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INTRODUCTION

This thesis serves as an exposition of a few topics on 3-manifolds that are needed to
build up to an understanding of Heegaard Splittings of Surface Bundles over S*. We mainly
reference Schultens’ book on 3-manifolds and Jesse Johnson’s notes on Heegaard Splittings
(Schultens [12], Johnson [5]). We will explore Heegaard splittings through the lens of surface
bundles over the circle, that is, Heegaard splittings of 3-manifolds that admit a fibration
whose fibers are surfaces and whose base space is S'. These manifolds represent a natural
next step in complexity beyond simpler product manifolds.

As for Heegaard Splittings, over the past century they have become a fundamental tool in
understanding the topology of 3-manifolds. They are a way of decomposing 3-manifolds, and
as Hempel puts it, they have a “simple description” and “visual geometric appeal,” (Hempel
[2]). This simple construction is central to many modern approaches in 3-manifold topology,
such as Heegaard Floer homology, Dehn Surgery, and thin position techniques. What follows

is a motivating, albeit informal, example of Heegaard Splittings:

Example 0.1. Take two 2-disks D?’s, and union them along their circle boundary S* to
make S?, the 2-dimensional sphere. When this decomposition is done analogously for the

3-dimensional sphere S3, specifically for 3-manifolds, it is known as a Heegaard Splitting.
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In the following chapter, we seek to formalize our language for these disks, spheres, and
more. Thus, keeping this example in mind, let’s take many steps back to cover some prelim-

inaries. We start with asking ourselves...

1. WHAT 1S A MANIFOLD?

Manifolds will serve to set the stage, as many theorems in low-dimensional topology are

formulated in terms of manifolds. In the first part of our example, our D?’s and S?’s were
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2-manifolds, otherwise known as surfaces. Intuitively, we thought of the D?’s as bent, as if
made of rubber to form the hemispheres of S?. This bendability is due to their topological

nature, specifically to their homeomorphisms. Formally defined:

Definition 1.1. A homeomorphism is a continuous map between topological spaces with a

continuous inverse.

Example 1.2. Stereographic projection is the homeomorphism given by:

1
f:S"\{pt} - R" where z+— ——-(21,...,2,).

- Tnt1

FIGURE 1. Stereographic Projection of S2

Definition 1.3. A topological n-manifold is defined as a topological space that is second
countable, Hausdorff, and locally Fuclidean of dimension n (that is, it is locally homeomor-
phic to R").

Our manifolds of interest will satisfy Hausdorff and second countability properties by
virtue of being compact. Although second countable and Hausdorff are essential properties
(see Janich [4], pg. 17), we focus mainly on the locally Euclidean aspect (eg., Extrinsically,
S? = {(z,y,2) € R® | 22 + y* + z* = 1} gives a nice visible visualization, but it relies on R3
to inherit its topology via the subspace topology.)

Intuitively, “locally euclidean of dimension n” means that it looks like R™ near any point
in our manifold (eg., S? has global spherical geometry, but near every point it resembles R?

with Fuclidean geometry). Formally:
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Definition 1.4. A manifold M is locally Euclidean if and only if Vx € M, there is an open
subset U of M such that x € U and there are n-dimensional charts, i.e., homeomorphisms

f:U — V, where V is an open subset of R™.

Additionally, U is known as the chart domain, and a set of charts whose chart domains
cover the whole of M is called an Atlas (i.e., an open cover {U, };e; such that (JU; = M,
with a collection of homeomorphisms f; : U; — V;, where V; are open subsets of R™. Hence,

a topological n-manifold admits an n-dimensional atlas. We redefine it the following way:

Definition 1.5. A topological n-manifold is a defined as a topological space that is second

countable, Hausdorff, and admits an n-dimensional atlas.

Example 1.6. S" = {(z1,...,2p41) € R"™ | 2i+---+22,, = 1} is an n-manifold. We
equip S™ C R™*! with the subspace topology inherited from R"*!. Since R"*! is Hausdorff

and second-countable, S™ is thus Hausdorff and second-countable. Now let
Uy = S"\{N}, where N =(0,...,0,1),
U_. = S"\{S}, where S=1(0,...,0,-1).
Then stereographic projection gives us our homeomorphisms:
U — R", ¢ _:U. — R".

