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Abstract. Inspired by Vershik and Okounkov’s approach to the representations of
symmetry group, this paper reconstructs part of the results in their study, explores
the irreducible representation of degenerate affine Hecke algebra and classifies weights
of X;’s. This paper also describes the features of valid weights from an inflated H (n)-
module and how to put weights in a nice “form”.
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1 Degenerate Affine Hecke Algebra

Definition 1.1. The degenerate affine Hecke algebra H(n) is generated by elements
51,89,...,58,-1 and Xy, Xo, ..., X, subject to the relations

s7 =1, 55118 = Si415:5i11, sis; = sj8; for |i—j| > 1,
5iXisi = Xip1 — s, X; X5 = X;X,.
Proposition 1.2. We have a natural injective map
1: Hm)® H(n) — H(m +n)
8i @ 1 53,1 @ 85 = Sy,
Xi®1l X, 10X = Xy,
where s;, X; € H(m) and s, X € H(n).

We also know the linear basis of C[X7, ..., X,] =@ C[X] is monomials denoted by
{X? | B € N"} and the basis of C[S,] is {w € S,}.

1.1 Representations of H(n)

Definition 1.3. There exists an algebra homomorphism
ev: H(n) - C[S,]
Si > S;
X1 =0
such that ev(Xs) = s1ev(Xp)s; + s1 = s; and by induction
ev(Xiq1) = siev(X;)s; + s

—1
Therefore, we have ev(X;) = Z(k i) for i« > 1. This is a surjective algebra

homomorphism with Ker(ev) = (n)X 1H(n).

.

k‘

Via ev one can turn any S,-module M into an H(n)-module, we call Inﬂ . So
any H(n)-module M such that X; M = 0 is isomorphic to an 1nﬂated Sh module



Let V* be an irreducible representation of S;;; and V# be an irreducible rep-
resentation of S;. We have S; embeding in S; ; on its first [ elements. Define

VMe=Homeys, (V*, V?*). Since Inﬂg(l) is a H(l) representation, we can get

VM — HomC[Sl](Inﬂg(l) VH Resgg;rk) Inﬂgil:k) V)

which is a H(k)-module.
Example 1.4. Suppose V* is an irreducible representation of S;, and V* is an ir-

reducible representation of S3. Suppose y = 0 and A = EP and then VM* is a
representation of H(2). Let p be the trivial representation of S;, and A be the stan-
dard representation of S3. We choose basis {v1,v2} of V* such that

S1 1 U1 <> Vg,

So U1 — V1, Uy — —('Ul + 'UQ).

Then we have
(01 (1 -1
17V 10)27 o0 -1

By evaluation homomorphism, we have

0 0 0 1 0 -1
a=(o)e=(Vo)e=(5 )

acting on Infl V*. Thus, by Proposition 1.2 we get a new representation of H(2).
01 0 -1 1 -1
= (a)e=(4 )= (o )

Since X[s commute, they can be upper triangulated simultaneously. In this rep-
resentation of H(2), if we choose basis {vy + ve, v — v2}, we will get

10 -1 0
o= (o )= (00 0)

Remark: This is an irreducible representation since vy + v, and v; — v9 are not the
eigenvector of s;.

Ezample 1.5. Suppose M is some H(n) module. Let v € M be an X-eigenvector with
spectrum (a;). In other words span{v} is an X-submodule. We also have span{v, s;v}
is an X-submodule.

Case 1: v is also an eigenvector of s; with eigenvalue b;. Then we have b; = £1 and
a;y1 = a; = 1 with dim(span{v, s;v}) = 1.

Case 2: a; = ajy1 = a. Then dim(span{v,s;v}) = 2. X; and X;;; can not be
diagonalized. With respect to the {v, s;v} basis,

a —1 a 1
Xz_(o G)Xi+1_<0a>
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Case 3: a; # a;+1 £ 1 and a; # a;41. X[s can be diagonalized when we choose the
basis of this submodule to be {v,v + (a; — a;11)s;v}. Then the spectrum s; - a =
(a1, as...,a;11, a;, Giro,...) for the eigenvector v + (a; — a;41)s;0.

Ezample 1.6. Let M be an irreducible representation of H(n) such that X;M = 0
(x). Then M can be written as Infl(/V) for some N as an S,-module. We have the
correspondence:

irreducible representation of C[X] <— (ay, ag, ..., a,)

For v € M, we have following restrictions on its weight: a; = 0. For as, we know
that as = +1. If ay = 0, by Example 1.5 Case 2, we have

(33 (0)

If ay # 1, then by Case 3, we can get the weight vector of v — ass;v to be (as,0, ...).
In both situations, X; # 0.

1.2 Induced Representations

Let B be a C-algebra with a subalgebra A and suppose B, is free as a right A-
module of rank r. Let M be an A-module, with dim¢ M = m. Then we define a
(left) B-module:

B®a M

which is Ind% M. Observe dimg(B ®4 M) = r - m.
Theorem 1.7 (Frobenius Reciprocity).

Homp(Ind% M, N) = Homg(B @4 M, N) Z¢_yector space Homa(M,Res’ N)

We apply to B = H(n) and A = C[X, Xy, ..., X;;]. Then rankof By = n! = |S,|
because the basis of H(n) is {wX*|w € S,, € N*} and the basis for H(n)c[x) is
{w|w € S, }. Now we apply to B = H(n;) ® H(ny) and A = C[X},...X,,]. Then the
rank of By is nq!nsy!.

Proposition 1.8. In Proposition 1.2, we define an injective map ¢ : H(ny)Q@H (ny) —
H(n) where ny +ny = n. Thus H(n) o H(ns) s free of rank ().

