q, ¢%t).

Now, we have enough tools to prove our main theorem.

Theorem 4.4. Denote H,(q,t) to be the Hilbert Series of R, /I,, then for n > 4, it follows the following
recursive relation:
tHy3(4:4%t) + Hn2(q, qt)

H,(q,t) =

(¢,t) =y

Proof. Notice that xR, /[I, (\(zo)] is an ideal of R, /I, and their quotient yields
Rn zoR, R,

Inﬂ% - n/ I —|—(.730)
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Then, because H(M) = H(M/S) + H(S) for all bi-graded C space M and bi-graded subspace

S C M. we have
xoRn Rn
Ho(g 1) = H<) +H<)
@1 =5\ 7, Awo) T+ (a0)
Because we know that

Tl o fins _Ba [ Ba-
I, ﬂ(mo) B xOS ( I3 > [$n71] and I, + (xO) B S( > [$n71]7

we can derive

zoLtn - o -tk _ Hn-3(q,6°t)
Hl — | =t H,_3(q,q°t t)'=——m—7—,
() =t Huoala o = =t

as well as

R, = _ H,_2(q,qt)
H(—2 ) =5 "H, o(q,qt)(¢" 1)k = =221/
() = staan o = et

As a result, we will have the recursive formula for H,(q,t) as

_ tHn—B (qa qzt) + Hn—Q(Q7 qt)

H,(q,t .
(¢,1) =
]
By Theorem 4.4, we will have
M 1 tHn73(q7 q2t) + Hn72(Qa qt)
H(I,) = — .
(In) kljol—qkt 1—gn 1t

For the base cases of H,(q,t), we have:

Ho(gq,t) = 0;

Hy(q,t) =1+t as Ry/I; has basis {1,z¢};

Hy(q,t) =t+1/(1 — qt) as Ra/I5 has basis {zq, 25|k € Z>o}.

Although from Theorem 4.1, we can derive the recursive formula of Hilbert Series in Theorem 4.4,

the proof of Theorem 4.1 is based on the assumption that the first syzygy module of f1, ..., f,, is generated
by certain relations. Now, we are going to prove that it is true.

Theorem 4.5. For Vn € N, the first syzygy module of f1, fa,...fn, namely M,, is generated by p; and
vjr where i <n—1, j #k where j,k < n.

Before we start the proof of the theorem, let’s first see some examples of cases with small n.

Example 4.6. (when n = 3)

In I3, consider Z?Zl a;fi = 0, write o = xpa, + o where zg { o and any term of a;-' for i = 2,3
and j = 1,2,3. Then,

3
Z i fi = (woa + &)ad + (zoady + afy)2x0x1 + (o0 + of)(2z0xs + 27).
i=1

Since a4x? is the only term not divisible by x, we must have o = 0, what remains is
(o) + a)xd + (zwoahy + af)2xox1 + Toak (22020 + 7).
Similarly, 2adzox1 and xoasa? are the only two terms not divisible by 22, so 2aywoz; +z0as2? = 0,
which implies off = x10a4/2. Moreover, since 2z (2z0xe + #3) — 1(27021) — 422(23) = 0 is a standard
syzygy for fi1, fe, f3, which is pg, then

_£U1a§f2

o (2wow1) + 200ty (21072 + 23) = 5 + oy f3
!
T1
= —QIQOzgfl — ! 23f2 + l‘oagfg + QIQO[gfl
iz

=3 + 2zo04s f1
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Therefore, we can rewrite the relation as

/
@]
(zoo) + of + 2x20%) fi + zoan f2 + 32H2'

Notice that pg = 0, then (xoaf + of + 2z204) f1 + zoab fo = 0 as well which is a relation between
f1 and fo and we know it must be a multiple of p;. As a result, any arbitrary syzygy of fi, f2, f3 is
generated by w1 and ps.

Example 4.7. (when n = 4)
Similar to the case in I3, write the arbitrary syzygy as Z?:l «;f; as
(o) + af)xd + (zoahy + aby)2xoz1 + (zoak + of) (2zoxs + 23) + (zocd + o) (2woxs + 231 29).
Since the only terms not divisible by zg are afx? and off (2x122) where 23 = S(f1) and 2z122 =
S(f2), then there 38 € Clz1,x2, z3] such that off = 2z and off = z15.
Rewrite the relation as

(o, + af)xd + (woay + &Q)onml + zoay (2mows + 23) + 200y (22023 + 22102) — 481073,

where ;’27 = gé + z36. Then the terms not divisible by z2 are o?é’(?:noxl), abwor?, 20707179, and
—4Bzox3. If off,afy, and o) are all 0, then 8 = 0 and we can precede to the next step. Otherwise, we

have first three terms are divisible by x1, then the last one must be divisible by x; as well. Therefore,
there 3y € Clxy, x2, 23] such that f = x17.

As a result, off = —2z1297 = —f1 + 220237, and o = x93y = v f3 — 2x9x27y. Then, the relation
becomes
(zocy + )23 + (zoady + ) + w1237y — 2037)2w01 + T (22022 + 7) + o (2T0T3 + 27172) — VU3 4.

Then, by taking out a ojus, we get
(o) + o —z30)) f1 + (zodhy + lf + w1237y — 2037 — T2} fo + (o — 210)) f3 + iz — Y3 4.
Because i3 = 0 and v3 4 = 0, we have

(w00 + of — w30y fi + (x00s + 0f + w1257 — 203y — 220) fo + (w00 — x104) f3 = 0,
which is a syzygy of f1, f2, f3, by the last part, it is generated by p; and ps.
As a result, the module of syzygies of fi, fa, f3, f4 is generated by g1, po, u3, and vs 4.