A complete proof would show that the stereographic projections are indeed homeomor-

phisms and thus valid charts. Hence S™ admits the atlas:

A = {(Us,¢4), (U-,9-)}, where UL UU-. = S™

Example 1.7. The n-dimensional torus 7" = S x - - - x St is a manifold. We can view it as
a quotient space 1" = R" /Z", with quotient map ¢ : R" — T™: which identifies all points in
the same orbit {x+k : k € Z"}. The orbit corresponds to the group action Z" x R" — R™,
where ((k1, ..., kn), (T1,...,2n)) — (x1 + k1, ..., 20 + ky).

That is, Z™ acts on R™ by discrete integer translations. We mention group actions because

we can consider the fundamental domain for this action as the unit n-cube:
c"=10,1" C R™.

We can see T" is a manifold by picking an open ball U C R"™ around x € R™, V[x] € T", of

radius less than % Then no nonzero integer translate of the ball overlaps U. This restricts
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¢ to a homomorphism from U onto its image ¢(U), and q|;(U) :q(U) — U serves as a chart.
The collection of these charts forms the Atlas for 7.

Remark. Every compact surface has a polygonal representation. This can be proven using

triangulations of manifolds, which we will view in chapter 3.

Y

Y

FIGURE 2. Fundamental Domain and Polygonal Representation for 72

We can also take a product of manifolds to obtain a different manifold:

Lemma 1.8. The product of two manifolds M and N, of dimensions m and n respectively,

1s a manifold of dimension m + n.

Proof. Suppose for every p € M, there exists an open neighborhood U C M with a chart
p: U — (U) C R™. Similarly, for every ¢ € N, there exists an open neighborhood
V C N with a chart ¢: V. — (V) C R". Since p and ¢ lie in the domains of these
charts, it follows that (p,q) € U x V'.C M x N. Then consider the map

ox i UxV — o(U) x (V) C R™™"

It is straightforward to check that ¢ x 1 is well-defined, bijective, and continuous, and
its inverse is also continuous, thus it is a homeomorphism. Therefore, as (p,q) varies over
M x N, we collect charts of the form (U x V, ¢ x 1), forming an atlas for M x N. Hence

M x N is a manifold of dimension m + n. [l

Example 1.9. Since 7" = S! x --- x S! and S! is a manifold, it follows that 7™ can be

shown to be a manifold by our lemma.

Thus far, we have considered manifolds in the sense of Definition 0.4, which implicitly as-
sumes that each point has a neighborhood homeomorphic to an open subset of R". We can

broaden this idea by allowing neighborhoods homeomorphic to open subsets of the half-space

H" = {(x1,...,2,) € R" | 2, > 0}.



This then gives us manifolds with boundary. Formally:

Definition 1.10. An n-manifold with boundary is a second countable, Hausdorff topological
space M such that for every point p € M, there is a neighborhood of p homeomorphic either
to an open subset of R (in which case p is called an interior point) or to an open subset of

H" (in which case p is a boundary point, landing on z,, = 0).

Additionally, the boundary of an n-manifold with boundary turns out to be an (n — 1)-
dimensional manifold with no boundary. In particular, if M is compact and OM = &, then

we recover our usual notion of a boundaryless manifold and call it a closed manifold.

Remark. The product of two manifolds without boundary is a manifold without boundary.

Example 1.11. The 2-dimensional disk:
D? = {(z,y) €R?: 2 442 <1},

shown in Figure 3, is a manifold with boundary. Its boundary is 9D? = S'. Moreover, S?

and T2 are examples of closed manifolds, since they are both compact and have no boundary.

D’ H
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FIGURE 3

We know 1-manifolds are fully classified, and in particular that there is exactly one connected,
closed 1-manifold: S*.