Proof. Since C[X], H(n1) ® H(ny) and H(n) are all C-vector spaces, we have
[H(n) : CIX]] = [H(n) ® H(ng) : CIX]] x [H(n) : H(n1) © H(ns)]

Therefore, H(n)p(n,)oH(n,) is free of rank —m’}:m!:(:l). O
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Ezample 1.9. H(3)g(2)eH(1) is free with basis {s, 5351, 1} rank = 3.

Ezample 1.10. Pick 1- dlmensmnal module of C[X7, X5] with a weight vector given by
its weight (a,b). Denote this module by (a,b) = span{ve}. Let V = H(2) ®c[x,,x.]
(a,b). dimV = 2 x dim(a,b) = 2. Let B = H(n) and gN be any B-module. By
Frobenius Reciprocity,

Homp(V, N) = Homp (Indg:§) (. b), N) 2 Homepy)((a, b), Rescpy) N).

Let N be the representation V** in Ezample 1.4. Rescxy N 2 (1,—1) & (-1, 1);
therefore, we have
dim Homgx)((—1,1),Res N) =1

dim Homgx)((1,—1),Res N) = 1
1), N) =1

dim Hom () (Ind

Q-1
which means there exists a surjective nonzero H(2)-homomorphism such that Indg[g (—1,1) —

N since N is simple.
Ezample 1.11. Consider Ind(c[X( —1) = H(2) ®¢[x] (1,—1) and denote (1,—-1) =
span{vg}. Choose the basis s; ® vy, 1 ® vy for this left-module. By calculation, we

get
01 -1 0 1 0
w=(Vo)u= (5 ) e=(0 5)

which is irreducible. The eigenvectors of s; are {ﬂ and [_11} but they are not pre-

served by X; and Xj,. Therefore, IndC[X]( —1) is a simple H(2)-module.

Ezrample 1.12. Now, consider induced representation Indg[()?(ii, 4). Is this simple? We
still choose the basis s; ® vy, 1 ® vg. By calculation, we get

01 40 30
n=(1o)x= (A s) = (00

which is not irreducible because span((s; —1) ® vg) forms a H (2)-invariant subspace.
Ind [(X] (3,4) is not a simple H(2)-module. If we choose new basis {(s;—1)®uvo}, {(s1+
1) ® vp} then we get matrices

1 0 4 1 3 -1
(o )o=(os)e= (0 )
Thus, we have Ind(c[(; (3,4)/span{(s; — 1) ® vy) = span({l & vp).

Ezxample 1.13. We consider induced representation Indg%(O, 0). Similar to previous
calculations, we have B

01 0 0 0 0
ne(10)x= (5 0) = (00



which is irreducible.

Ezxample 1.14. Let g3 N be finite dimensional over C and suppose N = Inflg, M be
a simple H (3)-module for some S3-module M. Can we have X-weight of N which is
a=(0,1,0)7 Since N is finite dimensional, we can choose v € N v # 0 to be a weight
vector such that X;v = a;v. Therefore, we have Homcx((0, 1,0), Rescix; V) # 0 and
by Frobenius Reciprocity and previous statement, we have 3 surjective nonzero H(3)-

homomorphism f such that Ind(c[)q (0,1,0) - N. We choose w € IndCX (0,1,0),
such that f(w) = v. We have f((X3 — Xy)w) = (X3 — Xo)f(w) = (X5 — Xo)v =

(25189 + S2 — $1)v = —v by evaluation function. Similarly we have f((X; — X;)w) =
(Xo—X1)v = $10 = v, 80 (8251524 59)v = sv—v = 0. Then §1595951 520 = — 5189590 =
—v, and we get sov = —v. We have contradiction that v = 5951500 = s159510 = —v.

1.3 General Approach

Suppose we have a g(,) IV Which is simple. Then there exists C[X]-module (a1, as, ..., a,)
and N is a quotient of Ind X] (al, ey Q)

Theorem 1.15. [f N = Inflg, M is irreducible and M is irreducible C[S,]-module,
then Rescix) N is semisimple.

Proof. See Section 4. O]

Ezample 1.16. Let (ay, as, ...a,) denote 1-dimension C[ X7, ..., X,,]-module and [ay, as, ..
denote 1-dimension H (n)-module if a; = a;41+ 1 or a; = a;41 — 1 for all 4. In module
la1, az, ...a,], s; act as 1 when a;41 = a; + 1 and s; act as —1 when a;41 = a; — 1.
Refer to example 1.12, let n=2 and consider Ind”®(3,4) which is not simple. We
have exact sequence

0— [4,3] - Ind(3,4) — [3,4] — 0
Does it split?
We know Rescix)Ind(3,4) = (4,3) @ (3,4). Suppose Ind(3,4) = A @ B and consider
Res A, Res B. We have

Ind(3,4) - A and Ind(3,4) - B

implies
(3,4) — Res A and (3,4) — Res B.

Then we have C[X]-module isomorphisms,
(3,4) ® (4,3) = Rescix] Ind(3,4) = Rescx) A ® Rescx) B

Contradiction! So Ind(3,4) is not semi-simple.

)



Theorem 1.17. Suppose a; # a; whenever i # j. As C[X]-module we have

Rescix; Indg[(ﬁf(au a2, ...y an) = Doesmn) (Ao(1), Go(2)s - Qo(n))

We need a lemma first.

Lemma 1.18. Let B be a commutative finite dimensional C-algebra.
(1) Any simple B-module V is 1-dimensional.

(2) If the character of V' is x1 + X2 + -+ + xa with all x; # x; where x; is the
character of simple B-module V;, then V = ®V;.

