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1. ( pts) Using induction, prove 3" > n® Vn € N with n > 3.

(Z) This is frue for Nz Y, since 8l=37%> 43-49.
(D Let neéM with 153, Assume 3"2n° s Frue.
Then, 3" 3.37> 3257 = n3enden3 > 0330 r fn,

—
-

Since nN>3, [on?‘inaiy we /m}l/ﬁ N - /n+/)3
3" 34,3,»,1.;_7,, > n F3n" + 3nt ‘ g
h 7o ed En >l Jast iﬂeiaa//f/ TAaS/ statonen?
where we Us

/‘.5 7{7"&(6 '/of‘ ﬂ'f'/. 0{
Thercfcar‘c/ /;v)/ PMI/ we (onc/uc e

M5l YneWN with n>3

2. ( pts) Consider the sequence s, = cos —23 Use the definition (i.e. eN-property) to prove that

lim Sni’él
n—+co

0 if nis 0(/0[
Sn=§ 1 iF 4n

o if Yln-2)

» . /.
(/wsc :-}It , any/ /c7t /VEK Lg 71\/(/)’ gy #rc/'umcdm/;
/)""/"r%y 2 XN such that a* SN. Choose n 7o be Nex
/

pdp{ l?(a(mztf‘ ﬂ#%(/‘ n’f, ﬂgn/ we Aa ve

Is,~1] = Jo-i] =12 £=£. 5o /5,12 £.
/- m

NyFice

Thus, we conc Jede

h oo
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3. ( pts) Prove lim nts

Page 2 of 9
Jim. m 0 using Theorems 9.2-9.7. These Theorems (or any other necessary
ones) will be provided on the exam

{
fim 20485 Jim 2neZT
n»00 n* 3 -

2 Them 74
/"“ 3 i
I'm J‘ + lim _5_;
= n%ww Nn N2 n A)/ 7’/“%,_0” 73 /‘fwf(c)
/m '7+ '41;2‘, ';?-3.
j i ...‘V. . :
- ;lff,;p? 5;:—;; nx ;}/ neor(m 72 //'éfte 71,‘,,“_5)
7 43 fm L
= 0+0 },), Theorem 4.7 ( three 7“;/"65)
7 +0
=0

4. (pts) Lett; =1 and t,,1 =t, <1 n 1 > for n > 1. Prove this sequence {t,} converges.
(n

ﬁ‘["/ ano( fnrl’f (/ [m/) e n2)
Fer néN [4[;1;—/) =

o< @114/ 2 ’d‘(/«m)“a
= 01 O. Thn we have £, =6 (1-55) < by Voel
So f{n} /s rlc'm'/ncrcasm/y Lor Ae (‘/mq///m)

/4/;0/ this

51}0;03 f"} 15 lmw/e/ almv‘c 1/ /5//,(¢( /
Moreover, it tn >0 hor n€M ) tells ys

04 /" )ZL/) l‘n => o< fnr/dén/
0110( fm-, >0. 5Mcc n é//‘/

was ar ;/“fra Va
we have

/ £, >0 I/ﬂé'/ﬂ// and
£t beurded — below // o. /%’nce/ £ is Ama/e‘/

Ther‘g Fart/ Z/ tln 3 /5 a Aam%/ mono /ﬂ//c' s c’ﬂtwﬂcé m?z/

we canc/uolc it con verses.
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5. ( pts) Prove if {s,} is a convergent sequence of real numbers, then the limit is unique.

f ;5,,} (0”‘/{/735/ /a?L 71%5 hmit s not Aangue. $» :7,\;')/5[
wb/‘e ’{‘fm S =X arw( ,{Q,TU Sn :)/ and XZY. Notic «
‘ : m L v
0= ln, 0= [0 s = i XY
= X-y=0 = xX=Vy. (on tradic fion /
Tlmf/ we Caﬂé‘/ﬂ/c’ /75 55,,3 mm/c'//ve;/ Hon e

fmit i umgue .