As for 2-manifolds, they are also fully classified, and thus far we have only seen 72 and S?,
both of which are closed and orientable. To consider more types of surfaces, we introduce

the connect sum operation and the topological invariant of orientability.
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Definition 1.12. We denote by
M#N = (M\D") U, (N\D")

the connect sum of two n-manifolds M and N, where ¢ is a homeomorphism identifying the
boundary spheres of M\ D™ and N\ D". In other words, we remove R? neighborhoods from
each surface, then glue the resulting surfaces together. A nice visual for T?#77? is given in

Figure 4.

FIGURE 4

Note that S? is the identity element in the connect sum operation. In fact, if an n-
manifold M can be written as M;#S!, then this connected sum is trivial, and we call M

prime. Formally:

Definition 1.13. An n-manifold M is called prime if whenever M can be written as a

connected sum

M = MI#M27

then one of M; or M, must be the n-sphere S?. Equivalently, any separating 2-sphere in M
bounds a 3-ball. This is because M = M;# M, uses an S? that cuts (or separates) M into

two pieces, then caps off each piece with a 3-ball.

To understand what it means for a surface to be orientable or non-orientable, we consider

the following example.

Example 1.14. The Mdbius strip has an orientation reversing closed path (shown in red).

g@ - &wh*/W; :
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By gluing a disk to the boundary of the Mobius strip, one obtains RP?, an 2-dimensional
manifold that can also be viewed as the sphere S? with antipodal points identified. Since
RP? contains a Mobius strip in its polygonal representation, it has an orientation reversing
loop and is thus non-orientable. In the following theorem, we see RP? serves as a building

block for non-orientable surfaces.
Definition 1.15. A surface is orientable if it contains no orientation-reversing closed path.

Theorem 1.16 (Classification of Surfaces). Fvery closed, connected 2-manifold is homeo-

morphic to exactly one of the following types:
S? T?  T*#T? ... (orientable surfaces of genus g),

RP?,  RP*#RP?, RP*#RP*#RP?, ... (non-orientable surfaces of genus g).

Here, the genus of a surface is defined either by the number of tori 72 or the number of
projective planes RP? in the connected sum. We may denote a genus ¢ orientable surface by

#9T2 and a genus ¢ non-orientable surface by #9RP?.
Note also that there is a classification of 2-manifolds with boundary.

Example 1.17. A standard way to visualize these surfaces is via polygonal representations
with identified edges.

<< > << >
9 —2 R 2 Klein
S I P Botfle

Remark. As for 3-manifolds, we can list all possible orientable, closed, connected 3-
manifolds using constructions like Heegaard splittings or surgery. Determining whether two
such 3-manifolds are homeomorphic relies on several deep results, such as Kneser’s theorem,
where we decompose a 3-manifold as a connect sum of prime 3-manifolds. Then using JSJ
decomposition we can further decompose it along tori into atoroidal or Seifert fibered spaces.
Each piece would admit one of Thurston’s eight geometries (see Perelman [10]). However,

that is all beyond the scope of this thesis.



For our purposes, we now return to some of the simplest 3-manifolds we can build: product
manifolds. Let us see some examples of all the different types of product 3-manifolds without

boundary that are possible.

Example 1.18. We have:
S3x S, T?xS', KxS! RP?xS!
where K is the Klein bottle. More generally, we can form
(orientable or non-orientable surface of genus g) x S*

for any g > 0.

These examples all come from taking the product of a surface with S*. However, they do
not account for the ways a surface can twist as it goes around the circle. Indeed, product
manifolds are the simplest examples of fiber bundles over S', in the sense that they admit

no twist (i.e., zero monodromy).
2. TWISTING, FIBRATION, AND MONODROMY

In this chapter, we introduce concepts such as Dehn twists, monodromy, and the mapping
class group—all of which formalize “twists” and help classify surface bundles over S'. We
begin by formally introducing the bundle structure:

Definition 2.1. A fiber bundle is a continuous surjective map
m:F — B

from a topological space E (the total space) onto a topological space B (the base), together
with a fiber F' satisfying the following local triviality condition: For every b € B, there is an

open neighborhood U of b and a homeomorphism
o7 (U) — UxF
making the following diagram commute:

N U) %5 UxF

L L Tpro;

SN
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where 7,,,; is the projection onto the first factor. That is, ¢ restricts on each fiber 7! (u)

for u € U, to a homeomorphism onto {u} x F. The bundle is locally trivial over each U.