(3) If we have a filtration 0 = Vo € V4 C Vo C --- C V of B-submodules
with each Vi1 /V; simple and Vj11/V; # Vi1 /Vi as B-module when j # k. Then
V=a;(Via/V)).

Proof of Theorem 1.17. We choose the C basis of V' = Resc|x; Indg&l])(al, ag, ..., ap) to

be {c®v|o € S, }. We can upper-triangularize all operators X/s with diagonal entries
{(ag-—101), G5-1(2)s ---G-1())|0 € Sy}, if we order the basis by length of elements (length
is defined in Definition 2.4) and denote it by {ej, e, ...e,n}. Let B be the subalgebra
of M,,;(C) generated by matrices of X!s in this basis. Then we have the filtration

0 C span{ei} C span{ey, e} - CV

Denote span{ey, es,...e;} = V;. We have V;1/V; # Vii1/Vi when j # k since ajs
are distinct. Furthermore, V;/V;_; is a 1-dimensional submodule spanned by a weight
vector with ith weight. Thus, by the previous lemma, we get

Rescx] Indg[%) (a1, @2, ... an) = Boesn)(Ao(1); Ao(2); s Ao(n))

Definition 1.19. We define an operator called “inter twiner” in H(n) by ¢; =
$iXi — Xis; = 8i(X; — Xiy1) +1

Ezample 1.20. If v is a weight vector of H(2) with weight (ai,as), then ¢ ® v =
(s1(X1 — X9)+1)®v = (a1 — az)s1 ® v+ 1 ®v which potentially gives us another
weight vector by Example 1.5, Case 3.

Proposition 1.21. Inter twiner operator has following properties:
(1) i = pjpi if li _,J| > .1
(2) PiPiP; = PiPiP; Zfl = +1



(3) ¢; = (Xi = Xipa + 1)(=Xi + Xip1 + 1) € C[X, Xipd]

(4) Xipi = iXs,)

(5) Let w € S,,. Because properties (1) and (2), v, makes sense.

(6) v, = w(polynomials of X’s) + > u(polynomials of X’s)
I(u)<l(w)

Consider algebras C O B D A and a left A-module M. Then we have transitivity
of induction:

C®4aM=C®gB®sM=1IndGInd§ M = Ind§ M

In our setting, By is free as A-module, Cp is free as B-module and C}, is free as A-
module. Free modules are flat which means functor By ® 4 — is exact. For example
Ind% and Ind$ are exact functors. Thus,

Lemma 1.22. Given a short exact sequence of B-module
0—>L=>M—=N=0

then, the sequence
0— Ind5 L — Ind§5 M — Indg N — 0

15 exact.

Proof. We just need to show a flat module is exact. Due to the freeness, we can
write C' = @; B. Thus, the second sequence becomes

0= @(B® L) @&(B®M)— @&(B®N)—0
Clearly, @;¢ is injective since ¢ is injective. Thus, we get the exactness. O]

Theorem 1.23 (Jordan-Holder). Let R be a ring with unity and M be a left R-
module. Suppose we have two filtrations 0 = My C My C My... M, = M and 0 =
Ly C Ly CLy...Ly, =M such that M1 /M; and L;j1/L; are simple R-modules for
all i, 3. Then we have r=k and the list of quotients (M /Moy, My /My, M3/Ms ... M, /M, 1)
is a rearrangement of the list (L1/Lg, Ly/ L1, Ls/Lo ... Ly/Li_1).

Corollary 1.24. Suppose we have short exact sequence of R-module
0O—+L—->M—=N=0

such that L, N are simple modules and L 22 N. Then the only possible quotient
modules of M are L or N and the only possible submodules of M are L or N.

Proof. The proof follows from Jordan-Holder Theorem. O



Suppose n = Zézl a; and 7x; € Z for all i, 7. We define the notation

Indy, ., faytag, . g | W Py, . 22, | K- K [lxl, ot Tq,]

representing the induced representation from the representation of H(a;) ® H(as) ®
<+ ® H(ay) to H(n).

Ezxample 1.25. Given
0— [4,3] = Ind(3,4) — [3,4] — 0
We have
0 — Ind,(2) ® [4,3] — Ind}, 1(2) K (3,4) — Ind},(2) K [3,4] — 0
where subscripts of Ind represent the tensor product of H (i) and
Ind}, ;(2) X (3,4) = Ind},(2) X (Ind},(3,4)) = Ind} (2, 3,4) by transitivity.
Ezample 1.26. Let’s think about Ind(0, 1, 0)
0 — [1,0] = Ind(0,1) — [0,1] — 0
0 — Ind3;[1,0] ® (0) — Ind}, 4[0,1] & (0) — Indj [0, 1] X (0) — 0

Choose C-basis of H(3) over H(2) ® H(1) to be {1, s2, 5152} In this basis, we get a 3
dimensional representation of H(3) on module Ind; [0, 1] X (0)

00 -1 1 -1 0 011
Xi=1 00 -1 | Xo=[0 0 1 |Xs5=10120
00 O 0 0 0 001

Thus, X-weight is (0,1,0) and a generalized weight (0,0,1).

Similarly, we also get a 3 dimensional representation of H(3) on module Indgﬁl[l, 0| X
(0)

—1

0 0 1
1 | Xs=| 00 0
1 00 O

Let L = Indj[1,0]K(0) and N = Ind3 [0, 1]X(0). L or N are not inflations. If S C N
is an H (3)-submodule, in particular Rescix] S € Rescx) IV is a C[X]-submodule. We
know N has a basis of generalized X-weight vectors and S does too.