6. ( pts) Consider R? with the following metric

X d(7,9) = max{lz; - y;|}
AN
where & = (z1, z3) and}§ = (y1,¥2). On the plane, sketch the neighborhoods By ((0,0)) and Bs((3,3))

L3
Y
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7. ( pts) Determine whether the following statements are TRUE or FALSE. If true, BRIEFLY justify
the given statement; if false, give a counterexample to the statement,

(a) If {an} is an unbounded sequence and a, # 0 ¥n € N, then {i} is a bounded sequence.

F;/Se. (M;)z/e/‘ 7‘45 xgumce d, ;{/‘l if nis a(//

A Fniseven.
(/c'ar'// fﬂn} ij un édﬂﬁ/c.p{ ﬂﬂ&[ a’n;la {/néwj bu—f
f:;";} ;s' un é’aur)p/ga{.

(b)  Every (infinite) sequence with only a finite number of distinct elements has a convergent
subsequence.

T/‘o{c 17[ [L‘,,} {5 JL ,5:?5((/74;' wﬂ% pZ8 /}'/H/c /It(m.ée’/
. : , , , ;L

of  Ferms  say X, X, - X, for Some nel, fhen @ )
leas?  one of  Fhem re/c'a%; an infinite Aot mber o/ {"mf,
say X with (=1--,1. lonstruct fuéfeguence fﬁ,kj which

¢ ' {
N ‘ Lin A - = }
0/)1')/ d(c’e/ﬁ 7%/} Ferm X (/t‘dréé Looow Z‘,,’é = o /Yt /r‘/

and this 5‘%} Seguence  converyges.

(c) If Eis compact in R™, then EC is an open set.

TI"M{. ;/'nct E R (&WV/)ﬂc?l In /glz //' rs (‘é)’c&/
dl’w( bﬂ“ﬂ/eﬂ/ /}/ Fhe h’c/ﬂ(*%r(/ Theorem. If E/j

‘ ‘nift. ~ et f’O/Jc )
C/a}r'y/ , fA(ﬂ EC /5 d/?z.’/) A/ dg%n//laﬂ 47/ 5 7‘
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8. ( pts) For the following sets, determine whether it is open, closed, or neither. Also, find its interior,
closure, and boundary. Plus, determine whether it is compact or not. You DO NOT need justification
for your answers.

(a) A= [3’ 7)

40- /;7) -[37_7 IA=E378

A 15 nel*‘er 0/8/) YA C’/ﬂ)’é’ﬁ/ 4/70/ /s ﬂﬁ/ (‘0/ f

) B= S inewy = £-), - 0/ L}_‘/ )
-4, 8= 8, .
£ s 5/0555/ ond CJM/é'C%

(c) C=n2, [——1+ ] - Lo 17
(o=l ¢ =L[01],d =501

C 5 C/ﬂ5m/ dﬂﬂ/ (;9,97/&57/*'

9. ( pts) Determine whether each of the following series converges absolutely, converges conditionally,
or diverges. Write clear and complete solutions including the name of the series test that you use.

(a) 2. (Inn)® /,,n;uzf , _ Im {fnn - /m’l /nn - 0(/

-

n?n n 200 BV AT nww p>

/—/cnce/ /—AC series C&)/?\/{Cﬂr’} ﬂéfﬁ/&é?lel(/ A/
H& zao# 7}K7L
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. X (n-2 " ' } _ Ilt"” h‘l))_: [in :2: n -2
()Z:l(n> lelcz (i An = poep ( 5 r,,,w//*,, =e ;-/ﬂ

n= N o0

This, series  diverpes by nth Term Tes?

a0
@14t +m+2-2o. Let 2,4,:/7%94—‘4- s Lyl L
[

49716 25 36 /67" 35 357
2 b, L, < a ,
Then ‘f/anl:;+33+];+,f. = Z -n which converges by

the P-serics Tes? [/!9213>/).
There fore | the o0 jna! series Za, Clonvelges aér‘aéréj,_

10. ( pts) Prove if 3 |an| converges and {b,} is a bounded sequence, then > anb, converges.

f Z/a,,/ converges  an 0/ 4 éf,j /s éﬂl«f'w/eo/  Let&E20 be  given.
Sinc( Z}n3 ] 5 botm&/wé 5 C >ﬂ 5“54 7‘%&7{ /é/) /S C V/léN.
5/7166 Z /d;./ converyes, 't sa 71/;( Fies Hhe (. aucéy' Criterion .ﬂrm(

m n " o
,'7N 5ﬂ£A that VM?’I >N “—'D /k§ /dl: // .'::k-zn_ /dk/é Z [/)

(/10055 this N. T/1u;/ af)/x/ //) and  the '/Tian//,/ }nggad/,;ﬁ//

/lAI/C m - ¢
we m m |

J )] € ¢ Zla|<C— = E.
dmon>N = | Z ahe| £ Z 14lk]<C 2 2

(éwééf [/‘/"/?rioﬂ

and converges.