Remark. In Homotopy Theory, a fibration is a continuous map p : £ — B satisfying the
Homotopy Lifting Property (HLP). Because local triviality implies HLP, every fiber bundle
is automatically a fibration; the converse is not always true. When the fiber is 0-dimensional,

the fiber bundle is simply a covering space.

We now focus on bundles whose fiber is a surface, and whose base is a circle S!.

Definition 2.2. A surface bundle over St is a pair (M, 7) consisting of a 3—manifold M and
a fiber—bundle projection
T: M — S
whose fiber is a closed, connected, orientable surface X,. Equivalently, every surface bundle
over S' can be realized as a mapping torus
X, x [0,1]
(z,1) ~ (o(2),0)

of some self-homeomorphism ¢: ¥, — ¥, called the monodromy of the bundle.

MT(p) =

Example 2.3. One of the major breakthroughs in modern 3-manifold theory is Ian Agol’s
proof of Thurston’s Virtual Fibration Conjecture, which states that any closed hyperbolic

3-manifold admits a finite covering space N that is a surface bundle over S*.

Definition 2.4. Given X4, the mapping torus of an orientation-preserving homeomorphism

Mg — Xg, is the quotient space
~ Xy x [0,1]

~

MT(p)

where ~ is the equivalence relation given by (¢(z),0) ~ (z,1) for all z € ¥,.

Example 2.5. Let M = [—1,1] and f = id. Define
M x [0,1]

[l

MT(id) =
where (z,0) ~ (z,1). This constructs a cylinder.

Now suppose g(z) = —x. Then
[_17 1] X [07 1]

Y

MT(g) =
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where (z,0) ~ (—z,1). This is the usual Mdbius band.

2

Example 2.6. Let M = T? (the 2-torus) and f = id. Then

2
mrid) = 220U o g g

~Y

Proposition 2.7. Any surface bundle over S' can be realized with the mapping torus con-
struction. See Martelli [8] for a proof.
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The homeomorphism ¢ used in the mapping torus construction lives in the mapping class
group, the group of all orientation-preserving homeomorphisms of a surface modulo isotopy.

Formally:

Definition 2.8. Let X be a closed, orientable surface. The mapping class group of ¥ is

defined as:
_ Homeo™ (%)

~ Homeoy(%)
where Homeo™ (X)) is the group of orientation-preserving homeomorphisms of 3, and Homeogy(X) =
{f € Homeo™ () : f is isotopic to idyx}.

Mod (%)

Example 2.9. Let M = [—1,1]. Consider the self-homeomorphism

Then f reflects the interval [—1,1] about 0. The drawing below shows id € Mod(M) and
f ¢ Mod(M).

One important element of the mapping class group are Dehn twists.

Definition 2.10. Let S be an orientable surface, and let ¢ C S be a simple (does not

intersect itself) closed curve. A Dehn twist about c¢ is a homeomorphism
T.: S — S

such that:

e There exists a closed subset A C S that is an annulus, i.e. A = S x [0, 1], where ¢
is the middle circle of A.
o Ti|s\4 is the identity on S\ A.
o T,|4 is given by
To(z,t) = (2-62”“, t),
for all (z,t) € ST x [0,1].

T2 x[0,1]

~

Figure 5 shows a Dehn twist 7.(d) and its mapping torus MT(T.) =
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FIGURE 5. A Dehn twist T.(d) and its mapping torus MT(T,)

Theorem 2.11 (Lickorish [7]). The mapping class group of a compact, orientable surface
can be generated by finitely many Dehn twists. That is, every element of the mapping class

group can be expressed as a product of Dehn twists.