Analyze Rescx S:



Case 1: S has (0,1,0) weight vector which must be 1 ® v, but H(3) - (1 ® v) = N.
Case 2: S must have (0,0,1) weight vector w and w € span{l ® v, sy ® v} with
nonzero coefficient of sy ® v, but not s; invariant. We know w = 1 ® v 4+ so ® v
which is a weight vector with weight (0,0, 1). Therefore, s;w =1 ® v — s159 ® v and
Xis1w = (5159 X3 — 81 — 82) Qv = —1® v — 55 ® v. Then we have 1 ® v € S so N is
irreducible and not inflated.

Similarly, Let 7" C L.

Analyze Rescx) T :

Case 1: T has (0,1,0) weight vector which must be w = (1 ® v — s9 ® v — 5152 ® v),
but w —s;w=10v—s ®v=2®v. So H(3) - (w) = L.

Case 2: T must have (1,0,0) weight vector or generalized weight vector w € span{l ®
v}, but H(3) - (1 ® v) = L. Thus, L is also an irreducible representation and not an
inflation.

Suppose @ is an irreducible H (3)-module such that (0,1,0) C Res @, then Ir1di’7171(07 1,0) —»
@ by Frobenius Reciprocity. Thus Q = L or Q = N and Q # Inﬂgg(g) (any module) .

Example 1.27. Recall that if M is simple H (5)-module such that Rescix; M 2 (0,3,1,4,6) =
v, could M = Inflg, (any module)? No! Because ¢jv is weight vector of weight
(3,0,1,4,6) and v # 0, X110 = 3pv # 0. If pv = 0 then piv = (X7 — Xy +
D(=X;+Xo+ 1Hv=—-8v=0.

So what if Rescix; M 2 (0,1,0,2,1,4,6) where M is a H(7) simple module? First
consider N = Rengg@Hu) M and Rescix; N 2 (0,1,0)X(2, 1,4, 6). Thus, by previous
example, N will contain either [1,0,0] X [...] or [0,0,1] X [...]. Neither of them can

appear in an inflated module. Then M cannot be an inflation.

Proposition 1.28. By the analogue of FExample 1.26 and Corollary 1.24, we can
conclude that whenever we have an irreducible H(3)-module M such that (a,a+1,a) €
ResM, we have either (a,a,a + 1) or (a + 1,a,a) as a weight in M. Additionally,
whenever we have an irreducible H(3)-module I such that (a,a,a + 1) € ResL, we
have a map Ind(a,a,a + 1) — L and short exact sequence,

0 — Ind},(a) K [a+ 1,a] = Ind(a) K (a,a + 1) = Ind; ,(a) K [a,a + 1] = 0

the left term has generalized weights (a,a + 1,a), (a + 1,a,a) and (a + 1, a,a) which
is definitely not L. The right term which is L has weight (a,a,a + 1), (a,a,a + 1)
and (a,a+1,a). Therefore, L contains weight (a,a+1,a). Thus we have diagram to
tllustrate:

(a,a,a+1) — (a,a+1,a) «— (a+1,a,a),

(a,a+1,a) — (a,a,a+1) or (a,a+1,a) — (a+1,a,a).



1.4 Theory of Weights

Definition 1.29. Denote by a; : H(n) — H(n) the automorphism of H(n) such
that:

Si S
Xi— X, +k
for all possible i.
Definition 1.30. Denote by € : H(n) — H(n) the automorphism of H(n) such that:
X, — —X;
Si > —$;
for all possible i. Thus, e(w) = (—1)®w

Definition 1.31. Denote by rev : H(n) — H(n) the automorphism of H(n) such
that:

X1 — Xn
X2 — Xn—l

X, — X;
S1 = —Sp—1

So > —Sp—2
Sp—1 — —$1

If gmyM is a left H(n)-module, then we can define H(n)-module M* by Vh €
H(n),m € M, then h-m = ai(h)m. We can define M€, M" in the same manner.

With these automorphisms we have

(Ind(a, b, )™ = Ind(c, b, a)
(Ind(a,b,¢)) = Ind(—a,—b — ¢)
(Ind(a,b,c))*™ = Ind(a + k, 0+ k,c+ k)

Proposition 1.32. Same set up as Proposition 1.28, we can switch elements in the
weight tuple as follows:

® (a,at1,a) = (a,a,a£1) or (a+1,a,a).
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® (a,a,a+1) = (a,a £ 1,a).
® (at1l,a,a) = (a,a £ 1,a).
@ (a,a+1) are stuck in the absence of structure D), @), @ .
® (a,b) = (b,a) ifa#b=+ 1.

Lemma 1.33. If weight « = (a1, as,...,a,) with a1 = a; for some i, then a can
not be a weight of inflated module.

Proof. If a; = a;y1 = a, then any module M with (...,a,a,...) € ResM is not
semisimple since X; and X;,; are not diagonalizable by Example 1.5 Case 2. Thus,
by Theorem 1.15, a can not be a weight of an inflated module. O

Theorem 1.34. Suppose M is an inflated H(n)-module with n-tuple o as a weight
of Res M. Then a = (a1, as,...,a,) must satisfy the following properties:

1. 1 aq :O,
1. :{ai—1,ai+1}ﬂ{a1,a2,...,ai,1}#@Vi,
wi. @ if ap = ag = a for some p < q then

{a —1,a+1} C{aptr,...,aq-1}

Proof. 1If M is an inflated module, then X;M = 0 and ag = 0. If {a; — 1,a; + 1} N
{a1,a9,...,a;_1} = (0 for some i, then we can move a; to the first place of the tuple
by operatoion (5) in previous proposition which gives us that M is not an inflated
module. If (iii) fails, then pick p, ¢ with the minimal ¢ — p for which this happens.
If {a —1,a+ 1} N {aps1,...,a,-1} = 0, then we can get weight (...,a,a,...) by
(® which is not valid. Without loss of generality, if {a + 1} € {a,+1,...,a,-1} but
{a — 1} ¢ {apt1,...,a4-1}, then there is only one a + 1 between two a’s, otherwise
there must be another a between two a + 1’s. This will contradict the minimality of
q — p. Thus, we will get (...,a,a+ 1,a,...) by operation ) and get (...,a,a,...)
by operation (1) which is not valid. m

Definition 1.35. For an integer tuple which satisfies three conditions in Theorem
1.34, we call this tuple “valid weight”.

