Math 21C
Vogler
Alternating Series Test (For Convergence Only)

DEFINITION : A series of the form

oo
Z(*l)"+lan=a1 —ay+taz—agtas—---,
n=1 .

where a,, > 0 for all values of n = 1,2,3,4,-- -, is called an alternating series . How can we
test this series for convergence ? We will need the following fact, which is given without
proof.

FACT A : Assume that the sequence {b,} satisfies the following two conditions : -

1.) by <by <bg <by <---,ie., by <bpyy for n=1,2,3,4,--- (The sequence is
strictly increasing.) and :

2.) b, < C, a fixed constant, for n = 1,2,3,4, - - (The sequence is bounded.).

Then lim b,, = L for some finite number L.
—>00

o0 .
Alternating Series Test : Consider the series Z(—l)"“an. If the sequence {a,} is posi-

n=1
oo
tive (+), decreasing ( | ), and lim a, = 0, then the series Z(——l)”“an converges.
n—-—>o00 :

n=1

Proof : Use the sequence of partial sums (evén and odd separately). Since {an} is positive
and decreasing, the following must be true :

sy =ay + (~a2) < ay ,

84 = a3 + (—az) + as + (-a4) <ay,

) )
s¢ = a1+ (—ag) +az +(—aq) +as + (—ag) <ay, -
N’ \__V-—-—' Ny
and =) ) )
Son = a1 + (—az) + a3z + (—04) +ag + -+ (—azn,_z) + Gop-1 + (—azn) <ay, "
—— Y —
=) ) - —) )
also
Sg9 = (a1 — ag) ,
+)
s4 = (a1 — az) + (ag — aq) = s2 + (ag — aq) > s2,
+)

8¢ = (@1 — a2) + (ag — aq4) + (as —ag) =34 + (a5 —ag) > 84, -
\-—vﬁ—’

1 C+)




and

San = (a1 —aa) + (ag —aq) +- -+ (a2n-1 —a2n) = S2n—2+ (@2n-1—Q2n) > S2n—2, ***
\._—-Y--~—-’
C+)

thus, the sequence of even partial sums {s2,} = {32, s4, 36, S8, -} is increasing and
bounded above by a;. It follows from FACT A that

lim 89, = L , for some finite number L.
n—o0
Now consider the sequence of odd partial sums {s2,-1} = {81, 33, 85, 87, - -}. Note that

Sgn=a1—aG2+az—aqg+ -+ ap-1 — a2n
= (a1 —a2+az—ag+--+am-1) — a2
= 82n-1 — A2y ,

ie.,
S2n—1 = S2n + Q2n .
Taking the limit of both sides we get
nli{go Sop_1 = nli’rgo Son, + ﬂl_i_*r{.l<> agn =L+0=1L.
Now the sequence of all partial sums {s,} = {31, 32, 93, 84, 85, - - -} satisfies nl—i-ﬁlo 8n = L.

Thus,
o0
Y (-D)"*a, = lim s, =L
nel n—o0

and the alternating series converges by the sequence of partial sums test.




Analysis of the Error (Remainder), Ry, for a Convergent Alternating Series

Begin by separating the nth partial sum, s,, and the error (remainder), R,, for a
convergent alternating series :

o
Z(—l)nHan =a;—az+az— -+ (=)"an + (=1)"anp1 + (-1)"Papp + -
" ¥Y—\J T~

partial sum, s, error (remainder), R,

It follows that the error satisfies
{ An+1 ~ Opt2 + Qpy3 — Gpypa + 00 if n is even
Rn —_—

—Gp41+ Opy2 —Apy3+apya—--- , ifnisodd.

Using the same (+)/(—) analysis as in the proof of the Alternating Series Test, we can
conclude that ...

1.) If n is even, then 0 < R,, < Gpy1-

2.) If n is odd, then —a,4+1 < R, < 0.
In general, it is then true that

—Ont+1 < Ry < ap41,
ie.,
|Ra| < @n+1

forn=1,2,3,4,---.