Surface bundles over S come with a monodromy representation that describes how the
fiber surface “twists” as we go around the circle. Following the exposition of Salter—Tshishiku
[11], suppose we have a surface ¥, with homeomorphism ¢ : ¥, — ¥, forming a mapping.

Then formally, a monodromy representation is a group homomorphism
p:m(SY) — Mod(X,).
Because 7 (S') 2 Z is generated by a single loop v, p must satisfy

p(v") = p(y)", forn€Z,



13

once we fix the image p(y) = [p] € Mod(X,), we have fixed the entire representation. That
is, the “twisting” is precisely encoded by [¢]|. Hence MT () is characterized by its isotopy
class of ¢ in Mod(%,).

3. FROM TRIANGULATIONS TO HANDLEBODIES

There is one last type of manifold we must bring up before we arrive at Heegaard splittings:
a triangulated manifold, built by gluing simplices together. Ultimately, in this chapter, we
want to get to the point where we take a triangulated manifold and consider its skeleton.
We will then thicken that skeleton to form a handlebody, which will make up a third of our
Heegaard Splitting.

Definition 3.1. A simplicial complez is an ordered pair K = (V| F'), where V is the set of

vertices, and F' is a set of simplices (subsets of V') satisfying:

o If v € V|, then {v} € F. (This ensures every vertex is itself a O-dimensional
simplex.)

e If Ac Fand B C A, then B € F. (This ensures that any face of a simplex is also
part of the complex.)

Definition 3.2. Let K = (V, F) be a simplicial complex. A subcomplez is given by K' =
(V. F'), where V' C V and F' C F.
Additionally, The n-skeleton of K, denoted K™, is the subcomplex consisting of those

simplices whose dimension is at most n. Formally,
K" = {o€eF | dim(o) <n}.

Note that the 1-skeleton K is a graph, i.e., a 1-dimensional CW complex.

Example 3.3. A simplex containing k + 1 vertices is said to have dimension k. Hence:

0-simplices are vertices, 1-simplices are edges, 2-simplices are triangles, ...

Now we turn this simplicial complex into a topological space by assigning each vertex to
a point in Euclidean space. To do this we define the support of a point (which vertices are
involved in that point’s coordinate description), and realization(the subspace of R" spanned

by these vertices). Formally:



14

Definition 3.4. Let © = (21, Z2,...,2x) be a point in RY. The support of z is

supp(¢) = {i | z; # 0}.

Suppose K = (V| F) is a simplicial complex where V' = {1,2,..., N}. We identify each
vertex i € V with the standard basis vector e; in RV,
Then the realization of K, denoted |K|, is the set of all points

r = (x1,79,...,2y) € RY

such that:
N
x; >0 for all 4, Zml =1, and supp(z) € F.
i=1

Example 3.5. Let 7' = (V, F') be a simplicial complex where

V={a,b,c}, F={{a}, {0} {c}, {a,b},{b.c}, {c,a},{a,b,c}}.

We identify a, b, c with the basis vectors e,, €, €. in R®. Since {a,b,c} € F, a point (x4, T3, T.)
lies in |T| precisely when x,, z, z. > 0 and x,+ 2, + x. = 1. Hence the realization |T|

is just a filled triangle in R3.
With this, we can now formally define a triangulation:

Definition 3.6. Let X be a topological space. A triangulation of X is a pair (T, ¢) where
T is a simplicial complex and ¢ : |T| — X is a homeomorphism from the realization of T
to X. We say that “T" triangulates X.”

The following theorem by Moise allows us to black-box triangulations. For our purposes,
we only need to know whether a triangulation exists, and fortunately Moise’s theorem gives
us just that. So we can go around the details of explicitly triangulating by support and

realizations.

Theorem 3.7. (Moise [9]) Every compact 3-manifold admits a triangulation. That is, if
M is a compact 3-manifold, then there exists a simplicial complex T and a homeomorphism

¢ [T — M.