Lemma 1.36. Operation (5) in Proposition 1.32 does not change the wvalidity of
weight.

Proof. We can only do operation (5) when a; # a;+1, a;+1 = 1. Thus, it will not
interfere with validity since we only care about the position of a; +1 in the tuple. [J
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Definition 1.37. We say a weight is in a nice form if it has the form of (r + 1)-
tuple (go,9-1,-.-g—) where each g_j represents a tuple (—k, —k+1,—k+2...) and
lg_k| > |9-k_1]- |g_k| means length of tuple.

Ezample 1.38. (0,1,2,3,4,—1,0,1,2, —2, —3) is an example of nice form. (0,1,2,—1,0,1,2)
is not an example of nice form.

Lemma 1.39. Let o = (ag,a1,...) be a valid weight. If a > 0, then the leftmost
entry with value a + 1 can not appear on the left of the leftmost entry with value a.

Proof. Suppose the lemma is false. Then out of all such pairs {(a;,a;)|a; = a; + 1}
where i < j, a; > 0 and ay, # a; for all k < j, pick ¢ minimal. Let a = a;. If a; # a+2
for k < i, then we can move a; to first place by operation ). If a;, = a + 2 for some
k < i, then the pair a; = a; + 1, k < 7 contradicts the minimality of ¢, unless there is
an a + 1 = a, left to a+ 2, i.e. » < k. But as r < 1, this contradicts the minimality
of i. Hence the lemma holds. m

If a < 0, we have a similar lemma.

Lemma 1.40. Let o = (ag,ay,...) be a valid weight. If a < 0, then the leftmost
entry with value a — 1 can not appear on the left of the leftmost entry with value a.

Theorem 1.41. Every valid weight can be transformed to a nice form using Propo-
sitton 1.32 operations.

Proof. Consider a valid weight o = (ag, ay,...). Observation: if a > 0, there cannot
be two a — 1 appear prior to the leftmost a in the weight, and if a < 0, there cannot
be two a + 1 appear prior to the leftmost a in the weight by criterion (iii). If a; = 1
for some 7 > 0, then we can apply operation (5) to a repeatedly to the leftmost
occurrence of 1 to create a new valid weight o with a; = 0,a} = 1. We can do this
as previous lemmas and observation ensure there are no 2’'s to the left of this 1 in «
and there are no 0's between a¢ and first 1. We can apply similar reasoning to the
leftmost 2 in o’ to bring it to the third position and so on, until we reach the largest
value by := max;{a;}. The new valid weight o’ has first by + 1 positions determined
o =(0,1,2,...,b,...,...). Denote gy = (0,1,...,b) and observe |go| = b+ 1. Now
we claim a , = —11if |go| < [a"]. First if aj, ; > 0, then aj,, = a] for some 0 <7 < b
by maximality of b. But by (iii), aj,; — 1 occurs in 5% position for some i < j < b+1
which cannot happen since the sequence g is increasing. If aj,; < —1 then repeat
(® brings ay,, to the first position contradicting validity. Now we follow the same
process until reach the largest number in « \ gy and denote it as g_;. We will have
|go| > |g-1|, otherwise b € g_; which contradicts the maximality of b. Then we can
group rest of elements in the same manner and have |g_x| < |g_x_1]. O
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Definition 1.42. We define a second nice form of weight such that the n-tuple is
in form of (go, g1,...9,) where each g represents a tuple (k,k — 1,k —2...) and

|9k| > |9ks+1|-

Ezxample 1.43. Same example as Example 1.38 but in second nice form:
(0,—1,-2,-3,1,0,2,1,3,2,4).

2 Center of H(n)

We can also regard degenerate affine Hecke algebra as a vector space by C[X|®cC[S,].
Therefore, the basis of H(n) is {X*w|a € N*,w € S, }.

Lemma 2.1.

a—1
a __ a kya—1-—k
$iX; = X8 — § XX
k=0

and

a—1
siXfy = X{si+ Y XX
R R i i+l
k=0

fora>1.

Proof. ;X3 = (Sz'Xz‘)Xffl = (Xz'+18i—1)Xia71 = Xi+1(Sin‘)X572_Xffl = Xi+1(Xi+13i_
DX = X7 = X7 X772 = X X2 = X

. . a __ a—1 yvkya—1-k
Continue the same process we will get s; X' = X¢ 15, — >~ XFPX[' 7"

Similarly, we will also get s, X¢,, = Xfs; + 31— XFXF O

Lemma 2.2. s; XX? | = XX/ s;, where a,b > 1.

Proof. We compute a more general case. Suppose A = X?Xfﬂsz‘ — (5»1)(2{1)(1?)Jr17
Xib+1XfSi = Xb+15iXia+1 — C with C = Xl?’HXZ@*l + Xfille% + _..ngz_:rlbfl and

7

(3 3

A =0 when a = b. O]

Lemma 2.3. Suppose f € C[X], then s;f = (s;o f)s; + %

Proof. Choose an element v = X{* X3?...X 2" from the basis of C[.X].