Henc£/ Hu: series Zﬂnﬁﬁ faf/"’f/i(; ﬂz s

777("1 7[0'"5/ we (0ﬂ£f/£'fﬁlé /!I[ Z./”n/ Conyg/yg/
mw( f ,/?,.} 15 & émm/ea/ {zgaeﬂcé y Fhen fa,, b, (a/?l/fyéfﬂ
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11. ( pts) Prove S = {1+ 1 : n € N} with metric d(z,y) = |z — y| is NOT complete.

L - -_Z ‘
[M;)z/«r {efgae.m:¢ {;n} in j 0/84./’&/ oy fﬂ'/'*n et
We hee limsz i prd = ], but IES. Simee E3

n>w
ConveryeS N /Z/ s (auéA/ in lE. "77(,,/ 1S |
[ﬂ Mf/l}/' N /S\ﬁ/) 50 we /)ayg a [Rl«([/// 535'5‘(/7((’ Iﬂj
a ) ), .

s 7o ot in §
a / ﬂd?L con thyﬂ. 7L A / '
7LA 7l 05 /S/ﬂ/) by ”0% C”/V’é’ﬁ'~

Theretere, we o clud e

12. ( pts) Prove d(z,y) = |x — 3y| is not a metric on R.

/Vovtitc 0/[)(/)() = /X‘-'B,\') = /2)(} ?1 O WA(/? X;IQ,
T/m;/ A is net a metric -
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13. ( pts) Let E be a subset of R". Prove that E is compact if and only if every sequence in F has a
subsequence that converges to a point in F.

L et ECR” B
(:>) f E is (o mpye C‘7L‘ g Y /7/ rene - %J/‘d/ ] Keorem /
E S A / 05e / an / Zmampéa/- Lonsider segdence £ XJ /n

ih must be émuw/a/, /f/ Hhe Byplzans - leierstass Tha,

— A ‘
o o point XEE

[7 3 has a o0 Vef/ﬁt’/’ﬂl .{tt.lfc’ﬁ’m’n(g fo
k | , |
Since E is c/cho// X & E//mvly e choim.

(é—') f erery Seguence in E hus a sdbsequence fﬁaf‘& /
(0nt/ff/c’5 n E/ ZUUL E /5 /M?L (‘am/ac%, f/v /L/re/)e— ra
T/;,;q/ g/Her E 15 un bounded or not 4/0;6/‘

T E was Méaun/ggé __:_7 54?;}'“(,16{ in E {,T’ZZ u/[e/'c

fim ﬁ/ (% 5) =00 and ne Jaéfeﬁwma’ Wau// converpe
'y Xk/ | Hence, E 5 Am/m/c A .
d?t a/ / ) ( on 7‘/‘49//‘4 711'0/7 ; ence,

f'/tm Z 56%&107(5:’ 6)‘(:} Fhat

E 15 not (/05de g
Ao(% ?/E (ﬁ"ﬂ/ /3 7A)_ Kecaﬂsc Z)(k}c,'oﬂr'cygj

—

I¥
£ onverges X (Frp- 7
fo X every subseguence of ExS converyes %@. XEZ; ‘
Z 7'/»,:» // 2), Bu +  we assumed eV(/‘/y( 5;7527’7(2 ,,/, 7—/’;: 5
a Sub fz;am(c that converges n £ Contradiction, S

E ; /o 6/ ' ’ |
T}wr‘gé/j"e CE i} (/ﬁ”f(o/ M/?p/ éﬂdﬂg/a{, wéicé Caﬂ/fao//c /5 E

15 h/a% com /dc'7L. U( conc /aa/g E /.5 (a/n/ac /‘