We say that a manifold that admits a triangulation is piecewise-linear (PL for short).
Additionally, a subset A C M is called piecewise-linear if it arises as the image of a sub-
complex of K under the same homeomorphism ¢. Formally, if L is a subcomplex of K,

then A is piecewise-linear if A = ¢(|L|) Finally, a map between two simplicial complexes
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¢: |[K| — |K'|. is a piecewise-linear map if ¢|, is linear for some simplex ¢ in K. From

here on, we assume all manifolds and maps to be piecewise-linear.

The proof for Theorem 3.7 may be viewed in Moise’s work [9]. We will, however, prove
some related theorems, here, but we require a few more tools. We will need to be able to refine
triangulations via barycentric subdivision. Also for the previously mentioned “thickening” of

a skeleton, we will formally define it as taking a reqular neighborhood of the skeleton.

Definition 3.8. Let K = (V, F) be a simplicial complex. The first barycentric subdivision
of K, denoted K’ = (V' F"), is constructed as follows:

(1) For every simplex o € F, introduce a new vertex v,. Hence
V= {w, | oc€F}.
(2) A set {Vyy, Voys---,VUs,, } is a simplex in K’ if and only if
op C oy C --- C 0, Wwhereeacho; € F.

That is, each o; is a face of g;,1.

Note that there exists a canonical homeomorphism ¢ : |K’'| — |K| induced by this

subdivision.

Example 3.9. Figure 6 shows the first and second barycentric subdivisions K’ and K" along
with a regular neighborhood of the 1-simplices of K. From here we can see how K’ satisfies
the barycentric subdivision construction. For (1), consider its faces: the entire 2-simplex
triangle o4, three 1-simplex edges (), O(b.c); O(c,a), and three O-simplex vertices o(y),
T@1), 0()- We can see how for each face we add a new vertex v, and we get a new vertex set
V' = { Vo0 Votuinr Vote.02 Ve Vo Vo Voo 3

For (2), we see each new triangle 2-simplex corresponds to a a chain of faces in the original

triangle. That is, 0(q) C 0(ap) C O(ap,e)-

Definition 3.10. Let |L| be the realization of a subcomplex L C K inside a 3-manifold M.
A regular neighborhood of |L| can be constructed as follows: Take the second barycentric
subdivision K” of K, and let ¢ : |K"”| — |K]| be its canonical map. Then there is a unique
subcomplex L’ C K" such that ¢(|L'|) = |L|. We define N' = {oc € F" | o N L # &}, ie.

all simplices in K" that intersect L’ in at least one point. The closed reqular neighborhood
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KD .
Regular neighbourhood
of 1-simplices of K

FIGURE 6. From Lackenby [6]

of |L| is then

N(L) = q/(U a).

oeN
We can similarly define an open regular neighborhood by taking interiors of the simplices

ceN

While the shape of a regular neighborhood can depend on how we choose our subdivision,

the following theorem tells us that this choice is topologically unique.

Theorem 3.11. Let M be a manifold arising from a simplicial complex K, so we have
v |K| — M. Then let |L| C M be the image of a subcomplex L C K, that is
¢(|L]) € M. If N and N’ are two closed regqular neighborhoods of |L| in M, then there is
an ambient isotopy of M taking N onto N'.

We now introduce handles as an additional structure we can place on our piecewise-linear
manifolds. Attaching handles is done by taking a k-handle and attaching it to our manifold

M via a homeomorphism ¢ (gluing map) from D* x D"~* to part of the manifold’s boundary,
¢ :OD* x D" F — M.
Definition 3.12. A k-handle is an n-ball parametrized as D* x D",

That is, the k£ in k-handle refers to the way it is attached, for example, in dimension 3, for
a 1-handle and 2-handle, h; and hs respectively, we have h; = D' x D? and hy = D? x D!.
hy attaches D! to M by the two end point boundaries of D!, and h, attaches D? to M by
St

After attaching a handle, we have a new manifold M’. But suppose we didn’t start with

M, but rather the empty set, then we attach 0-handles (not actually being attached, since



17

there is no boundary yet, appearing disjointly as 3-balls) to make M,. Then suppose 1-
handles are attached to the boundary of My(which now exists thanks to the 0-handle) to
make M;. We can continue to attach handles in order of increasing dimension to build the

final compact manifold M’.