13



Suppose a; > a;.1, then

i —a )
S; U0 = Si)(ill)(ém...)(-I s (XiXi_;,_l)aPrl...Xsn

2

a;j—aj+1—1

_ yal va2 a;—ait1 kyai—air1—1-k ai+1 a
= Xl X2 "‘(Xi+1 S; — E Xz X,L-Jrl )(XZXH—I) ¢ Xn"
0

a;—a;+1—1

= (LXEXI s+ Y (LXTPeXETL)
0

_ f—siof
Sl N
Similarly for a; < a;11. L]

Definition 2.4. Length of an element from S, is

l:Sn—7Z
w — l(w)

defined by

l(w) = #{(i,5) € [n] x [n] | i <j and w(i) > w(j)}
= #{ inversion of w}
= #Inv(w)

Theorem 2.5. The center of H(n) is C[ X1, X, ...X,]%"

Proof. By Lemma 2.3, it is clear that all symmetric functions are in the center, since
f € C[X1, X5, ...X,]°* commute with all generators of H(n). Conversely, let f =
> wes, Juw be an element in center of H(n) such that exists nontrivial w € S, with
fw # 0. We choose u € S, with maxim [(u) and f, # 0. Also choose i such that
u(i) # . Then,

Xif = > Xifow

l(w)<l(u)

H(w)<l(u),w#u

14



which has u coefficient X;f,. While,

Hw)<l(u),w#u
H(w)<l(u),w#u

Therefore, X;f, = Xy fu- Then u(i) = i, Contradiction. We have f € C[X]. By
Lemma 2.3, we have s;f = fs; = (s;0 f)s; + % Therefore, we have f = s; 0 f

for Vi [

Proposition 2.6. We have homomorphism ¢ : Z(H(n)) — C by o(f) = Tr(p(f))/n
where p is a n dimensional representation.

Proof. The center of Mgy, is cIl. O

3 Central Character

V*is a S,-module and Inﬂ;(:)) V*is a H(n)-module. We want to know how Z(H (n))
acts on H (n)-module.

n=3

Example 3.1. V®) = VH, This is a trivial representation; therefore, X; — 0 = 0,
Xo—1=0, X3—2=0. Then f € Z(H(3)) = Clx]%* acts as scalar f(0,1,2) on
\% or f(Xl,XQ,Xg) —f<0,1,2) =0.

Example 3.2. V@V = VEP, we have X; + Xy + X5 = 0I, X1 XoX;3 = 0L, X;X, +
XoX5 4+ X1 X3 = —I. Therefore, f € Z(H(3)) acts on V21 as f(0,1,—1)

Definition 3.3. Given a € C", we associate the central character
Xa:Z(H(n)) = C, f(X1,X2...X,) = f(a1, a9, ...a,).

Define an equivalence relation: a ~ b if a = ob for o € S,,.

Because X|s commute, there exists common eigenvector vy such that X;vy = a;vy.
For example, in Example 1.4, vy = v; + v we have the computation that

X1(U1 + UQ) = O(Ul + Ug)
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XQ(Ul + ’UQ) = 1(U1 + 1)2)
X3(v1 4+ v2) = —1(v1 + va).
Therefore, x(f) = f(0,1,—1) for f € Z(H(n)).

Theorem 3.4. There exists unique a € C" up to equivalence such thatVf € Z(H(n))
we have x(f) = f(a) which are determined by x(e;) = e;(a).

Proof. Suppose that g(t) = >_;_,bit"* where by = 1 and b; = x(e;). We can also
write g(t) = [, (t — xx) = " + e1(x)t" '+, ..., +e,(x) where z}s are the roots of
this polynomial. Then we have a = (x1, g, ..., T,). ]

Corollary 3.5. If N is an irreducible H(n)-module, v € N such that X;v = a;v for
alli. If w € N with X;w = byw for all i, then (a) = o(b) for some o € S,,.

Proof. ex(X)v = egx(a)v. Since ex(X) is in the center of H(n), we have ey(X)w
er(a)w = ex(b)w. Therefore, ex(a) = ex(b) for all k =1,2,3,...,n, and (a) = o(b) for

some o € S,. O

4 Proof of Theorem 1.15

Statement of Theorem 1.15 If N = Inflg,) M is irreducible and M is irreducible S,
module, then Rescix] N is semisimple.

Theorem 4.1 (Maschke). If char(K) does not divide the order of G, then K[G| is
semisimple. In particular, C[G] is semisimple.

In particular,
T
Resg M =P L;,
1

where L; are simple S,,_; modules.
Combining with inflation, we have

Inﬁ(@ L) = Inﬂ(Resﬁ;1 M) = Res” | N = Res" "' Resp | N

n—1

77777

restriction recursively. By proposition 2.6, we know ¢, = > X; € Z(H(n)) acts on N
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by some scalar ¢. Consider ResﬁfL1 N, ¢, still acts as cll and ¢, = ¢,,_1 + X,, where
Cn1 € Z(H(n —1)),X,, € Z(H(1)), therefore, ¢,_1 acts as scalars ¢; on Infl L; and
X, will act as scalar ¢ — ¢; on Infl L;. If we keep doing the restriction, we will get
M = @, Vr where Vr is irreducible Sj-modules and sum is over all possible chains.
We also know that all ¢; will act diagonally on S;-simples if basis is compatible with
restriction and same for X; = ¢; — ¢j_;. Thus, for each 7', we will get a X;-weight
(a1, as,...,ay)r on InflVp. Therefore, Rescix) N = @p(ar, ..., a,)r. Resexy N is
semisimple and, in particular, all X; can be diagonalized simultaneously in the basis
compatible with restriction. O

5 Young Tableaux

Definition 5.1. Let A\ be a young diagram. Given a box [] € A, I define the content
of [, ¢(LJ) = column number of [ — row number of [], where column is counted from
left to right and row is counted from top to bottom.