Now, let’s start the proof of the general case, which follows the similar idea. Moreover, to make the
proof more accessible, we will precede in the n-tuple language.

Proof. Let F, be a rank n free module with basis B = {b1, ..., b, }, and define R, map ¢ : F,, — I, such
that ¢(b;) = f;. The first syzygy module of fi, ..., f, is ker ¢ and since we have a basis for F},, we can
write element of F), as n-tuples. For any arbitrary element oo € M,, C F},, write « as
a=(a1,a0,..,0),
then for each a;, we can rewrite it as zoa + o where z¢ doesn’t divide any term of o for all i, and by
taking out proper number of vq ;, we can have g { o} for all i > 2.
By mapping the syzygy into I,,, we get

n

Z(Jﬁoag +ai)fi=0

=1

(oo + o) f1 + (zoah + o) fa + Y _(woct) + o) (2womi—1 + S(fi—2)) =0
=3

and that implies Y. 5 a/S(fi—2) = 0 because any other terms are divisible by . Then let

O/ = (07 Oa Oéé/, ...,CVZ),

because of Lemma 1, we have

n—1
of = Z Bit1S(pi—2) + Z BixS(Vj—2k—2).

i=3 3<j k<n,j#k
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For any j, k > 3 such that j # k. Because
S(j—2k—2) = —S(fe—2)e; + S(fj—2)er

= —(fx — 2zozr-1)ej + (f; — 2x0xj—1)ex

Vi + 2x0$k_1€j — 2x0$j_1€k,

we can take out all the S(vj_z ,_2) as v, and what remains will go to the zgaj parts. Let
a=a-— Z BjkVj ks
3<j,k<n,j#k
then & € M,,. Write & as
a = (zoa, + o xoaly + o, ..., wocd, + ).
Let
=(0,0,04,...,a),
notice that o/ = (n — 3)z1 3, and we have

n—1

= Z Bit1S(pi—2)-

i=3
Now, we consider the image of S(u;—2), fori=3,..,n — 1.
i
G(S(pi—2)) = Y (i + 1= 3k)ag firor + (20 — Dzifa

k=1
= —(l + 1)xoS(f,) + (21 — 1)Ii_1f2

Therefore, we have

n—1 n—1
$(@) = (w00 + a{) fi + (woah + af + Y _(2i = Dfipazi)fo + Zxoa fi =Y i+ 1)BipazoS(fi)
=3 1=3 1=3

=0.

By removing the terms divisible by z3, we get

n—1 n n—1
(04 + (2 = 1)iazim1)f2+ Y w00l S(fice) = Y _ (i + 1)BirazeS(fi) = 0.
i=3 i=3 i=3

Since fy = 2xpx1, we can cancel a xg in each of the terms and simplify the equation as

n—1 n n—1
(0F + > (2 = D)o + Yy aiS(fime) = D+ 1)BiaS(fi) =0
i=5 i=3 i=3

Because S(fi_2) = 2z12;_2 + S?(fi_4) for i > 5, we can write 0;; = 110; + ¢ and f5; = x17, + v/ where
0! and ~/ contain no term divisible by 1. Therefore, we notice the terms that are not divisible by z;
will sum up to be 0. That is

n n—1

D075 (fiea) = (14 1718 (fi2) = 0
it
Y08 (fima) = D (i = Dy S%(fima) = 0
=5 =5
D07 = (= D) S (fima) + 13 S*(fas) = 0.
=5

Because the equation is a relation of S?(f;), where i = 1,...,n — 3, by Lemma ?? and induction
hypothesis, we know
=z + Z n:S(fi-
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Then,
Bn =17y, + xan + Y mi(fi — 2momi_1 — 2175 )
i=5
~ n—1
= 217y, + 221 + Z 0i(fi — 2z0zi-1) + S(fn—2),
i=5
so that
5 B n—1
w=(n—3)aly), +zrzen + Z niw1(fi — 2z0zi-1) + 215 (fr—2)]
i=5
B 1 n—1
= (n—3)[(f3 —'2$0$2)7%'+'§(12 = 2wozs)n + > miw(fi — 2xxi-1)
i=5
1 n—3
- > (=3 =30)2i1S(fa—2-i)
i1
B 1 n—1
= (n—3)[(f3 —'2$0$2)7%'+'§(12 = 2wozs)n + > miw(fi — 2x0xi1)
i=5
1 n—3
T3 Z(n =3 = 3i)Tip1(fri — 2T02Tn—i—1)
i1

n—1
= 0:ifi — w00
i=3
As a result, let

n—1
o Z 1 -
O[/ = — oil/i,n — m(&% — 9),[1%_1,
=3

11

then & € M,, and the last entry is 0. Then by induction hypothesis, it is a combination of y; and v;

fori=1,2,....,m—2and j,k=1,2,....,n — 1 such that j # k.

In conclusion, M, is generated by p; and v; for i =1,2,...,n —1 and j,k = 1,2,...,n such that

Jj# k.

In fact, this result of the structure of the first syzygy module will induce a recursive formula for the
minimal free resolution of the quotient ring, and it can further imply an explicit formula of the Hilbert

Series, which, as we stated in the introduction, can be found in [7].
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