Definition 3.13. The above iterative process is known as a handle decomposition for M'.

Formally defined as the following sequence
M =0UMyUM U...UM,
This process can be reversed, i.e., breaking down M’ into its constituent handles.

As stated before, this handle structure can be placed on piecewise linear manifolds. For-

mally:
Theorem 3.14. There exists a handle decomposition for every piecewise-linear manifold.

Remark. Since Morse functions exist in a 3-manifold, we can sweep through the range of
a Morse function, attaching handles at each critical point, the union of these handles is the
handle decomposition of the manifold. This allows for the proof of Theorem 3.14 in the case

of smooth manifolds.

As we will be focusing on 3-manifolds, we consider a simple case of handle decomposition

where only 0 and 1-handles are used, ie. handlebodies.

Definition 3.15. A handlebody of genus g > 0, denoted H,, is a compact, connected,
orientable 3—manifold with boundary, that admits a handle decomposition consisting of a
single O-handle and ¢ 1-handles. The genus g of a handlebody, corresponds to the genus of
the boundary of the handlebody.

Note. Please refer to Johnson [5] for proofs of the following lemmas.

Lemma 3.16. Let M be a 3-manifold with boundary, and let Dy, ..., D,, be a collection of
properly embedded disks in M. Suppose N = int(M), and each component of N \ Ui~, D;

18 homeomorphic to an open 3-ball. Then M 1is a handlebody with genus m + 1 —n, where n

15 the number of those components.

Lemma 3.17. Let M be an orientable 3-manifold, and let K C M be a 1-dimensional

piecewise-linear subcomplex with n vertices and m edges. Consider a reqular neighborhood

N(K) of K. Then

N(K) = Hm—n-l—la
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where N(K) is the closure of N(K), and H,_n11 i a handlebody of genus m —n + 1.

4. ARRIVING AT HEEGAARD SPLITTINGS

We now go from handlebodies to Heegaard Splittings. In this chapter we formally intro-
duce Heegaard Splittings, then, using the Lemmas from the previous chapter we show that
every compact, orientable 3-manifold can be expressed as a Heegaard Splitting.
Definition 4.1. Let M be a connected, closed, orientable 3-manifold. A Heegaard splitting
of M is an ordered triple (3, V, W) satisfying the following conditions:

e ¥ C M is a closed, connected, orientable surface;
e VV and W are handlebodies embedded in M;
e VUW=Mand VNW =13

The surface ¥ is called the Heegaard surface (or splitting surface) of the decomposition.
The genus of the splitting (3, V, W) is the genus of ¥. Moreover, two Heegaard splittings
(3, V,W) and (X', V', W’) of M are said to be equivalent if there is an ambient isotopy of
M carrying ¥ onto X',

Theorem 4.2. Fvery compact, orientable, connected, closed 3-manifold admits a Heegaard

splitting.

Example 4.3. The genus 0 Heegaard Splitting of S* was shown in the intro Example 0.1.

We now consider its genus 1 Heegaard Splitting.
S% = oB*
= J(B* x B?)
— (D% x D?) U (D? x 0D?)
= H, U H,

Thus, we have a decomposition of two solid tori, ie., handlebodies, glued along their boundary

T? using a homeomorphism gluing map g, where
g (S' x OD?) £ (gl HD?)

This identification is orientation reversing such that the meridional circles of one solid

torus map to the longitudinal circles of the other. Figure 1 shows the two handlebodies
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FIGURE 7. Genus 1 Heegaard Splitting of S®

with their simple closed meridional and longitudinal curves specified, and a picture of the
Heegaard Splitting with disks of H; seen as arcs from D to D', where D and D’ are disks in
H,. Additionally, from the point of view of handle attachment, we can think of the genus—
1 splitting as arising from the genus—0 splitting by starting with a 0-handle B;, adding a
1-handle, then adding a cancelling 2-handle and then finally adding a 3-handle.