01123
Ezample 5.2. |—1| 0 | 1 shows the content of cells of the partition A = (4,3, 1).
-2

Definition 5.3 (Equivalent definition of standard Young tableaux). For each stan-
dard Young tableau of shape v, we can represent it as a standard chain of Young
diagram,

O=vy Mvi,..., *vp=v

where v;/v;_; is the cell with label i. By Tab(v), we denote the set of all possible
paths from @ to v. Then write

Tab(n) = U Tab(v).

[v|=n

Denote the set of all valid weight of length n by VW(n).

Proposition 5.4. Suppose we are given a path,
T=vy vi,..., v, € Tab(n)
and a map from Tab(n) to Z"

o(T) = (e(vy /o), c(vaf1r), ...y e(Vn/Vn—1)).

This map gives a bijection between Tab(n) and VW (n)

17



Proof. Let o(T) = (a1,...,a,). First show that im(p) € VW(n). Clearly, a; =
c(vr1/vy) = 0.

If ¢ € {2,...,n} is placed in the position (7, j) such that a, = j — ¢, we have either
i >1or j > 1. Therefore, there is a box either on the left or above the box v,/v,_;.
There exists p < ¢ such that a; =a, +1 or ay = a, — 1.

Now suppose a, = a, for some ¢ < p which means if ¢ is placed at position (i, j),
then p will be place at position (i + k, j + k). Denote p" and p” are placed at position
(i+k—1,j+k) and (i+k, j+k—1) respectively so we have a,y = a,+1, ayr = a,—1.
We will also have {p/,p"} C {¢+1,...,p— 1} since T is a standard young tableau.
Thus im(¢) C VW (n).

Now we claim that ¢ is injective. If Ty # Ty € Tab(n) and denote Ty} = vy &
vi,.oos Sy Ta = vy S v, vy, pick minimum p such that v, # v, We will
have c(vp/vp-1) # c(v,/v,_1); hence p(T1) # ¢(T3).

To show that VW(n) C im(y), we prove by induction on n. When n = 1 and
n = 2, the cases are trivial. Suppose Tab(n — 1) — VW(n — 1) is surjective. Pick

a = (a1,a9,...,a,-1,a,) € VW(n), we can restrict to o’ = (a1,ag,...,a,-1) €
VW (n —1). So by hypothesis, we have ¢(T") = o’ for some T’ € Tab(n — 1). If
a, ¢ {ay,...,a,_1}, then a, + 1 = min{ay,...,a, 1} or a, — 1 = max{ay,...,a, 1}

We will put a new box v, /v, 1 at the end of first row or the end of first column of
T' respectively. If a, € {ai,...,a,_1}, pick largest p such that a, = a, where the
box with label p at position (i,7). Claim that we will put the new box v, /v, at
position (i + 1,7 + 1). Since p is the largest integer with such property, then there
exists unique r and s such that a, = a, —1 and a5 = a,+1 where r,s € {p+1,...,n}.
pls
Thus, this new box is addable and illustrated by L7 17|,

Thus, there is a bijective correspondence between VW (n) and Tab(n) and it is clear
that operation (5) in Proposition 1.32 for the weight corresponds to the exchange of
the blocks v;41/v; and v;yo/v;41 if they are not in the same column or row.

6 Classification of weights of inflated H(n)-modules

Let M be an irreducible C[S,]-module and N = Infl M. Then N is X-semisimple by
Theorem 1.15. By Theorem 1.34 and Proposition 5.4, weights of N can be mapped
to standard Young tableaux. Thus, given an inflated H (n)-module N, we can recover
some \ - n by previous map. We then denote N = V2.
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Theorem 6.1. The above correspondence is well defined which means the following:

1. If v and w are weight vectors of N, then their respective weights will recover the
same partition of n.

2. Let M and M' be irreducible representations of C[S,| and Ay and Ay be the
corresponding partitions respectively. Then we have M = M' <= A\yy = Ay

Proof. Proof of (1) of Theorem 6.1: By Corollary 3.5, we know that if X;v = av
and X,w = bw, then (a) = o(b), 0 € S,. Thus, (a) = (b) as multisets. Then their
corresponding standard Young tableaux have the same shape because the numbers
of cells on each diagonal are same by Proposition 5.4. We will postpone the proof of

part (2). O

Let’s look at a lemma first.

Lemma 6.2. ev : H(n) — C[S,] induces ev’ : Z(H(n)) — Z(C[S,]) and ev’ is
surjective.

Proof. Let X] =ev(X;) = (1i)+(24)+...(:—1 7) and recall X{ = 0. We prove that
the elements p(X5, X3, ..., X)), with p symmetric polynomial, span Z(C[S,]). Since
the dimension of Z(C[S,]) equals to the number of conjugacy classes in S,, which is
number of partitions of n, it suffices to construct a set of linearly independent sym-
metric polynomials indexed by partitions of n. Let pu = (u1, po, ..., pe) F 1y g > 0
and g/ = (n — Lo —1,. ., 0 — 1) and X, = m,(0, X5, ..., X)) is defined as the
monomial symmetric polynomial. We set X1ny = 1. Let o = (pt1, ft2, ..., 1) = n,
where s > 1 and pgy1 = psyo = ...y = 1. By abuse of notation in the following,
we write X; for ev(X;)

Claim 1: Among all ¢ € S, in the summands of expansion of X, in the basis
{o]o € S, }, those permutations with smallest number of fixed element can be written
as a product of disjoint cycle as

(’il a; as ... am_l)(ig bl bg c. bu2_1) c. (25 CiL Cy ... Cus—1)7 where

Uyens gy Q1 e Qyy—1,b1,. . byy1,¢1, ..., ¢y, are all distinct. In addition all such o
have coefficient 1 in X,.

Proof of Claim 1. Xi‘il*ngTl . X{irl = [}, X{jj_l. For each term, we have
XZjil = ((]_ Z])+(2 ij)‘f‘, ey (Zj—l ij))“jil = (’L] duj—l)(ij duj_g) Ce (1] d1)+ other terms,
where dy, dy, ..., d,,—1 C{1,2,...,i; — 1}. So we deduce that
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o = (Zl am_l)(il am_g) . (21 CL1>(7:2 b#2_1>(’i2 b,uz—?) e (’LQ bl) e (ZS C“S_1>(is CHS_Q) . (ZS Cl>.
Thus, o at most permutes p1 + po + - - - + s elements and the maximum is obtained

when all numbers in previous expression are all distinct. In such case, we have

o=1(i1 a1 ag...a,,-1)(ia by by...by—1)...(is c1 C2...cu,—1) and it only appears once

in the summand. In particular the cycle type of o is p. O

For a partition g = (u1, -+ ) = n with pus > 1 and sy = -+ = py = 1, we define
[ = 1 + po + - - - + ;. We also define i, = 0

Claim 2: Consider the type of element in the previous claim, o, = [[;_;(n — fli_1 —
1n—fii—1...n—g;+1). Then o, is a summand of X,, with coefficient 1.

Proof of Claim 2. I claim that o, comes from the monomial

(X)) N (X )2 M (X ) (X )t Fori = 1,2, .., s, we have (X5, )Mt =
(An=fi)+Cn—fla)+... (0= n—pi 1) ++n—fli1—1n—f_)" " =
n—fgian—pg+1)(n—fian—f+2)...(n— f;—1 n— fi;_1 — 1) + other terms =
(n—ftiiin—fti_1—1...n — fi;_1 + 1) + other terms. Note that all numbers in the
decomposition of o, are distinct; thus, we get a cycle decomposition of o, and from
Claim 1 we have the coefficient equals to 1 in X,. O

Now I give an example to illustrate what we have done so far. Let n = 10
and p = (3,3,2,1,1) and then p/ = (2,2,1). We have i = (3,6,8,9,10) as a 5-
tuple. X, = mu(0, X}, ..., X1)) = man (0, X5, ..., X)), Thus, X}>°X:2X, is a
summand of the symmetric function and in particular (10 9)(9 8)(7 6)(6 5)(4 3) =
(10 9 8)(7 6 5)(4 3) appears in the mag as expected by Claim 2.

We give a total order of partitions of n denoted by <. u < A if I(u) < I(A) or
I(n) = 1(N\) and p < X in lexicographic order, where [ is the length of partition.

Claim 3: Let A\, u = n and suppose oy appears in X,,. Then p < A

Proof of Claim 3. T use the fact that : Let o € S,,. Suppose that ¢ has cycle structure
= (p1, p2, - . ., ptr) F n which means ¢ = wyws . .. w, with w; of length y; and wls are
disjoint cycles. Let o = tyty...t,, where t/s are transpositions. Then m > n — I(p).
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Moreover, if m = n — [(u1), we may rearrange t.s such that

W1 = tth .. t,u,1—17

Wy = tult,u,l—l—l e t“1+“2_2,

Wy = tm—Mr+2tm—Mr+3 Ce tm

For each permutation which appears in X, has at most n — I(x) transpositions. By
previous fact, we know that if o) appears in X, then n — [(X\) < n — [(x), that is
() < UN). If l(p) < U(N\), we are done. If {(n) = I(N), we denote u = (pq,. .., i)
and A = (A1,...,\). If o appears in the monomial Xﬁllegrl . .Xi‘it*l. Then the
previous fact implies that all u; — 1 transpositions from X;, contribute to one cycle
of oy containing ¢;. Thus, A\; > y; for all \; # 1. Then we have ¢ < X in dominance

order which implies ¢ < A in lexicographic order. O]

Thus, from Claim 2 and Claim 3, we know that {X,} for p = n are linearly
independent and they will span Z(C[S,]). We proved the lemma. O

Proof of Theorem 6.1 part (2). One direction is straightforward. If Ay; # A\yp which
means they have different content vectors as multisets, they will be inflated from
different irreducible representations of S,. Conversely, if M 2 M’, then there exists
an element of Z(Cl[S,]) acting on M and M’ differently. From previous lemma, ev’
is surjective so we have an element f(Xi,...,X,) € Z(H(n)) acting on N and N’
by different scalar which means they have different weights as multisets for a weight
vector. Thus, Ays # Apyp. O

Now we know that if v is a weight vector of N = Infl M where M is irreducible S,,
representation with weight (aq, as, . .., a,), then @, v, w € S,, will exhaust all possible
weight vectors and give us weight (a,-1(1), Gw-1(2); - - - Gw-1()) Whenever @,v # 0;
equivalently, whenever operation (5) is feasible. H(n)-module N will not contain
other weights because of Theorem 6.1 part 2. Thus we establish a bijection between
{weights of InflVV*} and SYT of shape A. We denote the set of all weights from
inflation modules of all irreducible S, representations: IW(n). Thus from previous
statement and Proposition 5.4, we conclude

Theorem 6.3. IW(n) = VW(n). Therefore, three properties listed in Theorem 1.54
are indeed the sufficient and necessary condition for a tuple to be the weight of an
inflated module.
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