Example 4.4. Here we look at the genus—1 Heegaard splitting of S x S2. Consider the

sphere factor of S' x S? with its equator Sg:

S?*=D3 U D?, DiND? =5,
Crossing everything with S* gives

S'x S? = (DY x S') U (D2 x S,

(DL xSy n (D2 xS = S, xS =T%

Where H; = Di x St Hy = D* x S!, are solid tori handlebodies and 7?2 is the Heegaard
surface. Since the two handlebodies are the same product, we take the gluing homeomor-
phism ¢: 0H; — 0H> to be the identity, sending meridians of one solid torus to meridians

of the other. Hence
Sl X 52 = H1 U2 HQ,

is a genus-1 Heegaard splitting.

Example 4.5. We can consider 7° as a surface bundle over S! through the mapping torus
construction.

MT(f) = (T x [0,1]) / ~ where (f(x),0) ~ (z,1)



N

FIGURE 8. Genus 1 Heegaard Splitting of S! x S2.

Here we simply consider f as the identity transformation fiq(x) = x,Vz € T?, ending up

with the standard 3-torus with a trivial monodromy, essentially the product structure
MT(f) =T x S!

We know 77 as a quotient space which allows us to view T2 as a square with opposite
edges identified. Likewise, we can view T as a cube with opposite faces identified. This
identification process can formally be described with ¢ : C' — T3, where C' is the cube — a
triangulation of T°.

We see ¢ maps all 8 vertices of the cube to one vertex in T2, all parallel edges to one edge,
and all opposite faces are glued together. Denote the vertex, together with the 3 edges by
K. Then take N to be the regular neighborhood of K its closure H; is then a handlebody
by Lemma 3.17. We let Hy be the closure of the complement of N. Since the faces of the
cube chop H, into an open ball, by Lemma 3.16 it is also a handlebody. Since the “spine” K
of the “cubulation” has three edges and one vertex, the splitting has genus-3. Hence, taking
Y = H, N Hy, the triple (X, Hy, Hy) is a Heegaard splitting for 7.
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FIGURE 9. Genus 3 Heegaard Splitting of T7%. From Johnson [5]

5. HEEGARD SPLITTINGS OF SURFACE BUNDLES OVER S!

Finally, we now combine what we've learned in the previous chapters, and consider a
nice construction by Bachman and Schleimer [1] of a Heegaard Splitting for all MT(¢) =
(X4 x I)/ ~, where the identification is given by (¢(x),0) ~ (z,1).

Definition 5.1. Suppose we have a surface bundle with a natural projection map
f:Y = MT(¢) — S,

where ¥, is a closed orientable surface of genus g > 1, and ¢ preserves orientation. Choose
a surface as a fiber of the bundle MT(¢$). Choose surfaces Xy = f~1(NN) and X5 = f~1(9)
as fibers of the bundle MT(¢). Then pick points a,b € S with a # b and a # ¢(b), and
let A and B be disjoint closures of regular neighborhoods of a x [0, 7] and b x [r,27]|. Let
Dy C Xy and Dg C Xg be disks. Then we have handlebodies:

H, = (EN/DN X [O’ﬂ—]) U (DS X [Wa 27T]),

Hy = (ZS/DS X [7‘(,271’]) U (DN X [O77T])a

with genus 2g + 1. The Heegaard surface is
H =0H, = 0H,.

We call (H, Hy, Hs) the standard Heegaard Splitting of MT(¢) (see Figure 10 and 11).
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FIGURE 10. Sketch from Gabriel Islambouli’s notes.|3]

Since 3,/ D? gives a wedge of 2¢ circles as a “spine,” by definition of a regular neighbor-
hood, crossing the spine with an interval thickens it to its handlebody. Thus, we get the fact
¥,/ D* = Hy,.

FiGUure 11. Handlebody H; with genus 29 + 1. H; is similar.
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